Anomalous dynamic back-action in interferometers: beyond the scaling law
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We analyze dynamic optomechanical back-action effects in signal-recycled Michelson and
Michelson-Sagnac interferometers that are operated off dark port. Up to now, their optomechanics
has been studied under dark port condition only. For the dark port case and in the context of
gravitational wave detectors, the ‘scaling law’ assured that all back-action effects can be understood
on the basis of the much simpler topology of a Fabry-Perot interferometer. Off dark port, our theoretical and experimental analysis reveals certain ‘anomalous’ features as compared to the ones of
‘canonical’ back-action, obtained within the scope of scaling law. In particular, optical damping as a
function of detuning acquires a non-zero value on cavity resonance, and several stability/instability
regions on either side of the cavity resonance appear. We report on the experimental observation of
these instabilities on both sides of the cavity resonance in a Michelson-Sagnac interferometer with
a micromechanical membrane. For a certain region of parameters, a stable optical spring (that is
positive shifts of frequency and damping) in a free-mass interferometer with a single laser drive
are possible. Our results can find implementations in both cavity optomechanics, revealing new
regimes of cooling of micromechanical oscillators, and in gravitational-wave detectors, revealing the
possibility of stable single-carrier optical spring which can be utilized for the reduction of quantum
noise in future-generation detectors.

I.

INTRODUCTION

It is a fundamental result of quantum measurement
theory that in any optomechanical system, where light
serves as the quantum readout agent interacting with a
mechanical probe (test mass) via radiation pressure, the
probe is subject to measurement back-action [1–3]. This
comprises on the one hand back-action noise, that is radiation pressure noise on the test mass due to quantum
fluctuations of the electromagnetic field. Together with
measurement shot noise it gives rise to the celebrated
standard quantum limit (SQL) of measurement precision
[4–6]. The first observation of measurement back-action
noise has been reported only very recently in Ref. [7]. On
the other hand, modulation of the optical field by the
motion of the probe (caused by any external forces) produces a ponderomotive radiation pressure force, which
depends linearly on the displacement of the mechanical
probe, and in turn alters the dynamical properties of the
latter — this effect is referred to as dynamic back-action,
and was first recognized in [8, 9] in the context of microwave cavities.
If the mechanical probe represents an oscillator, the
dynamic back-action of light produces two effects: (i) optical rigidity (or optical spring) — a shift of the resonance
frequency of the oscillator, and (ii) optical damping — a
shift of the intrinsic damping rate of the oscillator. The
experimental demonstration of the optical spring effect
in a suspended Fabry-Perot cavity was reported in [10],
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while optical damping was utilized in a series of recent
experiments on back-action cooling [11, 12] of micromechanical oscillators [13–21], eventually to the quantum
ground state [22, 23].
If the mechanical probe realizes a (quasi) free mass, as
is the case of interferometric gravitational-wave detectors
(GWDs), the dynamic back-action effectively transforms
it into an oscillator whose rigidity and damping can have
a rather complicated frequency dependence. In the context of GWDs this flexibility in tailoring the probe’s dynamical properties was considered as a tool to increase
the measurement sensitivity. In [24] the so-called intracavity readout GWD topology was suggested which utilized the optical rigidity. The sophisticated frequency
dependence of the optical spring in the long Fabry-Perot
cavities of GWDs was further analyzed in [25] and independently in [26]. Later on, it was shown that exactly the
same frequency dependence arises in the dual-recycled
topology of modern GWDs [27]. Ref. [28] derived the
scaling law which provides a general framework for understanding dynamic back action in GWD topologies: it
states that the dynamical and noise properties of any
interferometer with high-finesse differential mode operated on a dark fringe (at dark port), are equivalent to
the ones of a single Fabry-Perot cavity with corresponding effective linewidth, detuning and circulating optical
power. In particular, the scaling law covers signal- and
dual-recycled interferometers with or w/out arm cavities,
and non-signal-recycled ones with arm-cavities. Based
on this work, further studies of quantum-noise sensitivity of detuned-signal-recycling topology were performed
[29, 30].
At the early stages of designing of the second-
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FIG. 1: Schematic of a signal-recycled Michelson-Sagnac interferometer as theoretically and experimentally investigated
in this work. Inset: in the limiting case of 100% reflecting
membrane Michelson-Sagnac interferometer is equivalent to a
pure Michelson interferometer.

generation GWDs, like Advanced LIGO [31], the optical spring had been considered as the viable technology
for suppression of quantum noises. Unfortunately, in the
’canonical’ case of dark-port-tuned interferometers considered in Refs. [27, 28], the positive optical spring is always accompanied by a dynamical instability (negative
damping). In Refs. [32, 33] it was shown theoretically and
demonstrated experimentally that a stable configuration
can be created by means of two optical carriers detuned
to opposite sides of the interferometer resonance curve.
Sensitivity issues of stable double-pumped optical spring
were considered in Refs. [34, 35]. This idea was further
developed into the concept of negative optical inertia [36],
which also requires two oppositely detuned carriers and
can be used for broadband suppression of quantum noise.
It became clear later on, however, that in the secondgeneration GWDs, due to sensitivity limitations imposed
by the classical noise sources, in particular, coating Brownian noise of the test masses, only modest gain can be
provided by the optical spring, which does not justify the
accompanying technical difficulties (instability or the necessity to use two carriers). As a result, optical spring
is currently not considered as an option for the secondgeneration GWDs [37]. The situation is different for the
third-generation ones [38–40]. In these detectors classical
noises will be reduced significantly (by implementing underground facilities, cryogenic cooling of the test masses,
using low-loss and low-noise coatings, etc.), creating vast
space for reduction of quantum noise. In this scenario,
viable schemes for stable single-carrier optical inertia, as
well as stable single-carrier optical spring are very desirable.
In this article we consider the dynamic back-action

