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Stabilization of moduli by ﬂuxes
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In order to ﬁx the moduli, non-trivial ﬂuxes are an essential input. In this talk I summarize different aspects of
compactiﬁcations in the presence of ﬂuxes, as there is the relation to generalized Scherk-Schwarz reductions
and gauged supergravity, but also the description of ﬂux-deformed geometries in terms of G-structures and
intrinsic torsion.
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1 Introduction
One of the major problems appearing in compactiﬁcations of string theory, is the emergence of a continuous
moduli space of string vacua. In order to get contact, not only to the standard model of particle physics,
but also to (inﬂationary) cosmology, these moduli have to be ﬁxed and if supersymmetry is broken only at
fairly low energies, we have to understand the mechanism while preserving at least some supersymmetry.
Moduli appear in two guises: the closed string or geometrical moduli, related to deformations of size and
shape of cycles of the internal manifold and open string moduli, related to un-ﬁxed positions of wrapped
branes. Fluxes seem to provide a mechanism to lift both moduli, the geometric moduli, because they do not
allow continuous deformations of the corresponding cycle and open string moduli, because ﬂuxes couple
to the Born-Infeld action and hence produce a potential also for these moduli. Since the open string moduli
are compact, any potential has an extremum.
Typically, one refers to ﬂuxes as non-zero expectation values of the RR- and NS-ﬁelds in the vacuum and
there is a growing literature on this subject [1–8]. Branes are also sources for RR-ﬁelds or NS-ﬁelds, but
the corresponding ﬂuxes are not closed and are supported by δ-function singularities and one often refers to
ﬂuxes only to closed RR/NS-forms. On the other hand, metric ﬂuxes are also possible and known as twisting.
All ﬂuxes can be understood as appearing from generalised Scherk-Schwarz reduction [9,10], which one can
apply to any global symmetry of the vacuum. A subclass are shift symmetries due to the gauge symmetries
of RR- and/or NS-form ﬁelds and the corresponding generalised Scherk-Schwarz reductions are known to
preserve supersymmetry. Since these reductions are related to gauged supergravity [11], we have a tool at
hand to calculate (at least in principle) the Kaluza-Klein spectrum. It is also known that Scherk-Schwarz
reductions allow for a consistent truncation to the massless Kaluza-Klein spectrum; explicit examples have
been explored in [12–14].
Moreover, as long as we consider only the closed string sector and do not take into account any branes or
orientifolds, supersymmetry requires that the potentials have to ﬁt into gauged supergravity. This relation
provides a powerful tool to get the explicit form of the potential as function of the different scalar ﬁelds
and one can address the question of the number of vacua and the number of ﬂat directions, ie. the number
moduli that are still free. In the next section, we will discuss in more detail how one can address these issues
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in gauged supergravity and in the last section, we will comment on the possibility to discuss the moduli
ﬁxing by using G-structures.

2 Moduli ﬁxing in gauged supergravity
One starts with the low-energy effective Lagrangian that is obtained by standard Calabi-Yau compactiﬁcation, where the scalar ﬁelds (z A , q u ) enter vector and hyper multiplets and the corresponding moduli space
is a direct product: MV ⊗ MH . Fluxes (3-form ﬂux on the IIB side e.g.) correspond to a gauged isometry
of the quaternionic space MH and give a mass to scalars of hyper multiplets [15]. The resulting graviton
mass term which becomes the superpotential upon truncation N = 2 → N = 1 is SU(2)-valued and has
the structure
W x ∼ X I PIx

(1)

where X I = X I (z) is the “electric” part of the symplectic section V = (X I , FI ) and the Killing prepotenx u v
tials are denoted by PIx are related to a set of Killing vectors kI by: PIx = Kuv
∂ kI , where K x is the triplet
of Kahler 2-forms deﬁning the quaternionic space. It is a known problem, that gauged supergravity prefers
the electric part and does not produces the magnetic part of the superpotential. But by taking into account
also (massive) tensor multiplets, one can promote it to a manifestly symplectic invariant expression [16,17].
An important property of this setup is however, that by a symplectic transformation one call always go
into a strictly perturbative regime where all magnetic charges vanish and hence we can always consider a
potential as in (1). This property that the electric and magnetic charges are mutually local is a consequence
of supersymmetric Ward identities [18].
We can now discuss the conditions of getting a complete lifting of the moduli space. A necessary condition
for this is that the variations of the hyperino and gaugino vanish for constant scalars, ie. if
(i)

