Singular topologies in the Boulatov model
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Abstract. Through the question of singular topologies in the Boulatov model, we illustrate
and summarize some of the recent advances in Group Field Theory.

1. Introduction
Group Field Theories1 (GFTs) are genuine quantum field theories defined on group manifolds,
especially relevant to quantum gravity in general, and in particular to the question of the
continuum limit in Spin Foam models (SF). This is mainly because any SF model can be
generated as Feynman amplitudes in the perturbative expansion of a dual GFT, thus bringing
additional tools and concepts to define and understand the sum over foams. But interestingly,
GFTs can also be seen as a generalization of matrix models [2] (and a particular class of
tensor models), which were particularly successful as discrete models of 2d quantum gravity:
a continuum regime could be found that matches exactly the continuum theory. This link with
matrix models has recently triggered much progress in GFT and tensor models in general2 .
Focusing on the Boulatov model, dual to the Ponzano-Regge model for euclidean 3d quantum
gravity, we illustrate some of these results and their consequences for our understanding of
singular topologies in GFT.3
2. Boulatov model and singular topologies
2.1. Original model
The Boulatov model can be defined by the action:
Z
Z
3
2
S[ϕ] = [dg] ϕ(g1 , g2 , g3 ) + λ [dg]6 ϕ(g1 , g2 , g3 )ϕ(g3 , g5 , g4 )ϕ(g5 , g2 , g6 )ϕ(g4 , g6 , g1 ) ,

(1)

where ϕ is a real field on SU(2)3 , required to be invariant under the diagonal action of SU(2):
∀h ∈ SU(2),
1

ϕ(hg1 , hg2 , hg3 ) = ϕ(g1 , g2 , g3 ).

(2)

See [1] for a recent review.
See the review [5], and references therein.
3
The present article is a summary of the motivations and results of the recent work [4], where more technical
details can be found.
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This field has the geometrical interpretation of a quantized triangle, the variable gi being
understood as the holonomy encoding parallel transport from the centre of the triangle to the
center of the edge i. In this interpretation, the interaction term in the action encodes the gluing
of four quantum triangles along their boundary edges so as to form a tetrahedron, whereas the
(trivial) kinetic term identifies two triangles. When formally expanding the (euclidean) path
integral:
Z
Z = dµ(ϕ) e−S[ϕ]
(3)

in powers of λ, one gets Feynman amplitudes labelled by simplicial complexes. Their building
blocks are tetrahedra, to which we associate the kernel of the interaction part of S, glued together
through their boundary triangles. The propagator (kernel of the kinetic part of the action,
supplemented by a projection on gauge invariant fields (2)) encodes these gluings. Alternatively,
these simplicial complexes are represented by dual 3-stranded graphs, where a line of the graph
corresponds to a triangle of the simplicial complex, and its three strands are dual to the edges
of the same triangle. In a graph G, one can identify a 2-complex structure (the faces being the
closed chains of strands) and show that the GFT amplitude of a simplicial complex is equal to
the Ponzano-Regge amplitude of its dual 2-complex:
Z
Y
AG = [dht ]
δ (He ({ht , e ⊃ t})) .
(4)
e

This formula is written in terms of simplicial data: to a triangle t is associated an holonomy ht
(representing parallel transport along the dual edge in the 2-complex)4 , e is an edge, and He is
the holonomy around its dual face.
As in ordinary quantum field theories, the amplitudes are divergent, so the path integral
needs to be regulated. This is usually achieved via a regularization of the δ-function on SU(2),
for instance by cutting-off high spins in its Peter-Weyl expansion:
X
δΛ (g) ≡
(2j + 1)χj (g) ,
(5)
j∈N/2,j≤Λ

where χj are the characters of SU(2). Divergences can then be expressed in powers of the value
of the regulated δ-function at the identity: δΛ (1l) ∼ Λ3 .
The simplicial complexes generated by the GFT represent (virtual) histories of discrete spaces
(here triangulated surfaces), and are the structures from which we hope to recover known (and
hopefully unknown) spacetime physics. On the way to the emergence of a continuum spacetime
from GFT, with the full structure of differential manifold, it is reasonable to first focus on more
primitive aspects, such as topology. Namely, we would like to show that in some regime of the
GFT, the simplicial complexes that dominate the perturbative expansion are regular topological
manifolds, i.e. topological spaces in which the neighborhood of any point has trivial topology
(a point that fails to have this property is called a topological singularity). The problem is that
GFTs generically generate very complicated topological spaces5 , with pointlike singularities as
well as extended singularities (for example a one dimensional singular subspace) [6].
Two complementary strategies have been successfully used to control the singular topologies
in the Boulatov model, which we describe in the following: the first consists in imposing suitable
combinatorial conditions that restrict the class of simplicial complexes summed over in the
Feynman expansion; and the second amounts to find scaling bounds showing that the remaining
singular complexes are reasonably suppressed with respect to the leading order.
4

