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Radiative Symmetriebrechung in Links-Rechts-Symmetrischen Mod-
ellen mit einer Shiftsymmetrie an der Planckskala:

Unter der Annahme, dass das Standard Modell bis zur Planckskala Ap; ~
10' GeV giiltig ist, zeigt die Higgs Selbstkopplung einen Wert, der nahe Ap; er-
staunlich klein ist. Es ist verlockend anzunehmen, dass dies von der einbettenden
Theorie der Gravitation erzwungen wird. In einem stringtheoretischen Kontext
wurde diese Beobachtung kiirzlich interpretiert als die Invarianz des Skalarpoten-
tials an der Planckskala unter konstanter Verschiebung des Higgsfeldes.

Im Allgemeinen sind solche Randwertbedingungen von besonderem Interesse fiir
die Untersuchung von radiativer Symmetriebrechung in Modellen mit klassischer
konformer Invarianz, denn die Planckskala ist mit der Brechungsskala iiber das
Laufen der Skalarkopplungen verbunden.

In dieser Arbeit wird die Coleman-Weinberg Symmetriebrechung im links-rechts-
symmetrischen Modell diskutiert bei Anwesenheit einer solchen Shift-Symmetry,
die fiir den besonderen Fall der Links-Rechts-Symmetrie verallgemeinert ist. Im
reduzierten Parameterraum gelingt es, eine grofle Hierarchie zwischen der Planck-
skala und der Links-Rechts-Brechungsskala zu generieren. Um auch die elek-
troschwache Skala zu stabilisieren, wird das Modell um zwei Fermionen erweitert,
die zum Laufen der Skalarkopplungen beitragen.

Radiative Symmetry Breaking of Left-Right Symmetric Models with
a Shift Symmetry at the Planck Scale:

Under the assumption that the Standard Model is valid up to the Planck scale
Ap ~ 10 GeV, the quartic Higgs coupling exhibits near Ap; a value remarkably
close to zero. It is tempting to consider this feature as a manifestation of boundary
conditions imposed by the embedding theory of gravity. In a stringy context this
observation has recently been interpreted in terms of the scalar potential being
invariant under a constant shift of the Higgs field at the Planck scale.

In general, such boundary conditions are of special interest in the study of radia-
tively induced symmetry breaking in models with classical conformal invariance,
as the Planck scale is connected to the breaking scale via the running of the scalar
couplings.

In this thesis, the Coleman-Weinberg symmetry breaking of the minimal clas-
sically conformally invariant left-right (LR) symmetric model is reconsidered in
the presence of a shift symmetry which is generalized to the case of the LR sym-
metry. Within the restricted parameter space imposed by the shift symmetry, a
large hierarchy between the LR breaking scale and the Planck scale can be gen-
erated. In order to stabalize the electroweak-scale as well, the model is extended
by two fermionic representations, which contribute to the running of the scalar
couplings.
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Chapter 1
Introduction

For many years the Standard Model (SM) of particle physics has been in per-
fect agreement with experimental observations. With the recent discovery of a
~ 125 GeV Higgs boson [1,2], even the last fundamental particle predicted by the
SM seems to be found. At the same time, however, neutrino oscillations! represent
the most striking hint to new physics beyond the SM. In contradiction to the SM
prediction, neutrinos are massive. Thus, the SM needs to be extended. While there
are many non-minimal proposals to obtain neutrino masses (see e.g. Ref. [4]), the
most famous approach is the introduction of right-handed (sterile) neutrinos to the
SM [5].

Besides experimental requirements, also from a theoretical perspective, an alter-
native to the SM is desirable due to its inherent problems of naturalness. One of
the most severe is the so-called hierarchy problem. It states that, in the process
of renormalization, the quadratically divergent corrections to the Higgs mass term
have to be canceled to unnaturally high precision in order to explain the small-
ness of the Higgs mass. A solution to the hierarchy problem has been proposed
by Bardeen.? He argued that in the classically conformal limit of the SM,? these
divergences would turn out to be unphysical. For this argument to be applicable,

no intermediate theory is allowed up to the embedding at the Planck scale,
Ap; ~1.22-10" GeV. (1.1)

For the SM, classical conformal invariance has however been excluded, since it pre-
dicts a too low Higgs mass (for a review see [7]). Motivated by the work of Nicolai and

Meissner [8-10], who showed that classical conformal symmetry might be entailed

!See the Particle Data Group review [3].
2See Ref. [6] and references therein.
3This corresponds to scale-invariance, thus to a vanishing Higgs mass term p2¢? c £.
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Chapter 1 Introduction

by the embedding theory including gravity, Holthausen et al. [6] considered classical
conformal invariance in the minimal left-right (LR) symmetric model [11-13].

The LR symmetric model extends the SM gauge group to
SU(B)CXSU(Q)LXSU(Q)RXU(l)B_L (12)

The LR symmetric model is attractive from a theoretical point of view as it restores
parity to be a symmetry of nature. Furthermore, by generalization of the Gell-Mann
Nishijima relation, in the LR symmetric model the generator of the U(1) can be
expressed by the difference of baryon and lepton numbers, which within the SM
are conserved quantities at the classical level. With regard to neutrino masses, it
naturally provides the introduction of right-handed neutrinos which in the minimal
model allows for Dirac mass terms via the Higgs mechanism.*

As the gauge sector of the model is enlarged with respect to the SM, spontaneous
symmetry breaking has to be performed minimally in two steps. Using the approx-
imate analytical method by Gildener and Weinberg (GW) [15], which generalizes
the Coleman-Weinberg breaking mechanism [16], Holthausen et al. showed that the
minimal LR symmetry can successfully be broken by radiative corrections. They
found that in a large fraction of parameter space the right-handed scale vg could be
stabilized at vg = against Ap;.> The separation of these scales has been called big
hierachy. However, in order to stabilize the electroweak scale against vg, which is
referred to as the little hierarchy, a certain amount of fine-tuning was needed. This
fine-tuning problem is adressed in the present thesis.

In the framework of the GW-method, the radiative symmetry breaking is triggered
by the running of the scalar couplings. Since, in a given model, the running is fixed
by initial conditions, the symmetry breaking scenario is completely determined by
the choice of these conditions. Thus, the fine-tuning problem can be transfered to
the question of conditions imposed on the values of the scalar couplings at Ap,.

Assuming that the SM is valid up to the Planck scale, the observed Higgs mass

corresponds to a quartic coupling A\ which is remarkably close to zero at the Planck

4The minimal model refers to a scalar sector containing one bidoublet, as well as right- and
left-handed doublets. Note, however, that since it has been noticed that the model containing
triplets instead of doublets allows for neutrino Majorana masses, this triplet model is often
referred to as the minimal model (for a review see [14]), although it contains more degrees of
freedom.

5Current limits on the right-handed scale suggest that vz has to be at least in the multi-TeV
regime [17-20]. Throughout this diploma-thesis, it will assumed that vy = 10TeV. However,
the results will not depend much on this particular choice.
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Figure 1.1: The renormalization group running of the SM Higgs quartic coupling
with mj, = 125 GeV at two-loop order [21]. Under the assumption that
the SM is valid up to the Planck scale Ap;, the observed Higgs mass
predicts a quartic coupling A which is very close to zero at = Ap;. This
might be considered as a consequence of boundary conditions imposed
by the embedding theory including gravity.

scale (see figure 1.1).5 It is tempting to consider this to be non-accidental, but
instead to be imposed by Planck scale physics. In a string theoretical context, the
observation A(Ap) ~ 0 has recently been interpreted as the manifestation of a shift
symmetry [24] which, at the Planck scale, leaves the scalar potential invariant under
a constant shift of the Higgs field,

b - b+a. (1.3)

Here, this assumption will be generalized to the context of the LR symmetric model.
As in the minimal LR symmetric model, the role of the SM Higgs is played by a
bidoublet field ®, the shift symmetry will be defined with respect to ®, rather than
to the left-handed doublet. This will drastically reduce the allowed parameter space

of possible initial conditions for the scalar couplings at Ap; to the two dimensional

6The presumable introduction of three heavy right-handed neutrinos might modify the running
of A and change this picture [22,23].
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Chapter 1 Introduction

subspace of doublet self-couplings. The remaining couplings, namely the bidoublet
self-couplings as well as the intermediate doublet-bidoublet couplings are then purely
generated by quantum corrections being not present at the Planck scale.

The outline of this thesis is as follows. In chapter 2, the GW-method in the
minimal LR symmetric model will be reviewed. Subsequently, in chapter 3 the shift
symmetry is introduced and it is analyzed, if within the reduced parameter space
the desired symmetry breaking pattern, given by the big and little hierachies, can be
obtained. In chapters 4 and 5, the minimal model is extended by additional fermionic
representations. As these couple to the scalar sector by Yukawa type interactions,
the running of the scalar couplings is modified and thus the process of symmetry
breaking affected. In particular, it is studied if the presence of these representations
leads to a stabilization of the little hierarchy. For this purpose, the contributions
to the beta-functions of the model are calculated. All numerical calculations are

performed with the computational software program Mathematica.

14



Chapter 2

Radiative Breaking of the Minimal Scale

Invariant LR Symmetric Model

2.1 The Minimal Scale Invariant Left-Right
Symmetric Model

2.1.1 Fermionic Representations

The Left-Right (LR) Symmetric Model [11-13], including parity, is based on the

gauge group
SU(B)CXSU(2)LXSU(Q)RXU(l)B,LXP, (21)

which extends the Standard Model of particle physics (SM) by the additional sub-
group SU(2)g. ! It represents the minimal extension of the SM that allows for parity
being a symmetry of nature. While the SM is a chiral gauge theory, organizing left-

and right-handed fermions as

QZL = (UL)7 LL = (VL ), UR, dR, 6% (22)

dL €r,

the LR symmetric model treats left- and right-handed (fermion) representations in a
completely symmetric way. The left-handed fields are associated to the fundamental
representation of the SU(2)y,

%

;:(“?):u%,on(s,z,lé), Lz(:f): (GOL21-1)  (23)

!The corresponding gauge couplings are as usual denoted by g3, g2 and g;.
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Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

while the right-handed fermions are represented by SU(2)g doublets

Y 1 1 . (v 1

R~ R : [(07_)](371727_)’ LR R : [(Oa_)](171727_1) (24)
dt, 2 3 el 2

Here, the representations are denoted in the usual way according to the complete

symmetry group, including the Lorentz group,
[Spin(1,3)] x (SU(3)e x SU(2), x SU(2)rxU(1)p-1) . (2.5)

This requires the (natural) introduction of right-handed neutrinos to theory, which

are not present in the standard picture of the SM.