(∇A X I )PIx = 0 ,

(ii)

x
X I (∇u PIx ) = Kuv
(X I kIv ) = 0

(2)

where: ∇A denotes the Kahler covariant derivative with respect to the scalars z A in vector multiplets, K x
is the SU(2) triplet of Kahler forms of the quaternionic Kahler space and X I kI = k is the combination of
Killing vectors kI that has been gauged. The condition (ii) is equivalent to the existence of a ﬁxed point for
the Killing vector k and the complete hyper multiplet moduli space is lifted if k has a NUT ﬁxed point, ie.
if it represents a point on MH . This excludes by the way, axionic shift symmetries and requires a compact
isometry [19]. But one can give even an criteria, when this is the case, because the ﬁxed point set of a
Killing vector ﬁeld is always of even co-dimension which is related to the rank of the 2-form dk calculated
on the ﬁxed point set. If the rank is maximal, ie. det(dk) = 0, the ﬁxed point set is in fact a point on the
manifold and dk parameterises a rotation around the ﬁxed point. If on the other hand, det(dk) = 0, some
“ﬂat directions” related to translational symmetries of the the ﬁxed point set exist. Therefore, we get the
following two conditions for lifting the hyper multiplet moduli space
|k| = 0 ,

with : det(dk) = 0 .

(3)

If we can ﬁnd a Killing vector that satisﬁes both conditions, the hyper multiplet moduli space will be lifted
in the vacuum. But we should place a warning here. Although, the isometries on the classical level are well
understood it is unclear whether the full quantum corrected moduli space has isometries at all and this would
make the issue of ﬁxing the moduli obscure. But we do not want to speculate here about the quantum moduli
space for hyper multiplets and let us instead continue with the discussion of the second condition (i) in (2).
If the hyper scalars are
 ﬁxed,
 the Killing prepotentials are some ﬁxed function of the scalars of the vector
multiplet, ie. P = P q(z) and hence they vary over MV . If P would be constant, only one vacuum can
occur, namely at the point where this constant symplectic vector is a normal vector on MV [20,21], which
is exactly implied by the constraint (i) in (2). But since P varies now, it might become normal at different
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points, related to the appearance of multiple critical points as eg. the ones discussed in [19]. If we calculate
the second covariant derivatives on MV at this ﬁxed point and use relations from special geometry1 we
ﬁnd that all these critical points are isolated – at least as long as the metric does not degenerate. Therefore,
there are no further constraints from the vector multiplet moduli space and the crucial relations that have to
be realized are the ones in (3).
In a generic situation, the potential at the ﬁxed point will be non-zero and hence the supersymmetric
vacuum will be anti de Sitter. If one is however interested in a ﬂat space vacuum, additional input is required.
To understand this issue, note that the (negative) cosmological constant is given by the absolute square of (1),
x u v
which vanishes iff: W x = 0. Since PIx = Kuv
∂ kI , this is the case if the 2-form dk on the quaternionic space
is perpendicular to the SU (2) curvatures K x . For the simplest case of a 4-dimensional quaternionic space,
K x are anti-selfdual 2-forms and hence dk must be self-dual to yield a ﬂat space vacuum. In general, the
rotations parameterised by dk (calculated at the ﬁxed point) are inside the holonomy and an n-dimensional
quaternionic space has the holonomy SU (2)⊗Sp(2n). Hence a ﬂat space vacuum corresponds to an Killing
vector so that dk can be expanded only with respect to the Sp(2n) curvatures, but has no components along
the SU (2). These statements here refer only to the case without ﬂat directions, ie. a NUT ﬁxed points where
the 2-form dk is not degenerate. If there are ﬂat directions, it is well known that ﬂat space vacua appear if
the potential has the no-scale structure. But we do not want to discuss this case here.
In gauged supergravity the problem of ﬁxing the moduli is rather well formulated. The question is
however, to embed these models into string or M-theory, ie. to obtain the potential by a suitable dimensional
reduction. In addition, although these reductions may lift the moduli space, it is not granted that we will
obtain a unique vacuum and we can end up with a landscape of string vacua [22]. Although this conclusion
was reached only for speciﬁc ﬂuxes and it is not inevitable for (most) general ﬂuxes, it may happen that
we have to rely – at least to a certain extend, on an anthropic selection for choosing the vacuum in which
we (can) live [23]. Adopting this philosophy, the problem with the cosmological constant disappears. In
gauged supergravity this vacuum ambiguity is related to the different ways of gauging a given isometry
with different U(1) gauge ﬁelds. On the other hand, if one takes into account general ﬂuxes on the type IIA
side, the vacuum is rather unique [24, 25]. This brings us to another approach to address the consequences
of ﬂuxes and which allows directly to determine the resulting deformed geometry.

