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Abstract

We study four-dimensional compactifications of type II superstrings on Calabi-

Yau spaces using the formalism of hybrid string theory. Chiral and twisted-
chiral interactions are rederived, which involve the coupling of the compacti-
fication moduli to two powers of the Weyl-tensor and of the derivative of the
universal tensor field-strength.



1. Introduction

In this note we study compactifications of type II superstrings on Calabi-Yau man-
ifolds to four spacetime dimensions using the hybrid formulation of string theory [I.2,B]-
The low-energy effective actions of these theories are described by N/ = 2 supergravity the-
ories coupled to matter. The massless matter fields are organized in N/ = 2 real chiral or
twisted-chiral superfields, describing vector and tensor multiplets, respectively. Hypermul-
tiplets are related to the latter by dualization. Most of these massless superfields contain
the compactification moduli and are related to complex structure and Kéahler structure
deformations of the compactification manifold. Various types of couplings of these fields
have been studied: corrections to the moduli space metric of the hypermultiplet or ten-
sor multiplet sector have been discussed in [[A,f,f]. The couplings to the universal sectors
including supergravity that involve higher-derivative interactions are known for situations
where these can be written as chiral or twisted-chiral superspace integrals. Such terms
describe couplings of compactification moduli to two powers of the Weyl tensor or of the
derivative of the universal tensor field-strength. The description of the full, nonlinear in-
teractions in supergravity relies on the existence of a completely off-shell multiplet calculus
for N' = 2 supergravity [[,8d]. In string theory these couplings have been calculated for
vector multiplets by scattering amplitudes at the linearized level, using the RNS formula-
tion in [[J] and using hybrid approach in [JJ]. The moduli dependence of these amplitudes is
thereby given by the partition functions of topological strings on the Calabi-Yau space. The
hybrid formulation of string theory is particularly well-suited for studying the spacetime
properties of string compactifications since it exhibits manifest four-dimensional N' = 2

supersymmetry covariance.

Hybrid string theory can be obtained by a field redefinition from the gauge-fixed RNS
string or by covariantizing the GS string in light-cone gauge. In this sense, worldsheet
reparametrizations are gauge-fixed in the hybrid formulation. Nevertheless, there is no
need for ghost-like fields in the formalism since the theory can be formulated as a N' = 4
topological theory and amplitudes can computed directly by the methods of topological
string theory [J]. In this setting, the theory consists of two completely decoupled twisted
worldsheet SCFT, one describing the spacetime part, one the internal part. Despite being
twisted, hybrid string theory describes the full theory, i.e., it computes also non-topological

amplitudes. Hybrid type ITA and IIB string theories are distinguished by the relative
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twisting of the left- and right-moving sector of the internal SCFT. When working with

either type one is therefore committed to a given fixed twisting.

The main application of hybrid strings in this note is to extend the analysis of higher
order derivative interactions to the twisted-chiral sector. The procedure is analogous to
the computation in the chiral sector given in [f]. Even though one is working with a fixed
relative twisting, giving rise to either type IIA or type IIB, it is shown that the chiral and
twisted-chiral couplings of each type II theory depend on both the A-model and B-model

topological partition functions.

The outline is as follows: in section 2 we briefly review some of the key elements of
hybrid string theory that are relevant for the computation. We discuss the worldsheet
algebra and vertex operators. In section 3 the definition of amplitudes is reviewed and
several important ingredients for calculating amplitudes are discussed. In section 4 we
turn to the calculation of the chiral and twisted-chiral couplings of the moduli to the

universal supergravity sectors.

