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The second order correlation function for light emitted from a strongly and near-resonantly driven
dilute cloud of atoms is discussed. Because of the strong driving, the fluorescence spectrum separates
into distinct peaks, for which the spectral properties can be defined individually. It is shown that the
second-order correlations for various combinations of photons from different spectral lines exhibit
bunching together with super- or sub-Poissonian photon statistics, tunable by the choice of the
detector positions. Additionally, a Cauchy-Schwarz inequality is violated for photons emitted from
particular spectral bands. The emitted light intensity is proportional to the square of the number
of particles, and thus can potentially be intense. Three different averaging procedures to model
ensemble disorder are compared.
PACS numbers: 42.25.Hz, 42.50.Hz, 42.50.Ar, 42.50.Dv

I.

INTRODUCTION

The characterization of light is an ubiquitous problem,
and a convenient formalism for this is the use of correlation functions. However it is well known that it is not possible to sufficiently distinguish the nature of a given light
source from only the first-order correlation function [1].
In particular, the quantum properties of light cannot be
extracted from the first order correlation function. This
motivated the study of second-order correlations, initiated by the intensity-correlation experiments conducted
by Hanbury-Brown and Twiss [2]. Subsequently, secondorder correlation measurements have found applications
in many fields of modern physics [3] such as astronomy
[4], optics [5], high-energy physics [6], condensed matter
physics [7, 8] and atomic physics [9].
Next to the characterization of a physical system via
higher-order correlations, it has also been suggested to
use strongly correlated particles or even entangled particles as input to a system for various applications, with
the most obvious examples of quantum computation,
quantum communication and quantum information processing. This prompts the question for efficient sources
of correlated photons. A standard method for generating entangled photons is the parametric down-conversion
processes [10]. Alternatively, entangled photons can be
generated in four-wave mixing [11, 12] or electromagnetically induced transparency [13] processes. Further, an
experiment on photon anti-bunching in phase-matched
multi-atom resonance fluorescence was reported in [14].
Non-classical photon pairs for scalable quantum communication with atomic ensembles and ultraviolet entangled
photons in a semiconductor were generated in [15] and
[16], respectively. An atomic memory for correlated pho-
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ton states was demonstrated in [17], and a heralded entanglement source was realized in [18]. However, despite
the large variety of sources, in many cases applications
are restricted by a limited production rate for correlated
photons, and by the lack of sources with tunable correlations.
Interestingly, it has been shown that disordered media can sometimes exhibit surprising correlation or coherence effects. For example, speckle patterns in the quantum correlations within light scattered by a disordered
medium were observed in [19]. A cooperative radiation
force in the presence of disorder was observed as well [20].
An experimental investigation of the origin of disorder in
parametrically excited waves on a fluid surface (Faraday waves) was performed in [21]. Instabilities of waves
in nonlinear disordered media and subwavelength spatial
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FIG. 1: (Color online) Schematic setup of a dilute atomic
ensemble pumped with a coherent field with wave-vector ~kL .
(a) shows the energy levels of each of the ensemble particles,
and the interaction with the strong coherent light with coupling strength Ω. (b) depicts the ensemble with typical interparticle distance length scale denoted by l with l ≫ 2π/kL .
We consider the case of photon pair emission in forward direction and denote the angle between the two emitted photons
with wave-vectors ~k1 and ~k2 as φ0 , and ~k1 + ~k2 ≈ 2~kL . The
direction of the emission cone defined by ~k1 and ~k2 is characterized by the angle φ between ~k1 + ~k2 and ~kL .
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correlations in near-field speckle patterns were discussed
in [22, 23]. Correlation and coherence can also be observed in the context of localization [24]. Furthermore,
coherent backscattering was investigated in [25], and random lasing in [26–28].
In this paper, we study the generation of correlated
light from a disordered many-particle system, and in particular focus on the case of a strong near-resonant driving
of the ensemble. Due to the strong driving, the fluorescence spectrum dissolves into distinct lines, which can
be characterized separately. We then investigate secondorder correlation functions of light scattered into the various spectral lines. The disordered ensemble is modelled
by calculating the emitted light for a fixed orientation
between the atoms, followed by a suitable configuration
averaging. For this, we compare three different averaging procedures. We find that the second-order correlation functions typically exhibit strong correlations if detected close to the forward scattering direction, whereas
the corresponding first-order correlation functions are
isotropic. In particular, bunching together with super- or
sub-Poissonian photon statistics can be achieved for different combinations of spectral lines, and in some cases
the statistics is tunable by the choice of the detector positions. We additionally demonstrate that light emitted
from certain spectral bands violates a Cauchy-Schwarz
inequality. Since the unnormalized second-order correlation functions of the emitted light scales with the number
of particle in the ensemble squared, intense beams of correlated photons can be generated.

