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Dissipative optomechanics studies the coupling of the motion of an optical element to the decay
rate of a cavity. We propose and theoretically explore a realization of this system in the optical
domain, using a combined Michelson–Sagnac interferometer, which enables a strong and tunable
dissipative coupling. Quantum interference in such a setup results in the suppression of the lower
motional sideband, leading to strongly enhanced cooling in the non-sideband-resolved regime. With
state-of-the-art parameters, ground-state cooling and low-power quantum-limited position transduction are both possible. The possibility of a strong and tunable dissipative coupling opens up a new
route towards observation of fundamental optomechanical effects such as ponderomotive squeezing
or nonlinear dynamics. Beyond optomechanics, the method suggested here can be readily transferred
to other setups involving such systems as nonlinear media, atomic ensembles, or single atoms.
PACS numbers: 42.50.Wk, 42.79.Gn, 07.10.Cm, 07.60.Ly

Recent progress in the engineering of high-quality micromechanical oscillators coupled to high-finesse cavity
modes has paved the way towards sensing and control of mechanical motion at the quantum limit [1–5].
The rapid developments in the field of optomechanics
bear important implications for both applied and basic science, ranging from applications in high-sensitivity
metrology [6–8] and quantum information processing [9–
13] to fundamental tests of quantum mechanics at large
mass- and length-scales [14–16].
In the conventional paradigm of optomechanics the interaction of the mechanical oscillator with a cavity mode
is dispersive in the sense that the cavity resonance frequency experiences a shift depending on the displacement
of the mechanical oscillator arising from conservative radiation pressure or optical gradient forces. This coherent
dispersive interaction has been employed for sidebandcooling to the quantum mechanical ground state [17, 18],
as well as for the observation of optomechanical normalmode splitting [19–21] and optomechanically-induced
transparency [22, 23]. The complementary paradigm of
dissipative coupling—where the width κc of the cavity
resonance, rather than its frequency ωc , is dependent on
the mechanical displacement x—was introduced very recently in a theoretical study [24] in the context of electromechanics. This situation, rather unusual for cavity
quantum electrodynamics, was shown [24] to give rise to
remarkable quantum noise interference effects which dramatically relax requirements for cooling to the ground
state without sideband resolution; it also allows reaching
the standard quantum limit (SQL) for the imprecision in
position measurements. While it is already clear that a
strong and tunable dissipative optomechanical coupling
would greatly enrich the toolbox of optomechanics, its
full significance for the quantum control of optomechanical systems, e.g., for ponderomotive squeezing [25], non-
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FIG. 1. (a) Topology of the Michelson–Sagnac interferometer.
(b) Effective cavity; the properties of M depend on M.

linear dymanics [26, 27], or pulsed protocols [28], is yet
to be explored.
Unfortunately, an optomechanical setup having a strong
dissipative coupling in the absence of dispersive coupling
has not been found. Consider, e.g., a Fabry–Pérot interferometer (FPI) of length L and resonance frequency
ωc = πnc/L (n ∈ N), with one movable ideal end-mirror
and an input coupler of transmissivity τ , such that the
cavity linewidth is κc = c|τ |2 /(4L). When the mirror
moves, the cavity length changes, and with it both ωc
and κc . The corresponding shifts per zero-point fluctuation x0 of the mirror oscillator, gω = (∂ωc /∂x)x0 and
gκ = (∂κc /∂x)x0 , quantify the strength of dispersive and
dissipative couplings, respectively. Their ratio is thus
given by the cavity’s quality factor, gω /gκ = ωc /κc  1,
such that the dispersive coupling dominates by far. A
similar conclusion applies for a movable membrane coupled to a single mode of a FPI. One may obtain gκ ' gω
by coupling the membrane to multiple [29, 30] transverse
modes, such that both types of coupling contribute to the
dynamics; however in such a setup, one cannot ‘switch
off’ the dispersive interaction to take advantage of the
quantum noise interference effects present in a purely dissipative coupling.
Here we show that in a Michelson-Sagnac interferom-
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eter (MSI) with a movable membrane [31, 32], cf. Fig. 1,
a strong and tunable optomechanical coupling can be
achieved for which gω = 0 but where the effective dissipative coupling strength [20] can be of the order of the
cavity linewidth. The idea is as follows: Consider the
MSI operated at a point where the transmissivity τ of
the effective mirror is close to zero; τ will then depend
sensitively on the membrane displacement x. Combining
this compound ‘MSI-mirror’ with a perfect mirror in its
dark port will result in an effective FPI whose linewidth
depends on x dominantly via τ and not via the change
in the (effective) cavity length L, see Fig. 1. In contrast to a true FPI, therefore, gκ and gω have a different
functional dependence on x. This feature gives rise to
a topology (i) where the optomechanical interaction can
be tuned at will between being strongly dissipative or
dispersive, and (ii) which can realize dissipative optomechanics leading to ground-state cooling of the mechanical
oscillator via quantum noise interference, as discussed in
Ref. [24]. The distinctive signature of this interaction,
an asymmetric Fano lineshape, is observable in the spectrum of the cavity output field. We also report on the
suitability of using this system for (iii) sensitive position
transduction.
This paper is structured as follows. We shall first describe the physical model and write down the resulting
Hamiltonian and input–output relation. These are then
used to derive the equations of motion for the cavity field
and oscillator motion. The resulting dynamics is solved
to obtain the steady-state mechanical occupation number
analytically in the weak-coupling limit, and also numerically in both weak- and strong-coupling regimes.