In Ref. [6], the isomorphism SU(2) x SU(2) ~ Spin(4) was used to express the
SU(2) x SU(2) g representations in a more compact way. For computational sim-
plicity and for consistency, this notation will be adopted here. While the main
features are presented here briefly, for a more detailed treatment the reader is re-
ferred to references [6] and [25]. Noticing that the Spin(4) is the double covering
group of the SO(4) one can use the familiar SO(4) spinor representations in order
to merge the above doublets into four-component multiplets, @ and L, which are

given by

Q) 1 1
Q= (—iQ"R) : [(5,0)(2,1)9(075)(1,2)](3,5), (2.6)

Li- (_1L£R) 1(5:00(2.1) @ (0, )(1,2)](1,-1). (2.7)
with the representations denoted by
Spin(1,3) x (SU(2), x SU(2)r) x (SU(3)c xU(1)p_1). (2.8)

To gain the transformation properties of these SO(4) representations, one intro-
duces, in complete analogy to the Lorentz group, a set of gamma matrices I'4 which
satisfy the Clifford algebra

{T4, 15} = 2648, (2.9)

16



2.1 The Minimal Scale Invariant Left-Right Symmetric Model

The generators 345 of the SO(4) are then given by the commutators

1
AB _ * [pA 1B
) —4[F 7] (2.10)
and one has
Q' —S(A)Q" and L' - S(A)L (2.11)
with
1 AB
S(A) ::exp(EozABE ) (2.12)

while the transformation properties with respect to the SU(3)¢ x U(1)p-1 remain
as in the standard notation (for a good review see e.g. [14]). Note that, in order to
make the notation clear, the I'4 are indicated by latin capitals and their components
by small letters while the usual v# are indicated by greek letters. In Ref. [6], for the

gamma matrices I'4 it is used the hermitian representation

A 0 o4
T _(A 0)7 (2.13)

g

where 04 = (6,i1), 34 = (7,-11) and the 6 = (01, 09, 03) represent the Pauli matrices.
In this basis the chirality operator is given by
1 0
[ = [I208r = (o 1) (2.14)

and one defines the projection operators

1+T 10 1-T 0 0
P = = d P = = 2.1
L 5 (0 O) an L 5 (O 1)7 ( 5)

which project the spinors (2.11) to the left- and right-handed doublets, (2.3) and
(2.4), respectively. Furthermore, using the SO(4) notation, the parity transforma-
tion which interchanges right- and left-handed fields,

Qp < Qp, L < L (2.16)

17



Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

is given by
P: Q-TI'Q L-T'L (2.17)

The section is concluded giving the covariant derivatives for the spinor representa-
tions.

For the quarks one has

Q 1 1 go .93 ~mym
D; :8u+1§ngﬂ(B—L) + 5—2Wj‘BZAB+1EG#)\ : (2.18)

75

and for the leptons

L 1 L g2
Dﬁ :aﬂ+1§ngN(B_L) +§EW/?BEAB, (219)

where in (??) the A, represent the Gell-Mann matrices and the B, W% and G

are the gauge bosons of the left-right symmetric model. The generator of the U(1),

Bl 5 for quarks (2.20)
-1 for leptons .

is the difference of baryon and lepton numbers and thus, in contrast to the SM,

given by physical quantities.

2.1.2 Scalar Sector and Potential

The scalar sector of the minimal model contains the right- and left-handed doublets

L= (XOL) :(0,0)](1,2,1,-1), xgr= (X%) :[(0,0)](1,1,2,-1),  (2.21)

Xr, XR

as well as a bidoublet representation

) :[(0,0)](1,2,2,0). (2.22)

V2

:L(aﬁ? o7
o1 ¢

With this scalar content, as in the SM, the double purpose of giving masses to both

gauge bosons and fermions by means of spontaneous symmetry breaking is served.

18



2.1 The Minimal Scale Invariant Left-Right Symmetric Model
For the latter, the fermions are coupled to the bidoublet via the Yukawa couplings

Lyuk == Y57 Qri®Qr; = V" Qri®Qr;

—Y+ij.ZLZ'(I)LR' —Y_ijI_/Li(i)LR‘ +H.C., 2.23
L i T IL j

where ® = g9®*0y. Note that there is no such coupling between scalar doublets

fermions.

As in the preceding section, one can use the SO(4) notation for the scalar rep-
resentations. Just as the fermions, the scalar doublets are then given by spinor

representations, combining the right- and left-handed doublets to

V- (XL) :(0,0)[(2,1) ® (1,2)](1,-1). (2.24)

XR

The bidoublet instead, having four complex degrees of freedom, can be represented
by a complex SO(4) vector ¢4, which can be contracted with the gamma matrices

to give

0 @
g):(_(i)T O): (0,0)(2,2)(1,0). (2.25)

In terms of (2.24) and (2.25) the scalar potential is given by
1% =%(\_Ifgf)2 4 %@Pg) +A(TEd ®)2 + Ao (Trd® + Trd! oh)? (2.26)
+ A3(Trd® - Tre @1)? + Ay (Trdd") (Trdd + Trd' o)

+ SLUUTID P + 3y (Tred + Trd e W
+iB5(Trd® - Trd @ UTY + £, U[ DT, D]

and the Yukawa couplings (2.23) read
~1+T ~1-T
Loy = z’YéQ%@Q +iYgQ-——0Q+ Hec. (2.27)

In chapters 4 and 5, it will be convenient to decompose the bidoublet further into
its hermitian and anti-hermitian parts
1

V2

1

o= (@1+i@2)=\/§

Ca(ef +¢3), (2.28)

19



Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

with @, and ®, hermitian?. In order to make the scalar potential (2.26) more
accessible to the analytical minimization method by Gildener and Weinberg, in
Ref. [6] a discrete Z; symmetry is additionally introduced. Under this symmetry

the field representations transform as
Lp—ilp, Qp—-iQp @—~i®, ¥--il. (2.31)
The potential interactions then reduces to

V=SH ) + S (U0D) + Ay (Trd'D)? + Do (Trd® + Trdf o1y (2.32)

+ 3(Tr2® - Trd' @) + +4, VUTrd! D + + £ U[2F, 2]U
and the Yukawa couplings are exclusively given by
Yé and Y. (2.33)

In order to explain the fermion masses, small Z4-breaking Yukawa terms Yo and Y/
have to be reintroduced. The authors of Ref. [6], however argue that these terms are
maximally of the order 7 ~ O (1%) and therefore do not generate large Z4-breaking

scalar couplings.

2For future use, the intermiediate doublet-bidoublet couplings and Yukawa couplings are given
in terms of (2.28):

280010, 107 —idfrey; (TDP),, U] 0,07 o7
+4B 0 W, (BT Y - T RS) - 85 ] Ty, U (B @S + 25 TT) < V (2.29)

and

(V5 -vg)are,o, (2.30)

N | .

Lk = —% (V5 +¥5) Qe,Q+

where in the last line it is used the definition YQ* = %(Yé + YéT), YQ‘ = %(YQ‘ + YQ_T).
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2.2 Radiative Symmetry Breaking

2.2 Radiative Symmetry Breaking

2.2.1 The Gildener-Weinberg Method

The additional SU(2)g introduces new weak gauge interactions which are, if parity
is assumed, described by the same coupling constant g, that already represents
the strength of the SU(2); gauge interactions. As, however, right-handed vector
currents are not probed by experiment [17-20], the corresponding mediators of the
right-handed weak interaction, denoted by Wi and Zg, have to be accordingly heavy.
Just as in the standard model, this is achieved by the Higgs mechanism. For this
purpose, in the minimal model, the gauge group (2.1) is spontaneously broken in

two steps
SU(3)C X SU(2)L X SU(?)R X U(l)B_L x P

|
SU(3)e x SU(2)1 x U(1)y (2.34)

|
SU3)exU(1)q,

corresponding to two distint breaking scales. In the first step, together with the
gauge subgroup SU(2)g also parity is broken. The corresponding scale should,
however, not be much greater than a few TeV as otherwise, except for providing
a framework for neutrino masses, the model would not have many testable conse-
quences. The second breaking step corresponds to the familiar breaking of the SM

gauge group at the electroweak scale,

In Ref. [6], it was shown that in the classically conformally invariant model this
pattern can be realized by radiatively induced symmetry breaking. For this purpose,
the approximate minimization method by Gildener and Weinberg (GW) [15] was
used.

The GW method generalizes the Coleman-Weinberg mechanism [16] of radiative
symmetry breaking to cases which include potentials of arbitrarily many scalar fields.
Using the renormalization group running of the scalar couplings it reduces the mini-
mization of the effective potential to a one-dimensional problem which can be solved

analytically. In this section, the ideas of GW will be reviewed briefly.

Under the assumption of conformal invariance, a tree-level scalar potential Vj can
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Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

generally be written as

Vo = fijrididjordr, (2.35)

which contains exclusively ¢*-terms and the coefficients f;;i; represent the scalar

couplings. Let the field space be spanned by

¢; = Ny (2.36)

where the N; are on a unit sphere, meaning Y, N; = 1, and ¢ is the radial field

component. Then (2.35) becomes
Vo = fisaNiN; N N (2.37)

Gildener and Weinberg stated that using an appropriate renormalization point pugw
one can force the couplings f;;i to satisfy

min ( fij (pew ) NiN;NpNig*) =0 (2.38)

=N

for ¢ # 0. Hence, at ugw the minimum of the tree-level potential is degenerate along
the field direction

which is called a flat direction. The one-loop radiative corrections to the potential
are then considered exclusively in this direction: As the minimum of the tree-level
potential (2.38) is vanishing, radiative corrections are dominant in this field direc-
tion and are therefore neglected in all other directions. In this approximation, the
minimization problem of the effective potential is thus reduced to the case of a single

degree of freedom, given by the radial field component ¢.

For this purpose, however, the tree-level potential (2.37) has to be minimized
under the additional constraint that the minimum is vanishing. This leads to the,

so called, Gildener-Weinberg conditions

0
ON;

VINn, =0, V]nn, =0 and Y nf=1 (2.40)

which have to be satisfied at the renormalization point ugw. The solutions to these

conditions are generally expressed by a set of flat directions {n} which individually
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2.2 Radiative Symmetry Breaking

emerge once a corresponding condition

[ (fiju(pew)) =0 (2.41)

is fulfilled at a scale pugw, with f™ a function of the scalar couplings. In practice, one
sets boundary conditions to the scalar couplings at the highest scale for which the
theory is supposed to be valid (here this scale is taken to be Planck scale) and then
one lets these couplings evolve to lower scales. If then for a direction n the condition

(2.41) is fulfilled the direction n becomes flat and symmetry breaking occurs3.

As the tree-level potential is zero along the flat direction ¢ = n¢, the one-loop

effective potential Vg, in this direction (see Ref. [16]), is given by

Veg(ng) = 6V (ng) = A¢4+B¢4ln( ¢ ) (2.42)

GW

where A and B are the constants (see Ref. [15])

Y 4Zsz4 ))(ln(w—ci)) (2.43a)

61r2 ()" Zsz4 () (2.43b)

64

642

with the f; being the (real-valued) degrees of freedom, M; the particle masses and
the ¢; = % for scalars and fermions and ¢; = % for gauge bosons respectively. The
vacuum expectation value (V EV') (¢) of the radial field component is then obtained

by the stationary condition

which, using the general formula (2.42), leads to
(o _ 1 4
In—S—=---—. (2.45)
fow 2 B

Note that the right-hand side of (2.45) is typically of order O (1) such that {(¢) and

ptaw usually do not differ by more than one order magnitude.

In the phenomenologically interesting minimum, which leaves the U(1)g unbro-

3In section (2.2.3) it will accounted for the fact, that a given flat direction does not correspond
to a minimum.
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Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

ken?, the vacuum expectiation values (VEV) of the scalar fields in the minimal

left-right symmetric model are given by

vy elf nyeif
0 1 0

) - - 2.47

w=-| =5 . @ (2.47)
0 0

and

1 [ng 0 B 1 k 0
A V2 ( 0 meia) 2 (O ﬁ’eia) ). (248)

where the remaining phases have been set to zero making use of the gauge freedom
(see e.g. Ref. [14]). In the next section, the solutions to the GW conditions in the

minimal left-right symmetric model [6] are reviewed.

2.2.2 Flat Directions

The flat directions of the minimal conformally invariant left-right symmetric model,
including a Z, symmetry, have been calculated in Ref. [6] and are reproduced in
table 2.1. The various flat directions have been characterized according to the GW
condition which is obtained by deriving the potential with respect to the bidoublet

phase a (cf. (2.47)):
_ov

80( N;=n;

0 = -8n2n?sinacosa (2.49)

This condition is satisfied if either n3 = 0, ny =0 or a =0, 7. The solutions given
by n3 # 0 and ny # 0 are called solutions of type I. These type I solutions split
further into the two subclasses corresponding to o = 0 (Ia, Ic) and a = § (Ib, Id)
respectively. Note that for the latter solutions x is imaginary. Hence, the solutions
Ib and Ic are CP-breaking.

