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We have developed a theoreti al model and a numeri al

ode for stationary rotating superuid

neutron stars in full general relativity. The underlying two-uid model is based on Carter's
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multi-uid hydrodynami

ovariant

formalism. The two uids, representing the superuid neutrons on one

hand, and the protons and ele trons on the other, are restri ted to uniform rotation around a
ommon axis, but are allowed to have dierent rotation rates. We have performed extensive tests of
the numeri al
models.

ode, in luding quantitative

omparisons to previous approximative results for these

The results presented here are the rst exa t

al ulations of su h models in the sense

that no approximations (other than that inherent in a dis retized numeri al treatment) are used.
Using this

ode we re onrm the existen e of prolate-oblate shaped

ongurations. We studied the

dependen y of the Kepler rotation limit and of the mass-density relation on the relative rotation
rate. We further demonstrate how one

an simulate a (albeit uid) neutron-star  rust by letting

one uid extend further outwards than the other, whi h results in interesting
limit is a tually determined by the outermost but

I.

slower

ases where the Kepler

uid.

1 will give valuable omplementary informa-

INTRODUCTION

tional waves

tion about their rotational behavior, whi h is
only observable via their ele tromagneti
The aim of this work is to

al ulate fully relativisti

stationary models of superuid neutron stars in luding
all non-dissipative

urrently

pulses.

ouplings between the two uids in-

du ed by the equation of state (EOS), in parti ular the

Most theoreti al studies of neutron star dynami s have
relied on rather simplisti

single-uid models.

work we attempt a more realisti

In this

des ription of neutron

entrainment ee t. In addition to studying the stationary

stars by taking their superuidity into a

properties of relativisti

ount via the

superuid neutron stars, these

use of a two-uid model. Neutrons and protons in neu-

an serve as the unperturbed initial state in a dy-

tron stars are predi ted to be superuid (e.g. see [2, 3℄),

nami al study of neutron star os illations, neutron star

and this feature forms a fundamental ingredient in the

models

ollapse to a bla k hole, or as a starting point in studying

urrent (albeit rudimentary) understanding of the glit h
phenomenon observed in pulsars (e.g. see [46℄). Due to

pulsar glit h-models.

the superuidity and therefore la k of vis osity of the
Neutron stars are fas inating astrophysi al obje ts: on
one hand they represent a formidable laboratory of fundamental physi s, as the
state of their inner

omposition and equation of

ore still lies beyond the rea h of ex-

neutrons in the

rust and in the outer

ore, they

an ow

freely through the other omponents. The remaining onstituents (i.e.

rust-nu lei, ele trons, muons and protons)

are assumed to be lo ked together on short times ales

perimental and theoreti al physi s. On the other hand,

by vis osity and the magneti

the advent of in reasingly sensitive gravitational wave

another uid, whi h in the following will be referred to as

eld. Thereby they form

dete tors promises to open a new observational window

protons for simpli ity. These assumptions

on neutron stars, whi h will allow us to gain new in-

the so- alled two-uid model of neutron stars. These two

sights into these still rather poorly understood obje ts.

uids are strongly

Gravitational wave astronomy

a ting between protons and neutrons, and therefore a

ould represent the rst

opportunity to observe neutron star os illations, providing a new view on their inner dynami s.
the su

ess of

Considering

lassi al terrestrial seismology and astero-

seismology of the sun and of main-sequen e stars, one
ould expe t this to result in substantial progress in our
understanding of the dynami s and

hydrodynami

hara terize

oupled by the strong nu lear for e

two-uid framework in orporating these

ouplings is required for their des ription.

This frame-

work will be presented in the next se tion. Re ently it
was pointed out that su h a two-uid system

an be sub-

je t to a two-stream instability if the relative velo ity

omposition of neu-

tron stars.
Additionally, observing quasi-permanent quadrupolar
deformations (mountains) on neutron stars via gravita-

1 Note that this sear h has already begun, see [1℄ for a dis ussion
and rst results

2

of the two uids ex eeds a

riti al velo ity [7℄.

This

ould therefore be relevant in neutron stars and might
be related to the glit h phenomenon[6℄, whi h provides

In appendix A we derive a new analyti
rotation solution, whi h is used for

Newtonian slowomparison to our

numeri al results.

another motivation for studying the properties of su h
two-uid systems.

II.

In this paper we study the stationary stru ture of su h

CANONICAL TWOFLUID
HYDRODYNAMICS

two-uid models, in whi h the two uids are restri ted
to uniform rotation around a

ommon axis, but allowThis neutron star

The general relativisti framework for des ribing a ou-

model was rst studied quantitatively by Prix [8℄ in the

pled two-uid system has been developed by Carter, Lan-

ing for two dierent rotation rates.
Newtonian

ontext using a generalized Chandrasekhar-

glois and

oworkers [1518℄, based on an elegant varia-

Milne slow-rotation approximation, and negle ting the

tional prin iple.

dire t intera tions between the two uids.

was used by Andersson and Comer [9℄ in their slow-

Andersson

and Comer [9℄ used Hartle's variant of the slow-rotation

The same relativisti

two-uid model

rotation des ription of superuid neutron stars.
We

approximation to study this model in general relativity.

onsider a system

onsisting of two uids, namely

n

and

p

re-

Prix et al. [10℄ further extended the Newtonian study to

neutrons and protons, whi h we label by

fully in lude all (non-dissipative)

spe tively. The kinemati s of the two uids is des ribed
α
α
by the two onserved parti le 4- urrents nn and np , i.e.

ouplings via entrain-

ment and the nu lear symmetry-energy, and they found
an analyti

solution for a sub lass of two-uid equations
P ∝ ρ2 -type polytropes).

∇α nα
n = 0,

of state (whi h generalizes the

More re ently, Yoshida and Erigu hi [11℄ have devised

and ∇α nα
p = 0.

(1)

ing only the relative rotation between the two uids as

The dynami s of the system is governed by a Lagrangian
α
α
density of the form Λ(nn , np ). Due to the requirement
of ovarian e, the s alar density Λ an only depend on

small, while allowing for fast rotation of the neutron star

s alars, and we

an alternative approa h in the Newtonian

ase, by treat-

as a whole. Furthermore, Comer [12℄ has re ently used
the relativisti

slow-rotation approximation to study the

properties of the rst available fully relativisti

an form exa tly three independent s alar
α
nα
n and np , for example

ombinations out of

two-uid

EOS in orporating entrainment, whi h was derived by
Comer and Joynt [13℄.
Here we present a generally relativisti

numeri al

n2p

ode

for solving the full two-uid model without approxima-

x2

tions. A preliminary progress-report on the development
of this

ode, and some early results were presented in

[14℄.

where

gαβ

density

While our model and

ode allow in prin iple for any
onvergen e we restri t

ourselves in this paper to the use of a (rather general)
lass of two-uid polytropes. This

hoi e is also moti-

vated by the la k of a useful two-uid neutron star equation of state in the literature, espe ially
aspe t of entrainment.

on erning the

model that in ludes entrain-

ment, it has not yet been developed to the point that
it will produ e a tabular equation of state that
used in our

where

E

is a thermodynami

β
2
gαβ uα
n un = −c ,
the parti le 4 urrents

nα
n

ode. We expe t the qualitative features of
EOS

The plan of this paper is as follows: In se tion II we introdu e the formalism and notation of

=

nn u α
n

β
2
and gαβ uα
p up = −c ,

(4)

an be written as

,

α
and nα
p = np u p ,

(5)

nn and
respe tively. Variation of the Lagrangian density (3)
α
α
with respe t to the parti le urrents nn and np denes
n
p
the onjugate momenta pα and pα , namely
in terms of the neutron- and proton densities

ovariant two-uid

hydrodynami s. In se tion III we dis uss the spe ialization to an axisymmetri

3+1

potential representing the

np

used in this work.

introdu e the

(3)

total energy density of the twouid system, or equation
α
α
of state. Introdu ing the 4velo ities un , up of the two
uids, whi h satisfy the normalization onditions

ould be

our model to be well represented by the analyti

is the spa etime metri , so the Lagrangian

α
2
2
2
Λ(nα
n , np ) = −E(nn , np , x ) ,

Even though Comer and Joynt

[13℄ have a fully relativisti

(2)

an be written as

given two-uid equation of state (EOS), for the sake of
simpli ity and a better numeri al

1
β
gαβ nα
n nn ,
c2
1
β
≡ − 2 gαβ nα
p np ,
c
1
β
≡ − 2 gαβ nα
n np ,
c

n2n ≡ −

p
α
dΛ = pnα dnα
n + pα dnp .

and stationary system, and we

framework for Einstein's equations.