I.

MODEL

The Hamiltonian including both dispersive and dissipative effects in an opto- or electromechanical [24] system
can be written (see Appendix)
Z

ĤOM = −∆ + gω x̂ â† â + ωm b† b + dω ω a†ω aω
(1)

Z

√
gκ
dω
√
+i
2κc + √
x̂
â†ω â − H.c. .
2κc
2π
This Hamiltonian is written in a frame rotating at the
optical frequency of some driving field ωd ; ∆ = ωd − ωc
is the detuning from cavity resonance
√ (ωc ) whose annihi†
lation operator is â. x̂ = (b̂ + b̂ )/ 2 is the dimensionless
displacement, and b̂ is the annihilation operator for the
mechanical oscillator of frequency ωm . The second line
in Eq. (1) provides the coupling of the cavity mode â to
the modes âω of the external field coupling into and out
of the effective FPI, and will give rise to the finite width
κc of the resonance. The two terms proportional to x̂ describe the shifts of the cavity resonance and width with
mechanical displacement, with strengths characterized
by gω,κ , respectively. This Hamiltonian generalizes the

dispersive-only Hamiltonian that is considered in most
works on optomechanical systems. Before we proceed to
make the connection of Hamiltonian (1) and the physics
of a MSI [31, 32] we note that the standard cavity-input–
output relation must be generalized to accommodate the
effect of dissipative coupling (see Appendix):
√
√  
âout − âin =
2κc + gκ / 2κc x̂ â .
(2)
This relation provides a boundary condition connecting
light leaving the effective FPI with light entering it, and
the intracavity dynamics. Itp
can be identified with the
familiar relation âout − âin = 2κ(x̂) taking κ(x̂) = κc +
gκ x̂ and truncating the square-root to first order in x̂.
The generalized optomechanical Hamiltonian (1) is realized in the MSI shown in Fig. 1 operating close to a
dark-port condition, i.e., when most light is directly reflected at the first beam splitter (BS). The whole system
can then be described as an effective Fabry–Pérot interferometer of length L, operating in the good-cavity limit,
formed between the perfect end-mirror M1 and an effective end-mirror M; 2L is the length of the Sagnac mode
M1 –BS–M2 –M3 –BS. The reflectivity ρ and transmissivity τ of M depend on the complex reflectivity R (r) and
transmissivity T (t) of BS (of the micromirror), as well as
the displacement δ of M from the mid-point of M2 –M3 :

ρ = − R2 re2iδ + T 2 re−2iδ + 2RT t e−i arg t , and (3a)



τ = RT ∗ e2iδ − c.c. r − (|R|2 − |T |2 )t e−i arg t . (3b)
Assuming the close-to-dark-port condition |τ |  1,
a quantization along the standard routes of cavity
QED (see Appendix) yields a Hamiltonian of the form
in Eq. (1) with the usual result κc = −c/(2L) ln|ρ| ≈
c|τ |2 /(4L), as well as dispersive and dissipative couplings


|R|2 − |T |2 + τ cos(arg t) ,


ωc x0 /L 2RT + ρ cos(arg t) ,

gω = ωc x0 /L
gκ = i|τ |e

iφ



(4a)
(4b)

where φ ≈ 0 close to resonance. These results guarantee
that the values of gω and gκ can be controlled independently by choosing δ (i.e., positioning the membrane) and
the reflectivity of the central beam splitter BS appropriately. The need for a sharp resonance demands |R| ≈ |T |.
We note, however, that |R| =
6 |T | is required to be able
to set gω = 0 with |τ | > 0. In the following we will specialize to this most interesting case of a purely dissipative
coupling. We will provide experimental case studies below and show that strong coupling, where |a||gκ |  κc
(a being the intracavity amplitude), can be achieved for
a moderate driving power of a few hundred-µW.
The next step in our investigation is to derive the
Heisenberg
√  equations of motion for â, x̂, and p̂ = (b̂ −
b̂† )/ i 2 . The Hamiltonian (1) implies a full and rich
nonlinear dynamics [33], including such effects as bistability and self-induced oscillations, but in this new context of dissipative optomechanics. Here we will focus on
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the linear dynamics by assuming a strong classical driving field ain , which allows us to write the linear equations
of motion for the fluctuations around the steady state
as (see Appendix)


√
√
â˙ = i∆ − κc â − 2κc âin − gκ ain / 2κc + a x̂ , (5)
√
p̂˙ = −ωm x̂ − 2κm p̂ − 2κm ξˆ