3 G-structure and ﬁxed moduli
Recall, the advantage of gauged supergravity was that it yields an explicit form of the potential as function
of the scalar ﬁelds and hence one can directly address the issue of stability if supersymmetry will be broken.
On the other hand, we do not get the deformed geometry due to the back reaction of the ﬂuxes. The new
geometry can be derived by solving directly the 10-dimensional equations, that on top uncover also the
explicit embedding of the ﬂuxes in the internal space. A draw-back of this approach is however, that the
Kaluza-Klein reduction becomes less clear. Because for general ﬂuxes, ie. even and odd ﬁeld strengths, the
Chern-Simon terms imply that the ﬁeld strengths are not given by closed forms anymore, it is unclear in
which basis of forms one should expand these ﬁelds in the Kaluza-Klein reduction. A discussion on this
issue can be found in [26, 27].
In solving the 10-dimensional (Killing spinor) equations, one re-writes the ﬂuxes as torsion components
of the internal space [28, 29] and this approach shows, that only speciﬁc ﬂuxes can be non-zero while still
preserving a Calabi-Yau internal space [5,30]. Note, ﬁnally a deformation of the internal space is necessary
if we want to lift the moduli space – because any Calabi-Yau compactiﬁcation will yield some moduli upon
compactiﬁcation. In this approach, the vacua are classiﬁed with respect to the G-structure, ie. the group
structure which leaves invariant the Killing spinor. More or less good understood is the situation with SU(3)
structures, where the internal spinor is a singlet under the SU(3) structure group. On the IIA side there are
only three vacua known: (i) where all RR ﬁelds are trivial, which is basically the solution of the common
1 Because: ∇ ∇ V ∼ g
Ā B
ĀB V .
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sector of all string theory [1] (ii) the example that lift to a G2 holonomy space in M-theory, ie. with trivial Hand 4-form ﬂux [31], (iii) where all ﬂuxes and the mass parameter are non-zero. This last example has been
discussed in [24, 25] where the internal space has weak SU(3) holonomy (or nearly Kahler) and examples
are S 6 , CP3 or the ﬂag manifold. Here only the SU(3) singlet components of the ﬂuxes are non-zero and
in [32] was an additional 2-form ﬂux added with the consequence that the internal space is not nearly Kahler
anymore.
Let us add some more comments about the nearly Kahler example, which is an interesting example
since it seems to lift the whole moduli space – at least the regular examples are known to have no (closed
string) moduli which preserve the nearly Kahler structure. What is a nearly Kahler spaces? These spaces are
Einstein spaces and if they have positive curvature, they can be deﬁned by building a cone of them yielding
a 7-dimensional space of G2 -holonomy [33]. But is there a physical interpretation of this 7-dimensional
space? It cannot be related to a M-theory compactiﬁcation, because for massive type IIA supergravity
there is no standard M-theory lift known. But instead, the 7th coordinate can be identiﬁed with the radial
coordinate of the external anti deSitter space. Now, the question whether all moduli are lifted translates to
question of the co-dimension of the conifold singularity in the moduli space of G2 holonomy spaces. For
the known regular examples (ie. S 6 , S 3 × S 3 , CP3 or the ﬂag manifold) the conifold is in fact a point
in the moduli space and therefore, there are no moduli for these spaces. On the other hand, there are also
singular spaces constructed e.g. as twistor spaces over selfdual Einstein spaces and these spaces have in
fact some moduli. But also for these spaces, we have (quantised) ﬂuxes along the associated 3-form of the
G2 -holonomy space which do not allow for continuous deformations and thus the corresponding moduli
are lifted. Of course, if we wrap branes, there can still be open string moduli related to the exact position of
the branes in the internal space. But this question cannot be addressed in this framework, ie. by solving the
Killing spinor equations.
On the IIB side, the general solution related to SU(3) structures has not yet been found, but the constraints
on the ﬂuxes have been discussed in [34,35]. Interestingly, on the IIB side SU(3) structures require that the
external space is ﬂat [36], ie. in order to generate a (negative) cosmological constant, one has to consider
SU(2) structures. The fact that all supersymmetric vacua are ﬂat, points towards a no-scale structure, which
has always at least one ﬂat direction in the potential. Ie. in order to ﬁx all moduli, we may have to consider
SU(2) structures as it has been done in [37]. But in this case the spinor is only a singlet under SU(2) rotations
and hence it cannot be invariant under orbifolds/orientifolds which have point like ﬁxed points in the internal
space. Therefore, there might appear an issue in obtaining chiral fermions in this case, but more work is
necessary to clear this issue.
Let us end with one important remark. It is not enough to ﬁx the moduli, one has also to ensure the
stability of the vacuum. Although this is not an issue as long as some supersymmetries are unbroken, it
becomes urgent if supersymmetry is broken. Unfortunately, the vacua, obtained in gauged supergravity, have
some instable or ﬂat directions. An instable direction may not be a problem for an anti de Sitter vacuum if
it still obeys the Breitenlohner/Freedman bound. But ﬁnally, we have to lift the vacuum to a de Sitter space,
which has to be a local minimum. The authors of [38] were in fact able to construct an interesting model
with a de Sitter vacuum, but in [39] possible instabilities of this model have been addressed. At the end, the
issue of stability is a question of how we break supersymmetry and what are the (quantum) corrections to
the potential in the non-supersymmetric vacuum. Every progress in this long-standing problem is helpful.
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