II.

The model

We proceed by investigating an atomic sample of arbitrary shape and of characteristic size d, consisting of
distinguishable non-overlapping two-level particles. We
assume conditions such that multiple scattering effects
can be neglected, i.e., we consider the single scattering
regime in which the photon mean free path length is of
the order of the sample size or larger. Related, we also
restrict the typical inter-particle separation l to satisfy
λL ≪ l ≪ d ,

H0 =

X

~(ωk − ωL )a†k ak +

N
XX
k

Sj−

~Ω̃j Rzj ,

(2a)

j=1

k

HI = i

N
X

j=1


~ ~
(~gk · d~j ) a†k Sj− e−i(k−kL )·~rj − H.c. , (2b)

Rzj
(j)
(j)
=
sin 2θj − R21 sin2 θj + R12 cos2 θj .
2

(2c)

Here, H0 represents the Hamiltonian of the free electromagnetic field (EMF) and free dressed atomic subsystems, respectively, while HI accounts for the interaction
of the laser-dressed atoms with the EMF. ak and a†k are
the field annihilation and creation operators obeying the
standard commutation relations for bosons. The atomic
(j)
operators Rαβ = |α̃ij j hβ̃| describe the transitions between the dressed states |β̃ij and |α̃ij in atom j for α 6= β
and dressed-state populations for α = β, and satisfy the
commutation relations of the su(2) algebra. The dressed
(j)
states |α̃ij entering the operators Rαβ can be represented
through the bare states |αij via the transformations
|1ij = sin θ|2̃ij + cos θ|1̃ij ,

(3a)

|2ij = cos θ|2̃ij − sin θ|1̃ij .

(3b)

We further defined
Rzj = |2̃ij j h2̃| − |1̃ij j h1̃| ,

(4)

which is the difference of the upper and lower dressed
state population. Further,
p
Ω̃ = Ω̃j = Ω2 + (∆/2)2
(5)

THEORETICAL CONSIDERATIONS
A.

Hamiltonian can be written as H = H0 + HI , where [29]

(1)

with d/c < τs , where τs is the spontaneous decay time.
All particles have identical atomic transition frequencies ω0 , and are localized at random positions ~rj with
j ∈ {1, 2, · · · , N }. We define the interparticle separation vectors as ~rij = ~ri − ~rj . The external laser field
has frequency ωL = ckL = 2πc/λL , wave vector ~kL and
wavelength λL (see Fig. 1).
Under the action of the laser field, the system is best
described in a suitable dressed state picture. In electric dipole and rotating wave approximations, the system

~ L )/~.
is the generalized Rabi frequency, with 2Ω = (d~ · E
~ L is the electric laser field strength, and d~ ≡ d~j
Here, E
is the transition dipole matrix element. The detuning
∆ = ω0 − ωL is characterized by cot 2θ = ∆/(2Ω).
B.

Spectral decomposition

In the following we make use of the fact that the resonance fluorescence spectrum of the light scattered by an
atomic system pumped by a strong near-resonant driving
field splits up into distinct lines, which are known as the
Mollow spectrum [30]. The condition for well-resolved
spectral lines is Ω̃ ≫ γ, with γ = 1/τs being the singleatom spontaneous decay rate. In this limit of strong driving, it is reasonable to define optical properties for each
of the spectral lines separately. Thus, it follows from the
interaction Hamiltonian Eq. (2b) that the different operators in Eq. (2c) can be considered as sources of individual spectral lines. In particular, in the following we will
denote light originating from Rzj sin(2θ)/2 as the central
(j)
spectral component indicated by C, and R21 cos2 θ and

3
(j)

R12 sin2 θ as the right (R) and left (L) spectral sideband
components. These sidebands are emitted at frequencies
ω+ ≡ ωL + 2Ω̃ and ω− ≡ ωL − 2Ω̃, respectively [31, 32].
In what follows, we shall use this decomposition to investigate the properties of the scattered light.
C.

