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ABSTRACT
We present theories of N = 2 hypermultiplets in four spacetime dimensions that are invariant under rigid or local superconformal symmetries. The target spaces of theories with rigid superconformal invariance are (4n)-dimensional special hyper-Kähler manifolds. Such
manifolds can be described as cones over tri-Sasakian metrics and
are locally the product of a flat four-dimensional space and a quaternionic manifold. The latter manifolds appear in the coupling of hypermultiplets to N = 2 supergravity. We employ local sections of
an Sp(n) × Sp(1) bundle in the formulation of the Lagrangian and
transformation rules, thus allowing for arbitrary coordinatizations of
the hyper-Kähler and quaternionic manifolds.
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Introduction

It is well known that in theories with rigid N = 2 supersymmetry the hypermultiplet action takes the form of a supersymmetric sigma model with scalars that
parametrize a hyper-Kähler manifold [1]. In the case of local supersymmetry the
scalar fields parametrize a quaternionic manifold of negative curvature [2]. In this
paper we study actions for hypermultiplets invariant under rigid or local N = 2
superconformal symmetries. This study is both motivated by recent interest in
superconformal theories [3] and by efforts to find alternative and hopefully more
convenient formulations of the hypermultiplet actions. The N = 2 superconformal algebra in four dimensions contains the bosonic subalgebra associated with
SO(4, 2) × SU(2) × U(1), together with 8 real supersymmetry and 8 real ‘special’
supersymmetry transformations, called Q- and S-supersymmetry, respectively.
Requiring that the action is invariant under rigid superconformal transformations leads to extra constraints on the target-space geometry [4]. For instance,
these manifolds admit a so-called hyper-Kähler potential whose derivative defines
a conformal homothetic Killing vector and the three complex structures rotate
under the action of the SU(2) group, which must be contained as a factor in
the isometry group of the manifold. Spaces that satisfy these constraints will be
called special hyper-Kähler manifolds1 .
By using the superconformal multiplet calculus [5, 6] one can then obtain
corresponding quaternionic sigma models coupled to N = 2 supergravity. Because of the gauge degrees of freedom associated with the dilatations and the
SU(2) transformations, a (4n)-dimensional special hyper-Kähler manifold leads
to a (4n − 4)-dimensional quaternionic manifold. At the time this construction
was applied to only flat hyper-Kähler spaces or hyper-Kähler quotients thereof.
The coupling to supergravity then leads to a quaternionic projective space and
its quaternionic hyper-Kähler quotients [6]. But it has been known for some time
that there exist quaternionic spaces that can couple to supergravity which are
not in this class but can be described in the context of the formalism of [2]. Some
of them have also been obtained explicitly in the context of harmonic superspace
[7]. Therefore it is imperative to apply the superconformal approach to more
general special hyper-Kähler sigma models. This application is the main topic of
our paper, where, in order to avoid introducing an infinite number of fields, we
will no longer insist on off-shell supersymmetry for the hypermultiplets.
Already quite some time ago the very same option was discussed by Galicki
[8]. Rather than starting from the superconformally invariant hypermultiplets, he
described the geometry of these more general hyper-Kähler spaces using a result
of Swann [9], who has proven that any quaternionic manifold has a corresponding
special hyper-Kähler manifold which admits a quaternionically extended homoth1

Note that hyper-Kähler manifolds that are in the image of the c-map are sometimes called
special, because of the underlying special geometry features. We stress that the usage of the
term special hyper-Kähler in this paper has no relationship to special geometry.
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ety and which has three complex structures that rotate under an isometric SU(2)
action. And indeed, the hyper-Kähler manifolds that he discusses have many
properties in common with the hypermultiplet actions discussed in [4]. Moreover
it is known that a special hyper-Kähler manifold is a cone over a so-called triSasakian manifold, so that there exists a beautiful relation between quaternionic
manifolds, tri-Sasakian manifolds and special hyper-Kähler manifolds (for a recent review, see [10]). The tri-Sasakian manifolds have also appeared recently in
the context of supergravity compactifications and the ADS/CFT correspondence
[11].
In this paper we follow the original superconformal approach and start with
the (4n)-dimensional special hyper-Kähler manifolds as they were formulated in
[4]. We establish that these spaces are indeed cones over (4n−1)-dimensional triSasakian spaces (this feature was also discussed in [12]). The special hyper-Kähler
manifolds have only a restricted holonomy group contained in Sp(n − 1); locally
they are a product of a flat four-dimensional space and a (4n − 4)-dimensional
quaternionic space. After gauging away the degrees of freedom associated with
the dilatations and the SU(2) transformations, the quaternionic space remains
when coupling to supergravity. We present the full Lagrangian and transformation rules for the supersymmetric nonlinear sigma models based on special
hyper-Kähler spaces, including the option of gauged isometries. Furthermore we
construct local Sp(n) × Sp(1) sections of the so-called associated quaternionic
bundle which is known to exist for any special hyper-Kähler manifold [9]. It
turns out that the use of these sections greatly simplifies the formulation of the
transformation rules and the Lagrangian. In this way our general results remain
closely in line with the results of [6]; the formulae are identical up to modifications
by connections and covariant tensors. When the sections are trivial, so that the
connections can be put to zero and the tensors become constant, they can be identified with the hypermultiplet scalar fields and one directly recovers the results of
[6]. Guided by supersymmetry we thus make contact with the mathematical results quoted above and we construct the general action and transformation rules
in a new form.
The last topic is to couple these supersymmetric nonlinear sigma models to
supergravity, using the conformal multiplet calculus. In addition to presenting
the corresponding field theory, we exhibit how the quaternionic manifold emerges
in the coupling. This manifold can now be encoded in terms of Sp(n) × Sp(1)
sections that are projective with respect to quaternionic multiplication.
Our results could facilitate the study of type-II string compactifications on
Calabi-Yau three-folds. These lead to four-dimensional models with both vector
multiplets and hypermultiplets. While the moduli space of the vector multiplet
scalars is described in terms of a special Kähler geometry and is well understood,
much less is known about the full quaternionic hypermultiplet moduli space. It
is known that at string tree level the quaternionic manifolds are obtained from
a special Kähler manifold via the c-map [13]. One would like to understand
2

what the corrections are to the classical hypermultiplet moduli space coming
from both string perturbation theory and non-perturbative effects [14]. With
rigid conformal symmetry, the results of this paper could also be helpful in the
description of cone branes [11].
This paper is organized as follows. In section 2 we briefly summarize some
essential features of hypermultiplet Lagrangians with gauged target-space isometries. For hypermultiplets there exists no unconstrained off-shell formulation in
terms of a finite number of degrees of freedom, hence the supersymmetry algebra
will only be realized up to the field equations of the hypermultiplet fermions.
This is in contrast with the vector multiplets, introduced to gauge the isometries,
and the superconformal theory itself, for which off-shell formulations exist. As a
result of the latter, the algebra of gauged isometries and of the superconformal
transformations, including certain field-dependent structure constants, is completely fixed and not affected by the presence of hypermultiplets. Section 3 deals
with rigidly superconformal hypermultiplets, where we find the constraints on the
hyper-Kähler manifold imposed by superconformal invariance. The first subsection defines the superconformal transformation rules, the second one deals with
the hyper-Kähler potential and the construction of local Sp(n) × Sp(1) sections,
and the third one gives the Lagragian and the transformation rules. The geometry of special hyper-Kähler manifolds is explained in section 4. We first discuss
the cone structure of these hyper-Kähler manifolds which lead to a tri-Sasakian
space. The latter is indeed an Sp(1) fibration over a smaller space, which we prove
to be quaternionic. This quaternionic space couples to supergravity, as we then
show in section 5. Here we present the action for the hypermultiplets associated
with a special hyper-Kähler target space coupled to conformal supergravity and
exhibit how the target-space metric becomes quaternionic.

2

Preliminaries

In this section we summarize hypermultiplet Lagrangians in flat spacetime. As
is well known, these constitute N = 2 supersymmetric nonlinear sigma models
with a hyper-Kähler target space [2]. The holonomy group is contained in Sp(n)
and it is this group that is relevant for the hypermultiplet fermions. In the first
subsection we discuss the supersymmetry transformations, the Lagrangian and
the target-space geometry. In a second subsection we present possible extensions
related to gauged target-space isometries, which will involve couplings to vector
multiplets associated with the gauge algebra.

