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Abstract
We study the renormalization of gauge invariant operators in large Nc QCD.
We compute the complete matrix of anomalous dimensions to leading order in
the ’t Hooft coupling and study its eigenvalues. Thinking of the mixing matrix
as the Hamiltonian of a generalized spin chain we find a large integrable sector
consisting of purely gluonic operators constructed with self-dual field strengths
and an arbitrary number of derivatives. This sector contains the true ground
state of the spin chain and all the gapless excitations above it. The ground state
is essentially the anti-ferromagnetic ground state of a XXX1 spin chain and the
excitations carry either a chiral spin quantum number with relativistic dispersion
relation or an anti-chiral one with non-relativistic dispersion relation.
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Introduction and summary

The computation of anomalous dimensions of composite operators is of central importance in many areas of physics, most notably condensed matter and particle physics. In
particle physics, their phenomenological interest stems from hadronic processes at high
energy. For instance, in the study of deep inelastic scattering [1] one is led to consider
the operator product expansion of two hadronic currents. The anomalous dimensions of
twist-two operators appearing in the expansion control the logarithmic deviations to the
Bjorken scaling. Considering operators with low twist amounts to considering only operators made up of very few fundamental fields Fµν and q (two in most cases) and possibly
many derivatives. These are the operators that are important in collider physics.
On the other hand, the study of operators containing many fundamental fields has
received new impetus in connection with the attempts to construct a string description
of QCD at low energies [2]. There is probably still a long way to go in fulfilling this
dream (if indeed the idea is viable), but for other gauge theories the answer has been
found. We now have a string theory description of the maximally supersymmetric N = 4
SU(Nc ) theory in terms of type IIB strings in an AdS5 × S 5 background [3, 4]. This was
rather surprising at first since the N = 4 theory is not confining and there are no color
flux tubes in the ordinary sense. The connection with string theory was instead obtained
by identifying the string spectrum with the spectrum of anomalous dimensions of the
theory [4].
After many checks performed in the supergravity regime, a new important step was
taken in [5] where it was shown that by taking an appropriate limit of both sides of the
correspondence one could match anomalous dimensions of near BPS operators with the
corresponding string states. On the gauge theory side this amounts to considering long
operators with large classical dimension and R-charge. These operators are constructed
by taking the BPS operator tr Z J , where Z is one of the three chiral superfields making
up the N = 4 multiplet, and adding a few “impurities”, i.e. replacing some of the Z
with other fields in the theory. The analysis of near BPS states led to an agreement to
all loops in the ’t Hooft coupling1 αs Nc [6].
States with large quantum numbers should correspond to semiclassical string states
whether they are near BPS or not. In fact, as noticed in [7] one can get a qualitative agreement between the anomalous dimension of twist-two operators of large spin
S computed at small αs Nc and the energy of a classical rotating string in AdS space,
valid for large values of αs Nc . In both cases, the anomalous dimension grows like log S,
one of the most famous “trade-marks” of non-abelian gauge theories [1]. Of course, the
dependence of the coefficient of log S on the ’t Hooft coupling αs Nc is polynomial
on the
√
gauge theory side, as always in perturbation theory, whereas it grows like αs Nc in the
semiclassical AdS analysis, a “screening” phenomenon that has already been observed
e.g. in the analysis of the Wilson loops [8].
The above qualitative observations can be made quantitative by considering, once
again, the N = 4 theory [9–11]. In this case the string can instead be allowed to rotate
in the compact S 5 dimensions. Giving the string two large angular momenta J1 and J2
1

2
We use the standard definition αs = gYM
/4π.
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on the sphere (recall that the isometry group is SO(6) and has rank three) one obtains
an expression for the energy that is analytic in αs Nc and thus can be expanded around
αs Nc = 0. In order to match this expansion with the perturbative analysis one needs to
compute the anomalous dimension of operators that are far from the BPS condition. This
is successfully accomplished by noticing that the matrix of planar anomalous dimensions
can be interpreted as the Hamiltonian of an integrable spin chain – not only at oneloop [12, 13], but also at higher loops [14] – and its eigenvalues can thus be obtained by
applying the Bethe ansatz [12, 13, 10, 15]. For an introduction to this subject, c.f. [16].
(See also [17] for a computation of correlation functions from the Bethe ansatz.)
Following this line of thought, Kruczenski [18] showed that the agreement is already
present at the level of the effective sigma model (see also [19] for related work). Namely,
the effective action obtained by taking the long wavelength limit of the one-loop spin
chain Hamiltonian and the action of the rotating string in the corresponding space-time
background are the same. This leads to the exciting possibility of extracting information
about the string dual from the perturbative study of anomalous dimensions and was the
main motivation behind the previous work by some of us [20] in the context of large Nc
(non-supersymmetric) QCD. In [20] we showed that the closed spin chains constructed
with only the selfdual field strength form an integrable subsector. In this paper we
continue this investigations in the hope that it will reveal the nature of the excitations
required in the description of the QCD string.
Before moving to describing the results of our investigation, we must stress that the
subject of integrability in the context of QCD has a long parallel history starting with
the introduction and the study of operators on the light cone in [21], (see also [22]) and
continuing with the discovery that their renormalization is described by an integrable,
non-compact spin chain [23–25]. The early papers on the subject dealt only with “short”
operators, i.e. operators containing a small number of elementary fields but with an
arbitrary number of derivatives. We refer the reader to the reviews [26,27] for a survey of
the literature on this subject. Very recently, the complete matrix of anomalous dimension
for light-cone operators of arbitrary length has been given in [28] for theories with any
number of supersymmetries. One of the results in the present paper is the complete oneloop matrix of anomalous dimension for large Nc QCD without the restriction to the light
cone. This was obtained by first solving the counting problem for operators and then
truncating the known N = 4 answer of [29] but it can also be thought of as a “lifting” of
the light cone results of [28] to the full conformal group. For earlier partial results that
were useful in the initial stages of this investigation see [30]. Recently, anisotropic spin
chains have also made an appearance in this context [31, 28].
The main results of the present work are the following:
We give the complete one-loop matrix of anomalous dimension for large Nc QCD
and study its eigenvalues. We use a particularly convenient choice of basis for such
operators that avoids the necessity of restricting oneself to light-cone operators. In
order to use the intuition from condensed matter we will be thinking of the matrix of
anomalous dimensions as the Hamiltonian of a spin chain. We are particularly interested
in the “thermodynamic limit” consisting of studying operators with a large number of
elementary fields.
We are able to construct the exact (anti-ferromagnetic) ground state, corresponding
2

to the operator with the lowest (negative) anomalous dimension for any given length and
we show that all gapless excitations above the ground state are described by an integrable
system based on the conformal group SO(4, 2). There are in fact two equivalent ground
states, corresponding to scalar operators constructed by only using the selfdual field
strength or by only using the anti-selfdual component. Operators constructed using
both, or operators containing quarks, are separated by a “mass gap” from the ground
state, i.e. their anomalous dimension remains higher than the ground state by a finite
amount in the thermodynamic limit.
With the above “stringy” motivation in mind we then analyze the structure of the
operators that contain “gapless” excitations. These are the QCD equivalents of the BMN
operators for N = 4.
The analysis of the quantum numbers carried by the gapless excitations reveals some
surprises. Focusing on the chiral ground state for definitiveness, we find, as already
expected from [20], excitations carrying a (space-time) chiral index α corresponding to
the “spinons” of the compact XXX1 chain embedded in the conformal chain (SU(2)L ∈
SO(4, 2)). As well known from the condensed matter literature, such excitations along
the chain are characterized by a linear (“relativistic”) dispersion relation.
But there is another type of excitation that was not accessible by the previous analysis
which did not include derivatives. Namely, by “spreading” a covariant derivative along
the ground state chain, very much like the impurities in the BMN case, we are able to
construct new excitations along the chain that are characterized by a quadratic (“nonrelativistic”) dispersion relation. One would naively expect the quantum number carried
by these excitations to be a space-time vector since a covariant derivative carries a spacetime index µ. However, by writing µ = (α, α̇) and recalling that α propagates in an antiferromagnetic background, we are able to show that the presence of Dµ gives rise to two
independent elementary excitations, one being the above mentioned spinon and the other
carrying a space-time anti-chiral index α̇. It is well known since the work of Faddeev and
Takhtajan [32, 33] that scattering off background spins can modify quantum numbers of
excitations in anti-ferromagnetic spin chains. Here we found another manifestation of
this phenomenon.
The picture that emerges from the one-loop analysis has some intriguing similarities
to the twistor string theory of Witten [34] and it would be very interesting to make
the connection more explicit. What we can say is that the thermodynamic limit of
the one-loop QCD chain is described by chiral/anti-chiral twistorial excitations with
linear/quadratic dispersion relation. Whether these are (part of) the correct degrees
of freedom required to formulate the string description of QCD, what their space-time
dynamics is and the connections (if any) with the work of [34] remain a project for the
future.
The paper is organized as follows:
We begin in Section 2 by discussing some basic preliminary facts about the renormalization of composite operators, the simplifications occurring in the large Nc limit and
the definition of the spin chain Hamiltonian.
In Section 3 we discuss in detail the construction of the complete basis of operators
that form the Hilbert space of our spin chain. Having such a complete basis makes the
restriction to the light-cone no longer necessary.
3

Section 4 contains the complete one-loop chain of anomalous dimensions expressed
in terms of projectors on irreducible representations of the conformal group. Recall that
the use of conformal symmetry to classify the operator to one-loop is possible, even in a
non-conformal field theory such as QCD, since the beta function is of order O((αs Nc )2 )
whereas the anomalous dimensions are O(αs Nc ). The relevant mathematical formalism
is summarized in Appendix A. The coefficients of the projection operators are obtained
by a truncation of the corresponding matrix in the N = 4 theory with the additional
modifications required by the different wave-function renormalization. We also give
a table of anomalous dimensions of all conformal primary operators up to dimension
seven for pure glue and five for those involving quarks. We conclude the section by
showing briefly how the same results could also be obtained by “lifting” the light-cone
results of [28]. To this purpose, we consider for definitiveness the gluon-quark coupling.
Although this is not the way we arrived at the results, we feel it may be useful to include
it in order to establish a connection with the previous literature.
Section 5 presents the Bethe ansatz for the chiral sector of the theory. We show that
the closed chain composed of selfdual gluon field strengths and derivatives is integrable
and we give the Bethe equations corresponding to the conformal group SO(4, 2). We
begin our discussion of the possible excitations over the ground state. As a check of our
computation we present all the Bethe roots corresponding to the conformal primaries
in the integrable sector up to dimension seven. We conclude with some remarks on the
open chain, which is also integrable for selfdual gluons in the bulk. We present the Bethe
ansatz for the case of open chains without derivatives.
Section 6 contains a more detailed analysis of the excitations over the ground state.
First, we show that operators containing a mixture of selfdual and anti-selfdual fields or
quarks have an anomalous dimension that remains above the previously found ground
state by a finite amount (gap) in the thermodynamic limit. This establishes that we have
indeed found the true ground state. We then move on to study the gapless excitations.
As mentioned before they are characterized by a dispersion relation that is linear or
quadratic for chiral and anti-chiral objects respectively.
In Appendix A we review the oscillator representation of the conformal group and
the decompositions required in the paper.
In Appendix B we make the comparison with the length two primaries some of which
are well know from the literature on deep inelastic scattering. We do this partly as a
check and partly as an illustration of how to use the Hamiltonian obtained in Section 4.
In Appendix C we give a proof of integrability for the chiral sector of pure YM by
solving the corresponding Yang–Baxter equations.

2

Preliminaries

In this paper we consider anomalous dimensions of local, gauge invariant operators for
massless QCD:
1
L = − tr F 2 + iq̄ D
6 q,
(2.1)
2

4

where Fµν = ∂µ Aν − ∂ν Aµ − igYM [Aµ , Aν ] is the gauge field strength, thought of as an
Nc × Nc hermitian matrix, and q is the quark field, transforming in the fundamental
representation of the gauge group SU(Nc ) and possibly carrying a finite number of
flavors. It will be very convenient in the following to express such field content in the
chiral basis by decomposing Fµν into its selfdual and anti-selfdual parts f and f¯
αβ
α̇β̇ ¯
Fµν = σµν
fαβ + σ̄µν
fα̇β̇

and the quark field in its chiral and anti-chiral parts ψ and χ̄:
 
ψα
q=
χ̄α̇

(2.2)

(2.3)

We employ the ‘t Hooft limit of letting the number of colors Nc go to infinity and
the usual QCD coupling gYM to zero while holding the ’t Hooft coupling αs Nc finite. In
fact, we will deal with one-loop perturbation theory in αs Nc which must therefore be
assumed to be small.
The latter condition would make the limit rather simple were it not for the fact that
we apply it to the study of anomalous dimensions of gauge invariant composite operators
made out of a large number of elementary fields where even ordinary perturbation theory
becomes quite involved.2
Let us briefly recall how anomalous dimensions of composite operators are defined in
quantum field theory. We use the conventions of [35] throughout the paper. In particular,
let us denote by O a multiplicatively renormalized operator, i.e. an operator that can
be renormalized by multiplying it with a (divergent) renormalization constant. We set
Obare = ZO Oren. ,

(2.4)

where ZO is constructed so that Oren. has finite correlation functions with the renormalized quark and gluon fields. The anomalous dimension of O is defined through
γO = µ

∂
log ZO .
∂µ

(2.5)

αs Nc
,
2π

(2.6)

To one-loop in αs Nc it takes the form
γ O = cO

where cO is a numerical constant to be determined.
In general, operators carrying the same quantum numbers and having the same classical dimension will mix under renormalization and we write:

2

i
j
Obare
= ZOji Oren.
.

(2.7)

Actually, with some more work it would be possible to obtain the mixing matrix at finite Nc but we
decided not to include it in this paper as our main motivation is to learn about the stringy description
where 1/Nc plays the role of the string coupling.
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The anomalous dimension also becomes a matrix and we write, in matrix notation:
Γ=µ

αs Nc
∂
∂
log ZO = ZO−1 µ ZO =
H.
∂µ
∂µ
2π

(2.8)

Multiplicatively renormalizable operators correspond to eigenvectors of Γ and their
eigenvalues correspond to the anomalous dimensions:
ΓÔ = γÔ Ô.

(2.9)

The problem of the computation of anomalous dimensions is thus split into two parts:
First one must derive the mixing matrix Γ and second one must find its eigenvalues. In
the past few years new techniques, inspired by the study of N = 4 SYM have been
developed that bypass the computation of the divergences in the loop diagrams and
allow a direct determination of Γ. These techniques are based on the analysis on the
dilatation operator, thought of as one of the generators of the conformal group. The
second part, involving the diagonalization of Γ, also requires analytical work since we
are mostly interested in letting the size of the matrix go to infinity by considering “long”
operators. Fortunately, even this second problem can be handled by analytic methods
such as the Bethe ansatz for the cases of interest.
We shall refer to a generic composite operator as a “chain”, where the name originates
by the interpretation of such operators as a spin chain, as we will discuss in detail later.
Neglecting for the moment the details of the Lorentz structure of these operators,
such chains can be grossly divided into two main groups: (see Fig. 1)
Dn F

D m q̄

Dn F

Dpq

Figure 1: Closed and open “spin chains” corresponding to purely gluonic operators or mesonic
operators respectively.

