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Many interesting exactly solvable backgrounds can be obtained by gauging WZNW models asymmetrically.
These include the base of the conifold and the time dependent Nappi-Witten background in which a 3-
dimensional universe passes through a series of big-bang big-crunch singularities. In this short note we
review recent results on the conformal field theory description of asymmetric cosets. In particular, we present
formulas for their bulk modular invariant partition functions and for a large number of D-brane boundary
states.

1 Introduction

Cosets G/H form a large class of exactly solvable backgrounds. Usually, H is identified with a subgroup
of G and in forming the coset one employs the adjoint action for which H acts symmetrically from the left
and from the right. Such symmetric transformations always possess fixed points (e.g. the group unit). These
lead to all kinds of singularities of the resulting coset geometry, including boundaries and corners.

It is possible, however, to work with an enlarged class of exactly solvable cosets and this is the theme of
the following note. The idea is to admit different left and right actions of H on G. Even though conformal
invariance imposes strong constraints on asymmetric quotients G/H , one gains a lot of freedom in model
building. Some of the interesting new theories possess smooth background geometries. One such example
is provided by the five-dimensional base SU(2)×SU(2)/U(1) of the conifold. Other models have isolated
singularities such as the big-bang singularity in the four-dimensional Nappi-Witten geometry SU(2) ×
SL(2,R)/R × R.

In spite of these interesting features, asymmetric cosets have not been studied very systematically in the
past. One reason for this is that they are typically heterotic, i.e. they possess different left and right chiral
algebras. Among the few publications which deal with special cases of asymmetric cosets one may find two
early publications by Guadagnini et al. [1]. The models which are studied in these papers can be applied to
the base of the conifold as was pointed out some years ago by Pando-Zayas and Tseytlin [2]. Actions for a
wider class of asymmetrically gauged WZNW models were written down in [3]. We shall recall below that
they are relevant for Nappi-Witten type models [4]. The latter have been employed recently to investigate
string theory in time-dependent backgrounds with big-bang singularities [5]. Branes in asymmetrically
gauged WZNW models were also studied in [6] but our analysis gives boundary theories with a different
geometric interpretation.
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2 The bulk theory

In this first section we are going to describe the bulk geometry of asymmetric cosets. To begin with, a
detailed formulation of the general setup is given and we review the conditions that conformal invariance
imposes on the basic data. We then provide expressions for the bulk partition function.

Two groups G and H enter the construction of a coset G/H . Both of them are assumed to be reductive
so that they split into a product of simple groups and U(1) factors. Let the number of these factors be n
and r, respectively, i.e. we take G and H to be of the form G = G1 × . . .×Gn and H = H1 × . . .×Hr.
Furthermore, to each factor Gi in the decomposition of G we assign a level ki. It is convenient to combine
the set of all these levels into a vector k = (k1, . . . , kn).

Along with the two groups G and H we need to specify an action of H on G. We take the latter to be
of the form g �→ εL(h)gεR(h−1) where εL/R : H → G denote two group homomorphisms which descend
to embeddings of the corresponding Lie algebras. In the usual coset theories εL and εR are identical. An
asymmetry in the coset construction arises when we drop this condition and allow for two different maps.

The coset space G/H consists of orbits under the action of H on G, i.e.

G/H = G/[ g ∼ εL(h)gεR(h−1) ; h ∈ H ] .

To be precise, we should display the dependence on the choice of εL/R. But since we consider these maps
to be fixed once and for all, we decided to suppress them from our symbol G/H for the coset space. Let us
stress, however, that the geometry is very sensitive to the choice of εL/R.

The basic data we have introduced so far, i.e. the two groupsG,H , the vector k of levels and the maps εL,
εR, enter the construction of two-dimensional conformal field theories with target space G/H . To ensure
conformal invariance, however, these data have to obey one important constraint which we can formulate
using the notion of an “embedding index” xε ∈Mat(n× r) for the homomorphism ε : H → G. To define
xε we split ε into a matrix of homomorphisms εsi : Hs ↪→ Gi where s = 1, . . . , r, and i = 1, . . . , n,
run through the factors of H and G, respectively. The embedding index xε = x = (xsi) is a matrix with
elements of the form1

xsi =
Tri

{
εsi(X) εsi(Y )

}

Trs

{
X Y

} for X,Y ∈ hs\{0} . (1)

Observe that the number that is computed by the expression on the right hand side does not depend on the
choice of the elements X,Y . Let us also note that the map εsi is allowed to map Hs onto the unit element
in Gi for some choices of i and s. In this case, the corresponding matrix element xsi vanishes.