2.1

Hypermultiplet nonlinear sigma models

We will base ourselves on the formulation of hypermultiplet Lagrangians of [15].
With respect to the results of [2] this formulation differs in that it incorpo3

rates both a metric gAB for the hyper-Kähler target space and a metric Gᾱβ
for the fermions. Here we assume that the n hypermultiplets are described by 4n
real scalars φA , 2n positive-chirality spinors ζ ᾱ and 2n negative-chirality spinors
ζ α . Hence target-space indices A, B, . . . take values 1, 2, . . . , 4n, and the indices
α, β, . . . and ᾱ, β̄, . . . run from 1 to 2n. The chiral and antichiral spinors are related by complex conjugation (so that we have 2n Majorana spinors) under which
indices are converted according to α ↔ ᾱ, while SU(2) indices i, j, . . . = 1, 2 are
raised and lowered. An explicit fermionic metric Gᾱβ can be avoided as it can
always be converted to a constant diagonal matrix by a similarity transformation. But retaining a fermionic metric is, for example, important in obtaining
transparant transformation rules under symplectic transformations induced by
the so-called c-map from the electric-magnetic duality transformations on a corresponding theory of vector multiplets. In formulations based on N = 1 superfields
(such as in [16]) one naturally has a fermionic metric but of a special form.
The Lagrangian and transformation rules are subject to a number of equivalence transformations, two of which are associated with the target space. One
set consists of the target-space diffeomorphisms φ → φ′ (φ). The other refers
to reparametrizations of the fermion ‘frame’ of the form ζ α → S αβ (φ) ζ β , and
corresponding redefinitions of other quantities carrying indices α or ᾱ. For example, the fermionic metric transforms as Gᾱβ → [S̄ −1 ]γ̄ ᾱ [S −1 ]δ β Gγ̄δ . There
are connections, ΓAαβ , associated with these fermionic redefinitions, which appear in the Lagrangian and supersymmetry transformation rules. Finally, there
are chiral SU(2) ∼
= Sp(1) redefinitions of the supercharges, which in the rigidly
supersymmetric case must be constant and are therefore trivial. In the locally
supersymmetric case this will be different and in the latter part of this paper we
will have to deal with local SU(2).
The supersymmetry transformations are parametrized in terms of certain φdependent quantities γ A and VA according to
δQ φA = 2(γiAᾱ ǭi ζ ᾱ + γ̄αAi ǭi ζ α ) ,
δQ ζ α = VAαi ∂/φA ǫi − δQ φA ΓAαβ ζ β ,

δQ ζ ᾱ = V̄Aiᾱ ∂/φA ǫi − δQ φA Γ̄Aᾱβ̄ ζ β̄ .

(2.1)

In principle γ A and VA each denote (4n) × (4n) complex quantities, but as we
shall see below, these quantites are related and satisfy a pseudoreality condition.
As it turns out they will play the role of the quaternionic (inverse) vielbeine of the
target space. Observe that the supersymmetry variations are consistent with a
U(1) chiral invariance under which the scalars remain invariant, while the fermion
fields and the supersymmetry transformation parameters transform. This group
will be denoted by U(1)R to indicate that it is a subgroup of the automorphism
group of the supersymmetry algebra. In section 3 we will see that this U(1) will
correspond to one of the conformal gauge transformations. However, for generic
γ A and VA , the SU(2)R ∼
= Sp(1) part of the automorphism group cannot be
4

realized consistently on the fields. This would require the presence of an SU(2)
isometry in the target space. In the above, we merely used that ζ α and ζ ᾱ are
related by complex conjugation.
The Lagrangian takes the following form
L = − 12 gAB ∂µ φA ∂ µ φB − Gᾱβ (ζ̄ ᾱD
/ ζ β + ζ̄ β D
/ ζ ᾱ) − 41 Wᾱβγ̄δ ζ̄ ᾱ γµ ζ β ζ̄ γ̄ γ µ ζ δ , (2.2)
where we employed the covariant derivatives
Dµ ζ α = ∂µ ζ α + ∂µ φA ΓAαβ ζ β ,

Dµ ζ ᾱ = ∂µ ζ ᾱ + ∂µ φA Γ̄Aᾱ β̄ ζ β̄ .

(2.3)

Besides the Riemann curvature RABCD we will be dealing with another curvature
RABα β associated with the connections ΓAαβ , which takes its values in sp(n) ∼
=
usp(2n; C). The tensor W is defined by
C jD
γ̄δ ,
Wᾱβγ̄δ = RABǭ γ̄ γiAᾱ γ̄βiB Gǭδ = 12 RABCD γiAᾱ γ̄βiB γjγ̄

(2.4)

and will be discussed shortly in more detail.
The target-space metric gAB , the tensors γ A , VA and the fermionic hermitean
metric Gᾱβ (i.e., satisfying (Gᾱβ )∗ = Gβ̄α ) are all covariantly constant with respect to the Christoffel connection and the connections ΓAαβ . Furthermore we
note the following relations,
γiAᾱ V̄Bj ᾱ + γ̄αA j VBαi = δij δBA ,
V̄Aiᾱ γjAβ̄ = δji δ ᾱβ̄ .
gAB γiBᾱ = Gᾱβ VAβ i ,

(2.5)

From them one derives a number of useful relations, such as
j
j
α
α
ViA
+ δij gAB .
VBi
= γBiᾱ V̄Aj ᾱ = −γ̄Bα
γ̄Aα

(2.6)

The following three bilinears define antisymmetric covariantly constant targetspace tensors,
j)ᾱ
ij
JAB
= γAkᾱ εk(iV̄B ,
(2.7)
that span the complex structures of the hyper-Kähler target space. They satisfy
ij ∗
kl
(Jij )AB ≡ (JAB
) = εik εjl JAB
,

l)j)

kl
1 i(k l)j
J ijC
gAB + ε(i(k JAB . (2.8)
A JCB = 2 ε ε

In addition we note the following useful identities,
kj
γAiᾱ V̄Bj ᾱ = εik JAB
+ 21 gAB δij ,

(i

ij
B
JAB
γᾱk
= −δk εj)l γAlᾱ .

(2.9)

We also note the existence of covariantly constant antisymmetric tensors,
Ω̄ᾱβ̄ = 12 εij g AB V̄Aiᾱ V̄Bj β̄ ,

Ωᾱβ̄ = 21 εij gAB γiAᾱ γjBβ̄ ,
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(2.10)

satisfying Ωᾱγ̄ Ω̄γ̄ β̄ = −δᾱβ̄ . Their complex conjugates satisfy
Ω̄αβ ≡ (Ωᾱβ̄ )∗ = Gγ̄α Ω̄γ̄ δ̄ Gδ̄β .

(2.11)

The tensor Ω can be used to define a reality condition on V and γ,
εij Ωᾱβ̄ V̄Aj β̄ = gAB γiBᾱ = Gᾱβ VAβ i .

(2.12)

This equation leads to
β
α
g AB VAi
VBj
= εij Ωαβ ,

gAB γiAᾱ γjBβ̄ = εij Ωᾱβ̄ .

(2.13)

Another convenient identity is given by
ij
.
V̄Aiᾱ Ωᾱβ̄ V̄Bj β̄ = 12 εij gAB − JAB

(2.14)

The existence of the covariantly constant tensors implies a variety of integrability conditions which have a number of consequences for the various curvature
tensors [2, 15]. First of all the covariant constancy of γ̄ A implies
RABCD γ̄αCi γ̄βDj = −εij Ω̄αγ RABγβ .

(2.15)

Observe that the right-hand side is manifestly antisymmetric in [ij] and symmetric in (αβ). This implies that the Riemann tensor can be written with tangentspace indices according to
RABCD γ̄αAi γ̄βBj γ̄γCk γ̄δDl = 21 εij εkl Wαβγδ ,

(2.16)

where, as a result of the cyclicity property of the Riemann tensor, Wαβγδ is
symmetric in all four indices. This tensor is linearly related to the tensor (2.4)
upon multiplication with the tensors G and Ω. In terms of Wαβγδ the curvatures
read
RABCD =
Ω̄αǫ RABǫβ

=

β
γ
δ
1 ij kl α
ε ε VAi VBj
VCk
VDl
2
γ
δ
− 12 εij VAi
VBj
Wαβγδ .

Wαβγδ ,
(2.17)

The above results are all derived from the requirement of supersymmetry.
To characterize the geometry of the target space, one could start from the nonsingular V̄Aiᾱ and a nonsingular skew-symmetric tensor Ωᾱβ̄ that is covariantly
constant with respect to a symplectic connection Γ̄Aᾱβ̄ . Subsequently one notes
that εij Ωᾱβ̄ V̄Aj β̄ and the inverse of V̄A , denoted by γiBᾱ , are linearly related by a
symmetric matrix gAB . Requiring that this matrix is real we can identify it with
the target-space metric while the ensuing reality constraint on the VA enables
their identification as the corresponding quaternionic vielbeine. This information
is sufficient for deriving all the algebraic identities listed above. The vielbeine
and the symplectic connection then allow the definition of an affine target-space
connection, with respect to which the vielbeine are covariantly constant thus
leading to a generalized vielbein postulate. All of above results then follow upon
assuming that the target space has no torsion so that the affine connection and
the Christoffel connection coincide.
6

2.2

Gauged target-space isometries

The equivalence transformations of the fermions and the target-space diffeomorphisms do not constitute invariances of the theory. This is only the case when the
metric gAB and the Sp(n)×Sp(1) one-form Viα (and thus the related geometric
quantities) are left invariant under (a subset of) them. Therefore these are related
to isometries of the hyper-Kähler space. We can then elevate such invariances to
a group of local (i.e. spacetime-dependent) transformations, by introducing the
required gauge fields in the form of vector multiplets. Such gauged isometries
have been studied earlier in the literature [17, 16, 7, 18, 19] and the purpose of
our discussion here is to incorporate them into the formulation used in this paper.
We consider scalar fields transforming under a certain isometry (sub)group G
characterized by a number of Killing vectors kIA (φ), with parameters θI . Hence
under infinitesimal transformations,
δG φA = g θI kIA (φ) ,

(2.18)

where g is the coupling constant and the kIA (φ) satisfy the Killing equation,
DA kIB + DB kIA = 0 .