in a signal-recycled (SR) Michelson or Michelson-Sagnac
(MS) interferometer, see Fig. 1, in a generic regime of
operation off dark port. This is – to the best of the authors knowledge – the first analysis of back-action effects
in interferometers operated in this mode. We emphasize that the generic way of performing a conventional,
single photo-diode homodyne readout (DC readout) actually requires to tune the interferometer off dark fringe.
Our analysis reveals certain ’anomalous’ features of dynamic back-action, as compared to the ones of ’canonical’
back-action, obtained within the scope of scaling law for
interferometers operated on dark port. In particular, in
the MS interferometer, given the finite reflectivity of the
membrane, optical damping as a function of detuning
acquires (i) non-zero value on resonance and (ii) several
stability/instability regions on either side of the cavity
resonance. We present experimental data on a signalrecycled MS interferometer containing a SiN membrane
that, once operated off dark port, indeed exhibits two
distinct instabilities on either side of the SR cavity resonance. In the case of a perfectly reflecting membrane,
which corresponds to a simple Michelson interferometer,
the off-dark-port regime similarly results in several intersecting regions of positive/negative values of optical
rigidity and damping. For a certain region of parameters, stable sets of both effects in a free-mass interferometer with a single laser drive are possible. Our results can find applications in both cavity optomechanics,
revealing new regimes of cooling of micromechanical oscillators, and in the gravitational-wave detectors, revealing the possibility of stable single-carrier optical spring
which can be utilized for the reduction of quantum noise
in future-generation detectors.
Our results for generic signal-recycled Michelson and
MS interferometers are related to and consistent with
corresponding findings for high-finesse optomechanical
cavities exhibiting a so-called dissipative (or reactive)
optomechanical coupling. In this case, mechanical displacement shifts the line width of the cavity, and not
its resonance frequency, which gives rise to Fano resonances in the back-action noise spectrum, as was shown
in [41]. Traces of such a coupling have been observed in
[42]. Several theoretical studies explored the rich implications of this coupling on position sensing and mechanical squeezing [41, 43], normal mode splitting and multiple regions of instability [44, 45]. Some of the authors
showed recently that a pure dissipative optomechanics
can in fact be achieved in a MS interferometer with a
semitransparent micromechanical membrane [46]. As we
show here, the feature of Fano resonances in back-action
noise, and associated anomalous effects in damping and
rigidity, have to be expected as a generic property of
Michelson and MS interferometers operated off dark port.
This paper in organized as follows. In the first part
(Sec. II) we compare ’canonical’ dynamic back-action, derived within the scope of scaling law, to the ’anomalous’
one which is rigorously derived in the second part. We
apply the transfer matrix approach to the propagation of
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fields inside the interferometer (Sec. III), in the spirit of
Ref. [3]. We compute optical fields on the membrane surfaces and corresponding radiation pressure force, which is
the sum of a stochastic part (back-action noise, Sec. IV)
and a dynamical part (dynamic back-action, Sec. V). In
Sec. VI we report on the experimental observation of instabilities on both sides of the cavity resonance in a
Michelson-Sagnac interferometer with a micromechanical membrane. Finally, we analyze certain properties of
the obtained quantities and draw conclusions.
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CANONICAL AND ANOMALOUS
DYNAMIC BACK-ACTION

The dynamic back-action K(Ω) is defined as the coefficient of proportionality between the ponderomotive radiation pressure force Fx (Ω) and displacement of the mechanical probe x(Ω), Fx (Ω) = −K(Ω)x(Ω). It comprises
the optical spring K(Ω) = ℜ[K(Ω)] and optical damping Γ(Ω) = − 21 ℑ[K(Ω)]/Ω, such that the corresponding
shifts of the (square of) mechanical frequency and mechanical damping rate are K/m and Γ/m, with m being
the oscillator’s mass. So far, the dynamic back-action
has been studied in the literature only for interferometers
perfectly tuned to dark port. According to the scaling
law [28], any interferometer with high-finesse differential
mode and operated at dark port, can be equivalently described by a single Fabry-Perot cavity with effective halflinewidth γ, detuning ∆ and circulating optical power
Pcav . Thus, the optical spring and damping in an interferometer reduce in this case to the well-known ones of a
FP cavity [25],
2ω0 E ∆(∆2 + γ 2 − Ω2 )
,
L2 |∆2 + (γ − iΩ)2 |2
∆γ
2ω0 E
,
Γ(Ω) = − 2
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0
0

10

0.5

0

−1
−2

K

Γ

II.

0

0

−4

−5

c

−2

0
∆/γ

5

d
−10

−5

0
∆/γ

5

FIG. 2: Optical spring K and optical damping Γ as functions
of detuning (in units of cavity half-linewidth γ). Curves are
plotted for the following parameters: membrane power re2
2
flectivity Rm
= 0.17 (except b), SRM transmittance TSR
=
−4
3 × 10 , beamsplitter asymmetry δBS = 0. a. Normalized to
maximum values ’canonical’ K and Γ defined in Eqs. (1a, 1b).
b. Normalized to maximum values K and Γ for the MS interferometer with 100%-reflective membrane (equivalently, a
pure Michelson interferometer), detuned from dark port at
δlDP = λ0 /4 by δl − δlDP ≈ 0.01λ0 . Ratio of the mechanical
frequency to cavity linewidth is Ω/γ ≈ 10−2 . Optical damping (c) and spring (d ) for a MS interferometer detuned from
dark port at δlDP = 3λ0 /4 by δl − δlDP ≈ 0.01λ0 , input optical power Pin = 200 mW, laser carrier wavelength λ0 = 1064
nm, effective cavity length L = 8.7 cm and Ω/γ ≈ 1.

