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The Generalized Uncertainty Principle suggests corrections to the Uncertainty Principle as the
energy increases towards the Planck value. It provides a natural transition between the expressions
for the Compton wavelength below the Planck mass and the black hole event horizon size above this
mass. It also suggests corrections to the the event horizon size as the black hole mass falls towards
the Planck value, leading to the concept of a Generalized Event Horizon. Extrapolating below the
Planck mass suggests the existence of a new class of black holes, whose size is of order the Compton
wavelength for their mass. Such sub-Planckian black holes have recently been discovered in the
context of loop quantum gravity and it is possible that this applies more generally. This suggests
an intriguing connection between black holes, the Uncertainty Principle and quantum gravity.

I.

INTRODUCTION

Many interesting insights can be obtained by classifying physical systems in terms of their mass-scale M and
length-scale R. For example, the location in an (M, R)
diagram of a vast range of physical structures (atoms, exploding black holes, humans, planets, stars, galaxies etc.)
can be understood using simple physical arguments [1].
Of particular interest in this diagram is the Compton line
R = ~/(M c), corresponding to the Uncertainty Principle,
and the Schwarzschild line R = 2GM/c2 , corresponding
to the existence of black holes. These two lines differentiate between classical (i.e. Newtonian), quantum and
relativistic systems; this division will play an important
role in the considerations of this paper.
The Compton and Schwarzschild lines intersect at the
Planck scales, MP ∼ 10−5 g and RP ∼ 10−33 cm, and
presumably change their form as one approaches the intersection due to quantum gravity effects. The modification to the Compton line as M increases towards
MP corresponds to what is termed the Generalized Uncertainty Principle (GUP) and several calculations (involving string theory, loop quantum gravity and purely
heuristic arguments) suggest that the Compton scale has
the generalized form R = (~/M c)[1 + α(M/MP )2 ], where
the constant α depends on the particular model [2].
Although this formula is usually only applied in the
limit M  MP , it is striking that it goes over to the
Schwarzschild line for M  MP (up to a numerical factor). The Compton wavelength is less than the Planck
scale in this mass regime and, as discussed later, there are
several heuristic reasons for suspecting that the Uncertainty Principle should be replaced by the black hole condition there. In particular, an external observer cannot
localize an object on a scale less than its Schwarzschild radius because it cannot be seen once it is smaller than that.
Also, it is well known that quantum radiation is associated with a black hole event horizon [3], even though this
is a long way from the Compton domain in the (M, R)
diagram. This suggests that there may be some profound

connection between the Uncertainty Principle on microscopic scales and black holes on macroscopic scales. In
some sense, the quantum regime seems to become the
black hole regime.
The GUP also suggests a modification to the
Schwarzschild line as M decreases towards MP of the
form R = (2GM/c2 )[1 + β(MP /M )2 ] for some constant
β, with the second term representing a small perturbation to the usual result for M  MP . Indeed, one
might regard this as defining a Generalized Event Horizon (GEH), which asymptotes to the Compton form for
M  MP just as the modified Compton scale asymptotes to the Schwarzschild form for M  MP . The
simplest expression which asymptotes to the Compton
and Schwarzschild forms at small and large M is R =
(2GM/c2 ) + (~/M c), so it is interesting that this naturally yields the above GUP and GEH forms to within a
numerical constant. More generally, one might consider
an expression of the form R = [(2GM/c2 )n +(~/M c)n ]1/n
for some integer n.
At first sight it makes no sense to consider black holes
with M  MP because they would be smaller than their
own Compton wavelength. However, it has recently been
discovered that loop quantum gravity (LQG) permits the
existence of a new type of black hole which is contained
within a wormhole linking two asymptotic regions [4].
In one region it has the usual mass M  MP but in
the other region it has the “dual” mass MP2 /M  MP .
The sub-Planckian black hole has the Compton scale for
mass M rather than the (much smaller) Schwarzschild
scale, just as predicted by the GEH expresssion. Although this is not the usual type of black hole, since
it is hidden behind the throat of a wormhole, this supports the proposed connection between black holes and
the Uncertainty Principle. However, it corresponds to
n = 2 rather than n = 1.
The notion that there is some generalized expression
for the Compton and Schwarzschild scales which unifies
them is here described as the Black Hole Uncertainty
Principle (BHUP) correspondence. The crucial implica-
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tion of this correspondence is that the functional dependence of the black hole radius on M directly relates to
the functional dependence of the uncertainty in position
∆x on the uncertainty in momentum ∆p. Although this
dependence has a very specific form in LQG, we speculate that this idea could also apply in other approaches
to quantum gravity, including higher dimensional ones.
However, for reasons discussed later, the BHUP correspondence does not seem to apply in string theory.
A particularly interesting application of the BHUP correspondence concerns the link with black hole thermodynamics. A perspective in which the black hole boundary
becomes the quantum boundary in the macroscopic domain naturally accommodates Hawking’s prediction of
black hole radiation. But it also goes beyond the Hawking result in predicting how the temperature should be
modified below the Planck mass. Specifically, it suggests that the temperature should decrease as M falls
below MP , giving rise to sub-Planckian relics which are
effectively stable (at least on a cosmological timecale).
While the possibility of black hole relics did not apply in
the original Hawking calculation, it does arise in various
other scenarios [5].
This paper is organized as follows. Sec. II considers the
standard expressions for the Compton and Schwarzschild
lines and explains how these divide the (M, R) diagram
into the quantum, classical, relativistic and quantum
gravity regimes. Sec. III discusses the modifications required as M → MP from below, corresponding to the
Generalized Uncertainty Principle, while Sec. IV discusses the modifications required as M → MP from
above, corresponding to the Generalized Event Horizon.
Sec. V shows how the BHUP correspondence elucidate
the nature of black hole quantum emission and suggests
how the black hole temperature is modified for M  MP .
Sec. VI reviews some properties of the sub-Planckian
loop black hole solutions and links these solutions to the
BHUP correspondence. Some final conclusions are drawn
in Sec. VII.

II.

COMPTON VERSUS SCHWARZSCHILD

The Heisenberg Uncertainty Principle (HUP) implies
that the uncertainty in the position and momentum of a
particle must satisfy [6]
∆x > ~/(2∆p) ,

(1)

where the factor of 2 is sometimes omitted but must be
included if one interprets the uncertainties as root-meansquares [7]. This result can be obtained, for example,
by considering the momentum imparted to a particle by
the photon used to determine its position. It can also be
derived from the commutation relation between the position and momentum operators. For any two operators

A and B, with commutator [A, B] = AB − BA, one has
σA σB >

1
| h[A, B]i |
2

(2)

q
2
where σA = hA2 i − hAi and hAi = hψ|A|ψi etc. The
HUP derives from the relation [x, p] = i~.
Since the momentum of a particle of mass M is
bounded by M c, an immediate implication of the uncertainty limit is that one cannot localize a particle on a
scale less than its Compton wavelength,
RC = ~/(M c) .