Let us now consider the embedding indices xL and xR for the two homomorphisms εL and εR. A
conformal theory with target space G/H exists for our choice of levels k, provided that the latter obey the
following constraint2

xL k = xR k . (2)

In other words, the vector of levels must lie in the kernel of xL − xR. For symmetric cosets this condition
is trivially satisfied with any choice of k. Asymmetric cosets, however, constrain the admissible levels.

Our aim now is to present a few elements of the exact solution. We shall begin with some remarks on
the relevant chiral algebras. In the following let us denote the chiral algebra of the WZNW model for the
group G and levels ki by A(G). This algebra is generated by a sum of affine Lie algebras with levels ki,
one for each factor in the decomposition of the reductive group G. The two maps εL/R give rise to two
embeddings of the chiral algebra A(H) into A(G). Let us note that A(H) is generated by a sum of affine

1 We use a normalized trace Tr = 2 tr /I . Here, we denoted by tr the matrix trace and by I the Dynkin index of the corresponding
representation. We use the conventions of [7, pages 58 and 84].

2 If there are two or more identical groups, this equation has to hold up to a possible relabeling of these groups on one side.
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algebras, one for each factor in the product H = H1 × . . .×Hr. The levels of these affine algebras form
a vector (k′

s)s=1,...,r whose entries are related to the levels of A(G) by k′ = xL/R k (matrix notation).
Our assumption (2) means that εL/R give rise to two (possibly different) embeddings of the same chiral
algebra A(H) into A(G). Given these embeddings, we employ the usual GKO construction to obtain two
coset algebras A = A(G/H, εL) and Ā = A(G/H, εR) which form the left and right chiral algebras of the
asymmetric coset model. Note that these two chiral algebras can be different if the two maps εL and εR are
not the same. In this sense, asymmetric coset models of the kind that we consider in this note are heterotic
conformal field theories.

The state space of an asymmetric coset theory decomposes into representations of the two commuting
chiral algebras A = A(G/H, εL) and Ā = A(G/H, εR). Our task here is to find a combination of these
representations which does not only reflect the geometry of the target space G/H but is at the same time
also consistent from a conformal field theory point of view. The second requirement means that the vacuum
must be unique and that the partition function is modular invariant.

In the following we label sectors of A(G) by µ, ν, . . . , and we use the letters a, b, . . . , for sectors of
A(H). Let us recall that the two sets of sectors admit an action of the group centers Z(G) and Z(H),
respectively. This action may be diagonalized by the corresponding modular S-matrices,

SG
Jµ ν = e2πi QJ (ν) SG

µν for J ∈ Z(G)

where QJ(ν) = hJ + hµ − hJµ are the so-called monodromy charges. An analogous statement holds for
the action of the center Z(H). In a coset sector (µ, a) the labels µ, a form an entity and as such they have
to transform identically under the common center (to be specific, we display formulas for the left chiral
algebra)

Gid(L) =
{
(J, J ′) ∈ Z(G) × Z(H)

∣∣ J = εL(J ′)
}
.

Not all the labels (µ, a) fulfill this requirement. What remains is the set

All(G/H)L =
{

(µ, a)
∣∣QJ(µ) = QJ′(a) for all (J, J ′) ∈ Gid(L)

}

of allowed coset labels. It turns out that elements in the set All(G/H)L which are related by the action of
Gid correspond to the same coset sector. The set of sectors for the coset chiral algebra is therefore given by
Rep(G/H)L = All(G/H)L

/Gid(L). This observation motivates the term “field identification group” for
the common center Gid(L). The same constructions can be performed for the right chiral algebra. But note
that in general the resulting expressions will not coincide.

Having introduced all these notions from the representation theory of coset chiral algebras we are finally
able to spell out our proposal for the state space,

HG/H =
⊕

[µ,a]∈Rep(G/H)

H(G/H)L

(µ,a) ⊗ H̄(G/H)R

(µ,a)+ . (3)

where the set Rep(G/H) is defined by

Rep(G/H) = All(G/H)
/

Gid with

All(G/H) = All(G/H)L ∩ All(G/H)R , Gid = Gid(L) ∩ Gid(R) .
(4)

Note that the field identification group Gid admits a natural interpretation as the stabilizer of the action
g �→ εL(h)gεR(h)−1, i.e.

Gid =
{(
J, J ′) ∣∣ J ′ ∈ Z(H), J = εL(J ′) = εR(J ′) ∈ Z(G)

}
.
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In writing our formula (3) we implicitly assumed that the action of the field identification group Gid on
All(G/H) possesses no fixed points, i.e. that all orbits [µ, a] have the same length. It should be stressed
that fixed points for the action of Gid(L/R) on All(G/H)L/R are not ruled out by this assumption. It has
been shown in [8] that (3) is modular invariant and that it contains the vacuum sector with multiplicity one.
Furthermore, the subspace of ground states for which the conformal dimension vanishes when the levels
are sent to infinity has been shown to agree with the space of functions on the geometric coset G/H .