• Closed chains, i.e. operators schematically of the type
tr(D n1 F ) . . . (D nL F ),

(2.10)

• Open chains, i.e. operators schematically of the type
(D n1 q̄)(D n2 F ) . . . (D nL−1 F )(D nL q),
6

(2.11)

Notice that we will distinguish between different conformal descendants, i.e. will not
identify operators differing by a total derivative. Therefore it does not suffice to ignore
derivatives on the first site q̄ as is commonly done in QCD.
In the large Nc limit the following three crucial simplifications occur:
• If we consider two eigenvectors Ô1 and Ô2 , linear combinations of either type of
operator described above, with anomalous dimensions γÔ1 and γÔ2 respectively,
then Γ(Ô1 Ô2 ) = (γÔ1 + γÔ2 )(Ô1 Ô2 ). Hence, it is enough to consider operators that
cannot be split into products of gauge singlets, commonly referred to as “singletrace” operators, although, in the presence of quarks the name “irreducible” would
be more appropriate.
• Open and closed chains do not mix. This can be seen by noticing that with the
usual normalization, the mixing matrix between open and closed chains becomes
upper triangular.√ Alternatively, one can show that by scaling the quark fields by
an extra factor Nc the mixing becomes block diagonal. We shall refer to the
mixing matrix for open and closed operators as Γopen and Γclosed respectively.
• Finally, the relevant Feynman diagrams for the computation of the anomalous dimension are only those connecting neighboring fields (see Fig. 2). Thus we can
identify either type of basic operator with a chain of “spins”, each spin corresponding to a basic building block D n f , D n ψ, etc. The length L of the chain is
conserved to one-loop and the matrix of anomalous dimensions can be regarded as
a Hamiltonian of the spin chain with only nearest neighbor interactions.

Figure 2: Renormalization of a four gluon composite operator (denoted by a cross) in double
line notation. To the left is depicted a diagram connecting two adjacent gluon legs containing
a closed color loop. To the right is shown a diagram connecting two non-adjacent gluon legs,
not containing any color loop and thus subleading in 1/Nc .

Thus we write, for the closed chain, with the usual periodic identification L + 1 → 1:
7

Γclosed
and, for the open chain (L > 2):
Γopen

αs Nc
=
2π

L
αs Nc X FF
H
=
2π l=1 l,l+1

HqF
1,2 +

L−2
X
l=2

(2.12)

!

Fq
HFF
l,l+1 + HL−1,L .

(2.13)

For completeness we should also add the rather trivial Hamiltonian for an open chain of
length two
αs Nc qq
H1,2 .
(2.14)
Γopen,L=2 =
2π
Obviously, only (2.12) and (2.13) admit a continuum limit L → ∞.
The matrix of anomalous dimensions is thus completely specified if we give the expression for the various “link Hamiltonians” connecting two neighboring sites.

3

Lorentz structure

Before describing the link Hamiltonian, we must carefully define the space of operators
on which it acts. This space must be constructed in such a way as to avoid double
counting or missing some allowed operator.
Seemingly different operators can be mapped into each other by repeatedly using
either of the following two identities:
[Dµ , Dν ] = −igYM Fµν

and Dµ Fνρ + cyclic = 0.

(3.1)

Moreover, we must identify operators that differ by the classical equations of motion:
a
D µ Fµν
= −gYM q̄γν T a q

and γ µ Dµ q = 0.

(3.2)

Equations (3.1) and (3.2) will be used to maximize the number of building blocks in a
given operator as much as possible in order to come to a unique basis. Before showing
that, we should mention the reason why the equations of motions also need to be imposed.
In [36] it is shown that if one separates gauge invariant operators into those not vanishing
by the classical equations of motion, henceforth referred to as OS (on shell) operators,
and those vanishing by the equations of motion (referred to as EOM operators), the full
matrix of anomalous dimensions has the form:3
 OS EOM 
ΓOS ΓOS
Γ=
.
(3.3)
0 ΓEOM
EOM
Thus, although it might be necessary to add counterterms vanishing on shell in the
renormalization of ordinary OS operators, we are assured that the former operators do
3

To be precise, the EOM part might also contain BRST variations of gauge variant operators.
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not alter the anomalous dimension of the latter since their mixing is upper triangular.
From now on we shall consider only ΓOS
OS .
We now claim that a generic gauge singlet operator can be constructed, up to the
above identifications, out of the following elementary building blocks:
D n f ∈ V(n/2+1,n/2) ,

and D n ψ, Dn χ; ∈ V(n/2+1/2,n/2)

(3.4)

together with their complex conjugates. The fields f , ψ and χ are the chiral components
of the gluon field strength and the quark fields discussed in the introduction. The
labels (S1 , S2 ) in (3.4) refer to the Lorentz quantum numbers and characterize a unique
irreducible representation of the Lorentz group. The module V(S1 ,S2 ) is a vector space on
which the representation (S1 , S2 ) acts. In fact, these irreducible representations of the
Lorentz group can be combined to form infinite-dimensional irreducible representations
of the conformal group SO(2, 4) by putting together all terms of the type, e.g. D n f ,
n = 0 . . . ∞, c.f. Appendix A. The use of the conformal group is what will allow us to
obtain the full matrix of anomalous dimensions to one-loop.
To be specific, D n f written in the ordinary Lorentz basis would look like:
+
− traces,
D n f = D(µ1 . . . Dµn Fν)ρ

(3.5)

+
where Fνρ
is the selfdual component of the field strength. By “−traces” we mean that
the tensor has been reduced to be totally traceless and the brackets around the indices
correspond to total symmetrization. In the chiral basis, setting Dµ = σµαα̇ Dαα̇ and
+
αβ
Fµν
= σµν
fαβ , one would write

D n f = Dα1 α̇1 . . . Dαn α̇n fβγ + symmetrized,

(3.6)

where “+symmetrized” means that the tensor has been totally symmetrized in the undotted and dotted indices, respectively. One usually writes simply D n fα1 ...αn+2 ,α̇1 ...α̇n
for the resulting irreducible component in direct analogy with the representation labels
(n/2 + 1, n/2), where each symmetrized spinor index contributes spin 1/2.
To show the validity of the claim, let us look at a few examples.
Consider first an operator containing the element Dµ Fνρ . We can decompose such an
object into a totally anti-symmetric tensor, D[µ Fνρ] vanishing by the Bianchi identity in
(3.1), a vector ηµν D λ Fλρ + ηµρ D λ Fνλ proportional to the gauge current by the equations
of motion, and thus quadratic in its field content, and a remaining tensor belonging to
V(3/2,1/2) ⊕ V(1/2,3/2) and thus precisely of the type stated above. Hence:
Dµ Fνρ = Df + D f¯ + O(q̄q).

(3.7)

Consider now an operator containing an element with two derivatives: Dµ Dν Fρλ . It
is clear that the covariant derivatives can always be symmetrized, up to terms containing
an extra Fµν due to (3.1). Once the symmetrization has been done, the two indices of
Fρλ cannot further be anti-symmetrized with the ones of Dµ or Dν because of (3.1)4 and
in total three indices will have to be symmetric. Finally, tracing any two indices will, by
4

This involves splitting off further Fµν ’s to bring Dµ close to Fρλ .
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the equations of motion, yield a derivative of the current and thus a term quadratic in
the fields. Perhaps the only slightly non-trivial identity occurs when the trace is between
indices both belonging to the covariant derivative. In this case one must use once again
the Bianchi identities to recover the equations of motion:
D µ Dµ Fρλ = −D µ Dρ Fλµ − D µ Dλ Fµρ = −Dρ D µ Fλµ − Dλ D µ Fµρ + O(F 2 )
= 0 + O(q̄q) + O(F 2 ).

(3.8)

Again, the remaining tensors in the decomposition of the original tensor containing two
covariant derivatives belong to the irreps (2, 1) ⊕ (1, 2).
Similarly, the element Dµ q appearing at the end of an open chain will be equivalent
to operators in V(1,1/2) ⊕ V(1/2,1) up to equations of motions.
One can proceed by induction and show that:
Dµ1 . . . Dµn Fνρ = D n f + D n f¯ + O(q̄q) + O(F 2),
Dµ1 . . . Dµn q = D n ψ + D n χ̄ + O(q̄qq) + O(F q).

(3.9)

Since (3.9) may raise but not decrease the length of a chain, one can proceed systematically from the chains of lowest length (two) and show that the building blocks (3.4) are
sufficient to construct uniquely all the on-shell operators.
Note that we do not identify operators that differ by a total derivative. Although in
some other applications this may be desirable, in our case we should keep them and we
will identify them as descendants in the representation of the conformal group.

4

Complete QCD spin chain

We are now ready to discuss the form of the link Hamiltonian. We can think of it as a map
from a generic pair of elementary building blocks previously discussed into two others.
We can make use of Lorentz symmetry to simplify the form somewhat. The crucial
insight is that the Hamiltonian can only map components from one irreducible module
to the same component of a multiplet of the same type (or even the same multiplet).
In general this is still a complicated problem because of the large number of Lorentz
multiplets appearing in the product. Fortunately, for one-loop anomalous dimensions,
conformal symmetry comes to the rescue by vastly reducing the number of occurring
irreps as we shall now proceed to discuss.
Although QCD is not a conformal theory, the use of the conformal group to classify
composite operators in QCD has a long history [37] (see [26] for a recent review). The
conformal symmetry is especially useful at one loop because the β-function, which is
responsible for the breaking of conformal invariance, has leading term O((αs Nc )2 ):
β(αs Nc ) = µ

∂
11 (αs Nc )2
αs Nc = −
∂µ
3
2π

(4.1)

and thus cannot affect the one-loop anomalous dimensions which are of order αs Nc . We
shall make use of the conformal symmetry to write the full matrix of one-loop anomalous dimensions for large Nc QCD. (The conformal algebra and its representations are
reviewed in Appendix A).
10

Each fundamental field, namely f , ψ and χ and their conjugates, is a primary state5
of an irreducible module (or multiplet; a vector space transforming in some irreducible
representation) of the conformal algebra. The remaining elements in the module (descendants) are obtained by acting with derivatives on the primaries. Thus, we have the
following structure for the modules:
Vf = fα1 α2 , Dfα1 α2 α3 α̇1 , D 2fα1 α2 α3 α4 α̇1 α̇2 . . . ,
Vψ = ψα1 , Dψα1 α2 α̇1 , D 2 ψα1 α2 α3 α̇1 α̇2 . . . ,
Vχ = χα1 , Dχα1 α2 α̇1 , D 2 χα1 α2 α3 α̇1 α̇2 . . . ,

(4.2)

together with their complex conjugate modules.
The product of two of the multiplets (4.2) can be decomposed into an infinite series
of irreducible modules labeled by an extra integer j, the conformal spin. This is easily understood in the oscillator representation reviewed in Appendix A. We need the
following decompositions (and their conjugates)
Vf ⊗ Vf =
Vf ⊗ Vψ =
¯

Vf ⊗ Vψ =
Vψ̄ ⊗ Vψ =

∞
X

j=−2
∞
X

j=−1
∞
X
j=+1
∞
X

∞
X

¯

Vfj f ,

Vf ⊗ Vf =

Vfj ψ ,

Vf ⊗ Vχ̄ =

¯

j=+2
∞
X

¯

Vfj ψ ,

Vf ⊗ Vχ̄ =

Vψ̄ψ
j ,

Vχ ⊗ Vψ =

j=+1

¯

Vfj f ,

j=+1
∞
X

j=−1
∞
X

Vfj χ̄ ,
¯

Vfj χ̄ ,
Vχψ
j .

(4.3)

j=−1

The explicit form of the irreducible modules appearing in the above decompositions
is discussed in Appendix A. The importance of these decompositions is that the oneloop link Hamiltonian commutes with the generators of the conformal algebra and thus
assumes constant values on each of the irreducible modules. Moreover, each irreducible
module appears only once within all the above decompositions and there will be no
mixing problem between equivalent modules.6
Introducing the projectors Pfj f etc. projecting on the respective modules we can write
for each glue-glue link (not written explicitly)
H

FF

=

∞
X

j=−2

Ejf f (Pfj f

+

¯¯
Pfj f )

+

∞
X

¯

¯

¯

¯

(Ejf f ,I I + Ejf f ,X X)(Pfj f + Pfj f ),

(4.4)

j=+2

where the coefficients Ej need to be determined and I and X are the identity operator
5
All components of the Lorentz multiplets D0 f, D0 ψ, . . . are conformal primaries. The conformal
highest-weight state is distinguished by being also the highest-weight of the Lorentz multiplet.
6
This amounts to saying that for each irreducible module there is only a single (or 1 × 1 matrix of)
coefficients instead of an n × n matrix in the case of an n-fold occurrence.
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and the exchange operator, respectively:
I :
X :

(D n f )(D m f¯) → (D n f )(D m f¯),
¯ n f ).
(D n f )(D m f¯) → (D m f)(D

(4.5)

Similarly, we write, for the quark-gluon and the gluon-quark link:
H

qF

=

HFq =

∞
X

Ejχf (Pχf
j

j=−1
∞
X

+

¯
Pjψ̄f )

+

¯

Ejχf (Pfj ψ + Pfj χ̄ ) +

j=−1

∞
X

j=+1
∞
X

¯

¯

Ejχf (Pχj f + Pψ̄f
j ),
¯

¯

Ejχf (Pfj ψ + Pfj χ̄ )

(4.6)

χχ̄
Ejψ̄ψ (Pψ̄ψ
j + Pj ).

(4.7)

j=+1

and for the length two quark-quark Hamiltonian:
H

qq

=

∞
X

Ejχψ (Pχψ
j

+

Pjψ̄χ̄ )

+

∞
X

j=+1

j=−1

In writing the above equations we have already made use of various symmetries that
allow us to identify the coefficients of the projectors on different modules. Perhaps one
not so obvious symmetry is a “chiral” type of symmetry rotating f and f¯ by opposite
phases (see [38] for a discussion in the context of N = 4 SYM). This symmetry is
responsible for the closure of the chiral sector. We denote by A the quantum numbers
of the fields under such symmetry transformation.
The coefficients in equations (4.4,4.6,4.7) can be fixed in two ways, either by truncating the N = 4 results of [29] or by lifting the light cone results of [22–25]. Many
terms can also be explicitly computed or tested by considering chains of length two as
discussed in Appendix B.
Before giving a derivation of the results we collect below the complete set of coefficients of the two-site
P Hamiltonian, yielding the full matrix of anomalous dimensions to
one-loop (h(j) = jk=1 1/k):
Ejf f = 2h(j + 2) −

11
,
6

¯

Ejf f ,I = h(j − 2) + h(j + 2) −

11
,
6


¯
Ejf f ,X = (−1)j h(j − 2) − 4h(j − 1) + 6h(j) − 4h(j + 1) + h(j + 2)
=

6(−1)j+1
(j − 1)j(j + 1)(j + 2)

Ejχf = h(j + 2) + h(j + 1) − 35 ,
¯

Ejχf = h(j + 2) + h(j − 1) − 35 ,

Ejχψ = 2h(j + 1) − 23 ,

Ejψ̄ψ = h(j + 1) + h(j − 1) − 32 .