Due to the

In se tion IV we des ribe the numeri al pro edure for

press the

solving the resulting ellipti al system of equations. The

as

tests performed on the numeri al

ode are dis ussed in

se tion V, and our numeri al results are presented in se tion VI. A dis ussion of this work is given in se tion VII.

ovarian e

onstraint (3) we

(6)
an further ex-

onjugate momenta in terms of the

pnα = Knn nnα + Knp npα ,
ppα = Kpn nnα + Kpp npα ,

urrents

(7)

3

XY
entrainment matrix K
is given
2
2
2
2
by the partial derivatives of E(nn , np , x ), namely
where the symmetri

K

nn

2 ∂E
= 2 2,
c ∂nn

K

pp

2 ∂E
= 2 2,
c ∂np

K

np

1 ∂E
= 2 2.
c ∂x

The equations of motion for the two uids

an be ob-

[19℄. In the absen e of dire t dissipative for es a ting between the two uids (e.g. see Langlois et al. [18℄), the

3

equations of motion will then be found as

n
nα
n ∇[α pβ] = 0 ,

and

The energymomentum tensor

T αβ ,

an now equivalently

as a fun tion of the form

dE = µn dnn + µp dnp + α d∆2 ,

(9)

onjugate quantities dened in this equation are the entrainment α and the neutron- and proton hemi al pon
p
tentials µ and µ (sometimes also referred to as spe i
enthalpies, whi h is equivalent in the zero-temperature

εX ≡

from the variational prin iple too, has the form
(10)

If the equations of motion (1) and (9) are satised, the
αβ
= 0,
stress-energy tensor automati ally satises ∇α T
whi h is a Noether-type identity of the variational priniple. The generalised pressure

Ψ of the twouid system

where

mX

The

so

Ψ

an be

(7), we

Λ.

= n, p

terms of the kinemati
XY
trix K
as


c2
n
Knn n2n + Knp x2 = −uα
n pα ,
nn

c2
p
µp =
Kpp n2p + Knp x2 = −uα
p pα ,
np
1
α = Knp nn np Γ3∆ .
2

Using the entrainment relation

an rewrite this as

Using (14), the inverse relations

Instead of

x2

(12)

dened in (2), we will use a physi ally more

Kpp

∆.

We dene the relative speed ∆
α
as the norm of the neutron velo ity un as seen in the
α
frame of the protons up , or vi e versa. The orresponding
relative Lorentz fa tor

Γ∆ = −

1 α β
u u gαβ
c2 n p

Γ∆

is therefore given by

−1/2

x
∆2
=
= 1− 2
,
nn np
c
terms of

(13)

x

as

(14)

µn
2α
− 2 2
n n c2
n n Γ∆
µp
2α
=
− 2 2
2
np c
n p Γ∆
2α
,
=
nn np Γ3∆

(18)

orresponding relations in
X
the Newtonian limit [10℄, where Γ∆ → 1 and µ
→
mX c2 + µ
bX . In terms of these quantities, the generalised

Ψ

(11)

an also be written as

Ψ = −E + nn µn + np µp ,

whi h is the generalization of the thermodynami

(19)

Gibbs-

Duhem relation to a two-uid system.

ase of

2 The orresponding notation in Andersson and Comer [9℄ is nα →
n
α
α
α
α
α
np → A, Knn → B ,
nα , nα
p → p , un → u , up → v , K
Kpp → C .

and

3 the square bra kets denote averaged index anti-symmetrization,
i.e.

Knp

pressure

α
α
o-moving uids (i.e. un = up ), we see
2
from (2) that x = nn np , and so ∆ = 0 as expe ted.

In the

an be obtained as

whi h redu es exa tly to the

2

∆ is expressible in

 n n 2 
n p
2
2
∆ =c 1−
.
x2

and the relative speed

(17)

Knn =

intuitive quantity as the third independent s alar, namely
the relative speed

an be expressed in

s alars and the entrainment ma-

µn =

(11)

E +Ψ
= Knn n2n + 2Knp x2 + Kpp n2p .
c2

(16)

(no summation over X ).

onjugate variables of (15)

onsidered the Legendre-transform of the

Lagrangian density

2α
,
mX nX

is the parti le rest-mass of the respe tive uid,

and the uid-index is X

is dened by the thermodynami al identity

n
α p
E + Ψ = −nα
n pα − np pα ,

hara terize the entrainment

by the dimensionless entrainment numbers εX , whi h we
dene as

whi h is derived

n
α p
α
T α β = nα
n pβ + np pβ + Ψgβ .

(15)

losely analogous to the Newtonian formulation [10℄. The

ase). It is often useful to

= 0.

onsider the equation of state
E(nn , np , ∆2 ), for whi h the

rst law of thermodynami s reads as

(8)

tained from the variational prin iple developed by Carter

p
nα
p ∇[α pβ]

We

E

2 v[a,b] = vab − vba .

III.

STATIONARY AXISYMMETRIC
CONFIGURATIONS
A. The metri

Here and in the following we

G = c = 1 for simpli

hoose units su h that

ity. We onsider spa etimes that are

stationary, axisymmetri , and asymptoti ally at.

The

4

symmetries of stationarity and axisymmetry are asso i-

In the general

ated with the existen e of two Killing ve tor elds, one
α
timelike at spatial innity, t , and one spa elike everyα
where and with losed orbits, ϕ .

ity

It was shown by Carter [20℄ that under these assumptions the Killing ve tors

ommute, and one an hoose
1
2
an adapted oordinate system (t, x , x , ϕ), su h that
α
α
t ∂α = ∂/∂t and ϕ ∂a = ∂/∂ϕ, i.e.

tα = (1, 0, 0, 0) ,
We

and ϕα = (0, 0, 0, 1) .

pnϕ = pnϕ (Ωn ) ,

and ppϕ = ppϕ (Ωp ) ,

pnt + Ωn pnϕ −
ppt + Ωp ppϕ −

Z
Z

Ωp

pnϕ (Ω′ )dΩ′ = constn ,

(29)

ppϕ (Ω′ )dΩ′ = constp .

(30)

uniform rotation,

In the spe ial

et al. [21℄, we x the gauge to be of maximal-sli ing quasi-

these rst integrals redu e to

type (MSQI), for whi h the line element reads

as

ds2 = gαβ dxα dxβ = −(N 2 − Nϕ N ϕ ) dt2 − 2Nϕ dϕ dt

+A2 dr2 + r2 dθ2 + B 2 r2 sin2 θ dϕ2 ,
(21)
N , N ϕ, A
Nϕ ≡ gϕϕ N ϕ .

where the fun tions
only, and

and

B

depend on

r

and

θ

We assume the ow of the two uids to be purely
onve tive meridional

urrents), so we

dersson and Comer [9℄.

where the heli al ve tors

ζnα and ζpα are
tα and ϕα as

1 n
µ =
utn
1
= ζpα ppα = − t µp =
up

n
onst

,

(32)

ppt + Ωp ppϕ

p
onst

.

(33)

C. The 3 + 1 de omposition
We introdu e the ve tor
spa elike hypersurfa es

expressible in

and ζpα = tα + Ωp ϕα ,

where the two rotation rates
tions, whi h

Ωn

an only depend on

and

r

Ωp are
θ.

(23)

s alar fun -

we

nα

as the unit normal to the

dened by

t = const.,

namely
(34)

Eulerian observers O0 follow-

hαβ on the
is given by the proje tion

ing Smarr and York [22℄. The indu ed metri
spa elike hypersurfa es

Σt

hαβ ≡ gαβ + nα nβ .
The

(35)

3 + 1 de omposition
T αβ reads as4

orresponding

(24)

an rewrite the equations of motion (9) as

LζX pXα

whi h denes the so alled

momentum tensor


Lξ pα = 2ξ β ∇[β pα] + ∇α ξ β pβ ,

Σt

nα ≡ −N ∇α t ,

and

Using Cartan's formula for the Lie derivative of a 1
α
form pβ with respe t to a ve toreld ξ , namely

an further express these
µn , µp

hemi al potentials

pnt + Ωn pnϕ = ζnα pnα = −

terms of the Killing ve tors

ζnα = tα + Ωn ϕα ,

(31)

of (17), namely

axial

(22)

We

rst integrals in terms of the

an write

t α
and uα
p = up ζp ,

∇α ΩX = 0,

whi h are equivalent to the expressions obtained by An-

the unit 4velo ities of the two uids as

t α
uα
n = un ζn

i.e.

and ppt + Ωp ppϕ = constp ,

pnt + Ωn pnϕ = constn ,

B. Fluid dynami s

(i.e. no

ase of

Ωn

i al type, i.e.
isotropi

(28)

and the rst integrals of motion are obtained as

(20)

hoose the remaining two oordinates to be of spherx1 = r, x2 = θ, and following Gourgoulhon

ase of dierential rotation, the integrabil-

ondition of these equations are therefore

of the energy

T αβ = S αβ + 2n(α J β) + Enα nβ ,

(36)

where



− ∇α ζXβ pXβ = 0 .

(25)

E = nα Tαβ nβ ,

Jα = −hγα Tγβ nβ ,

Sαβ = hγα Tγν hνβ ,
(37)

Linearity of the Lie derivative together with (23) and (24)

whi h

allows us to rewrite this as

stress tensor as measured by the Eulerian observers. In



Lt pXα + ΩX Lϕ pXα + ϕβ pXβ ∇α ΩX − ∇α ζXβ pXβ



an be interpreted as the energy, momentum and

the MSQI gauge (21), we

= 0.