The solutions given by either n3 = 0 or ny = 0 are of types Ila/e ,and IIb/d

respectively, while the case that both ng and n, are vanishing is denoted by Ilc.

4Using the SO(4) notation, the electric charge @ is related to the generators of the unbroken
theory by the formula [25]

Q=-ix'?+ %(B -L) (2.46)
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2.2 Radiative Symmetry Breaking

2 2 2 2
GW condition :—é ni+n3 Z—§ nj+ni o :5;122
Ia/y Ky | _ B2 12 0 2(A1+4)2) 42B1+f1) e+ fida —B1 0 —B1
Tap ke [ 2(q+4x2)  32h2 1 2M#8h-Bi 4(2B1-fi)de-Fid1 2M+8ha—fy 2X1+8)2
Ibp ke | . g 700 a0u-an) 4@BHM AN 5y e
IbP K1 T 2001-423) + 32Xz 1 2X1-8X3-61 421~ f1)As+fih 2X1-8A3-61 2 2XA1-8X3
Ic )\1 = —4>\2 % 0 1 1 0 [09)
Id AL =43 % 0 1 1 5 00
Iap Ee | (261-h1)2 0 4\ 0o 281-f1 _ h-2B
Tap - > W 1 —2B1+f1+4M 261-f1—-4M1 4\
IIb Ee | _ (2B1+11)2 0 4N 0 2B1+f1 _ =fi=28
IIbP K1 = 81 1 =2B1-f1+4)\1 2B1+ f1-4X1 4M
- 1 5 0 -0
Ilcp o [ 7Y 1 0
I1d A =0 2 0 0 1 - o
Ile M =0 3 0 00 -

Table 2.1: The flat directions of the minimal left-right symmetric doublet model,
taken from Ref. [6]. The different solutions to the Gildener-Weinberg
conditions are completely classified according to the two conditions (2.49)
and (2.50), the resulting types are indicated in the first column. The
second column gives the condition to the couplings which fixes the GW
scale pugw and was previously written as a function f =0 with f™ being
a function of the running couplings. The remaining columns give the flat
directions n.

The characterization due to (2.49) thus classifies the different flat directions with
respect to their bidoublet V EV's, k and /. In order to introduce a distinction due
to the doublet V E'V's the following equation, which holds for non-vanishing n; and

ng, is used:

1 oV

N;=n; %) aNQ

0= LV
_n18N1

Assuming k9 # 0, this equation is satisfied if n; = ny. Thus, the different flat

= ko(n3 —n3) (2.50)

Ni=ni

directions are either parity conserving for n; = no or maximally parity breaking for
one of the doublet VEVs being zero. The parity conserving solutions are denoted
by the letter p while p denotes the parity breaking solutions. Those solutions for
which n; = ny = 0 are given by types Ic, Id, IId and Ile.

The interesting solutions are of type lap, Ibp, Ilap and IIbp, as phenomenology
requires that on the one hand parity is broken and on the other hand the bidoublet
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Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

acquires at least one non-vanishing VEV in order to satisfy the breaking pattern
(2.34). It has, however, been noted in Ref. [6] that the solutions of types a and b
are connected by the transformations (o, A2, A3) = (5 =, =A3,=Az) in the case of

type I and by (n2,n2, f1) - (n3,n2,-f1) in the case of type II.

2.2.3 Second Derivatives: Scalar Mass Spectra

The Gildener-Weinberg conditions just reflect the fact that in a given flat direc-
tion the potential is stationary. They do not account for the possibility that such
a stationary point may not be a minimum. In order to know if a flat direction
corresponds to a minimum, it is therefore mandatory to check whether the second
derivatives of the potential, evaluated at the stationary point, are greater than zero.

This is equivalent to the mass matrix being positiv-definite, as it is

02V

mg; = 96.00, (2.51)
U@

)
Ni:ni

where ¢; € {ﬂRe(E’a),\/ﬁIm(gfa),@_{);‘}. Especially, if for given boundary condi-
tions, more than one flat direction emerges, examining the mass matrix can provide
a selection rule to decide in which flat direction the symmetry is broken. For this
purpose, as required in the subsequent chapters, here the mass eigenvalues corre-
sponding to the parity breaking flat directions Ib, Ila and Ilc are collected. Note
that at tree-level the particle which corresponds to the field exitation along the flat
direction, the so-called scalon s, is massless. It acquires however a mass term at one

loop order. which is given by

2 d2

s = dTbgV(W)M =8B (¢)°. (2.52)

m

Scalar Masses for Scenario lla

In the case of flat direction Ila these have already been calculated by [6]. There is

one state orthogonal to the massless scalon s:

s\ _[ne mns| X, _ CO.SI9 sind ) X%, _0(9) X%, ' (2.53)
h —n3 Ny 9 —sind  cos¥ 9 9

This state has been called h. It can be identified with the SM Higgs as it is the
physical component of the field that transforms as the SM Higgs field and provides
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2.2 Radiative Symmetry Breaking

fermion and left-handed gauge boson masses acquiring a vacuum expectation value.

The mixing angle 9 is given by

tanQﬁ:ﬁ:M

2.54
’UIZ% 4)\1 ( )

Thus, given a little hierarchy that is not too large, the mixing is small and and h

can indeed be identified with the SM Higgs boson. Its mass is given by
2 _ 1 2
mj = §(f1 -261){0)", (2.55)

which, again under the assumption of ¥ being small, can be approximated to

mi ~ 4\ vhtan? O = 4\ K2 (2.56)
The remaining masses are
m2, =m2, = % ()2 (2.57a)
my =m?, - -% () (2.57b)
miir = miii = _J?Q;lzftlﬂﬁlltggli\QlAl (¢)? = mi%,. + f1K? (2.57¢)
m2y = 2(-85 }fi . gll 941;1 D)) ()7 (2.57d)
migi _2(h 50?1_—2416?33 Z)iﬁﬂ:s) ()2 (2.57c)

Additionally, there are six massless would-be-Nambu-Goldstone bosons (NGBs) 7,
To, Ggpy Pgir @9, and x%, corresponding to the six degrees of gauge freedom. The

particle states 7 o and oy 2 are given by the superpositions

(7“) - O(-0) (XR) and (”2) - 0(9) (XR) . (2.58)

Given the scalar masses the one-loop scalon mass then yields

2

m;—loop — (3911 + 69%9; + 99% + 64(/{% + B%) L0 ( l€2 )) 2
VR

12 Vg (2.59)
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Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

Scalar Masses for Scenario llb

As was already mentioned above the solution IIb is connected to the solutions of
type Ila by the transformation (fi,n3,n4) = (= f1,n4,n3). Thus, the mass spectrum

for the flat directions of type IIb can easily be obtained from the type Ila masses.

Scalar Masses for Scenario llc

In the case of type Ilc symmetry breaking the flat direction is along the neutral
component of the right-handed doublet. Using the gauge freedom it can be chosen

to be along its real part. Thus, the scalon is given by

5 = Xpr- (2.60)
The tree-level mass spectrum reads

201 - f 2 201-h
Mg oo}~ 1O T T VR (2.61a)

260+ f1,,2 261+ f1

7 == 7 - 2
Mg 0ot ot) = 4 (O =5 R (2.61b)
2

m?X%T»X%iVXiwxzi} =~k (9)" = 2z (2.61c)
(2.61d)

Given these, the one-loop scalon mass yields

oo _ (3931 + 693095 + 993 +48(8k3 + 457 + [7) (M)) 2 (2.62)

6472 vy

As the Standard Model gauge group is left unbroken in the case Ilc, only three
would-be-NGBs x5, Xz and x%, emerge, which are eaten by the right-handed

gauge bosons.

Scalar Masses for Scenario la

As already mentioned type Ia flat directions are connected to type Ib directions by
the transformation (a, Ay, A3) <> (a, —Ag,—A3). Since in the following chapters only
type Ila and Ib flat directions will occur, here the type Ib mass spectrum will be

given rather than that of type Ia.
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2.2 Radiative Symmetry Breaking

Scalar Masses for Scenario |b

For flat directions of type Ib the scalon is given by

S = n2X0Rr + n3¢(1)r + n4¢gi7 (263)

as both k and x’ are non-vanishing and « is given by « = 7/2. The masses of its

orthogonal complements, which will be called o, and o, are given by

_f12/\1 - 166%)\3 + 4f12)\3 + 32B1/\1>\3

2 2 _TylM2] = 2.64
Mo, + Mg, =Tr[M] 3205 (Fr — 201 + 8hg) (264)
_fins (B = 2M\) (03 +n?) (2.65)
323 s
2 2
2 _m? = 2(\; —4)3) + 16 —2X\1) A 2.66
m0'1 maz 32>\3(51_2)\1+8)\3) [(fl( 1 5)+ Bl(ﬁl 1) 3) ( )
1
+128X3(B1 = 201 +8X3) (- fE (M1 — 4A3)2 + 6487A3) ] . (2.67)
which may be approximated to

2 s M3 fi ’ fi : i

Mg, — Mg, :E (2—)\3) +32(—61+2)\1+8)\3)>\—3 (14—0(%)) (268)

As the expressions of the mass eigenstates o; and o, in terms of superposed fields
X%, @Y. and @9, are not easily accessed analytically, only the undiagonalized mass

matrix will be given here:

0
1 XRT
L2 5 (X O 02) M7 | 6 (2.69)
o
with
?;_Zf _ ﬁl (ng + ni) 251—)‘;)712%3 (261+f21)n2n4
M2 = (Qﬁl—le)nng 2)\17L§ 2()\1 - 8)\3)n3n4 <¢>2 . (270)
—2(B1+f21)n2n4 2()\1 - 8)\3)713714 2)\1%2
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Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

The remaining scalar masses are

_ 8ﬁ1(/\2+)\3) 9 B 9 o
(s W WAL —16(Ma+ As) (K24 K7)  (2.71a)
2 2 2
2 o (A1 —4X3) + 128615 | 12 7, .
= Ma, = = 16 2.71b
Moy = Moy 16X3(B1 — 21 + 8)3) (o) 16X BT (k7 +K7) )
2ka (A1 —4)3)

2 _ .2 _ 2\ N1 3 2 _ 9
M, =M, T 81— 2\ + 85 {¢) = —2KoUj (2.71¢)
o oo (o 4)(fF +32m)) (6) _ [ +32k)s 271d)

XLr mXZi B 16)\3(51 — 2)\1 + 8)\3) 16)\3 ‘R

In addition, there are six would-be-NGBs 7y, ma, 3, 74, m5 and x%,. The superposed

fields are given by:

1 1 ns Ty [1)
e ‘1, 2.72a
(h) T ( )( ) 2

o 16A3m4 0 fine X Ry
T3 | = N —16)\3f1n2n3 (16)\3)2n3n4 -1'-7“ (272}3)
03 —flTLQ 16A3n3 16A3n4 ¢5z
and
T4 —]_6>\3’I’L4 0 flTLQ X Ri
s | = N —16/\3f1n2n3 1271% + (16/\3)2713 —(16)\3)2n3n4 qb_{l Tnonumber
04 flTLQ 16)\3713 16)\3714 ¢§r
(2.72¢)
with the normalizing matrix N = diag(N7, Na, N3), where
1
1= (2.72d)
/2567202 + f2n2
N ! (2.72¢)
V25602 F2ndng + (fing +25602n3)2 + (16A3)*n3n3
1
N (2.72f)

o \/ffng +256A3(n3 + ni)
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2.2 Radiative Symmetry Breaking

Finally, the one-loop scalon mass is given by

oon _ [ 391+ 09363 + 993 + 212 (cra + M = 4hs) | (n? T 2 )] )

i 7 VR (2.73)

One can see that in the particle spectrum there is one light state A with a mass
proportional to the bidoublet VEV whereas all the other masses are mainly given by
the right-handed VEV. Having the same transformation properties under Standard
Model gauge group, h can be interpreted as the Standard Model Higgs boson. Thus,
just as in the case Ila, a small little hierarchy corresponds to one light Standard
Model-like Higgs boson in the mass spectrum while the remaining physical scalar

particles have masses of order vg.

