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In the description of isolated gravitating systems in General Relativity a
spacelike timeslice has the structure of a complete Riemannian three-manifold
with an asymptotically flat end. Let (»,g) denote an end of such a com-
plete Riemannian three-manifold, i.e. N is diffeomorphic to R’ \B1(0), and
the metric on N asymptotically approaches the Euclidean metric near infin-

ity:
2
gij = (1 + :n)éij +0(r ),

where » denotes Euclidean distance in R®. The constant m can be interpreted
as the total mass of the isolated system in the end N and is refered to as ADM
— mass in the physical literature, compare [ADM].

A Dbasic version of the positive mass theorem [SY1,SY2] states that m is
nonnegative if N is the end of a complete three-manifold with nonnegative
scalar curvature. Moreover, the mass m is strictly positive unless the three-
manifold is flat. It has also been established in [B1] that the mass can be
geometrically defined independent of a particular coordinate system.

In this paper we define a geometric center of mass at infinity for asymp-
totically flat ends with strictly positive mass m > 0 by constructing a unique
constant mean curvature foliation in the exterior region.

After some auxiliary results in Sect. 1 we introduce and investigate a class
of ”round” surfaces in Sect. 2, in which the constant mean curvature surfaces
are to be constructed. The existence proof in Sect. 3 uses a heatflow method
to deform a coordinate sphere in normal direction, decreasing its isoperimet-
ric ratio until the surfaces approach a constant mean curvature surface. More
precisely, given a coordinate sphere F; : S> — N we solve the initial value
problem
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d
270 = (= H)(p,O)V(p,1) peSt, t>0

F(p,0) = Fo(p),

where A and v are the mean curvature and the unit normal on the moving
hypersurface respectively and 7 = ¢ Hdu is the average of the mean curvature.
This evolution decreases area while fixing the enclosed volume, and we prove
that for sufficiently large initial spheres the solution exists for all # > 0 and
converges to a constant mean curvature sphere as ¢+ — oo. In this part of the
proof the assumption m > 0 enters crucially when showing that the surfaces
do not drift off to infinity during the evolution.

In Sect. 4 we use the positivity of the mass again to prove that the so
constructed surfaces form a stable constant mean curvature foliation for an
exterior region of N, approaching a family of concentric Euclidean spheres. The
foliation can be interpreted as a geometric “center of mass” for the infinitely
far observer. It defines a natural coordinate system near infinity in an intrinsic
way, while retaining regularity and decay properties near infinity that were
extensively used in previous studies of foliations near infinity, see e.g. [B2]
and [CK].

In Sect. 5 we prove uniqueness of the foliation for ends N with positive
mass. More precisely, we prove that the leaves of the foliation are the only
stable constant mean curvature surfaces outside a small interior region, compare
Theorem 5.1.

1. Preliminaries

Let N be a three-dimensional Riemannian manifold diffeomorphic to R® \B1(0)
with a Euclidean coordinate system {y,}. Greek indices run from 1 to 3 and

we write r = (Z? yﬁ)% for the Euclidean distance. We assume that the metric
g ={g,p} is asymptotically flat, i.e. for » = 1 we have

4
- m
Jup = (1 + 2r> Oup + Pup (L.1)
with constants Cy, C»,...,Cs such that

|Pugl < Cir 2, |0'Py| < Cror™'7%, 1

lIA

! < 4, (12)

where ¢ denotes partial derivatives with respect to the coordinate system {y,}.
We set Cyp = max(1,m,Cj,...,Cs) and write ¢ for any absolute constant which
is independent of the metric §. Also, we will assume throughout that the mass
m is strictly positive.

To compute the curvature of (N, g), we begin with the special case where
P,p =0, i.e. where the metric arises from the Schwarzschild metric.
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1.1 Lemma. If g,;, = giﬁ =1+ 5’;)45“/;, then the Ricci curvature Riﬁ of giﬁ

is given by
il
s m 5 yay
Roc[f_r3(p (5“ﬁ_3 72 )’
where here and in the following ¢ = (1+ ).

Thus one eigenvalue of the Ricci curvature ( in radial direction ) is given by
—2mr~—3¢~° and the other two eigenvalues are mr—3¢~°. The scalar curvature
equals zero.

Proof. The metric giﬂ is conformally Euclidean with conformal factor ¢*. It
is wellknown that then

Riﬂ =— 2(p_'6a6[;q0 + 6(/)_26“@6%0
- 2(/)*16&6“(/)50(/; - 2(p*2|8(p|25“ﬂ,

and simple computation yields

2 2
s _ (™M 1 —2m —23m 1M\ ap
szﬂ_ (7'3@ - 2r4)5dﬁ+(¢ 276 _3(,0 r5>yy P

as required.

Near infinity the curvature of the more general metric § will be very close
to the curvature of ¢5:

1.2 Lemma. Let V and 1?1/; denote covariant differentiation and Ricci curva-
ture respectively with respect to §. Then we have

Co

|R0€,3 _Riﬁl = CI"4’

_ C
S pS 0

IV oRap = VSRS < ¢, (13)

Co

= = 5 S8 pS
Vo VRup — v, Vny/f| =c 67
where ¢ is an absolut constant.

Proof. From the decay assumptions for P,z in (1.2) we see that the Christoffel
symbols I’ Z(; of g satisfy
o , Co
|Fys — I3l < €3
with corresponding estimates for the next higher derivatives. This implies the
estimates above.
Now let M be a two-dimensional hypersurface in (N, 7). We write g = {g;;}

for the induced metric on M, Latin indices range from 1 to 2. Let v be the
unit (outward) normal on M and denote covariant differentiation in M by V.
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We often work in an orthonormal frame ey, e,,v adapted to M, such that the
second fundamental form 4 = {A;;} is given by

hij = —(Veepv) = (Vevie)).
We let /; and /1, be the two principle curvatures on M and write
H = g"hj =21 + Ja, |42 = W hy = J0® + 2o°

for the mean curvature and the square of the norm of the second fundamen-
tal form on M respectively. Furthermore, we let 4 be the traceless second
fundamental form such that

hij = hij — SHgip, |4 [P = [AP = JH? = (01 — A ).

The curvature of N and the second fundamental form of M are related by
the equations of Gaull and Codazzi

Rijit = Rijps + hichji — hihj, (1.4)
Ry = Vihiy — Vjhi,

where the index 3 indicates the v direction. Next we state Simons’ identity for
the Laplacian of the second fundamental form, see e.g. [SSY], and an important
consequence of the Codazzi equations, see [Hul]:

1.3 Lemma. i) The second fundamental form satisfies the identity
Ahl‘j :VIVIH +Hh[]]’l]j — |A|2h1/ +HR3,‘3]' - hinSBI
+ hjRyk + hiRuge — 2huR i + ViR + ViR

ii) If w; = Ry denotes the projection of Ric(v,-) onto M, we have for
any n > 0 the inequality

(VAP = (3 = mIVHP = (gn" = Dlw].
We will also need a formula for the change of the second fundamental form

of M after a conformal change of the ambient metric:

1.4 Lemma. Let M be a hypersurface in (N, g) with principle curvatures
and Jo. If g5 = lng'%ﬁ describes a conformal change of the ambient metric,
then the eigendirections of the second fundamental form of M remain fixed
and the new principle curvatures J1 and 7 are given by

L=y Y20
In particular, the difference between the eigenvalues is conformally invariant:

(i —Z2) ="' — 4a).
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Proof. The relation g,; = l//zg_“/; implies that the Christoffel symbol I is given
by

AL _ - - -

Ly, =T+ (850,0 + 8208 — G4, 3 0,¥)
and the result is then an immediate consequence of the definition of the second
fundamental form above.