(26)

Stationarity and axisymmetry imply that the rst two

an expli itly express these

quantities as

E = N 2 T tt ,

Ji = N Tit ,

Sji = Tji − N i Tjt ,

(38)

terms vanish, and so the equations of motion for neutrons
and protons are redu ed to


pnϕ ∇α Ωn = ∇α ζnβ pnβ ,



ppϕ ∇α Ωp = ∇α ζpβ ppβ .(27)

4 Round bra kets denote averaged symmetrization, i.e. 2 v
(a,b) =

vab + vba .

5

where Latin indi es

1, 2, 3.

i, j




Z
A2
1
1
B−
+ ∂ ᾱ∂β dV +
2
2r

 B
1
× ∂r (ᾱ − β/2) +
∂θ (ᾱ − β/2) = 0 .
r tan θ

denote the spa e- omponents

The Einstein equations in this formulation result

in a set of four ellipti

equations for the metri

potentials

(see [23℄ and [21℄ for details), namely

∆3 ν = 4πA2 (E + Sii ) + A2 Kij K ij − ∂ν ∂(ν + β),
e ϕ = −16πN A2 Jeϕ − r sin θ ∂N ϕ ∂(3β − ν) ,
˜ 3N
∆

∆2 [(N B − 1)r sin θ] = 8πN A2 Br sin θ Srr + Sθθ ,
3
2
∆2 (ν + ᾱ) = 8πA2 Sϕϕ + A2 Kij K ij − (∂ν) ,
2
where we dened

∆3

and

∆2

e ϕ ≡ r sin θ N ϕ
N

and

(39)

Both of these virial theorems (48) and (49) an be written

(40)

as the sum of an integral over a material term Imat (the
rst term in (48) and (49) respe tively), and an integral

(41)
(42)

over pure eld-quantities
Therefore it will be

Jeϕ ≡ r sin θ J ϕ .

and we dene

∂ ᾱ∂β

β ≡ ln B ,

GRV ≡

(43)

∂ ᾱ∂β ≡ ∂r ᾱ∂r β +
Kij

(44)

and

Kθϕ

gϕϕ
∂θ N ϕ .
=−
2N

(45)

M, whi h is dened
1/r in an asympexpansion of the gravitational potential log N , an

toti

t
Γn ≡ −nα uα
n = N un ,

M=

ids

5 in the

i
h
e ϕ Jeϕ r2 sin θ dr dθ dϕ .
A B N (E + Sii ) + 2B 2 N

ϕ

gravitational mass, while

M

M

to denote the

will stand for the baryon

mass. The total angular momentum

J

is given by

Z h
i
A2 B 3 r sin θJeϕ r2 sin θ dr dθ dϕ .
J =

(47)

The 2D- and 3D virial identities, whi h have been derived
by Bonazzola and Gourgoulhon [24, 25℄,
he k of

results.

an serve as a

onsisten y and pre ision of the numeri al

The 2D virial identity (referred to as GRV2),

and

Up

Un =
where

ϕ̂α

1
ϕ̂α uα
n ,
Γn

is the

ϕ̂α = √

of the two u-

dire tion, as measured by

2

(46)

(51)

Un

by

oe ient of the term

Here and in the following we will use

useful

(50)

t
and Γp ≡ −nα uα
p = N up .

The physi al uid velo ities

be expressed expli itly (see [23℄) as

Z

Imat + Ifields
.
Imat

Let us write Γn and Γp for the two Lorentz fa tors
linking the Eulerian observers O0 to the o-moving uid
α
α
observers On (dened by un ) and Op (dened by up ),
namely

urvature

We note that the gravitational mass
as the (negative)

hara terize the

D. The matter sour es

oordinate basis are given by

gϕϕ
∂r N ϕ ,
=−
2N

Krϕ

1
∂θ ᾱ∂θ β .
r2

omponents of the extrinsi

in our spheri al

onsider the following

as the at-spa e s alar produ t of

two gradients, i.e.

The only non-zero

(the remaining terms).

respe tive virial violations:

further used the notation

ᾱ ≡ ln A ,

Ifields

onvenient to

dimensionless quantity to numeri ally

are the at three- and two-dimensional
˜ 3 = ∆3 − (r2 sin2 θ)−1 . We
Lapla e operators, whereas ∆

ν ≡ ln N ,

and Up =

spatial unit ve

1
ϕα ,
gϕϕ

O0 ,

are given

1
ϕ̂α uα
p ,
Γp

tor in the

ϕ dire

(52)

tion, i.e.

such that hαβ ϕ̂α ϕ̂β = 1 .

Un =

√

gϕϕ
(Ωn − N ϕ ) , Up =
N

and the Lorentz fa tors

Γn = 1 − Un2

−1/2

√
gϕϕ
(Ωp − N ϕ ) ,
N

,

and Γp = 1 − Up2

x2 ,

dened in (2),

−1/2

in terms of the respe tive s alar parti le densities

3
8πA2 Sϕϕ + A2 Kij K ij − (∂ν)2 r dr dθ = 0 ,
2

(48)

and

Up ,

an be

(55)

nn , np

as

1 − Un Up
x2 = nn np q
,
(1 − Un2 )(1 − Up2 )

while the 3D virial identity (GRV3), whi h redu es to
the usual virial theorem in the Newtonian limit,

Un

.

an be expressed

form

and the 3velo ities

(54)

an be expressed equivalently as

The  rossed s alar



(53)

Using (22) and (51), we obtain

whi h derives from the Poisson-equation (42), has the

Z 

(49)

(56)

written as

Z

2

4πA

BSii

dV +

Z

B



3 2
A Kij K ij − (∂ν)2
4

5 In Andersson and Comer [9℄ these were denoted −ω and −ω
n
p
respe tively.

6

and using (14), we

an write the relative velo ity

∆2 =

∆

as

Step 3:

(Un − Up )2
.
(1 − Un Up )2

(57)

Step 4:

ast into the form

N n
µ = constn ,
Γn

and

hemi-

Cal ulate the new density elds

nn

and

np

by

inverting the relations (17) for the given equation
of state.

Using expressions (32),(33) and (51), the rst integrals
an be

Use the rst integrals (58) to obtain the
µn and µp .

al potentials

Step 5:

N p
µ = constp .
Γp

Continue at Step 1 until the desired

onvergen e

is a hieved.

(58)

In general we are using three spheri al-type numeri al
In

loser analogy with [21, 23℄, we

an alternatively write

these rst integrals as

main

Hn + ν − ln Γn = Cn ,
Hp + ν − ln Γp = Cp ,

(59)
(60)

The

µ 
n
mn

,

and Hp ≡ ln

omponents of the

3+1

√

gϕϕ J

ϕ

=

Srr =
Sϕϕ =
One

an

µ 
p

mp

.

(61)

de omposition (36) of the

(Γ2n Knn n2n

−Ψ +
+ Γ2p Kpp n2p
+2Γn Γp Knp nn np ) ,
Γ2n Knn n2n Un + Γ2p Kpp n2p Up
+Γn Γp Knp nn np (Un + Up ) ,
Sθθ = Ψ ,
Ψ + Γ2n Knn n2n Un2 + Γ2p Kpp n2p Up2
+2Γn Γp Knp nn np Un Up ) ,

he k the

single uid

overs the spa e out to inn-

ompa ti ation of the type

u = 1/r

onsidering the spe ial

star, or we

(see [23℄
hoi e of

ontaining the whole

an use an adaptive-grid algorithm, in or-

der to adapt the domain-boundary to the stellar surfa e.
Contrary to the single-uid

ase (e.g. see [21℄), however,

the adaptive-grid approa h is mu h less ee tive in inreasing pre ision and

onvergen e. The reason for this

is simply that only one of the two uid-surfa es
(62)

an be

mat hed up with a domain boundary, and therefore the
(weak) Gibbs phenomenon due to the inner uid surfa e
(representing at least a dis ontinuity in the derivative) is

(63)
(64)

not

ompletely avoidable.

Another important dieren e in the

ase of two-uids

ompared to single-uid stars is the way we determine
the lo ation of the uid surfa es. In a single uid star,

(65)

the surfa e

an always be found by the vanishing of the

pressure, whi h usually translates into a simple

onsisten y of this result with the

ase of [23℄, by

radius, and an outer domain
ity, using a

either using a simple spheri al grid

energymomentum tensor (10) are expli itly found as

E =

used for the vi inity of the star to about twi e the stellar

for details). For the inner domain we have the

where we introdu ed the abbreviations

Hn ≡ ln

over the hypersurfa e Σt : the innermost doovers the whole star. An intermediate domain is

domains to

ase of

both uids moving together.

in terms of the vanishing of the
the two-uid

ondition

hemi al potential

µ.

In

ase, however, this is not generally possible

(espe ially for the inner uid), due to the

oupling of

the uids. Therefore we need to dene the uid surfa es

IV.

dire tly in terms of the vanishing of the respe tive density

NUMERICAL PROCEDURE

elds.