(2.19)

The isometries constitute an algebra with structure constants fIJK ,
A
kIB ∂B kJA − kJB ∂B kIA = −fIJ K kK
.

(2.20)

Our definitions are such that the gauge fields that are needed once the θI become
spacetime dependent, transform according to δG WµI = ∂µ θI − gfJK I WµJ θK . The
Killing equation generally implies the following property
DA DB kIC = RBCAE kIE .

(2.21)

α
Quantities that carry Sp(n) indices, such as VAi
, are only required to be
invariant under isometries up to fermionic equivalence transformations. Thus
α
α
−g(kIB ∂B VAi
+ ∂A kIB VBi
) must be cancelled by a suitable infinitesimal rotation
on the index α. Here we assume that the effect of the diffeomorphism is entirely compensated by a rotation that affects the indices α. In principle, one can
also allow for a compensating Sp(1) transformation acting on the indices i, j, . . ..
However, the latter transformations must be constant, so they will generically
not appear here. This is equivalent to requiring that the isometry group will
commute with supersymmetry.
Let us parametrize the compensating transformation acting on the Sp(n) indices by δG ζ α = g[tI −kIA ΓA ]αβ ζ β , where the (φ-dependent) matrices tI (φ) remain
to be determined,

− kIB ∂B VAαi − ∂A kIB VBαi + (tI − kIB ΓB )α β VAβ i = 0 .
7

(2.22)

Obviously similar equations apply to the other geometric quantities, but as those
are not independent we do not need to consider them. Using the covariant constancy of VA , we derive from (2.22),
(tI )αβ VAβ i = DA kIB VBαi ,

(2.23)

α Bi
(tI )αβ = 12 VAi
γ̄β DB kIA .

(2.24)

so that
Target-space scalars will satisfy algebraic identities, such as
(t̄I )γ̄ᾱ Gγ̄β + (tI )γβ Gᾱγ = (tI )γ̄[ᾱ Ωβ̄]γ̄ = 0 .

(2.25)

This establishes that the field-dependent matrices tI take values in sp(n). From
(2.19) and (2.21), it easily follows that
DA tIαβ = kIB RABαβ ,

(2.26)

for any infinitesimal isometry. From the group property of the isometries it follows
that the matrices tI satisfy the commutation relation
[ tI , tJ ]αβ = fIJ K (tK )αβ + kIA kJB RABαβ ,

(2.27)

which takes values in sp(n). The apparent lack of closure represented by the
presence of the curvature term is related to the fact that the coordinates φA on
which the matrices depend, transform under the action of the group. One can
show that this result is consistent with the Jacobi identity.
ij
are inFurthermore we derive from (2.22) that the complex structures JAB
variant under the isometries,
ij
ij
kIC ∂C JAB
− 2∂[A kIC JB]C
= 0.

(2.28)

This means that the isometries are tri-holomorphic. From (2.28) one shows that
ij
ij
∂A (JBC
kIC ) − ∂B (JAC
kIC ) = 0, so that, locally, one can associate three Killing
potentials (or moment maps) PIij to every Killing vector, according to
ij
∂A PIij = JAB
kIB .

(2.29)

Observe that this condition determines the moment maps up to a constant. Up
to constants one can also derive the equivariance condition,
ij
JAB
kIA kJB = −fIJK PKij ,

(2.30)

which implies that the moment maps transform covariantly under the isometries,
δG PIij = θJ kJA ∂A PIij = −fJIK PKij θJ .
8

(2.31)

Summarizing, the invariance group of the isometries acts as follows,
δG φ = g θI kIA ,

δG ζ α = g (θI tI )αβ ζ β − δG φA ΓAαβ ζ β .

(2.32)

When the parameters of these isometries become spacetime dependent we introduce corresponding gauge fields and fully covariant derivatives,
Dµ φA = ∂µ φA − gWµI kIA ,

Dµ ζ α = ∂µ ζ α + ∂µ φA ΓAαβ ζ β − gWµαβ ζ β ,

(2.33)

where Wµαβ = WµI (tI )αβ . The covariance of Dµ ζ α depends crucially on (2.26) and
(2.27); after some calculation one finds
δG Dµ ζ α = g (θI tI )αβ Dµ ζ β − δG φA ΓAαβ Dµ ζ β .

(2.34)

The gauge fields WµI are accompanied by complex scalars X I , spinors ΩIi and auxiliary fields YijI , constituting off-shell N = 2 vector multiplets. For our notation
of vector multiplets, the reader may consult [15].
The minimal coupling to the gauge fields requires extra terms in the supersymmetry transformation rules for the hypermultiplet spinors as well as in the
Lagrangian, in order to regain N = 2 supersymmetry. The extra terms in the
transformation rules are
α ij
δQ′ ζ α = 2gX I kIA VAi
ε ǫj ,

δQ′ ζ ᾱ = 2g X̄ I kIA V̄Aᾱi εij ǫj .

(2.35)

These terms can be conveniently derived by imposing the commutator of two
supersymmetry transformations on the scalars, as this commutator should yield
the correct field-dependent gauge transformation.
We distinguish three additional couplings to the Lagrangian. The first one is
quadratic in the hypermultiplet spinors and reads
Bj
I Ai
α β
I γ
α β
L(1)
g = g X̄ γ̄α ǫij γ̄β DB kAI ζ̄ ζ + h.c. = 2g X̄ tI α Ω̄βγ ζ̄ ζ + h.c. .

(2.36)

The second one is proportional to the vector multiplet spinor ΩI and takes the
form
A α
β Ii
A i
α Ij
L(2)
g = −2gkI VAi Ω̄αβ ζ̄ Ω + h.c. = 2gkI γ̄Aα ǫij ζ̄ Ω + h.c. .

(2.37)

Finally there is a potential given by
Lscalar
= −2g 2 kIA kJB gAB X I X̄ J + g PIij YijI ,
g

(2.38)

where PIij is the triplet of moment maps on the hyper-Kähler space. These terms
were determined both from imposing the supersymmetry algebra and from the
invariance of the action. To prove (2.38), one has to make use of the equivariance
condition (2.30). Actually, gauge invariance, which is prerequisite to supersymmetry, already depends on (2.31).
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3

Rigidly superconformal hypermultiplets

In this section we determine the restrictions on the hyper-Kähler geometry that
follow from imposing invariance under rigid superconformal transformations. As
we already mentioned in section 1, the corresponding spaces, called special hyperKähler manifolds, have an intriguing geometrical structure. In section 5 we will
obtain the coupling of hypermultiplets to conformal supergravity. A crucial element in the construction of this coupling is that the full superconformal theory is
known in an off-shell form, so that the superconformal algebra remains unaffected
in the presence of matter fields. Our goal is more modest in this section where we
only consider rigid superconformal transformations. This aspect does not play
a role for the derivation of the superconformal transformations on the hypermultiplets and the results of this section describe the situation that would arise
when freezing all the fields of conformal supergravity to zero in a flat spacetime
metric. In that case the superconformal transformations acquire an explicit but
fixed dependence on the spacetime coordinates parametrized by a finite number
of spacetime-independent parameters (this is explained, for instance, in [20]).
In the first subsection we impose the superconformal algebra on the fields and
find the transformation rules as well as a number of important results for the
complex structures and the moment maps associated with possible isometries. In
the second subsection we derive the existence of a hyper-Kähler potential and
reformulate the theory in terms of local sections of an Sp(n) × Sp(1) bundle.
Then, in the third subsection, we present the Lagrangian and the transformation
rules in terms of these local sections.

3.1

Superconformal transformations

We start by implementing the N = 2 superconformal algebra [5] on the hypermultiplet fields. We assume that the scalars are invariant under special conformal and special supersymmetry transformations, but they transform under
Q-supersymmetry and under the additional bosonic symmetries of the superconformal algebra, namely chiral [SU(2)×U(1)]R and dilatations denoted by D. At
this point we do not assume that these transformations are symmetries of the
action and we simply parametrize them as follows,
A
δφA = θD kDA (φ) + θU(1) kU(1)
(φ) + (θSU(2) )i k εjk kijA (φ) ,

(3.1)

where the k A are left arbitrary. Note that kijA (φ) is assigned to the same symmetric pseudoreal representation of SU(2) as the complex structures, while θSU(2)
is antihermitean and traceless.
An important difference with the situation described in the previous section,
is that in the conformal superalgebra the dilatations and chiral transformations
do not appear in the commutator of two Q-supersymmetries, but in the commutator of a Q- and an S-supersymmetry. To evaluate the S-supersymmetry
10

variation of the fermions, we assume that δS φA = δK ζ α = 0 and covariantize the
derivative in the fermionic transformations with respect to dilatations. Subsequently we impose the commutator, [ δK (ΛK ), δQ (ǫ) ] = −δS (Λ
/K ǫ) on the spinors.
This expresses the S-supersymmetry variations in terms of kDA ,
δS (η) ζ α = ViαA kDA η i ,

δS (η) ζ ᾱ = V̄Ai ᾱ kDA ηi .