2.2.4 Little Hierarchy

In Ref. [6] it has been shown that in the classically conformal invariant LR symmetric
model the GW method can be applied and that in a large fraction of parameter space
solutions to parity breaking GW conditions can be found, thereby generating a large
hierarchy between the Planck scale and the parity breaking scale, which is given by
the VEV right-handed doublet, vg. It has remained, however, unsatisfactory that,
in order to generate the hierarchy between the vy scale and the electroweak scale,
which is referred to as the small hierarchy, the parameters apparently have to be
fine-tuned. The little hierarchy is expressed here in terms of the ratio of the squared
bidoublet VEVs, k and k' to vg. For the various flat directions, this ratio is given
in the last column of table 2.1 in terms of the scalar couplings. In Ref. [6], the
discussion was concentrated on type Ila flat directions as type Ia solutions were
considered to be disfavored since consistency requires the scalar couplings to be
fine-tuned to a high degree of precision. From a natural perspective it had been
assumed that all parameters are of the same order of magnitude. An admittedly
mild fine-tuning was however encountered also for flat directions of type Ila. For

this type of directions the little hierarchy is given by the expression®

K _fi-2

2.74
’1)123L 4)\1 ( )

®Note that by expressing the little hierarchy in this way, a small value corresponds to a large
2
little hierarchy. Hence, the ratio of 7> = 0 corresponds to an infinitely large little hierarchy.
R
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Chapter 2 Radiative Breaking of the Minimal Scale Invariant LR Symmetric Model

As )\ is fixed by the Higgs mass (e.g. (2.55)), f1 and /31, assumed to be of order
one, have to cancel each other to give a value of order O (10*) in order to gain
vg = 0 (10TeV) for the bidoublet VEV given by k= O (174 GeV). According to the
classical fine-tuning measure Apge due to Giudice and Barbieri [26], which is defined

as

Apc(0) = max [aal%gfpo-)] , (2.75)

where O is an observable and the p; the model parameters, the fine-tuning of the
little hierarchy is Agc = O (10%).

Note, however, that in this diploma-thesis the fine-tuning will not be adressed
in terms of such quantifying measures such as the fine-tuning definition of Giudice
and Barbieri. Rather, the reduction of free parameters is already considered as a

reduction in fine-tuning.
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Chapter 3

A Shift Symmetry at the Planck Scale

3.1 Definition

In this diploma thesis it is assumed that at the Planck scale the scalar potential is
invariant under the transformation

d>d+a (3.1)

which shifts the bidoublet field by a constant 2-dimensional square matrix «. In
the following, this symmetry will be referred to just as shift symmetry. Imposing
this symmetry effectively constrains all scalar couplings, except for the doublet self-
couplings x; and k9, to vanish at the Planck scale, such that at that scale the Higgs
potential is given by
SR+ ZUTT,

while the remaining scalar interactions being not apparent at tree-level are purely
generated by quantum corrections. This situation, as already mentioned in the
introduction, is similar to a Standard Model which, with respect to LHC data,

exhibits a vanishing quartic coupling near the Planck scale under the assumption

that it is valid up to such high scales with no new physics!' in between.

In this chapter it will be investigated if, within the restricted 2-dimensional pa-
rameter space spanned by x; and kg, parity breaking flat directions emerge and if a

phenomenologically acceptable little hierarchy can be obtained.

IThe presumable introduction of three heavy right-handed neutrinos might modify the running
of A and change this picture [22,23].
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Chapter 3 A Shift Symmetry at the Planck Scale

3.2 Stability of the Higgs Potential

In order to embed the theory successfully at the Planck scale the scalar potential
should be stable over the whole range, from the Planck scale down to the symmetry
breaking scale. Furthermore, the model should be perturbative, i.e. no Landau

poles should show up, as was already emphasized by the authors of [6].

For this purpose, in this section the stability conditions of the model are considered

with regard to the shift symmetry.

3.2.1 Stability Conditions and their Connection to Flat

Directions

The stability conditions, given in [6], read

K1 >0, (32&)
Ky =K1+ Ko >0, (3.2b)
AL > O, (32(3)
)\1 + 4)\2 > 0, (32d)
AL — 4)\3 >0, (326)
and

2 2
min[kq, k1 + 3;8_1)\2’ K1 — 3;1)\3] >0, (3.2f)
minf[ky, Ky + id Ky — fi 1>0 (3.2g)

’ 32X\ 32)3 '

from which the last two do not entail new constraints, as shift symmetry implies
J1=0.

Note that these conditions can be read off from the Gildener-Weinberg condi-
tions. This connection may need further explanation: In (2.41), a general Gildener-
Weinberg condition was expressed as a function f” of the scalar couplings, which

here are given by k1, ko, ..., that equals zero

J" (K1, k2,...) =0. (3.3)
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3.2 Stability of the Higgs Potential
This function f™ corresponds to a certain direction n in the field space defined by
n=(ny,ng, ..., Ny) (3.4)
which lies on the unit sphere, meaning

ni+ni+...n2 =1, (3.5)

and m represents the number of real-valued scalar fields.

If for a certain renormalization point pgw the condition (2.41) is fulfilled, the
potential vanishes (and becomes stationary) in this direction n in field space, as
discussed in the preceding chapter. The direction n is then called flat. In general,
the function f™ represents the value of the potential along the field direction n. For
the normal case, or rather the desired case, the functions f” will have positive values
at the Planck scale and run according to the renormalization group functions, until
for some energy scale ugw one of them vanishes, thereby satisfying the associated
Gildener-Weinberg condition and a flat direction emerges. Then, if this flat direction
corresponds to a minimum and not just to a stationary point, spontaneous symmetry
breaking takes place. The fact that f™ becomes seemingly negative for energies
below pgw then is meaningless since symmetry is already broken. Apart from that,
for energies below the symmetry breaking scale the couplings run according to the

beta-functions of the broken theory.

It has, however, to be ensured, that there is no function f™ being negative for
energies above the breaking scale. Otherwise, if e.g. for a direction ng the function
f™ is negative for some energy scale u, the potential is not bounded from below
anymore. In principle the potential then can be lowered to arbitrary small values by

a large radial field component ¢ and therefore becomes unstable in this direction.

Before now discussing the stability conditions (3.2), it has to be pointed out that
in Ref. [6] only those flat directions have been considered which do not break the
U(1) of electro-magnetism as these are the phenomenologically interesting ones.
Concerning the stability of the potential, however, one also has to account for the
possibility that the potential becomes unstable in those directions in field space that
involve charged field components. For simplicity, in this diploma thesis, this possi-
bility of instabilities originating from flat directions which break electromagnetism
is omitted. Generally, it is a highly non-trivial task to determine all stability con-

ditions given a complicated potential such as (2.26). For a recent attempt see e.g.
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Chapter 3 A Shift Symmetry at the Planck Scale

Ref. [27] and references therein. In the following, the stability conditions associated

to the bidoublet field direction will be discussed in some detail.

3.2.2 Stability in the Bidoublet Field Direction
Running of the Stability Conditions

The beta-functions of the bidoublet self-couplings A1, Ay and A3 (see appendix A.19),
reveal that their running does not depend on the doublet self-couplings x; and k9 at
one-loop level. Hence, their running is essentially fixed by imposing the shift sym-
metry. Being zero at the Planck scale, as shift symmetry implies, they are essentially
generated by gauge and fermion loops?. Thus, the sign of the gauge contribution and
the sign of the Yukawa contribution in (A.19) dictate if the bidoublet self-couplings
become negative or positive valued at lower energies. Demanding shift symmetry,
at the Planck scale Ap; the beta-functions of the bidoublet self-couplings are given
by

B (Apr) = a2 (995 (Ap1) - 4Ty (Ap1) ], (3.6a)
B, (Apr) = 51; = [393(Ap) + 2T4(Ap1) ], (3.6b)
Bra(Apr) = 256 PYT) [-395(Ap1) - Tu(Ap1)] (3.6¢)

where the Yukawa contribution 7} is defined according to (A.20b).

By this argument, \; is expected to develop negative values starting at the Planck
scale while A\; and A3 are expected to become positive. In the case of A\ this is due
to the fact that the top-Yukawa contribution in (3.6a) dominates the positive-sign
gauge contribution. In figure (3.1) the running of the bidoublet self-couplings is
plotted. There, the doublet self-couplings were set to k1 = —ko = 0.2 at the Planck
scale. A survey of different initial conditions for x; and ks confirmed that, indeed,
these couplings do not affect the running of the bidoublet self-couplings significantly.
Using the same initial values of k; and kg, figure 3.2 shows the running of the
stability conditions (3.2d) and (3.2e). As the plots in figure 3.2 shows, the functions
A1 +4Xy and A\ — 4)\3 are negative for energies above approximately u = 1017 GeV

and p = 10 GeV respectively. Hence, for high energies the potential seems to be

2Note that the main contribution of the latter clearly comes from the top-quark loops due to the
strong tree-level top-Yukawa coupling to the bidoublets. For this reason, all numerical results
obtained in this diploma thesis are based on the one-flavor limit.
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Figure 3.1: The bidoublet self couplings are plotted. The purple, green and yellow
lines correspond to A1, A and A3 respectively. The doublet self-couplings
have been chosen to k1 = —kg = 0.2 at p = 10*GeV, while all other
couplings are fixed by the shift symmetry to vanish at the Planck scale.
As the beta-functions of \;, Ay and A3 their dependence on the choice of
the initial conditions of k; and k9 is marginal.

unbounded from below. For energies below p = 10! GeV, however, the stability is
restored again. The situation found here is similar to the SM with a relatively light
Higgs mass of 125GeV. There, assuming that the theory is valid up to high scales,
the light Higgs mass results in a potential which is unstable above energy scales
around 10" GeV. Around that scale, the quartic coupling A becomes negative as
its running is dominated by top-loop contributions driving it towards small values.
The Standard Model potential does however not fall off completely. It is rescued by

gauge contributions at higher energy scales.