Contrary to the

hemi al potential, the density

an have a vanishing or diverging gradient at the surfa e,

A. Iteration s heme

and a pre ise determination of the surfa e

6

an therefore

be numeri ally di ult.
The numeri al solution of the stationary axisymmetri

A related numeri al problem spe i

to two-uid

on-

ongurations des ribed in the previous se tions pro-

gurations appears when the surfa es of the two uids are

eeds in a very similar manner to the single-uid

very

whi h is des ribed in more detail in [21, 23℄. The

ase,

entral

grid

iteration s heme is nearly identi al:

lose to ea h other. In this

ase, the 1-uid region in

between the two surfa es will be poorly resolved by the
overing the star, and therefore the determination

of the outer surfa e will have a poor numeri al pre ision.
As will be seen later, this problem

Initialization:

Start from a simple guess for a spher(0)
(0)
i ally symmetri matter distribution nn and np
of the two uids, and use a at metri .

Step 1:

Cal ulate the matter sour e-terms

E, J ϕ

from (62) (65).

Step 2:

Solve the equations (39)(42) for the

sponding metri

ured to some
overs just a

thin shell below and up to the outer uid surfa e. In this
ase one observes a drasti

and

an be

extent by adding another domain, whi h

improvement in the pre ision

Sji

orre-

using the pseudo-spe tral ellipti

6 We note that Yoshida and Erigu hi [11℄ hose to avoid this dif ulty by
respe tive

dening

the uid surfa es by the vanishing of the

hemi al potentials.

not

solver in LORENE, the numeri al relativity pa k-

generally

age used here[26℄.

trary to the single-uid

These surfa es, however, do

oin ide with the surfa es of vanishing density ( onase), as

an be seen from (17).

7

of nding the outer surfa e, whi h
omparison with the analyti

We note that this numeri al
well for Newtonian

an be quantied by

slow-rotation solution.
ode

an be used equally

ongurations, simply by repla ing

the matter-sour es by their Newtonian limits, and for ing the spatial metri

to be at.

The

s heme remains un hanged, and we

entral iteration

an relate the lapse

N

to the Newtonian gravitational potential, namely by
2
the relation ν = ln N = Φ/c , where Φ is the Newto-

nian gravitational potential. The Newtonian limit of the
matter sour e-term in Eq. (39) is

For testing purposes and for

the following be mostly interested in a further sub lass
of the above EOS, namely the spe ial 2-uid polytropes
des ribed by

1
1
E = ρ c2 + κn n2n + κp n2p +κnp nn np +κ∆ nn np ∆2 ,
2
2

whi h are a 2-uid generalization of the 1-uid polytrope
P ∝ n2 . This spe ial EOS lass still exhibits all the

(66)

µ − mp c

om-

ponent of the Einstein equations redu es to the New-

2

ounterparts [10℄.

α = κ∆ nn np .
The generalized pressure

The parameters of the numeri al s heme that will be

points in the

θ

dire tion, and

33

grid-points

in the radial dire tion in the innermost domain ( ontaining the star),
and

17

33 radial points in the intermediate domain

radial points in the

ompa tied outer domain.

(70)

and the entrainment is found as

Ψ=

used for the rest of the paper are the following: the re−10
quired onvergen e of the iteration s heme is 10
, and

17

(69)

2

= κp np + (κnp + κ∆ ∆ ) nn ,

equations (40)(42) be ome trivial in this limit. In a similar manner, the rst integrals are seen to redu e exa tly

inversion, namely

µn − mn c2 = κn nn + (κnp + κ∆ ∆2 ) np ,
p

tonian Poisson equation, while the remaining Einstein

we use

(68)

oupling-types (entrainment + symmetry energy) of the

ρ is the total (rest-)mass-density, so that this

to their Newtonian

omparison to the New-

slow-rotation results, we will in

general EOS, but allows an analyti

E + Sii
= ρ + O(c−2 ) ,
c2
where

∆.

tonian and relativisti

Ψ

(71)

in (19) is expressible as

1
1
κn n2 + κp n2p + κnp nn np + κ∆ nn np ∆2 .
2
2

(72)

Contrary to the two-uid EOS used in the Newtonian
slow-rotation study [10℄, whi h exhibits the somewhat
unphysi al feature of

onstant entrainment numbers, as

dis ussed in appendix A, this EOS results in a mu h
more physi al behavior of the entrainment. Namely, using (16), we nd

B. The polytropi 2-uid equation of state

εn =
The numeri al s heme des ribed in the previous se tion

2κ∆
np ,
mn

and εp =

2κ∆
nn ,
mp

(73)

an be used for any invertible 2-uid equation of state

whi h ensures that the entrainment ee t automati ally

(EOS). The urrent implementation of our ode, however,

vanishes when one of the two uid-densities goes to zero.

overs a polytropi  sub lass of 2-uid EOS, whi h

Su h a linear behavior of entrainment also happens to be

generalizes the types of EOS used in previous studies,

in quite good qualitative agreement with the theoreti al

e.g. [911, 27℄, and whi h has the general form

predi tions of nu lear physi s, e.g. see

only

1
1
E = ρ c + κn nγ1 + κp nγp2 + κnp nγn3 nγp4
2
2
+κ∆ nγn5 nγp6 ∆2 ,

7 [2, 3, 28℄

Using the method developed in [10℄ for the EOS (68),
we

2

an nd an analyti

solution in the Newtonian slow-

rotation approa h, whi h is presented in appendix A.
(67)

This allows us to run extensive tests by
numeri al

where ρ ≡ mn nn + mp np . As dis ussed in the introdu tion, we expe t this polytropi EOS- lass to be quite

ase.

ode to the analyti

The results of this

omparing our

solution in the Newtonian

omparison are presented in

se tion V C.

general, and to allow one to study the qualitative features of a broad range of dierent superuid neutron star
models. For example, general features of the Kepler limit

V.

TESTS OF THE NUMERICAL CODE

( f. Fig. 5) are seen to be in qualitative agreement with
the mean eld results of Comer [12℄.
The two uids in (67) are

oupled via a symmetry

energy-type term proportional to κnp and an entrainκ∆ ∆2 . The resulting expres-

ment term proportional to
sions for the

hemi al potentials and the entrainment

α

A.
As a rst
for stri tly

Comparison to 1-uid results
onsisten y

he k we use the two-uid

o-rotating

ongurations with a

ode

ommon

are dire tly obtainable from (15).
In general this

lass of 2-uid EOS requires a numer-

i al inversion in the iteration s heme des ribed in se tion IV A, in order to obtain the densities nn , np from
n
p
the hemi al potentials µ , µ at a given relative speed

7 These referen es give the neutron and proton ee tive masses

mX ∗ , whi h are related to the
mX ∗ )/mX , see [10℄ for details.

entrainment via

εX = (mX −

8

outer surfa e, and

ompare the results to those of the

well-tested single-uid

ode [21, 23℄. For this purpose we

study a stellar sequen e of xed
the rotation rate.

entral density and vary

We dene the natural s ale of the

rotation-rate as

onsidered here. The results of the

(74)

omparison with the

ase are shown in Fig. 1.

Here we plot the

relative dieren es, dened as

(75)

omparison of 1-uid and 2-uid re-

xed

ode on the other

We noti e that towards higher rotation rates the relative
errors in rease. These errors

an be entirely as ribed to

the la k of grid adaption in the two-uid

ase: by using

an adaptive grid for the stellar domain also in the two-

10

ase, we nd a
, as

and (d).

onsistent agreement of better than

an be seen in the se ond

olumn in gure 1 (b)

We note, however, that this improvement of

using an adaptive grid is restri ted to
two-uids share a

of the radius) below the outer surfa e, resolved by

another

33

radial grid-points. The ee t of this tri k

is rather impressive and

ases where the

tant by itself, it underlines the

onsistent with the single-uid

ases where the two uids

an be as ribed to the appearan e of

this phenomenon happens also in the one-uid
pre ision of the

C. Comparison to Newtonian slow-rotation results
We

an use the analyti

a systemati

omparison with the numeri al

In the next step we

We denote the numeri al solution of a quantity as

QL (ΩX ),
Qsr (ΩX ),

and

the

analyti

(77)

Q(0)

orresponds to the stati

solution. At xed

the slow-rotation solution

Ideally we would like to

an

(78)

ompare only up to the

Ω2

om-

ponent of the numeri al solution, but obviously we do not
know its Taylor-expansion in orders of
the numeri al solution

Ωn − Ωp
,
Ωp
Ωn .

R,

Qsr (Ωn ) = Q(0) + Q(2) Ω2n .
ase

as

QL − Qsr
,
Q(0)

relative rotation rate

the relative rotation rate, dened as

and vary

slow-rotation solution

and we dene the relative dieren e as

⋄Q ≡
where

onsider the more general

R≡

ode run in

Newtonian mode as des ribed in se tion IV A.

ode in

o-rotate.

Newtonian solution in the

slow-rotation approximation (derived in appendix A) for

ode

where the two uids have dierent rotation rates. We x

Ω.

Nevertheless

an formally be written as

(76)

(0)

(2)

(4)

QL (Ωn ) = QL + QL Ω2n + QL Ω4n + ... ,

(79)

As mentioned before, in

these general situations an adaptive grid does not sub-

so that the relative dieren e (77)

stantially improve the pre ision and has therefore not
We

ase, the

ode at the Kepler limit being of the same

order as here [21℄.