(4.8)

The spectrum of operators with the lowest classical dimensions can be found in Tables 1,2,3.
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D
4
4
4
5
6
6
6
6
6
6
6
6
7
7
7
7
7
7
7

L A (S1 , S2 )
2 2
(0, 0)
2 2
(2, 0)
2 0
(1, 1)
2 0 (3/2, 3/2)
3 3
(0, 0)
3 3
(1, 0)
3 3
(3, 0)
2 2
(3, 1)
3 1
(1, 1)
3 1
(0, 1)
3 1
(2, 1)
2 0
(2, 2)
3 3 (3/2, 1/2)
3 3 (5/2, 1/2)
3 1 (5/2, 1/2)
3 1 (1/2, 3/2)
3 1 (3/2, 3/2)
3 1 (5/2, 3/2)
2 0 (5/2, 5/2)

[p, r, q]
[0, − 4, 0]
[4, − 6, 0]
[2, − 6, 2]
[3, − 8, 3]
[0, − 6, 0]
[2, − 7, 0]
[6, − 9, 0]
[6, −10, 2]
[2, − 8, 2]
[0, − 7, 2]
[4, − 9, 2]
[4, −10, 4]
[3, − 9, 1]
[5, −10, 1]
[5, −10, 1]
[1, − 9, 3]
[3, −10, 3]
[5, −11, 3]
[5, −12, 5]

EC
+
− 11
3
7+
3
+

0
3+

1+
2
−
− 32
7−
2
14 +
3
7+
6
−
− 11
6
7−
6
21 +
5
+

2 and 2−
17 +
6
17 +
6
1 −
23 +
and − 12
12
−
71 +
and 13
30
6
197 +
41 −
and 12
60
26 +
5

Table 1: A complete list of primary states for the purely gluonic sector of QCD up to D = 7. The
Dynkin labels [p, r, q] refer to the classical representation of the conformal group as explained
in the text. The spin labels (S1 , S2 ) ≡ (p/2, q/2) are redundant but we include them for clarity.
D is the classical dimension, L the length of the operator and the chirality A counts the number
s Nc
. C denotes charge
of f minus the number of f¯. E is the anomalous dimension in units of α2π
T
conjugation: C : Fµν → −Fµν . In the language of spin chains it corresponds to reversing the
orientation of the chain. For each state in the table with A 6= 0 there is a corresponding state
with opposite chirality, p and q exchanged and with the same anomalous dimension.

D
3
3
4
5
5
5
5
5
5

L A (S1 , S2 )
2 1
(0, 0)
2 1
(1, 0)
2 1 (3/2, 1/2)
2 1
(2, 1)
3 2
(0, 0)
3 2
(1, 0)
3 2
(2, 0)
3 0
(0, 1)
3 0
(1, 1)

[p, r, q]
[0, −3, 0]
[2, −4, 0]
[3, −6, 1]
[4, −8, 2]
[0, −5, 0]
[2, −6, 0]
[4, −7, 0]
[0, −6, 2]
[2, −7, 2]

E
− 32
1
2
3
2
13
6

− 43
− 13 and
5
3
1
3
1
3

2
3

Table 2: A complete list of open chains with boundaries χ . . . ψ up to D = 5.
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D
3
4
5
5
5

L A (S1 , S2 )
2 0 (1/2, 1/2)
2 0
(1, 1)
2 0 (3/2, 3/2)
3 1 (1/2, 1/2)
3 1 (3/2, 1/2)

[p, r, q]
[1, −4, 1]
[2, −6, 2]
[3, −8, 3]
[1, −6, 1]
[3, −7, 1]

E
0
4
3
25
12

− 21
1

Table 3: A complete list of open chains with boundaries ψ̄ . . . ψ up to D = 5. For each state
with A 6= 0 there is a corresponding state with opposite chirality, p and q exchanged and with
the same anomalous dimension.

4.1

Reduction from SYM

All the coefficients Ej×× can be obtained from N = 4 SYM. The crucial observation is that
the set of Feynman diagrams in N = 4 SYM encompasses all the Feynman diagrams of
QCD. What is more, at the one-loop level, the additional propagating degrees of freedom
of the supersymmetric theory appear only in a very restricted sense in the diagrams that
are relevant to QCD.
Let us explain this in more detail, starting with purely gluonic processes, i.e. interactions that couple only to gluons within a local operator and only emit gluons. The
diagrams that contribute to the one-loop scaling dimension are of three basic types (see
Fig. 3).

Figure 3: Typical ’t Hooft diagrams contributing to the one-loop scaling dimension of a four
gluon operator. There are also “degenerate” diagrams where one of the vertices is connected
directly to the gluon field appearing in a covariant derivative or a commutator inside the
operator.

Consider first the loop-interaction connecting to one field of the operator (Fig. 3,
middle). In QCD, the particles in the loop can only be gluons (or the associated ghosts).
Fundamental quarks are suppressed in the large Nc limit. In N = 4 SYM, the gluons
give precisely the same contribution, but also the adjoint scalars and fermions do couple.
Hence we cannot simply read off the value of the gauge loop alone from the final result
in N = 4 SYM. We merely know that it gives the same contribution to the scaling
dimension for every gluon in the spin chain, but we shall leave the coefficient, E f , to be
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determined later. Of course it can be computed (and is well-known); at the end of this
section we will show a way to derive it from conformal and flavor symmetry. To determine
the contribution from the other two types of interactions (Fig. 3, left, right), we note
that scalars and fermions in the vertices of N = 4 SYM always come in pairs. This
means that for purely gluonic processes they can only contribute within internal loops
of the diagram. These two diagrams do not have such loops, hence their contribution is
exactly the same for N = 4 SYM as for QCD.
We know that the complete one-loop dilatation generator of N = 4 SYM is given by
H

N =4

=

∞
X

=4
EjN =4 PN
j

EjN =4 = 2h(j).

with

(4.9)

j=0

The tricky part is the decomposition of the N = 4 invariant projector into projectors
=4
for the N = 0 conformal group. One finds that the module VN
contains only chiral
j
¯
¯
ff
ff
′
combinations of two gluons Vj ′ , Vj ′ with definite conformal spin j = j − 2. We write
¯¯

f
f
=4
PN
= . . . + Pfj−2
+ Pfj−2
+ ... .
j

(4.10)

Consequently, the coefficient Ejf f equals
N =4
+ 2E f = 2h(j + 2) + 2E f
Ejf f = Ej+2

(4.11)

where E f is the contribution from the missing loop-diagrams for scalars and fermions.
¯
For the non-chiral combination, the determination of Ejf f is more involved. The module
¯
=4
VN
now contains the non-chiral combination Vfj ′f with conformal spin ranging from
j
j ′ = j − 2 to j ′ = j + 2. A second complication is that the two interacting particles may
or may not change place. Finally, in N = 4 SYM they can transform into particles which
are not part of QCD but carry the same quantum numbers of the conformal group. While
these contributions are clearly dropped for QCD, they are essential for the definition of
=4
PN
as a projector. We would have to treat all two-particle states of N = 4 with the
j
same quantum numbers as f f¯ to find the proper decomposition of projectors. This is
¯
¯
rather involved and we just present the final result for the contributions Ejf f ,I and Ejf f ,X
in (4.8).
The situation for fundamental quarks requires yet another insight, because N = 4
SYM contains only adjoint fields. The point is that the gauge group structures at the
one-loop level are very restricted. Again, they can only be of the three general forms
depicted in Fig. 3 (forgetting for the moment the double line structure), where a vertex
represents the structure constants λa or f abc , depending on the type of line it attaches to
(fundamental or adjoint). The loop diagram can again not be determined from N = 4
SYM and it gives rise to the unknown coefficient E ψ . The other two structures can be
distinguished by their symmetry under interchange of the particles. This is important,
because in N = 4 the second structure can be transformed into the first one by means
of a Jacobi identity. This means that for every contribution in the N = 4 Hamiltonian
we can derive the corresponding structure. This allows to derive also the terms for the
fundamental fermions. Note that the Yukawa-coupling to the scalars in N = 4 involves
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two different flavors of fermions. It can therefore be suppressed by considering only one
flavor of fermions.
Finally, the unknown constants E f and E ψ can be obtained by demanding conservaand E ψ = − 34 in
tion of the stress energy tensor and flavor currents. We find E f = − 11
12
agreement with the β-function of large Nc QCD and results of the next subsection.
The power of the truncation from N = 4 however shows up for integrability and the
Bethe ansatz in Sec. 5.4. Here we needed to do detailed computations to obtain the
energy coefficients Ej×× , but the Bethe ansatz for QCD follows from the Bethe ansatz
for N = 4 SYM [13] straightforwardly.

4.2

The lift from the light cone

The same results (4.8) can be reached by “lifting” the light cone results [22–25]. The
state of the art for this technique is presented in [28] where the full expression for the
matrix of anomalous dimensions for the so-called “quasi-partonic” operators is given.
This amounts to restricting to the collinear subgroup SL(2, R) of the full conformal
group SO(4, 2). Once the problem of classification and enumeration of the operators has
been solved, their answer can be lifted to the full conformal group.
Let us show how this works by lifting the expression for the gluon-quark terms which
are the ones that cannot be fixed by looking at length-two gauge invariant operators. One
works in light-cone coordinates +, −, ⊥ where ⊥ denotes the two transverse coordinates.
The light cone decomposition is most easily obtained by introducing two light cone
vectors nµ and n̄µ satisfying the Lorentz products n · n = n̄ · n̄ = 0 and n · n̄ = 1.
One defines the + and − components by contracting with n and n̄ respectively, e.g.
F+− = nµ n̄ν Fµν . (The notation is reviewed in [26, 27].)
The collinear group is defined by the following three transformations, forming a subgroup of the full conformal group:
x− →

x−
,
1 + 2ax−

x− → x− + c,

x− → λx− .

(4.12)

It is easy to show that this subgroup is isomorphic to SL(2, R). A generic field, either
spinorial or tensorial, can be split into various components Φ carrying a dimension d, a
spin projection s (defined as the eigenvalue of the component Σ+− of the spin operator)
and a “collinear conformal spin” defined as ̂ = (d + s)/2, where we used the symbol ̂
to distinguish the collinear conformal spin from the conformal counterpart j previously
used in the full SO(4, 2) context. We will see now that there is a close relation between
these two quantum numbers.
A certain field component Φ can be evaluated on the light cone by introducing a real
variable z:
∞
X
zk k
Φ(zn) =
D Φ(0),
(4.13)
k! +
k=0

where the Taylor expansion is a convenient way to keep track of the light-cone derivatives.
A generic light-cone composite operator can thus be thought of as a polynomial in the
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variables zi , one for each elementary field. For instance, in [39, 27] was considered the
operator:
gYM
q̄(z1 n)(iF̃⊥+ (z2 n) + F⊥+ (z2 n)γ5 )γ+ q(z3 n),
(4.14)
S + (z1 , z2 , z3 ) =
2
for which the following Hamiltonian was given (changing slightly their notation to make
the comparison with our formulas clearer):
Γ=

αs Nc
[VqF (̂12 ) + UF q (̂23 )] .
2π

(4.15)

The coefficients VqF and UF q , to be related to our E ψ̄f and E f ψ respectively, were found
to be:
VqF (̂) = Ψ(̂ + 23 ) + Ψ(̂ − 32 ) − 2Ψ(1) − 34 ,
UF q (̂) = Ψ(̂ + 21 ) + Ψ(̂ − 12 ) − 2Ψ(1) − 34 .

(4.16)

In (4.16) we have denoted by Ψ the logarithmic derivative of the Gamma function Ψ(z) =
Γ′ (z)/Γ(z), related to the harmonic sum by:
Ψ(m) = h(m − 1) − γE ,

(4.17)

γE being the Euler constant that always cancels in the final expression.
We now must relate the collinear ̂ to our previous conformal spin j. This can be done
by observing that when acting on the rightmost link (i.e. for UF q ) the primary fαβ ψγ
totally symmetrized has j = 0 and contains the light cone component with ̂ = 5/2
(̂ = 3/2 from F and ̂ = 1 from ψ). Thus in UF q we should set ̂ = j + 5/2. Similarly,
when acting on the leftmost link, (i.e. for VqF ) the relation should be ̂ = j + 3/2 because
now we have j = 1.
Finally, in (4.14) there is an explicit factor of gYM in front of the operator. This
s Nc
means that the total anomalous dimensions are shifted by −11/6 in units of α2π
but,
since the open chain has two links one must shift the contribution of each link (4.16) by
−11/12.
Putting all this together yields back the previous results for E ψ̄f and E f ψ . In general,
all the light-cone Hamiltonian can be lifted in a unique way to the full conformal group.

5

Chiral operators and Bethe ansatz

The conformal group provides a nice and compact bookkeeping tool for local operators
in QCD which allowed us to write down the complete planar mixing matrix. The next
obvious task is to diagonalize it. Though the complete diagonalization is beyond our
reach, it will be possible to compute many interesting physical quantities. In particular,
we compute the ground state of the mixing Hamiltonian to leading order7 in L and
analyze the spectrum of small perturbations around it by the Bethe ansatz. Before
going into the details of the general Bethe ansatz equations, we find it instructive to
discuss a simple reduction of the full mixing problem.
In fact, one can systematically expand in powers of 1/L. The coefficients of L0 and L−1 also have
interesting physical meaning, being related to the boundary energy and the central charge respectively.
7
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5.1

Chiral sector

There are several types of operators that mix only among themselves and thus can be
treated separately. An obvious example is a set of operators with the same quantum
numbers such as spin, chirality or classical dimension. Though the length of the chain
(the number of fields in an operator) is not a good quantum number, it is also conserved
at the one-loop level, simply because producing an extra field requires an extra interaction vertex and is thus suppressed by the QCD coupling. As in [20], we shall first
consider operators with minimal classical dimension for a given length. Such operators
are composed of the gluon field strength and contain no derivatives:
O = tr Fµ1 ν1 . . . FµL νL ,

(5.1)

A yet simpler subsector consists of chiral operators which contain only self-dual components of the field strength:
O = tr fα1 β1 . . . fαL βL .
(5.2)
This relatively simple subset of operators contains the ground state of the full mixing
Hamiltonian.
Each entry fαl βl in the operator represents one site of the chain of length L. Since we
are excluding derivatives, the number of degrees of freedom per site is now finite. The
three states fαl βl form the spin-1 representation of SU(2)L . The spin operator is
(Si f )αβ =


1 i γ ε
σ α δβ + δα γ σ iβ ε fγε ,
2

(5.3)

where σ iα γ , i = 1, 2, 3 are the ordinary Pauli matrices. The mixing matrix (2.12) acts
pairwise on the adjacent sites of the chain. A pair of spins can be in the spin-0, spin-1
or spin-2 state and the interaction Hamiltonian depends only on the total spin. From
(4.4,4.8) we find that

 −11/6, if (Sl + Sl+1 )2 = 0,
1/6,
if (Sl + Sl+1 )2 = 2,
Hl,l+1 =
(5.4)

2
7/6,
if (Sl + Sl+1 ) = 6.
Using S2l = 2, the Hamiltonian can be also written as [20]

Hl,l+1 = 67 I + 12 Sl · Sl+1 − 21 (Sl · Sl+1 )2 ,

(5.5)

which is a Hamiltonian of the spin-1 quantum spin chain. Remarkably, this Hamiltonian
is integrable [40] and its spectrum can be analyzed by the Bethe ansatz [41–44, 32, 33].
It is convenient to use the basis in which the Sl3 ’s are diagonal:
f+ = f11 ,

1
f0 = √ (f12 + f21 ) ,
2

f− = f22 .

(5.6)

The operator
OΩ = tr f+L
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(5.7)

is an obvious eigenstate of the Hamiltonian (5.5) with anomalous dimension γΩ =
7αs Nc L/12π and spin S = L. This state is ferromagnetic (all spins aligned) and in
the present case it is the state with the highest possible energy, which is easy to understand from (5.5): anti-alignment of nearest-neighbor spins lowers the energy, so the true
ground state is anti-ferromagnetic. Quantum anti-ferromagnets are rather complicated
systems even in one dimension, but in the present case the anti-ferromagnetic ground
state can be found with the help of the Bethe ansatz [41, 32, 33].
It should be stressed at this point that integrability does not extend to the full
Hamiltonian (4.4) due to the presence of the exchange operator X. Clearly, without
such term, (4.4) would be the sum of two independent integrable Hamiltonian, one for
the chiral and one for the anti-chiral sector. The presence of X turns the system into a
spin ladder by coupling the two sectors. However, it also spoils integrability as can be
seen explicitly by constructing the candidate higher order conserved charges and showing
that they do not commute with the Hamiltonian. In N = 4 SYM integrability is regained
for the entire mixing matrix due to the presence of extra fields. In fact, we interpret the
integrability of the chiral sector of QCD as a remnant of N = 4 integrability.