ht is also the auxiliary variable appearing in the gauge condition (2).
The topological structure used is the obvious one, induced by the identifications of the boundaries of the
tetrahedra, themselves having the topology of a ball in R3 .
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2.2. Colored model
Colored models were originally introduced [7] as a general prescription allowing to restrict, in
a controlled way, the class of simplicial complexes generated by GFTs. In the Boulatov case,
it amounts to replacing the real field ϕ by four complex fields ϕℓ , indexed by a color label
ℓ ∈ {1, · · · , 4}. The gauge condition (2) is unchanged, and the colored action is defined as:
Z
Z
(6)
Scol. [ϕ, ϕ] = |ϕ|2 + λ ϕ1 ϕ2 ϕ3 ϕ4 + c.c. ,
where the convolutions of fields follow the same patterns as in the uncolored model (1). The only
effect of the coloring is to reduce the combinatorial complexity of the Feynman graphs generated
by the GFT. But, and this is essential, the amplitude of a simplicial complex generated by the
colored model is also equal to the Ponzano-Regge partition function.
It can be shown that no simplicial complex with extended singularities is generated by the
colored model [7]. There are still singular simplicial complexes appearing in the expansion, but
they have only pointlike singularities (located at the vertices): this type of topological spaces,
which are regular except on a discrete set, are called pseudomanifolds. Their analysis will be
reviewed in the next section.
But before that, we need to mention two additional and spectacular properties of the colored
model, that are not available in the uncolored version. The first is that the cut-off Λ can be used
to define a new perturbative expansion [8], exact analog of the 1/N expansion in matrix models,
that was the essential ingredient missing so far to reproduce their success in higherp
dimensions.
It allowed to prove that, upon a suitable rescaling of the coupling constant λ → λ/ δΛ (1l), the
partition function can be expanded as [9]:
Z = [δΛ (1l)]2 Z0 (λλ) + O([δΛ (1l)]) ,

(7)

where Z0 contains the contributions of a simple subclass of triangulations of the 3-sphere.
Therefore, leading order contributions are not only manifolds, but also have trivial topology.
The second breakthrough [3] (that was again only made possible by the introduction of colors)
is the realization of simplicial diffeomorphism symmetry, defined at the level of the amplitudes,
as a symmetry of the GFT action itself. Interestingly for us, this symmetry acts on vertices of
the triangulations, that is exactly where potential singularities are located.
3. Vertex representation
3.1. Vertex variables
As far as the symmetries of the Boulatov model are concerned, the natural variables in a quantum
triangle ϕ(g1 , g2 , g3 ) are the Gij ≡ gi-1 gj [3]. It is therefore natural to look for a formulation of
the model in which the fields are defined in such variables. Thanks to the gauge invariance
(2), this transformation can actually be performed, and was extensively studied in [4]. One
obtains a theory with four complex fields ψℓ (Gu , Gv , Gw ), and the same structure of colored
action (6), but with two notable differences: a) the gauge condition (2) is traded for a closure
condition, encoded by a distributional factor δ(Gu Gv Gw ) in the propagator; b) the interaction
term encodes the tetrahedral geometry through identifications of vertices common to different
triangles (as opposed to edges in the usual formulation), which is reflected in a stranded structure
with 3-valent interactions.
The main advantage of this formulation is that, for any color ℓ, it allows to rewrite the
amplitudes as integrals of the form:


!
Z
Y Y
Y

AG ∝ [dG] 
δ (Hv,b )
δ Gtuℓ Gtvℓ Gtwℓ
,
(8)
b∈Bℓ v∈Vb

tℓ

where: b ∈ Bℓ are closed triangulated surfaces around vertices of color ℓ, called bubbles; v ∈ Vb
is a vertex of such a surface; Hv,b is the holonomy around the vertex v in b; and tℓ is summed
over all the triangles of color ℓ in the simplicial complex.
This expression as a very nice geometrical interpretation, describing the effective physics
of the field of color ℓ: the bubble terms represent triangulated boundaries of effective flat cells
(first factor), consistently glued through propagators of color ℓ (second factor).
3.2. Optimal scaling bounds
In the cut-off theory (and with the scaling of λ ensuring the existence of a large Λ expansion), the
explicit factorization of bubble contributions (8) allows to prove the following scaling bounds:


P
2−2 b∈B gb
ℓ
,
(9)
AG = O [δΛ (1l)]

where gb is the genus of the (closed and orientable) triangulated surface b. Remarkably gb ∈ N,
and gb = 0 if and only if b is a triangulation of the sphere. But precisely, a given vertex in
the simplicial complex associated to G is topologically regular whenever the dual bubble b is
spherical. So (9) is a bound on singular topologies, that was moreover proven to be optimal [4]:
for any integers (g1 , · · · , gn ), there exists a simplicial complex which has exactly
n bubbles of
Pn
color ℓ and genera (g1 , · · · , gn ), and whose amplitude diverges like [δΛ (1l)]2−2 i=1 gi . This bound
is indeed sharper than what was previously known, since any singular topology will have an
amplitude in at most O(1), and not only O([δΛ (1l)]) as can be deduced from (7).
4. Conclusion and outlook
In this short article, we briefly reviewed the question of singular topologies in the Boulatov
model, which is in tension with the discrete spacetime interpretation. This gives an interesting
point of view on recent developments in GFT. For instance, a colored model is required both as
a way to get rid of very singular simplicial complexes, but also to realize simplicial symmetries as
field symmetries, which in turn are essential to understand the left-over singular topologies. The
optimal bounds arising from the vertex reformulation also justify by themselves the rescaling
of λ used in the Λ expansion [8]: this is the unique scaling for which they can be interpreted
as a hierarchical set of bounds that tame the contribution of singularities. Finally, they allow
to identify the precise order in Λ at which the interpretation of the Boulatov model as a sum
over discrete spacetimes ceases to make sense. The good news is that for the leading order (in
[δΛ (1l)]2 ), as well as all corrections in [δΛ (1l)]γ with γ > 0, this interpretation is available.
This analysis can be generalized to 4d topological models [10]. Whether this applies also to
4d gravity models needs to be investigated.
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