√ 
− igκ / 2κc ain ∗ â + a â†in − H.c. ,
(6)
and x̂˙ = ωm p̂, with the mechanical motion having damping rate κm . a is the coherent part of the cavity field;
and ξˆ = ξˆ† , which models Brownian-motion–type noise
acting on the mechanical oscillator, is assumed to obey
ˆ ξ(t
ˆ 0 )i = (2nth + 1)δ(t − t0 ), where nth is the therhξ(t)
mal occupation number in the absence of driving, and
ˆ = 0. The condition for the c-number component ain
hξi
of the input field to be ‘large enough’ is obtained by evaluating the contributions of both components of the input
field to hâ† âi.
condition can be stated

 This linearization
as |ain |2  (|∆| + ωm )2 + κ2c /(2κc ) (see Appendix), and
will be assumed to be satisfied in the following. In the
weak-coupling limit, when |gκ |2 |ain |2  4κ3c , we assume
that the cavity field follows the mechanical motion adiabatically and solve the linearized dynamics to obtain the
steady-state mechanical occupation number:
hb̂† b̂i =

nth κm
|gκ |2 |ain |2
+
κ̄m
4κ̄m ∆2 + κ2c
2

κc 2∆ − ω̄m + κ̄m ∆2 + κ2c + κc κ̄m


×
. (7)
κc (∆ − ω̄m )2 + (κc + κ̄m )2

In this equation ω̄m and κ̄m are the optically-shifted mechanical oscillator frequency and damping rate, respectively, whose expressions are rather involved and will not
be reproduced here (see Appendix). The preceding relation is valid even for moderately strong input powers,
as can be shown by comparing this analytical result with
that obtained by solving the above equations of motion
exactly using the method in Ref. [34]. In the ‘cryogenic
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FIG. 2. Calculated steady-state occupation number for system II. Throughout this plot, ∆ = ωm /2 and Pin = 10 nW.
Inset: Normalized backaction force noise density, illustrating
its Fano profile, when ωm ≈ 0.6κc and ∆ = ωm /2; the noise
density at ω = −ωm is zero.
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FIG. 3. (Color online) Full numerical solution for the occupation number hb̂† b̂i for (a) system I, and (b) system II.

optomechanics’ limit, where κc  κ̄m  nth κm and
ω̄m ≈ ωm , this result simplifies to
hb̂† b̂i ≈

|gκ |2 |ain |2
(2∆ − ωm )2
.
2
2
4κ̄m ∆ + κc (∆ − ωm )2 + κ2c

(8)

This expression for hb̂† b̂i deserves some comments. We
recall that in dispersive optomechanics, cooling is optimized when the upper motional sideband is strongly
enhanced (∆ = −ωm ) and the lower sideband strongly
suppressed (ωm  κc ). In the present case, Fano–like interference can be observed in the backaction force noise
spectrum SF̂ F̂ (ω), cf. the inset of Fig. 2, where F̂ [the second line in Eq. (6)] is the force operator acting on the micromirror motion. This resonance neutralizes the lower
sideband when ∆ = ωm /2; the Fano lineshape also means
that optimal enhancement of the upper sideband requires
not ωm  κc —indeed,
that would be disingenuous—but
q
√

opt
ωm = ωm
= 32 2 13−5
κc ≈ 0.6κc , which is much less
3
demanding than the sideband-resolved condition. Fig. 2
shows how the mechanical occupation number, at the
optimal detuning ∆ = ωm /2 and with an input power
Pin = 10 nW, changes as the ratio ωm /κc is varied, and
opt
is minimized when ωm ≈ ωm
.

II.

COOLING

Let us now turn our attention towards predicting the
cooling performance of the model investigated above. We
shall call ‘system I’ the following: mechanical oscillator
effective mass m = 100 ng, frequency ωm = 2π × 103 kHz,
and quality factor Q = ωm /(2κm ) = 2 × 106 , such that