B. Virial theorem violation

been used.

usps at

the equator (see Fig. 6) and therefore the presen e of the

be written as

R = 1.51

onsisten y of the results

and shows that the sour e of these errors is understood.

ase as mentioned

earlier. We an therefore on lude that the two-uid

to be

an be seen in Fig. 2, for the

ase (b). While this gain in pre ision is not very impor-

ommon outer surfa e, while it is of

mu h less use in the general two-uid
reprodu es results

hoos-

spheri al grid for the inner domain

ase. The single-uid

hand always uses an adaptive grid for the stellar surfa e.

uid
−9

1%

an improve this by

over just a thin layer (of about

Gibbs phenomenon. Nevertheless, one should note that

Q in the two-uid ase (Q2f ) and in
1f
ase (Q ). The rst olumn, gures 1 (a)

and ( ), shows the

We

ing a se ond domain to

rotation

of a global quantity

in the two-uid

ompared to the dimensions

The de rease in pre ision when approa hing the Kepler

|Q2f − Q1f |
∆Q ≡
,
Q1f

sults using a

lose to the outer surfa e. However, this 1-

uid region will be very thin
of the numeri al grid.

p
4πG ρ(0) ,

where ρ(0) is the entral rest-mass density, i.e. ρ(0) =
mn nn (0) + mp np (0). The Kepler rotation rate ΩK is typi ally found at about ΩK ∼ 0.1 Ω0 for the ongurations

the single-uid

ommon outer surfa e, and there will ne essarily be a

1-uid region

of the star, and will therefore be poorly resolved in terms

Ω0 ≡

single-uid

dieren e in rotation rates, the two uids do not share
a

onsider the internal

onsisten y

he k

provided by the virial identities GRV2 and GRV3 de-

(0)

⋄Q =

an be expanded as

(2)

(4)

QL − Q(0) QL − Q(2) 2 QL
+
Ωn + (0) Ω4n +... .
Q(0)
Q(0)
Q

(80)

ned in (50), for whi h the result is shown in Fig. 2. We
note that in the

ase (a), where one inner domain is used

If the numeri al solution agreed perfe tly with the ana2
solution (up to order Ω ), the rst two terms would

to

over the star, even at low rotation rates the result
−10
falls somewhat short of the onvergen e-goal of 10
in

lyti

the iteration s heme. This la k of pre ision at small ro-

Ω4n .

tation rates

all orders, and we will try to quantify these respe tive

an be understood as follows:

due to the

be zero, and the leading order of the dieren e would be
In pra ti e, however, there will be

ontributions on

9
xed grid

(b)

(a)

-6
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FIG. 1: Relative dieren es
row is the Newtonian

∆Q

single-uid

-2

-1

10

10

Ω/Ω0

in the total baryon mass

M,

Req and Rpol . The rst
olumn, we used a xed spheri al

and the equatorial and polar radii

ase, while the se ond row shows the relativisti

inner domain, while in the se ond

-3

10

results. In the rst

olumn the inner domain-grid is adapted to the stellar surfa e (whi h is the default in the

ase).

-4

region would look like

10

GRV3
GRV2

y = log(a Ωm
n ) = log a + m log Ωn ,

(81)

-6

10

GRV

Conversely, if the log-log plot of
straight lines, we

-8

10

its

(a)

(b)
10

ΩK
-5

an infer the leading power in

Ωn

-4

10

-3

10

-2

10

and

hara terized by

hoi e of EOS-parameters:

κn = 0.02 , κp = 0.12 , κnp = 0.01 , κ∆ = 0.02 ,

-12

log a.

ontains se tions of

The neutron-star model used here is

10

10

and an oset

oe ient.

the following

-10

repla ements

m
⋄Q

i.e. a straight line with steepness

and the (xed)

entral

hemi al potentials

µn (0) = µp (0) = 0.2 mb c2 ,

-1

10

Ωn /Ω0
where

(82)

mb = 1.66 × 10−27

(83)

kg is the baryon mass and

c

is

FIG. 2: Virial violations GRV2 and GRV3 for (a) 1 domain

the speed of light. The resulting neutron-star model in

and (b) 2 domains

the stati

overing the star.

ase is shown, as the relativisti

Only the Newtonian

results are very similar.

ΩK

denotes the Kepler rotation rate.

errors. If in some interval of Ωn one of these terms dominates in the series, then a log-log plot of ⋄Q(Ωn ) in this

M = 1.50 M⊙ (where
R = 11.1 km, a entral
−3
baryon number density n(0) = 1.04 fm
, proton fra tion
xp ≡ np /n = 0.083 and an entrainment value of εp (0) =
0.38. We note that in the Newtonian ase there is no
distin tion between the gravitational mass M and the
baryon mass M .
In Fig. 3 we show the relative dieren es ⋄Q for the
radii Rn and Rp at the equator. We also plotted the
M⊙

ase has a total mass of

is the solar mass), a radius of

10

straight lines

orresponding to a pure

Ω4

and

Ω2

behav-

whi h is independent of the

ior, in order to fa ilitate the interpretation of these re-

the spa elike hypersurfa e.

sults.

The stellar model used in this

In Fig. 3 (a) we see that for small rotation rates
−3
) the error in the equatorial proton radius
(Ωn /Ω0 < 10
Rp (eq) rea hes a plateau at about ∼ 10−9 , whi h orresponds to numeri al errors and the nite

onvergen e-

ondition of the iteration s heme, while for higher rotation rates, the quarti error starts to dominate. The same

Mn

behavior is observed for other global quantities, e.g.

and Mp and R(pol)), whi h are not in luded in this plot.
However, the neutron equatorial radius Rn (eq) (whi h is
the outer radius) displays a
order unity!

onsistent

quadrati

error of

The reason for this apparent dis repan y

is rather subtle, and stems from the somewhat dierent
nature of the slow-rotation approa h and the fully numeri al solution.

In the numeri al

uid EOS (67) to the

before

in the numeri al pro e-

dure ( f. se tion IV A), whi h is the

orre t physi al way

to do this. In the slow-rotation approa h, however, the
rotation rates are treated as innitesimal, and there is
a tually no nite 1-uid region.

Therefore the EOS is

always used in the form (67), whi h will be seen in the
following to a ount for the dieren e in Rn (eq). In order to test this explanation, we have also implemented a
slow-rotation style EOS-inversion in the

do not

κn = 0.04 , κp = 0.24 , κnp = 0.02 , κ∆ = 0.02 ,

(86)

n
p
and the entral hemi al potentials are µ (0) = µ (0) =
2
0.2 mb c . The ongurations obtained have the following (xed)

entral values: the

entral baryon density is

n(0) = 0.5776 fm−3 , whi h orresponds to 3.61 times nu−3
lear density (nnucl = 0.16 fm
). The entral proton
entrainment is εp (0) = 0.212, and the proton fra tion is
found as xp (0) = 0.083. We x the relative rotation to
R = 0.5, i.e. the neutron superuid is rotating 50% faster

than the proton-ele tron uid.

In Table I we show the

Ωn /2π

0 Hz

100 Hz

500 Hz

Mn [M⊙ ]
Mp [M⊙ ]
M [M⊙ ]
Rneq [km]
Rnpol [km]
Rpeq [km]
Rppol [km]
N (0)
||N i ||(eq)

1.0978 (-0.02%)

1.0998 (-0.1%)

1.1509 (-2%)

0.0998 (-0.02%)

0.0997 (-0.1%)

0.0959 (-2%)

1.1194 (-0.02%)

1.1210 (-0.04%)

1.1644 (0.04%)

ode, in whi h

13.545 (-0.01%)

13.570 (0.2%)

14.260 (5%)

13.545 (-0.01%)

13.527 (-0.1%)

13.103 (-3%)

13.545 (-0.01%)

13.534 (-0.1%)

13.302 (-2%)

13.545 (-0.01%)

13.527 (-0.1%)

13.103 (-3%)

0.700102 (1e-4%) 0.69983 (2e-3%) 0.69267(-0.04%)
0

0.00206 (0.1%)

0.01072 (3%)

swit h to a 1-uid EOS when one of the two

uids vanishes. The result of this is shown in Fig. 3 (b).
We see that the dis repan y of the outer radius has

om-

pletely disappeared. While this serves as an interesting
test of

omparison is dened

ode, when one of

orresponding 1-uid EOS

µX → nY

we do the inversion

hosen on

by the EOS parameters

the two uid-densities vanishes, we swit h from the 2-

we

oordinate-system

rotation

onsisten y, this rather unphysi al EOS-inversion

will obviously not be used in the following.

QL and (in parentheses) relative
(QL − Qsr )/QL × 100% to the relativisti slowresults Qsr .

TABLE I: Numeri al results
dieren es

results of the

omparison to the relativisti

slow-rotation

ode. We observe that generally the agreement is quite

D. Comparison to relativisti slow-rotation results
Finally, we

ompare our results in the fully relativisti

ase to the results obtained by using a

ode developed

by Andersson and Comer [9℄, whi h is based on the relativisti

slow-rotation approximation.