(3.2)

With this result we first evaluate the commutator of an S- and a Q-supersymmetry
transformation on the scalars. This yields
[ δS (η), δQ (ǫ) ] φA = (ǭi ηi + ǭi η i ) kDA + 2JikAB εkj (ǭi ηj − ǭj η i ) kDB .

(3.3)

This result can be confronted with the corresponding expression from the N = 2
superconformal algebra, which reads
[ δS (η), δQ (ǫ) ] = δM (2η̄ i σ ab ǫi + h.c.) + δD (η̄i ǫi + h.c.)
+δU(1) (iη̄i ǫi + h.c.) + δSU(2) (−2η̄ i ǫj − h.c. ; traceless) . (3.4)
A
Comparison thus shows that kU(1)
vanishes and that the SU(2) vectors satisfy

kijA = JijAB kDB .

(3.5)

Now we proceed to impose the same commutator on the fermions, where on the
right-hand side we find a Lorentz transformation, a U(1) transformation and a
dilatation, if and only if we assume the following condition on kDA ,
DA kDB = δAB .

(3.6)

The geometric significance of these results will be discussed in later subsections.
Here we note that (3.6) suffices to show that the kinetic term of the scalar fields
is invariant under dilatations, provided one includes a spacetime metric or, in flat
spacetime, includes corresponding scale transformations of the spacetime coordinates. Nevertheless, observe that kDA is not a Killing vector of the hyper-Kähler
space, although it still satisfies (2.21), but an example of a conformal homothetic
Killing vector. Another consequence is that the SU(2) vectors kijA , as expressed
by (3.5), are themselves Killing vectors, because their derivative is proportional
to the corresponding antisymmetric complex structure
ij
ij
DA k B
= −JAB
.

(3.7)

From this it follows that the Kähler two-forms are exact, provided that the Killing
vectors are globally defined. The product rule of the SU(2) Killing vectors can
now be worked out and one finds
k B ij ∂B k A kl − k B kl ∂B k A ij = 2 k A (i(k εl)j) ,
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(3.8)

which is indeed in accord with the SU(2) structure constants.
From the [δS , δQ ] commutator we also establish the fermionic transformation
rules under the chiral transformations and the dilatations,
δSU(2) ζ α + δSU(2) φA ΓAαβ ζ β = 0 ,
δU(1) ζ α + δU(1) φA ΓAαβ ζ β = − 12 i θU(1) ζ α ,
δD ζ α + δD φA ΓAαβ ζ β =

3
2

θD ζ α .

(3.9)

Note that the U(1) transformation further simplifies because δU(1) φA = 0.
To establish that the model as a whole is now invariant under the superconforα
mal transformations it remains to be shown that the tensor VAi
is invariant under
A
A
A
the diffeomorphisms generated by kij , kU(1) and kD up to compensating transformations that act on the Sp(n)×Sp(1) indices in accordance with the transformations of the ζ α given above and the symmetry assignments of the supersymmetry
A
parameters ǫi . To emphasize the systematics we ignore the fact that kU(1)
actually
vanishes and we write
β
j
B
α
B
α
B
α
− kkl
∂B VAi
− ∂A kkl
VBi
− kkl
ΓBαβ VAi
+ [−δ(k
εl)i ] VAj
= 0,

β
B
α
B
α
B
α
−kU(1)
∂B VAi
− ∂A kU(1)
VBi
+ [− 21 i δβα − kU(1)
ΓBαβ ]VAi
+ [ 21 i δij ] VAj
= 0,

β
α
α
α
+ [− 21 δij ] VAj
= 0 .(3.10)
−kDB ∂B VAi
− ∂A kDB VBi
+ [ 32 δβα − kDB ΓBαβ ] VAi

In these equations the first two terms on the left-hand side represent the effect of
the isometry or dilatation, the third term represents a uniform scale and chiral
U(1) transformation on the indices associated with the Sp(n) tangent space, and
the last terms represent an SU(2), a U(1) and a scale transformation, respectively,
on the indices associated with Sp(1). Eq. (3.10) should be regarded as a direct
extension of (2.22).
We close with a few comments. First of all, the SU(2) isometries induce a
rotation on the complex structures,
(i

j)m

ij
C
C ij
kkl
∂C JAB
− 2∂[A kkl
JB]C = −2JklC[A J ijC
B] = 2δ(k εl)m JAB ,

(3.11)

as should be expected. Under dilatations, the Kähler two-forms JAB scale with
weight two, whereas the complex structures J AB are invariant.
Secondly, one can verify that the isometries introduced in subsection 2.2 commute with scale transformations, provided that
kIA = kDB DB kIA .

(3.12)

gAB kIA kDB = 0 .

(3.13)

This leads to another identity,

In particular these results hold for the SU(2) Killing vectors and imply, in addition, that the latter commute with the tri-holomorphic isometries. To see this, one
12

writes kijB DB kIA as kDB DA ∂B PIij using (3.5), (2.29) and the fact that the complex
structures are covariantly constant. Interchanging the order of the derivatives and
extracting the complex structure then gives
A
kijB DB kIA = JijB
kIB ,

(3.14)

which implies that the tri-holomorphic Killing vectors commute with SU(2).
From the above equations one can derive the following result for the variation of
the moment maps under a dilatation,
ij
ij A
kDA ∂A PIij = JAB
kDA kIB = −kA
kI = 2PIij ,

(3.15)

i.e. they scale with conformal weight 2. Here we have adjusted an integration
constant in PIij in the last equation. Combining the above equation with previous
results, one establishes that the moment maps transform under SU(2) according
to
(i
j)m
A
kkl
∂A PIij = 2δ(k εl)m PI .
(3.16)
The latter expresses the fact that the moment maps form a triplet under SU(2).
It is then easy to check that the action is invariant under dilatations, U(1) and
SU(2).

3.2

Hyper-Kähler potential and Sp(n) × Sp(1) sections

The existence of the homothetic Killing vector satisfying (3.6) has important
consequences for the geometry. First of all (3.6) implies that kDA can (locally) be
expressed in terms of a potential χ, according to kD A = ∂A χ. Up to a suitable
additive integration constant, one can then show that [12]
χ(φ) = 21 gAB kDA kDB .

(3.17)

Observe that χ is positive for a space of positive signature. A second (covariant)
derivative acting on χ yields the metric, and therefore a third derivative vanishes,
DA DB χ = gAB ,

DA D B D C χ = 0 .

(3.18)

The first condition expresses the fact that the metric is the second (covariant) derivative of some function, somewhat analogous to the Kähler potential
in Kähler metrics, but now written in real coordinates. A Kähler potential is
guaranteed to exist for any hyper-Kähler space, but the potential χ does not
always exist. In the literature χ is sometimes called the hyper-Kähler potential
(see, e.g. [9, 8]). This means that χ serves as a Kähler potential for each of the
three complex structures, as follows from the following equation,
1
(δ C
2 A

Λ
+ J ΛA C ) (δBD − J ΛB D ) DC DD χ = JAB
,
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(3.19)

where J Λ = (σ2 σ Λ )ij J ij and Λ = 1, 2, 3 is kept fixed.
The hyper-Kähler potential χ is invariant under isometries, as follows directly
from (3.13). In particular it is invariant under the SU(2) isometry; explicitly,
δχ = (θSU(2) )i k εjk kijB ∂B χ = (θSU(2) )i k εjk Jij AB kDB kDA = 0 ,

(3.20)

where we made use of (3.5). However, it is not invariant under dilatations,
δχ = kDB ∂B χ = 2χ .

(3.21)

Another interesting consequence of the homothety is that it enables a reformulation in terms of local sections of an Sp(n) × Sp(1) bundle. The existence
of such a so-called associated quaternionic bundle is known from general arguments [9]. These sections are defined from the S-supersymmetry variation of the
hypermultiplet spinors (c.f. (3.2)),
Ai α (φ) ≡ kDB (φ) VBαi (φ) .

(3.22)

They satisfy a quaternionic pseudo-reality condition
Ai ᾱ ≡ (Ai α )∗ = εij Ω̄ᾱβ̄ Gβ̄γ Aj γ ,

(3.23)

as follows from (2.12). Using (3.6) one proves that the covariant derivative of Ai α
reproduces the quaternionic vielbeine,
DB Ai α = VBαi ,

εij Ωᾱβ̄ DB Aj β̄ = gBC γiCᾱ .

(3.24)

One easily verifies that the hyper-Kähler potential χ can be written as
χ=

1
2

gAB kDA kDB = 21 Gβ̄α Ai α Aiβ̄ = 12 εij Ω̄αβ Ai α Aj β ,

(3.25)

or
Ω̄αβ Ai α Aj β = εij χ .

(3.26)

We also note the following identity,
(i

J ijB C DC Ak α = −δk εj)l DB Al α .

(3.27)

RAB αβ Ai β = RAB αβ Ω̄αγ Ai γ = 0 ,

(3.28)

Furthermore we have

which is a consequence of DA DB Ai α = 0 and the symplectic nature of the curvature RAB α β . This implies that the generic holonomy group is now reduced from
Sp(n) to Sp(n − 1). Also, using (3.5), (3.26) and (3.27), one finds
kDB DB Ai α = Ai α ,

(i

k ij B DB Ak α = δk εj)l Al α ,
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(3.29)

so that
Ω̄αβ Ai α DB Aj β = 12 εij kD B + kij B .