5.2

The Bethe ansatz

The Bethe ansatz describes all eigenstates of the spin chain in terms of elementary excitations around the ferromagnetic (pseudo)vacuum. The excitations close to the pseudovacuum (magnons) correspond to replacing some of the f+ ’s in (5.7) by f0 or f− . The
magnons are thus created and annihilated by operators
L
1 X ip(l)m −
e
Sm ,
a (l) ≈ √
L m=1

L
1 X −ip̄(l̄)m +
a(l) ≈ √
e
Sm .
L m=1

†

(5.8)

The momenta here are parameterized by rapidities: e ip(l) = (l + i)/(l − i), which is
standard in the literature on Bethe ansatz. Each magnon reduces the spin by 1, so the
state a† (l1 ) . . . a† (lM )|0i has spin S = L − M. The rapidities li are in general complex
because the magnons can form bound states with decaying wave function. The operators (5.8) create eigenstates of the Hamiltonian only asymptotically for very large chains
and small number of magnons, when scattering of magnons on each other can be neglected. Nevertheless, the Hamiltonian can be diagonalized in a purely algebraic way if
the creation and annihilation operators are appropriately deformed to take into account
the scattering. The construction of the spectrum-generating operators, known as the
algebraic Bethe ansatz, is rather involved and we refer to the original papers [42, 44] or
to the review [33] for the detailed derivation. Here we just quote the results.
The rapidities of magnons should be all different and satisfy a set of algebraic equations:

L Y
M
lj − lk + i
lj + i
,
(5.9)
=
lj − i
lj − lk − i
k=1
k6=j

which is basically the periodicity condition for the multi-magnon wave function. The
right hand side of equation (5.9) contains scattering phases. If scattering is neglected
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the equation reduces to the quantization condition for the momenta:
p(lj ) ≡ π − 2 arctan lj =

2πnj
.
L

(5.10)

Solutions of the Bethe equations {lj , j = 1, . . . , M}, 0 ≤ M ≤ L parameterize all
eigenstates of the spin-chain Hamiltonian. The eigenvalues are
!
M
X
2
αs Nc 7L
.
(5.11)
−
γ{lj } =
2
2π
6
l +1
j=1 j
There is a useful relationship between the momentum of a Bethe root and its contribution
to the anomalous dimension:
αs Nc ′
γ(l) =
p (l).
(5.12)
2π
This relationship holds for arbitrary compounds of Bethe roots and will be very useful
in calculations.
The Bethe states which correspond to QCD operators should satisfy an extra condition
M
Y
lj + i
= 1,
(5.13)
l
−
i
j
j=1
which guarantees that the state has zero total momentum and hence is translation invariant. This condition reflects the cyclicity of the trace in the operators (5.2).

5.3

Anti-ferromagnetic ground state

We are now in a position to construct the true, anti-ferromagnetic vacuum. Again we
omit many details that can be found in the original papers [42–44]. The ground state has
spin zero and thus contains L magnons. All their rapidities should be different, so the
construction of the anti-ferromagnetic vacuum of the spin chain is similar to the filling of
a Fermi sea. As we mentioned earlier, magnons with the same momentum form a bound
state, so their rapidities become complex. The left hand side of the Bethe equation (5.9)
then is not a pure phase and in the thermodynamic limit L → ∞ it either blows up or
goes to zero. This has to be compensated by a zero or a pole in the scattering amplitude
on the right hand side. A pole or a zero arises when some of the Bethe roots differ
by i. The bound state of k magnons is thus described in the thermodynamic limit by
an array of Bethe roots with a common real part and integer or half-integer imaginary
parts. Such a compound of Bethe roots is usually called a k-string. The 2-strings play
the most important role for the spin-1 chain. They are pairs of roots at
l2j = λj − i/2,

l2j−1 = λj + i/2,

(5.14)

where the centers of the strings λj are real numbers. The ground state of the spin-1
chain is the Fermi sea of 2-strings [42, 44].

20

To find the distribution of the 2-strings, we first multiply the Bethe equations for
both roots and rewrite them in the logarithmic form:
p2 (λj ) =

1X
2πnj
δ2,2 (λj − λk ),
+
L
L k6=j

(5.15)

where p2 (λ) is the momentum of the 2-string:
e ip2 (λ) =

λ + i/2 λ + 3i/2
,
λ − i/2 λ − 3i/2

(5.16)

which is equal to

2λ
.
(5.17)
3
The branch of the arctangent is chosen such that −π/2 < arctan λ < π/2. The phase
ambiguity in choosing the branch is reflected in the mode numbers nj which must be
different for different strings. For the scattering phase of the two strings we find after
some calculations:
λ
δ2,2 (λ) = 3π − 4 arctan λ − 2 arctan .
(5.18)
2
Since in the vacuum all available one-particle states are occupied, we can put nj = j,
j = 1, . . . , L/2 in (5.15).
In the thermodynamic limit, the distribution of Bethe strings can be characterized
by a continuous function λ = λ(x) of the variable x = j/L or by the density
p2 (λ) = 2π − 2 arctan 2λ − 2 arctan

1
λ′ (x)

ρ(ξ) = −

ξ=λ(x)

≈

L
.
λj − λj+1

(5.19)

The thermodynamic limit of the Bethe equations for rapidities is an integral equation
for the density:
3
1
1
1
+
= πρ(λ)
2 λ2 + 1/4 2 λ2 + 9/4


Z +∞
1
1
+2
dξ ρ(ξ)
.
+
(λ − ξ)2 + 1 (λ − ξ)2 + 4
−∞

(5.20)

This equation is derived by subtracting (5.15) for the (j + 1)-th string from the equation
for the j-th string and taking the difference λj − λj+1 to zero. The equation can be easily
solved by the Fourier transform:
Z +∞
dq e −iqλ
1
ρ(λ) =
.
(5.21)
q =
2 cosh πλ
−∞ 2π 2 cosh 2
The density is normalized as

Z

+∞

dλ ρ(λ) =

−∞
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1
,
2

(5.22)

so that the ground state contains precisely L/2 2-strings or L roots and is therefore a
spin zero state. The ground-state energy is, to leading order in L:



Z +∞
5αs Nc L
7
1
3
αs Nc
=
−
L
−
+
,
(5.23)
dλ ρ(λ)
γ0 =
2π
6
λ2 + 9/4 λ2 + 1/4
12π
−∞
which is the lowest possible anomalous dimension for operators of a given length. In
the subsector without derivatives, the complete Hamiltonian is also bounded from above
by the ferromagnetic vacuum. However, this is an artifact of the truncation – including
derivatives it is possible to arbitrarily raise the anomalous dimension of operators of a
given length. For instance, in the case of twist-two operators anomalous dimensions grow
like log S where S is the number of derivatives.

5.4

Operators with derivatives

We now consider adding covariant derivatives to the chiral operators discussed above.
The resulting set of operators turns out to be the largest integrable sector in the pure
Yang-Mills theory. At the same time this sector contains all low-energy excitations
around the anti-ferromagnetic vacuum discussed in the previous section. We will show
below that the other, non-chiral modes are separated from the vacuum by a gap. The
most general operators in the chiral sector have the form
O = tr(D m1 f ) . . . (D mL f ).

(5.24)

This sector is closed under renormalization at one-loop and integrability follows from
integrability in N = 4 SYM [13] by a simple argument: The operators (5.24) also form
a one-loop closed subsector of N = 4 SYM.8 Therefore not only the mixing matrix for
(5.24) is inherited (up to a constant shift), but also its integrability.9 The mixing matrix
can now be diagonalized by a Bethe ansatz. As usual, the Bethe equations are completely
fixed by group theory and can be read off from the general result of [45], see also [46].
The mixing of operators (5.24) is described by an SO(4, 2) spin chain with spins
in the representation whose Dynkin labels are [p, r, q] = [2, −3, 0]. The left and right
Dynkin indices refer to twice the Lorentz spins p = 2S1 and q = 2S2 , whereas the central
Dynkin label is given by r = −D − S1 − S2 . The spectrum of the integrable spin chain
with these symmetries is characterized by three sets of Bethe roots uj , lj and rj . The
8
9

Similar ideas have been pursued by R. Argurio (private communication).
In Appendix C we present an independent proof of this statement.
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Figure 4: Reduction of the distinguished Dynkin diagram of SU (4|2, 2) to SU (2, 2). Above
the diagrams we have indicated the Dynkin labels of the spin representation and below the
excitation numbers of each simple root.

Bethe equations can be inferred from [45]:
L Y

Ml
Mu
lj − lk + i Y
lj − uk − i/2
lj + i
,
=
lj − i
lj − lk − i
lj − uk + i/2
k=1
k6=j



uj − 3i/2
uj + 3i/2

L

k=1

M
Mu
M
Y
uj − uk + i Yl uj − lk − i/2 Yr uj − rk − i/2
,
=
uj − uk − i
uj − lk + i/2
uj − rk + i/2
k=1
k6=j

k=1

k=1

Mu
Mr
Y
rj − uk − i/2
rj − rk + i Y
.
1=
rj − rk − i
rj − uk + i/2

(5.25)

k=1

k=1
k6=j

These are precisely the Bethe equations of N = 4 SYM [13] when one truncates the
supergroup SU(2, 2|4) down to the bosonic part SU(2, 2). For this purpose one needs to
consider the ‘Beast’ form in [13] and remove (or simply not excite) the fermionic node
along with the three nodes of the internal symmetry SU(4) from the distinguished Dynkin
diagram of SU(2, 2|4), see Fig. 4. The remaining Cartan matrix for the construction of
the Bethe ansatz is the one of SU(2, 2) and the spin labels are [2, −3, 0], i.e. (5.25).
If one reduces further by not exciting the u and r roots, one returns to the Bethe
equations (5.25) for the SU(2)L sector. Equivalently, removing l and r roots leads to the
SL(2) Bethe ansatz reviewed in [26, 27].
The derivation of the momentum constraint and of the anomalous dimension follows
exactly the same route as in the previous section. We simply present the results, which
agree with N = 4 SYM [13] up to an overall energy shift proportional to L. The cyclic
states are in addition subject to the momentum constraint:

The anomalous dimension is
αs Nc
γ=
2π

Ml
Mu
Y
lj + i Y
uj − 3i/2
= 1.
l
−
i
u
+
3i/2
j
j
j=1
j=1

X
7L X 2
3
+
−
6
lk2 + 1
u2k + 9/4
k

k

(5.26)

!

.

(5.27)

The Bethe state with Ml l-roots, Mu u-roots and Mr r-roots is the highest weight in
the SO(4, 2) representation with Dynkin labels
[2L + Mu − 2Ml , −3L + Ml + Mr − 2Mu , Mu − 2Mr ].
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(5.28)

D
4
4
6
6
6
6
7

L (S1 , S2 )
[p, r, q]
E
√ roots
2
(0, 0)
[0, −4, 0] −11/3 l1,2 = ±i/ 3
2
(2, 0)
[4, −6, 0]
7/3 (no roots)
3
(0, 0)
[0, −6, 0]
1/2 l1 = 0, l2,3√= ±i (singular state)
3
(1, 0)
[2, −7, 0] −3/2 l1,2 = ±i/ 5
3
(3, 0)
[6, −9, 0]
7/2 (no roots) √
2
(3, 1)
[6, −10, 2] 14/3 u1,2 = ±3/p28
3 (3/2, 1/2) [3, −9, 1]
2, 2 u1 = ±1/2 q5/7 (paired state)
√
l1 = ¯l2 = ∓ 1+i 399
30

7

3 (5/2, 1/2) [5, −10, 1]

Table 4: Anomalous dimensions (γ =
closed chains (A = L in Table 1).

17/6

αs Nc
2π E)

u1 = l1 = 0

and Bethe roots for the lowest dimensional chiral

In other words it has
D = 2L + Mu ,

S1 = L + 12 Mu − Ml ,

S2 = 21 Mu − Mr .

(5.29)

The reference state with no excitations (the pseudo-vacuum) corresponds to the operator
(5.7) that was identified in Section 5 as the ferromagnetic vacuum:
L
OΩ = tr f11
= tr f+L.

(5.30)

Adding a u-root corresponds to adding a derivative D11̇ to the above operator. An lroots flips one left spin: 1 → 2, and an r-root flips one right spin: 1̇ → 2̇. Since the
Lorentz spins in (5.29) cannot be negative, the numbers of roots of different types are
constrained by
Ml ≤ L + 12 Mu ,
Mr ≤ 12 Mu .
(5.31)
Keeping only l-roots brings us back to the Bethe equations of the XXX1 chain discussed
in [20].
We can reproduce from the Bethe equations all anomalous dimensions of the operators
in Table 1 that belong to the chiral sector, i.e. those satisfying A = L. The results are
given in Table 4 for comparison.
Adding the derivatives does not change the ground state, since u-roots give positive
contribution to the energy. In Section 6 we will show that adding f¯ to a chiral operator
raises the energy by substantially larger amount. Thus, the ground state and all the
low-energy modes of the mixing matrix are described by an integrable system.

5.5

Open chains

Before moving on to a more detailed discussion of the spectrum of the closed chain, we
would like to make some comments on the open chain. (For earlier work on operators
of this type we refer the reader to [23, 25, 47].) The open chains with quarks at the ends
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are also integrable if the gluon operators in the middle are chiral (see Appendix C). Let
us consider operators that have no derivatives:
O = q̄fα2 β2 . . . fαL−1 βL−1 q.

(5.32)

The mixing matrix for these operators is described by the following open spin–1 chain:
(
)
L−2 
X
7
1
1
αs Nc 4 − Lr
,
+ s1 · S2 + SL−1 · sL +
I + Sl · Sl+1 − (Sl · Sl+1 )2
Γ=
2π
6
6
2
2
l=2
(5.33)
where Lr = 0, 1, 2 counts the number of anti-chiral quarks. Here s depends on the
chirality of the quark (2.3) that is inserted at each end of the spin chain: For chiral
quarks we set s = σ/2, while anti-chiral ones have no SU(2)L spin and thus s = 0.
Both types of boundary interaction are integrable. In the case with two anti-chiral
quarks, we can take either the spin-0 or spin-1 combination of SU(2)R without affecting
the anomalous dimension. The chain with the boundary interaction has been studied
recently in [48] (see also [49] for a discussion of open spin chains in a supersymmetric
context).
The Bethe ansatz for the system described in (5.33) is
2L−2−Lr

M
Y
lj − lk + i lj + lk + i
lj + i
=
(5.34)
lj − i
lj − lk − i lj + lk − i
k=1
k6=j

and its eigenvalues are given by
αs Nc
γ=
2π

M

7L − 4Lr − 11 X 2
−
6
lk2 + 1
k=1

!

.

(5.35)

There is no momentum constraint.
We can reproduce from the Bethe equations all anomalous dimensions of the operators
in Table 2,3 that belong to the chiral sector, i.e. those satisfying A = L − 1 − Lr . The
results are given in Table 5 for comparison.
We will not study the thermodynamic limit of the open spin chain here, but we
should mention that the anti-ferromagnetic phase of open spin chains exhibit rather
unusual behavior under certain circumstances [50].