(1a)
(1b)

where ω0 is laser carrier frequency, E = 2LPcav /c is the
optical energy stored inside the cavity and L is cavity
length. These ’canonical’ rigidity and damping posses
the following characteristic features: (i) both are antisymmetric with respect to ∆ and vanish at ∆ = 0, (ii)
Γ as a function of ∆ crosses zero only once, thus being
positive for ∆ < 0 and negative for ∆ > 0 — these regions are usually labeled as stable (cooling) and unstable
(heating), (iii) K as a function of ∆ crosses zero once if
γ ≥ Ω (case of free-mass interferometers) and (iv) three
times otherwise (case of micromechanical oscillators in
the resolved sideband limit). These properties are illustrated in Fig. 2a. In a Hamiltonian formulation of cavity
optomechanics Eqs. (1a, 1b) follow from Hint = gω xa† a,
with gω being the coupling constant between intracavity field a and position of the mechanical oscillator x [2].
This is usually addressed as dispersive coupling, since
the mechanical oscillations modulate the cavity eigenfrequencies.

Our analysis in Sec. V shows that in a signal-recycled
MS interferometer these features expectedly hold in dark
port, but if detuned from it, features (i) — (iii) break. In
this sense we refer to the dynamic back-action in a MS
interferometer operated off dark fringe as ’anomalous’.
In particular, both K and Γ become highly asymmetric
and acquire non-zero values at ∆ = 0 (see Fig. 2c,d ), so
that for certain region of parameters Γ|∆=0 > 0 — this
is cooling on resonance (see upper inset in Fig. 2c). Also
optical damping can cross zero several times, acquiring
additional regions of stability/instability (see lower inset in Fig. 2c), thus allowing another regime of cooling.
In Sec. VI we report on the experimental observation of
these instabilities on both sides of the cavity resonance
in a Michelson-Sagnac interferometer with a micromechanical membrane. Non-zero K at ∆ = 0 implies a shift
of the mechanical frequency on resonance, though for micromechanical oscillators it is mostly negligible compared
to intrinsic mechanical frequencies.
An extreme case of a 100% reflective membrane corresponds to a pure Michelson interferometer, i.e. repro-
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duces basic topology of the GW detectors. The coordinate x of the mechanical degree of freedom refers then
to the differential motion of the end-mirrors in the arms
of the Michelson interferometer, cf. Fig. 1. For a GW
detector being a free-mass interferometer the effect of
optical spring is not negligible, since it transforms (almost) free test masses into mechanical oscillators with
resonance frequencies lying in the GW observation band,
where typically Ω < γ. Thus, if a detuned interferometer is operated at dark fringe, Eqs. (1a, 1b) imply either
K > 0, Γ < 0 for ∆ > 0, or K < 0, Γ > 0 for ∆ < 0. This
means that for a single laser drive a set of ’canonical’ K
and Γ is unstable in both cases.
It is rather intriguing, however, that the well-studied
Michelson interferometer also exhibits ’anomalous’ dynamic back-action if operated off dark port, violating
features (ii) and (iii) of the ’canonical’ one: according to
Eq. (13), two regions of positive/negative values can arise
in both K and Γ, as illustrated in Fig. 2b. For a GW detector this opens up a region of parameters where sets of
K and Γ result in a stable configuration for a single laser
drive. Indeed, one can notice in Fig. 2b a ceratin range of
negative detunings where both optical spring and damping are positive, indicating a possible stable state, which
is confirmed by the accurate analysis of stability in terms
of Routh-Hurwitz criteria. Moreover, an ’anomalous’ optical spring (not necessary stable) can naturally occur in
any detuned interferometer with a DC-readout (like AdvLIGO or GEO-HF [47]) when an offset from dark fringe
is created on purpose to get a small fraction of mean
power for the homodyne detection.
Ref. [46] considered a MS interferometer with 100% reflective recycling mirror in a general regime of operation. In an effective-cavity approach (valid for a highfinesse signal recycling cavity) it was shown there that
the system can Rbe described by a Hamiltonian Hint =
gω (x)a† a+gγ (x) dω(a†ω a−h.c.). The last term describes
coupling of the cavity field a to the continuum of modes
aω of the in/out-going external field, which will cause
an amplitude decay (linewidth) ∝ gγ2 . In this system,
the mechanical oscillator modulates both, the cavity resonance (via gω ) and the cavity linewidth (via gγ ). These
two aspects are referred to as dispersive and dissipative
coupling [41, 45], respectively. Therefore, in a regime
where an effective cavity description is adequate, deviations from Eqs. (1a, 1b) can be explained by the emergence of dissipative coupling in addition to the dispersive
one and interplay between them. However, in interferometers where such a description is not valid these labels cannot be unambiguously attributed. We therefore
shall further talk of the interferometers operated at or off
dark fringe as demonstrating ’canonical’ or ’anomalous’
dynamical back-action. ’Anomalous’ back-action in this
sense is the generalization of the ’canonical’ one, which
corresponds to the particular case of dark-port-tuned interferometers, and thus violates the scaling law.

III.

PROPAGATION OF FIELDS

Consider a Michelson-Sagnac interferometer as shown
in Fig. 1 with a centralpbeamsplitter BS having amplitude reflectivity
RBS = (1 − δBS )/2 and transmissivity
p
TBS = (1 + δBS )/2, two steering mirrors M1 and M2
both having 100% reflectivity, a semitransparent membrane m with amplitude reflectivity Rm and transmissivity Tm , and a signal-recycling mirror SR with amplitude
reflectivity RSR and transmissivity TSR . The interferometer is driven by a laser L through laser port which
is usually labeled as ’bright port’. Photons emanating
through the other, detector (or ’dark’) port impinge on
a detector D (homodyne or heterodyne). Note that if
the offset from dark fringe is large enough, traditional labels ’bright’ and ’dark’ port become ambiguous. Unless
mentioned explicitly, we neglect losses. We denote the
distance between SR mirror and BS as lSR , arm length
as L and the distances between folding mirrors M1 and
M2 and membrane as l1 = l − δl/2 and l2 = l + δl/2,
respectively. This means that l1 + l2 = 2l, l2 − l1 = δl
and the mean position of the membrane on the x-axis
is hxi = δl/2. The total length of the SR-m path is
L = L + l + lSR .
In any spatial location inside the interferometer we decompose the electric field of the coherent, plane and linearly polarized electromagnetic wave into the sum of a
steady-state (mean) field with amplitude A0 and carrier
frequency ω0 (wavenumber k0 = ω0 /c and wavelength
λ0 = 2π/k0 ), and slowly-varying (on the scale of 1/ω0 )
perturbation field with amplitude a(t) describing vacuum
noises and the contribution from the motion of the membrane,
r