(3.30)

Applying a second derivative DA to the above relation gives
Ω̄αβ DA Ai α DB Aj β = 21 εij gAB − Jij AB .

(3.31)

Note that the quantities in (3.31) have weight 2 under the homothety. For future
use we also recall some earlier results, but now expressed in terms of the local
sections,
g AB DA Ai α DB Aj β = εij Ωαβ ,
g AB DA Ai α DB Aj β̄ = δij Gαβ̄ ,
RABγα Ω̄γβ DC Ai α DD Aj β εij = RABCD .

3.3

(3.32)

The hypermultiplet action and transformation rules

In this subsection, we write the hypermultiplet action and transformation rules
in terms of the sections Ai α (φ) introduced in (3.22). The complete Lagrangian,
including the terms associated with gauged isometries, can be written as
/ ζ β + ζ̄ β D
/ ζ ᾱ) − 41 Wᾱβγ̄δ ζ̄ ᾱγµ ζ β ζ̄ γ̄ γ µ ζ δ
L = − 21 Gᾱβ Dµ Ai β D µ Ai ᾱ − Gᾱβ (ζ̄ ᾱ D
h

+ 2g X̄ γ α Ω̄βγ ζ̄ α ζ β + 2g ζ̄ α Ω̄αβ Ωiβ γ Ai γ + h.c.

i

+2g 2 Gᾱβ Aiᾱ X̄ β γ X γ δ Ai δ + 21 g Ai α Ω̄αβ Y ijβ γ Aj γ ,

(3.33)

where the covariant derivatives are defined by
Dµ Ai α = ∂µ Ai α + ∂µ φA ΓAαβ Ai β − g Wµαβ Ai β ,
Dµ ζ α = ∂µ ζ α + ∂µ φA ΓAαβ ζ β − g Wµαβ ζ β ,

(3.34)

and we have used Lie-algebra valued vector multiplet fields associated with gauged
isometries, Wµαβ , X α β , Y ijαβ and Ωiα β (for the precise definition, see below), In
addition to the equation in the previous subsection we made use of the identities,
α
kIA VAi
= kIA DA Ai α = tI αβ Ai β ,
PI ij = − 12 kA ij kIA = − 12 Ω̄αβ Ai α (tI )β γ Aj γ .

(3.35)

The first relation follows from (2.23) and (3.12), and for the second equation we
made use of the last equality in (3.15).
The action may be compared to the one in [6] (more precisely, to the part that
pertains to the rigidly supersymmetric Lagrangian). However, in that reference,
the Ai α are identical to the coordinate fields, whereas in the present more general
case they are local sections as explained in subsect. 3.2. Because the targetspace manifold is not flat, we encounter a nontrivial metric in (3.33) as well as
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nontrivial Sp(n) connections in the covariant derivatives (3.34). Furthermore, the
generators tI (φ) associated with the isometries are not constant, but depend on
the scalar fields as we indicated before. This means that the Lie-algebra valued
vector multiplet fields associated with the gauged isometries depend also on the
hypermultiplet scalars. Their definitions are
Wµαβ = WµI [tI (φ)]α β ,
X α β = X I [tI (φ)]α β ,
Y ijαβ = Y Iij [tI (φ)]α β ,
Ωiα β = ΩI i [tI (φ)]α β ,

X̄ α β = X̄ I [tI (φ)]α β ,
Ωi α β = ΩIi [tI (φ)]α β .

(3.36)

Nevertheless, the correspondence with the formulation in [6] will be helpful later
on when evaluating the coupling to conformal supergravity.
In order to obtain the transformation rules of the Sp(n)×Sp(1) sections under
dilations, SU(2) and isometry transformations, we use the general relation
δAi α = δφB ∂B Ai α = δφB VBαi − δφB ΓBαβ Ai β .

(3.37)

Using (2.9), (2.23) and (3.12), we then find for a combined dilatation, chiral
transformation and target-space isometry, that
δAi α = θD Ai α + (θSU(2) )i j Aj α + gθI tI αβ Ai β − δφA ΓA αβ Ai β .

(3.38)

This result should be combined with that for the fermions, derived in the previous
section,
(3.39)
δζ α = 23 θD ζ a − 21 iθU(1) ζ α + gθI tI αβ ζ β − δφA ΓA αβ ζ β .
Similarly we determine the transformations under Q- and S-supersymmetry,
δAi α = 2 ǭi ζ α + 2 εij Gαβ̄ Ωβ̄γ̄ ǭj ζ γ̄ − δQ φB ΓB αβ Ai β ,

δζ α = D
/ Ai α ǫi − δQ φB ΓBαβ ζ β + 2g X αβ Ai β εij ǫj + Ai α η i ,

δζ ᾱ = D
/ Ai ᾱ ǫi − δQ φB ΓBᾱβ̄ ζ β̄ + 2g X̄ ᾱβ̄ Ai β̄ εij ǫj + Ai ᾱ ηi .

(3.40)

Again, we stress that, apart from the Sp(n) connection (and a slight change
in notation), these transformation rules are identical to the ones specified for a
flat target space [6], where the local sections can be identified directly with the
target-space coordinates.
Finally, we recall that it is straightforward to write down actions for the vector
multiplets that are invariant under rigid N = 2 superconformal transformations.
Those are based on a holomorphic function that is homogeneous of degree two
[21].
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4

Cone structure and quaternionic geometry

In this section we discuss the properties of the special hyper-Kähler space. We
will show how this space can be described as a cone over a tri-Sasakian manifold. The latter spaces (which are of dimension 4n − 1) are characterized by
the existence of three (1, 1) tensors and three Killing vectors that are subject to
certain conditions. A manifold is tri-Sasakian if and only if its cone is hyperKähler. Tri-Sasakian spaces are Einstein and take the form of an Sp(1) fibration
over a quaternionic space. This quaternionic space is the one that appears in
the coupling of hypermultiplets to supergravity (for more details, see [10], where
the relation between special hyper-Kähler, tri-Sasakian and quaternionic spaces
is reviewed from a more mathematical viewpoint).
We start by noting that the Riemann tensor vanishes upon contraction with
any one of the four vectors (kDA , kijA ), i.e.
RABCE kDE = 0 ,

RABCE kijE = 0 .

(4.1)

The first equation (4.1) is derived by antisymmetrizing the second equation (3.18)
in the indices [AB]. The second equation (4.1) follows from inserting (3.7) into
(2.21). Incidentally, (4.1) implies that the Ricci tensor has at least four null
vectors. However, in the case at hand this poses no extra restrictions as hyperKähler spaces are Ricci-flat. The above results can also derived from the fact
that the Sp(n) holonomy group is reduced to Sp(n − 1), c.f. (3.28). This follows
from applying (3.30).
We recall that these four vectors are orthogonal (cf. (3.5), (3.17)),
kDA kD A = 2 χ ,

kl
l
kijA kA
= δ(ik δj)
χ,

ij
kDA kA
= 0.

(4.2)

This implies that the hyper-Kähler manifold is locally a product R4 × Q4n−4 ,
where R4 denotes a flat four-dimensional space. By decomposing R4 as R+ × S 3 ,
we can write the hyper-Kähler manifold as a cone over a so-called tri-Sasakian
manifold; the latter is then a fibration of Sp(1) over Q4n−4 . Hence the manifold
can be written as2 R+ × [Sp(1) × Q4n−4 ]. Spaces with a homothety can always
be described as a cone. This becomes manifest when decomposing the coordinates φA into coordinates tangential and orthogonal to the (4n − 1)-dimensional
hypersurface defined by setting χ to a constant. The line element can then be
written in the form [12],
ds2 =

dχ2
+ 2χ hab (x) dxa dxb ,
2χ

2

(4.3)

Strictly speaking it is Sp(1)/Z2 where Sp(1) is the group that acts on the quaternionic
vielbeine and on the sections introduced in the previous chapter.
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where the xa are the coordinates associated with the hypersurface3 . In the present
case this hypersurface must be a tri-Sasakian space and the hyper-Kähler space
is therefore a cone over the tri-Sasakian space.
The purpose of the remainder of this section is to establish that Q4n−4 is
a quaternionic manifold. In the next section we show how Q4n−4 arises in the
coupling of hypermultiplets to supergravity. The tangent space of the hyperKähler space can be decomposed into the four directions along (kDA , kijA ), and a
(4n − 4)-dimensional space Q4n−4 that is locally orthogonal to that. Tensors that
vanish upon contraction with (kDA , kijA ) will be called horizontal.
Let us introduce a vector field VA ij which will serve as a connection for Sp(1)
in a way that will become clear shortly,
VA ij =

kij A
= Jij A B ∂B ln χ .
χ

(4.4)

This vector field is invariant under target-space dilatations and gauge isometries,
i.e.
δD VA ij = kDB ∂B VA ij + ∂A kDB VB ij = 0 ,
δG VA ij = kIB ∂B VA ij + ∂A kIB VB ij = 0 ,

(4.5)

and rotates under target-space SU(2), as follows from
l)j)

δVAij = k Bkl ∂B VAij + ∂A k Bkl VBij = 2ε(i(k VA

.