6

Spectrum of excitations

We can now study the spectrum of excitations around the anti-ferromagnetic ground
state of the spin chain. In part, this can be done using techniques that are well known
from the literature on one-dimensional anti-ferromagnets. Let us first summarize our
findings: There are three types of excitations10 (Fig. 5):
10
In this context, an excitation refers to a distortion of the wave-function which carries an independent momentum. Physical states composed from such excitations are subject to constraints: A single
excitation may be unphysical, see below.
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D
5
5
5
5
5
5
5
5

L Lr (S1 , S2 )
[p, r, q]
E
roots √
3 0
(0, 0)
[0, −5, 0] −4/3 l1,2 = (1 ± i)/ 4 12
3 0
(1, 0)
[2, −6, 0] −1/3 l1 = 0
3 0
(1, 0)
[2, −6, 0] 2/3 l1 = 1
3 0
(2, 0)
[4, −7, 0] 5/3 (no roots)
√
3 1 (1/2, 1/2) [1, −6, 1] −1/2 l1 = 1/ 3
3 1 (3/2, 1/2) [3, −7, 1]
1
(no roots)
3 2
(1, 0)
[2, −6, 0] 1/3 (no roots)
3 2
(1, 1)
[2, −7, 2] 1/3 (no roots)

s Nc
Table 5: Anomalous dimensions (γ = α2π
E) and Bethe roots for the lowest dimensional open
chiral chains (A = L − 1 − Lr in Table 2,3).

• Excitations with spin quantum numbers (0, 1) separated from the vacuum by a
finite gap: ε ∼ const. These excitations correspond to changing a f into a f¯.
• Excitations with spin quantum numbers (1/2, 0) and relativistic dispersion relation:
ε ∼ p ∼ 1/L. These modes are the low-energy states of the anti-ferromagnetic
XXX1 spin chain which are usually called spinons or spin waves. A single spinon has
fractional spin and can therefore never appear on its own [32,42,44]. Furthermore,
it obeys a non-standard exchange statistics.
• Excitations with spin quantum numbers (0, 1/2) and non-relativistic dispersion
relation: ε ∼ p2 ∼ 1/L2 . These modes have the lowest possible energy ∼ 1/L2
and are turned on by the insertion of a covariant derivative into the operator. The
derivative has both a left (chiral) and a right (anti-chiral) index but, since the left
spin propagates in the anti-ferromagnetic vacuum, the left and right excitations
propagate independently. The left excitation dissolves into the ground state and
thus the only new element is the right excitation of classical scaling dimension
1. These excitations are somewhat analogous to magnons in a ferromagnet and
can form multi-particle bound states. They are probably the most surprising and
potentially interesting result of our analysis.
Before we move on to discuss the nature of each excitation in the next subsections,
it must be stressed that, due to the highly non-trivial nature of the anti-ferromagnetic
vacuum and to the zero momentum constraint, not all combinations of excitations are
allowed. Only certain combinations of the elementary excitations above correspond to
physical states that can be identified with QCD operators. This fact is already known in
the case of spinons from the literature on anti-ferromagnets and is responsible for their
unusual statistic [51]. We shall see more examples of this fact.

6.1

Adding an anti-chiral impurity

We start by showing that replacing one f by an f¯ in the chiral spin chain gives rise to
a mass gap, i.e. the chains containing such “impurities” have an energy that is larger
than the vacuum by a finite amount in the thermodynamic limit L → ∞. For simplicity,
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anomalous
dimensions

open chains and anti-chiral impurity ∼ L0 (gap)
spinons ∼ L−1
−2



gapless excitations

derivatives ∼ L
anti-ferromagnetic ground state
Figure 5: Spectrum of anomalous dimensions constructed over the chiral anti-ferromagnetic
ground state. An identical tower of excitations can be constructed over the anti-chiral antiferromagnetic ground state.

we will work in the absence of derivatives, but it will be obvious from the discussion in
Sec. 6.3 that the presence of derivatives can only increase the gap.
For later use, recall that anti-ferromagnetic closed and open spin chains (with “free”
boundary conditions) of length L have a ground state energy behaving as [52]:
Eclosed (L) = aL + O(1/L), Eopen (L) = aL + b + O(1/L).

(6.1)

The constant a depends on the constant shift in the Hamiltonian. With our normalization
s Nc
< 0. The constant b > 0 is the surface energy
it has been fixed in (5.23) to be a = − 5α12π
(not present for the closed chain with periodic boundary conditions). The terms of order
O(1/L) are also of physical interest in many contexts, being related to the central charge
of the system, but they will not be needed in the following arguments.
In Section 5 we have shown how to express the Hamiltonian in the chiral sector as a
spin chain. In order to study the effect of impurities, we must now write the Hamiltonian
containing both f and f¯ (but no derivatives) as a spin chain (or better, a spin ladder).
This is the Hamiltonian found in [20] to describe the renormalization of operators without
derivatives. This Hamiltonian is, of course, the restriction of our present Hamiltonian
(2.12) to the subsector without derivatives.
The spin system can be represented as a spin ladder. We have already described the
action of S on f in (5.3). The same operator acts on f¯ in the obvious way. But now
we also need to describe operators switching f with f¯. This can be done by introducing
another independent spin operator τ corresponding to a spin 1/2 representation and
acting on each component of f and f¯ (thought of as a doublet) as:
τ 3 f = f,
τ 3 f¯ = −f¯,

τ + f = 0,
τ + f¯ = f,

τ − f = f¯,
τ − f¯ = 0.

(6.2)

The two spins τ l and Sl can be visualized as sitting on a spin ladder, two parallel spin
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chains connected by links at each site. The mixing matrix can be written as

L 

1
αs Nc
αs Nc X 1
3 3
I + τ l τ l+1 hl,l+1 + (I − τ l · τ l+1 ) ≡
H,
Γ=
2π l=1 2
8
2π

(6.3)

where hl,l+1 is the integrable spin one link Hamiltonian (5.5) found in the previous
section:


hl,l+1 = 67 I + 12 Sl · Sl+1 − 12 (Sl · Sl+1 )2 .
(6.4)

3
For chiral states, such as O in (5.2), τ +
l O = 0, τ l O = O, and the mixing matrix reduces
to (5.5).
Denote for convenience by f A (A = +, 0, −) the spin one triplet introduced in (5.6)
and write the full wave function as a linear combination

Ψ=

L
X

ψnA1 ...An−1 ḂAn+1 ...AL tr(f A1 . . . f An−1 f¯Ḃ f An+1 . . . f AL ),

(6.5)

n=1

in terms of some coefficients ψn . Clearly, one could always bring the impurity to the
beginning of the trace, but it is convenient to have it at an arbitrary position.
We want to solve the eigenvalue problem
H Ψ = Eimpurity (L)Ψ,

(6.6)

where Eimpurity (L) denotes the energy of the chiral spin chain with L sites, one of which
is replaced by an impurity f¯. Decompose
X A ...A ,A ...A
tr(f A1 . . . f An−1 f¯Ḃ f An+1 . . . f AL ) =
CΩ n+1 L 1 n−1 tr(f¯Ḃ ΞΩ )
(6.7)
Ω

where Ω and ΞΩ are respectively the eigenvalues and eigenvectors of the open XXX1 spin
A
...A ,A ...A
chain with L − 1 sites and CΩ n+1 L 1 n−1 the overlap coefficients.
Partially projecting the original coefficients ψn onto the new basis:
A

A1 ...An−1 ḂAn+1 ...AL
CΩ n+1
χḂ
n = ψn

...AL ,A1 ...An−1

(6.8)

and doing some index manipulations we get the secular equation
3 Ḃ
Ḃ
(3 + Ω − Eimpurity (L))χḂ
n = (χn−1 + χn+1 )
2

(6.9)

which has the usual plane wave solution. Of course, one must pick a direction in the
anti-chiral index, say Ḃ = 0̇, and the others are obtained by SU(2)R rotation.
Thus, setting χ0̇n = e ipn we get the dispersion relation
Eimpurity (L) = Ω + 3(1 − cos p).

(6.10)

The energy of the open chain on the RHS must be evaluated for L − 1 sites because
removing the impurity not only opens the chain but also lowers the number of sites by
one. The lowest value for the energy is thus reached for p = 0. The important point
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is that we can now use the bounds (c.f. (6.1)) together with the fact that a < 0 < b to
show that
Eimpurity (L) = Eclosed (L) + O(L0 ),
(6.11)
thus establishing the presence of a mass gap for these excitations.
Let us move on to consider now the gapless excitations, all to be found in the integrable chiral sector.

6.2

Spinons

Here we review the spectrum of excitations around the anti-ferromagnetic vacuum of
the XXX1 model [42]. The excitations correspond to creating holes in the Fermi sea
by removing one or more 2-strings11 from the vacuum and/or to adding k-strings with
k 6= 2. They obey a non-trivial exchange statistics [51, 33].
We have already obtained the density of 2-strings ρ(λ) in the ground state in (5.21).
If one of the 2-strings is removed, then instead of (5.20) the density of 2-strings satisfies
3
π
1
1
1
+
= πρhole (λ) + δ(λ − µ)
2
2
2 λ + 1/4 2 λ + 9/4
L


Z +∞
1
1
+2
dξ ρhole (ξ)
.
(6.12)
+
(λ − ξ)2 + 1 (λ − ξ)2 + 4
−∞

The density of 2-strings now has the form12

1
σhole (λ − µ)
L
and can again be found by the Fourier transform:
Z +∞
dq e iqλ+|q|
λ
σhole (λ) = −
2 q = −δ(λ) +
2 sinh πλ
−∞ 2π 4 cosh 2
 







2 + iλ
2 − iλ
1 + iλ
1 − iλ
1
Ψ
+Ψ
−Ψ
−Ψ
,
+
4π
2
2
2
2
ρhole (λ) = ρ(λ) +

(6.13)

(6.14)

where Ψ(λ) = Γ′ (λ)/Γ(λ). The energy and the momentum of the hole can be readily
calculated:13


Z +∞
2λ
phole (µ) = −2
dλ σhole (λ − µ) π − arctan 2λ − arctan
3
−∞
π
= − arctan sinh πµ,
2 Z


1 +∞
π
3
1
εhole (µ) = −
=
+ 2
. (6.15)
dλ σhole (λ − µ)
2
2 −∞
λ + 1/4 λ + 9/4
2 cosh πµ

11
It is instructive not to think of holes as removed 2-strings, but rather as gaps in the sequence of
mode numbers (e.g. nj = j, nj+1 = j + 2) which was defined below (5.18) for the ground state. This
explains why the hole excitation carries spin −1/2 and not −2.
12
In order to avoid confusion, we stress that we will always be concerned with the density of 2-strings.
By the notation ρhole we mean the density of two strings in the presence of a hole in the sea of two
strings. Similarly for other type of impurities.
13
The integrals are most easily done by using the Fourier representation for the density and the fact
that p′hole (µ) = −2εhole (µ).
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Thus the dispersion relation,
εhole (p) =

π
sin p,
2

(6.16)

is linear for the low-energy states.
We can also compute the quantum numbers of the hole. And here we encounter a
surprise [32]. Each individual 2-string contains two Bethe roots and thus has spin 2, but
removing a 2-string from the Fermi sea distorts the distribution of the other strings and
this distortion partially screens the spin of the hole! Naively, since we have removed a
2-string, we would expect the correction to the density σhole to be normalized to minus
one. Instead we find:
Z +∞
1
(6.17)
dλ σhole (λ) = − ,
4
−∞

so the perturbed density contains not L − 2, but L − 1/2 Bethe roots. Of course a state
with a fractional number of roots or even a fractional number of 2-strings does not make
sense and the holes in the sea of 2-strings can only be created in sets of four.14 Yet each
hole is an independent excitation of the anti-ferromagnetic spin chain, which has the
dispersion relation (6.16) and spin 1/2 [32]. The Lorentz quantum numbers of the hole
are (1/2, 0).
We now want to investigate what happens if, instead of making a hole, we add one kstring with k 6= 2. Of course, since the number of l-roots is already maximized in the antiferromagnetic vacuum, this by itself will not lead to a physical state but the modification
in the density of 2-strings can be investigated independently of this issue to order O(1/L).
If a k-string with k 6= 2 is added to a distribution of the 2-string, the equation for the
density of 2-strings takes the form (now with ρk−str (λ) = ρ(λ) + L1 σk−str (λ − µ)):
3
1
1
1
+
= πρk−str (λ)
2
2
2 λ + 1/4 2 λ + 9/4
k
k+2
1
1
1
k−2
+
+
+
2
2
2
2
2
2L (λ − µ) + (k − 2) /4 L (λ − µ) + k /4
2L (λ − µ) + (k + 2)2 /4


Z +∞
1
1
.
(6.18)
+2
dξ ρk−str (ξ)
+
(λ − ξ)2 + 1 (λ − ξ)2 + 4
−∞
The middle line comes from the scattering of a 2-string on the k-string whose rapidity µ
should be determined self-consistently and depends on the rapidities of other excitations.
The middle line can be obtained by taking the derivative of the scattering phase for this
process:
δ2k (λ) = 2π(2 − δk1 ) − 2 arctan

2λ
2λ
2λ
− 4 arctan
− 2 arctan
.
k−2
k
k+2

(6.19)

For the density perturbation we find:
σ1−str (λ) = −

1
2 cosh πλ

(6.20)

14
We have tacitly assumed that L is even. For a spin chain with odd length L, the filled Fermi sea is
not physical as it contains a half-integer number L/2 2-strings. Here, two holes would lead to a physical
state.
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type

Ml Mu M2
S1
S2 D
ε(p)
hole
−1/2 0
1/4
1/2
0
0 ∼ π|p|/2
1-string of l’s
0
0
1/2
0
0
0
−
k-string of l’s, n > 2 k − 2 0
1
−k + 2 0
0
−
1-string of u’s
1/2
1 −1/4
0
1/2 1 ∼ p2 /2
k-string of u’s, n > 1
1
k −1/2 k/2 − 1 k/2 k ∼ p2 /2k
Table 6: Chiral excitations and their quantum numbers. M2 indicates the number of the
2-strings removed from the Fermi sea.

and
σk−str (λ) = −

Z

+∞

−∞

dq iqλ−(n−2)|q|/2
k−2
1
e
=−
2
2π
2π λ + (k − 2)2 /4

(6.21)

Z

(6.23)

for k > 2. The modification in the density of 2-string in the presence of one such k-string
is thus normalized as
Z +∞
1
dλ σ1−str (λ) = − ,
(6.22)
2
−∞
and

+∞
−∞

dλ σk−str (λ) = −1 ,

so that effectively the 1-string adds no roots (−1/2 of a 2-string plus the single Bethe
root) and the k-string adds k − 2 roots to a Bethe state. However, all k-strings do not
contribute to the energy and momentum and thus do not correspond to propagating
degrees of freedom. They are responsible for the spin and internal degrees of freedom of
the magnons.
More generally, a physical 2N-magnon state will contain 2N holes and some number
of k-string with k 6= 2. See Table 6 for a summary of chiral excitations (including also
the ones discussed below). How many strings of each type can be inserted in a particular
state depends on N in a complicated way and requires a careful analysis of the Bethe
equations [42, 51]. The dependence on N leads to a non-trivial exchange statistics of
magnons so that the Hilbert space of 2N magnons is not just 2N copies of a singleparticle space [51, 33]. An obvious consistency condition on a distribution of holes and
k-strings (but not the only one!) is that the total number of 2-strings, L/2 + M2 , should
be integer and the total number of l-roots should not exceed L + Mu /2.