4
p
the zero-point fluctuation is x0 = ~/(2mωm ) ' 1 fm;
|R|2 /|T |2 = 0.486/0.514; |r|2 /|t|2 = 0.362/0.638; driving
wavelength λc = 1064 nm; and L = 7.5 cm; which are experimentally realizable [32] and yield κc = 2π × 196 kHz,
gκ ≈ −2π × 0.1 Hz (gκ /x0 ≈ −2π × 79 kHz/nm). We
limit the input power to the regime where heating from
the power absorbed is not the dominant process. An input power of 10 mW corresponds to an effective coupling
strength G = |a||gκ | ≈ 0.1 κc . By starting from an environment temperature Tenv = 300 K we can decrease the
occupation number by over three orders of magnitude, as
illustrated in Fig. 3(a).
Consider next a hypothetical, but still physically realizable, situation (‘system II’) where M has a smaller mass
(m = 50 pg [29]), higher mechanical quality (Q = 1.1 ×
107 [35]), and higher reflectivity (|r|2 /|t|2 = 0.818/0.182,
possible by patterning the membrane [36]), where BS
is more balanced (|R|2 /|T |2 = 0.496/0.504, κc = 2π ×
59 kHz), and thus gκ ≈ −2π × 2.6 Hz (gκ /x0 ≈ −2π ×
65 kHz/nm). For this system, we can achieve the strongcoupling condition G & κc . If we also assume cryogenic
operation at Tenv = 0.3 K, we can see from Fig. 3(b) that
ground-state cooling is possible, despite the poor reflectivity of the mechanical oscillator, and that ωm ∼ κc .
Position transduction.—Optomechanical systems are
one promising approach towards extremely sensitive position transduction [1]. The coupling of a mechanical
oscillator to multiple cavity modes was recently explored
in Ref. [37]; a common feature of ‘multiple light mode–
single mechanical mode’ systems is a Fano-like profile in
SF̂ F̂ (ω) (Fig. 2 inset). The corresponding anti-resonance
allows one to reach the SQL for measurement imprecision at a significantly lower input power than a ‘single
light mode–single mechanical mode’ optomechanical system. Indeed, let us quantify the achievable resolution
of a position measurement by the ratio N /S, where the
‘noise’ N 2 is the contribution to the symmetrized homodyne output spectrum evaluated at ω = ωm , S out (ωm ),
ˆ normalised
due to âin , and the ‘signal’ S 2 is that due to ξ,
to the free mechanical motion noise spectrum S free (ωm ):
S out (ωm ) = N 2 + S 2 S free (ωm ) .

(9)

At ∆ = 0 and under identical conditions, it can be shown
that N /S reaches the same lower bound (the SQL) in
both dissipative (at a power Pκ ) and dispersive (Pω )
cases, but with Pκ = (2κ/ωm )2 Pω . In the sidebandresolved regime, therefore, one can obtain significantly
better position resolution at low powers in comparison
with the dispersive case.
III.

Ref. [38], the membrane temperature rises by ca. 60 K
at Pin = 1 mW. The resulting temperature rise has a
significant effect on the base occupation number of the
micromirror, but still allows strong cooling of the micromirror motion. It is a feature of our topology that
the ideal position of M corresponds to both where Pabs
is greatly reduced, and where the competing dispersive
optomechanics is switched off.
Significantly, we note that this situation does not persist in the case of the ‘membrane-in-the-middle’ geometry. In a single-transverse-mode model for this latter
situation, the dispersive and dissipative optomechanics
cannot be independently turned off, and are both zero
at the nodes of the cavity field; this leads to a stronger
restriction arising from the power absorbed. Moreover,
dispersive (dissipative) optomechanical cooling requires
∆ < 0 (∆ > 0); most treatments of this geometry do not
include the dissipative optomechanics component of the
dynamics [39], and (at least within a single-mode model)
may therefore over-estimate the cooling efficiency in the
non-sideband-resolved regime.

IV.

CONCLUSIONS

In this paper we have presented an experimentally feasible realization of an optomechanical system that can be
fully tuned between strong dissipative and dispersive dynamics. The cooling mechanism we presented works best
in the non-sideband-resolved regime, unlike the usual dispersive case. For an existing set of experimental parameters, we predict a strong cooling effect arising from a
Fano–type resonance in the backaction force acting on
the mechanical motion. In the case of more optimistic parameters, we predict ground-state cooling of the mechanical motion. In the opposite, sideband-resolved, regime,
our system promises significantly improved position measurement resolution. The usage of the proposed implementation of a dissipative optomechanical coupling for
nonlinear (quantum) dynamics [26, 27], and for pulsed
dynamics [28] remain to be explored.
Moreover, we believe that the topology of a MSI with
a highly reflective mirror in its dark port—the signal
recycling configuration used in the context of gravitational wave detectors [40, 41]—and the resulting dissipative intracavity dynamics provides attractive possibilities
for other fields in cavity QED, especially in combination
with single atoms or ensembles of cold atoms.
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z3 . For a beam of cross-sectional area A, the frequencyq
~ω
dependent normalization factor is N (ω) =
4πA0 c .
With âω being the annihilation operator for the mode
at frequency ω, we can thus write the field Hamiltonian
(~ = 1)
Z
Ĥ =

FIG. 4. (a) Schematic layout of the Michelson–Sagnac interferometer. The z-axis is defined as having its origin at M1 .
x̂ is the operator representing the displacement of M from its
equilibrium position. (b) The optics in the dotted box in (a)
form an effective mirror, M.

dω ω â†ω âω .

(A3)

In this half-space, we can solve for all the field mode
0
0
amplitudes, A1,2 , B2 , C1,2 , C1,2
, D1,2 , and D1,2
, in terms
of B1 by, e.g., using the transfer matrix formalism [42,
43]. Upon writing this solution, it becomes apparent that
the optics inside the dotted box in Fig. 4 can be treated
as a single effective mirror M, having reflectivity and
transmissivity

ρ = − R2 reiδ + T 2 re−iδ + 2RT t ei(ν−χ) , and (A4)


τ = RT ∗ reiδ − R∗ T re−iδ − (|R|2 − |T |2 )t ei(ν−χ) ,
(A5)
where ν is the phase-delay M1 –BS, δ = θ − φ is the armlength difference for the loop in the interferometer, cf.
Fig. 5(c), and χ = arg(t). In this notation, we can now
write, e.g.,

FIG. 5. (a) The four field modes interacting with the micromirror. (b) The eight field modes interacting with the
beamsplitter. C1,2 and D1,2 are identical, up to a phase shift,
0
0
to C1,2
and D1,2
, respectively. (c) Phase shifts incurred in
each of the three sections of the interferometer, at the cavity
frequency ωc .