(4.6)

With VA ij we associate an Sp(1) curvature tensor,


RAB ij ≡ ∂A VB ij − ∂B VA ij − εkl VA ik VB jl + VA jk VB il



i

h

= χ−1 ∆αβ DA Ai α DB Aj β + DA Aj α DB Ai β ,

(4.7)

where we have used the definition
∆αβ = Ω̄αβ −

1 kl
ε (Ω̄αγ Ak γ ) (Ω̄βδ Al δ ) .
χ

(4.8)

Observe that ∆αβ is a projection operator, i.e., it satisfies ∆αβ Ωβγ ∆γδ = −∆αδ ,
and it projects onto the (2n − 2)-dimensional subspace orthogonal to the Ai α ,
∆αβ Ai β = 0 .
3

In terms of a radial variable r2 = 2χ, this yields the usual form of a cone metric
ds2 = dr2 + r2 hab (x) dxa dxb .
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(4.9)

Note that we have kDB DB ∆αβ = kijB DB ∆αβ = 0, so that ∆αβ is invariant under
dilatations and SU(2) transformations. One can also show that ∆αβ DB Ai β is
horizontal, i.e.,
kDB ∆αβ DB Ai β = kijB ∆αβ DB Ai β = 0 .
(4.10)
The identity (4.7) can be generalized to
χ−1 ∆αβ DA Ai α DB Aj β = 21 εij GAB + 21 RAB ij ,

(4.11)

GAB = χ−1 εij ∆αβ DA Ai α DB Aj β .

(4.12)

where
Observe that both GAB and RABij are of zero weight under the homothety and
are horizontal, i.e., they vanish upon contraction with any of the four vectors
(kDA , kijA ), and are thus orthogonal to the corresponding (local) four-dimensional
subspace.
The tensor GAB will provide a metric for Q4n−4 . The relation between GAB
and the hyper-Kähler metric gAB is given by
1
1
ij
kD A kD B + kA ij kB
+ χ GAB
2χ
χ
h
i
1
=
kD A kD B + χ VA ij VBij + GAB ,
2χ

gAB =

(4.13)

where we have used (3.30) and (3.31). Observe that this relation reflects both
the cone structure of the hyper-Kähler space and the Sp(1) fibration of the triSasakian space. It is not possible to give an explicit expression for the inverse
metric, at least not in general, but this is not really needed in view of the horizontality of GAB . When acting on horizontal tensors, χ g AB acts as the inverse
metric in view of the identity
GAC g CD GDB = χ−1 GAB .

(4.14)

We already showed that ∆αβ DB Ai β was horizontal, and conversely, the horizontal
projection GAB g BC DC Ai α is in the (2n − 2)-dimensional eigenspace projected
onto by ∆αβ . Therefore ∆αβ DB Ai β is a candidate for the quaternionic vielbein
associated with Q4n−4 and ∆αβ projects onto the tangent space of Q4n−4 . More
precisely, we introduce the following related sets of 4n − 4 vectors,
1
1
γ
α
V̂Ai
≡ − √ Ωαβ ∆βγ VAi
= − √ Ωαβ ∆βγ DA Ai γ ,
χ
χ
1
¯ ᾱβ̄ V̂¯ Aj β̄ ,
γ̂Aiᾱ ≡ √ GAB γiBᾱ = εij ∆
χ

(4.15)

which satisfy algebraic relations that are completely analogous to those satisfied
by the quaternionic vielbeine of the hyper-Kähler space. In particular we note
that V̂A and γ̂A are each other’s inverse in the reduced (4n−4)-dimensional space,
β
i
= δ ij ∆αγ Ωβγ ,
V̂Bj
χ g AB γ̂¯Aα
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β
α
= GAB ,
εij ∆αβ V̂Ai
V̂Bj

(4.16)

where ∆αγ Ωβγ is the identity matrix projected onto the (2n − 2)-dimensional
subspace. The significance of these results will become clear in due course.
Subsequently we note that there exists an identity similar to (4.13) which
relates the complex structures to the field strength RABij ,
Jij AB = −

i
1h
kD [A kijB] + εkl kki[A kljB] − 21 χ RABij .
χ

(4.17)

This motivates us to introduce the following tensors,
ij
JAB
= JAij C GCB .

(4.18)

A straightforward calculation using (4.17) shows that they satisfy
JABij = − 12 RABij ,

(4.19)

so that the JABij are antisymmetric, horizontal and scale invariant. Furthermore
these tensors satisfy the product rule
l)j)

ij
kl
χ JAC
g CD JDB
= 12 εi(k εl)j GAB + ε(i(k JAB ,

(4.20)

which is similar to (2.8). The tensors JABij are candidate almost-complex structures in the horizontal subspace Q4n−4 . Under SU(2) target-space transformations they rotate into each other according to
C
C
C
kkl
∂C JABij + ∂A kkl
JCBij + ∂B kkl
JACij = 2 ε(i(k JAB l)j) .

(4.21)

Given a horizontal tensor HAB··· that is invariant under the homothety and
the SU(2) target-space transformations, then the covariant derivative of such a
tensor is no longer horizontal. This can be cured by making use of a modified
covariant derivative D̂A , defined so that the following properties hold,
kDA D̂C HAB··· = kDC D̂C HAB··· = 0 ,
kijA D̂C HAB··· = kijC D̂C HAB··· = 0 .

(4.22)

The modified derviative is obtained by using a modified target-space connection,
C
Γ̂AB C = ΓAB C − δ(A
∂B) ln χ + 2V(A ij J ijB)C .

(4.23)

Because the modification is symmetric in (A, B), the connection remains torsion
free. Observe that D̂A (χg BC ), D̂A kDB and D̂A kijB should be zero when contracted
with a horizontal tensor. This is obviously the case as can be seen from the
formulae,
(B

ij(B

D̂A (χg BC ) = −δA kDC) + 2J A


C)

kij ,


D̂A kDB = χ−1 − 12 kD A kDB + kij A k ij B ,




kl
B
D̂A kijB = χ−1 − 12 kD A kijB + 21 kij A kDB − kA
εk(i kj)l
.
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(4.24)

The above construction can be generalized to tensors H that carry also SU(2) indices, indicating that they transform covariantly under target-space SU(2) transA
i
formations, e.g. as in kkl
∂A H i = δ(k
εl)j H j in the simplest case. Then one can
show that the derivatives of these tensors are still horizontal, provided one covariantizes D̂A and includes an SU(2) connection VA ij . The crucial identity for
l
showing this is kijA VAkl = δ(ik δj)
.
With respect to the new connection, GAB is covariantly constant,
D̂C GAB = 0 ,

(4.25)

so that the new connection must be just the Christoffel connection associated
with GAB . Likewise the tensors JABij are covariantly constant modulo a rotation
that involves the Sp(1) connection,
D̂C JABij = 2 VCk(i JABj)l εkl .

(4.26)

Note that the terms on the right-hand side covariantize the derivative on the lefthand side with respect to SU(2). Hence the tensors JABij define three almostcomplex structures in the space Q4n−4 which are covariantly constant up to an
Sp(1) rotation proportional to the Sp(1) connections. This implies that Q4n−4 is
a quaternionic space (see e.g. [22]).
To verify this result, let us compute the Riemann tensor associated with the
new connection (4.23).
ijD
D
R̂ABCD = RABCD − GC[A δB]
+ RABij J ijD
C − RC[Aij J B] .

(4.27)

Observe that the right-hand side is not horizontal, but by construction (via the
Ricci identity) is horizontal when acting on a horizontal tensor with lower index
D. Hence, when lowering the index by contraction with the metric GDE one must
obtain a horizontal tensor. This is confirmed by explicit construction,
R̂ABCD ≡ R̂ABCE GED
ij
ij
= χ−1 RABCD + GD[A GB]C + RABij JCD
− RC[Aij JB]D
. (4.28)
By virtue of (4.19) R̂ABCD has all the symmetry properties of a Riemann tensor.
Observe that the explicit factor of χ−1 arises because the original curvature of
the hyper-Kähler manifold is defined by lowering the upper index by means of
the metric gDE . Furthermore it satisfies the Bianchi identity D̂[A R̂BC]DE = 0.
Let us now calculate the Ricci tensor, which is symmetric by virtue of (4.25),
R̂AB = χ R̂ACBD g CD = −2(n + 1) GAB .