6.3

Adding derivatives and spin separation

Let us finally consider the modes excited by the insertion of a covariant derivative or, in
the language of the Bethe ansatz, by the addition of a u-root. Composite QCD operators
associated to physical states of this kind contain one or more derivatives on top of the
anti-ferromagnetic vacuum of the SU(2)L spin chain. We will see that these states are
similar to BMN operators in N = 4 SYM but with important differences which arise
because of the anti-ferromagnetic nature of the ground state. The derivative can be
thought of as an “impurity” propagating on the background composed of fαβ ’s. Since
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the anti-ferromagnetic vacuum is a Lorentz scalar, the presence of a derivative adds a
chiral and an anti-chiral index to the operator. We write:
(n)

Oαα̇ =

L
X

e

2πinl
L

tr fα1 α2 . . . Dα0 α̇ fα2l−1 α2l . . . fα2L−1 α2L ψαα0 ...α2L ,

(6.24)

l=1

where we have introduced the wave-function ψαα0 ...α2L (linear combination of products of
ǫαi αj ) to denote that all but one αk ’s are contracted with each other and the remaining
α1 ...α2L
αk = α. The operator (6.24) with zero momentum (n = 0) and ψαα0 ...α2L = δαα0 ψgs
,
α1 ...α2L
where ψgs
is the ground state wave function, is a descendant:
L
X

α1 ...α2L
α1 ...α2L
, (6.25)
tr fα1 α2 . . . Dµ fα2l−1 α2l . . . fα2L−1 α2L ψgs
= ∂µ tr fα1 α2 . . . fα2L−1 α2L ψgs

l=1

and has the same anomalous dimension as the unperturbed operator. In complete analogy with the BMN states [5], if the momentum of the derivative insertion is non-zero
but small, the energy will be small. Of course, the cyclicity of the trace (zero total
α1 ...α2L
momentum condition) requires taking ψαα0 ...α2L different from δαα0 ψgs
, i.e. requires
perturbing the anti-ferromagnetic vacuum.
Thus, we encounter an important difference between (6.24) and BMN operators in
N = 4 SYM. Unlike BMN operators, (6.24) contains not one but two elementary excitations! One of them carries momentum p = 2πn/L and is associated with the dotted index
carried by the derivative. The other is associated with the extra undotted index induced
by the derivative, but propagating independently. The reason is that the number of
linearly independent states obtained by different ways of contracting indices α0 , . . . , α2L
is enormous for large L and in the overwhelming majority of cases the unpaired index
α that is left after all contractions are done is not the undotted index of the derivative.
The left spin of the derivative thus looses its individuality and dissolves in the sea of
the background spin. The excess of the left spin is carried away by an independent
excitation. The mechanism of spin separation just described is a direct analog of the
spin-charge separation in [53]. In this particular case the left and right spinors should
have opposite momenta because of the trace condition, but in a more general setup with
several derivatives different excitations are absolutely independent.
We just saw that states consisting of only one derivative must necessarily contain a
spinon and thus their anomalous dimension scales as 1/L. However, an operator of the
following type with two derivatives and all undotted indices contracted
X
Oα̇β̇ =
Clm tr fα1 α2 . . . Dα2L+1 α̇ fα2l−1 α2l . . . Dα2L+2 β̇ fα2m−1 α2m . . . fα2L−1 α2L ψ α1 ...α2L+2
(6.26)
2
might have parametrically smaller anomalous dimension ∼ 1/L , since at least the zero
momentum condition can be satisfied by making the anti-chiral excitations propagate in
opposite directions.
To investigate whether it is really possible to have a physical state with energy scaling
like 1/L2 over the ground state (i.e. without spinons) we study the distortion in the
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distribution of 2-strings caused by the presence of one u-root exactly in the same spirit
as in the previous section.
If we add a u-root, the equations for the density of 2-strings is modified by the
scattering term. The scattering phase is
δ2u (λ) = 2 arctan λ − π,

(6.27)

and modifies the equation for the distribution of 2-strings as follows:
3
1
1
1
+
= πρu (λ)
2
2
2 λ + 1/4 2 λ + 9/4


Z +∞
1
1
1
1
+2
dξ ρu (ξ)
−
+
,
2
2
(λ − ξ) + 1 (λ − ξ) + 4
L (λ − u)2 + 1
−∞

(6.28)

The above equation is solved by
ρu (λ) = ρ(λ) +
where
σu (λ) =

Z

+∞

−∞

1
σu (λ − u),
L

λ
dq e −iqλ
2 q =
2π 4 cosh 2
2 sinh πλ

(6.29)

(6.30)

is the distortion in the sea of 2-strings caused by the scattering off the u-root. The
distortion of the density is normalized as
Z +∞
1
dλ σu (λ) = .
(6.31)
4
−∞
Thus, the distortion of the Fermi sea caused by the u-root effectively adds an extra
1/2 of an l-root to the background distribution and the Lorentz spin of an excitation of
this type turns out to be (0, 1/2). The scattering off the background distribution of spins
completely screens the left spin of the derivative, so that the derivative excitation is a
right spinor, rather than a vector. Note however that this excitation is not viable on its
own due to the fractional l-root. It needs to be accompanied by a fractional excitation
of type l or another derivative excitation. A single derivative excitation can only be
accompanied by a hole in order for the Fermi sea to be occupied by an integer number of
2-strings. Globally, this state has spin (1/2, 1/2) and dimension L + 1 as expected when
adding a derivative. However, it carries not one, but two independent momenta, one for
the u-excitation and one for the l-distortion.15
15

In fact the two momenta are related by the momentum constraint, which would otherwise, in the
case of a single excitation, force the momentum to be zero.
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We can now compute the energy and the momentum of the derivative excitation:
2u
pu (u) = π − 2 arctan
3


Z +∞
2λ
−2
dλ σu (λ − u) π − arctan 2λ − arctan
3
−∞
π
2u
=
− 2 arctan
+ 2 arctan 2u − arctan sinh πu.
2
3


Z
1 +∞
1
3
3/2
−
dλ σu (λ − u)
+
εu (u) = 2
u + 9/4 2 −∞
λ2 + 1/4 λ2 + 9/4
3/2
1/2
π
= 2
− 2
+
,
(6.32)
u + 9/4 u + 1/4 2 cosh πu
which gives a parametric representation of the dispersion relation ε = εu (p). Thus,
in the limit of small momenta, the contribution of a right spinor with the momentum
p = 2πn/L to the anomalous dimension is given by a BMN-like formula:
παs Nc n2
.
(6.33)
L2
Looking at the quantum number summarized in Table 6 we see that the configuration
with 2 u-modes and a 1-string of l-roots over the anti-ferromagnetic vacuum correspond
to a physical state with no holes in the 2-string vacuum. Thus there exist operators with
two derivatives and anomalous dimension of order O(1/L2) over the ground state.
For completeness let us mention that the computation for an k-string of u-roots is
similar. We obtain the dispersion relation
2u
2u
pu (u) = 2π − 2 arctan
− 2(1 − δk,2 ) arctan
,
k+2
k−2
(k + 2)/2
(k − 2)/2
εu (u) = 2
+ 2
,
(6.34)
2
u + (k + 2) /4 u + (k − 2)2 /4
and find that also one l-root is effectively added to the Fermi sea. The k-string describes
an k-particle bound state of magnons.
γ(n) − γ0 =
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A

The conformal group and QCD

The conformal algebra su(2, 2) = so(2, 4) consists of the Lorentz generators Lαβ and L̄α̇β̇ ,

the dilatation operator D, the momentum Pαβ̇ and the conformal boost Kαβ̇ . They obey
the commutation relations
[Lαβ , Lδγ ] = δγα Lδβ − δβδ Lαγ ,

[D, Lαβ] = 0,

[L̄α̇β̇ , Lδγ ] = 0,

[L̄α̇β̇ , L̄δ̇γ̇ ] = δγ̇α̇ L̄δ̇β̇ − δβ̇δ̇ L̄α̇γ̇ ,

[D, L̄α̇β̇ ] = 0, [D, Pαβ̇ ] = Pαβ̇ , [D, Kαβ̇ ] = −Kαβ̇ ,
1
1
[Lαβ , Pγ δ̇ ] = δγα Pβ δ̇ − δβα Pγ δ̇ , [Lαβ , Kγ δ̇ ] = −δγα Kβ δ̇ + δβα Kγ δ̇ ,
2
2
1
1
[L̄α̇β̇ , Pγ δ̇ ] = δδ̇α̇ Pγ β̇ − δβ̇α̇ Pγ δ̇ , [L̄α̇β̇ , Kγ δ̇ ] = −δδ̇α̇ Kγ β̇ + δβ̇α̇ Kγ δ̇ ,
2
2
β̇ α
αβ̇
α β̇
α β̇
[K , Pγ δ̇ ] = δγ L̄δ̇ + δδ̇ Lγ + δγ δδ̇ D.

(A.1)

The conformal algebra has rank three and the Cartan subalgebra can be chosen to
be


J0 = L11 , L̄1̇1̇ , D

(A.2)

(recall that L11 = −L22 ) whereas raising and lowering operators can be written respectively
as


(A.3)
J+ = L12 , L̄1̇2̇ , Kαβ̇
and J− = L21 , L̄2̇1̇ , Pαβ̇ .

A.1

Multiplets

A highest weight state |h.w.i is a state that is annihilated by the operators in J+ . By
acting with the lowering generators J− one can generate all the states of the multiplet
(module)

1, J− , J−2 , . . . |h.w.i.
(A.4)

We will give an example directly related to QCD below in App. A.3.
A highest-weight state and thus the corresponding multiplet is characterized by the
charge eigenvalues of the Cartan subalgebra J0 . A standard way of expressing these are
the Dynkin labels
[p, r, q]
(A.5)

where p and q are twice the SU(2)L × SU(2)R spins (S1 , S2 ) and r is a negative number
related to the scaling dimension D by r = −D − (p + q)/2.

A.2

Unitarity and shortening

Generic unitary representations [p, r, q] of the conformal group satisfy the unitarity
bound16
p + r + q ≤ −2,
(A.6)
16

For the compact counterpart su(4) = so(6), all Dynkin labels would have to be non-negative integers.
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but there are also exceptional unitary multiplets whose Dynkin labels are related by
p + r = −1,

q=0

or

r + q = −1,

p = 0.

(A.7)

In QCD, the elementary fields correspond to the second type while local operators are of
the first type. Note that all the unitary multiplets are infinite-dimensional as required
by the non-compact nature of the conformal group.
Generically, all combinations of the momentum generator P generate new states when
acting on the highest-weight state. Here, there are four exceptions
scalars
chiral fields
anti-chiral fields
conserved currents

p = 0 = q,
p 6= 0 = q,
p = 0 6= q,
p 6= 0 6= q,

r
r
r
r

= −1,
= −1 − p,
= −1 − q,
= −2 − q − p.

(A.8)

We know for instance that the scalars17 satisfy the equations of motion (classically)
P 2 |h.w.i = 0 while the conserved currents are defined by P µ |h.w.µ i = 0. The chiral and
anti-chiral fields satisfy both types of conditions.
The chiral and anti-chiral fields (A.8) are the central objects in QCD. We will denote
these multiplets by
V+k : [k, −1 − k, 0]

and

V−k : [0, −1 − k, k],

(A.9)

where k is restricted to 1 or 2 in the specific case of QCD. The fields also enjoy a number
of useful features in terms of representation theory which makes them rather easy to
handle despite the fact that they are infinite-dimensional. For instance, they can be
represented by means of a set of harmonic oscillators as we shall demonstrate below.

A.3

Oscillator representation

The conformal algebra has a nice representation in terms of a set of bosonic oscillators
[aα , a†β ] = δβα and [bα̇ , b†β̇ ] = δβ̇α̇ (α = 1, 2, α̇ = 1̇, 2̇). The generators take the form:
Lαβ = a†β aα − 12 δβα a†γ aγ ,

D = 1 + 21 a†λ aλ + 12 b†γ̇ bγ̇ ,

L̄α̇β̇ = b†β̇ bα̇ − 21 δβ̇α̇ b†γ̇ bγ̇
Pαβ̇ = a†α b†β̇ ,

Kαβ̇ = aα bβ̇

(A.10)

which can easily be seen to obey the commutation relations (A.1). (See e.g. [54] for the
general theory and extension to supergroups.) It is also possible to construct an extra
u(1) generator, not part of the conformal algebra and commuting with it:
A = 21 a†λ aλ − 12 b†γ̇ bγ̇ .

(A.11)

This generator is associated to the “chiral” type symmetry transformation discussed in
the text.
17

Of course, there are no elementary scalar fields in QCD but it is just as easy to discuss the general
case.
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If we choose a vacuum vector |0i annihilated by aα and bβ̇ , highest weights are of
type (a†2 )k |0i or (b†2̇ )k |0i. However, since the Lorentz structure is the familiar one, we
will only use Kαβ̇ |h.w.i = 0 as the relevant condition and refer to the whole Lorentz
multiplets a†α1 . . . a†αk |0i and b†α̇1 . . . b†α̇k |0i as “primaries”. The modules constructed by
acting with lowering operators on the above states provide the oscillator realization of
the fundamental fields in the Lagrangian. Thus, the modules (A.9) are spanned by:
V+k = ha†α1 . . . a†αk |0i, a†α1 . . . a†αk+1 b†α̇1 |0i, a†α1 . . . a†αk+2 b†α̇1 b†α̇2 |0i, . . . ,

V−k = b†α̇1 . . . b†α̇k |0i, a†α1 b†α̇1 . . . b†α̇k+1 |0i, a†α1 a†α2 b†α̇1 . . . b†α̇k+2 |0i, . . . .

(A.12)

For convenience, the modules appearing in QCD shall also be denoted as VΦ where
Φ = f, f¯, χ, ψ, χ̄, ψ̄ are the physical primary fields.
Recalling that Pαβ̇ = −iDαβ̇ we write (e.g. fαβ = a†α a†β |0i):
Vf = V+2 = fα1 α2 , Dfα1 α2 α3 α̇1 , D 2 fα1 α2 α3 α4 α̇1 α̇2 . . . ,
¯
Vf = V−2 = f¯α̇1 α̇2 , D f¯α1 α̇1 α̇2 α̇3 , D 2 f¯α1 α2 α̇1 α̇2 α̇3 α̇4 . . . ,
Vψ = V+1 = ψα1 , Dψα1 α2 α̇1 , D 2 ψα1 α2 α3 α̇1 α̇2 . . . ,
Vχ = V+1 = χα1 , Dχα1 α2 α̇1 , D 2χα1 α2 α3 α̇1 α̇2 . . . ,
Vχ̄ = V−1 = χ̄α̇1 , D χ̄α1 α̇1 α̇2 , D 2χ̄α1 α2 α̇1 α̇2 α̇3 . . . ,
Vψ̄ = V−1 = ψ̄α̇1 , D ψ̄α1 α̇1 α̇2 , D 2 ψ̄α1 α2 α̇1 α̇2 α̇3 . . . .

(A.13)

The indices of the same kind (dotted or undotted) in the above modules are always
understood as totally symmetrized.

A.4

Tensor products of two fields

In computing the action of the dilatation operator on two adjacent fields in a gauge
invariant operator we are naturally led to the problem of decomposing the product of
two of the modules (A.13). In the oscillator representation we would have to introduce
two commuting sets of oscillators [aα(i) , a†(j),β ] = δij δβα and [bα̇(i) , b†(j),β̇ ] = δij δβ̇α̇ where we
will only be interested in the case i, j = 1, 2 but in principle one could generalize to
the product of an arbitrary number of (A.13). The generators are simply the sums of
the generators for each set, in particular the conformal boost for the product of two
singletons (A.13) is Kαβ̇ = aα(1) bβ̇(1) + aα(2) bβ̇(2) . Highest weight states in the product can

be found by looking for solutions to Kαβ̇ |h.w.i = 0 amongst all linear combinations of
states of the type
a†(1),α1 . . . a†(1),αp b†(1),α̇1 . . . b†(1),α̇q a†(2),β1 . . . a†(2),βm b†(2),β̇ . . . b†(2),β̇ |0i
1

n

(A.14)

where now |0i is annihilated by both sets of aα(i) and bα̇(i) .
Obviously there are more possibilities to satisfy the highest weight condition and in
fact the product of two arbitrary modules (A.13) decomposes into an infinite sum of
irreducible components, distinguished by a quantum number j named “conformal spin”.
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After using the oscillator representation to get some practice, one can recast the results
in the more compact language of fields or in the even more compact language of Dynkin
labels. Assuming k ≥ |k ′ | we have
V

±k

k′

⊗V =

∞
X

Vj±k+k .
′

(A.15)

j=∓k ′

The Dynkin labels of the modules in the decomposition (A.15) are
(
[s + 2j, −s − 2 − j, 0] for − s/2 ≤ j ≤ 0,
V+s
j :
[s + j, −s − 2 − 2j, j] for j ≥ 0,
(
[0, −s − 2 − j, s + 2j] for − s/2 ≤ j ≤ 0,
V−s
j :
[j, −s − 2 − 2j, s + j] for j ≥ 0.