2. Spherical Hypersurfaces

The constant mean curvature surfaces constructed in Sect. 3 will be very close
to some Euclidean coordinate sphere. In this section we define a class of
round surfaces in N and give a detailed description of their geometric prop-
erties. In a first proposition we show that exterior surfaces where the traceless
part of the second fundamental form is small are close to some Euclidean
sphere.

2.1 Proposition. Suppose M is a hypersurface in (N,g) such that r(y) =
llomaxMr =:r for all y € M and such that for some constants K,,K,

4| £ K2, VA | £ Ko

Then there is an absolute constant ¢ such that the curvature A° of M with
respect to the Euclidean metric satisfies

A | < oKy + Coyry, VoA < e(Ky + Corp

provided ry = ¢(Cy + Ky). Moreover, there is a number ry € R and a vector
a e R such that

7€ —ro "' £ e (Ky + K+ Co)ry 2, i=1,2,
(v — @) — rove| < ¢ (K1 + Ky + Co)ry !, (2.1)
[ve — ro_l(y —ad)| £ c(Ki+ K+ Co)rfz.

Here y and v, are the position vector and the unit normal of M in R3
respectively.

Proof. Since the Christoffelsymbols of the metric g and the Schwarzschild
metric ¢° are close together, see e.g. Lemma 1.2, the second fundamental form
AS of M with respect to the Schwarzschild metric ¢° satisfies

A°] < K+ Coyr3, VA £ e(Ka + Coyrt,

provided r; = ¢(Cy + K;). Since ¢° is conformally Euclidean, we can now

apply Lemma 1.4 to obtain

4| £ (K + Corrp>, |Ved °| £ e(Ky + Coyr™,
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provided r; = c¢(K; + Cp). In the second estimate we also used the fact that
the derivative of the conformal factor can be bounded by cCyr; . In a crucial
step we now conclude from Lemmal.3(ii) that in Euclidean space

e 1 1
|VeA ‘2: |VeAe|2_ 2‘71‘]‘2 g 3|VeAe|2,

such that here the gradient of the full second fundamental form satisfies
|Ved4e| < c(Ky + Co)r;*, proving the first part of the proposition. To find the
sphere S, (@) close to M, first observe that at the point of M where maxyr = r|
is attained, we have A = r| !, Moreover, since r; < 107 and in view of the
gradient estimate for the curvature there is a number r( such that

128 =1yt S oKy + Ky + Coyr 7, i= 1,2
Now consider the Gaul3-Weingarten relation
0 2 0y
ox; ¢ i Oxye
for the exterior Euclidean unit normal and the position vector y. In view of
the above estimates we have
0
ﬁxi

(Ve —}”O_ly)‘ é C(Kl +K2 —|—C0)7"1_3.

Clearly we can then choose a vector @ such that the estimates and the propo-
sition are valid provided »; = ¢(K; + Cy) and also r = 1101”1-

For ¢ = 1 and Bi,B,,B; nonnegative numbers we now define a set
B4(B1,B2,B3) of round surfaces in (N, J) by setting

By ={M CN|loc—B <r<c+B,|d| < Byo3,|VA | < Ba™*}.

If ¢ is sufficiently large compared to Bi, B,, B3 we may now use the infor-
mation on the position of the surface in Proposition 2.1 to accurately compute
the mean curvature of M in N.

2.2 Proposition. Let M be a hypersurface in By(Bi,B,,Bs). Suppose ¢ =
c(By + By + Cy) is such that all assumptions of Proposition 2.1 are satisfied
and let vy and & be as in that proposition. Then there is an absolute constant
¢ such that the mean curvature of M satisfies

2 4m 6m{d,v.).

H- + , 5

< ¢ (C3+By+B3)s?
ro I"O I"O

provided ¢ = ¢ (B} + B, + Cy).

Proof. As a first step we compute from Lemma 1.4 the principal curvatures of
Sy, (@) with repect to the Schwarzschild metric g3, = ¢*d,5, ¢ = (14 3)). We
get

—2, m  _
i?:(p 2’“1‘ - F3(p 3<yave>ea
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where as before y is the position vector, » = 7(y) is the Euclidean distance and
(', )e is the Euclidean inner product. In view of the estimates in Proposition
2.1 we have

1 -

mr, m
B— e+ 30 o7+ 3 @ (@v)e| < c(By+ B3+ Coa.
7o r r

Observe that

1 1 3
3 =l = ‘@2 <1T>‘+ r‘cﬂ (1 2’;’)‘ < ¢ Cpo?,
0

such that we get the estimate

when ¢ = ¢B;. Now notice that

[IA

|I/' —(ro + <d: V>e)|

Then we obtain for sufficiently large ¢ = cB? that

L 2m 3m(d@v).

2 3
ro I”O I”O

Ai — = C(C§+32+B3)0_3,

as required.

3. Existence of constant mean curvature surfaces

We want to show here that for sufficiently large o, related to each coordinate
sphere S;(0) there is a constant mean curvature surface which is round in
the sense of Proposition 2.1. To accomplish this we take S;(0) as an initial
surface and evolve it in direction of its unit normal in N with speed given by
(H —h), where h = § hdp is the mean value of the mean curvature. This flow
keeps the volume of the evolving surfaces with respect to some fixed reference
slice constant and decreases area at the same time. It was first studied for
hypersurfaces in R"*! in [Hul], and later for surfaces in Lorentzian ambient
manifolds in [EH1].
To be precise let S;(0) in (N,g) be given by a map

F$:8* = N, F{(8%) = S,(0).

Then we want to find a one-parameter family of maps F7 = F?(-,¢) such that
the initial value problem

CFp= (- HWpD), 120, pes’
F7(0) = F¢

(o)
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is satisfied. Here H(p,t),v(p,t) are the mean curvature and the exterior unit
normal at F’(p,t) of the surface M, = F?(S%). We will omit the superscript
o in the following whenever the meaning is clear from the context.

3.1 Theorem. If the metric g of N is as described in section 1 and if m > 0,
then there is oy depending only on Cy and m such that for all ¢ = o the
initial value problem (¢) has a unique smooth solution for all times t = 0.
As t — oo, the surfaces converge exponentially fast to a hypersurface M° of
constant mean curvature H,. There are constants Cy and C, depending only on
Co and m but not on ¢ such that [r—o| < Cy and also |Hy— i—l—i’ﬂ < Cyo~3.

Problem (o) is a quasilinear parabolic system and it is well known that a
shorttime solution exists:

3.2 Lemma. If the initial data Fy are smooth, then the initial value problem
(6) has a unique smooth solution M, on some time interval 0 <t < e.

For general initial data solutions to (o) may develop singularities, e.g. neck-
pinching. For the proof of Theorem 3.1 we will show that M, remains round
during the evolution, the first goal is

3.3 Theorem. There are constants g, B1,B,,B; depending only on m and C
such that for all ¢ = oy the solution of (¢) remains in B,(By,B2,B3) as long
as it exists.

We will in the following always assume that ¢, B), B, B3 are chosen such
that M, is strictly inside B,(By, B, B3). In the next two propositions we control
the position of M, during the evolution by estimates which are independent
of B 1-

3.4 Proposition. Suppose M, is a smooth solution of the initial value problem
(6) which is contained in B,(By,B2,B3) for all t € [0,T]. Suppose that ¢ =
¢(Co + B + By) is such that Proposition 2.1 applies and let ry(t) be as in
that result. Then there is an absolute constant ¢ such that

[ro(t) — o| < ¢(Co+ By + B3) (3.1)
holds uniformly in [0,T), provided ¢ = ¢(Cy + By + B>).