2. Hybrid string theory
2.1. The set-up

Hybrid string theory [[I,B, is a formulation of type II and heterotic string theory
compactified on Calabi-Yau three-folds with manifest four-dimensional supersymmetry
covariance. The four-dimensional spacetime part is described by four bosons x™ and two
pairs of left-moving, canonically conjugate Weyl fermions (p,, 6”) and (p%, 55). Both have
conformal weight (1,0) and are related by hermitian conjugation. In addition there is a

chiral boson p with period p ~ p 4+ 27i and

p(z)p(w) ~ —In(z —w), (2.1)

The background charge for the field p is Q, = —1. This implies the conformal weight
wt(e??) = — %q(q—l). In type II theories these fields are supplemented by two pairs of right-
moving fermions, their hermitian conjugates, and a periodic right-moving chiral boson.
From the, say, left-moving sector of the spacetime fields one constructs the generators
(T, G*, J) of a twisted N = 2 superconformal algebra with central charge ¢ = —3. As in the
RNS formulation of the compactified superstring, the internal part is an untwisted ¢ = 9,
N = 2 superconformal field theory with generators (T, G¢, Gg, Jo) with Gg = (GE)T.
They have trivial OPEs with all spacetime fields. The generators of the combined system
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are obtained by forming the twisted generators (T¢ + %BJC, Gg, G, Jco) and adding them

to the spacetime generators,
1 + +
T+Tc+§ajc, G +GC’ J+ Jo. (2.2)

These fields generate a twisted ¢ = 6, N' = 2 superconformal algebra. The U(1) R-

symmetry current Jo of the internal CFT can be written in terms of a free chiral boson
Jo=iV30H, H(2)H(w)=—1In(z—w). (2.3)

The H-system has a background charge Qup = —v/3, i.e. Wt(ei%H) = &(q —3). The
conformal weights of the fermionic generators are wt(G') = 1 and wt(G~) = 2. Any
field O of the internal sector with definite U(1) charge can be decomposed as 0@ =
exp(i—qH )O'" where O is uncharged with respect to Jo. For the generators C% this part

V3
is in fact independent of H.

One can embed the twisted ¢ = 6, N' = 2 SCFT into a small twisted N = 4 alge-
bra. This leads to the topological prescription of [J,[1] for computing the spectrum and

correlation functions of the hybrid string theory.

2.2. Twisted N = 4 algebra

The embedding into a twisted small N/ = 4 superconformal aulgebrauﬂ proceeds as
follows: the generators (B-2), which we will denote by T', G*, and .J in the sequel, generate
ac=6, N =2 algebra. The current J = dp + J¢ is augmented to a triplet of currents
(Jt*,J,J77) defined by

JEE(2) = E@+ [ o). (2.4)

The superscripts + indicate the total U(1)-charges. The conformal weights of the raising
and lowering operators are wt(J 1) = 0 and wt(J~~) = 2. They satisfy the SU(2) relation

1 n J(w)

Gow?  Ge—w) (2.5)

T (2) T (w) ~

There are two SU(2) doublets of fermionic generators: (G+,G~) and (G, G™) that trans-
forming in the 2 and 2* of SU(2), respectively. The G* are defined via the operator

products

PG ) ~ T ()G w) ~ £ S

Z—w z—w

(2.6)

1 Our conventions are based on the A = 4 superconformal algebra presented in [[J].
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and have wt(GT) = 1 and wt(G~) = 2. The other OPEs of J** with the fermionic

generators are finite. Furthermore, one has

~ 2J T (w) 0T T (w)  ~_ _ 2J " (w)  0J " (w)
+ + ~ ~
G7(2)GT(w) G w) + — G (2)G™ (w) w2 + o (2.7)
The nontrivial OPEs of the supercurrents are
GHG(w) ~ — 2 ¢ ) TW) (2.8)

(z—w)? (z—w)? z—w’

and the very same OPE for G*(z) and G~ (w). The explicit form of the fermionic gener-

ators isﬁ
G~ =e’d* +Gg,
G- =e 2 JIe@ e,
_ (2.9)
Gt =erd® +GY,
Gt =t e 4 eritt

Here é%i are defined asfl é%i = eif Je (G&). The currents d, and dg are the su-
persymmetrized versions of the currents p, and ps;. They commute with the spacetime

supersymmetry charges.