(A.16)

A proof of these identities is sketched in App. A.5.
Let us explain in practice how the decomposition works by considering the product
of two modules Vf :
∞
X
f
f
V ⊗V =
Vfj f .
(A.17)
j=−2

To understand the structure of the decomposition we present the explicit form of the
first few elements in the first few modules. In order to do that we shall introduce the
following notation:

• All indices of the same kind written explicitly are meant as totally symmetrized
even if they belong to different fields.
• Anti-symmetrization between two indices by contraction with ǫαβ is denoted by
˙
replacing the contacted indices by the symbol × (or ×).

For instance ǫγδ fγ(α fβ)δ is written as f×α fβ× . As long as we consider only the products
of two modules (A.13), there is no room for confusion since indices can only be antisymmetrized between distinct fields.
Thus we have:
Vf−2f = hf×× f×× , Df××αα̇ f×× + f×× Df××αα̇ , . . . i ,

Vf−1f = hf×α f×β , Df×αγ γ̇ f×β + f×α Df×βγ γ̇ , Df××αα̇ f×× − f×× Df××αα̇ , . . . i ,
Vf0 f = hfαβ fγδ , Dfαβηη̇ fγδ + fαβ Dfγδηη̇ , Df×αβ η̇ f×γ − f×α Df×βγ η̇ , . . . i ,
Vf1 f = hDfαβηη̇ fγδ − fαβ Dfγδηη̇ , . . . i

(A.18)

and so on. The first element in each module is the primary. The descendants are obtained
taking derivatives and decomposing the result into irreducible representations. Primaries
in the modules Vfj f for j ≥ 0 have j covariant derivatives. Similar decompositions hold
for all the modules. In particular:
f

f¯

V ⊗V =
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∞
X

j=+2

¯

Vfj f

(A.19)

where, for instance,
¯
Vf2 f = hfαβ f¯α̇β̇ , Dfαβγ α̇ f¯β̇ γ̇ + fαβ D f¯γ α̇β̇ γ̇ , . . . i

(A.20)

and so on.
P
fψ
Similarly, we shall write Vf ⊗ Vψ = ∞
and so on for the tensor products
j=−1 Vj
involving fermions. The lower bound of the sum can be read off from (A.13,A.15) in
each case.

A.5

Polya counting

Using Polya counting18 we can prove the decomposition of tensor products (A.15). Let
us denote a state with weight [p, r, q] of SU(2, 2) by the monomial ap bq d−r−p/2−q/2
[p, r, q] → ap bq d−r−p/2−q/2 .

(A.21)

In other words the exponents of a, b are the third components of spin and the exponent of
d is the dimension. A multiplet of states is consequently written as a polynomial, where
the integer coefficients indicate the multiplicities of states with fixed quantum numbers.
This notation is very convenient for dealing with the infinite dimensional modules that
appear for the conformal group. For example, consider the field strength component f11
and the set of all descendants using the derivative D11̇
{f11 , D11̇ f11 , D11̇ D11̇ f11 , . . .}.

(A.22)

Using the rule (A.21) we can write this as the polynomial
a2 d2 + a3 bd3 + a4 b2 d4 + . . . .

(A.23)

Of course, this is just a geometric series which sums up as
a2 d2
.
1 − dab

(A.24)

So we have found a compact way to represent f11 along with its D11̇ descendants.
All the states of a long unitary multiplet [p, r, q] of the conformal group are summarized in
[p, r, q] =

ap bq d−r−p/2−q/2 (1 − a−2p−2 )(1 − b−2q−2 )
.
(1 − dab)(1 − da/b)(1 − db/a)(1 − d/ab)(1 − a−2 )(1 − b−2 )

(A.25)

In the denominator one finds the momentum and SU(2)L and SU(2)R ladder generators.
The two differences in the numerator make SU(2) multiplets finite-dimensional.
Generic unitary multiplets [p, r, q] of the conformal group satisfy the unitarity bound
(A.6) but there are also the exceptional multiplets in (A.8) which need special attention.
Let us discuss these special cases, where we refer to the long multiplet defined in (A.25)
18

See e.g. [55] for an introduction in the context of field theory. Polya theory has also been used in [56]
to count single-trace operators in N = 4 SYM.
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as [p, r, q]L . The simplest example (not directly related to QCD) is an on-shell scalar,
which has Dynkin labels [0, −1, 0]. It turns out that in order to remove the terms that are
reducible due to the equation of motion D 2 φ = . . . we have to subtract a long multiplet
[0, −3, 0]L .19
[0, −1, 0] = [0, −1, 0]L − [0, −3, 0]L .
(A.26)
For an on-shell chiral field of spin S1 = p/2 with r = −1 − p one finds
[p, r, 0] = [p, r, 0]L − [p − 1, r − 1, 1]L + [p − 2, r − 1, 0]L

(A.27)

and analogously for an anti-chiral field. These multiplets violate the bound (A.6), but
due to their tightly restricted charges they are indeed unitary.
A less restricted type of multiplet, a conserved current, sits right at the unitarity
bound (A.6). Its state content is reduced by the states D µ Jµ... = 0
[p, r, q] = [p, r, q]L − [p − 1, r, q − 1]L .

(A.28)

Using these expressions and sum rules of geometric series, it is straightforward to
prove (A.15).

B

Length-two primary states

Let us now discuss the gauge invariant primary states that can be constructed with only
two fundamental fields (L = 2) and an arbitrary number of derivatives. We do this
partly to present a check of our results against the standard literature and partly as an
illustration of how to use the Hamiltonians (2.12) and (2.13).
Reducing to L = 2 chains amounts to projecting all modules in the decompositions
(A.16) on the gauge singlet states. In considering L = 2 states and in order to make
connection with the classical papers on the subject is more convenient to rewrite the
gluon modules in a way that makes parity manifest. To this end, we introduce the
following projection operators:

¯
¯ 
¯ ¯
,
(B.1)
Pfj f ±f f = 21 I ± (−)j X Pfj f + Pff
j

in terms of which the Hamiltonian (4.4) reads
H

FF

=

∞
X

j=−2

Ejf f

Pfj f

+

¯ ¯
Pfj f

+

j=+2

where
Ej± = h(j − 2) + h(j + 2) −
19

∞
X

Not incidentally this is just the weight of D2 φ.

¯ ¯
¯ ¯ 
Ej+ Pfj f +f f + Ej− Pfj f −f f ,

6
11
∓
.
6
(j − 1)j(j + 1)(j + 2)
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(B.2)

(B.3)

For sake of clarity, we give expression for the primary and the first few descendants of
these new modules:
¯ ¯
Vf2 f +f f = fαβ f¯α̇β̇ + f¯α̇β̇ fαβ ,
Dfαβγ α̇ f¯ + fαβ D f¯

+ f¯α̇β̇ Dfαβγ γ̇ + D f¯αα̇β̇ γ̇ fβγ ,
Dfαβγ ×˙ f¯×˙ α̇ − f¯×˙ α̇ Dfαβγ ×˙ , fα× D f¯×α̇β̇ γ̇ − D f¯×α̇β̇ γ̇ fα× , . . . ,
β̇ γ̇

¯ ¯

γ α̇β̇ γ̇

Vf2 f −f f = fαβ f¯α̇β̇ − f¯α̇β̇ fαβ ,
Dfαβγ α̇ f¯ + fαβ D f¯

− f¯α̇β̇ Dfαβγ γ̇ − D f¯αα̇β̇ γ̇ fβγ ,
Dfαβγ ×˙ f¯×˙ α̇ + f¯×˙ α̇ Dfαβγ ×˙ , fα× D f¯×α̇β̇ γ̇ + D f¯×α̇β̇ γ̇ fα× , . . . ,
β̇ γ̇

γ α̇β̇ γ̇

¯ ¯
Vf3 f +f f = Dfαβγ α̇ f¯β̇ γ̇ − fαβ D f¯γ α̇β̇ γ̇ − f¯α̇β̇ Dfαβγ γ̇ + D f¯αα̇β̇ γ̇ fβγ , . . . ,

¯ ¯
Vf3 f −f f = Dfαβγ α̇ f¯β̇ γ̇ − fαβ D f¯γ α̇β̇ γ̇ + f¯α̇β̇ Dfαβγ γ̇ − D f¯αα̇β̇ γ̇ fβγ , . . . ,

where the conventions about symmetrization and anti-symmetrization are the same as
those explained in Appendix A.
For the gluon modules the projection onto gauge singlet states amounts to taking the
¯ ¯
trace. All the elements in Vfj f −f f are traceless (thus projected out) for j even and those
¯¯

¯ ¯

in Vfj f , Vfj f and Vfj f +f f are traceless for j odd. Of course, the quark-gluon modules
contain no gauge singlet at all and the quark-quark modules contain singlets for all j’s.
The surviving length-two gauge invariant primaries are summarized in Table 7.
Name
Vf−2f
Vfj f
¯¯
Vf−2f
¯¯
Vfj f
¯ ¯
Vfj f +f f
¯ ¯
Vfj f −f f
Vχψ
−1 ,
Vχψ
j
ψ̄ χ̄
,
V−1
ψ̄χ̄
Vj
Vψ̄ψ
j
Vjχχ̄

Range
j = 0, 2, 4 . . .
j = 0, 2, 4 . . .
j = 2, 4, 6 . . .
j = 3, 5, 7 . . .
j = 0, 1, 2 . . .
j = 0, 1, 2 . . .
j = 1, 2, 3 . . .
j = 1, 2, 3 . . .

(S1 , S2 )
(0, 0)
(2 + j/2, j/2)
(0, 0)
(j/2, 2 + j/2)
(j/2, j/2)
(j/2, j/2)
(0, 0)
(1 + j/2, j/2)
(0, 0)
(j/2, 1 + j/2)
(j/2, j/2)
(j/2, j/2)

D
4
4+j
4
4+j
2+j
2+j
3
3+j
3
3+j
2+j
2+j

[p, r, q]
τ
[0, −4, 0]
4
[4 + j, −6 − 2j, j] 2
[0, −4, 0]
4
[j, −6 − 2j, 4 + j] 2
[j, −2 − 2j, j]
2
[j, −2 − 2j, j]
2
[0, −3, 0]
3
[2 + j, −4 − 2j, j] 2
[0, −3, 0]
3
[j, −4 − 2j, 2 + j] 2
[j, −2 − 2j, j]
2
[j, −2 − 2j, j]
2

χ
0
4
0
−4
0
0
0
2
0
−2
0
0

A
2
2
−2
−2
0
0
1
1
−1
−1
0
0

Table 7: Table of all gauge singlets primaries of length two. The indices (S1 , S2 ) refer to the
Lorentz spins, D is the classical dimension, [p, r, q] are the Dynkin labels and A is the U (1)
charge introduced above. The twist is defined, as usual, by τ = D − (p + q)/2. In the presence
of “asymmetric” operators, dimension and twist are not enough to uniquely specify the Lorentz
representation – we need an extra quantum number, e.g. the “asymmetry” factor χ = p − q.
Notice the presence of exceptional cases with negative conformal spin.
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We are particularly interested in computing the one-loop anomalous dimension of the
primaries. First of all, in order to disentangle the contribution of descendants carrying
the same quantum numbers, one always performs the computation at zero injected momentum, for which total derivative terms simply do not contribute. Because of the U(1)
symmetry relating the anomalous dimensions of the related operators, we can restrict
our attention to A ≥ 0. Finally, the anomalous dimensions of the primaries in the last
two modules in Table 7 are obviously the same. We are thus led to consider the renormalization of the following operators at zero injected momentum:20 (the range of the
conformal spin j is the same as in Table 7)
Vf−2f : tr F µν Fµν
←
→
←
→
Vfj f : tr Fµ(ν D ρ1 . . . D ρj Fλ)σ − traces
←
→
←
→
¯ ¯
Vfj f +f f : tr F(ρµ 1 D ρ2 . . . D ρj−1 Fρj )µ − traces
←
→
←
→
¯ ¯
Vfj f −f f : tr F̃(ρµ 1 D ρ2 . . . D ρj−1 Fρj )µ − traces
Vχψ
−1 : q̄q

←
→
←
→
Vχψ
: q̄[γµ , γ(ν ] D ρ1 . . . D ρj ) q − traces
j
←
→
←
→
Vψ̄ψ
: q̄γ(ρ1 D ρ2 . . . D ρj ) q − traces.
j

(B.4)

Indices inside round brackets are totally symmetrized and by “−traces” we mean that the
tensor structure is irreducible, i.e. tracing over any two indices yields zero. This reduction
will always be understood in the following. The operator tr F µν Fµν (the Lagrangian)
contains both the selfdual and anti-selfdual part but both terms renormalize the same
way due to the U(1) symmetry. Its anomalous dimension is well known:
tr F µν Fµν :

γ=−

αs Nc f f
11 αs Nc
≡2
E .
3 2π
2π −2

(B.5)

This is the first check. The factor of two comes because we must sum the (equal)
FF
contributions of HFF
1,2 and H2,1 . Similarly, the quark mass term q̄q contains both the
chiral (χψ) and anti-chiral (χ̄ψ̄) and its anomalous dimension is also well known:
q̄q :

γ=−

3 αs Nc
αs Nc χψ
≡
E .
2 2π
2π −1

(B.6)

(This time there is no factor of two because we are considering an open chain.)
¯ ¯
The anomalous dimensions of the primary operators of Vfj f +f f and Vψ̄ψ
are also well
j
known from the classical work of [1]. We do not write explicitly the flavor structure
but even for flavor singlets, in the large Nc limit, the mixing between gluonic and quark
operators is suppressed. In particular, in this limit their matrix of anomalous dimension
is upper triangular and the eigenvalues can be read off from the diagonal entries.
√ It is
even possible to rescale the quark kinetic energy in the Lagrangian by a factor Nc and
20

The exact conformal operators contain total derivatives in particular combinations fixed by conformal symmetry [37].
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obtain a diagonal matrix:
←
→
←
→
tr F(ρµ 1 D ρ2 . . . D ρj−1 Fρj )µ :


αs Nc
4
αs Nc +
4
11
γ=
−
≡2
−
+ 4h(j) −
Ej ,
2π
j(j − 1) (j + 1)(j + 2)
3
2π
←
→
←
→
q̄γ(ρ1 D ρ2 . . . D ρj ) q :
αs Nc ψ̄ψ
αs Nc
(h(j + 1) + h(j − 1) − 3/2) ≡
Ej .
(B.7)
γ=
2π
2π
¯ ¯

In the same way, the anomalous dimension of the primary operator of Vfj f −f f can be
read off from the work of [57]:
←
→
←
→
tr F̃(ρµ 1 D ρ2 . . . D ρj−1 Fρj )µ :