Proof. At time t = 0 we have ry = ¢ and we only have to prove (2.1) under
the assumption that 6/2 < ry(¢) < 20. To see that ry(¢) doesn’t change much,
observe that in view of equation (o) the volume Vy of the shell W between
M, and a fixed reference surface in N, e.g. the surface S;/»(0) in N is constant
and equal to o up to terms of order ¢2. If ¢ = ¢(Co+ B +B,) is such that
Proposition 2.1 is applicable and also » = io everywhere then we get for the
Euclidean volume V, of W that

Ve —Vn| £ [1—/detgdx < cCyo>.
W
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But from the estimates in Proposition 2.1 we get that V, equals §nr3 - ;7w3
up to terms of order o2, such that

‘3‘7w3 — ‘3‘an| < ¢(Cy + By + B3)d?,
which implies the desired estimate for ¢ = ¢(Cy + By + B>).

3.5 Proposition. Suppose that the solution M, of (¢) is contained in B,(By, B3,
B3) for t € [0,T]. Then there is an absolute constant ¢ such that

max r <o+cm '+ 1)(C§ + B, + B3)
t

holds for all t € [0,T] provided ¢ = ¢(C} + B2 + By + B3).

Proof. Suppose that ¢ = ¢(Cy + B? + B) is such that the assumptions of
Propositions 2.1 and 2.2 hold, and let @ and ry be the approximate centre and
the approximate radius of M, established there. Now let D > 0 and assume that
the condition max,, ¥ < ¢ + D is violated for the first time at (yo,%),% > 0.
At that point 7 attains its maximum and thus (y,v.). = r. Moreover, since
to is the first time where r reaches o + D, at (y,f) the speed of M; with
respect to the Euclidean unit normal is non-negative, i.e. (h — H)(v,v.). = 0.
From the estimates in Proposition 2.1 it follows that (v,v.), = 1/2 and also
(@, ve)e = ;|d’| at this point provided ¢ = ¢(Cy+B;+B3). So we have H < h
at (9,%), but on the other hand we get from Proposition 2.2 that there

3mld)  6m

H—hz""] s ${@ve)edpy — c(C§ + By + B3)o™?
" To My, (3.2)
> (2m|d) — ¢ (C3 + By + B3))a >,

provided ¢ = ¢ (C3+B2+B>+B3). Since at (o, 1) the radius satisfies » = g+D
and in view of Proposition 2.1 |r —(ro + |d’\)| < c(Cy+ By +B3)o!, we see
from Proposition 3.4 that

|LT| =D —c(Cy+ By + B3) at (yo,1%).

Thus (2.2) yields a contradiction if D is larger than ¢ (m~' +1)(C2 + By + Bs),
completing the proof.

To obtain in the next step a priori estimates for \AD |, we need evolution
equations for the metric and the second fundamental form on A,. Computing
as in [Hul] and [Hu2] we obtain from (o):

3.6 Lemma. We have the evolution equations

. d
(1) i = 2(h — H)hyj,

d

d
v=VH,

(i) dt
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d
=Hh-H
(iii) at ( ),
. d _
(iv) dthij = ViV;H + (h — H)hjthi; — (h — H)R333;,

where u is the measure on M,.

Using Simons’ identity, Lemma 1.3(i), we can then easily obtain the fol-
lowing additional equations, computing exactly as in [Hul].

3.7 Lemma. The second fundamental form satisfies the evolution equations

. d _ _
(1) dthij =Ahy; — 2Hhythyj + hhihy; + |42 by — hRsis; + hiRaps
— hj1Rpmim — hitRimjm + 2h1mRiim — V i Rs1i1 — V 1R3y1,
.. d _
(ii) g = AH +H — R)(|A + Ric(v,v)),

d _
(i) |A|* =A|A]* = 2|VAP +2|4|* — 2htr(4) — 2hh Ry

+ 2|A|2Ric(v, v) — 4(hijhlelmim - hijhlleimj)
— 2/1,‘]‘(?]‘}?31,‘1 — ﬁlRSijl)-

We also need some technical estimates for the expressions in the last
Lemma.

3.8 Lemma. Let M, be a smooth solution of (o) contained in B,(By,B>,B3)
for t € [0,T]. Then there is an absolute constant ¢ such that for ¢ = ¢(C3+
B% + B3)

1
(i) A,-o’+|Hh| < ¢(C} + By + B3)a 2,
} 2% |, . 1
(ii) H3(|A| —Hr(4 ))§—2|A |5,
h o - o
(iii) H2|hin,-3j3| < cCold |73,
(iv) |hijhle1mim *hzjhlleimﬂ < cCold Pa73,
) |hij(ﬁj1§3lil + ﬁ1R3ijl)| < cCold o>

Proof. The first inequality is an easy consequence of Propositions 2.2 and 3.4.
To obtain the second inequality observe that

|A|* — Htr(43) = =21 20(hy — Ma)? = =200 10)d |2,

which implies the desired estimate in view of (i). Now recall that the Riemann
curvature tensor on a three-dimensional manifold can be expressed by the Ricci
curvature:

Ra/ivé = (Ro:yg/ié - Ra?}gﬁy - Rﬁygxé + R/}éga}') - ;R(gwg/f()" - gxﬁg/fy) (33)
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It follows that
hij Rz = ) (A1 — Z2)(Riy — Raa),
but from Lemmata 1.1 and 1.2, using also the estimates in Proposition 2.1, we
get |R) — Ryy| < ¢Coo~* for ¢ = ¢(Cy+ By + B2+ B3) as desired. The fourth
estimate follows from the identity
hijhlelmim - hijhlmﬁlimj = (/Ll - /12)2R12123

formula (3.3) above and Lemma 1.1. Finally, using (3.3) again we find
- - 1 - .
hij(ViRsii + VRsij) = 2(/11 — 22)(ViR31 — VaR3),
and the conclusion follows as in (iii) from Lemmata 1.1 and 1.2 and from

Proposition 2.1.

We are now ready to prove an a priori estimate for the difference between
the principal curvatures.

3.9 Proposition. Suppose that the solution M, of (¢) is contained in B,(B1, B3,
B3) for t € [0,T]. Then there is an absolute constant c¢ such that for ¢ =
c(C3 + B + By + B3) we have the estimate

A > € cCi6
everywhere in [0,T].

Proof. Consider the function f = |A |?/H?. Computing as in [Hul] we obtain
from Lemma 3.7(ii),(iii) that

d 2 2 2h
=Af H. — Hhyy — Vi H|? Al* — H tr(A4®
a’ f+H<V1 Vif) H4\Vz h — Vil H| + o (l4] r(4))

2h - 2h ° - 1 _ _
+ 1% SRic(v,v) — e hij Ri3j3 — 2 [4(hijhlelmim — NijhimRiim;)
+ 2 (V iRy + ViRsii0)].

Using now all the estimates in Lemma 3.8 and the fact that Ric(v, v) is negative
for ¢ = ¢(Cy+B>+B3) by Lemmata 1.1, 1.2 and Proposition 2.1, we conclude
that

d 2 1. ,
< A H. — A P +cCyld |673
dtf_ f+H<V1 Vif) 2| |“ +cCold |07,

provided ¢ = ¢(C? + B} + B, + B3) is so large that Propositions 2.1, 2.2, 3.4,
3.5 and Lemma 3.8 all apply. Now suppose that f reaches a value Do—* for
the first time at (yy, %), where D is some positive number larger than the initial
values of fo*. Then at (yo,ty) we have (d/dt)f = 0,Af < 0and Vf =0
such that

0= —§|A° 2+ cCold |03 at (3o, ).
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Since at that point f = |4 |*/H?* = Do—* and since 6~' < H < 36~ we get
0= —éDa_6 + cCoDl/za_ﬁ,

which is a contradiction for D = ¢C3. Hence f < cC3o~*, completing the
proof of the proposition.