(4.29)

Oberve that we used that the original hyper-Kähler manifold was Ricci flat and
that GAB g AB χ = 4(n − 1). We may also verify the expressions for the Sp(1)
holonomy
ij
ij
,
(4.30)
= −4(n − 1) JAB
R̂ABCD g CE g DF χ2 JEF
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where we used that the original hyper-Kähler manifold has zero Sp(1) holonomy. These are the expected results [23] for a (4n − 4)-dimensional quaternionic
manifold with Sp(1) curvature given by (4.19).
This completes the discussion of target-space properties. We now return to
aspects related to the Sp(n) bundle over the special hyper-Kähler space. First of
all we consider a modification of the connection ΓAαβ such that the the modified
derivative of a tensor that is orthogonal to Ai α remains orthogonal. This requires
that this derivative acting on Ai α must be proportional to Ai α itself. When
combining this with a few other obvious requirements4 , we arrive at the following
connection,
Γ̂Aαβ = ΓAαβ −

i
2 h ij (α
ε Ai DA Aj γ) + Ai α Aj γ VAij Ω̄γβ .
χ

(4.31)

With this modification, the tensors Ω̄αβ and Gᾱβ remain covariantly constant.
The presence of the term proportional to VAij is required to preserve covariance
with respect to target-space SU(2) transformations. This term also ensures that
the modification is horizontal. With the modified connection we establish the
required result,
(4.32)
D̂A Ai α = 12 ∂A ln χ Ai α + VAik Al α εkl ,
where the last term can be interpreted as an SU(2) covariantization of the derivative on the left-hand side. The result (4.32) suffices to show that the modified
derivative of a tensor that is orthogonal to Ai α , will remain orthogonal. It is
now obvious that the projection operator ∆αβ is covariantly constant under the
modified derivative
D̂A ∆αβ = 0 .
(4.33)
Including the modified connections Γ̂AB C and Γ̂Aαβ as well as the SU(2) conα
α
nection VAij , one can explicitly verify that D̂A VBi
is equal to 12 ∂A ln χ VBi
, up to
α
terms that are proportional to Ak . This implies that the quaternionic vielbeine
introduced in (4.15) are covariantly constant with respect to the new connections,
so that we have
√
α
D̂A (Ai α / χ) = D̂A V̂Bi
= D̂A γ̂Biᾱ = 0 .
(4.34)
This result leads to two integrability relations
R̂ABαβ Ai β − RABik Aj α εkj = 0 ,
R̂ABCD γ̂¯ Di + R̂ABβα γ̂¯ i + Rik γ̂¯ l
α

Cβ

4

AB

Cα

εkl = 0 .

(4.35)

In determining the precise modifications of the various connections, we were also guided to
some extent by supersymmetry. However, this aspect is postponed to sect. 5, where we outline
the significance of the results of this section in the context of the coupling of hypermultiplets
to supergravity.
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Here R̂ABαβ is the curvature associated with the new connection (4.31). We can
explicitly evaluate this tensor,
R̂ABαβ = RABαβ +

1 ij
2 αγ
Ω ∆γδ εij DA Ai (δ DB Aj ǫ) ∆ǫβ − RAB
Ai α Aj γ Ω̄γβ , (4.36)
χ
χ

which indeed satisfies the first integrability relation. Note that all expressions
appearing in (4.36) are horizontal.
Now we recall that for a special hyper-Kähler manifold the tensor Wαβγδ
defined in (2.16) satisfies the constraint
Wαβγδ Ai δ = 0 .

(4.37)

With this in mind we write the new curvature tensors as follows,
R̂ABCD =

1
2

γ
β
δ
α
V̂Ck
V̂Dl
Ŵαβγδ
εij εkl V̂Ai
V̂Bj

ij
ij
+GD[A GB]C − 2JAB
JCDij + 2JC[A
JB]Dij ,

γ
δ
Ω̄αǫ R̂ABǫβ = −εij V̂Ai
V̂Bj

h

1
2
γ

Ŵαβγδ + 2∆α(γ ∆δ)β

i

ij
Ai Aj δ Ω̄γα Ω̄δβ ,
+χ−1 RAB

(4.38)

where
Ŵαβγδ ≡ χ Wαβγδ .

(4.39)

k̂IA = GAB kIB .

(4.40)

One can now verify that these curvatures satifsy also the second integrability
condition (4.35). We will return to this and related issues in the next section.
We close this section with a brief discussion of the isometries. For every triholomorphic Killing vector of the special hyper-Kähler manifold we construct a
corresponding vector in the horizontal manifold Q4n−4 by the projection

By explicit calculation one can then show that D̂A k̂IB + D̂B k̂IA = 0, so that we
have a corresponding Killing vector in the horizontal space and thus an isometry.
Observe that the SU(2) isometries of the special hyper-Kähler manifold do not
generalize in this way, because the corresponding k̂IA would simply vanish. This
is not so surprising, as the SU(2) acts on the corresponding tri-Sasakian space
through its Sp(1) fibre.
To study whether these isometries are tri-holomorphic in the horizontal subspace, we first raise the index according to
k̂IA = χ g AB GBC kIC = kIA + 2 P̂Iij kijA .

(4.41)

where P̂Iij = χ−1 PIij . The transformation of the almost complex structures in
the horizontal subspace is then governed by the expression,
k̂IC ∂C JABij − 2∂[A k̂IC JB]Cij = kIC ∂C JABij − 2∂[A kIC JB]Cij

C
C
+2P̂Ikl (kkl
∂C JABij − 2∂[A kkl
JB]Cij ) , (4.42)
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The first line on the right-hand side is zero, as follows from (4.17) and the fact
that the isometries are tri-holomorphic and commute with dilatations and SU(2)
in the special hyper-Kähler space. The second line is equal to 4JABk(i εj)l P̂Ikl
by virtue of (4.21). We can now elevate the derivatives on the left-hand side to
SU(2) covariant dervatives. In this way we find
D̂A (JBCij k̂IC ) − D̂B (JACij k̂IC ) = −2RABk(i εj)l P̂Ikl ,

(4.43)

where we used the horizontallity of k̂IC and the Bianchi identity for (or the covariant constancy of) RABij ∝ JABij . The solution is given by
JABij k̂IB = D̂A P̂Iij ,

(4.44)

which can also be verified by explicit calculation. By substituting previous results
one verifies directly the modified equivariance condition,
JABij k̂IA k̂JB = −fIJ K P̂Kij + 4 εkl P̂Ik(i P̂Jj)l .

(4.45)

The above results are in complete agreement with the moment map construction
for quaternionic manifolds [24, 18]. The fact that the isometries generated by k̂IA
act consistently on horizontal tensors is ensured by the following identities which
follow from explicit calculation,
kDB D̂B k̂IA = kijB D̂B k̂IA = 0 .

(4.46)

Finally the algebra of the isometries is governed by
A
k̂IB ∂B k̂JA − k̂JB ∂B k̂IA = −fIJ K k̂K
+ 2 JBCij k̂IB k̂JC k Aij .

(4.47)

Hence the algebra of isometries is satisfied up to SU(2).

5

Locally superconformal hypermultiplets

In this last section we consider the coupling of the hypermultiplets to superconformal gravity. To that order we introduce the Weyl multiplet, which contains
the gauge fields associated with the superconformal symmetries as well as some
extra matter fields [5]. The bosonic gauge fields are the vielbeine eaµ , the spinconnection ωµab , the dilatational gauge field bµ , the gauge field associated with
special conformal boosts fµa and the gauge fields associated with SU(2)×U(1),
denoted by Vµi j (antihermitean) and Aµ . The fermionic gauge fields are the gravitino fields ψµi and the fields φiµ associated with S-supersymmetry. Finally, the
matter fields are Tab ij (antisymmetric and selfdual in Lorentz indices and antisymmetric in SU(2) indices), a spinor χi and a real scalar D. The fields ωµab , fµa
and φiµ are not independent and can be expressed in terms of the other fields.
We refer to [5, 6] for more details on the notation and conventions.
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The transformation rules have been given in previous sections, but will change
in the context of local supersymmetry. The most obvious change concerns the
replacement of the derivatives by derivatives that are covariant with respect to
the additional gauge symmetries. The derivatives covariant with respect to the
bosonic gauge symmetries for the scalar fields, the sections and the fermion fields,
read
Dµ φA = ∂µ φA − bµ kDA + 21 Vµi k εjk kijA − g WµI kIA ,

Dµ Ai α = ∂µ Ai α − bµ Ai α + 21 Vµi j Aj α − g Wµαβ Ai β + ∂µ φA ΓAαβ Ai β ,
Dµ ζ

α

α

= ∂µ ζ −

1 ab
ω
4 µ

α

α

α

γab ζ − 32 bµ ζ + 21 iAµ ζ − g

Wµαβ

β

ζ + ∂µ φ

A

(5.1)
ΓAαβ

ζβ ,

where we have also included the terms related to possible gauged isometries.
All covariantizations follow straightforwardly from the formulae presented in section 3.3 and from the gauge field conventions given in [5, 6]. Observe that the
derivative in ∂µ φA multiplying the connection ΓAαβ does not require an additional
covariantization.
The transformation rules under Q- and S-supersymmetry are now as follows,
δφA = 2(γiAᾱ ǭi ζ ᾱ + γ̄αAi ǭi ζ α ) ,
δAi α = 2 ǭi ζ α + 2 εij Gαβ̄ Ωβ̄γ̄ ǭj ζ γ̄ − δQ φB ΓBαβ Ai β ,

δζ α = D
/ Ai α ǫi − δQ φB ΓBαβ ζ β + 2g X αβ Ai β εij ǫj + Ai α η i ,

δζ ᾱ = D
/ Ai ᾱ ǫi − δQ φB ΓBᾱβ̄ ζ β̄ + 2g X̄ ᾱβ̄ Ai β̄ εij ǫj + Ai ᾱ ηi ,

(5.2)

where we have made use of the supercovariant derivatives (we also give the supercovariant derivative of ζ α which is not needed above),
Dµ φA = Dµ φA − γiAᾱ ψ̄µ i ζ ᾱ − γ̄αAi ψ̄µ i ζ α ,