Metastability and the Renormalization Group Improved Potential

The interpretation of such bumps of negative quartic couplings as in figure 3.2 be-
comes clear consulting the renormalization group (RG) improved effective potential.
It is obtained applying the RG equation to the effective potential. A good review
to this topic is found in Ref. [7]. The RG equation states that a physical quantity,
such as the effective potential, cannot depend on the choice of the arbitrary scale

parameter p which is just introduced to define the parameters of the theory, i.e. its
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Chapter 3 A Shift Symmetry at the Planck Scale

couplings. Here, as a placeholder for the couplings of the theory it will be used \.
The RG equation for the effective potential is then given by

9
2z

0

W [0, 0
- i g =0

—+ Ve, 3.7
il (0 [ Ve (37
where 3y = ,u% is the beta-function with respect to A\; and ~ := %g—ﬁ is called the
anomalous dimension which reflects the scale dependence of the wavefunction nor-
malization Z of the field ¢. Under the assumption that the contribution due to the
anomalous dimension is small and therefore negligible, the equation 3.7 is solved by

the ansatz
Ver = A (log[o/u]) ¢, (3.8)

where due to dimensional reasons the dimensionless coupling A can depend only on
the ratio ¢/u. Furthermore, here, A is given by \; +4X; and A; — 43 respectively as
the potential V is considered in those field directions in which these combinations
of bidoublet self-couplings represent the terms multiplying the radial field ¢. These
field directions correspond to the flat directions of type Ic and Id respectively. For
the two cases one finds the approximate renormalization group improved effective

potentials
Va2 s (M [log(¢/m)] +4Xs [log(¢/1)]) ¢* (3.9)

and

V™ (A [log(¢/p)] - 4 [log(¢/p)]) ¢* (3.10)

where the functional dependence of these couplings Ai[¢] and (A1 + A2)[¢] on the
field ¢ is just as the dependence of the corresponding couplings on p. Thus, the
quantum corrections to the tree-level potential are expressed in terms of the running
coupling A\(p) with a renormalization point chosen at p = ¢. In figure 3.3 the effec-
tive potentials ‘/e’f\f”“? and %%1’4’\3 according to (3.9) are shown. From this, it can
be understood that the violation of the stability conditions (3.2d) and (3.2e) have to
be interpreted as the emergence of additional minima of the potential for field values
far away from the origin, always with regard to the corresponding field directions.
These minima actually have to be considered as the true minima since they clearly

exhibit smaller values of the potential in comparison to the minima near the origin.
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3.2 Stability of the Higgs Potential

This is due to the large field values they correspond to. Hence, the (false) minima
near the origin are just meta-stable. Such metastable vacua may decay to the true
vacuum states by tunneling through the potential barrier which seperates the two
minima from each other. This mechanism, limited to the case of zero temperature, is
described in Ref. [28] using a semi-classical approach. The author of [28], however,
notes that before there was a quantitative description, the qualitative features of
vaccum decay were already understood due to the analogy to nucleation processes
in statistical physics: If in a certain volume V' vacuum decay occurs, a localized
bubble of converted vacuum is formed. In this process, energy proportional to V'
is set free which leads to further conversion at the surface. The bubble then grows
until the total universe is in the new (true) vacuum state. For this to happen the
bubble has, however, to exceed a critical size in the first place. Otherwise the loss in
surface energy compensates the gain of energy due to the conversion and the bubble

shrinks to nothing.

The possibility of vacuum decay, however, does not represent a problem to the
consistency of the theory as long as the decay time is greater than the age of the
universe. In fact, in the past this argument was used in order to set lower bounds
on the SM Higgs mass [29] as such bounds are less stringent than demanding abso-
lute stability. Besides zero temperature tunneling, which is a pure quantum effect,
barrier penetration can also be thermally induced due to field fluctuations at finite
temperature (see e.g. [30]). Under the assumption that the universe once was in
an extremely hot phase, finite temperature penetration is considered the dominant
process. However, as emphasized by the authors of [29], this assumption has not
been proved to the present day as it is unclear if the universe has ever been hotter
than 7'~ MeV. Although they admit that it is a plausible assumption, they argue
further that such high temperatures in the early universe would not only exclude low
SM Higgs masses but also many other popular models. For this reason, they focus
on the metastability bound given by the assumption that vacuum decay occurs only

due to zero temperature tunneling. This viewpoint will be shared here.

Decay Probability due to Pure Quantum Tunneling

In the analysis of Ref. [29], first the semi-classical approximation of the tunneling rate
based on Ref. 28] is given and then a complete one-loop calculation is performed.

Here, the discussion is restricted to the translation of their appoximate result to the
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Chapter 3 A Shift Symmetry at the Planck Scale

case of the LR symmetric model with shift symmetry.
In the semi-classical discussion the probability p that the vacuum has decayed to

the true vacuum is given by

T, 4
P~ (EU) e, (3.11)

where Ty ~ 1019yr is the age of the universe, Sy is the classical so-called bounce
action which describes the penetration process and R is a dimensionful quantity

that is associated to the bounce solutions. According to [29], Sy is given by

272

e

(3.12)
where |A| is the absolute value of the minimum of A. Note that here it has already
been accounted for the normalization factors used in [29] which differ from those

used in this work. From this, demanding p < 1, a lower bound for |}| is found:
|A| <0.016 (3.13)

Recall that X here represents A\; +4Xs and A; —4A3 respectively. As can be seen from
figure 3.4 these couplings do not fall below the bound expressed by (3.13). It can
therefore be concluded that the electroweak minimum for the LR symmetric model
including shift symmetry indeed can be at most metastable, but as the decay time of
its vacuum exceeds the age of the universe this does not contradict the consistency
of the model.

3.2.3 Stability in the Doublet Field Direction

The stability conditions corresponding to the field directions in the (electrically

neutral) doublet subspace,

k1 >0

K1+ Ko > 0,
require k1 and Kk, = K1 + k9 to have positve values at the Planck scale.
The beta-functions of k1 and ks (c¢f. (A.19)),

1
Be, :m[/ﬁ(—%gf — 14492 + 576k, + 384k5) + 192k3 + 25637 + 128 f7
s
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3.2 Stability of the Higgs Potential

+24g1 + 129795 + 993,
1

B, =m[/€2(—96g% — 14493 + 512K, + 384k5) + 128 f2 + 1297 ¢2 + 9g,
T

are dominated by positive-sign gauge contributions. Thus, x; and k5 are driven
to smaller values?® such that they eventually become zero. This, however, is no
problem for stability when sufficiently large initial conditions of both x; and k1 + k2
are chosen. In fact, this ensures that, within the frame of shift symmetry, the
Gildener-Weinberg conditions corresponding to the phenomenologically interesting
parity-breaking flat directions of types Ia, Ib, Ila and IIb can be satisfied. In this
context, observe that within shift symmetry the bidoublet-doublet couplings 5; and
f1 are supposed to be small. In the case of f;, shift symmetry even implies f; = 0,
which is a direct consequence of B¢, being proportional to f; 4. For this reason, these
Gildener-Weinberg conditions are mainly given by k, = k1 + ko = 0. Analogously the
Gildener-Weinberg conditions to the associated parity-conserving flat directions are
mainly given by x; = 0. Hence, at the Planck scale k; and k9 have to be chosen
such that, on the one hand, symmetry breaking takes place at a phenomenologically
interesting scale and, on the other hand, the parity-breaking flat directions, i.e.
K1+ ko = 0, emerge in the first place. This implies, k1 > k, at the breaking scale and

thus k9 being either negative at the Planck scale or evolving to negative values.

The discussion about stability is concluded presenting in Fig 3.5 the renormal-
ization group flow of k; and k,. An almost identical plot was already given in
Ref. [6]. The RG flow shows clearly that for a large fraction of parameter space the
parity-breaking Gildener-Weinberg conditions (green bar) can be reached without
violating k1 > 0 before, i.e. before the emergence of parity-conserving flat directions
(red bar). Yet it is not clear from the flow diagram alone, how fast the couplings
run into the solutions. Thus, it is not clear, how large the initial values have to be
chosen. In the next section, however, this will find further attention. It will turn out
that k1 + ko = 0 at the Gildener-Weinberg scale, which is approximately the breaking

scale does not imply too large values of k1 and ko at the Planck scale.

3There are no compensatory contributions from Yukawa couplings as the scalar doublets do not
couple to fermions in the minimal model.

“The remaining scalar couplings exhibit the enhanced symmetry of separate SU(2)r, x SU(2)r
transformations of & and ¥. For this reason, fi is not generated by quantum corrections at
one loop level. Yet the situation should change at the two-loop level, as this symmetry is also
explicitly broken by gauge interactions.
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Chapter 3 A Shift Symmetry at the Planck Scale

3.3 Symmetry Breaking

3.3.1 Adjusting the Big Hierarchy

Precedingly it was shown that in a large fraction of parameter space the potential is
sufficiently (meta-)stable. In order to break the symmetry at a scale vg, many orders
of magnitude below the Planck scale Ap;, one has to choose appropriate values for
the doublet self-couplings at Ap;. The running of the couplings then generates the
big hierarchy. In practice however, x; and ko are not chosen at the Planck scale, but
rather at the Gildener-Weinberg scale ugw to satisfy the GW condition x; + ko =0
that, as argued before, applies approximately for all maximally parity-breaking flat
directions®. Then, one lets x; and ko evolve to obtain their values at the Planck
scale. Finally, one is left with one free parameter. Here, this free parameter is chosen
to be k1. In order to decide then in which flat direction the symmetry is actually
broken, in the usual case of multiple simultaneously emerging flat directions, one
has to consult the corresponding second derivatives of the potential, i.e. the scalar
mass spectra. This was already mentioned in section 2.2.3 where the scalar masses
to the various flat directions were given. One finds that, in the case of the shift
symmetry imposed on the bidoublet, only flat direction of type Ib corresponds to
a minimum. To be more precise, in the case of flat direction Ia (2.2.3) one has for

instance
mi = —16()\2 + )\3)(1{2 + I{,Q) < 0,

as A + A3 < 0 (see figure 3.1). Similarly, for flat direction type Ila (2.2.3) one finds
migr = fivk + 8k < 0 and migi = fivk - 8\3k? <0, (3.14)

as shift symmetry implies f; = 0 and Ay < 0 and A3 > 0 respectively. Since flat
directions of types Ila and IIb are essentially connected via (f; - —f1), the flat
direction of type IIb does not represent a minimum neither.

Finally, for flat direction Ilc (2.2.3) it is

281 - fi 281+ f1
m?(bg%} = Tv?% <0 and m?d)g@” = Tv% <0. (3.15)

Here, one additionally has to use that j; is negative. This can be seen from its

5These include the phenomenologically interesting directions Ia, Ib, ITa and IIb plus the direction
IIc which only breaks the SU(2)g-subgroup while leaving the SM gauge group unbroken.
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beta-function (A.19), which, at the Planck scale Apj, is generated by the positive

gauge contribution

995 (Ap1)
Apy) = 2F200PD
B3, (Ar) 25672

which remains the dominant contribution for its running. Thus, it is driven to

(3.16)

negative values.

In contrast, for solution Ib it turns out that all scalar masses (2.2.3) are posi-
tive.Hence the symmetry is broken in this direction. Note that these considerations
concerning the scalar masses did not require assumptions about the values of the
doublet self couplings. This means that, in the minimal model, shift symmetry
implies that symmetry breaking is exclusively possible along flat direction Ib. In
Ref. [6] it has been stated that the flat directions of type I are disfavored with
respect to directions Ila and IIb as they require additional means of fine-tuning, as-
suming that all scalar couplings be of the same order. This is however not the case
when shift symmetry is imposed. Thus, a priori there is no problem of naturalness

concerning flat direction Ib.