In order to prove an a priori estimate for the gradient of the curvature, we
introduce the following notation: We write A4 * B for any linear combination of
contractions of 4 and B with the metric g;;. Then the evolution equation for
the curvature gradient has the following form.

3.10 Lemma. The gradient of the second fundamental form satisfies

jt|VA° P=Ald P —2|V?A P+ VAxVA xAxAd + VA x4 «AxRic
+VA «VA xAxA+VA VA «Ric+ VA x4 = VRic
—2hnVy ;lij Vi(Rsi3; — YRic(v,v)gi) — 2V ;ij Vi(V iRy
+ ViR3ij1),
where for simplicity we also wrote A for the tensor hg;.

Proof. Since (d/dt)g;; = 2(h — H)h;;, the time derivative of the Christoffel
symbols is of the form 4 *x VA and thus

d o d o o
dt|VA | = 2<dl‘ Vi hij) Vi hij

d ° o o
:2Vk<dthjj>thij+VA*VA xA *A.

From Lemma 3.7(i),(ii) we compute after some long but easy calculations

d ° o o o o o o
5t hij =Ahy +(h — 2H) by hyy — YH? by +|4 (b + L hgyp)
+ hyj Ric(v,v) — h(Rs3; — 3 Ric(v,v))gi;

- hlelmim - hillejm +2h, Rlimj - ﬁ_/Rslil - ﬁIRSijl,
such that

d o ° o o =
dthij :Ah,j+A *A*A+A >leC

— h(Ry3; — YRic(v,v))gij — V Ry — Vi Rsij1.
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Hence we obtain
d . ° ° o o o o
2174 ? =2Vi(Ahj)Vihj+VA «VAxA4 x4+ VA «VA xAxA4
+VA *VA «Ric+ VA x4 «VRic+ VA A *AxRic
— 20V hij Vi(Raisj — YRic(v,v))gij — 2V hiy ViV i R3pi
+ ViR3i1).
Now observe that after changing the order of derivatives we get
=AAP-2\V*4 P+ VA VA *Ric
+VA x4 *VRic+ VA x4 %A xRic,
which implies the result.

3.11 Corollary. If M; is a solution of (o) contained in B,(By,B>,B3), then
there is an absolute constant ¢ such that

jt|VA° P < AVA P +¢c|VA Po2 +cCo|VA |o™°
provided ¢ = ¢(C3 + B2 + By).
Proof. First observe that in view of Lemma 1.3(ii)
VAP = |VA P+ ;\VH\Z < 5IVA P +43 [Ric(v,en)f

< 5|VA |* 4 ¢(C} +BHo 8,

where we computed Ric(v,v) as in the proof of Proposition 2.3. Assuming then
that ¢ = ¢(C3 + B2 + B, + B3) is so large that Proposition 3.8 applies, we get

|VAx VA xAx A | < cBy(Co+ B))|VA |67%,
|VA A % AxRic| £ cCoBy|VA |o7,
|VA VA xAxA| < c|VA P72,

|VA % VA xRic| £ cCy|VA [Pa73,

|VA A % VRic| < c¢CoBy|d |67,

Furthermore, we can argue exactly as in the proof of Proposition 3.8(iii) and
3.8(v) to obtain the estimates

120V hij Vi(Rais; — LRic(v,v)gi))| < ¢ColVA |o7°

and
12V hy; Vi(V Ry + ﬁRzlylﬂ < cCo|VA |o78.
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This implies the estimate of the Corollary for ¢ = c(Cg —i—B% + B, + B3).

We are now ready to prove the a priori estimate for the gradient of the
curvature.

3.12 Proposition. Suppose that the solution M, of (o) is contained in B;(B), B,
B3) for t € [0,T). Then there is an absolute constant ¢ such that for
o= c(Cg + B% + By + B3) the estimate

|VA |> € cClo78
holds everywhere in [0, T1].

Proof. First observe that by Lemma 3.7 (iii) and (ii), as well as by Lemma
(3.8) (iii), (iv) and (v) we have the evolution equation

d . . . . ;
dt|A P =Al4 * =2|VA P+ — 22’3+ 23 — ah — Joh)

+ 2|4 [*Ric(v,v) — 2h hij Ryizj — 4(hijhjiRimim — hijhimRiimy)
— 2h(V Ryt — ViRsyi) < AJA P = 2|VA |* + cCold |o7°.

The last inequality follows for ¢ = ¢(C3 + B} + B,) from Lemma 3.8. Now
let C; be sufficiently large compared to the absolute constant ¢; in Corollary
3.11. Then

d _ . . . .
4 VA 2+ Cld Pe?) SA(VA P+ G4 Pa™?)
—¢1|VA Po72 4 ¢Co|VA |78 + cC2a7 1",

where we also used Proposition 3.9 for ¢ = c(Cg +B% + By 4+ B3). Using the
parabolic maximum principle as before the desired estimate now follows from
Proposition 3.9.

Summarising our a priori estimates in Propositions 3.5, 3.9 and 3.12, we
have shown that there is a uniform absolute constant ¢, such that

max |r —a| Sca(m™" +1)(C3 + By + B3),
t

max \/f | <cyCoo3,

M;

max | VA | < ,Coo ™4,
M,

provided that ¢ = cz(Cg + B% + By + B3). Thus we may first choose B, >
¢2Cy, B3 > ¢2,Cp, then choose B; larger than cr(m™ '+ 1)(C§ + B, + B;3) and
finally o9 = ¢2(C3+B3+B,+Bs) to ensure that the solution M, of () remains

strictly inside B,(B;,B,,B3),6 = 0y, as long as it exists. This completes the
proof of Theorem 3.3.

Once we have obtained Theorem 3.3, higher derivative estimates and long-
time existence are easily obtained, see e.g. [Hul] and [Hu2]. We have only to



Definition of center of mass for isolated physical systems 295

show that the solution surfaces M, converge exponentially fast to a constant
mean curvature limiting surface M,,. For that purpose we need the following
lower bound for the first eigenvalue of the Laplace-Beltrami operator on M,.

3.13 Lemma. Suppose M is a hypersurface of N in By(B1,B,B3). Then the
lowest eigenvalue ., of the negative of the Laplace-Beltrami operator on
M satisfies the inequality

2 4m

>~ —  —cCBo?

Lap = cCob10 -,
Hlap = 5 = o3

provided ¢ = 6y = c(Cg + B% + By + B3).

Proof. On a two-dimensional surface the Laplace-Beltrami operator has its
lowest eigenvalue bounded by

Hiap g 2K9

where K is a lower bound for the GauB3 curvature on M. But by Gau3’ equation
we have
K = 612+ ik,

where g1, is the sectional curvature of N in tangential direction and the asser-
tion follows from Propositions 2.1, 2.2 and also Lemmata 1.1 and 1.2.