It is convenient to label the fermionic generators by indices ¢, 7 = 1,2 according to
Gf = (G, GY), Gy =(G~,G). (2.10)
They satisfy the hermiticity property (G; )" = G; . Consider general linear combinations
Gr =u;G;, Gf =u}Gf, (2.11)

where the second equation follows from the first by hermitian conjugation. Requiring
that @f satisfy the same N = 4 relations as G implies that u;; are SU(2) parameters:
U1l = udy = up and ud; = —uiz = ug with |u1|? + |uz|? = 1. This shows that the V' = 4
algebra has an SU(2) automorphism group that rotates the fermionic generators among

each other. More explicitly, we have

Gt =G =y <€2p+f Jo g2, ep@JCng) +up (PP + GE) |
L B (2.12)
G =Gy =wu (epd2 + GE) — Us (e_zp_f Toe? + e_pG5_> ,

2 We are suppressing numerical factors and cocycle factors.
3 The expression A(B(w)) denotes the residue in the OPE of A(z) with B(w) and equals the
commutator [§ A, B(w)}, where § A = ;L § dzA(z).

271
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and analogous expressions for Gt = @f and G~ = CAv’Q_ , which involve the complex conju-
gate parameters u. The u;’s parameterize the different embeddings of the N' = 2 subal-
gebras into the N' = 4 algebra. These different embeddings play a role in the definition of

scattering amplitudes, cf. section 3.

For notational simplicity we discuss mostly type IIB string theory. In this case one has
a set of identically defined left- and right-moving generators. We will use the subscripts
“L” and “R” in order to distinguish left-moving from right-moving fields and adopt the
notation |A|? = AL Ag. As mentioned before, for type IIA theories the right-moving part
of the algebra is obtained by the opposite twisting as compared to (2.2). Operationally,
the expressions for ITA can be obtained from those of IIB by replacing (Jo)r — —(Jo)r
(thereby reversing the background charge) in above definitions of the currents and by

reversing, e.g., (G5)r — (GE)r. The spacetime part remains unaffected.

2.3. Vertex operators

Vertex operators are defined in terms of the cohomologies of the operators § G+ and

$ Gt Integrated vertex operators have zero total U(1)-charge and can be written in the

form

U= /d%«\é—@ﬂ?v. (2.13)

We have [d?z|G~Gt2V = [ d22|G+G~ |2V where one drops a total derivative under the
integral. Further, if V is an SU(2)-singlet one has [d?z|G-GT|2V = [d?z|G~GT|2V.
Therefore, as will be used later, GHU = 5+U = 0. Of particular interest are the uni-
versal, compactification independent vertex operators contained in the real superfield
V = V(x,01,0r,0r,0g) which was discussed in [[J]. It contains the degrees of freedom
of N' = 2 supergravity and those of the universal tensor multiplet. It satisfies the N' = 2
primarity constraints which imply transversality constraints and linearized equations of
motion for the component fields. In the amplitude computations of the next section, we
will pick a certain fixed term in the u; expansion of the integrated vertex operators (B.13),
namely U = [|GtG~|>V = [|GtG~|>V. These operators satisfy the same properties
listed below (BI3) as the full u;-dependent operators (2.13). For this choice, the corre-
sponding integrated vertex operator U contains (among other parts) the field strengths of

the supergravity and universal tensor multiplets:
/d2z|dd‘D2Dd +d“D?D,|*V = /d2z(dgd§;Pa5 + d%dﬁ@aﬁ) + h.c., (2.14)
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where P,g = (D?D,,)1(D?*Dg)rV and Qup = (D?D,)1(D?Dg4)RV are chiral and twisted-
chiral superﬁeldsa. As discussed below, on-shell, these superfields describe the linearized
Weyl multiplet and the derivative of the linearized field-strength multiplet of the universal

tensor. For later purposes we also introduce U’ and U” defined by U = |GT|*U’ and
U = |GH2U", e, U' = [ d22]ePd* Do 2V and U” = [ d2zle™2~J JeqaD, 2.