2π~ω0 
A(t) =
A0 e−iω0 t + a(t)e−iω0 t + h.c.,
Ac
Z +∞
dΩ
.
a(t) =
a(ω0 + Ω)e−iΩt
2π
−∞
Here A is the area of laser beam’s cross-section and c is
the speed of light. Unless mentioned explicitly, we will
deal with fields in the frequency domain only. We will
therefore omit frequency arguments for briefness.
The laser L emits a drive-wave AL with mean amplitude AL0 and optical fluctuations aL . For simplicity we
assume that there are no technical fluctuations so that
the laser is shot-noise limited, [aL (ω0 +Ω), a†L (ω0 +Ω′ )] =
2πδ(Ω − Ω′ ). The vacuum field AD entering through the
SR mirror (SRM) from detector port has zero mean amplitude but non-zero vacuum noise aD , uncorrelated with
vacuum noise from the laser port and obeying the similar commutation relation [aD (ω0 + Ω), a†D (ω0 + Ω′ )] =
2πδ(Ω − Ω′ ). We unite these into vector-column of input
fields Ain = (AL , AD ), so that the vector of mean input
fields is Ain0 = (AL0 , 0) and the vector of perturbation
fields is ain = (aL , aD ). Due to linearity of the system
input fields can be propagated throughout the interferometer as independent Fourier components.
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Consider first the case without SRM and with a fixed
membrane. The latter condition allows us to treat mean
and perturbation fields on equal footing. Input fields
(in this case coinciding with the fields incident on the
beamsplitter) linearly transform into the output fields:
first they split/combine on the beamsplitter, travel along
distances L in both arms, reflect from the steering mirrors, travel distances l1,2 towards the membrane, reflect/transmit on it, then travel backwards distances l1,2
and L and finally recombine at the beamsplitter. Each
transformation is defined by the corresponding transfer
matrix and the round-trip of light is defined by their
product, Aout = MTBS PL Pl Mm Pl PL MBS Ain ≡ MMS Ain .
Here




TBS −RBS
−Rm Tm
MBS =
, Mm =
, (2)
RBS TBS
Tm Rm
are the transformation matrices of beamsplitter and
membrane, both chosen in real form (this is always possible due to Stokes relations), and
 ikL


 ikl
e
0
e 1 0
PL =
,
,
P
=
l
0 eikL
0 eikl2
are the propagation matrices comprised of the phase
shifts along the horizontal/vertical arms (of length L)
and diagonal half-arms (of lengths l1,2 ). For mean fields
one should apply the substitution k = k0 and for perturbation fields k = k0 + K = k0 + Ω/c. The matrix
MMS thus represents the transformation matrix of a nonrecycled Michelson-Sagnac interferometer


2ik(L+l) ρ1 τ
,
MMS = e
τ ρ2
with

2
2 −ikδl
+ 2Tm RBS TBS ,
eikδl − TBS
e
ρ1 = Rm RBS

2 ikδl
2
−ikδl
− 2Tm RBS TBS ,
− RBS e
ρ2 = Rm TBS e

2
2
ikδl
−ikδl
+ Tm (TBS
− RBS
).
+e
τ = Rm RBS TBS e

Physically ρ1 is the reflectivity of the input laser field
back into the laser port, ρ2 = −ρ∗1 is the reflectivity of
input vacuum field back into detector port, and τ is the
transmissivity of the laser field into detector port and
vacuum field into laser port. One can check that the matrix MMS is unitary, thus non-recycled MS interferometer can be described as an effective mirror with reflectivity and transmissivity depending on membrane position
via δl. The dark port (dark fringe) condition for the
interferometer is achieved when the cross-transmittance
between input-output ports vanishes (in particular, no
mean power leaks into the detector port), corresponding
to τ = 0, or explicitly
cos k0 δl = −

Tm
δ
p BS
.
2
Rm 1 − δBS

(3)

In the case of a symmetric beamsplitter (δBS = 0) this is
satisfied for δl = nλ0 /4 and odd n [56].

If the SRM is inserted then the out-going field in the
SR port is reflected back, such that the in-going fields
incident on the beamsplititer are defined by the equation
ABS = PR TR Ain + PR RR PR MMS ABS .

(4)

Here ABS = (ABS1 , ABS2 ) is the vector-column of ingoing beamsplitter fields (see Fig. 1), RR = diag(0, RSR )
with zero standing for the absence of power-recycling mirror in laser port, PR = diag(1, eiklSR ) is the propagation
matrix in BS-SR path, and TR = diag(1, TSR ). Thus
the first summand on the RHS of Eq. (4) stands for the
input fields directly incident on the beamsplitter, while
the second summand corresponds to a single round trip
along the interferometer with reflection from the SRM.
Solution of this equation yields
ABS = (I − PR RR PR MMS )−1 PR TR Ain ,

(5)

where I is the 2 × 2 unity matrix. Denote inverse matrix
in this solution as KMSR ,


1
D
0
, D = 1 − RSR ρ2 e2ikL .
KMSR =
D RSR τ e2ikL 1
This tells us that the MS interferometer with SR mirror makes an effective Fabry-Perot cavity with associ(2,2)
ated resonance factor 1/D. The matrix element KMSR
describes a resonant amplification of input vacuum field
(2,1)
inside the cavity, while KMSR corresponds to the laser
field being partially transmitted into the SR port (hence
the proportionality to τ ) and also enhanced inside the
cavity. In the ideal dark-port regime cross-transmittance
is suppressed, all laser field is reflected back into laser
port, and only the vacuum field from the detector port
resonates inside the cavity.
Note that the effective detuning of the laser carrier
from cavity resonance(s) is not solely defined by the
corresponding shift in frequnecy (or cavity length) in
contrast to the ordinary Fabry-Perot cavity. Assume
that kL = πN + δk L, N is integer, δk L ≪ 1, and
arg ρ2 = φDP + δφ, where φDP = arg ρ2 |dark port and δφ
is the deviation from it due to offset from dark fringe via
membrane positioning. Then one can rewrite the inverse
resonance factor as
D = 1 − RSR |ρ2 |e2iδk L+i arg ρ2 = 1 − RSR |ρ2 |e2i∆k L ,
such that the full detuning