B2 =

τ exp[i(σ + χ + ν)]
B1 ;
1 − ρ exp[i(σ + χ + ν)]

(A6)

for convenience we have defined σ = θ + φ. The coefficient linking the “intracavity” field amplitude B2 to the
one of the incoming field B1 is completely equivalent to
the familiar spectral response function of a Fabry-Perot
cavity, see e.g. Ref. [44].

Appendix A: Field inside the interferometer

Consider the Michelson–Sagnac interferometer topology shown in Fig. 4, where all the fixed mirrors are perfect. The micromirror, assumed lossless, has amplitude
reflectivity r and transmissivity t. The corresponding
parameters for the lossless beamsplitter are R and T , respectively. The electric field for the half-space defined by
z ≥ 0 can be written as
Z ∞
+
E (z) =
dωN (ω)uω (z)âω ,
(A1)
0

where the mode function

−ikz

+ B2 eikz
A2 e

C e−ikz + D eikz
1
1
uω (z) =
D2 e−ikz + C2 eikz



B1 e−ikz + A1 eikz

0 ≤ z ≤ z1
z1 ≤ z ≤ z2
,
z2 ≤ z ≤ z3
z3 ≤ z

Appendix B: Interaction Hamiltonian

In this section, we will derive an effective Hamiltonian
Ĥint that describes the interaction between the motion of
the micromirror and the electric field in the regime where
the displacement x̂ of the membrane from its average
position (fixed by δ) is small on the scale of a wave length,
i.e. in the Lamb–Dicke regime. The Hamiltonian for the
radiation-pressure interaction in linear order of x̂ is [45]



Ĥint = A0 (η 2 − 1) E − z2 + d2 E + z2 + d2


− E − z2 − d2 E + z2 − d2 x̂ , (B1)

(A2)

with reference to Fig. 5. Starting from z = 0, BS is at
z = z1 , M at z = z2 , then BS is encountered again at z =

with membrane thickness d and refractive index η. We
now make the simplification that the membrane is infinitesimally thin, which corresponds to taking d → 0
and η → ∞ such that η 2 d is constant. This allows us
to express Ĥint in terms of left (right) propagating fields,

6
Field solution, Eq. (A6)

Lamb–Dicke
expansion

Good-cavity limit

Field Hamiltonian

Eq. (B1)
Good-cavity limit

Lamb–Dicke
expansion

Eq. (C3)

FIG. 6. Schematic of the alternative paths to obtaining the
interaction Hamiltonian. Here, we follow the clockwise path
shown by the solid arrows, but an equivalent formulation follows the dashed arrows.
±
EL(R)
, through uL(R),ω (z):

uR,ω (z2− )
uL,ω (z2+ )
uR,ω (z2+ )

iθ


iφ

∗ i(2ν+θ)

= Re B1 + R e

e2iν B2

B2

= T eiφ B1 − T ∗ ei(2ν+φ) B2

= tReiθ + rT eiφ B1

+ tR∗ eiθ − rT ∗ eiφ e2iν B2 ,

(B2a)
(B2b)
(B2c)
(B2d)

which are expressed in terms of B1 and B2 in anticipation of taking the good-cavity limit, and where
z2± = limd→0 z2 ± d2 . With this notation, we have (cf.
Ref. [43])



 + −
− −
Ĥint = 2A0 EL− z2− EL+ z2− + ER
z2 ER
z2
 + +
 + + 
− +
− +
− EL z2 EL z2 − ER z2 ER z2 x̂ . (B3)
Appendix C: Good-cavity limit

We now go to the good-cavity limit in our system. This
condition, which is often termed the ‘dark port’ (or ‘dark
fringe’) condition [31], corresponds to having |ρ| ≈ 1.
Under such conditions, the system acts as an effective
Fabry–Pérot interferometer with one perfect end-mirror,
M1 , and the effective end-mirror M. In other words,
|B2 |2 exhibits a Lorentzian behavior, with the peaks occurring at the poles of the denominator of Eq. (A6), at
ωc =

√ 
Ĥint = g0 α/ 2 â† â (b̂ + b̂† )
r
 Z

L
†
+ g0
β dω âω â + H.c. (b̂ + b̂† ) , (C3)
2πc
where for clarity we have defined



α = 2 |R|2 − |T |2 + τ e−iν cos(χ) , and


β = −2 2RT + ρe−iν cos(χ) ei(σ+χ+ν) ,

(C4)
(C5)