(3)

The factor of 2 has now been dropped but RC is sometimes taken to be 2π times larger than this, corresponding to using h rather than ~ in Eq. (3). Although M is
usually interpreted as the rest mass, this formula applies
in any relativistic frame, since M is increased and RC is
decreased by a Lorentz factor. For a zero-rest-mass particle like a photon, M must interpreted in terms of the
total energy and RC is just the photon wavelength.
In the (M, R) diagram of Fig. 1, the region corresponding to R < RC might be regarded as the “quantum domain”, in the sense that the classical description breaks
down there. This region is not unphysical but it cannot be occupied by single-particle states because pairs of
particle of mass M are produced whenever the mass is
compressed within the scale ~/(M c), the uncertainty in
the energy ∆E ≈ c∆p then exceeding M c2 . So quantum
field theory, which describes the creation and annihilation of particles, must pertain in this region. Also space
behaves strangely below the Compton boundary because
of quantum entanglement and non-local effects. Recent
developments suggest that these effects are intimately
connected with the Uncertainty Principle [8]. Although
quantum theory is usually associated with microphysics,
the boundary extends to arbitrarily large values of R.
An object of mass M forms a black hole if it is compressed enough to form an event horizon. For a spherically symmetric object, general relativity implies that
this corresponds to the Schwarzschild radius,
RS = 2GM/c2 .

(4)

The region R < RS might be regarded as the “relativistic
domain” and there is no stable classical configuration in
this part of Fig. 1. It is well known that time behaves
strangely at an event horizon, in the sense that it freezes
there from the perspective of an external observer, although it still flows for an observer who falls towards
the central singularity. General relativity is often associated wth the macroscopic domain (eg. it is essential
for cosmology) but we note that the black hole boundary
extends down to very small values of R.
The boundaries given by Eqs. (3) and (4) intersect at
around the Planck scales,
p
p
RP = ~G/c3 ∼ 10−33 cm, MP = ~c/G ∼ 10−5 g ,
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and they divide the (M, R) diagram in Fig. 1 into three
regimes (quantum, relativistic, classical). However, there
are several other interesting lines in this diagram. For
example, the vertical line M = MP is often assumed to
mark the division between elementary particles (M <
MP ) and black holes (M > MP ), because one usually
requires a black hole to be larger than its own Compton
wavelength.
The horizontal line R = RP in Fig. 1 is also significant
because a simple heuristic argument suggests that quantum fluctuations in the metric should become important
below this. Since the energy density in a gravitational
field with potential φ is ρg ≈ (∇φ)2 /(8πG), the mass associated with the gravitational energy within the volume
4πR3 /3 can
√ only exceed ~c/R (as required by the HUP)
for ∇φ > ~cG/R2 , so the metric fluctuations are
2

2

∆g/g ∼ φ/c ∼ R∇φ/c > RP /R .

(5)

One therefore expects some form of spacetime foam for
R < RP [9]. Quantum gravity effects should also be important whenever the density exceeds the Planck value,
ρP = c5 /(G2 ~) ∼ 1094 g cm−3 ,

(6)

corresponding to the sorts of curvature singularities associated with the big bang or the centres of black holes.
This implies
R < (3M/4πρP )1/3 ∼ (M/MP )1/3 RP ,

(7)

which is well above the R = RP line in Fig. 1 for M 
MP . So one might regard the combination of this line
and the R = RP line as specifying the boundary of the
“quantum gravity” domain, as indicated by the shaded
region in Fig. 1.
Although we lack a detailed understanding of quantum gravity effects, the expressions for the quantum
and black hole boundaries presumably break down as
one appoaches their intersection point. So although the
Compton and Schwarzschild boundaries are represented
as straight lines in the logarithmic plot of Fig. 1, this
should only be regarded as an approximation. The proposal advocated in this paper requires that these boundaries must join together smoothly in a way which depends
upon their corrected forms. In the next two sections we
discuss the possible modifications to the Compton and
Schwarzschild expressions.
III.

GENERALIZED UNCERTAINTY
PRINCIPLE

Adler and colleagues [10] have discussed how the quantum boundary in Fig. 1 might be modified as one approaches the Planck point from the left. They argue that
the Uncertainty Principle should take the form
2
∆x > ~/∆p + αRP
(∆p/~)

(8)

FIG. 1: Showing the division of the (M, R) diagram into the
classical, quantum, relativistic and quantum gravity domains.
The boundaries are specified by the Compton wavelength,
the Schwarzschild radius and the Planck density. The GUP
smoothes out the transition where the classical and quantum
boundaries intersect.

where α is a dimensionless constant which depends on
the particular model and the factor of 2 in the first term
has been dropped. They describe this as the Generalized Uncertainty Principle (GUP) and offer a series of
heuristic arguments for the second term in Eq. (8). Subsequently, other authors have advocated this view [11]
and considered its observational implications (eg. for the
Lamb shift and Landau levels) [12].
We first review some of these arguments, following the
discussion in Ref. [2]. The simplest one depends on a
Newtonian analysis of gravitational effects and goes back
to Ref. [13]. A photon of frequency ω which comes within
a distance l of a particle will impart a gravitational acceleration a ∼ G~ω/(cl)2 over a time ∆t ∼ l/c. It therefore
induces a displacement
2
∆xg ∼ a(∆t)2 ∼ G~ω/c4 ∼ G∆p/c3 ∼ RP
∆p/~ ,

(9)

the uncertainty in the particle’s momentum ∆p corresponding to the photon’s momentum ~ω/c. Assuming
the uncertainties add linearly, the total ∆x therefore has
the form indicated by Eq. (8). So the imprecision in the
position of the particle is due to the photon’s momentum
for low ∆p and its gravitational effect for high ∆p. The
important point is that ∆x has a minimum at around
the Planck scale.
The reasoning leading to Eq. (9) is Newtonian but Einstein’s equations give an equivalent relativistic argument.
A photon of momentum p will produce a metric fluctuation ∆gµν on a scale R given by


∆gµν
8πG pc
=
.
(10)
R2
c4
R3
So if the probing photon is again assumed to impart an
uncertainty ∆p ∼ p in the momentum of the particle, the
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uncertainty in its position becomes

5

2
∆xg ∼ R∆gµν ∼ 8πG∆p/c3 ∼ RP
(∆p/~) .