3 The boundary theory

In this section we discuss the boundary states for asymmetric coset theories that have been found in [8].
Since these are obtained from symmetry breaking branes on G, our discussion starts with a short review on
branes in group manifolds. We then argue that some of the symmetry breaking branes on G can descend to
the asymmetric coset and present formulas for their boundary states.

Among the branes on group manifolds, maximally symmetric branes are distinguished since they preserve
the whole chiral current algebra symmetry. The construction of maximally symmetric boundary conditions in
the WZNW model requires to choose some gluing automorphism Ω of the chiral algebra A(G) so that we can
glue holomorphic and anti-holomorphic currents along the boundary. Before we describe a few results from
boundary conformal field theory of the corresponding branes, let us briefly look at the geometric scenario
these boundary conditions are associated with. It is by now well known that branes constructed with Ω = id
are localized along conjugacy classes [9]. The general case has an equally simple and elegant interpretation
[10]. Note that gluing automorphisms Ω for the current algebra A(G) are associated with automorphisms
of the finite dimensional Lie algebra g which, after exponentiation, give rise to an automorphism ΩG of the
group G. One can then show that maximally symmetric branes are localized along the following twisted
conjugacy classes in the group manifold,

CΩ
u :=

{
g uΩG(g−1)

∣∣ g ∈ G
}
.

The subsets CΩ
u ⊂ G are parametrized through equivalence classes of group elements u where the equiva-

lence relation between two elements u, v ∈ G is given by: u ∼Ω v iff v ∈ CΩ
u . One should think of u as a

coordinate that describes the transverse position of the brane on the group manifold. In the exact conformal
field theory, these coordinates are quantized.

The algebraic description of maximally symmetric D-branes was developed in [11] (see also [12]).
Their boundary states are labeled by representations of the twisted Kac-Moody algebra which may be
constructed from the Lie algebra g using the automorphism Ω. They are specific linear combinations of
certain generalized coherent (or Ishibashi) states,

|u〉 =
∑

Ω(µ)=µ

ψu
µ

√
S0µ

|µ〉〉 .

As usual, the generalized coherent states only implement the gluing conditions for the currents and there is
one such state for each Ω-symmetric combination of irreducible ĝ-representations in the charge conjugate
state space of the WZNW theory. The coefficients ψu

µ in the previous formula are directly related to the
one-point functions of bulk fields in the boundary theories and explicit expressions can be found in the
literature [11]. From the boundary states one can compute the partition function

Zuv =
∑

ν∈Rep(G)

(
nµ

)
v

u
χν =

∑
ν∈Rep(G)

∑
µ=Ω(µ)

ψ̄u
µ
ψv

µ Sνµ

S0µ
χν (5)

for each pair of labels u, v. The numbers
(
nµ

)
v

u ∈ N0 are the twisted fusion rules of ĝ. For details of the
construction we refer the reader to the existing literature.
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In addition to these maximally symmetric branes, a large class of symmetry breaking branes has been
obtained in [13]. Their geometry was identified later in [14]. The construction of these branes requires to
choose a chain of groupsUs, s = 1, . . . , N, along with homomorphisms εs : Us → Us+1 (we setUN = G).
The latter are again assumed to induce embeddings of the corresponding Lie algebras. Furthermore, one
has to select an automorphism Ωs on each group Us. Given these data, it is possible to construct a set of
branes which preserve an U1 group symmetry. These are localized along the following sets

CΩ
ε;u = CN

uN
· CN−1

uN−1
· . . . · C1

u1
⊂ G where (6)

Cs
us

= ΩN ◦ εN−1 ◦ . . . ◦ Ωs+1 ◦ εs(CΩs
us

) ⊂ G for us ∈ Us

and CN
uN

= CΩN
uN

for uN ∈ G. The · indicates that we consider the set of all points inGwhich can be written
as products (with group multiplication) of elements from the various subsets. One should stress that branes
may be folded onto the subsets (6) such that a given point is covered several times. This phenomenon has
been observed for a special case in [15].

Having constructed maximally symmetric and symmetry breaking branes in the group G, our strategy
now is to investigate which of these branes can pass down to the asymmetric coset G/H . Geometrically,
this is not too hard to understand. In fact, the natural idea is to look at all the symmetry breaking branes
which are obtained from chains starting with U1 = H and end at UN = G and to impose an extra condition
on the choice of the automorphisms Ωs and the homomorphisms εs so as to reflect the action of H on G in
the coset construction. Explicitly, the conditions on Ωs and εs read

εL = εN−1 ◦ . . . ◦ ε1 , (7)

and

εR = ΩUN ◦ εN−1 ◦ ΩUN−1 ◦ . . . ◦ ΩU2 ◦ ε1 ◦ ΩU1 , (8)

Our claim is that the subsets (6) that are obtained from chains (Us,Ωs) with homomorphisms εs pass down
to subsets on the asymmetric coset G/H , provided that the data of the chain are related to the data εL/R of
the asymmetric coset G/H by eqs. (7) and (8).