We may relate α and β to gω,κ from the main text by:


uL,ω (z2− ) = rReiθ + tT eiφ B1
− rR∗ eiθ − tT ∗ e

We can then write the interaction Hamiltonian (B3) as


c 
arg(ρ) − (σ + χ + ν) + 2πn ,
2L

(C1)

with n being an integer, and having a half-width at
half-maximum (HWHM) κc = −c/(2L) ln|ρ|, L = (σ +
ν)c/(2ωc ) being the length of the interferometer.
In the following we will concentrate on one particular cavity resonances, and consider n to be fixed. For
this single mode cavity field we introduce the bosonic
field annihilation operators â and reassign âω to be the
annihilation operators for the bath that the cavity field
couples to; these operators satisfy the usual commutation
relations




âω , â†ω0 = δ(ω − ω 0 ) , and â, â† = 1 .
(C2)

√ 
gω = g0 α/ 2 , and gκ = −ig0 β

r

4κc L
≈ −ig0 |τ |β .
c
(C6)
which are assumed to be slowly varying over the frequency range of interest. The coupling constant g0 , which
is dimensionally a frequency, is defined as g0 = ωc x0 /2L,
and b̂ represents the annihilation operator for the motion
of the membrane. In terms of b̂ and the zero-point fluctuations x0 , we can write the displacement of the micromir√
ror from its equilibrium position as x̂ = x0 (b̂ + b̂† )/ 2.
(Note that in the main text we used a dimensionless x̂.)
In the above formulation, we first computed the Hamiltonian to first order in x̂ and then took the good-cavity
limit. An equivalent formulation would be to first take
the good-cavity limit, with the linewidth of the cavity depending parametrically on the position of the membrane,
and then expanding this linewidth to first order in x̂ (cf.
Fig. 6). We also remark that the analysis can be performed without taking the good-cavity limit, resulting in
equivalent results but less transparent expressions.

Appendix D: Equations of motion

We can express the full Hamiltonian Ĥ as a sum of
the free cavity Ĥc , free micromirror Ĥm , free field Ĥf ,
field–cavity interaction Ĥf–c , and cavity–micromirror interaction Ĥint Hamiltonians:
Ĥ = Ĥc + Ĥm + Ĥb + Ĥb–c + Ĥint ,

(D1a)

†

(D1b)

†

(D1c)

Ĥc = ωc â â ,
Ĥm = ωm b̂ b̂ ,
Z
Ĥf = dω ω â†ω âω ,
r Z

κc
Ĥf–c = i
dω â†ω â − â† âω .
π
and Ĥint is given in Eq. (C3).

(D1d)
(D1e)
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1.

Let us now define the effective cavity resonance frequency
and linewidth,

Cavity bath: Input–output relation

We will first calculate the equation of motion for âω :
"r
#
r
κ
L
c
†
− ig0 β
(b̂ + b̂ ) â . (D2)
â˙ ω = −iωâω +
π
4πc
This equation can be formally solved (see Ref. [46, §5.3])
and, in the weak-coupling approximation, integrated over
frequency to give
"r
#
r
Z
1
κc
L
†
√
dω âω = âin +
−ig0 β
(b̂+b̂ ) â , (D3)
2
8c
2π
where we have defined the input field
Z
1
âin = √
dω e−iω(t−t0 ) âω,0 ,
2π

(D4)

t0 being some remote initial time at which âω = âω,0 .
We can similarly define an output field at some distant
future time t1 :
Z
1
âout = √
dω e−iω(t−t1 ) âω,1 ,
(D5)
2π
and infer
"r

#
L
†
dω âω = âout −
(b̂ + b̂ ) â .
8c
(D6)
Finally, Eqs. (D3) and (D6) give us the input–output
relation
"
#
r
√
L
†
2κc − ig0 β
âout − âin =
(b̂ + b̂ ) â .
(D7)
2c
1
√
2π

Z

κc
− ig0 β
2

r

The input field operators model a heat bath at zero temperature, and therefore satisfy the relations
hâin (t)â†in (t0 )i = δ(t − t0 ) , and

(D8a)

hâ†in (t)âin (t0 )i

(D8b)

2.

= 0.

(D10a)
(D10b)

respectively. Algebraic operations on κ̄c are to be understood
in terms of series expansions in powers of  =
p
κc L/c, correct only to first order in this parameter,
e.g.,
r
√
√
L
1
κ̄c = κc + 2 g0 Im{β}
(b̂ + b̂† ) .
(D11)
c
We can simplify our expressions considerably if we introduce an effective coupling parameter Γ, which is dimensionally a frequency, through the relation
r
√
L
2Γ = g0 Re{β}
(b̂ + b̂† ) .
(D12)
2c
where algebraic expressions involving Γ are to be interpreted similarly to those involving κ̄c ; in particular,
√ 2
2Γ =
2Γ = 0 to first order in . In terms of these
quantities, we can rewrite the input–output relation as
√ 
√
2κ̄c − i 2Γ â .
(D13)
âout − âin =
Moreover, the equation of motion for â takes the simplified form
√ 
√
â˙ = −(iω̄c + κ̄c )â −
2κ̄c + i 2Γ âin .
(D14)
3.