8

(11)
4

∆x > ~/∆p + α0 (∆p/~)

Here the factor of 2 has been included and λ is a parameter of order RP /~ associated with the polymer scale. The
sign of the second term is negative in this model because
the lattice structure reduces the uncertainty in position.
However, this equation cannot apply for arbitrarily
large
√
∆p since ∆x becomes negative for ∆p > 2/λ. Note
that Hossain et al. extract information about the GUP
from the LQG-inspired general polymeric quantization
and their variables ∆x and ∆p are not the same as ours.
Their x and p correspond to the metric and the conjugate
momentum, i.e. gµν and the extrinsic curvature Kµν ,
whereas ours correspond to the position and momentum
of a particle in spacetime.
Since the second term in Eq. (8) can be written as
αG(∆p)/c3 , it roughly corresponds to the Schwarzschild
radius for an object of mass ∆p/c. Indeed, if we rewrite
Eq. (8) using the substitution ∆x → R and ∆p → cM ,
i.e. in the same way that one goes from Eq. (1) to the
condition R > RC , it becomes
(14)

The expression on the right might be regarded as a generalized Compton wavelength and it asymptotes to the
Schwarzschild form at large M , apart from a numerical
factor. However, it is unclear whether the advocates of
the GUP intended it to be applied in this regime, so it
would be more natural to write condition (14) as

~ 
0
R > RC
=
1 + α(M/MP )2 .
Mc
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FIG. 2: This shows ∆x versus ∆p for the HUP (left) and the
GUP (right) with n =1, 2 and 20.

(12)

where α0 ∼ (10RP )2 is the string tension [15]. However,
it is not clear that the second term can be related to
black holes since the M  MP states are too stretched
to undergo collapse. Indeed, in string theory a black hole
is usually assumed to comprise many strings.
The GUP can also be derived in LQG because of polymer corrections in the structure of spacetime [16]. These
have been studied by Hossain et al. [17], who find


λ2
~
(13)
1 − (∆p)2 + O(λ4 ) .
∆x >
2∆p
2

0
R > RC
= ~/(M c) + αGM/c2 .

Dx

A more precise calculation, differentiating between the
transverse and longitudinal motions, gives the same result apart from numerical factors of order unity [10].
Variants of Eq. (8) can be found in particular theories –
for example, in non-commutative quantum mechanics or
from general minimum length considerations [14]. The
HUP is also modified in string theory because strings
expand when probed at high energies, giving a GUP of
the form

Dx

6

(15)

The second term can be regarded as a correction as one
approaches the Planck point from the left, this being
small for M  MP . On the other hand, the extension of
this expression to all values of M seems reasonable, since
an outside observer cannot localize an object on a scale
smaller than its Schwarzschild radius. This form of the
GUP is shown by the n = 1 curve in Fig. 2.
A more general issue is that the usual Compton wavelength expression makes no sense for an object with
M  MP since ~/(M c) is below the Planck scale. So
one might wonder whether the GUP is relevant even for
ordinary macroscopic objects. Of course, quantum effects are tiny in this regime, since one is well above the
Compton line, but this is still an important issue of principle. One view might be that the Compton formula
does not apply for composite objects but that raises the
issue of what is meant by “composite”. For example, the
Compton wavelength of a proton is usually taken to be
~/(mp c) ∼ 10−13 cm, even though the proton is made of
three quarks with much larger individual Compton wavelengths. And should a black hole be regarded as composite or discrete? At the very least, one should worry about
the application of the HUP for M  MP .
In a sense, this concern underlies the whole issue of
quantum decoherence. For example, Kay’s modification
of non-relativistic quantum mechanics [18] leads to a
GUP for an object of mass M and radius R of the form

2
~
M
~∆x
∆p ≥
+9
,
(16)
2∆x
MP
R2
which gives a lower limit on ∆p rather than ∆x. This
result is only applicable in the Newtonian limit and for
wave functions whose spread is smaller than R but if one
makes the substitution ∆x → R and ∆p → cM , one
obtains the relation
R≥

~
[1 + 18(M/MP )2 ] .
2M c

(17)

This looks like the Compton line for M << MP but tends
to roughly the black hole line for M >> MP , which is
similar to our proposal.
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These considerations suggest that there is a different
kind of positional uncertainty for objects larger than the
Planck mass, with ~/∆p being replaced by the (much
larger) Schwarzschild radius for the mass M = ∆p/c.
Postulating that no external observer can localize an object more precisely than the event horizon might also be
interpreted in terms of the time distortions near a black
hole, since the event horizon only forms asymptotically
from the perspective of external observer. One might further speculate that there is a deeper level of uncertainty
below the Planck density line in Fig. 1, since the notion
of space as a continuum breaks down here.
Note that there is an important distinction between the
uncertainty in the position of an object which falls inside
a black hole and the position of the black hole itself.
For example, dynamical observations might be able to
determine the position of a black hole’s centre of mass
more precisely than its radius. This distinction will also
arise when we consider quantum emission by black holes.
Various caveats should be stressed at this point. First,
Eq. (14) only corresponds exactly to the Schwarzschild
condition for M  MP if α = 2 and there is no obvious reason for this in the heuristic derivations of the
GUP given above. Second, Eq. (8) assumes that the two
uncertainties add linearly. It is possible that the operator structure of quantum theory requires this. On the
other hand, since they are independent, it might be more
natural to assume that they add quadratically:
q
2 ∆p/~)2 .
∆x > (~/∆p)2 + (αRP
(18)

This gives the approximation


~
αn
0
2n
R > RC ≈
1+
(M/MP )
Mc
n

This would correspond to a generalized Compton wavelength
p
0
RC
= (~/M c)2 + (αGM/c2 )2 ,
(19)

Discussions of the GUP usually focus on what happens
to the left of the Planck point in Fig. 1. However, the
GUP also has important implications for the black hole
horizon size, as can be seen by examining what happens
as one approaches the intersect point from the right. In
this limit, it is natural to write Eq. (14) as


1
αGM
2
0
(25)
1 + (MP /M ) ,
R > RS =
c2
α

which is different from the expression given by Eq. (14).
The approximation (15) for M  MP is then replaced
with


~
α2
0
RC
≈
(M/MP )4 ,
(20)
1+
Mc
2
implying that the deviation from the HUP falls off fa
ster than before as M falls below MP . While the heuristic arguments given above indicate the form of the two
uncertainty terms, they do not specify how one combines
them.
In fact, depending on one’s quantum gravity model,
there could be many possible curves which smoothly interpolate between the Compton and Schwarzschild limits.
For example, one might envisage a GUP of the form
2
∆x > [(~/∆p)n + (αRP
∆p/~)n ]1/n

(21)

for some integer n, corresponding to the condition
0
R > RC
= [(MP /M )n + (αM/MP )n ]1/n RP .