~ = ΨR
I(R)

First order correlations

~ = ha†m (R)a
~ m (R)i
~ ,
Im (R)

(9)

where
hSz i = −
hS + i =

γ 2 + ∆2
,
2 γ 2 + ∆2 + Ω2

iΩ(γ 2 + ∆2 )
.
(γ − i∆) γ 2 + ∆2 + Ω2

(10a)
(10b)

(6)

where am is a photon operator for the mth spectral band
with m ∈ {C, R, L}. If was shown in [29] that these
intensities of the different spectral lines can be evaluated
as
~ =
IC (R)

N
1 X
ΨR (~rji , ωL ) hRzj Rzi i sin2 (2θ) ,
4 j,i=1

~ =
IL (R)

N
X

(j) (i)
ΨR (~rji , ω− ) hR12 R21 i

sin θ ,

(7b)

N
X

ΨR (~rji , ω+ ) hR21 R12 i cos4 θ .

(7c)
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(7a)

j,i=1
(j)

 

1
N
+ hSz i
2

o
+N (N − 1) |hS + i|2 cos[(~k − ~kL )~rji ] ,

In order to calculate the light scattered by the cloud of
two-level scatterers, we assume detection in the far-zone
limit, that is, the linear dimension of the atomic system
d is much smaller than the distances between the cloud’s
~ The intensity of
center-of-mass and the detector at R.
the scattered light can be calculated from the first order
photon correlation function as

~ =
IR (R)

in contrast to the weak pumping case Ω < γ, in which
the first-order correlation function does show directional
behavior as

(i)

D.

Second order correlations

Our main observable in the following will be the the
normalized second-order correlation functions g (2) (τ ),
~ 1 and
which is measured by two detectors positioned at R
~
R2 . It is defined as
(2)
~ ~
(2)
~ 1, R
~ 2 ) = Gmn (τ, R1 , R2 ) ,
gmn
(τ, R
~ 1 )In (R
~ 2)
Im (R

(11)

i.e., as the unnormalized second order correlation function

j,i=1

Here, ΨR (~rji , ω) = ΨR (ω) exp [i(~k − ~kL )~rji ] for a scattered photon of wave-vector ~k. ΨR (ω) depends on the
atom-environment coupling and in general is a function
~ ≫ k −1 . As we focus on large
of frequency with R = |R|
L
inter-particle separations [see Eq. (1)], there is only a negligible direct coupling between the atoms, and thus the
(i) (j)
collective correlators hR12 R21 i describing the vacuummediated interactions among the emitters i and j decouple for i 6= j, that is,
(i)

(j)

(i)

(j)

hR12 R21 i ≈ hR12 ihR21 i

(i 6= j) .

(8)
(j)

In the strong driving field case, the atomic variable hR12 i
scales as γ/Ω̃ and therefore can be neglected in a secular approximation. As a consequence, the intensities of
the spectral side-bands are proportional to the number
of scatters in the ensemble, i.e., {IL , IR } ∝ N . Near the
resonance (θ = π/4), the intensity of the central spectral
line is also proportional to N . In what follows, we will
restrict the analysis to the resonant driving field case in
which the intensities of all spectral lines are proportional
to the number of scatters N . In this case, the intensities
of spontaneously scattered photons are distributed uniformly over the whole 4π solid angle. Note that this is

† ~
†
~ ~
~
G(2)
mn (τ, R1 , R2 ) =ham (R1 )an (τ, R2 )
~ 2 )am (R
~ 1 )i ,
× an (τ, R

(12)

~ 1 ) and In (R
~ 2 ) defined
normalized to the intensities Im (R
(2)
in Eq. (6). The quantity gmn for {m, n} ∈ {C, R, L}
can be interpreted as a measure for the probability of
detecting one photon emitted in mode m and another
photon emitted in mode n with time-delay τ . Particularly, g (2) (τ = 0) describes the photon statistics (e.g.,
sub/super-Poissonian), whereas g (2) (τ 6= 0) indicates
photon bunching or antibunching.
To calculate the correlation function, we assume laser
driving on resonance (θ = π/4), and a large atomic ensembles (N ≫ 1) such that the secular approximation is
valid. We also assume that all possible pairs of atoms
contribute equally to the second-order correlation functions. This assumption is valid as long as the angle between the wave vectors of the incident laser and the scattered photons is small, that is {φ, φ0 } should be of order
of few degrees (see Fig. 1). Finally, we for the moment
consider a single interparticle distance vector ~rji for all
pairs only, but this restriction will be relaxed later on.
Based on these assumptions, we found that the correlation and cross-correlation functions of photons scattered
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into the different spectral bands can be represented as
(2)
~ 1, R
~ 2 ) = 1 + 2 cos(δ1 ) cos(δ2 )e−2γτ ,
gCC (τ, R