To prove now exponential convergence to a constant mean curvature sur-
face, we compute from Lemma 3.6(iii) and from Lemma 3.7(ii) that

Crar - nydu= [0 -m - mdu— [ar -y Hag
diy, i di i

=2 [(H — h)(AH + (H — h)(|A]* + Ric(v,v)))d
My

My

where we also used that |, w —hdp = 0. After integration by parts we obtain
from Lemma 3.13

d 4 8m
H—h)dp < — — " —cCoBio™* | [(H — h)*d
e H = 17dn = ( g ~<CoBio )Jf Fdu
+2 [(H — h)*(|4)* + Ric(v,v))dp — [(H — h)*H dp.
My M,

From Lemmata 1.1, 1.2 and Propositions 2.1 and 2.2 we know

10m

- 2
4> + Ric(v,v) £ °, = " +cCoBro*,
o o

such that for ¢ = gy = cCyB; sufficiently large, some ¢ > 0 small

S —mrdp s =02 M R [ B H d
M; M; My
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Now notice that in view of Lemma 3.6(iii)
d . 2
Jdu=—[(H - h?dp,
dtMt M;

such that

o0

J [~ hYdpde < M|

0 M,
is uniformly bounded. Thus, in view of our higher derivative estimates maxy,,
|H — h| tends to zero as ¢t — oo, in particular there is # such that the estimate
max |H(H — h)| < ema~> holds for ¢ > t,. Therefore we conclude that

d 12 -2
o = = =27 EM [ ppa
Mf MI

which implies exponential decay of this Z2-integral. Exponential convergence in
higher norms now follows from standard interpolation inequalities, completing
the proof of Theorem 3.1.

3.14 Remark. (i) Instead of the centered sphere S,(0) we could have used any
sphere S,;(&) as initial surface for the flow with this proof, as long as |a@] is
sufficiently small compared to . With some additional work using the estimates
in Sect. 5 it is also possible to prove that round initial spheres displaced by a
distance just slightly smaller than ¢ drift back to the center under the flow.

(i) If the mass is negative, any sphere which is ‘off center’ initially, will
drift further away under this flow, compare the expression for the mean cur-
vature in Proposition 2.2.

(iii) Although we have only presented the three-dimensional case here,
the existence proof clearly carries over to asymptotically flat manifolds with
positive mass in higher dimensions.

4. The Foliation

In this section we prove that the constant mean curvature surfaces constructed
in the previous section are stable and form a proper foliation of N\B,(0),
provided gy is sufficiently large. We then prove that this foliation is at least
locally unique and has a common center of gravity as the radius of the surfaces
tends to infinity. Global uniqueness results will be obtained in section 5.

For ¢ = o0( let M, be the constant mean curvature surface constructed in
Theorem 3.1 and denote by H, its mean curvature. We say that M is stable if
volume preserving variations of M in N do not decrease the area and we say
that M is strictly stable if the second variation operator on M,

Lu = —Au — (|A* + Ric(v,v))u



Definition of center of mass for isolated physical systems 297

has only strictly positive eigenvalues when restricted to functions u with
Judp = 0. Then we have the following result on the existence of a stable
foliation by constant mean curvature surfaces.

4.1 Theorem. There is oy depending only on m > 0 and Cy such that the
constant mean curvature surfaces My constructed in Theorem 3.1, o = oy,
form a proper foliation of N\B,,(0). Each M, is strictly stable, the lowest
eigenvalue of the stability operator L on volume preserving deformations is
of order 6ma=3. Moreover, given constants By,B,,B3 one can choose ¢ =
60 = c(C} + B} + By + B3) such that M, is the only surface with constant
mean curvature H, contained in B;(B,B,B3).

Proof. Suppose that By, B,,B3 and g = c(C&—FB% + By + B3) are such that our
previous results, in particular Theorem 3.3, Propositions 2.1,2.2 and Lemma
3.13 all apply. Then we have

_ 2 10m
(AP + Ricr) = S+ S cCot Br+ Bk Byo ™ (41)

on M, such that in view of Lemma 3.13 the lowest eigenvalue of the operator
L restricted to functions u with [udu = 0 is of order 6mo—3. This proves
the stability of M, and it is well known that then the M, form a foliation. To
obtain stronger control of the foliation, we examine the operator L now more
closely.

Let uo be the only negative eigenvalue of L with eigenfunction /4y, i.e.

Aho + (|A[* + Ric(v, v))ho = —poho. (42)
Multiplying with 4y and integrating we see from (4.1) that

2 10m
— ot s —eCot BBy By)o Y,

On the other hand uq is characterised as

po=dnf JIVf (AP +Ric(v, )/ dp. 43)

Choosing f = const. as a comparison function we get the reverse inequality

2 10m

po < + 5 +e(Cot B+ Byt By, (4.4)

-5
To show that 4 is close to a constant function, let /g = f hodu be the mean
value of iy on M,. After multiplying (4.2) with (kg — &) and integration by
parts we obtain

JIVAPdu = [ (1o + [A]* + Ric(v,v)) (ho — ho)*d

- _ - 4.5)
+ ho [(|4]* + Ric(v,v))(ho — ho)d .
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Since by Lemma 3.13
[IVhoPdp = [|V(ho — ho)Pdp = 3672 [(ho — ho)*dp,
we obtain from (4.3)—(4.5)
[(ho — hoY2dp < Cilhola=2[|ho — holdp,
where C; depends on Cy,B,B, and B;. So we conclude that
[(hy — ho?du £ cC?a™ [ |ho|?d .
Standard linear estimates then show that also
sup g — ﬁo| < CC1(772|};0|, (4.6)

in particular Ay doesn’t change sign for ¢ = o( large enough. Now let y; be
the next eigenvalue of L, with corresponding eigenfunction /4. To see now
that the mean value &; = f hydu is very small, observe that /; is orthogonal
to Ao and therefore

0= [hohdp = [hi(ho — ho)du + ho [Mdp.
Hence we get from (4.6)
[[mdu| < cCio™ [ Imldp
Now multiply the equation
Ahy + (|A]* 4 Ric(v,v))h = —uihy

with (h; — k1) and integrate. Then, since the lowest eigenvalue of L restricted
to functions with zero mean value is 6mc—> up to terms of order c—*, we

derive from (4.1)

(6 — &)ma > [(hy — hy ) du
< [ = dp+ hy [(JA]7 + Ric(v,v) (1 — h)d
< [(hy = Pdp+ cCro~*|hy|[|h — hi|dp
< [(h — b Pdp+ cCro™° [(hy — hy )*dp,

such that gy = (6 —¢)ma > provided o = 09 = ¢(C3+ B?+ B, + Bs) is large.
Thus we have now shown that the operator L is invertible with a bound for
the inverse operator L~! given by cm™'o73.

To complete the proof of Theorem 4.1 it remains only to show that the
surface M, constructed in Theorem 3.1 is the only constant mean curva-
ture surface with mean curvature H, in the neighbourhood of M, given by
B,(B1, B2, B3).

Consider the smooth operator # : C3(S?,R*) — C'(S?) which assigns to
each embedding F : S> — R’ the mean curvature #(F) of F(S?). Given
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a variation vectorfield 7 on a constant mean curvature surface M it is well
known that the derivative of 2 at M in direction V is given by

dA(F) -V = =A(V,v) = (J4]* + Ric(v,v)(V,v) = L(V,v),

where F' and L denote the imbedding of M and the second variation operator on
M respectively. The tangential component of V' doesn’t yield any contribution
since the mean curvature of M is constant.