φDP
δφ
δφ
∆k = δk +
= δk′ +
,
+
2L
2L
2L

(6)

is the sum of the ’conventional’ detuning δ = cδk′ of carrier frequency from cavity resonance at dark port, and an
additional detuning δφ/(2L) corresponding to the offset
from the latter.
The narrow-band limit is achieved when both SR mirror and compound ’interferometer’ mirror possess high
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2
reflectivity, 1 − RSR ≈ TSR
/2 ≪ 1 and 1 − |ρ2 | ≈ τ 2 /2 ≪
1. The half-linewidth of the cavity is then

γ=

cT 2
cτ 2
1 − RSR |ρ2 |
≈ SR +
.
2L/c
4L
4L

(7)

Therefore, the total cavity linewidth accounts for finite
SRM transmittance and finite transmittance of the interferometer operated off dark port; since τ = τ (δl), the
latter contribution describes modulation of the linewidth
by the motion of the membrane, thus implementing dissipative coupling, as discussed already in [46]. If the optical losses in the system are symmetric with respect to
interferometer arms, then one can add the corresponding
2
loss factor to TSR
, since it is the SRM that couples vacuum noise into the interferometer. Otherwise, one can
take asymmetric losses into account, for example, by assigning finite transmittances to the steering mirrors M1,2
and taking into account vacuum noises entering through
them.
IV.

STOCHASTIC BACK-ACTION

In order to determine the radiation pressure force acting on the membrane we need to determine the fields on
the membrane surfaces. In-going fields on the beamsplitter (5) propagate along the arms and transform into the
fields incident on the membrane (Am1 , Am2 ) = Am =
Pl PL MBS ABS and reflected from it (Bm1 , Bm2 ) = Bm =
Mm Am , see Fig. 1. In terms of input fields
Am = MA Ain ; MA = Pl PL MBS KMSR PR TR ,
(8a)
Bm = MB Ain ; MB = Mm Pl PL MBS KMSR PR TR . (8b)
The components of matrices MA and MB are presented in
the Appendix. Denote these transfer matrices separately
for mean fields as MA0 = MA |k=k0 , MB0 = MB |k=k0 and
perturbation fields as Ma (Ω) = MA |k=k0 +K , Mb (Ω) =
MB |k=k0 +K .
The radiation pressure force exerted on the membrane
is then given by
A
2
2
A2m1 (t) + Bm1
(t) − A2m2 (t) − Bm2
(t) ,
4π
(9)
where averaging is performed over the period of electromagnetic oscillations. Ignoring the D.C. contribution and
linearizing with respect to perturbation terms, the spectrum of the force reads
F (t) = −

∗T
FBA (Ω) = 2~k0 Rm A∗T
in0 MA0 Mb (Ω)ain (ω0 + Ω)

+ 2~k0 Rm ATin0 MTA0 M∗b (−Ω)a†in (ω0 − Ω).
This is the radiation pressure noise, also addressed
as back-action noise or stochastic back-action, i.e. the
time-varying radiation pressure that is solely caused
by the fluctuations of optical fields.
The unsymmetrized spectral density of stationary back-action noise

is computed from the equation 2πδ(Ω − Ω′ )SF (Ω′ ) =
†
h0|FBA (Ω)FBA
(Ω′ )|0i, yielding
o
2
Pin n
4~k0 Rm
2
2
2
|L(Ω)| + TSR
|D(Ω)| ,
2
c |D0 D(Ω)|
(10)

2i(k0 +K)L
2
2iKL
+ α2 RSR e
L(Ω) = α1 1 + RSR e

SF (Ω) =

+ α∗2 RSR e−2ik0 L ,

D(Ω) = β1 + β2 RSR e−2ik0 L ,

2
2
− RBS
),
α1 = Tm RBS TBS eikδl + e−ikδl − Rm (TBS

2 ikδl
2
α2 = TBS
e
+ RBS
e−ikδl ,


2 ikδl
2
e
− RBS
e−ikδl + 2Rm RBS TBS ,
β1 = Tm TBS

β2 = RBS TBS eikδl − e−ikδl .

Here Pin = ~ω0 |AL0 |2 is the input laser power, D0 =
D|k=k0 is the resonant multiplier for mean fields and
D(Ω) = D|k=k0 +K is the resonant multiplier for perturbation fields. Remember though that the measurable spectral density of stationary noise is the symmetrized one. For back-action noise it is evaluated
from the symmetrized relation 2πδ(Ω − Ω′ )SF (Ω′ ) =
†
†
1
′
′
2 h0|FBA (Ω)FBA (Ω ) + FBA (Ω)FBA (Ω )|0i, or explicitly
1
1
SF (Ω) = 2 SF (Ω) + 2 SF (−Ω). However, the unsymmetrized spectral density makes a useful calculational
tool, since in addition to its symmetric part being the
measurable spectral density of back-action noise, its antisymmetric part is proportional to the introduced optical
damping (see Sec. V). It also possesses certain heuristic value, in particular, giving an insight into the phenomenon of quantum noise interference. In this regard we
refer also to the considerations presented in Ref. [48] on
the interpretation of noise measurements of the groundstate cooling experiment [23].
The factors L and D in Eq. (10) describe contributions
of vacuum noises from laser (aL ) and detector ports (aD )
respectively. Note that the contribution of aD vanishes
in the case of 100% reflective SR mirror, which is the
case considered in Ref. [46]: aL enters the interferometer and, if the latter is slightly offset from dark fringe, a
small portion of aL is transmitted into the SR port and
gets enhanced in the effective cavity. Therefore, the field
on the membrane surface is the sum of two fields, one
that directly entered the interferometer from the input
port and a second one which is given by the intracavity
field. The former contribution is white shot noise while
the latter one is the white noise Lorentz-filtered by the
cavity, such that their interference leads to an asymmetric Fano-like profile in the shape of SF (Ω), as described in
Ref. [41]. Indeed, the frequency-dependent factor L(Ω) in
Eq. (10) distorts the Lorentz-type denominator D(Ω) creating an asymmetric profile with a characteristic dip at a
particular frequency ΩFano where SF (ΩFano ) = 0, being
the result of negative interference between input and intracavity fields, see Fig. 3a. In cavity optomechanics this
is identified with the emergence of dissipative coupling
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FIG. 3: Normalized (non-symmetrized) spectral densities
of back-action noise for different membrane positions, ξ =
δl − δlDP and δlDP is defined by Eq. (3). For better visu2
alization we choose membrane power reflectivity Rm
= 0.3,
beamsplitter asymmetry δBS = −0.3 and detuning ∆ = 0. a:
2
2
RSR
= 1. b: RSR
= 0.7.