Dµ Ai α = Dµ Ai α − ψ̄µi ζ α − εij Gαβ̄ Ωβ̄γ̄ ψ̄µj ζ γ̄
/ Ai α ψµi − 12 Ai α φiµ .
Dµ ζ α = Dµ ζ α − 21 D

(5.3)

We have verified that no further modifications of the fermionic transformation
rules beyond those given above are possible, assuming that the bosonic transformation rules remain the same. One of the underlying reasons for the absence of
additional terms may be that the above rules are already consistent with rigid supersymmetry and with the case of a flat hyper-Kähler manifold which was taken
as a starting point in [6]. All additional modifications would thus have to vanish
in the corresponding limits, while at the same time one must preserve covariance under target-space diffeomorphisms and fermionic frame reparametrizations.
Therefore the possible modifications should be proportional to the target-space
curvature times the superconformal fields and, as it turns out, it is difficult if
not impossible to see how such terms could emerge. Given the fact that the
transformation rules take the same form, we expect the same situation for the
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Lagrangian, where, again, it is difficult to construct suitable modifications that
would vanish in the appropriate limits.
Motivated by these considerations, we write down the Lagrangian by converting and covariantizing the relevant equation (3.28) in [6]. Here we suppress the
hypermultiplet auxiliary fields, as we no longer insist on off-shell supersymmetry
for the hypermultiplets. The result reads as follows, where the derivatives are all
fully covariantized,
e−1 L =

1 ij
ε
2

Ω̄αβ Ai α (D a Da + 23 D)Aj β
h

+Ω̄αβ 2 g 2 εij Ai α X̄ β γ X γ δ Aj δ + 12 g Ai α Y ijβ γ Aj γ

i

h

− (ζ̄ α − 12 ψ̄µi γ µ Ai α )

/ ζ β̄ + Ω̄αβ ( 23 εjk χj Ak β − 41 εjk Tabjk γ ab ζ β )
×(Gβ̄α D
β

h

−g Ω̄αβ (Ωi

γ

Ai γ + 2 X̄ β γ ζ γ ) + h.c.

i

i

+ 12 g Ω̄αβ Ai α Ω̄iβ γ ζ γ + h.c. .

(5.4)

After substituting the expressions for the dependent gauge fields φiµ and fµa in
terms of the other fields and dropping a total derivative, we write the Lagrangian
as follows,
e−1 L = − 12 Gᾱβ Dµ Ai β D µ Aiᾱ +


−Gᾱβ ζ̄ ᾱ D
/ ζβ +
h



1
R Gᾱβ Ai β Aiᾱ + 14 D Gᾱβ Ai β Aiᾱ
12

ζ̄ β D
/ ζ ᾱ − 41 Wᾱβγ̄δ ζ̄ ᾱ γµ ζ β ζ̄ γ̄ γ µ ζ δ

1
+ Gᾱβ − 12
Ai β Aiᾱ e−1 εµνρσ ψ̄µj γν Dρ ψσj + 81 Ai β Aiᾱ ψ̄jµ γ µ χj
1
− 48
Ak β Akᾱ ψ̄µi ψνj Tijµν − Aiᾱ ζ̄ β χi +

1 ᾱγ̄
Ω̄ Gγ̄λ ζ̄ β γ ab Tabij εij ζ λ
16
1
Aiᾱ ζ̄ β γ ab Tabij γ µ ψµj
+ζ̄ β γ µ D
/ Aiᾱ ψµi − 32 Aiᾱ ζ̄ β γ µν Dµ ψνi + 24
− 14 e−1 εµνρσ ψ̄µi γν ψρj Ai β Dσ Aj ᾱ

i

− 21 ζ̄ β γ µ γ ν ψµi (ψ̄νi ζ ᾱ + εij Ω̄ᾱρ̄ Gρ̄λ ψ̄νj ζ λ ) + h.c.

.

(5.5)

Here we did not include the terms related to gauged isometries. To incorporate
those one includes the relevant terms into the covariant derivatives and adds the
following g-dependent terms to the Lagrangian,
e−1 Lg = 2g 2 Gᾱβ Aiᾱ X̄ β γ X γ δ Aδi + 21 g Ai α Ω̄αβ Y ij βγ Aj γ
h

+g 2 X̄ γ α ζ̄ α ζ β Ω̄βγ + 2 Ω̄αβ ζ̄ α Ωiβ δ Ai δ

−2 ψ̄µi γ µ ζ β X̄ α β Ω̄αγ Ai γ − 21 ψ̄µi γ µ Ωkα β Ω̄αγ Ai γ Ak β
i

− 21 ψ̄µi γ µν ψνk Ak β Ω̄αγ Ai γ X̄ α β + h.c. .

(5.6)

As mentioned above, these results are in agreement with the action presented
in subsection 2.2 as well as with the results of [6] in the appropriate limits.
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In addition we performed a number of independent checks on (5.5) and (5.6).
For instance, because the superalgebra closes only modulo the field equations
for the fermion fields ζ α and ζ ᾱ , we have calculated these field equations from
the supersymmetry transformation rules (5.2). As it turns out the result is in
agreement with the field equations derived from the action.
The above action is invariant under all superconformal symmetries. In particular the scalar fields are subject to dilatations and to SU(2) transformations.
Ignoring the contributions from the vector multiplets, which are essential for obtaining the complete and consistent action for Poincaré supergravity coupled to
vector multiplets and hypermultiplets, but which do not affect the target-space
geometry of the hypermultiplets, we express the bosonic terms in scale-invariant
quantities, by introducing a normalized section
Âi α = χ−1/2 Ai α ,

(5.7)

which satisfies Ωαβ Âi α Âj β = εij . Similarly we redefine the various other fields,
such as the vierbeine, spin connection, etcetera, by a χ-dependent scale transformation. The result for the bosonic terms then takes the form
h

i

L = − 21 e Ω̄αβ εij Dµ Âi α D µ Âj β − 31 R − D ,

(5.8)

where R is the Ricci scalar of the spacetime. Suppressing possible gauged isometries for convenience, this results in
L = − 12 e Ω̄αβ εij (∂µ φA DA Âi α + 21 Vµi k Âk α ) (∂ µ φB DB Âj β + 12 Vjµ l Âl β )
(5.9)
+ 61 e R + 21 e D .
The field equations for the SU(2) gauge fields Vµi j yield,
Vµi j = −2 ∂µ φA VA ik εkj .

(5.10)

This result can be substituted back into the Lagrangian, which then reads
L = − 21 e GAB ∂µ φA ∂ µ φB + 61 e R + 12 e D ,

(5.11)

so that the target-space metric GAB corresponds indeed to the quaternionic space
which we constructed in the previous section. The terms with the Ricci scalar
and the auxiliary field D combine with similar terms from the Lagrangian of the
vector multiplets to give the Einstein-Hilbert action.
The material derived in the previous section now fits in nicely with what is
known about the general coupling of hypermultiplets to supergravity [2]. First
of all, the quantity ∆αβ projects out precisely the S-invariant hypermultiplet
spinors which thus describe 2n − 2 physical spinors after modding out the Ssupersymmetry. Hence, the nonlinear sigma model comprises precisely the expected 4n−4 scalars and 2n−2 spinors. The relevant quaternionic vielbeine have
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already been defined in (4.15), but can equally well be obtained from working out
the above Lagrangian after removing the appropriate gauge degrees of freedom
We will list a number of relevant identities, which all follow from the previous
section,
β
α
∆αβ V̂Ai
V̂Bj
= 21 εij GAB + 21 RABij ,
Ai Bj
GAB γ̂¯ α γ̂¯ β = εij ∆αβ ,
Ak Bl
(k l)
RABij γ̂¯ γ̂¯
= 2 δ δ ∆αβ .
α

i

β

j

(5.12)

The second integrability condition (4.35) can be rewritten as
ij
ij
γ
¯ Dj
R̂ABCD γ̂¯ Ci
α γ̂ β = −ε ∆αγ R̂AB β − ∆αβ RAB ,

(5.13)

which gives the decomposition of the Riemann tensor into an Sp(n − 1) and
an Sp(1) curvature. Of course, this relation is already incorporated into the
expression (4.38) and its correctness can also be verified directly. The curvature
R̂ABαβ satisfies (c.f. (4.36)),
ij
.
Ω̄αγ R̂ABγβ = Ω̄αγ RABγβ − 2εij γ̂¯ iA(α γ̂¯ jBβ) + Ω̄αγ Ω̄βδ Âi γ Aj δ RAB

(5.14)

Upon projection with ∆, the last term vanishes and one finds an identity that is
well-known from the literature.
Hence we see that all aspects of quaternionic geometry that arise in the coupling of hypermultiplets to supergravity are correctly reproduced. Our results
provide an elegant extension of the work reported in [6] and give a unified prescription for all hypermultiplet couplings to supergravity. Although this is in
principle straightforward, it remains to work out the details of the Lagrangian
and transformation rules after removing the gauge degrees of freedom associated
with S-supersymmetry.
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