3.3.2 Little Hierarchy

Within shift symmetry, a big hierarchy can be generated by appropriate choice of
the free parameters x; and kg following the procedure explained above. The only
flat direction that corresponds to a minimum is then given by direction Ib. Even
though one parameter, let it be 1, remains free it can however not be expected that
adjusting this parameter affects the little hierarchy significantly. The little hierarchy

in direction Ib, represented by the ratio

K2+ k2 =)
'UIQ% - 2)\1 - 8)\3

(3.17)

is given by the doublet-bidoublet coupling 5, and the bidoublet self-couplings A; and
A3, whose running is essentially fixed by the shift symmetry: While the combination
A1 —4A3 does not depend on the k; and k5 at one loop, the doublet-bidoublet coupling
has only little dependence on them, which can be seen from their beta-functions (see
(A.19)). Hence, shift symmetry cannot be expected to provide freedom in the choice
of parameters in order to adjust the little hierarchy to any desired value. Before
presenting the results based on the numerical solution of the full system of the beta-

functions, the little hierarchy (3.17) is roughly estimated. For this purpose, it is
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used a linear approximation of 5; and Ay —4\3 from the Planck scale Ap; down to
the Gildener-Weinberg scale at pgy = 10 TeV:

Bu(aw) = Bi(Am) = By, (10" GeV) log (), (3.18)
N~—— Pl
=0
where the the beta-function 3, is taken at the center between Ap; and pgw on the
logarithmic scale. Analogously, the combination A; — 4\3 of doublet self-couplings

which are generated not only by gauge loops, but dominantly by top-loops, is linearly

approximated to

(M = 40) (staw) = (1 = 423) (Ap1) % Bay_ang (A1 — 4)3) 1og(”AG—PV1v (3.19)

=0

As the gauge- and top-loops give the main contribution to both beta-functions in
(3.18) and (3.19), all the other contributions will be neglected for this estimate.
While the expression for fs, (1011 GeV) is obtained from (3.16) by simply exchang-
ing Ap; by p = 10115 GeV, the beta-function of A\; —4\3 at that scale is given by

Bay—axs (10112 GeV) » (15g5(10"° GeV)) — 274 (10"° GeV)).. (3.20)

12872

Thus, the little hierarchy can be estimated to

K2+ K2 N -9g3(Ap1)
VR 4(15g5 (paw) - 2Ty (paw)

) ~ 0.35. (3.21)

This value is of the same order of magnitude as those values obtained by solving the
full differential equation system given by the beta-functions of the model. In figure
3.7 these results are shown, including the dependence on x; which is chosen to be the
only free parameter of the model. Note that doublet-self couplings above k1 (Ap;) »
2.5 lead to the emergence of Landau poles and thus have not been considered any
further.

The little hierarchy (3.17) obtained is not sufficiently large in order to fit present
bounds on the right-handed scale [17-20]. With the (left-handed) electroweak scale
fixed at

K2+ k% = (174 GeV)?. (3.22)

44



3.3 Symmetry Breaking

a value of 0.15 (c¢f. figure 3.7) fore instance corresponds to a right-handed scale at

K2 + K2
0.15

UR = =450 GeV, (3.23)
which is already excluded. It can be concluded that with shift symmetry alone,
the electroweak scale cannot be stabilized against the breaking scale of left-right
symmetry. Instead of setting other boundary conditions at the Planck scale to
generate this hierarchy the problem is approached by introducing additional particle
representations to the model and thereby modifiing the RG running of the scalar
couplings. In particular, the most simple extension, a complete singlet under the

gauge group, is introduced.
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Figure 3.2: The running of the stability conditions A;+4X; and A;—4\3 is plotted. At
energy scales around p = 107 GeV and p = 10 GeV the scalar potential
is destabilized in the field directions corresponding to the flat directions
Ic and Id respectively, as in these directions the potential is given by the
expressions V' = (A1 +4X3)¢ and V' = (A — 4)\3)¢ respectively.
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Figure 3.3: The RG improved potentials in the field directions corresponding to the
flat directions Ic (fig. 3.3(a)) and Id (fig. 3.3(b)) are plotted. Besides
the minima that are supposed to emerge near the origin in field space
due to quantum corrections which are treated by the Gildener-Weinberg
method, the violation of the stability conditions (3.2d) and (3.2¢) lead to
additional minima at high field values. These minima have to be viewed
as the absolute (true) minima of the theory.
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Figure 3.4: The running of the quantities \; + 4\y (purple line) and A\; — 4\3 (green
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line), which give the potential in field directions Ic and Id respectively,
is replotted in presence of the metastability bound at A = —0.015, where
A represents A1 + 4\y and A\ — 4\, respectively.Being above this bound,
the low-energy vacuum is metastable in the sense that its decay time
exceeds the age of the universe.
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Figure 3.5: The RG group flow, toward lower energies, is shown in the (kq,k,)-
plane (¢f. Fig.1 in Ref. [6]). It is assumed that the doublet-bidoublet
couplings do not contribute, which is a good approximation as they
are small due to shift symmetry. Additionally, the gauge couplings are
fixed to their values at My for simplicity. The flow reveals that the
potential is (meta-)stable for a large parameter space region in field
directions of the doublet subspace. Furthermore there is a large fraction
that corresponds to maximally parity-breaking solutions which require
(approximately) k1 + ko (green bar). Even for small positive starting
values of ko the couplings run into these solutions as gauge contributions
let the combination x; + k9 run down faster than x;.
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Figure 3.6: The running of the GW conditions is depicted. Every line corresponds to
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a maximally parity-breaking GW condition: Ia (purple line), Ib (dashed
purple line), ITa and IIb (degenerate green line) and Ilc (orange line).
Once a line hits the zero line the associated GW condition is fulfilled.
Symmetry breaking, however, occurs only when the flat direction cor-
responds to a minimum of the potential, i.e. if all second derivatives
are greater than zero. The plot is obtained by setting xy = —ko = 0.1 at
paw = 102 GeV.
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Figure 3.7: Within shift symmetry radiative symmetry breaking occurs exclusively
in flat directions of type Ib. Here, the little hierarchy between the break-
ing scale of the left-right symmetry and the electroweak scale is plotted
in dependence of the doublet self coupling k; at the Planck scale (blue
curve) and at the GW scale ugw = 10*GeV (red curve). The value
of the little hierarchy is essentially fixed by the gauge- and top-loops
generating the intermiediate doublet-bidoublet couplings and bidoublet
self-couplings.
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Chapter 4

Extension I: Fermionic Singlet

4.1 Introduction

4.1.1 Definition

A Majorana-type fermionic singlet, called f in the following, is added to the minimal
LR symmetric model. It is a singlet under the whole gauge group. It transforms
trivially under parity and the Z,-symmetry. In the notation introduced in 2.5 the

quantum numbers of f are given by

7 ~1(5.0)(0,5)](1,1,1,0) (@)

Furthermore, being a Majorana representation it is constrained by the condition
fe=1r (4.2)

Though an explicit mass term mff does not violate any of these symmetries it is
forbidden by scale invariance. In addition to the kinetic term, introducing f leads

to a Yukawa interaction to leptons and scalar doublets
LYuk, f= —g}ngf‘f + h.c. (43&)
In terms of the right- and left-handed fields this becomes:

Lyvuk, f = —giLixif - ¢ Rixpf + H.c.. (4.3b)
f f

Here, the index ¢ denotes the flavor of the lepton. Thus, f is coupled to each flavor

by an individual coupling g;}. It is easy to convince oneself that this term respects
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Chapter 4 Extension I: Fermionic Singlet

the symmetries of the theory!'. Note that there does not emerge an interaction that
couples the quarks to the scalar doublets since such would not be invariant under
SO(3)-color and U(1)p-r. Beside the Yukawa interaction (4.3) no further terms
with dimension smaller or equal than four emerge. Thus, the original Lagrangian is
modified by

Ly=fidf -gi L'V f +h.c. (4.4)

Clearly, a fermionic singlet represents the most simple extension to the model in
terms of additional particle representations. Coupling to doublets and leptons, f
contributes via fermion loops to the scalar doublet self-couplings x; and ko and
to the intermediate couplings #; and f;. In the following, these contributions to
the renormalization group running of the scalar (and lepton Yukawa) couplings will
be calculated and its effect on the symmetry breaking mechanism discussed. In
particular, it will be analysed if the desired little hierarchy can be obtained by

appropriate adjustment of g}.

4.1.2 Phenomenological Implications

Before turning to the renormalization group analysis it will be discussed briefly
which phenomenological implications arise by introduction of a fermionic singlet.
As it is not observed it must be ensured that it is hidden. The interaction term
(??) technically represents a mass term, as x% is supposed to acquire a vacuum
expectation value, and thus leads to a mixing between standard neutrinos v* and

the singlet fermion f. For the uncharged fermions one then finds the general mass

matrix - B
kY 4R’y ; ;
,,0 T g VL
siomt Fy L | eY U RY Y ) . j
LWy, Vp, f) L 0 gon || 0 | (4.5)
Q;UL g;UR m

For a vanishing vacuum expectation value of the left scalar doublet which corre-

sponds to the parity breaking flat directions, and without explicit mass term m as

Tn this chapter the Z4-transformation property of the scalar doublet is redefined to be: xr = ixR.
This, however, does not affect any other doublet interaction term.
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required by scale invariance this becomes

+ij oy i
HYE +K YL

o V2 0 v,
=i =i £\.| kY Y4Rr'YY . . J
L (v, vp f) e 0 gon || | (4.6)
0 giUR 0

In the limit of a single generation and for vg > k, k' one finds one massless eigenstate

v with
m, =0 (4.7)

and two degenerate heavy states Ny and Ny with

s )2) w3

=4 1+
e gf”R( A(gron)?

Under the assumption of g; and the lepton Yukawa couplings being of comparable

magnitude the mixing matrix is approximated by

v 1+O(K+H) 0 O(%) v
mo|=| o) Feo(=F) % e |- (@9)
w) Lot Geot) & )\

One finds that for a sufficiently large little hierarchy the massless state is mainly
given by the left-handed active neutrino v, while the heavy states are given by the
right-handed active neutrino vz and f. Thus, though there was no explicit massterm
introduced for the fermionic singlet it is hidden as it acquires a mass proportional
to the right handed VEV via the Yukawa interaction (4.3). Simultaneously it lowers
the mass of the left-handed neutrinos via a seesaw-type mechanism (see Ref. [4] and

references therein).

4.2 Contributions to Renormalization Group

Functions

The introduction of the fermionic singlet f leads to contributions to the doublet

self-couplings, k1 and kg, and doublet-bidoublet couplings, £, and f;, via one-loop
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box diagrams of the following kinds:

e doublet self-coupling:

T T
XL/R f XL/R XL/R L/R XL/R

and . (4.10)

i i
XL/R f Xi/R Xpr  LIR Xyg

and

e doublet-bidoublet coupling:

L
f{:{L and fNL (4.11)
et - -

In the following section 4.2.1, the resulting corrections to the beta-functions of x;

LS
I
[V

[
Ik
IS

and k9 will be calculated. For this purpose, the counterterms to these diagrams
have to be calculated. Likewise, in section 4.2.2 the contributions to g, and 3y, are
determined. In fact, the latter contributions are the more interesting ones, as they,

together with the bidoublet self-couplings, determine the little hierarchy.

4.2.1 Doublet Self-Couplings
Vertex Corrections

In order to calculate the contributions to x; and ky the standard notation of left- and
right-handed fields is used. Furthermore, it is convenient to rearrange the doublet

self-couplings: In terms of x; and ks the doublet self-couplings are given by

Ve r (b, + xXhxg)? + ra(xbxg = Xhxe)?. (4.12)

Thus, the k- and kso-terms represent the symmetric and the antisymmetric parts

of the doublet self-coupling respectively. These will be combined to a chirality
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conserving coupling, which will be called £, and one that mixes the left- and right-
handed fields, called &s:

K1 K2

5 \XLAL RRQ_LL_RR2 :
Q(XTX +xhxg)? + Q(XTX XhXg) (4.13)
K1 R9

) (O )+ 2xEx g + (dhxn)?] + 5 [ x)? = 20 x oo s + (dhxg)?]
K1+K,2

= () [(XEx)? + (hxg)?] + (k1 = ko) [XEx o xhxs]

(R —

ﬁ,_/ Y
M =R2
=K1

Thus, k, and ko in terms of k; and k9 are given by

K1 =K1+ % and Ko =K1 — % (414)

Using this basis, the diagrams contributing to &£; then are

Xt XL XL XL XL
/ - /
Z Z XX XK e,
\ ; - \
XL L XL XL XL (4.15)
And there is one diagram contributing to fz,. It is given by
T
XR _ _Xr
g . (4.16)
X X,
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In order to extract the divergent parts of these diagrams the following momentum

assignments will be used:

F k’:k+p3
XpyrP1—~> k- < P3Xpynr

k" =k +ps+ps3
where (4.17)
k" =k +p2+ps +pa

kJ v LN k,lll

XTL/RPQ—> N T

O=p1+p2+p3+ps

The external momenta are denoted by pi, po, p3 and ps while & denotes the loop-
momentum which it is integrated over.