[41, 45, 46]
The expression for ΩFano is derived from the equation
for |L(Ω)|2 = 0. In a narrow-band and low-frequency approximation one finds L(Ω) ≈ 2(α1 + ℜα̃2 ) + 2iΩ Lc (α1 +
ℜα̃2 + i ℑα̃2 ) + 2i∆ Lc 2i ℑα̃2 , where α̃2 = α2 e−i arg ρ2 and
∆ = c∆k is the detuning in frequency. In the particular regime of pure dissipative coupling the constant
term (corresponding to dispersive coupling) vanishes,
α1 + ℜα̃2 = 0, such that L(ΩFano ) = 0 if ΩFano = −2∆,
in agreement with Ref. [41].
Note also that if the interferometer with perfectly symmetric beamsplitter is tuned to dark port, the contribution of vacuum noise from the laser port in the backaction spectral density vanishes. This happens because
counter-propagating beams in two arms are perfectly correlated so that the radiation pressure fluctuations caused
by them cancel each other.
In a realistic interferometer, the SR mirror is not
100% reflective, therefore aD enters the interferometer
and gets resonantly enhanced. One would expect that
its contribution to back-action noise has the form of a
Lorentz factor, since there is no white vacuum noise from
detector port to interfere with. Indeed, the factor D
is frequency-independent, such that the frequency dependence of the aD contribution is solely defined by a
Lorentz-type denominator D(Ω), corresponding to pure
dispersive coupling in an effective cavity. Therefore, in
the back-action spectral density, the Lorentz-like summand adds to the Fano-like summand, leading to the
blurring of characteristic features of Fano curve as illustrated in Fig. 3b. Vacuum noise from detector port no
longer allows SF (Ω) reaching zero, although the dip near
ΩFano is still present. In an interferometer with symmetric beamsplitter and tuned to dark port, the contribution
of vacuum noise from laser port cancels out, leaving only
a pure Lorentzian back-action of vacuum noise from detector port.

DYNAMIC BACK-ACTION

Consider now a movable membrane with position operator xm (t) with a corresponding Fourier-transformed
operator xm (Ω).
According to perturbation theory the fields on the membrane surfaces will have
contributions of zeroth and first order in the mechanical displacement. One finds Bm0 = Mm Am0
and bm = Mm am + 2ik0 xm Rm Am0 . Thus the perturbation fields now contain both optical noises
and the displacement of the membrane.
Since
the treatment of mean fields remains unchanged,
we consider only the perturbation terms. The ingoing fields on the beamsplitter are defined by the
equation aBS = PR TR ain + PR RR PR MMS aBS +
PR RR PR MTBS PL Pl 2ik0 xm (Ω)Rm Am0 ,
with
solution
aBS
=
KMSR PR TR ain
+
2ik0 xm KMSR PR RR PR MTBS PL Pl Rm Am0 .
Thus the
incident and reflected fields on the membrane surfaces
are
am = Ma ain + 2ik0 xm Max Am0 ,
bm = Mb ain + 2ik0 xm (Rm I + Mm Max )Am0 .

(11a)
(11b)

The components of the relevant matrix
Max = Pl PL MBS KMSR PR RR PR MTBS PL Pl Rm .
are presented in the Appendix.
Substituting mean fields from Eqs. (8a, 8b) and perturbations fields (11a, 11b) into Eq. (9), ignoring the D.C.
part and linearizing with respect to perturbation terms,
one ends up with F (Ω) = FBA (Ω) + Fx (Ω). Here FBA
is the radiation pressure noise considered in Sec. IV, and
Fx (Ω) = −K(Ω)xm (Ω) is the ponderomotive force, i.e.
dynamical part of the radiation pressure force caused
by the motion of the membrane. The coefficient K(Ω)
modifies the dynamics of the membrane, and therefore
represents the dynamic back-action,
i
h
2ik0
K(Ω) =
Rm Pin K(1,1) (Ω) − K∗(1,1) (−Ω) , (12)
c
K(Ω) = M∗T
B0 [σ3 − 2Max (Ω)] MA0 ,
with σ3 = diag(1, −1). If one denotes K(Ω) ≡ ℜ[K(Ω)]
and Γ(Ω) ≡ − 21 ℑ[K(Ω)]/Ω, then the corresponding shifts
of the square of intrinsic mechanical frequency and damping rate are equal to K/m and Γ/m [57].
The explicit formula for K(Ω) is rather involved in
the general case. We therefore present it using the following simplifying assumptions: (i) balanced beamsplitter, δBS = 0, (ii) small displacements hδxi of the membrane from the position corresponding to dark fringe,
hδxi = ξ/2, ξ = δl − δlDP , δlDP = nλ0 /4, n is odd,
k0 ξ ≪ 1, and (iii) single optical mode with narrow
linewidth, γL/c ≪ 1. We also introduce the notations
(cf. Eqs. (6, 7)),
γ = γSR + γm , γSR =