Suppose now there is another surface M, in B,(B},B,,B3) with constant
mean curvature H,. If Fy,F; : S — R? denote the embedding of M, and M,
respectively, then we see from Proposition 2.1 that there is a vector @ such
that the second surface can be represented by a normal variation of the form

Fi(p) =Fo(p) +u(p)(p),  peS,
where u = (d,v) + G, and G satisfies the estimate
a|G| + ¢*|VG| + a*|V*G| + ¢*|V3G| < ¢(Co+B1 + By +B3).  (47)
If we then consider the one-parameter family of surfaces M, given by
F, = Fy+ tuv,

we see that all interpolated surfaces are still in B,;(Bj,B;,B3) such that the
operator L satisfies the eigenvalue estimates established above on all these
surfaces. Since S (Fy) = #'(F) = H, we get from Taylor’s theorem that the
variation vectorfield V' = F| — F,, satisfies both

|d#(Fo) - V| < Sup \|d> A (F(£))(V, V)| (4.8)
and
|dA# (Fo) - V|| < Sup (@A (F(t)) — dAH(Fo)) - V. (4.9)

We have already seen that L ist invertible with ||L7!|| < ¢m~'¢>. On the
other hand it is clear from Proposition 2.1 and (4.7) that the second variation of
the mean curvature, which involves cubic terms in the second fundamental form
and higher derivatives of the metric, satisfies |d>#(V, V)| < ¢ Coa™3| V ||
Hence we see from (4.8) that there is an absolute constant c3 such that || V|| <
c3Com™" implies V = 0. But in view of (4.7) this means that |a] < c;Com™!
implies Fy = F provided ¢ = gy = ¢(Cy + B, + B, + B3) is sufficiently large.
We will now use the inequality (4.9) to show that the bound |@] < c;Com™!
is true for suitably large ¢ = 0. First observe that for all ¢ € [0, 1]

dA(F (1)) -V = dAH(F(t)) -Vt +dA(F(@))- V"
= L,(V,v) + VT (H").

Here | and T denote the tangential and vertical component of a vector with
respect to F(1)(S?), L, is the second variation operator on F(¢)(S*) and VT (H")
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is the derivative of the mean curvature on F(¢)(S?) in direction V'. For a
surface in B,(B),B,,B3) the second term on the RHS can be estimated by

| VT (H)| £ ¢Bso™™.

Since
LV, v) = —A(V,v) — (JA]* + Ric(v,v)){V,v)

and since V =a+ G, we get from (4.1) and (4.7) that
I dA(F () — dAH(FO)) V || < ca*(Co + Bi + By + By).

Since on the other hand (&, v) is an approximate eigenfunction of L with eigen-
value close to 6ma~—> we have ||[dA#(Fy)- V| = mo3|@|. Applying now
inequality (4.9) we see that for ¢ = ¢y = c(By + By + By + Co)m™! we
must have |@| < ¢3;Com~! and thus Fy = F;. This completes the proof of
Theorem 4.1.

We will now show that the surfaces M, have a joint ‘center of gravity’ as
¢ tends to infinity.

4.2 Theorem. There is a vector @ € R* depending only on N such that the
center of gravity of M, with respect to R® converges to @ as ¢ — oc.

Proof. Tt will be convenient in this proof to label the surfaces M, by their mean
curvature: We write t(0) = H, and M(z) for the surface M, with H, = 7.
M(t) is uniquely determined by Theorem 4.1 and we write

g.= [ F(v)du./ [ dpe
M(1) M(z)

for the center of gravity of M(t) with respect to the Euclidean metric. Here
F(t) is the embedding of M(7) and we want to show that —(d/d7)g, is small.
So we have to study the solution u of the equation

—Lu = Au+ (|A]* + Ric(v,v))u =1

describing the lapse function of the foliation on M;. Let hy be the first eigen-
function of L as before and normalize 4y such that § hodp = ho = § udp = i.
Then

A(u — ho) 4 (JA|* + Ric(v,v))(u — ho) =1 — pohy.

Now let ¢ be such that 1(¢) = 7, and multiply both sides with (u — /). Since
the lowest eigenvalue of L on functions of zero mean value is larger than

cma 3, we derive after integration by parts

3mo1 3 [ (u—ho)dp < —py [ (ho — ho)(u — ho)dp.
M(2) M)

Since a¢, B1, B2, B3 have been chosen uniformly in ¢ at this stage, we see from
(4.6) that there is a constant C; depending only on m~! and Cy such that

|h0 — };0| < C4O'72V’;0|.
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Thus, using also the fact that || < co® we obtain

J (u—ho)dp £ Cio®
M()

and standard linear estimates then show that also sup |y — u| < C4. Hence we
finally have _
sup [u — it| < sup(|u — ho| + |ho — ho|) < C4

for some constant C4 depending only on m~! and Cy. In view of Proposition
2.1 the normal of M, with respect to the metric g differs from the Euclidean
unit normal by a term of order ¢—2, hence we easily see that

=C

d
PR

Furthermore, since |dt/do| < co~2, we conclude that
d -2
’dggf(a) S co

giving the desired conclusion.

4.3 Remark. The estimates established here show that the foliation can be used
to define a natural polar coordinate system at infinity: A radial coordinate 7(o)
is given by |M,| = 472, and angular coordinates can be defined since the
estimates ensure convergence of the unit normal on M, for ¢ — oo to points
on the Euclidean sphere at infinity.

5. Global Uniqueness

In this section we will show that the foliation {M,} constructed in Theorem
3.1 and Theorem 4.1 is unique. In fact, we show that the individual surfaces
M, are the only stable constant mean curvature surfaces outside a small interior
region of N.

5.1 Theorem. Let m > 0 and 1/2 < g < 1 be given. Then there is Hy > 0
depending only on m™',q and Cy such that for all 0 < H < Hy the leaf My
of the foliation constructed in Theorem 4.1 is the only surface of constant
mean curvature H, which is stable and contained in N\By—-4(0).

Note that no curvature bound for the hypersurface is assumed in this result,
and the interior radius A ~¢ is much smaller than the diameter of My if ¢ < 1.
The exponent g > 1/2 seems to be optimal from a technical point of view,
but it is an open question whether stable constant mean curvature surfaces are
actually completely unique outside a fixed compact set. The stability assumption
is only used to derive curvature estimates and can be discarded if only surfaces
are considered where the principal curvatures are comparable to ;H .
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Using suitable testfunctions for the stability operator we will first show
that any stable constant mean curvature surface satisfies an estimate on an L2
- curvature integral. It is then shown that it is “round” in the sense of Sect. 2
and has to lie in some B,(B,B,,B3) where the uniqueness result in Theorem
4.1 can be applied. Let S in the following be a stable hypersurface of constant
mean curvature / which is contained in N\B,,(0). We begin with a technical
lemma.

5.2 Lemma. Let X = x;(0/0x;) be the Euclidean coordinate vectorfield and

let as before r = (> x%)l/ ® Then for o9 = c¢Cy we have the estimate

(i) JXv)rdp < H|S).
S

Moreover, for each o = ag > 2 and oo = ¢ Co(og — 2)~" sufficiently large
we have the estimate

(ii) [rdu < c(o)as " H?|S|.
S

Proof. Since S has constant mean curvature H, the divergence formula takes
the form

JdivsYdu=H [ (Y,v)du
s s
Now choose the vectorfield Y = Xr~*, o = 2 and observe that
divsY = r~*divgX — ar " 2| X%,
|divgX — 2| < c¢Cor™".

We then obtain

Q2—a)[r*du+ of(X,v)2r=*2du— H [(X,v)r~*dpu| < cCo [r~*dp.
5 5 s 5

(5.1)
Choosing first oo = 2 this yields
Sy r4du < JH?(S| + cCo [r3dp. (52)
s s

Using (5.1) now with o = 3 we derive

L{r%d,u < 4061!@, W2r—tdu + oy "H?|S| + cCoaalgr*3du.

Thus, choosing ¢ = ¢Cj sufficiently large, and combining this inequality with
(5.2) we obtain  (i). Now let o = 09 > 2 be arbitrary in (5.1) to conclude

[rtdu < e(ag —2) el (f(x, War—4du + H?|S| + cCofr_3d,u> .
5 5 5

The desired estimate then follows from (i).