Micromirror motion

The motion of the micromirror is modeled as a singlefrequency harmonic oscillator. The equation of motion
for b̂ reads
r

L
˙
†
b̂ = −iωm b̂ − ig0 α â â − ig0
β â†in â + β ∗ â† âin
2c
r

κc L
− ig0
β â + β ∗ â† . (D15)
4c
We notice immediately that the last three terms in
Eq. (D15) do not appear in the equation of motion for x̂;
they describe a Hermitian force operator

Cavity field

The equation of motion for the cavity field, correct to
linear order in terms of the form (b̂ + b̂† ), reads


â˙ = −i ωc + g0 α(b̂ + b̂† ) â
r


κc L
†
− κc + g0 Im{β}
(b̂ + b̂ ) â
c
r


√
L
∗
†
(b̂ + b̂ ) âin .
−
2κc + ig0 β
2c

ω̄c = ωc + g0 α(b̂ + b̂† ) ,
r
κc L
κ̄c = κc + g0 Im{β}
(b̂ + b̂† ) ,
c

(D9)

√
F̂ = − 2mωm x0 g0 α â† â
r

L
− mωm x0 g0
β â†in â + β ∗ â† âin
c
r

κc L
− mωm x0 g0
β â + β ∗ â† . (D16)
2c
Defining the momentum quadrature
√ of the micromirror
motion as p̂ = mωm x0 (b̂ − b̂† )/ 2i , and introducing

8
the motion–heat-bath coupling through the Brownianmotion Langevin operator ξˆ we obtain x̂˙ = −p̂/m, and
√

2
p̂˙ = −mωm
x̂ − 2κm p̂ + 2 κm mωm x0 ξˆ + F̂ ,

(D17)

ˆ = 0 and hξ(t)
ˆ ξ(t
ˆ 0 )i = (2nth + 1)δ(t − t0 ), with
where hξi
nth =

1
e~ωm /(kB Tenv ) − 1

Appendix E: Linearized dynamics

The equations of motion derived in the previous section must be linearized with respect to both â and âin .
In the case of the former, the criterion for linearization
can be stated simply: |a|2  hâ† âi = 1; in the case of âin
the situation is somewhat more involved. To see what
the relevant criterion is let us examine the relevant contributions of âin x̂ and ain x̂ to hâ† âi. Consider first, in
the weak-coupling approximation,


˙
â(t)
= (i∆−κc )â(t)+γ âin (t) b̂0 e−iωm t +b̂†0 eiωm t , (E1)
where we extract the harmonic time dependence, at frequency ωm , from b̂, and where γ is some constant. Let
us again assume that b̂0 varies slowly. We can Fouriertransform this equation, compute hâ† [ω]â[ω 0 ]i, and reverse the Fourier transforms to obtain

|γ|2  †
hb̂0 b̂0 i + hb̂0 b̂†0 i .
2κc

We will now look at the c-number contribution,


â˙ = (i∆ − κc )â + γ ain b̂0 e−iωm t + b̂†0 eiωm t .

(E2)

(E3)

This equation can be solved, for the assumed case of weak
coupling and slowly varying ain and b̂0 . Upon computing
hâ† (t)â(t)i, we can state the linearization criterion as
|ain |2 

(|∆| + ωm )2 + κ2c
.
2κc


√
â˙ = i∆ − κc â − 2κc âin
r


√
L
+ ig0 β
ain + 2κc a b̂ + b̂† , (E5a)
2c
and

(D18)

being the thermal occupation number, in the absence of
driving, at an environment temperature Tenv .

hâ† (t)â(t)i =

α = 0 and imaginary β:

(E4)

Let us now calculate hb̂† b̂i in the steady state. We start
with the two coupled linearized equations of motion for
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ain ∗ â + a â†in − H.c. . (E5b)
2c
In the adiabatic and small-coupling limit, Eq. (E5a) is
formally solved by assuming that b̂ varies slowly on the
relevant timescale. The solution to this equation is then
substituted into Eq. (E5b) to yield a differential equation
˙
relating b̂ to the input fields and, in the rotating-wave approximation, exclusively to b̂. This equation of motion for
b̂ exhibits optically-induced damping of the micromirror
and the optical spring effect; the micromirror oscillation
frequency is ωm + ωo , where
L
1
ωo = −g02 |β|2 |ain |2 2
2c
∆ + κ2c
"
2∆κ2c + (∆ + ωm )(κ2c − ∆2 )
×
(∆ + ωm )2 + κ2c
#
2∆κ2c + (∆ − ωm )(κ2c − ∆2 )
;
+
(∆ − ωm )2 + κ2c

(E6)

its damping constant is κm + κo , with
L
κc
κo = g02 |β|2 |ain |2 2
2c
∆ + κ2c
#
"
(2∆ − ωm )2
(2∆ + ωm )2
−
. (E7)
×
(∆ + ωm )2 + κ2c
(∆ − ωm )2 + κ2c
After some algebra we can finally show that
hb̂† b̂i = g02 |β|2

1
1
L
|ain |2 2
2c
∆ + κ2c κm + κo


−1
× (∆ − ωm − ωo )2 + (κc + κm + κo )2



× (κm + κo ) ∆2 + κ2c + κc (κm + κo )
+ κc (2∆ − ωm − ωo )2

+ nth κm / κm + κo .