The first diagram in (4.15) then gives:?

- - o ddk ’L%‘ Zkl ikli /L.klll
: § = (1) (=) i 7Y\2,,2 T . ) )
- - %(—’( A i%':(gfgf) a (2m)d ' [k2 +ie k" +ie K" +ie k"2 +ie

X fermion loop

]

_ i J\2,,2€ ddk (k)(k+p3)(k+zb2+p3)(%_pl)
=~ 2l <2w>dTrlk2(k+p3>2(k+p2+p3>2(k—p1>2]

y Atk () (ke + ) (b + 1+ ph) (47 — )
- _ i J\2 26T 3 2 3 1
;(gfgf) 1T [V Y0 ] @) R0k )2 (ks ps s p )2 (k—p0)?

Here only the term proportional to k% gives a divergent contribution. Thus, one

obtains:

2The feynman rules of the minimal model are take from Ref. [25] and the loop integrals occuring
here, which are the well known Passarino-Veltman functions [31] (for a review see Ref. [32]).
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y dek Kk ok
= UV finite - > (g597)* 1 Tr[vu7%9%] -
z’z,g:( 197) M (2m)? k2(k + p3)2(k + pa + p3)?(k - p1)?
=4(NuvNpo—NppNve +Mueup)

=UV finite+ (2;’)’;5 1%annw +NHPYVO L hT VP

i A+ 2d)
— finite — i J\2,,€ L
UV finite Z(gfgf)“(%)d 12¢

]
8§;%

1672¢

= UV finite —ipu° (4.18)
where in the last step d has been set to 4 since the expression multiplying 1/e is
analytical at 4 —d = € = 0. Note that in the following this will be done without
mentioning explicitly. Furthermore in the last line the notation g = (g3, 97, g}) has

been introduced.

As the divergent part of the just calculated diagram does not depend on the exter-
nal momenta, the divergent parts of the remaining diagrams must be the identical

to (4.18). Adding up the diagrams then results in:

X! _ X XL _ Xz L _ , XL _ R
Sl + SQ + 53 )( + S4 X + (L <> R)
_Z_ _X_ _X \ X
X' X Xh X.  Xb X.  Xb X1
: 4 im? 8
= UV finite - (S1 + Sz + 93 + S4) | G71 - (4.19)
(2m)* e
and
Xk Xa
S5 g
Xh X1
fini 4 . im? 8
= UV finite - Sg | g1 @n)ic (4.20)

To obtain the correct symmetry factors .S;, recall that these diagrams are of order
Q) (g?) in the perturbation series. Hence, naturally there emerges a factor of 1/4!

coming from the expansion of the exponential function. In addition, there is a
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Chapter 4 Extension I: Fermionic Singlet

factor of 4 due to Pascal’s law and a factor of 2 coming from choosing the vertex for
one of the daggered fields. Thus, one finds S; = (1/4!)-4-2 = 1/3. In the following,
upcoming symmetry factors are obtained by analogous considerations and will not be
discussed in detail. In order to calculate the contribution to the S-functions 5z, and
B, the counterterms corresponding to the above diagrams are needed. As already
mentioned, in the MS-scheme the counterterms exactly subtract the divergent parts.

This is equivalent to requesting:

- - - - - ' - ' S
UV finite= S, £ S, + S Y S, Yo+ g

! \\ ! ‘\ SN

- - - - - - Ve \

and
- - \ 4
. \\ //
UV finite = Sy + R ,
- - /// \\\
\\ //
where the diagrams \Q' represent the counterterms of 5y and ks respectively.
4 \
4 N
4 N

Finally one finds, the contribution due to f to the counterterms corresponding to

k1 and Rq 1S

16 11 4 11
ARy = ——§i—— d A;ORg = —=§} -. 4.21
R R AT o AT P (4.21)
In terms of x; and k9 this becomes using equation (4.14)
18 11 14 11
Afbky = ——Gj—— d Afbky = ——g}—>5—. 4.22
R R AT o R R AT (4.22)

One further ingredient for the corrections to the beta-functions of k; and ko is

needed, namely the contribution to the doublet wavefunction renormalization.
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4.2 Contributions to Renormalization Group Functions

Scalar Doublet Wavefunction Correction

The contribution to the wavefunction renormalization of ¥ due to f is given by a
loop diagram which contains virtual leptons and f. Its divergent part is calculated
to be

i i(p-F)
Se - \IJ->-©->- v = 56( 1) (- Z) nggfﬂ _/(2 ) |:k2f@'€'(p—¢k;)2+ie]

fermion loop

Ak ke(pr - k)
- _ -2 €T
Sﬁgf:u r[’Yu’Yu] (27T)d k?2(p ]C)Q

1 1 2
= UV finite - Sﬁgfu Tr [’hﬁu] (2 )d [_Epupv n _p277;w _ _py,pz/]

b€ 3€
_477“”
. o 14?1 d 2
= UV finite — Sﬁg]% (@n)ic [—p2 n EPQ _ §p2]
42 1
= UV finite + Sﬁgfc%—ﬁ (4.23)

Here, the symmetry factor is given by Sg = 1/2!-2 = 1. From this the contribution

to the wavefunction renormalization of ¥ can be obtained

4
1672¢”

A YA —z'p2§J2¢ (4.24)

Contribution to beta-functions

Using now the defining expression for one-loop S-functions in the MS-scheme (A.18),

one finally obtains for x; and ks

(1)
OA 5H(1) ' 82
Afﬁm = Dg 5 il gf 2Kk Dg a i gf DgAf(Sfﬂ

—— gf f

=1/2 _1/2

3

= —Af(slil - 2H1Af(SZg;
1
167?2[ 99f +8lﬁgf] (4.25)
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and
(1)
NI 0Z
AfBe, = Dy #9} =202 Dy =g = DyAyox,
—— ——
=1/2 d =1/2 d
3
= §Af5/€2 - QK/QAf(SZg
1 - -
= W[-?g? + 8%29?] (426)

4.2.2 Doublet-Bidoublet Couplings

Vertex Corrections

The diagrams in (4.11) contribute to the doublet-bidoublet couplings 8; and f;.
Note that their contribution to f; is due to the fact that the Yukawa coupling (4.3)
explicitly violates the symmetry of separate SU(2)r x SU(2)g transformations of ®
and ¥ as it couples leptons to scalar doublets. In order to extract the divergent part

of the first diagram in (4.11) the following momentum assignments will be used:

D k'=k+p2+ps+ps
Uph2—~ k"> < @j
1 o

]{?” = k + P2+ Dy
Tk k" where (4.27)
K" =k + o

Uypi= <k < Dp30¢

O=p1+p2+p3+ps

The diagram then gives3

v ¢

:}:I: (4.28)

v ¢

3Here, for the moment the Z, symmetry is omitted to obtain also the contributions to the Z,
breaking couplings (32, (3.
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4.2 Contributions to Renormalization Group Functions

. £ 1 £ < 7 < ~— . 7 < r—
= (1) (=ipe3 (=55 g (850 (V" = Y ") (TT2) o 60 (V" + V)T B g )
2 L L L L
fermion loop

o I Al Tr [k k" k'k]
+h h +h h
. (6171(& ! _YL f)(FFC)EA +Z57;,2(YL 4 +}/£/ f)rg‘A)gff:I (27T)d L1212 |12 ]2

B . ir2 8
=UV ﬁnlte+(2w)4#€ 2

Z’/’LE « -+ c - — . =+ —
= 1671'264 [gfg (5j71(}/£/9h _ YLgh)(FFD)BE n @53‘,2(}29}1 + YLgh)F[B)E) ]
. (5i,1(§7ghf ~Y Y IT) pa +i6; (V™ + Yéhf)F%A) gff] (4.29)
(4.30)

The value of the second diagram can be obtained from the first one by the transfor-

mation (ps,C,i) <> (ps, D, j). One then gets for the second diagram

v ¢

M (4.31)

v ¢

ine oh o g o
o [gs (00 (Vg = Vg™ (TTO) s + 835 (V" + Yo" TG )

" 1672
(B0 (VM =YY OTP) g + 0,0 (VgM + V"N TR) 97| (4.32)

Adding up the two diagrams yields

v o v o

L
(>

v o o

e _ _ _ _
= ].67T2€4ng [_52',15]',1(}/2— - YL )2{FC, FD} - (51'725]"2(}/2— + YL )2{FC7 FD}

- ifsi,25j,1(}7£— + YE)(YE - YL_)FFCFD + i5i725j71()7§ - }Z)(Yg + YL_)FFDFC
_iéi,léj,Q(Yg + %)(YE - YL_)FFDFC + i5i,15j72(§7§ - YL_)(YZ + YL_)FPCPD]BA g}

s . o o o
:16’2;264 gyt [_2(YL2 + YLQ)(;Z'j(SCDéBA + 2{YL+, Yp 105,101 — 6:.262)0cp0B.A

+H4i(Y? =Y 2)e; (TXP) pa +i2[Y, Y 1(1 - 5ij)FBA50D] gy
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Chapter 4 Extension I: Fermionic Singlet

7
B 16[7:2 4 [ 2T}5U50D53A + 2Tf{}(5i715j71 - 5i,25j,2)5CD5BA

+i4T} €;(DSP) g = 271 (1= 63;) T paden | g (4.33)

where it has been used that the symmetry factors are given by Sis = S13 = 1. In the

last line it has been defined

grt (Y2 + YL-2) gr=T7, (4.34a)
grt (Y2 =Yg = 15, (4.34b)
g-*fT{Y;, Yiygr=T} (4.34c)
Ve Y 2)gy = zT[] (4.34d)

Note that the commutator [Y;2,Y;?] is anti-hermitian. Thus, the expression (4.34d)
is imaginary with gy being real. Given the feynman rule (??), the doublet-bidoublet

interaction counterterms read according to (4.33):

— T+

Apdb = T (4.35a)
—AT>

AsSfi= 1oy (4.35b)
2T}

Af&ﬁg = 1672¢ (4350)
T}

Agofs = 1o55 (4.35d)

Beta-Functions

Together with the contribution to the doublet wavefunction renormalization (4.24),
the vertex correction (4.35a) can be inserted into (A.18) to obtain f’s contribution
to the g-function of f:

(1)
aAf(SB(l) y 8Af66(1) 8AféZg, ;
Afﬁﬂl — D Tf_z + Dyay—ikk’lyikl _ DﬁlAfé/Bfl) _/Bngf_ agfz gf
= A0 — 230,02
1
= o= (AT} +45:57) (4.36)
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4.2 Contributions to Renormalization Group Functions

In the same way inserting (4.35b) into (4.24) one finds:

(1)
INTY NS . ONfOZy
ABp, = Dy, =g+ Dy =Ly _ D Ao f Y - 1D, ———=—g )
B =Dy, Dgs g¢" + Dy oY " L nApofi = fiDy, a7 gf
= Ap0fD - 210402
1 e
= 1673 (-AT; +4f157) (4.37)

And for the Z,-breaking terms one finds, using (4.35¢) and (4.35d)

ApBs, = DB - 28,0023

1 ﬂ
-5 (27 + 48:6%) (4.38)

and

ApBg, = AsoBsY - 283002y

(T]E] + 453%%) . (4.39)

T 1672

4.2.3 Standard Lepton Yukawa Couplings

Beside the contributions to the S-functions discussed so far, it is clear that there are
further contributions of order O (gs?) to couplings involving leptons due to its contri-
bution to their wavefunction renormalization. Thus, in addition, g; will contribute
to the lepton Yukawa couplings.