The complex structure moduli are in one-to-one correspondence to elements of
H?(CY) and related to primary fields €. of the chiral (c, ¢) ring [[J]. The corresponding
type 1IB hybrid vertex operators areE

Vee = |€P0?)PMQe, Voo = (Veo)T = [e7P0%>M.Q.. (2.15)

where M. is a real chiral superfield (vector multiplet). Note that in the (twisted) type IIB
theory €. has conformal weight h;, = hr = 0, while Q. has conformal weight h;, = hp = 1.
The complexified Kihler moduli are in one-to-one correspondence to elements of H*1(CY")

and related to primary fields ;. of the twisted-chiral ring (c, a):
‘/ca = ePLTPR é% 0]2% Mthtc ) Vac = (‘/ca>Jr = e—PL+pR 9% é}% Mthtc ) (216>

where M,. are real twisted-chiral superfields (tensor multiplets). The conformal weight of

Qi is hy =0 and hr = 1. The integrated vertex operators are
Uee = /d2ch|G5|QQC+... , U = /d%MtC(Gg)L(Gg)RQtC +..., (2.17)

where we have suppressed terms involving derivatives acting on M. and M;.. These terms
carry nonzero p-charge and will not play a role in the discussion of the amplitudes in

section 4.

The vertex operators of IIA associated to elements of the (c,¢) (complex structure)

and (¢, a) ring (Kéhler) are

Vie = ePL7PR G202 My Qs Vi = |€P0?> MOy . (2.18)

4 Chiral superfields M. satisfy Dar M, =0 = DgrM. and twisted-chiral superfields M. satisfy
DarMie =0 = DarMic. Do and Dg are the covariant fermionic derivatives that commute with
the supersymmetry charges. Real chiral superfield satisfy in addition D? M, = D%M,. and real
twisted-chiral superfields D} M. = D% M., cf. [{].

> We are suppressing the indices distinguishing between the different elements of the ring.

6



For type ITA the conformal weights of . are hy, = 0 and hg = 1 while ;. has weight

hr, = hr = 0. The integrated vertex operators involve

Uee = /d2thc(G5)L(GE~)RQc+---, Uca = /dQZMc(GE)L(GJé)Rth-F---- (2.19)

3. Amplitudes and correlation functions

In this section we review the definition of scattering amplitudes on Riemann surfaces

¥, with genus g > 2 as given in [f]. We also collect correlation functions for chiral bosons.

3.1. Amplitudes

Scattering amplitudes of hybrid string theory are defined in [P] for g > 2 asE
Fyfurun) = [ Mm/d%‘gﬁ@ﬂv‘ﬂ?u(v 0 1Tt G0 TT08)
gA T vdet (Im7) et J g ] ’ e
(3.1)

Since F,(ur,ur) is a homogeneous polynomial in both w;z, and u;r of degree 4g — 4 (we

are taking U to carry no u;r r dependence as is explained above (B.I4)) this definitions

provides a whole set of amplitudes F""™ given by the coefficients in the u; 1 p-expansion:

Fotunun) = 3 (5,050 ) (5205 0 ) Fomdt oyt ez,

o (3.2)
where 2 — 2g < m,n < 2g — 2. We focus on either the left- or right-moving sector in the
following. In view of (R.12) it is clear that F;’ involves 2g — 2+ n insertions of Gt and G~
and 2g — 2 — n insertions of G and G~. Tt is shown in [[] that up to contact terms all
distributions of é+’s, G~ ’s, GT’s, and G™’s satisfying these constraints are equivalent. We
can therefore determine F"™ (B-2) by evaluating a single amplitude with an admissible

distribution of insertions.