(E8)

Vol. 57, edited by P. R. B. E. Arimondo and C. C. Lin
(Academic Press, 2009) Chap. 2, pp. 33 – 86.
[4] M. Aspelmeyer, S. Gröblacher, K. Hammerer, and
N. Kiesel, J. Opt. Soc. Am. B 27, A189 (2010).
[5] C. A. Regal and K. W. Lehnert, J. Phys: Conf. Ser. 264,

9
012025 (2011).
[6] C. A. Regal, J. D. Teufel, and K. W. Lehnert, Nat Phys
4, 555 (2008).
[7] J. D. Teufel, D. T., M. A. Castellanos-Beltran, H. J. W.,
and L. K. W., Nat. Nanotechnol. 4, 820 (2009).
[8] G. Anetsberger et al., Phys. Rev. A 82, 061804 (2010).
[9] D. E. Chang et al., Proc. Natl. Acad. Sci. 107, 1005
(2010).
[10] K. Hammerer, M. Aspelmeyer, E. S. Polzik,
and
P. Zoller, Phys. Rev. Lett. 102, 020501 (2009).
[11] K. Stannigel, P. Rabl, A. S. Sørensen, P. Zoller, and
M. D. Lukin, Phys. Rev. Lett. 105, 220501 (2010).
[12] L. Mazzola and M. Paternostro, Phys. Rev. A 83, 062335
(2011).
[13] D. E. Chang, A. H. Safavi-Naeini, M. Hafezi, and
O. Painter, New J. Phys. 13, 023003 (2011).
[14] T. Corbitt et al., Phys. Rev. Lett. 99, 160801 (2007).
[15] B. Abbott et al., New J. Phys. 11, 073032 (2009).
[16] O. Romero-Isart et al., Phys. Rev. Lett. 107, 020405
(2011).
[17] J. Chan et al., e-print (2011), arXiv:1106.3614.
[18] J. D. Teufel et al., Nature 475, 359 (2011).
[19] J. M. Dobrindt, I. Wilson-Rae, and T. J. Kippenberg,
Phys. Rev. Lett. 101, 263602 (2008).
[20] S. Gröblacher, K. Hammerer, M. R. Vanner, and M. Aspelmeyer, Nature 460, 724 (2009).
[21] J. D. Teufel et al., Nature 471, 204 (2011).
[22] S. Weis et al., Science 330, 1520 (2010).
[23] A. H. Safavi-Naeini et al., Nature 472, 69 (2011).
[24] F. Elste, S. M. Girvin, and A. A. Clerk, Phys. Rev. Lett.
102, 207209 (2009).

[25] D. W. C. Brooks et al., e-print (2011), arXiv:1107.5609.
[26] A. Nunnenkamp, K. Børkje, and S. M. Girvin, e-print
(2011), arXiv:1103.2788.
[27] P. Rabl, e-print (2011), arXiv:1102.0278.
[28] M. R. Vanner et al., e-print (2010), arXiv:1011.0879.
[29] J. D. Thompson et al., Nature 452, 72 (2008).
[30] J. C. Sankey, C. Yang, B. M. Zwickl, A. M. Jayich, and
J. G. E. Harris, Nat. Phys. 6, 707 (2010).
[31] K. Yamamoto et al., Phys. Rev. A 81, 033849 (2010).
[32] D. Friedrich et al., e-print (2011), arXiv:1104.3251.
[33] F. Marquardt, J. G. E. Harris, and S. M. Girvin, Phys.
Rev. Lett. 96, 103901 (2006).
[34] D. Vitali et al., Phys. Rev. Lett. 98, 030405 (2007).
[35] B. M. Zwickl et al., Appl. Phys. Lett. 92, 103125 (2008).
[36] U. Kemiktarak, M. Metcalfe, M. Durand, and J. Lawall,
e-print (2011), arXiv:1107.3170.
[37] J. M. Dobrindt and T. J. Kippenberg, Phys. Rev. Lett.
104, 033901 (2010).
[38] K. Hammerer et al., Phys. Rev. Lett. 103, 063005 (2009).
[39] A. M. Jayich et al., New J. Phys. 10, 095008 (2008).
[40] B. J. Meers, Phys. Rev. D 38, 2317 (1988).
[41] B. Willke et al., Classical Quantum Gravity 19, 1377
(2002).
[42] I. H. Deutsch, R. J. C. Spreeuw, S. L. Rolston, and W. D.
Phillips, Phys. Rev. A 52, 1394 (1995).
[43] A. Xuereb, P. Domokos, J. Asbóth, P. Horak, and
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