2
2
cTSR
cRm
(k0 ξ)2
, γm =
,
4L
4L
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∆ = δSR + δm , δSR = ω0 − ωc , δm = ±

cRm Tm (k0 ξ)2
.
4L

Here ωc is the cavity resonance of interest in dark port
regime, and the sign of δm alternates in the sequence of
dark ports, starting with ’+’ for n = 1 (we assume that
amplitude reflectivity and transmissivity are always positive). Note that both shifts in linewidth (γm ) and detuning (δm ) due to offset from dark fringe are quadratic in
displacement. Under these assumptions Eq. (12) greatly
simplifies to
K(Ω) =

2
1
4ω0 Rm
Pin
2
cL
∆ + (γ − iΩ)2

δSR [γ 2 + ∆2 − 4(γγm + ∆δm )]
×
γ 2 + ∆2

2i(γSR δm + γm δSR )Ω + δm Ω2
. (13)
+
γ 2 + ∆2

This dynamic back-action possesses rich properties due
to the complicated dependence on ∆ and Ω. For ξ = 0
(on dark port) Eq. (13) reduces to Eqs. (1a, 1b). Off
dark port for ξ 6= 0 typical plots of the ’anomalous’
optical rigidity K = K(∆) and damping Γ = Γ(∆)
are illustrated in Fig. 2c,d. One immediately notices
that K(Ω)|∆=0 6= 0 in general case. For optical damping this means that cooling of the membrane on resonance is possible. Several crossings of zero imply the
appearance of additional regions of stability/instability
on either side of the resonance. Note that using the
fluctuation-dissipation theorem, one can reproduce the
curves for Γ = Γ(∆; ωm ) at fixed mechanical frequency
ωm , from unsymmetrized back-action spectral density
(10): since the emission/absorbtion rates of field quanta
by the mechanical oscillator are defined by SF (±ωm ),
optical damping is proportional to their difference, Γ ∼
SF (ωm ) − SF (−ωm ), i.e. to the antisymmetric part of
spectral density [2].
Remember that in the effective-cavity approach, the
transformation of the ’canonical’ Lorentzian profile of SF
into the mixture of Lorentz- and Fano-like ones is governed by the interplay between dispersive and dissipative
couplings in the cavity. Therefore, one can argue that the
same mechanism leads to the transformation of ’canonical’ dynamic back-action into the ’anomalous’ one. Dynamic back-action corresponding to the pure dissipative
coupling was considered in Ref. [45] in the context of cavity optomechanics. It was shown that although both optical spring and damping still remain antisymmetric with
respect to ∆ (and vanish at ∆ = 0), damping acquires
additional regions of stability/instability.
Consider now a 100% reflective membrane in the MS
interferometer. This is equivalent to a pure Michelson interferometer and, specifically, reproduces basic topology
of the GW detectors where the differential motion of the
end mirrors correspond to the motion of the membrane
in the MS interferometer. Therefore the case of a quasi
free mass, Ω → 0, is of particular interest. In this limit

Eq. (13) reduces to


4ω0 Pin
∆
4γγm
1
−
,
(14a)
cL γ 2 + ∆2
γ 2 + ∆2


4ω0 Pin
γ∆
γm 3γ 2 − ∆2
Γ=−
1
−
. (14b)
cL (γ 2 + ∆2 )2
γ γ 2 + ∆2

K=

Both K and Γ vanish on resonance, and one can check
using Eq. (13) that this feature holds for any Ω. Terms
in square brackets in Eqs. (14a, 14b) represent the deviations from ’canonical’ formulas. According to them,
optical spring
can have three zeroes at ∆ = 0 and
p
∆ = ± γ(4γm − γ), if γm > γ/4. Remember that
the ’canonical’ spring (1a) only has one zero for small
Ω. Similarly, the optical damping
p can also cross zero
three times at ∆ = 0 and ∆ = ±γ (3γm − γ)/(γ + γm ),
if γm > γ/3. Thus, for a large enough offset from
dark fringe, one gets several intersecting regions of positive/negative K and Γ, as illustrated in Fig. 2b. This may
have an impact on the operation of advanced GW detectors, since they will utilize the DC-readout scheme, when
a small offset from dark fringe is created artificially to
get some mean power for homodyning, thus resulting in
’anomalous’ spring/damping, if ∆ 6= 0 and the offset from
dark fringe ξ is large enough. This can raise certain control issues, in turn. For the ’anomalous’ spring/damping
to be manifest (at least at low frequencies), one can use
the following rough estimation of the corresponding
value
p
2 /(8π 2 ).
of ξ: γm > γSR /2, or explicitly, ξ/λ0 > TSR
Note, however, that the MS interferometer under consideration includes neither power-recycling technique, nor
arm-cavities, therefore this estimation should be applied
to realistic interferometers with certain reserve.
Accurate analysis of stability reveals that there exists
a certain region of parameters where the set of K and
Γ makes a stable configuration. This can be utilized
for the reduction of quantum noise in the interferometric
topologies, designed to overcome the standard quantum
limit, that rely on the effect of optical spring (such as detuned SR-topologies, optical bars [49] and optical levers
[49, 50]), since it becomes possible to sustain stable optical spring with only a single laser carrier, that is not
possible with conventional optical spring.