(22)

(23)

for M  MP . The version of the GUP given by Eq. (15)
then corresponds to n = 1, whereas Eq. (20) corresponds
to n = 2, but in principle any value of n would be possible. Each expression would correspond to a different
0
point in Fig. 2 where RC
bottoms out, the minimum oc−1/2
curring at M = α
MP and R = 21/n α1/2 RP . The
form of the GUP is indicated for three values of n.
More generally, one might consider any function
0
RC
(M ) which scales as M for M  MP and M −1 for
M  MP . These would all have the required asymptotic
forms but differ near the Planck scale itself. A Taylor expansion for ∆p  cMP might then give a GUP of the
form
X
n+1
∆x > ~/∆p +
kn RP
(∆p/~)n
(24)
n

for dimensionless constants kn . Measurements of these
constants might then provide an experimental probe of
the GUP. One factor discriminating between different
0
(M ) might be the requirement of Lorentzforms of RC
invariance.

IV.

GENERALIZED EVENT HORIZON

which represents a small perturbation to the
Schwarzschild radius for M  MP if one puts
α = 2. None of the heuristic arguments require α = 2,
so one has to assume this at the outset. Alternatively,
one might envisage a somewhat different one-parameter
form:
R > RS0 =


2GM 
1 + β(MP /M )2
2
c

(26)

for some constant β. One might then regard this expression as defining a Generalized Event Horizon (GEH).
Since the GUP provides an extension of the quantum boundary into the relativistic domain, this raises
the question of whether there is an equivalent extension
of the relativistic boundary into the quantum domain.
This is a natural inference since Eq. (26) asymptotes to
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the Compton scale at small M in the same way that the
GUP bound tends to the Schwarzschild scale at large M .
At first sight it might seem unphysical to contemplate a
black hole with M < MP since it is smaller than its own
Compton wavelength. However, as described below, this
problem is resolved in a rather surprising way in LQG.
The GEH concept also arises in more general forms of
the GUP. In particular, if the uncertainties add quadratically, one can regard Eq. (19) as defining RS0 as well as
0
RC
and this leads to the approximation


αGM
1
0
4
RS ≈
1 + 2 (MP /M )
(27)
c2
2α
for M  MP . As in the linear case, one might then
consider the alternative form
RS0 ≈


2GM 
1 + β(MP /M )4
2
c

(28)

for some parameter β. Recently it has been discovered
that a model inspired by LQG permits the existence of a
new type of black hole whose horizon size has precisely
the form (19). The model is discussed in more detail in
Sect. VI but the crucial point is that the physical radial
coordinate R is not the Schwarzschild coordinate r but
related to it by
r
4
ξ 2 RP
R = r2 +
,
(29)
2
r
where ξ is a constant of order unity. R is physical in
the sense that the area of the 2-sphere with constant R
is 4πR2 . The two coordinates are almost the same at
large r but radically different at small r. Indeed,
√ while r
spans
the
range
0
to
∞,
R
has
a
minimum
of
2ξRP at
√
r = ξRP and goes to infinity in both limits. The central singularity of the Schwarzschild solution is therefore
replaced with another asymptotic region, so the collapsing matter bounces and the black hole becomes part of a
wormhole.
If one puts r = 2GM/c2 in Eq. (29), corresponding to
the position of the event horizon, one obtains
p
RS0 = (2GM/c2 )2 + (ξ~/2M c)2 .
(30)
Providing ξ = 2, this equation has the implication that
the black hole size becomes the Compton wavelength for
M  MP . There is no a priori reason for taking ξ = 2,
so this is analogous to the assumption that α = 2 in
the GUP case. Equation (29) therefore has three important cosequences: (1) it removes the singularity; (2)
it permits the existence of black holes with M  MP ;
and (3) it allows a unified expression for the Compton
and Schwarzschild scales. Indeed, it seems remarkable
that the purely geometrical condition (29) implies the
quadratic version of the GUP given by Eq. (19).
The above discussion suggests that one should try to
generalize and unify the standard expressions for RC

and RS by seeking a function of M
to the Compton wavelength for M
Schwarzschild radius for M  MP :
(
~/(M c) (M
0
0
RC = RS ≈
2GM/c2 (M

which asymptotes
 MP and the
 MP )
 MP ) .

(31)

This proposal is termed the Black Hole Uncertainty Principle (BHUP) correspondence, although it is important
to stress that one only obtains the exact Compton and
Schwarzschild expressions asymptotically for particular
values of α and β.
We postulate that a similar result may apply in other
theories of quantum gravity if one replaces Eq. (30)
with any expression which reduces to the Compton and
Schwarzschild forms asymptotically. For example, by
analogy with Eq. (22), one might consider the power-law
expression
RS0 = [(2GM/c2 )m + (β~/M c)m ]1/m

(32)

with some integer m, leading to the approximation


2GM
βm
2m
RS0 ≈
1
+
(M
/M
)
(33)
P
c2
m
for M  MP . This is only compatible with the equivalent generalization of the GUP, given by Eq. (21), and
the identification ∆p → M c for all ranges of M if
m = n. In particular, LQG corresponds to the special
case m = n = 2.
Whatever the form of RS0 (M ), the important qualitative point is that the BHUP correspondence requires
that one associates RS0 with a positional uncertainty ∆x.
Therefore RS0 must have the same functional dependence
on M as ∆x has on ∆p. By analogy to Eq. (24), one
might then expect the GEH for M  MP to have the
Taylor expansion
X
RS0 > 2GM/c2 + RP
kn (M/MP )−n
(34)
n

for constants kn . The important point is that the transition is smooth and this is what provides the link between
the Uncertainty Principle and black holes. One might
regard the nature of this transition as a fundamental signature of any theory of quantum gravity.
V.