αs Nc
8
αs Nc −
11
γ=
−
≡2
+ 4h(j) −
Ej .
(B.8)
2π
j(j + 1)
3
2π
The work [57] contains also the matrix of anomalous dimensions of a second group of
operators but the gluonic term appears to be a descendant, casting some doubts on the
relevance of this second set of anomalous dimensions.
We are left with the anomalous dimensions of the primaries for Vχψ
and Vfj f . We
j
worked out their anomalous dimensions by diagrammatic techniques, employing the previous trick of zero injected momentum and the following additional ones (also well known,
see e.g. [58]):
• The symmetrization of the indices was accomplished by contracting each of them
with a constant vector ∆ρi etc.
• The tracelessness condition was enforced by dropping in the evaluation of the
Feynman diagrams all terms containing (∆)2 , ∆µ (and for the second case also
∆σ ).
• Finally, to ensure that the anti-symmetrization of any three indices had been removed, we evaluated a particular component that is manifestly free of such contribution, namely we set (at the end!): ∆ρ = δ1ρ , µ = 2, (and for the second case
also σ = 2).
The resulting anomalous dimensions are:
←
→
←
→
q̄[γµ , γ(ν ] D ρ1 . . . D ρj ) q :
←
→
←
→
tr Fµ(ν D ρ1 . . . D ρj Fλ)σ :


αs Nc
2h(j + 1) −
γ=
2π

αs Nc
γ=
4h(j + 2) −
2π


3
αs Nc χψ
≡
Ej ,
2
2π

11
αs Nc f f
≡2
Ej , (B.9)
3
2π

confirming the corresponding entries in the Hamiltonian. The last two operators are
“asymmetric”. They cannot be generated perturbatively in the operator product of
two currents because such product does not change chirality. They might however be
interesting for comparing with lattice calculations [58].
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C

R-matrix

Formalism. Let us give a brief introduction into the R-matrix formalism. We define
several vector spaces which we label by k, l, . . .. These are (not necessarily equal) modules
Vk,l,... of a symmetry algebra and they are thus called ‘spins’. In our case the symmetry
algebra is the conformal algebra and a ‘spin’ will be a chiral field strength multiplet. To
each spin we associate a spectral parameter uk,l,.... The scattering of two spins k, l is
assumed to be elastic: Neither the spin modules Vk,l nor the spectral parameters uk,l are
modified, there is merely a phase-shift when two spins are interchanged. The phase shift
is described by the R-matrix Rkl (uk − ul ), which is a unitary bi-linear operator acting
on the two spins
Rkl (uk − ul ) : Vk × Vl → Vk × Vl .
(C.1)
In this formalism, integrability means that the Yang-Baxter equation is satisfied. It
ensures that the order in which spins scatter does not matter
Rik (uik )Ril (uil )Rkl (ukl ) = Rkl (ukl )Ril (uil )Rik (uik ),

(C.2)

where we have defined
ukl = uk − ul .

(C.3)

The form of the R-matrix is in general very difficult, but it can be constructed for
arbitrary semi-simple algebras and arbitrary irreducible representations. In our case the
‘spins’ will all be of the type of oscillator representations. These have special properties
that allow us to compute the R-matrix rather conveniently.
R-matrix for spin oscillators. First of all, we introduce the compact notation J A B
for the generators of su(2, 2). Here, an index A combines a chiral and an anti-chiral index
α and α̇. We can now introduce a combined oscillator AA = {aα , b†β̇ } which behaves like
a four-component version of aα . The combined generators are now written as
J A B = A†B AA − 41 δBA A†C AC ,

A = 21 A†A AA + 1

(C.4)

and satisfy the commutation relation
A C
[J A B , J C D ] = δD
J B − δBC J A D ,

[J A B , A] = 0.

(C.5)

Let us now consider the R-matrix acting on the two oscillator modules Vk and Vl . We
know that the R-matrix is invariant under conformal symmetry therefore it is useful to
consider the decomposition of the tensor product Vk ⊗ Vl into irreducible components,
(A.15). As each component Vkl
j appears with multiplicity one, the R-matrix can merely
assign one eigenvalue to each:
P
kl
Rkl (u) = j Pkl
(C.6)
j Rj (u).
We will show below that these eigenvalues obey the recursion formula

2
2
ukl + 4i Jkl,j
− Jkl,j−1
kl
kl
 Rj−1
Rj (ukl ) =
(ukl ).
i
2
2
ukl − 4 Jkl,j − Jkl,j−1
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(C.7)

2
Here Jkl,j
denotes the eigenvalue of the quadratic Casimir

J 2 = J AB J B A

(C.8)

21
on Vkl
j . For a highest-weight representation with Dynkin labels [p, r, q] it is given by
2
J[p,r,q]
= 12 p(p + 2) + 41 (2r + p + q)(2r + p + q + 8) + 21 q(q + 2).

(C.9)

This result for the R-matrix is completely general, it holds for any two oscillator representations, even fermionic oscillators, for any unitary group.
Closed Chiral Chain. Let us now consider only spins which are chiral field strengths,
i.e. only modules of the type Vf = V[2,−3,0] . The monodromy matrix of this system is
given by
Ωk (u) = Rk,1(u)Rk,2(u) . . . Rk,L (u)
(C.10)
where the auxiliary spin labeled by k transforms like a field strength Vf . The transfer
matrix is
T(u) = trk Ωk (u)
(C.11)
The nearest-neighbor Hamiltonian of an integrable system is given by the logarithmic
derivative of the R-matrix at u = 0
∂Rf f
Hf f = iR−1
(0).
(C.12)
f f (0)
∂u
The recursion formula for the eigenvalues Ejf f of the two-site Hamiltonian is thus
Ejf f =

Jj2

8
ff
+ Ej−1
.
2
− Jj−1

(C.13)

In our case the quadratic Casimir (C.9) of Vfj f is given by Jj2 = 2(j + 2)(j + 3). The
recursion formula for the energy eigenvalues is thus
Ejf f =

2
ff
+ Ej−1
= 2h(j + 2) + 2E f .
j+2

(C.14)

where E f is an energy shift that does not follow from integrability. This agrees precisely
with the result from planar QCD and thus the sector of chiral field strengths is integrable.
Open Chiral Chain. The integrable open chiral chain has spins Vf at all sites except
1 and L, where the spin is Vχ = Vψ = V[1,−2,0] . This system is characterized by the
monodromy matrix [48]22 23
Ωk (u) = Rk,1 (u ± 2i )Rk,2(u) . . . Rk,L−1(u)Rk,L (u ± 2i )

(C.15)

21
A curious observation is that the quadratic Casimir vanishes precisely for [0, 0, 0] (trivial representation), [2, −3, 0], [0, −3, 2] (field strength components), [1, −4, 1] (conserved flavor currents), [0, −4, 0]
(Lagrangian) and [1, −2, 1].
22
In [48] the system of SU (2) spin +1 in the bulk and SU (2) spin +1/2 at the boundary was investigated. It arises in the SU (2)L sector of QCD and the SU (2, 2) system is a straightforward generalization.
23
For the chain of length L = 2 we should choose Ωk (u) = Rk,1 (u)Rk,2 (u) instead where the auxiliary
spin is Vχ = Vψ .
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where the auxiliary spin labeled by k transforms like a field strength Vf . The open chain
transfer matrix with SU(2, 2)-preserving boundary condition (K = 1) is
T(u) = trk Ωk (u)Ω−1
k (−u).

(C.16)

The Hamiltonian in the bulk is given by the same expression as before. At the boundaries
the Hamiltonian is modified due to the shift in the definition of Ωk (u)
Hχf = iRχf (±i/2)−1

∂Rχf
(±i/2)
∂u

(C.17)

consequently, the energy eigenvalues obey
Ejχf =

Jj2

4
4
χf
+ 2
+ Ej−1
.
2
2
− Jj−1 + 2 Jj − Jj−1 − 2

(C.18)

15
2
2
The eigenvalue of the second Casimir for Vχf
j is Jχf,j = 2j + 8j + 4 ; when we substitute
this we obtain

Ejχf =

1
1
χf
+
+ Ej−1
= h(j + 2) + h(j + 1) + E χ + E f
j+1 j+2

(C.19)

where E χ + E f is a constant we cannot determine here.
Also the chains with one or two anti-chiral fermions at the ends, but all chiral field
strengths are integrable. We simply replace first/last R-matrix in Ω by Rk,1/L (u ± 3i2 ).
9
2
2
The eigenvalue of the second Casimir for Vχ̄f
j is Jχf,j = 2j + 4j − 4 and we obtain
Ejχ̄f =

1
1
χf
+
+ Ej−1
= h(j + 2) + h(j − 1) + E χ + E f .
j+2 j−1

(C.20)

In this case an anti-chiral field is not an obstacle to integrability. The reason why an
anti-chiral field strength breaks integrability is that it may propagate while the antichiral quark is fixed at the end of the chain. In other words, integrability breaks down
¯
for mixed field strengths due to Ejf f ,X 6= 0.
Proof. Here we will present a proof of the Yang-Baxter equation for the R-matrix
given above. It is similar to the one for N = 4 given in [16]. The three spin modules
for the YBE will be of oscillator type and one of them will be fundamental. First of
all, consider the R-matrix of an oscillator spin k and a fundamental spin i. The tensor
product Vk ⊗ Vfund has two irreducible components which we shall denote by Vki
± . The
projectors are given by
1 Jki + 1 − 12 Ak
ki
(C.21)
P± = ±
2
2Ak − 1
where Ak is the value of A on Vk and Jki is the algebra generator acting on Vk whose
components Jk A B specify the map Vfund → Vfund . The difference of eigenvalues of the
quadratic Casimir is
2
2
Jki,+
− Jki,−
= 2(2Ak − 1).
(C.22)
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The R-matrix (C.6,C.7) therefore reads
Rki (uki) = Pki
+ +

2
2
− Jki,−
)
uki − 4i (Jki,+
2
2
− Jki,−
)
uki + 4i (Jki,+

Pki
− =

uki + i − 2i Ak + iJki
.
uki + 2i (2Ak − 1)

(C.23)

Now consider the YBE for two oscillator spins k, l and a fundamental spin i and
expand the R-matrices Rik (uik ), Ril (uil ) involving a fundamental spin
!

0 = Rik (uik )Ril (uil )Rkl (ukl ) − Rkl (ukl )Ril (uil )Rik (uik )


i(uik + uil + 2i − 2i Ak − 2i Al )


=
J
+
J
,
R
(u
)
ki
li
kl
kl
2 uik + 2i (2Ak − 1) uil + 2i (2Al − 1)


i(ukl + 2i Ak − 2i Al )


J
−
J
,
R
(u
)
+
ki
li
kl
kl
2 uik + 2i (2Ak − 1) uil + 2i (2Al − 1)

1

 [Jki, Jli], Rkl (ukl )
−
i
i
2 uik + 2 (2Ak − 1) uil + 2 (2Al − 1)


1

 {Jki, Jli }, Rkl(ukl ) .
−
i
i
2 uik + 2 (2Ak − 1) uil + 2 (2Al − 1)

(C.24)

The first term vanishes because

Jki + Jli = Jkl,i

(C.25)

is the rotation generator acting on Vk ⊗ Vl which clearly commutes with the covariant
R-matrix. Let us now introduce the symbol Ckl,i for the combination of generators in
the second term
Jki − Jli = Ckl,i .
(C.26)
Then we can express the commutator in the third term in terms of Ckl,i
[Jki, Jli] = 41 [Jkl2 , Ckl,i ]

(C.27)

and the quadratic Casimir Jkl2 on Vk × Vl . Finally, we can write the anti-commutator in
the fourth term using squared generators24
{Jki, Jli} = (Jkl,i)2 − (Jk,i)2 − (Jl,i )2 .

(C.28)

Using the rules (C.4,C.5) for oscillator representations, we can compute the contracted
product of two generators
J A B J B C = (A − 2)J A C + 34 (A2 − 1)δCA .

(C.29)

It is a special property of oscillator representations that J A B J B C can be written as a
linear combination of J A C and δCA .25 We can now simplify the anti-commutator (C.28)

24

{Jki, Jli} = (Jkl,i )2 − (Ak − 2)Jk,i − (Al − 2)Jl,i − 43 (A2k + A2l − 2)
(C.30)
2
2
2
3
1
1
= (Jkl,i ) − 2 (Ak + Al − 4)Jkl,i − 4 (Ak + Al − 2) − 2 (Ak − Al )Ckl,i .

Note that we have to distinguish between (Ji )2 = Ji Ji and the quadratic Casimir J 2 = tri Ji Ji .
For generic representations only a four-fold product of generators of the above sort can be written
as something simpler.
25
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Again all terms except the one proportional to Ckl,i drop out in commutators with Rkl .
We can now put everything together and find
!

0 = Rik (uik )Ril (uil )Rkc (ukl ) − Rkl (ukl )Ril (uil )Rik (uik )




ukl Ckl,i , Rkl (ukl ) + 4i Jkl2 , {Ckl,i , Rkl (ukl )}


=i
2 uki + 2i (2Ak − 1) uli + 2i (2Al − 1)

(C.31)

To proceed further, let us investigate the form of the operator Ckl,i . It is a map Vk ⊗
Vl ⊗ Vi → Vk ⊗ Vl ⊗ Vi . By construction it is invariant under simultaneous rotation
of all modules by the same amount. When we combine the (oscillator) modules into
irreducible components, we can write
P kl
Ckl,i : Vkl
(C.32)
j ⊗ Vfund →
j ′ Vj ′ ⊗ Vfund .

kl
By comparing the highest weight vectors of Vkl
j and Vj ′ we see that Ckl,i can only be
invariant when j ′ ∈ {j − 1, j, j + 1}. Furthermore, Ckl,i has negative parity under
interchange of k and l. As the parity is alternating with j, the cases j ′ = j ± 1 are
allowed while j ′ = j is not. In conclusion we can write
kl
kl
Ckl,i : Vkl
j ⊗ Vfund → Vj−1 ⊗ Vfund ⊕ Vj+1 ⊗ Vfund

(C.33)

This is another generic feature of tensor products of oscillator representations. The
recursion relation (C.7)

2
2
ukl + 4i Jkl,j
− Jkl,j−1
kl
kl
 Rj−1
Rj (ukl ) =
(ukl )
(C.34)
i
2
2
ukl − 4 Jkl,j − Jkl,j−1

follows from projecting (C.31) to the various irreducible components. Similarly, for a
different ordering of the three spins we obtain the same relation from the YBE
!

0 = Rki (uki)Rkl (ukl )Ril (uil ) − Ril (uil )Rkl (ukl )Rki(uki)



i uil − uki − 2i Al + 2i Ak


J
+
J
,
R
(u
)
=
ki
li
kl
kl
2 uki + 2i (2Ak − 1) uil + 2i (2Al − 1)



i ukl + 2i − 2i Ak − 2i Al


+
J
−
J
,
R
(u
)
ki
li
kl
kl
2 uki + 2i (2Ak − 1) uil + 2i (2Al − 1)



1


+
J
−
J
,
J
+
J
,
R
(u
)
ki
li
ki
li
kl
kl
2 uki + 2i (2Ak − 1) uil + 2i (2Al − 1)


1

 JkiJki − Jli Jli, Rkl (ukl )
−
i
i
2 uki + 2 (2Ak − 1) uil + 2 (2Al − 1)

1

 [Jki, Jli], Rkl (ukl )
−
i
i
2 uki + 2 (2Ak − 1) uil + 2 (2Al − 1)



ukl Ckl,i , Rkl (ukl ) + 4i [Jkl2 , Ckl,i ], Rkl(ukl )


=i
.
(C.35)
2 uki + 2i (2Ak − 1) uil + 2i (2Al − 1)
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