In addition there is a selection rule that relies on the cancellation of the R-parity

R = 7{ (ap— %Gd-l— %Qd) : (3.3)

6 This differs by the factor (det(Im7))~" from the expression given in [f] and [[1]. We will

comment on this below (3.13).

anomaly []. The R-charge is




with background charge 1 — g. In the RNS formulation R precisely coincides with the
superconformal ghost-number (picture) operator. G* carry R-charges F1 while those of
G™* are zero. The contribution to the R-charge of the insertions is ¢ — 1 —n. The anomaly
is therefore canceled only if the vertex operators insertions have total R-charge n. Put
differently: given vertex operators Hf\il U; with total R-charge n, the only non-vanishing
contribution to (B.Z) is F,'. This selection rule is completely analogous to the one that

relies on picture charge in the RNS formulation.

It is convenient to rewrite (B.1) in the form

Fg(uLaUR) ==
d 9 3g9—4 )
_/ detTInrilr £[1</dzvljl_[1‘ aChlk kl_[l [y G (393, 7 HUz>

This is obtained from (B.I]) by _contour deformation using G= = =4 GtJ~~ and Gt =

—¢ G+J and the fact that § G+ has no non-trivial OPE with any of the other in-
sertions except a simple pole with J. Consider the integrand of (B.4). As a func-
tion of, say, v1, it has a pole only at the insertion point of J~ . But the residue
(TT2_, G (v) Hsg 3(u3, G7)T1, U1) vanishes: each of the remaining G (v;) can be written
as — ¢ G*+J(v;) and G+ has no singular OPE with any of the other insertions. Analyticity

and the fact that G are Grassmann odd and of weight one, fixes the v-dependence of the
integrand as det(w;(v;)). The w; are the g holomorphic one-forms on X,. In (B.4) we can

thus replace

Hé*’(vi) = det(w;(v)) % ) (3.5)

where vy, are g arbitrary points on ¥, that can be chosen for convenience. Combining left-

and right-movers the v-integrations can be performed with the result

1:[1/d2vi| det(wr (v7))|? o< det(Im 7). (3.6)

7 is the period matrix of ¥,. Using similar arguments one can rewrite

m</zg|5+lz)goc‘ﬁﬁé+r. (3.7)

The reason for the insertion § G on every a-cycle of ¥, was presented in [P[T]: it projects
to the reduced Hilbert space formed by the physical fields of an N' = 2 twisted theory.

Amplitudes for these states can be calculated using the rules of N' = 2 topological strings.
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3.2. Correlators of chiral bosons

In this section we provide the correlation functions which are necessary to compute the
amplitudes, cf. [[4,[5[[§]. In the hybrid formulation there is no sum over spin structures
and no need for a GSO projection. The correlation functions are with periodic boundary

conditions around all homology cycles of the Riemann surface .

We start with the correlators of the chiral boson H:

<Heiq—\/k§H(Zk)> _ z7 F(E g — Qud) [[ Bz, )39 Ha(zz)%Qqu, (3.8)
A l

1<J

where Z; is the chiral determinant of [I4]. The prime forms E(z,w) express the pole
and zero structure of the correlation function while the o’s express the coupling to the
background charge. Of the remaining part F', which is due to the zero-modes of H, only
the combination in which the insertion points enter will be relevant. It is, in fact, an
appropriately defined theta-function [I0]. Also F(—z) = F(z). In the above expression
(and below), z either means a point on X, or its image under the Jacobi map, i.e., f(z) =

fpzo &, depending on the context.

The p-correlation functions are subtle. The field p is very much like the chiral boson
¢ which appears in the ‘bosonization’ of the superconformal (3,7) ghost system in the
RNS formulation, the only difference being the value of its background charge. In the
RNS superconformal ghost system ¢ is accompanied by a fermionic spin 1 (7,&) system.
Expressions for correlation functions of products of e%?(*) which are used in RNS am-
plitude calculations are always done in the context of the complete (,) ghost system.
Following [P] our strategy will be to combine an auxiliary fermionic spin 1 (n,§) system
with the p-scalar to build a bona-fide spin 1 (3, ) system. We then compute correlation
functions as in the RNS formulation, which we divide by the contribution of the auxiliary
(1, &)-system. Following [[{], we obtain