= 1 + [cos(δ+ ) + cos(δ− )] e−2γτ , (13a)
(2)
~ 1, R
~ 2 ) = g (2) (τ, R
~ 1, R
~ 2)
gLL (τ, R
RR

= 1 + cos(δ− )e−3γτ ,

(13b)

(2)
~ 1, R
~ 2)
~ 1, R
~ 2 ) = g (2) (τ, R
gLR (τ, R
RL

= 1 + cos(δ+ )e−3γτ ,
(2)
~ 1, R
~ 2)
gCX (τ, R

(13c)

(2)
~ 1, R
~ 2)
gXC (τ, R

=
=1

for X ∈ {L, R}.

(13d)

2.

Averaging over a spherical volume

This method is a modification of the first method in
which we change the averaging over the radial coordinate
to range from 0 to twice the volume radius R:
h· · · iconf

1
=
8πR

Z

0

2R

drji

Z

dΩn · · · .

(16)

This averaging procedure marks the opposite extreme of
the averaging in Sec. II E 1 in that a constant distance
distribution over all possible distances is assumed. In
the numerical examples below, we use R = 100λL .

Here,
δs = (~ks − ~kL )~rji ,
δ+ = δ1 + δ2 ,
δ− = δ1 − δ2 ,

(14a)
(14b)
(14c)

with ~ks being the wave-vector of the photon s scattered in
~ s (s ∈ {1, 2}). Note that these results differ
direction R
from the corresponding expressions for a single pair of
atoms or a regular structure of atoms [29]. The reason
is that for a single pair, one chooses N = 2, whereas in
deriving Eqs. (13) the assumption N ≫ 1 was used such
that terms proportional to 1/N can be neglected.

3.

Numerical sampling

The first two averaging methods made assumptions on
the distribution of distances between the atoms, which
may not be fulfilled in a gas of atoms. To investigate the
effect of this further, in a third averaging procedure, we
randomly place a number of atoms N in a cubic volume
of side length 2R and then calculate the quantities in
Eqs. (13) for this sample of atoms. In the numerical
examples below, we use R = 100λL and N = 300.

III.
E.

To estimate the signal obtained from a cloud of randomly distributed particles, the correlation functions
(2)
~ 1, R
~ 2 ) have to be averaged over the different ingXY (τ, R
teratomic distance vectors ~rij in the cloud. Since in general it can be expected that the averaging procedure affects the result, we compare three averaging procedures.
1.

RESULTS

Ensemble averaging

Averaging over a spherical shell

The first averaging procedure we consider has been
suggested in previous works on scattering from dilute
gases, see, e.g., [33]. It consists of (i) an isotropic average over the relative orientation n of the atoms over
the unit sphere, followed by (ii) an average of the interatomic distance rji = |~rji | over an interval of order of the
laser wave-length, around their typical distance l :
Z
Z l+2π/kL
kL
h· · · iconf =
dr
dΩn · · · .
(15)
ji
(4π)2 l−2π/kL
It should be noted that the restriction to the radial averaging over a range of order of the wave length is not a
priori justified; it is however motivated by the fact that
the distance distribution of particles in a gas is peaked
around a mean value, even though the distribution generally is broad. In the numerical examples below, we use
l = 20λL .

As a first result, we note from Eqs. (13) that the second order correlation function can exceed unity in several cases together with bunching, which means that
there is an enhanced probability to generate photons in
pairs. For example, the second-order correlation func(2)
tion for the central-band photons gCC has maxima when
~k1 + ~k2 = 2~kL [see Eq. 13(a)], i.e., in forward direction.
Similar results are observed for the sideband spectral
lines. For example, pairs of photons can be generated
in which one photon is emitted in the left spectral band,
whereas the other is emitted from the right spectral sideband, see Eq. 13(c). In contrast, photon pairs originating
from the same sideband (left or right) are most likely for
~k1 = ~k2 independent of the direction of the wave vector
and thus do not show directional behavior, see Eq. 13(b).
Finally, there is no enhanced probability for detecting
pairs of photons in which one photon is generated in the
central band and one in either of the sidebands, and the
corresponding correlation function does not exhibit any
directionality, see Eq. 13(d).
Regarding the intensity, the unnormalized secondorder correlation functions are proportional to the number of particles in the ensemble squared, i.e. G(2) (0) ∝
N 2.
The obtained results for the normalized second-order
(2)
correlation function gCC (0) for photons emitted in the
central band after the configuration average are shown in
Fig. 2. It can be seen that even after the averaging, the
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FIG. 3: (Color online) Same as Fig. 2, except that the normalized and configuration averaged second-order correlation
(2)
functions gLR(RL) (0) between one photon emitted in the left
and one photon emitted in the right sideband is shown.