Definition of center of mass for isolated physical systems 303

In a first step we now use the stability assumption to prove an integral estimate
for the difference of the principal curvatures on S.

5.3 Proposition. Suppose that S is stable. Then we have for oy = cCy the
estimate

(1 = d2)¥du £ cCooy 'H?|S| < Cay '
N

Proof. Since S is stable, we have

f\Vf\Zdu—f(\A\z—i-Ric(v,v))fzdu20 (5.3)
5 5

for any function f with [, fdu = 0. We follow an idea in [CY] and choose
Y to be a conformal map of degree 1 which maps S onto the standard sphere
S? in Euclidean space R3. Using the conformal group of S? it can be arranged
that each component y; of  satisfies [y;,du = 0, see [CY] and [LY]. The
Dirichlet integral in (5.3) is equal to 8m/3 for each f = ;. Since Y y? =1
we conclude that

81 = [|A* + Ric(v,v)dp. (5.4)
N

Again following [CY] we can now use the Gaul} equation to obtain
|A]* + Ric(v,v) = J(|4|> = JH*)+ IH* + JR— K, (5.5)
where K is the GauB curvature of S and R is the scalar curvature of N.
Combining (5.4) and (5.5) we derive in view of |4|> — ;HZ = ;(il — )
that
J(a = 22)?du+3[H?*du < 487 — 2 [Rdp. (5.6)
s s s

Since |R| < ¢ Cor™3, Lemma 5.2.(ii) then implies that
HYS| < C, (5.7)

with a uniform constant C provided oy > ¢ Cy is large enough. We may now
combine (5.4) and (5.5) slightly differently to compute

f(ll - Zz)zd,u = f2|A|2 - szu
s s
= [|A]? + Ric(v,v)dpu + [R — 3Ric(v,v) — 2Kdp
s s
< 87+ [R—3Ric(v,v)du — 8=
5
= [R — 3Ric(v,v)dp
s

< cCofr3dp.
3
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The desired estimate then follows from Lemma 5.2 (ii) and (5.7). To proceed
further, we use the second variation inequality (5.3) as in [SSY] with the
testfunction

f=u—$udu=u—a, u=|/i)|
s
With this choice of f we derive

J(AP + Ric(v,v))| 4 Pdp
) = o (5:8)
< [Quii — i* )(|4)* + Ric(v,v))dp+ [|V| 4 |[dw
§ 5

Since the mean curvature is constant we may proceed as in [SSY; 1.34] to derive
the following inequality, where we also use the fact that |Ric| < ¢Cor~ and
’VRic| < ¢Cor*

C
C()I’_6
l+e¢ ) (5.9)

—cColAlr™* —cCor 3| AP —cCoH| A |r3

o o o 1 o
Al z (H =P AP+ | IVIAIP =

Here ¢ > 0 is arbitrary and integration yields
1 o
(1 Tl )flVlA IPdp < [(AF — H)] 4 Pdp

+cCof(|AP+H|A|+ A7 +e 3 dp.
3

(5.10)
Multiply (5.8) with 2/(1 + ¢) and add the last inequality to derive

1 o
A2 A |2d 2d
(1 0) Pl dPan+ & 1714 |Pa
< [Qui — i )(|A|> + Ric(v,v))du — fH2| A [Pdu

N

+eCof(| AP +H|AI+ A+ r Py dp
N

Now notice that |4> = | 4 |2 + VH? and 2uii < @+ | A |? such that
o fIA faut DA P fIVIA IR
I+e (1+¢) e
< [Quii — i 2(| A * + Ric(v,v))dp
5

+eCof([AP+H|A|+ [alr™" +e vy dp.
N
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Since |Ric(v,v)| £ ¢ Cor—3, the RHS can be estimated by
2af|APdp+cCof(|AP+H|A|+|A|r " +er 3y 3du
s s
By Holder’s inequality and Proposition 5.3
o 2 (o]
P’ =|S|2 (fIA |du> < IS|7' 14 Pdu £ C Cooy 'H?,
s

such that
2| A Pdu < L[| A*du+cCooy 'H? [ 4 |dp.
N N S

1

Choosing then o = ¢ Cy sufficiently large and 0 < ¢ <,

conclude

suffienctly small we

14 I“deszlA \zdu+{\V\A Pdp <
cCof (AP +HIA|+] Al +r=)rdp
N

Using now again Holder’s inequality, Lemma 5.2 and Proposition 5.3 we obtain
the estimate

JlAdu+H?[|4Pdu+ [|V]4|Pdp < ¢ Cooy . (5.11)
s s s
At this stage we need a Sobolev inequality on S.

5.4 Proposition. There is an absolute constant ¢ such that provided 6y = ¢ Cy
sufficiently large we have for all Lipschitz functions g on S the Sobolev
inequality

1

2
(fglzdu) <c [|Vg|+H|gldp
S S

Proof. 1t is wellknown that the above inequality holds for hypersurfaces S
immersed in Euclidean space if H is replaced by the mean curvature H¢ of
S with respect to the Euclidean metric. From Lemma 1.4 and (5.6) it is clear
that the difference between H¢ and H can be bounded by ¢ Cor—2. Since the
metric g,p and the Euclidean metric are uniformly equivalent on N this shows
that

1

2
(f|g|2du> < ¢f|Vgl + Hlgl + Cor2|gldu
S S
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holds with some absolute constant c. Using now Holder’s inequality and
Lemma 5.2(ii) we estimate

(st - (gr-ta0)

2
cCoaO_'H|S\; : (f|g|2d,u> .
s

lIA

JCor2|gldu
3

[IA

In view of (5.7) this term can be absorbed on the LHS for gy = ¢ Cy suffi-
ciently large, completing the proof of the Sobolev inequality.

5.5 Corollary. There is an absolute constant ¢ such that provided oy = ¢ Cy
we have the estimate
c'H2 < |S| £ eH 2

Proof. The second inequality was shown in Proposition 5.3 and the first in-
equality follows from Proposition 5.4 if we set g = 1. Notice also that after
replacing g by g”, p = 1 in Proposition 5.4 we obtain from Holder’s inequality
that

1/p
(f|g|2pdu) < cp’[suppy|'” - [|Vg]? + H?|g)dp
S S

for all p = 1.

o
We are now ready to derive a pointwise estimate for u = | 4|. As a first
step we prove:

5.6 Lemma. For all 6 > 0 there is a constant C(,m,Cy) such that

14| < C(8.m,Co)og > H™2.

In particular there is ¢ > 0 depending on q > ; such that

| 4| £ C(q,m,Co)H".