It turns out that these geometric ideas are indeed correct and that there exist exact boundary conformal
field theories which describe the branes wrapping the subsets (6), (7) and (8). Our assumptions on the
existence of a chain of embeddings and its properties guarantee that the resulting theories are rational with
respect to a reduced chiral symmetry

A = A(UN/UN−1) ⊗ . . .⊗ A(U3/U2) ⊗ A(U2/U1) .

For the explicit formulas, let us now restrict to embedding chains of length N = 3. This does not only
cover the most interesting examples, but it also simplifies our notations. The extension to the general case
is straightforward. We will also set Ω1 = id = Ω3 and write U2 = U .

Before we spell out our boundary states it is convenient to rewrite the bulk partition function of the
asymmetric coset model in terms of characters for the chiral algebra A that is left unbroken by the boundary
condition. With our simplifying assumptions, this partition function becomes

H =
⊕

[µ,a]∈Rep(G/H)

⊕
β∈Rep(U)

HG/U
(µ,α) ⊗ HU/H

(α,a) ⊗ H̄G/U
(µ,β)+ ⊗ H̄U/H

(Ω(β),a)+ . (9)

We had to include the automorphismsΩ in one of the coset representations because in the original formulation
of the symmetry reduction left and right chiral algebra are just isomorphic, not identical. By explicit insertion
of Ω we are able to formulate the theory in terms of one single chiral algebra A.
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To construct boundary states we have to find the symmetric part of the Hilbert space (9). From the G/U
cosets we obtain the condition α ≡ β modulo field identification of the form (0, J) ∈ Gid(G/U). From the
U/H cosets one arrives at α = Ω(β). This is due to the fact that elements of the field identification group
Gid(U/H) can not have the form (J, 0). The first condition then translates into α = JΩ(α). We will assume
that this condition can only be fulfilled for Ω(α) = α.3 Generalized coherent states |µ, α, a〉〉 for this setup
are labeled by triples µ, α, a such that

(µ, α) ∈ All(G/U) , (α, a) ∈ All(U/H) ,

Ω(α) = α .

In addition we have to identify these generalized coherent states according to the identification rule

|Jµ, α, J ′a〉〉 ∼ |µ, α, a〉〉 for (J, J ′) ∈ Gid .

Let ψz
α be the structure constants of twisted D-branes in the target space U . Then we may define boundary

states for the asymmetric coset by

|ρ, z, r〉 =
∑ SG

ρµ√
SG

0µ

ψz
α

SU
0α

S̄H
ra√
SH

0a

|µ, α, a〉〉 .

We note that this is a consistent prescription since the formula does not depend on the specific representative
of the Ishibashi states. Using world-sheet duality it is not difficult to derive formulas for the boundary
partition functions,

Z =
∑

Nρ+
1 ,ρ2,νN

δ
β+γ

(
nδ

)
z1

z2
N b

r1r+
2
χ

G/U
(ν,β)χ

U/H
(γ,b)(q) . (10)

Here, n are the multiplicities that appear in the spectrum of twisted branes on group manifolds. Let us
remark that the spectrum (10) is consistent with the proposed geometric interpretation.

The abstract formulas we presented in this note can be illustrated through a number of important examples.
Among them are the spacesT pq = SU(2)×SU(2)/U(1). Here, the integers p, q label different embeddings
of the denominator group U(1). For p = 1, q = 1 one obtains a close relative of the base of the conifold in
which the RR-fluxes of the latter are replaced by a NSNS background field [2]. Our general theory provides
a large class of boundary theories for this background, including branes that wrap one of the 3-spheres in
T 11. Related objects play an important role in the conifold geometry.

Recently, there has been renewed interest [5] in the Nappi-Witten background [4] which describes a closed
universe between a big-bang and a big-crunch singularity. It was shown that the dynamics couples the closed
universe to regions in space-time which formerly were believed to be unphysical. The full geometry is given
by the cosetSL(2,R)×SU(2)/R×R where the groups in the numerator act asymmetrically on both factors
in the denominator. Once more, our general geometric picture can be applied and provides a large set of
possible brane geometries. We believe that the construction of the corresponding boundary states in these
non-compact backgrounds is possible using results from [16, 17].

Acknowledgements We would like to thank the organizers of the symposium for an inspiring and enjoyable meeting.

3 This condition can be non-trivial only if there exist elements in the center of H which are mapped to the unit element by both
εL and εR.
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