GUP AND BLACK HOLE
THERMODYNAMICS

A particularly interesting application of the GUP concerns the link with black hole thermodynamics. Although
Hawking’s discovery of black hole radiation provides fundamental insights into quantum gravity, it is at first sight
rather surprising since the black hole region in Fig. 1 is
well above the Compton line. Quantum radiance may be
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small for macroscopic black holes but it is still important
in principle and even black holes with M ∼ 1015 g, which
evaporate at the present epoch, are far from the Compton line. However, a perspective in which the black hole
boundary becomes the quantum boundary in the macroscopic domain accommodates Hawking’s result very naturally.
Let us first recall the link between black hole radiation
and the HUP. This arises because we can obtain the black
hole temperature for M  MP by identifying ∆x with
the Schwarzschild radius and ∆p with some multiple of
the black hole temperature:
kT = ηc∆p =

η~c
η~c3
=
.
∆x
2GM

(35)

This gives the precise Hawking temperature if we take
η = 1/(4π). Since T ∼ MP2 /M , the mass associated
with this temperature is roughly the “dual” of the black
hole mass, in the sense that these masses are reflections
about the line M = MP in Fig. 1. It should be stressed
that the application of the HUP in this argument involves
both the particle emitted by the black hole and the black
hole itself. The second equality in Eq. (35) relates to the
emitted particle and assumes that ∆x and ∆p satisfy the
HUP. The third equality relates to the black hole and
assumes that ∆x is the Schwarzschild radius.
Both the above assumptions require M  MP but
even in this regime the GUP requires a correction to the
standard temperature formula. If we adopt the GUP in
the most general form (21) and associate ∆p with T and
∆x with RS , as before, then we obtain


s

2n 1/n
M
M c2
P
1 − 1 − 22−2n αn

T = 1+1/n
.
M
2
παk
(36)
This can be approximated by
"

2n #
αn
MP
~c3
1 + 2n
T ≈
8πGkM
n2
M

(37)

for M  MP , with the last term representing a small
perturbation to the Hawking prediction. However, the
assumption ∆x ≈ RS also breaks down as M falls towards MP and this entails a correction of the same order
as the GUP itself. Indeed, Eq. (32) implies that the term
αn in the above analysis must be replaced by αn − (2β)n .
While the exact modification is complicated and
model-dependent in the M  MP regime, we can easily understand the temperature behavior for M  MP ,
a possibility which at least arises in LQG. In this case,
Eq. (31) implies ∆x ≈ ~/(M c) and so Eq. (35) becomes
kT = ηc∆p =

η~c
≈ ηM c2 .
∆x

(38)

Since this is less than the Planck temperature, the second equality still applies to a good approximation, as

required for consistency. However, one can use another
argument which gives a different result. Since the temperature is determined by the black hole’s surface gravity
[3], Eq. (31) suggests
(
GM
M −1 (M  MP )
T ∝ 02 ∝
(39)
RS
M3
(M  MP ) ,
so the black hole temperature should scale as M 3 rather
than M for M  MP . Since we cannot be certain that
the temperature is identified with the surface gravity in
this regime, this raises the issue of whether we believe
Eq. (38) or (39) for M  MP . Both equations predict
that the temperature of a black hole deviates from the
Hawking expression when its mass falls below MP and
that it never goes above the Planck scale. But which
prediction is correct?
Obviously one cannot answer this question definitively
without having a proper theory of quantum gravity.
However, one heuristic reason for believing Eq. (39) is
that it implies that the entropy associated with a black
hole is
(
Z
dM
M2
(M  MP )
∝
(40)
S∝
T
M −2 (M  MP ) .
So the entropy scales as the area in both asymptotic limits, although it is negative for M  MP . If T ∝ M
for M  MP , S has a logarithmic dependence on M
in this regime and this suggests that Eq. (38) is less
plausible. We therefore favour the mass dependence implied by Eq. (39) and this is indicated in Fig. 3. Note
that the GUP changes the relationship between the entropy and area of a black hole somewhat anyway, even
for M  MP , the entropy typically acquiring an extra
logarithmic term [19].
The apparent inconsistency between Eq. (38) and
Eq. (39) for M  MP may arise because one needs to distinguish between the emitted particle (em) and the black
hole itself (BH). The quantity ∆p appearing in Eqs. (35)
and (38) always refers to (∆p)em and this is different
from (∆p)BH since the latter scales as M . Equation (39)
thus implies
(
(∆p)em
(M/MP )−2 (M  MP )
(41)
≈
(∆p)BH
(M/MP )2
(M  MP ) ,
although this relationship is not required in the derivation of T .
The relationship between (∆x)em and
(∆x)BH , which is required, is less clearcut. However,
since these scale as T −1 and RS0 , respectively, Eqs. (31)
and (39) suggest
(
(∆x)em
1
(M  MP )
(42)
≈
(∆x)BH
(M/MP )−2 (M  MP ) .
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in our scenario but there are still effectively stable relics
since the evaporation timescale becomes longer than the
age of the universe for sufficiently small M [4]. Just as the
HUP stabilizes the ground state of the hydrogen atom,
so the GUP stabilizes the ground state of a black hole.
This is also reminiscent of the suggestion that the black
hole surface area has a discrete spectrum, with a uniform
spacing determined by the area-entropy relationship [20].
However, it is not clear how this relates to the present
proposal.
FIG. 3: Showing the dependence of temperature on the black
hole mass predicted by the GUP and comparing this to the
CMB temperature.

Note that Eq. (29) implies the differential relation
(
∆R
1
(r  rP )
≈
(43)
∆r
(r/RP )−2 (r  rP )
and this resembles Eq. (42) if one puts r = 2GM/c2 .
This suggests that (∆x)BH and (∆x)em should be identified with ∆r and ∆R, respectively. One justification for
this might be that it is natural to relate (∆x)BH with r
because it refers to observations in our asymptotic space,
while (∆x)em is associated with R because the black hole
emission is measured in the other asymptotic space.
In any case, there is certainly an important difference
between sub-Planckian and super-Planckian black holes.
This is because a collapsing body with M  MP reaches
the Planck density before it collapses within a Planck volume, whereas one with M  MP falls within a Planck
volume first and is therefore hidden behind a wormhole
throat of diameter ∼ RP . Since any particle which is
radiated into our Universe must also come through this
throat, this suggests that the spectrum of particles detected in the two asymptotic regions should be different.
Replacing RS0 with RP in Eq. (39) implies that the temperature associated with the wormhole throat itself is
T ∝ M , which corresponds to the prediction of Eq. (38).
The above discussion might be contrasted with the argument of Adler et al. [10]. By associating ∆p and ∆x
with the temperature and Schwarzschild radius, respectively, they derive the temperature
!
r
αMP2
M c2
T =
1− 1−
.
(44)
4πk
M2
This corresponds to Eq. (36) with n = 1 but they apply it
for all values of M . Their expression peaks with T ∼ MP
at M ∼ MP and then becomes complex for M < MP .
They infer that evaporation ceases at the Planck mass,
leading to stable relicts. The discrepancy arises because
they assume ∆x ∝ M −1 for M  MP , whereas we assume ∆x ∝ M . The temperature never goes complex

VI.