Z1/2
erP(Zk)> E(zp, z) "% . —Qpar 3.9
<1;[ G O arzk — Qo) l};[l o H (3:9)
with @, = —1. As in [IG], the correlation function had to be regularized due to the

fact that the zero-mode contribution of the p-field diverges. The regularization involved
a projection of the p-momentum plus the momentum of the regulating (7, £) system in
the loops to arbitrary but fixed values. These projections were accompanied by factors

¢ n for each a-cycle on ¥ and one factor of { to absorb its (constant) zero mode. The
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contribution of (7, &) has to be divided out in order to obtain the regulated correlators of
the p-system. This means that (B.9) must be divided by

H% dz )> — 7. (3.10)

Altogether we thus find

—12

I n1 O | CEL

reg. k<l

A useful identity is the ‘bosonization formula’[I4]:

[lic; B(zi %) T2y ()

g
E(z,w)o(w) = 00> 1z —w—A). (3.12)
11 2" det(wi(z) 1
Using this identity one finds
? 1
—p(zx) Lp(w) - 3.13
<k1;[ € © >reg. le det(wk(21)> ’ ( )

which differs by a factor of det(Im7) from the corresponding expression used in [J.

4. Topological Amplitudes
4.1. Generalities

The expressions for F;' that one obtains by inserting the generators (2.13) into (B.1)
in general are very involved. Certain restrictions are imposed by background charge can-
cellation. Since the total U(1) charge of the vertex operators is zero the insertions of G+
and G~ in (B-J]) are precisely such that they cancel the anomaly of the total U(1) current.
It is therefore sufficient to study the constraints imposed by requiring cancellation of the
background charge of the p—ﬁeld.E| A consequence of this constraint is that if the vertex
operators are not charged under dp then |n| < g — 1. For |n| < g — 1 there are several
possibilities how the various parts of the operators (2.12) can contribute. For |n| =g —1
and uncharged vertex operators there is only a single amplitude that must be considered.
These cases are studied in the following. We restrict to the case with 2g vertex operator
insertions. There are then just enough insertions of # and p to absorb their zero modes an

no nontrivial contractions occur.

7 Since the Jo current is a linear combination of the dp and the total U(1)-current, background

charge cancellation for H is then automatic.
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4.2. R-charge (9 —1,9—1)

This amplitude was computed in the RNS formalism in [IJ]. In this section we review
the computation in the hybrid formalism of [B]. Imposing p and H background charge
saturation (B.J]) leads to

A, / [dm] det(w |2<‘HepG++ o He Pd?( (05)

j=m-+1

m 3g—3 (4‘1)
X H(NZ? e—2p—fJCJ2) H(NZ? GE’)’ U/U29_1> :
=1 l=m+1

We have used the fact that § e=?d?, when pulled off from U’, only gets stuck at J(vg).
0 < m < g— 1 parametrizes different ways to saturate the background Chaurges.E We
now use the freedom to choose v; = z; for [ = 1,..., g where z; are the arguments of the
Beltrami differentials y; (which are integrated over). This is possible since the OPEs which

one encounters are the naive products (no poles or zeros). This gives

g 29-3
A= [ lama) [ T g (0 e Ga Gl I G o)

(4.2)
which is independent of m.E Its evaluation is straightforward. One easily sees that there
are just enough operator insertions to absorb the p and p zero modes. 6 and 6 then
also only contribute with their (constant) zero modes. The p zero modes must come
from the explicit d-dependence of the vertex operator. The (p,0)r and (p,0)r correla-
tion functions contribute a factor |Z;|*(det Im7)?, where the integrals over the insertion
points have already been performed. What is left is the integral over the 6 zero-modes
which are the Grassmann odd co-ordinates of N/ = 2 chiral superspace. The spinor
indices arrange themselves to produce (P,gP*?)9~1P sD] D%V. The (p,0) correlators
give a term |Z;|*| det w;(z;)|*, leaving only the  zero-mode integrations. They can be
performed using [(d?0).(d?*0)g¥ = D} D%V|s, _g,—o- Since DsPs, = 0, the only ef-
fect of this is to convert DO‘DgV to P*. Finally, the p-correlator gives, using (B.11])
and (B.12), (|Z1]*| detw;(z;)|?)~!. The partition function of the z™ contributes a factor