In the relativisti

ase the physi al radius will gener-

ally be dierent from the

oordinate-radius, and

dened in various non-equivalent ways (e.g.

an be

ir umfer-

ential radius, proper radius). For an unambiguous

R

parison we dene the radius
of the surfa e from the
of

onstant

θ

and

ϕ

where

R0 is the

quantity spe i
i
ϕ

N = (0, 0, N ),

R0

dl =

0

Z

ommon outer surfa e.

Therefore part of the disagreement observed here does
not a tually stem from the slow-rotation approximation
or numeri al dieren es, but from the somewhat dierent
assumptions in the model. Given these dieren es, the
agreement seems very good.

om-

VI.

onsistent

NUMERICAL RESULTS

The existen e of

ongurations with one uid-surfa e

having a prolate shape was initially found using the New-

R0

A(r) d r ,

tonian analyti
(84)

0

imation.

solution[10℄ in the slow-rotation approx-

While this might not be very realisti

astro-

physi ally, it is still interesting to study this parti u-

oordinate-radius of the surfa e. Another

larity of an intera ting two-uid system.

to the relativisti

the existen e of su h

and we will

ode im-

onstraint on the radii, namely the

two uids are for ed to share a

enter of the star, along a line

(the denition of whi h is

Z

poses an additional

as the proper distan e

with [9℄), i.e.

R≡

good, and (as expe ted) gets worse with higher rotation
rates. However, we note that this slow-rotation

ase is the shift-ve tor

onsider its 3-norm, i.e.

q
√
||N i || ≡ gij N i N j = N ϕ gϕϕ ,

ti

treatment, as reported earlier by us[14℄.

to show this, we
(85)

We

onrm

ongurations in the fully relativis-

hoose the polytropi

κn = 0.016, κp = 0.16, κnp = 0.008,

In order

EOS parameters
and

κ∆ = 0.03,
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FIG. 3: Relative dieren e

⋄Q(Ωn )

Rn

and

Rp .

-2

-1

0

-14

log10 (Ωn /Ω0 )

between the numeri al

of appendix A, for the equatorial radii

-3

ode in Newtonian mode and the slow-rotation analyti

solution

In (a) we used the normal physi al EOS-inversion, while (b) shows the

results when using a slow-rotation style EOS inversion.

n
2
with the entral hemi al potentials µ (0) = 0.2mb c and
µp (0) = 0.198mbc2 . This orresponds to a entral proton
fra tion of xp (0) = 0.05 and a entral proton-entrainment
number of εp (0) = 0.80.
In Fig. 4 we show the result-

ellipti ity of uid X as

ǫX ≡

RX (eq) − RX (pol)
,
RX (eq)

in terms of the proper radii
tion, this

of (84). Using this deni-

ǫn = 0.137, and
so the proton uid has a prolate shape de-

onguration is found to have

ǫp = −0.037,

~
Ω

R

(87)

spite the fa t that it is rotating around the z-axis. This is
made possible by the ee tive intera tion potential

re-

ated by the neutron-uid, whi h squeezes the protonuid, in this

ase to the point of even over oming the

[km℄

entrifugal potential.

z

EOS
I
II
III

TABLE II: Polytropi

Sfrag repla ements

κn
0.05
0.05
0.05

κp κnp
κ∆
0.5 0.025 0.02
0.5 0.0
0.0
0.5 −0.025 0.02

parameters dening EOS-models I, II,

and III

To simplify the presentation of results, we fo us in the

x
FIG. 4: Meridional
onguration.

[km℄

following on three EOS-models, dened in table II, whi h

ross-se tion of an oblate-prolate two-uid

The dotted lines represent lines of

gravitational potential

N,

onstant

while the thi k lines are the re-

spe tive surfa es of the neutron- and proton uids.

dier only by their intera tion-terms. The EOS-models I
and III dier by the sign of the symmetry-intera tion
term κnp , whi h orresponds to a value of the anoni al symmetry-energy term (introdu ed in Prix et al.
[10℄) of

σ = −0.5

for EOS I and

σ = 0.5

for EOS III.

EOS II represents two uids without EOS-intera tions.
ing

onguration with the two uids

Ωn /2π = 1000

Hz and

Ωp /2π = −100

ounter-rotating at

If not otherwise stated, we

Hz. We dene the

potentials as

hoose the

µn = µp = 0.3 mb c2 .

entral

hemi al

In the stati

ase we
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FIG. 5: Kepler limit

ΩK

EOS II

1 -1

0.5

-0.5

as a fun tion of relative rotation rate

the result from the analyti

5000

EOS III

0
R

1-1

0.5

0
R

-0.5

1

0.5

R for EOS-models I, II and III. The dashed line (NSR) represents

Newtonian slow-rotation solution ( f. Appendix A)

obtain the results shown in Table III for these three EOSmodels. We note that all three stati

ongurations are

on the stable bran h of the mass-density relation, whi h
an be seen in Fig. 7 for EOS-model I. We note that

onguration (i.e.

R = 0),

whi h

of xed-mass sequen es as

ontrasts with the

ase

onsidered in the Newtonian

study [10℄. A similar feature of the Kepler-rate de reasing
as

R de

reases through zero

an be seen in the mean-eld

results of Comer [12℄.
In the Fig. 6, we show the uid surfa es of the two

EOS I EOS II EOS III
−3

nc [fm ]
εp (0)
xp (0)
M [M⊙ ]
M [M⊙ ]
R [km]

0.7177 0.7697

uids rotating at the Kepler-rate for two dierent rela-

0.8612

0.273

0.0

0.301

0.05

0.09

0.125

1.586

1.532

1.448

1.460

1.409

1.332

14.37

13.88

13.12

tive rotation rates,
We see the

R = 0.1

hara teristi

and

nc ,
M,

entrainment

εp ,

shedding if the rotation rate were to be in reased any
further. Be ause we xed the

entral densities of these

ongurations to those of the stati

entral baryon number density

proton fra tion

gravitational mass

M

xp ,

total baryon mass

and the proper radius

models I, II and III in the stati

respe tively.

tor of the outer uid, whi h indi ates the onset of mass-

from Fig. 7 that both of these
TABLE III: Results for the

R = 0.01

 usp appearing at the equa-

R

for EOS-

the so- alled supramassive

ase, it

an be seen

ongurations belong to

lass, i.e. they do not have a

orresponding stable non-rotating

onguration of equal

baryon-mass.

ase.

Fig. 7 shows the mass-density diagram for the stati
onguration of EOS I and for three Kepler

when

onsidering rotation, the individual uid radii will

obviously

hange, but also the masses, be ause we only

onsider stellar sequen es of xed
Next we

ongura-

tions with dierent relative rotation-rates. The

ongu-

rations to the right of the maximum are on the so- alled
unstable bran h, be ause they will be subje t to un-

entral density.

onsider these stellar models rotating at their

stable modes under small perturbations. The

ongura-

maximum rotation rate ΩK ( alled Kepler limit) for different relative rotation rates R, as shown in Fig. 5. We

tions above the dotted line

orrespond to stars on the

unstable-bran h of the stati

urve. They have no sta-

as the rotation rate of the

ble non-rotating

outer uid (whi h in this

ase also happens to be the

stable bran h of the mass- urve of the rotating

ΩK

dene the Kepler-rate

R > 0.

they are therefore alled supramassive stars. These on-

The rotation rate of the (slower)

gurations are stabilized by rotation and would be ome

inner uid is trivially determined by

R<0

ΩK

and

R.

The

unstable if slowed down below a
So far we have

dashed line shows the result from the Newtonian slowrotation solution (A42).

This is seen to overestimates

the Kepler rate typi ally by about
ase of EOS I, where it
pler limit for

R < 0.

density sequen es

ase, and

and the

faster rotating one), i.e. the protons for
neutrons for

ounter-part, even if they are on the

15 %,

ex ept for the

an even underestimate the Ke-

We see that in the xed

entral-

onsidered here, the lo al maximum

of the Kepler rate is always attained for the

o-rotating

the

enter, i.e.

riti al rotation rate.

onsidered stars hemi al equilibrium at

µn = µp .

In identally, for the EOS- lass

onsidered here, the resulting stati
a

ommon outer surfa e in this

ongurations share
ase.

However, global

hemi al equilibrium is generally not possible for

ong-

urations with the two uids rotating at dierent rates,
whi h was shown by Andersson and Comer [9℄ and Prix
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FIG. 6: Kepler

ongurations for EOS I. In gure (a) the relative rotation rate is

static

R=0
R = 0.5
R = −0.5

1.8
1.7
1.6

M

while in (b) it is

R = 0.01.

2
ample, using EOS II and setting µn = 0.228 mb c and
2
µp = 0.220 mb c , we obtain the onguration shown in
Fig. 8. For this gure we have

hosen the rotation rate of

the fastest known millise ond pulsar, whi h has a period
of

1.5

R = 0.1,

P ∼ 1.56

ms.

1.4
1.3
1.2

repla ements

1.1
1
0.9

0

0.7177 1.0

2.0

3.0

nc [fm−3 ℄
FIG. 7: Gravitational mass

nc
xp = 0.05.

number density
tion of

rotating

M as a fun

tion of

for EOS I with xed
The four

urves

entral baryon

entral proton fra -

orrespond to the non-

o-rotating Kepler- onguration (R

ase, the

= 0),

and two Kepler- ongurations with relative rotation rates
of

R = 0.5

and

R = −0.5

respe tively.