LOOP BLACK HOLES

One approach to quantum gravity, Loop Quantum
Gravity (LQG) [21], has given rise to models which describe the very early universe. This simplified framework,
which uses a mini-superspace approximation, has been
shown to resolve the initial singularity problem [22]. A
black hole metric in this model, known as the loop black
hole (LBH) [4], has a self-duality property that removes
the singularity and replaces it with another asymptotically flat region. The thermodynamic properties of these
self-dual black holes have been examined in [23] and the
dynamical aspects of the collapse and evaporation were
studied in [24]. The black hole spacetime has also been
studied in a mini-superspace [25] and midi-superspace
[26] reduction of LQG.
LQG is based on a canonical quantization of the Einstein equations written in terms of the Ashtekar variables
[27], i.e. in terms of an SU (2) 3-dimensional connection
A and a triad E. The basis states of LQG are then
closed graphs whose edges and vertices are labeled by irreducible SU (2) representations and SU (2) intertwiners,
respectively. (See [21] for a review.) p
The edges of the
2
graph represent quanta of area 8πγRP
j(j + 1), where
j is a half-integer SU (2) representation of the edge label
and γ is a parameter of order one, called the Immirzi parameter. The vertices of the graph represent quanta of
3-volume. One important consequence of this is that the
area is quantized, with the smallest possible area being
√
2
Amin = 4π 3γRP
.

(45)

However, one should not take this exact value too seriously for various reasons: (1) the value of γ is not definite
and the consensus on its value has change a few
ptimes already; (2) other Casimirs are possible besides j(j + 1);
(3) we are looking for a minimum area for a closed surface but the spin-network is probably a closed graph, so
it is likely that at least two edges cross the surface, in
which case the minimum area is doubled; (4) if we consider a surface enclosing a non-zero volume, LQG stipulates that at least one 4-valent vertex must be present,
in which case we might have four edges intersecting the
surface, quadrupling the minimum area.
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We will parametrize our ignorance with a parameter β
defined by
√ 2
2
≈ 20γβRP
.
(46)
Amin = 4πγβ 3 RP
We then introduce another parameter
√
2
ao = Amin /8π = 3 γβRP
/2 .

(47)

The expected value of β is of order 1 but the precise
choice is not crucial.
To obtain the simplified black hole model, the following
assumptions were made. First, the number of variables
was reduced by assuming spherical symmetry. Second,
instead of all possible closed graphs, a regular lattice
with edge-lengths δb and δc in units of RP was used.
The dynamical solution inside the event horizon (where
space is homogeneous but not static) is then obtained and
corresponds to a Kantowski-Sachs solution. An analytic
continuation to the region outside the horizon shows that
one can reduce the two free parameters by identifying the
minimum area in the solution with the minimum area of
LQG. The remaining unknown constant of the model, δb ,
is the dimensionless polymeric parameter. Together with
Amin , this determines the deviation from the classical
theory and must be constrained by experiment.
The procedure to obtain the metric is as follows:
i We define the Hamiltonian constraint, replacing the
homogeneous connection with the holonomies along
the fixed graph identified above. The diffeomorphism constraint is identically zero because of homogeneity and the Gauss constraint is also zero for
Kantowski-Sachs spacetime.
ii We solve the Hamilton equation of motion for the
holonomic Hamiltonian system by requiring the
Hamiltonian constraint to be zero.
iii We extend the solution to all spacetime. This is certainly legitimate mathematically but we have only
found the solution in the homogeneous region, so
this may not be the correct polymerization of the
Hamiltonian constraint in the full spacetime. However, we believe such a polymerization exists.
We now consider the form of the metric in more detail.
Relabelling δb as δ, the metric depends only on the combined dimensionless parameter  ≡ δγ. If the quantum
gravitational corrections become relevant only when the
curvature is in the Planckian regime, as seems plausible,
then one requires  < 1. (A stronger bound can be placed
on  in the solar system to avoid excessive deviations from
the classical Schwarzschild metric.) For   1, the corrections to the Schwarzschild metric outside the horizon
are of order 2 . More precisely, the quantum gravitationally corrected metric can be expressed in the form
ds2 = −G(r)c2 dt2 +

dr2
+ H(r)dΩ(2) ,
F (r)

(48)

with dΩ(2) = dθ2 + sin2 θdφ2 and
(r − r+ )(r − r− )(r + r∗ )2
,
r4 + a2o
(r − r+ )(r − r− )r4
F (r) =
,
(r + r∗ )2 (r4 + a2o )
a2
H(r) = r2 + 2o .
r

G(r) =

(49)

Here r+ = 2Gm/c2 and r− = 2GmP 2 /c2 are the outer
√
and inner horizons, respectively, and r∗ ≡ r+ r− =
2mP , where m is the black hole mass and
√
1 + 2 − 1
P ≡√
(50)
1 + 2 + 1
is the polymeric function. For   1, we have P ≈
2 /4  1, so r− and r∗ are both much less than r+ .
For   1, P ≈ 1 and there are significant modifications to the metric beyond the horizon. Indeed, in the
limit  → ∞, the inner and outer horizons merge, so the
black hole has no interior and one passes instantaneously
between the asymptotic regions. Although this is a vacuum solution, we note that LQG generates an effective
stress-energy tensor T µν .
Since gθθ is not exactly r2 in the above metric, r is
only the usual radial coordinate asymptotically. However, this coordinate reveals the properties of the metric
most clearly. In particular, in the limit r → ∞ one has
2GM
(1 − 2 ) ,
c2 r
2GM
F (r) → 1 − 2 ,
c r
H(r) → r2 ,
G(r) → 1 −

(51)

so the deviations from the Schwarzschild solution are of
order GM 2 /(c2 r). Here M = m(1 + P )2 is the ADM
mass, which is determined solely by the metric at flat
asymptotic infinity and might be associated with the
quantity M appearing in our earlier discussion. In this
section we always refer to the quantity m.
The expression for H(r) shows that the more physical
radial coordinate is
r
a2
R = r2 + 2o
(52)
r
in the sense that this measures the proper circumferential
distance. As√r decreases from ∞ to 0, R first decreases
√
from ∞ to 2a0 at r = a0 and then increases again
to ∞. In particular, the value of R associated with the
event horizon is
s
2 
2
p
2Gm
ao c2
REH = H(r+ ) =
+
. (53)
c2
2Gm

=

r−

r

r−

r−

r

IR−

=
0

=

=

r

0

r

2m

2m

r−

=

IL−

2m

r =0

IR+

2m

IR−

r−

IL+

0

0

IL−

r−

=

=

IR+

r

r

r =0
IL+

0

0

r

r−

=

r−

r

0
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0

FIG. 5: Embedding diagram of a spatial slice just outside the
horizon of a 50 Planck mass black hole. In (a) we have the
LBH with metric (49); (b) is the Schwarzschild black hole. In
both cases the foliation is with respect to the timelike Killing
vector and the scales are in Planck units. The lowest point in
each diagram corresponds to the event horizon.