Proof. The second inequality follows from the first with o9 = H 9. Let u; =
max(u — k,0) and A(k) = {x € S|lu(x) > k}. We multiply inequality (5.9) by
ul, p = 1 and integrate by parts. This yields

2+¢ o _ o
(32) J IV L Putdn-+ p [ ™l AP 1 [ weia
+ &/ 40 A(k) A(k)

< f \,2 fufdpu+cCo [ (2 +uwr™" +uH +e'r3) r3uldp.
Alk) A(k)
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(¢}
Using then |4 | = u, r = 0y, and the Schwarz inequality, we derive

S |Vu|2u,fd,u+pA(fk)uuf_l|Vu|2du+H2 [ vtuldp

A(k) A(k)
< [utufdu+ C [ uf(o;® +uoy)dp
Ak) A(k)
< [wtuldu+ Coy” [ uldu.
A(k) A(k)
Now we set f = u,f/ **1 such that the above inequality becomes

1
[V fPdu+H? [ vPuldu < ¢ [ utuldu+ Coy*uldp.
A(k) A(k) A(k)

The Sobolev inequality established above shows that for 1 < # < oo

1/n
(fMW@ < o AGO!" [ |V 11+ H? fdu

A(k) A(k)

c(p. A" [ utuf + Cog uldp,
A(k)

lIA

such that by the Holder inequality

[ fdp £ c(p.)lA(R)| [ w*uf + Coy ufdp.
A(k) A(k)

To estimate the two terms on the RHS of this inequality, observe that for any
p = 1 we have from the Sobolev inequality and estimate (5.11) that

lp
Qf uipd,u) < cp?lA(i)|VP <4f |Vul? +H2|u|2d,u>
(k)

(k)

A

A

< cp?|A(k)'" Cay .
Applying this to the first term on the RHS above we get

[utuldp < [ uPtdp < Cpp+400_2p_8|A(k)|
Alk) Alk)

and from the second term

[ uPdu < CpPay*P|A(k))|.
A(k)

We now fix # =2 to obtain

[ frdu < C(p)ay P 7|4k
A(k)

P+

and since f? = u} * we get for & > k = 0 the iteration inequality

—2p—5
|h— k|PT2|A(h)| £ ClA(K)|ay 7.
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By a result due to Stampacchia ([St], Lemma 4.1) this implies that |[A(d)| =0
for
dP? < Cay P70 |A(0)|

and hence in view of the area estimate for S
u = d < Cpm, Co)og PNy =2/2),

This yields the desired estimate.

Notice that the inequality just established implies convexity of S and strong
pinching of the second fundamental form. We can now bound the derivative
of the second fundamental form similarly as in Proposition 3.12.

5.7 Lemma. There is a constant ¢ depending on q such that

VA | £ CHB2,

Proof. Using the decay properties of the metric and its derivatives we compute
as in Corollary 3.11

AVA ? = —c|VA Payg? — cCo|VA |ay?

Note that the decay of the RHS is slightly worse than in Corollary 3.11 since
we do not know yet that S is “centered” and the normal does not necessarily
point in an eigendirection of the ambient Ricci curvature. From here we derive
as in Proposition 3.12

A(VA P+ Cild Pog?) = a1|VA |Pag? — cCo|VA |oy° — cC2lA |ay°.

From |A | < CH™ and 69 = H™Y, q > é together with the maximum
principle we get the desired estimate.

Proof of Theorem 5.1. In view of Lemmas 5.6 and 5.7 the surface S is close
to a round Euclidean sphere: Since gy = H~? with ¢ > ; it follows that the
mean curvature H¢ of S in R® differs from H by no more than CH'"*, and
proceeding as in Proposition 2.1 we see that there is a vector @ in R® and
7o > 0 such that S satisfies

12 =1yt £ CH'™, i=1,2,

|(y — @) — rove| < CH™'*, (5.12)
ve —ro '(y — @)| £ CH".

IATIA

In the next step we have to show that the displacement & is small. For this
purpose we think of a variation in direction of —& which preserves the enclosed
volume and decreases area if S is off center. We begin with the identity

0= Hf<g, ve>ed,ue = fH<5, Ve)ed,uea (513)
N S
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where b = —djf|d| points in direction of the displacement of the surface. In
view of Lemmata 1.2 and 1.4 the mean curvature H can be expressed in terms
of y =1+ 7 )? and the Euclidean mean curvature H¢ up to terms of order

7

H =y~ He = 2920,y] < Cr
So we derive from (5.13) that

|[(HY ™+ 20720,,0) (b, ve)edpte| < C[r—3dp. < Cay', (5.14)
S S

where we also used Lemma 5.1 for the last estimate. Using the first variation
formula with respect to the Euclidean metric we compute

fHe Yb,ve)ed e = fdws(w 'b)dp, = —fw B, Ve (5.15)

Using now (Vyr,b) = (Dy;b) — (b, v.)d,, i together with the fact that |Dy| <
Cr=2 we conclude that

|g‘ 3(b, ve)dy el e — g‘<5,Dw>due| < Coy . (5.16)

At this stage we utilize that S is close to a Euclidean sphere as described in
(5.12) together with |Dyy| £ Cr~2: We may compute the integrals in (5.16)
on the round Euclidean sphere S, := S,zo(d’), introducing an error no larger than
CH*®. Hence, writing <Z;, Ve) = —cosp,0 < ¢ < 7 and using

aif‘/’:_ (1+2r) -

as well as |¥ — @ — rove] £ CH™'** we conclude that up to terms of order
roH . m m
(b.0) = "y 1a + "y rocosg
and . m m
(b,ve) 0y, = 3 |d@|cos® ¢ + 370C0SP.
So we derive from (5.16) that

mf 3/l cos*p + I;OCOS(/)— |a3|d,ue < CH®. (5.17)
r

It remains to evaluate the integrals. Using polar coordinates on S, we derive

2
Sfco:; (Pd = 2nr0fsm(p cos’ r3d o,
where r = \/\cﬂz + 13 + 2ro|d|cosep, such that (d/do)r = —ry|dlr~sinp. We
have ry > |d] and the integral can be explicitely evaluated to yield

2 8 1
fcosqod _ 8 o

. = 5.18
S 73 H 3 7o r —|a)* ( )
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Similarly we compute

cosQ ||
du, = —4 5.19
3{ r3 H nrg — |a? ( )
and |
ro
du, =4 . 5.20

Inserting then (5.18), (5.19) and (5.20) into (5.17) we arrive at the crucial
inequality

8nm‘a|
ro

< cHe, (521)

where C and ¢ only depend on ¢,m,Cy. If we then fix H; so small that
la) < éro for all H < H;, the minimum radius and the maximum radius
on the surface S are compatible. The case of surfaces which are far displaced,
ie. |d] > ro can be treated similarly. The behaviour of such exterior sur-
faces under deformations has some interesting properties which will be treated
elsewhere.

In particular we can now replace o, ' by H in all our previous estimates.

For instance we now get from Simons’ identity the inequality
A4 | = —CH?,
and an iteration as in the proof of Lemma 5.6 now yields the improved estimate
|4 | < CH?, (5.22)

leading also to an improved estimate for the derivative of the curvature as in
Lemma 5.7:
|\VA | < CH?. (5.23)

It follows that the roundness estimates on the surface S in (5.12) can be
improved to
4¢ =1y < CH?, i=12,
|(y — @) — rove| = C,
lve — 10~ '(y — @)| £ CH.

Carrying then out the computations for the displacement |a] above with these
more precise estimates in mind we derive with ¢ =1 as in (5.21)

87rm|a| < CH
ro
which implies a uniform bound for |a] depending only on the given data g, m, Cy
provided 0 < H < H;. Having thus obtained a uniform bound on the position
of the surface keeping it close to a coordinate sphere it follows that the off
diagonal parts of the Ricci curvature on S satisfy the strong decay estimates
stated in Lemma 3.8, Proposition 3.9 and Corollary 3.11. We can therefore
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proceed as in the parabolic case to finally get the estimates of Propositions 3.9
and 3.12:
|4 | < C*H®, |VA |* £ C*HE.

Notice here that (5.22) and (5.23) guarantee the first two estimates in Lemma
3.8.

The last two estimates above on the traceless part of the second fundamental
form then show that for ¢( sufficiently large, or equivalently, for 0 < H <
Hy, Hy = Hy(q,m,Cy) sufficiently small, the surface S is contained in some
B;(B1,B;,B3), and Theorem 4.1 yields that S has to coincide with the leaf of
the foliation with mean curvature H. This completes the proof of Theorem 5.1.
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