The

ir le indi-

ates a stati

µn = µp =

onguration with entral hemi al potentials of
0.3 mb c2 . The box indi ates the maximum-mass

onguration in the stati
the sequen e of
maximum-mass

ase.

The dotted line represents

onstant baryon mass

onne ting to the stati

onguration. Congurations above this line

have no stable non-rotating

ounterpart and are

alled supra-

massive stars.

FIG. 8:

Conguration with protons rotating at the speed

of the fastest known millise ond pulsar,
and

Ωn /2π = 645

In order to model more realisti 

and a gravitational mass of

2
onguration with µn = 0.28 mb c
and
2
mb c rotating at the Kepler-limit for a rela-

 rust (albeit without any solidity) by extending further

µp = 0.3

tive rotation rate of

an easily a hieve this by

hemi al potentials.

M = 1.39 M⊙ .

A similar

outside than the neutrons, we
entral

Hz,

ongu-

rations, in whi h the proton-uid mimi s a neutron-star

hoosing dierent

Ωp /2π = 641

The protons are extending further

outside than the neutrons.
The physi al parameters are
µn = 0.228 mb c2 and µp = 0.220 mb c2 , resulting in en−3
, proton fra tion
tral baryon number density nc = 0.561 fm

xp = 0.09
et al. [10℄.

Hz.

For ex-

an be seen by the

R = 0.01

is displayed in Fig. 9. As

usp-formation, the Kepler-limit is

14

determined by the

outer

uid, i.e.

the protons in this

ase, despite the fa t that they are rotating
than the neutrons. This

ontrasts with the

more slowly

ase depi ted

in Fig. 5, in whi h the faster uid also happens to be the
outer uid, whi h is a parti ularity of this EOS- lass and
the

hoi e of

entral

hemi al equilibrium

µn = µp

( f.

[10℄).

outwards than the other, as seen in Fig. 8 and Fig. 9.
One interesting observation from su h

ongurations is

that the Kepler-limit will be determined by the outer
uid (forming a

slower
We

usp), while this

an a tually be rotating

then the inner uid.
urrently use a (quite general) EOS

uid polytropes, but this

lass of two-

an be extended straightfor-

wardly to more realisti  nu lear-physi s equations of
state.

In parti ular it might be interesting in the next

step to use the rst relativisti

two-uid EOS in orporat-

ing entrainment by Comer and Joynt [13℄. Furthermore
it would be important to add the presen e of a solid

rust

and to allow for dierential rotation in the superuid neutrons (dierential rotation in single-uid stars has been
implemented and used in LORENE already,

f. [29, 30℄).

The astrophysi ally most interesting future extension
of this work would probably

onsist in studying the os il-

lation modes of su h models, whi h would be dire tly related to the emission of gravitational waves. In these nonstationary situations, however, dissipative me hanisms
like vis osity and mutual fri tion would also start to play
a role and should be in luded in the model.

APPENDIX A: THE NEWTONIAN ANALYTIC
SLOW-ROTATION SOLUTION
2
onguration with R = 0.01, µn = 0.28 mb c
2
and µp = 0.3 mb c , orresponding to a entral baryon number
−3
, proton fra tion xp = 0.09 and a
density of nc = 0.716 fm

FIG. 9: Kepler

gravitational mass of

M = 1.57 M⊙ .

The protons extend to

the outer surfa e. The maximal rotation rates are found as

Ωn /2π = 924.5

Hz and

Ωp /2π = 915.3

VII.

Hz.

A method for solving the stationary 2-uid
initially developed in [8℄, and was

as Paper I). Using this method, an analyti

CONCLUSIONS

erties of an intera ting 2-uid system, it is unfortunately

omputing stationary, fully relativisti

superuid neutron star models.
Using this

ode we have re onrmed the existen e

of oblate-prolate shaped two-uid

ongurations, previ-

ously shown in [10, 14℄. We have studied the dependen y
of the Kepler rate of a two-uid star on the relative rota-

R.

solution

was found in Paper I for equations of state of the form
E = 21 κn n2n + 21 κp n2p + κnp nn np + β p np ∆2 . While this solution was very useful for studying the qualitative prop-

We have developed a theoreti al framework and a nuode for

ompleted to in lude

all EOS-intera tions in [10℄ (in the following referred to

not very suitable for
meri al

ongura-

tion in the Newtonian slow-rotation approximation was

omparison to the numeri al solu-

tion presented in this paper. The reason for this lies in
the somewhat unphysi al behavior of entrainment in this
model. Namely, the entrainment numbers (16) are found
p
p
as εp = 2β /m, and εn = 2xp β /(m(1 − xp )), where
xp ≡ np /n is the proton fra tion, whi h is onstant for
this EOS ( f. Paper I). Therefore the entrainment numbers are

onstant, independently of the densities, and so

ompared this to the Kepler-rate

the entrainment ee t would still be present in a 1-uid

predi ted by a Newtonian slow-rotation approximation,

region. This unphysi al behavior does not pose a prob-

tion rate

We have

whi h is found to typi ally overestimate the Kepler-rate
by about

15%,

but whi h

mate it, as seen in the

an also sometimes underesti-

ase of EOS I and

Fig. 5).

( f.

guration: the two uids share a

on-

ommon surfa e in the

unperturbed state, and the rotation will only indu e innitesimal displa ements of the uids. In this framework

entral density) on the mass-density rela-

there are therefore no nite 1-uid regions. However, in
a numeri al

tion, as shown in Fig. 7.
Another interesting aspe t of this model is that we are
not restri ted to
at the

onsists of

hemi al-equilibrium

an also have a large inu-

The relative rotation rate
en e (at xed

R<
∼ −0.25

lem in the slow-rotation approximation, whi h
an expansion around a stati

ongurations in

enter. Choosing the

hemi al equilibrium

entral hemi al potentials to

be dierent allows one to emulate a neutron star  rust
(albeit a uid one), as one uid will now extend further

viations from

ode allowing for arbitrary rotations and dehemi al equilibrium, su h an entrainment

model would be problemati . The EOS- lass (68) used
in this work is therefore preferable on both physi al and
numeri al grounds.
Fortunately, an analyti

solution

an also be found for

15

this physi ally preferable EOS using the slow-rotation approa h developed in Paper I. This solution is very valuable for quantitative

omparisons with our numeri al re-

sults presented in se tion V C. Here we derive this new
analyti

stati

ba kground solution only depends on SXY ,
and is identi al to the one found in Paper I. Namely,
(0)
(0) = 1 and R = 1, this
in natural units dened by ρ

The

stati

solution

an be written as

solution, skipping some of the more te hni al

steps, whi h have been explained in more detail already

ρ

(0)

in Paper I.
Be ause of axisymmetry, the rotating solution only depends on the spheri al
stati

r

oordinates

and

θ,

while the

onguration is assumed to be spheri ally symmet-

ri . The 2-uid slow-rotation approximation pro eeds by

Q

expanding any lo al stellar quantity

Q(r, θ; ΩX ) = Q

(0)

XY

(r)+ ΩX Q

as follows:

(r, θ) ΩY + O(Ω4 ) ,

(A1)

onstituent indi es X

= n, p.

We

κn , κp and κnp to
natural units. The respe tive parti le number densities
(0)
nA (r) are expressible as

be used to res ale the EOS parameters

(0)

nA (r) =

an sep-

r and θ byPexpanding in Legendre
QXY (r, θ) = l QXY
l (r)Pl (cos θ), and
an be shown that only the omponents l = 0, 2 will be

arate the variables

nonzero in the solution.

The solution is therefore fully

determined by two ordinary dierential equations for the
XY
XY
omponents Φ0 (r) and Φ2 (r) of the perturbation of
the gravitational potential. The information about the

in terms of the two

SXY ≡
where
stati

|0

∂2E
∂nX ∂nY

0

−1

βX ≡

,

∂2E
∂nX ∂∆2

,

(A2)

1
K

SXY =

K ≡ κp κn − κ2np ,

with

κp −κnp
−κnp κn

,

and

(0)

with the

onstant matrix

XY

M

MXY

dened as

0 1
1 0

≡

(A4)

!

.

(A5)

kA ≡ SAB mB ,

and k ≡ mA kA ,

onstant for this EOS. The matri es

ned as

XY
EA
,

de-


1
(A7)
SAB δB,XY − 2βB (r) ∆XY ,
3
tions of r, ontrary to the EOS treated in

Paper I, in whi h they were onstant. The onstant auxA,XY
XY
iliary matri es δ
and ∆
are dened as

δ n,XY ≡
XY

≡

mn 0
0 0

!

1 −1
−1 1

δ p,XY ≡

,

!

.

0 0
0 mp

!