8 For notational simplicity we have chosen the same m for the left- and for the right-movers.
9 This shows that for this amplitude all admissible distributions of vertex operators parametrized
by m indeed lead to the same result and that the only subtleties that arise from contact terms

are the ones analyzed in [[[7[l§]. We are not aware of an argument that this is generally the case.
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|Z1|7*(det Im7)~2. To the given order of spacetime derivatives, the x™-dependence of the

vertex operators is only through its zero mode. Combining arguments we obtain

3g9g—3

A, / (d20)1,(d%0) p(Pag P / <H|“w > (4.3)

The last part of this expression is the string partition function of the topological B-model:

3g9g—3

= [ Jam (Il G2 (1.4

To determine the dependence of Ff on the chiral or twisted-chiral moduli one inserts the
appropriate expressions (B.I7) into these correlation functions. It can be shown, using
the arguments of [[7], that FgB does not depend on perturbations induced by either (¢, a)
or (a,c) operators. It therefore depends only on the complex structure moduli and the

amplitudes calculated are therefore vector multiplet couplings (type IIB).

4.8. R-charge (1 —g,1—g)

Starting from (B.J])and imposing p and H-background charge saturation, one obtains,

in close analogy to ({.1)),

4= [ im) e (LG [T e Tl e

j=m+1

(4.5)

3g9g—3

« H [, € p ‘ U//UZg 1>

l=m+1

0 < m < g — 1 parametrizes the different ways of saturating the background charges. By

appropriate choices of the v; this amplitude can be brought to the form

/ g 1 ) 29-3 A (22
4= [ aml | 1% gy 68 ) [T e G o),

(4.6)
which shows that also this amplitude is independent of m. However, its evaluation is most
easily done for a different choice of the insertion points 0;. To fix them, we start from

(EH) with the choice m = 0 and compute the p and the H correlators. Their product is,

using (B.§) and (B.11),

1 POV 05— 5o = V3w+V3A) T, Bz, 20)5 [T B, w) [1, 0(2)0(w)

Z_l‘ Q(QZ{Jj—ZZk_Qw'i‘A) . Hi<jE(Uz:UJ)H U(UJ) ’
(4.7)
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where we have only displayed the holomorphic part. With the help of the identity (B.13)

this is equal to

1 F(\/gZﬁj—%EZk—\/ngrﬁA) 0> 70, —w—A)
(Z,)3 02> 0; — >z — 2w+ A) det w; (0;)

HE Zk,Zl % H (Zk)
k<l

(4.8)
We now choose the g positions #; such that I(3. 0, —w—A) = [(23.9; — 3. 2z — 2w+ A).

Then the theta functions cancel and the remaining terms are

1
= ( sz — fA E Zk, Zl o Zk (4.9)
(Zl)%detwi(vj) ILII H
This can be written as
H(z)
Z2 det w;(0;) detwl (95) < H e~ > (4.10)

The p, 0, p and 6 correlators are as in the previous amplitude (with the roles on barred and

unbarred variables interchanged) and one finally obtains

3g9g—3

Ay = [(@0)(&0)n(Py ;P /M[dmg]<[[|<ui,éa>|2>. (411)

Here G‘E = e_%HG’C where G, is defined to be G = e%HG’C. Note that G and éa
both have conformal weight two. The internal amplitude multiplying the spacetime part
is the complex conjugate of the B-model amplitude (f.4): this follows from the fact that

the expression (f.9) can be written as

1 iy LH(
— V3 z’“)> 4.12
Zfdetwl(®])<kli[16 ’ QH:\/g, ( )

where we used (B.§) but with the reversed background charge as compared to (f.I(). This
happens if one chooses the opposite twisting in (2.3). Since the operators G‘a and Gg both
contain the same operator Gi,, the internal part of the amplitude (f.11)) is equal to