FIG. 4: The Penrose diagrams for the Schwarzschild metric
on the left and the LBH metric on the right. The latter has
two asymptotic regions, one at infinity and the other near the
origin, which no observer can reach in a finite time.

This is equivalent to Eq. (30), asymptoting to the
Schwarzschild radius for m  MP and to the Comp2
ton
√ wavelength for m  MP , if we put ξ = a0 /RP =
3γβ/2.
If one introduces the new coordinates r̃ = ao /r and
t̃ = t r∗2 /ao , with r̃± = ao /r∓ and r̃∗ = ao /r∗ , the metric
preserves its form. The spacetime thus exhibits a strik√
ing self-duality with dual radius r = r̃ = ao . From
Eq. (52), this dual radius corresponds to the minimal
possible surface element and has an area√ 8πao . Since
we can write Eq. (52) in the form R = r2 + r̃2 , it is
clear that the solution contains another asymptotically
flat Schwarzschild region rather than a singularity in the
limit r → 0. As is evident from the Penrose diagram
in Fig. 4, this corresponds to a Planck-sized wormhole,
whose throat is described by the Kantowski-Sachs solution. The mass of the black hole in the dual metric is
mdADM =

a0 (1 + P )2 c4
,
4mG2 P 2

(54)

which is of order MP2 /m apart from the P factors.
The crucial issue is whether the event horizon is inside
or outside the wormhole throat or, equivalently, whether
the black hole forms before or after the bounce. For
the event horizon to be outside√the throat, we need
√
r+ > ao , which implies m > ( 3γβ/2)1/2 MP . Thus
the bounce occurs after black hole formation for a superPlanckian LBH and the exterior is then qualitatively similar to that of a Schwarzschild black hole of the same
mass. This is illustrated in Fig. 5, which compares the
embedding diagram for the two cases if the black hole
√
has a mass m = 400π a0 . The metric outside the event
horizon differs from Schwarzschild only by Planck-scale
corrections. On the other hand, the event horizon is the

FIG. 6: Embedding diagram of a spatial slice just outside the
horizon of a 0.005 Planck mass black hole. (a) is the LBH
with metric (49); (b) is the Schwarzschild black hole. The
foliation is the same as in Fig. 5 and the lowest points in each
diagram correspond to the outer horizon.

other side of the wormhole throat for a sub-Planckian
LBH and the departure from the Schwarzschild metric
is then very significant. In this case, the bounce occurs
before the event horizon forms. Consequentially, even if
the horizon is quite large (which it will be for m  mP ),
√
it will be invisible to observers at r > ao .
It is interesting to consider the formation of these objects. To create a black hole, we must put a mass m
2
. For m  MP , this
inside a sphere of area 4πREH
area is 16πG2 m2 /c4 , so a density ρBH ∝ m−2 is required. However, for m  MP , we must merely localize
the mass and energy inside a sphere of area 8πao . Be2
cause Amin ≥ 5RP
for the currently accepted value of
the Immirzi parameter, there does not seem to be any
semiclassical impediment to doing that. Hence it should
be possible to create ultralight black holes. We show the
√
embedding diagram for a LBH of mass m = 4π ao /100
in Fig. 6a. This is contrasted with the embedding diagram of a Schwarzschild black hole of the same mass in
Fig. 6b.
The most striking feature of the LBH is that the event
horizon size given by Eq. (53) corresponds to the GEH
expression given by Eq. (30). This is remarkable since
this result comes from geometrical rather than quantum
considerations and it seems to support the n = 2 version of the BHUP correspondence. This size presumably
corresponds to the positional uncertainty (∆x)BH asso-
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ciated with the black hole.
Let us now relate the GUP to the thermodynamic
properties of black holes. In the LBH solution, the surface gravity of the black hole is
κ2 = −g µν gρσ ∇µ χρ ∇ν χσ /2,

(55)

where χµ = (1, 0, 0, 0) is a timelike Killing vector and
Γµνρ are the connection coefficients. Inserting the metric
into this equation, we find that the surface gravities on
the inner and outer horizons are
4G3 m3 c4 P 4 (1 − P 2 )
,
16G4 m4 P 8 + a2o c8
4G3 m3 c4 (1 − P 2 )
κ+ =
.
16G4 m4 + a2o c8

(56)

The black hole temperature is associated with the outer
horizon and given by kT = κ+ /2π. The dependence of
the temperature on mass is therefore as illustrated in
Fig. 3. It increases and then decreases as m increases,
reaching a maximum around the Planck mass. This confirms the qualitative behaviour anticipated in Sec. V.
We can now reverse the argument leading to Eq. (35)
to obtain the corresponding GUP. However, in doing so,
we must distinguish between the emitted particle and the
black hole itself. The uncertainty in the momentum of
the emitted particle is
(2Gm)3 (1 − P 2 )~c2
.
(2Gm)4 + a2o c8

(57)

Combining this with Eq. (53), which we interpret as the
positional uncertainty of the black hole, then gives
(1 − P 2 )~
.
(∆p)em (∆x)BH ≥ p
1 + a2o /(2Gm/c2 )4

(58)

For m  MP , Eq. (42) implies (∆x)BH ≈ (∆x)em , so
we have


a2o
2
(∆p)em (∆x)em ≥ ~(1 − P ) 1 −
. (59)
2(2Gm/c2 )4
The last term is of order (MP /m)4 , which resembles
Eq. (20). Its negative sign corresponds to a reduction
in the uncertainty and is reminiscent of Eq. (13) from
Hossain et al. [17]. This term can be neglected for
m  MP and observations then enable one to put a
bound on P . For m  MP , Eq. (42) implies (∆x)BH ≈
(∆x)em (m/MP )2 , so we have
(∆p)em (∆x)em ≥ √

8
(1 − P 2 )~ .
3γβ

Apart from numerical factors, this just corresponds to
the boundary shown in Fig.1, with (∆x)BH ∝ (∆p)−1
BH
for m  MP and (∆x)BH ∝ (∆p)BH for m  MP .
VII.