VI. OBSERVATION OF ANOMALOUS,
TWO-SIDED DYNAMICAL INSTABILITY

Our experimental setup was in direct analogy to
Fig. 1. The Michelson-Sagnac interferometer [51] had
an arm length of about 7.5 cm and contained a nonstoichiometric silicon nitride (SiN) membrane arranged
such that its two transmitted and its two reflected
beams overlapped with an interference contrast of greater
99.9%. The MS interferometer acted as a compound
retro-reflector for light that entered either of its two
ports. Its reflectivity was a function of the microscopic
position of the membrane along the direction of the laser
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beam. We controlled the membrane position via a piezoelectric element (piezo). A highly reflective cavity mir2
ror (RSR
= 99.97 %) located in the signal output port,
with a macroscopic distance of 1.2 cm to the beamsplitter, established a standing-wave signal-recycling cavity
[52], whose second end mirror was defined by the MS
interferometer. Similar to current gravitational wave detector arrangements, the light leaving this port was detected by a PIN photo diode. The experiment was carried out with laser light at a wavelength of 1064 nm. The
membrane’s normal incidence power reflectivity at this
2
wavelength was Rm
= 17 %. The membrane had a thickness of 40 nm, a side length of 1.5 mm and a resonance
frequency of 133 kHz [53]. The interferometer was operated inside a vacuum chamber to avoid gas damping or
acoustic excitation of the membrane motion. We determined the mechanical quality factor Q of the fundamental oscillation mode for different pressures. As result, we
found Q = 6 · 105 for gas pressures below 4 · 10−6 mbar.
A detailed description of the interferometer is given in
Refs. [54, 55].
For all membrane positions our interferometric cavity arrangement operated outside the resolved sideband
regime due to the membrane’s low resonance frequency,
the short cavity round trip length of 2 · 8.7 cm, and intracavity losses mainly caused by the imperfect beam splitter. The cavity thus resonantly enhanced the upper and
lower signal sidebands produced by the membrane motion as well as the remaining dim carrier light in a broadband fashion.
In a first series of measurements we positioned the
membrane such that the carrier light of all four beams
reflected off and transmitted through the membrane
showed a strong destructive interference in the interferometer’s signal output port, i.e. established an almost
dark port. We observed parametric cooling as well as
heating as it is well-known for dispersive optomechanics.
When the pump light was blue detuned with respect to
the cavity resonance we observed strong heating of the
mechanical motion. For a red detuned cavity we observed
optical cooling as expected. In a second series of measurements we positioned the membrane such that about 1%
of the input laser light was transmitted through the SR
cavity, which corresponded to the maximal light transmission through the cavity arrangement possible. Fig. 4
shows the light power transmitted through the SR cavity
when the position of the SR mirror was slowly scanned
over cavity resonance. At the start of the scan the SR
cavity was too long to resonate. When the optical resonance was approached, first, the dynamical instability
occurred that is also present for operations close to the
interferometer dark port. On cavity resonance the oscillations were rapidly damped indicating a region of stability. When the cavity was further shortened, not optical
cooling but a second distinct instability occurred, as predicted for the anomalous dynamic back-action off dark
port. As shown in the right part of Fig. 4 the amplitude
of this instability was significantly smaller than that on
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FIG. 4: Black: Time series of the Michelson Sagnac interferometer’s output power Pout while linearly decreasing the
signal recycling cavity length. The dashed blue line is a linear fit to the piezo voltage. For fast cavity length scans an
undisturbed cavity resonance peak was found (solid orange
line) since there was not sufficient time for the instabilities
to build up. For slow scanning speeds, as given by the x-axis
labeling, instabilities on both sides of the resonance were observed. Both resonances were dynamical, i.e. one or more frequencies were attributed to them. When the detuning crosses
zero (resonant case), the oscillations were damped indicating
a regime of stability.

the left branch.

VII.

SUMMARY AND CONCLUSION

In this paper we theoretically and experimentally analyzed the optomechanics of a signal-recycled MichelsonSagnac interferometer containing a semitransparent
membrane. In contrast to previous works we did not
restrict our consideration to the dark port regime of operation but rather considered a general situation corresponding to the arbitrary position of the membrane.
Such an interferometer can be equivalently described as
an effective Fabry-Perot cavity with one of the mirrors
having a reflectivity that depends on the position of the
membrane. Mechanical motion of the latter modulates
resonance frequencies and linewidth of the effective cavity, featuring the so-called dispersive and dissipative couplings. In particular, unsymmetrized spectral density of
back-action noise exhibits the mixture of Lorentz- and
Fano-like resonances, the latter owned to the interference
of input and intracavity laser fields on the membrane.
We then proceeded with the study of dynamic backaction effects, optical spring and optical damping. We
found that in the interferometer operated off dark port,
these effects behave differently from the conventional
ones: both spring and damping become highly asymmetric with respect to detuning and acquire non-zero values
at zero detuning. This, in principle, allows cooling of the
membrane on resonance. Additionally, optical damping
acquires several regions of stability and instability.
We presented experimental data that indeed proves the
existence of two regions of instability for a membrane

10
Michelson-Sagnac interferometer operated off dark port.
The instabilities were observed for red as well as for blue
detuned laser light. Both instabilities were dynamical
and showed quantitative differences in their oscillation
amplitudes. A detailed quantitative characterization of
both instability regions is in progress.
In the extreme case of a 100% reflecting membrane,
corresponding to the well-studied pure Michelson interferometer, dynamic back-action vanishes on resonance
independently of the dark-port offset, but demonstrates
’anomalous’ features when operated off-resonance and off
dark-port: both optical spring and damping exhibit several intersecting regions of positive/negative values (for a
large enough offset). For a certain region of parameters
this allows, in particular, maintaining the stable set of
optical spring and damping with only a single laser carrier in a free-mass interferometer. Moreover, advanced
gravitational-wave detectors with DC-readout that are
currently under construction, can also encounter anomalous optical spring off-resonance (given large enough offset from the dark fringe), raising certain control issues.
Our analysis thus demonstrates that the interferometers operated off dark port violate the scaling law in
the sense that the latter one only covers the equivalence
between a Fabry-Perot cavity and the interferometers operated at dark port. This opens new possibilities for designing the interferometer topologies aimed at reduction
of quantum noise and overcoming the standard quantum
limit in gravitational-wave detectors. On the other hand,
in cavity optomechanics these effects may turn helpful for
finding new regimes of cavity-assisted cooling.
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