maximum is not peaked, but rather broad. If a twophoton detector is used, a narrow maximum is observed
in the forward direction, see Fig. 2(a). Interestingly, in
this case, depending on the precise positioning around
the forward direction and on the averaging procedure,
also sub-Poissonian photon-statistics can occur.
We further define the Cauchy-Schwarz parameter
(2)

correlation function exhibits a sharp peak around direction of the the incident laser wave-vector ~kL , indicating
super-bunching. Fig. 2(a) shows the case with a single
two-photon detector (φ0 = 0) for different emission directions φ. Figure 2(b) depicts the same correlation function
but with two single-photon detectors placed symmetrically with respect to the laser wave-vector ~kL direction
given by φ = 0. Note that the correlation functions for
two photons emitted both from the left or both from the
right spectral sideband do not show a directionality in
space.
Fig. 3 shows the corresponding results for the two photon cross correlation with one photon emitted in the left,
and one in the right spectral sideband. Again, we find
maxima at φ0 = 0 for two individual detectors placed
symmetrically around the incident laser direction. But
in contrast to the central band correlation function, this

0.05

φ0 [π]

φ0 [π]
FIG. 2: (Color online) Normalized and configuration aver(2)
aged second-order correlation function gCC (0) between two
photons emitted from the central spectral band. In (a), the
correlation function is shown for pairs of photons emitted in
the same direction (φ0 = 0, see Fig. 1), and plotted as a function of the emission direction φ. In (b), the correlation function is plotted as a function of the opening angle φ0 between
the two photons, which corresponds to the case of two distinct
detectors. The two photons are measured at positions symmetric with respect to the incident laser field direction, i.e.,
φ = 0. The blue solid line shows averaging over a spherical
shell, the dashed red line averaging over a spherical volume,
and the green dotted line the numerical sampling.

0.00

χ=

(2)

(2)

(2)

gLL (0) gRR (0)
gLL (0) gRR (0)
i2 = h
i2 ,
h
(2)
(2)
gLR (0)
gRL (0)

(17)

which relates the correlation between photons emitted
into individual modes to the cross-correlation between
photons emitted into two different modes [34]. If χ < 1
the Cauchy-Schwarz inequality is violated. Figure 4
shows violation of the Cauchy-Schwarz inequality for
photons scattered into the side-bands.
IV.

DISCUSSION AND SUMMARY

An interpretation of the results obtained in the previous section can be found in the semiclassical dressedstate picture. Suppose one laser photon is absorbed and
the atom is in the dressed-state |2̃i. Then one option
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FIG. 4: (Color online) The Cauchy-Schwarz inequality χ
characterizing the cross-correlations of photon pairs with one
photon emitted from each sideband. The photons are detected symmetrically around the incident laser field direction
(φ = 0), and the result is shown as a function of the angle
between the wave vectors of the two emitted photons φ0 . The
Cauchy-Schwarz inequality is violated for χ < 1. The curves
are as in Fig. 2.

will be a spontaneously emitted photon on the |2̃i → |2̃i
transition followed by a further absorption of a laser photon during time-interval Ω̃−1 and subsequently decay on
the same dressed-state transition. Similar effect occurs
on the dressed-state transition |1̃i ↔ |1̃i when initially
the emitter is in the |1̃i dressed-state, and both processes contribute to the central-band scattering where
~k1 + ~k2 ≈ 2~kL . Another option will be a spontaneously
emitted photon on the |2̃i → |1̃i dressed-state transition followed by an absorption of a laser photon on the
|1̃i → |1̃i transition and further spontaneously decay on
the |1̃i → |2̃i dressed-state transition. Together with the
reverse process where a spontaneous emission occurs on
the |1̃i → |2̃i transition (if initially the particle is in the
|1̃i dressed-state) followed by a laser absorption on the
|2̃i → |2̃i transition and a subsequently decay on the
|2̃i → |1̃i dressed-state transition, these effects describe
photon correlations among the right and left side-bands,
or vice versa and, again, ~k1 + ~k2 ≈ 2~kL , and therefore,
we have a directional-dependent photon distribution. In
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