(A15)

an now write the dierential equations determining

eXY − r2 ρ(0) ÊXY,
D0 ΦXY
+ π 2 ΦXY
= CXY + r2 E
0
0
eXY + r2 ρ(0) ÊXY ,
D2 ΦXY
+ π 2 ΦXY
= −r2 E
2
2
Dl ≡

(A6)

XY
EA
(r) ≡
are now fun

We

(A14)

the solution for the given EOS, namely

where the dierential operator

We further introdu e the derived stru ture fun tions,

whi h are

eXY = 1 kB δB ,XY ,
E
3
4κ∆
XY
kn kp ∆XY .
Ê
=
3π 2

(A3)

βX (r) = κ∆ MXY nY (r) ,

∆

eXY − ÊXY ρ(0) (r) ,
EXY = E

denotes the derivatives to be evaluated at the

!

(A13)

XY
EXY ≡ mA EA
, we write in an analogous manner

0

onguration. For the EOS (68), we nd

where

and for

(A12)

onstant matri es

1
XY
eA
E
≡ SAB δB,XY ,
3
2
XY
SAB βB ∆XY ,
ÊA ≡
3ρ(0)

dened as

(A11)

an write

XY
eXY − ÊXY ρ(0) (r) ,
EA
(r) = E
A
A

EOS enters via the following two stru ture fun tions,



kA (0)
ρ (r) .
π2

Substituting this into (A7), we

Polynomials, i.e.
it

(A10)

(0)
In these units it must be true that ρ
(1) = 0, whi h
A
2
leads to the ondition k = m kA = π . This relation an

where here and in the following we automati ally sum
over repeated

√
sin(r k)
√
.
(r) =
r k

Dl

(A16)
(A17)

is dened as

d2
2 d
l(l + 1)
+
.
−
2
dr
r dr
r2

(A18)

We note that the only dieren e of this EOS to the one
X
studied in Paper I on erns the entrainment β (r). We
an therefore formally re over the results from Paper I
XY
in the limit κ∆ → 0, whi h orresponds to Ê
→ 0 and
XY
XY
ÊA → 0. The onstant matrix C
is determined by
the hoi e of stellar sequen e, e.g. either hara terized
by xed

entral densities (FCD) or xed masses (FM).

The solution to the above equations also determines the

,

(A8)

(A9)

density distribution of the two-uid star, namely via the
relations

B,XY
XY
nXY
+ r2 EA
− kA ΦXY
A,0 (r) = SAB C
0 ,

nXY
A,2 (r)

= −r

2

XY
EA

−

kA ΦXY
2

,

(A19)
(A20)

16

where the

onstants

CA,XY

are also determined by the

hoi e of stellar sequen e, and they satisfy the relation
CXY = kA CA,XY . The omplete slow-rotation solution for
the density distribution of the two uids an be written

sequen e:

as

(0)

nA (r, θ) = nA (r) + ΩX nXY
A,0


+ nXY
A,2 P2 (cos θ) ΩY .

−

kA ÊXY
4π 4

(A21)

−

The general (regular) solution of equations (A16) and
(A17)

an be found expli itly as

ΦXY
0 (r)

=

AXY
0


eXY 
J1/2 (rπ) E
6
CXY
√
r2 − 2 + 2
+ 2
π
π
π
r

ÊXY 
3rπ sin rπ + (3 − 2π 2 r2 ) cos rπ , (A22)
12π 4
eXY
E
XY J5/2 (rπ)
√
− 2 r2
ΦXY
2 (r) = A2
π
r
XY 
Ê
(45 + 2π 4 r4 ) rπ cos rπ
−
12π 7 r3
+15(r2 π 2 − 3) sin rπ , (A23)
−

XY
AXY
and A2
are onstants of integration, and
0
are the standard Bessel fun tions. One an verXY
∼ r2 as r → 0, whi h
ify the asymptoti behavior Φ2
is required for regularity. In addition to the regularity




sin rπ
r2 π 2
XY 2
eA
+
−1 +E
r
rπ
6


sin rπ
2
(1 − r2 π 2 )
− (1 − r2 π 2 ) cos rπ
rπ
3

nXY
A,0,FCD = −

eXY
6kA E
π4

XY
ÊA
rπ sin rπ ,
π2

(A29)


eXY 
kA E
5 J5/2 (rπ)
2
XY 2
eA
√
√
r
−
−E
r
π2
r
2
 2


π 4
5 kA ÊXY
2 2
r − 3 rπ cos rπ − (r π − 3) sin rπ
+
6 π 5 r3
5

nXY
A,2 (r) =

+

XY
ÊA
rπ sin rπ ,
π2

in terms of the

(A30)

onstant stru ture matri es

dened in Eqs. (A13) and (A15).

e
E

and

Ê

Fixed-mass (FM) stellar sequen e

where

Jn (x)

For

ompleteness we also give the solution

requirements at the

enter, the solution must satisfy the

i ally more interesting.

following boundary

ondition at the surfa e (r

solution only

= 1):
(A24)

FM-sequen e is

onditions result in the following relaXY
XY
tions for the integration onstants A0
and A2 :

0

(A26)

The

expli it solution for the density perturbations of the FCD

onstant



1
1
−
6 4π 2



SAB CB,XY

eXY ,
E

(A33)

from (A31).


eXY 
√ J1/2 (rπ)
E
2
√
r
−
1
+
2
π2
r

XY
Ê
+
2π 2 − 3 + (2π 2 r2 − 3) cos rπ
12π 4

2
2 π J1/2 (rπ)
√
(A34)
−(1 + 3r ) √
.
r
2

and we also have the relation

Putting all the pie es together, we arrive at the following

eXY +
E

(A32)

ΦXY
0,FM (r) =

(A27)

(A28)

6
−1
π2



an similarly determine

determined as

kA XY
C
.
π 2 FCD



Inserting this into (A22) we get

the numeri al results dis ussed in this paper. This seXY
ondition nA,0 (0) = 0, and in
this ase the remaining onstant of integration an be

SAB CB,XY
FCD =

ondition for the potential

This results in the integration

quen e is dened by the



4
eXY + 1 ÊXY ,
= −3 1 − 2 E
π
4

(A31)

ΦXY
0,FM (1) = 0 .

CXY
FM =

omparable to

onditions

r2 nXY
A,0,FM (r) dr = 0 ,

(A25)

while we

CXY
FCD

1

whi h lead to the following

Fixed entral density (FCD) sequen e
The FCD-sequen e is the most dire tly

hara terized by the

Z

These boundary

√
eXY + (1 − π 2 )ÊXY
4π 4 2 AXY
= 12(π 2 − 2)E
0
+4π 2 CXY ,
√ XY
5 eXY
5
−
(3 + 2π 2 )ÊXY.
2 A2 = 2 E
π
12π 4

The dieren e to the FCDl = 0 omponent, while nXY
A,2
ases. As dis ussed in Paper I, the

on erns the

is the same in both

′

ΦXY
(1) + l(l + 1)ΦXY
l
l (1) = 0 .

orrespond-

ing to a xed-mass sequen e, whi h might even be phys-

l=0

density

oe ient is therefore found by using

(A19):

nXY
A,0,FM


eXY 
kA E
10π
2
2 2
=
30 + 3π − 5r π −
sin rπ
5π 4
r
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XY
3
ÊA
6
2
r −
+ 2
3(1 − 2 ) − rπ sin rπ
5
π
π

XY
6
kA Ê
36(1 − 2 ) − (3 − 2r2 π 2 ) cos rπ
−
4
12π
π

2 π
−(1 + 3r ) sin rπ ,
(A35)
r

eXY

ÊXY
9E
A
+
6 − 7π 2
2kA
12π 4

ÊXY
(A40)
+ 4 5π 2 − 24 ,
π


6 1
9ÊXY
3 eXY
XY
δqA,FM
= 2
− A 4 (π 2 − 6)
− 2 E
π
5 π
kA π
XY

Ê
27 eXY
− 6 216 − 39π 2 + 2π 4 −
E . (A41)
4π
10kA A

XY
eA
+E

whi h

ompletes the analyti

solution in the FM

XY
δqA,FCD
= −

ase.

Cal ulating the Kepler-limit

For ea h uid
We briey review the method of al ulating the Kepler-

(where B

6= A)

A,

ΩK,A (ΩB )
equation (A36).

we nd the Kepler-limit

by solving the quadrati

limit using the slow-rotation solution presented above.

The Kepler-limit is then interpreted as the

The result of this

ing solution for the

al ulation was used for the Newtonian

slow-rotation Kepler-limit presented in Fig. 5. As derived
2
in Paper I, the Kepler-rate to order Ω for ea h of the two
uids

uid, whi h in this

orrespondase

orre-

sponds to the outer uid, i.e. we have

an be expressed as the solution of the equation

XY
ΩY + O(Ω4 ) ,
ΩA2 = Ω2(0) + ΩX δqA

faster

ΩK =

(A36)

(

ΩK,n (R) ,
ΩK,p (R) ,

for
for

R > 0,
R < 0.

(A42)

where the zeroth-order expression is
′

Ω2(0) = Φ(0) (1) ,
and the se ond-order

XY
δqA

(A37)

orre tion terms reads as





3
1 XY
1 XY ′
XY ′
= −
nXY
−
n
+
Φ
−
Φ
.
A,0
0
kA
2 A,2
2 2
r=1

(A38)

For the EOS- lass

Ω2(0) =
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