3g9g—3

(Il cerr) = <3ﬁ3\(ui,G$)\2>__ | (4.13)

The subscripts refer to the two possible twistings T' — T + %8J and T — T — %BJ for left-
and right-movers. Finally, since for unitary theories (GE)Jr = Gg, the right-hand side of
(13) is the complex conjugate of F” given in (f4), and therefore A} defined in (fL5) is
the complex conjugate of the chiral amplitude A, of ().
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4.4. R-charges (9 —1,1—g) and (1 —g,9—1)

The ‘mixed” amplitudes with R-charges (¢ — 1,1 —g) and (1 — g, g — 1) can now be
written down immediately. They are expressed as integrals over twisted chiral superspace

and involve the superfields @ 3 and Qsp. They are

3g9g—3

Alg’ = /(d29>L(d29)R(Qaﬁ'Qaﬁ>g /M [dmg]< H (144, GE)L([M, G6>R> + c.c. (4.14)

i=1
By the same arguments as given before, one shows that this type IIB string amplitude only
depends on deformations in the (a,c) (and (c,a) for the complex conjugate piece) ring,
i.e., on Kahler moduli. In type IIB, these are in tensor multiplets. From the discussion in

section 4.3 it also follows that

/M[dmg](ﬁj(ui,G5>L<ai,éa>3>++= /M[dmg]<3ﬁ<m,G5>L<ai,ag>3> = F},
(4.15)

which is the topological A-model amplitude.

So far we have computed amplitudes of type IIB string theory. To compute type IIA
amplitudes we need to twist the left- and right-moving internal SCFTs oppositely. In the
amplitudes this induces the following changes: (Gg)r — (G&)r and (Go)r — (GE)r
where G‘g = e%HG’C. Due to the opposite twist, the conformal weights are preserved
under this operation. For instance, the spacetime part of (f.3)) gets combined with F’ gA,
that of (f.14) with FgB . According to (B.19), F;‘ depends on the moduli contained in

vector multiplets, F f on those contained in tensor multiplets.

4.5. Summary

We have recomputed certain chiral and twisted-chiral couplings that involve g powers
of P2 or @?, respectively, using hybrid string theory. The amplitudes involve the topo-
logical string partition functions F;‘ and FgB. F;‘ depends on the moduli parametrizing
the (¢, a) ring, Ff on those of the (¢, ¢) ring. In type ITA or type IIB, these are contained
in spacetime chiral (vector) or twisted-chiral (tensor) multiplets, as summarized in the
table. The dependence on the moduli of the complex conjugate rings is only through the

holomorphic anomaly [[[7].
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type ITA type 11B

(P2)9FA (c,a): vector (P?)9FP (¢, c): vector

(Qz)gFf (¢, c): tensor (Q2>9F§4 (c,a): tensor

As discussed in [§,[9], on-shell, the superfield P, describes the linearization of the Weyl
multiplet. Its lowest component is the selfdual part of the graviphoton field strength,
P,g| = Fop. The §r0r-component is the selfdual part C,p,s of the Weyl tensor. The
bosonic components of Qaﬁ' are Qaﬁ-| = Baﬁ-Z , where Z is the complex R-R-scalar of
the RNS formulation of the type II string; its 6;60r-component is 8ad8555. The real
component of S is the dilaton, its imaginary component is dual to the antisymmetric
tensor of the NS-NS-sector.These results can be obtained by explicit computation from
the #-expansion of the superfield V. After integrating (f.3) and ([.14) over chiral and
twisted-chiral superspace, respectively, 2g — 2 powers of Fi,3 are coupled to two powers of
Caps, while 2g — 2 powers of 9Z are coupled to two powers of 925, with the tensorial
structure discussed in [[0]. In [B,20,RT] the question is addressed how these (and other)
couplings can be described in an off-shell (projective) superspace description at the non-

linearized level.
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