κ− =

(∆p)em = 4πkT /c =

This result should not be confused with the GUP for
the black hole itself. Since (∆p)BH = mc and (∆x)BH is
given by Eq. (53), one has
s
√

4
3γβ
16
m
(∆p)BH (∆x)BH ≥
~ 1+ 2 2
. (61)
4
3γ β
MP

(60)

In both cases, one obtains the standard HUP apart from
numerical factors, as expected since the emitted particles
have sub-Planckian energy for all values of M .

DISCUSSION

The proposal advocated in this paper leaves several unresolved questions and we conclude by discussing some
of these. One important issue within LQG is why the
parameters α and β appearing in the GUP and GEH expressions, respectively, should have the values required to
give the exact Schwarzschild and Compton scales. This
does not seem to be required a priori but has to be imposed. This is more of a problem for α than β, since one
could argue that the coefficient in the expression for the
Compton scale is somewhat arbitrary anyway.
Another puzzle concerns the relationship between subPlanckian black holes and elementary particles in LQG,
since they both lie on the Compton line in Fig. 1. One
distinction is that the quantity R is measured in different
asymptotic spaces in the two cases. This is more apparent if one represents Fig. 1 in terms of the (unphysical)
coordinate r rather than R. The black hole and elementary particle lines are then clearly separated, although
r becomes sub-Planckian in the black hole asymptotic
space. In any case, there is clearly some deep connection
here. This is described as Quantum Particle Black Hole
Duality and discussed further elsewhere [23].
It is also unclear is how the formation of a LBH is to be
represented in Fig. 1. For a light LBH (M  MP ), the
collapse of a spherically symmetric region is presumably
represented by a downwards vertical trajectory. This first
goes below the Compton line and then reverses direction
when the region bounces (at sub-Planckian density) to
form a Planckian wormhole. The region then re-expands
into another asymptotic region and appears as a subPlanckian white hole when it re-crosses the Compton
line. However, a process in which a region falls below
its Compton wavelength is problematic and it is possible that a sub-Planckian black hole could only form via
the evaporation of a super-Planckian one. The formation of a heavy LBH (M  MP ) is equally problematic
because the collapsing region crosses the Planck density
line before bouncing at the Planck volume. Yet another
problem is that the duality between super-Planckian and
sub-Planckian black holes suggests that they should form
together in the LQG scenario and this is difficult to represent in Fig. 1. We discuss these issues in a separate
paper [37].
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Moving to more general quantum gravity scenarios,
some link between the Uncertainty Principle and black
holes is suggested by the work of Calmet et al. [38].
They argue that the Planck scale RP must be the minimal length on the basis of causality, the Uncertainty
Principle and a dynamical criterion for gravitational collapse called the “hoop conjecture”. There may also be
some link with the notion of fuzzy black holes [39] and
non-cummutative black black holes [40].
Unfortunately, it seems unlikely that the BHUP correspondence applies in the context of string theory, which
is the other main contender for a theory of quantum gravity. While Eq. (12) formally resembles Eq. (8), so that
some form of GUP seems to apply, we have seen that
the second term cannot correspond to a black hole for
M  MP because the string is too elongated to form
an horizon. The situation is even worse for M < MP
because Maggiore [14] argues that the concept of a black
hole is then not operationally defined. A formula like
Eq. (29) also arises in string theory, with the two terms
corresponding to the string excitation (which scales as
r−1 ) and the string winding (which scales as r) but the
energies add linearly rather than quadratically.
Another important perspective comes from Giddings
and Lippert [41], who argue that the Schwarzschild line
in Fig. 1 represents the boundary of the domain of validity of local quantum field theory (QFT). The Uncertainty
Principle implies that the phase-space description of classical mechanics must break down somewhere, so we need
to parameterize for what field configurations QFT is no
longer valid. Their approach uses a perturbative Fock
space description of QFT states, in which the incorporation of gravity is best represented in the two-particle
sector. However, Fock space states that fall below the
Schwarzschild line do not have a perturbative description in simple QFT terms. This is described as a “locality bound” and it specifies the boundary in Fig. 1 where
QFT must match onto a more complete theory of quantum gravity. Taking this to be the Schwarzschild line
also has the advantage that it can be reconciled with
Lorentz-invariance. A diagram similar to Fig. 1 arises if
one thinks of scattering as a function of center-of-mass
energy and impact parameter [42].
The principle of locality is clearly very relevant to the
considerations of this paper. Doplicher [43] points out
that this is a crucial feature of combining special relativity with quantum theory and it is associated with a
global gauge-invariance. However, this no longer applies
when one accounts for the gravitational interaction between particles, so there is no local gauge-invariance, and
this is why the merger of general relativity with quantum theory removes locality on much larger scales than
the Planck length. The BHUP correspondence suggests
that it breaks down at the black hole scale.

The Uncertainty Principle itself acquires a different significance in string theory, being interpreted in terms of
4
the 4-dimensional relationship ∆t ∆x > RP
. This has
been discussed by Yoneya [44], who gives a semi-classical
reformulation of string quantum mechanics in which the
dynamics is represented by the non-commutativity between temporal and spatial coordinates. More recently
he has extended this to field theories involving D-branes
and black holes [45].
It is particularly interesting to extend the BHUP correspondence to the higher dimensional case. It is clear
that new physics is encountered at the Planck scale, with
the minimum length-scale corresponding to a UV cut-off
[46]. However, in some versions of string theory there
are large extra dimensions and in this case the Planck
scale is lowered, possibly into the experimentally accessible range. This might allow the production of higherdimensional black holes in accelerators. Since we know
how the scaling of the black hole radius with M changes
with dimensionality in most models, one should be able
to predict the form of the GUP explicitly.
Finally, we note that there is an interesting contrast
between the LBH properties and those of the black holes
which arise in “asymptotically safe” gravity [47]. In these
models, gravity weakens at small scales, so that the event
horizon is smaller than usual. This implies that the black
hole boundary in Fig. 1 becomes steeper as M decreases,
with the horizon size going to zero at some critical mass.
As with the LBH, a central singularity is avoided but
without invoking another asymptotic region. Nevertheless, the metric and Penrose diagram have a similar form
to the LBH case and one again has Planck-size remnants
with vanishing temperature.
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