The contribution to the wavefunction counterterm of the leptons is given by

d?k ik i
21)4 k2 +ie (k - p)? +ie

f
Lo = Ve Ly = (PG Susar' [

\

(S

€ P ddk kﬂ
= 5ba’Ygang9f [ (27T)d ]{JQ(k’ . p)2

~~

. w2 1
=UV ﬁnlte—m:)"iélue;pM

. . o 1
= UV finite — Z5ba7ga9f]9fzpum (4.40)
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Chapter 4 Extension I: Fermionic Singlet

Thus, gy contributes to the lepton wavefunction renormalization by

95795
1672¢”

ipAfZ] = ip (4.41)

Inserting this into the defining expression of the Yukawa coupling S-function one

obtains the contribution

L |- (Dyig _ -1 1 i k_ j

4.3 Renormalization

4.3.1 Counterterm Lagrangian

In the previous sections various contributions to S-functons of both scalar and lepton
Yukawa couplings at one-loop order have been calculated. They arose introducing
a fermionic singlet to the model. In a next step, g, itself and the wavefunction of f

will be renormalized. The wavefunction renormalization Z¢ is defined according to
1
fB=2; 1, (4.43)

where fp and f are the bare and renormalized fields. The renormalized coupling g
is then given by
1 . . 1 1
i _ 72 J1,57 27 2
ng_ZLij [gf+(5gf],u2Z\_I, Z,°, (4.44)
where gj} g and 0 g;} denote the bare coupling and the counterterm respectively. The
counterterm lagrangian corresponding to f then is

0Ly = filD(0Zs) f + 2 Lidgi ¥ f + h.c. (4.45)

In the following, first the vertex counterterm dg; will be determined. In a second
step the wavefunction counterterm 67 will be calculated and finally the S-function

corresponding to g will be derived.

4.3.2 Vertex Renormalization

There are two diagrams contributing to the gf renormalization. They are given by

the exchange of U(1)- and SU(2)-gauge bosons between the lepton and doublet
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4.3 Renormalization

scalar. The coupling gy is then renormalized by demanding

UV finite = >-- + Sy }‘/‘,-- +S10 }&-- + >>__ , (4.46)

where the symmetry factors are given by Sg = Sjp = 1/3!-6 = 1. In order to
calculate the diagrams external and internal momenta are assigned to the graphs in
the following way, where the wiggly line represents U(1)- and SU(2)-propagators

respectively:

L
k’ = k + D2
P2 N
N k!
k1 bl w4 where k" =k +py+ps (4.47)
/’/ k// 3
7 1 O=p1+p2+ps3

a

Given these momentum assignments, the diagrams in (4.47) give:

- (4.48a)

([ 2 [0
TR\ ) I OBA | | T (2 i) (K + i) (k2 + d€)

) 326(2)2 E(Y ) 0 aige | (o + )20 = ) (my - (1 - €0) 2532
=u 5 | 95\ Ve)ba0BA 2r) TN CEA

. 2
=UV finite+ 10— 2 (<€),

. £ g]. 2 ) v Z7T2 1
= UV finite + p2 (5) gr(v ’Yu)badBAWE(_&)
41
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2
= UV finite + tu2 g—gféba(SBA

1672 2¢ ( 51)

and

}“}}.-- (4.48b)

2
3e g 7 v
=—p (7%) gh (7 %)ba (EEFEGH)BA (6EG’§FH _ 5EH5FG’)'

i | R = k) (- (1- &) %5¢)
(2m) (k" +ie) (k" +ie) (k? + ie)

2
_ —,u% (%) g} CRnm (EEFEGH)BA (§EGSFH _ §EHGFG),

=—31pa
aite [ (ke + ) (205 = k) (m — (1 - &2) 2 )
(2m)¢ (k +ps)*(k = p2)*h?

. in2
=UV ﬁnlte+m 2% (—&2)n”,

< 393
= UV finite +iu2 ?gffsbaéBA ( &2)

1672 2¢

Note that the gauge parameters & and & are not physical and therefore do not
contribute to any observable. In particular, they do not enter the [S-function of
g}. However, they have been kept here as they provide a consistency check for the
calculation. Summing up all the terms contributing to the S-function they must

cancel out.

According to (4.45), the vertex counterterm dgj is defined as

}-- = —iui(SBA(Sba(Sg}. (449)
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4.3 Renormalization

Using (4.48) one then obtains

11 3
89 = - 16”269}[§g?€1+19352]- (4.50)

4.3.3 Wavefunction Renormalization

The wavefunction renormalization of f is given by
UV finite= —a—  +5i = )= + ->@» | (4.51)

where the symmetry factor is given by Sy; = 1/2!-2 = 1. The diagram Sy; yields

d?k  ify, i
21)4 k2 + ie (k - p)? +ie

-7

>m> = (—i)*(u2)20pa04p Z(g})Zf (

_:u64’y Z(gf) -[(27T)dk2 k- p)

=UV finite—

4
= UV finite + @QV{LPMM' (4.52)

(Qﬂ)4#e ng

Thus, the wavefunction counterterm 67y, which according to the counterterm La-

grangian (4.45) is defined as

e e N YA, (4.53)
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Chapter 4 Extension I: Fermionic Singlet

is given by

(4.54)

4.3.4 Beta-Function
Derivation

In the preceding subsections the wavefunction renormalization of f and the vertex
renormalization have been performed. Thereby, having found the counterterms, all
the ingredients needed to derive the S-function of g; have been collected. According

to the defining expression (A.18), one finds for 3,,*

1 acsg;}” 1 aéz}”

5 -y J062) 1, 952y)
o2\ ova 2 oV

1 (1)
_ — gt ——— | V4 - 5 2
27t v, 2% o, |0

= g iw s im] L (1) m]_ 1 MWy 1.
—1 [ i 3 i 9 i + oy o )¢
- 1672 (_5912”91‘ - nggf - gg%gf) + ((YLQ + YL2)gf) ) (4.55)

As required by gauge invariance the parameters & and & cancel out in (4.55). This

provides a non-trivial consistency check for the calculation.

Running

As f3,, is proportional gy (cf. (4.55)), the coupling exhibits a rather mild running.
Under the assumption that f couples exclusively to the third lepton generation, i.e.
95 = gﬁf = 0, this is illustrated in figure 4.1, where the running of g} is plotted for

various initial conditions at the Planck scale.

4.4 Symmetry Breaking in the Extended Model |

4.4.1 Effect on Doublet Self-Coupling

In the preceding sections the contributions to the beta-functions of the scalar cou-
plings due to the coupling gs have been calculated. Note that all results found there

are collected in the appendix A.2.2. The coupling gy was introduced for the main

4For the counterterms of L and W see Ref. [25].
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Figure 4.1: The Running of g; is plotted for the initial conditions g;(Ap;) = 0.1
(thick line), g¢(Ap) = 0.2 (thin line) and g;(Ap1) = 0.4 (dashed line). As
By; ~ gy the coupling remains small for small initial values over many
scales.

purpose to modify the running of the doublet-bidoublet couplings £, and f; as these
determine the little hierarchy.. As shown in section 4.2.1, g; also contributes to the

doublet self-couplings x; and ko by

1 - .
Afﬁ,ﬂ = @[—gg? + 8I<ngj2c]

and

AsB,, = #[—75; + 872
Here, the order O (g?)—terms have a negative sign. Thus, for gy being large these
contributions become comparable to the (positive-sign) gauge contributions in 5,
and (,, and may eventually dominate them such that S, (Ap)) < 0 and S,,(Ap;) < 0.
As argued in section 3.3.1 it was the fact that these beta-functions were positive
at the Planck scale, that allowed for fulfilling the parity-breaking GW conditions.
Hence, the requirement of generating the big hierarchy sets an upper bound on the
possible values gy that are allowed in order to adjust the little hierarchy. In figure

4.2, the RG flow in the (x4, k1)-plain is presented with gy switched on. It reveals that

71



Chapter 4 Extension I: Fermionic Singlet

increasing the value of gy leads firstly to deflecting the stream lines away from the
parity breaking solutions into the parity conserving solutions for small initial values
of k1. For higher values, when gy becomes comparable to the gauge contributions,
the parameter space allowed by parity-breaking shrinks drastically and the doublet
self-couplings run into a fixpoint, which depends on the value of g;. Note that the

position of such a fixpoint can be accessed anlytically by demanding

Bry =0, B, =0. (4.56)

Under the assumption that the beta-functions are approximated by neglecting the
contributions due to the intermediate doublet-bidoublet couplings and by fixing the
gauge couplings at M (as these become relevant at lower energies) and gy at the
Planck scale (recall its mild running), the exemplary fixpoint for g;(Ap;) = 0.5 is
calculated to be at

k1 ~0.10, Ko~ 0.09. (4.57)

It is concluded that, in order to allow for the emergence of parity breaking flat
directions and to make the procedure explained in section 3.3.1 be still applicable
to the model extended by f, g must not be comparable to the strength of gauge
interactions. In the following analysis, it is set the upper bound g;(Ap;) < 0.4. This
upper bound is found by demanding 3., = B, = 0.

4.4.2 Effect on Doublet-Bidoublet Couplings: Little Hierarchy

In the previous section it was shown that, under the assumption g;(Ap;) < 0.4, a big
hierarchy between the Planck scale and the left-right breaking scale can be obtained,
just as in the minimal model. Here, it is questioned if within the allowed parameter
space given by

O<gf<0.4

a little hierarchy, larger than in the case of shift symmetry alone, can be obtained
using the effect of gy on the doublet-bidoublet couplings. In section 3.3.2 it had
been that these couplings are responsable for the little hierarchy?.

In the minimal model, including shift symmetry, parity breaking was exclusively

possible in flat direction Ib as considering the scalar masses revealed that only

5The running of the bidoublet self- couplings is not significantly altered in this modified model,
as f does not couple to the bidoublet at tree-level.
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4.4 Symmetry Breaking in the Extended Model 1

this flat direction corresponded to a minimum of the potential. This was mainly
provoked by f; = 0. Here, the situation might change as f; is generated by loop
corrections involving f and leptons. The correction generating f; at the Planck
scale was calculated to be

477

f
_— 4.58
1672 ( )

APy (Apr) =

with 77 = ~g;" Y 2gy (cf. (4.37)). Thus, f; is supposed to develop (negative) non-
zero values. This potentially allows for the possibility of symmetry breaking in
direction IIb (c¢f. section 3.3.1). For this purpose, f; must satisfy the inequality (cf.
(3.14))

[\

£l > 8max [[Aal, Asl] - - (4.59)

VR
Note that the right-hand side of (4.59) is effectively fixed by imposing the shift sym-
metry. It is of order O (107?), it seems hardly possible to satisfy this inequality. Since
A¢Br (Apr), given in (4.58), is highly suppressed by the smallness of the (7—)lepton
Yukawa coupling, being of order O (1072), f; is expected to be very small. Making

the same linear approximation as in section 3.3.1, one finds

fi(paw =101 GeV) ~f5, (Ap) log (/f;zlv) (4.60)

~g7-0(107°).

Thus, it seems unlikely for flat directions of type IIb to emerge. In fact, by using the
running couplings, based on the full numerical solutions of the RG group equations,
it is verified that in this modified model parity breaking occurs solely in directions
of type Ib as it was the case in the minimal model. The little hierarchy in direction

Ib given by s 4
KR+ K -1

= 4.61
UIQ% 2)\1 - 8)\3 ( )

is, as in section 3.3.1, fixed due to shift symmetry except for the value of f;.

Again a linear approximation is used to estimate the value of §; at the GW scale.

For this purpose, at the Planck scale 3, is given by

~4T} +9g3

= (4.62)

5/31(/\131) =
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Chapter 4 Extension I: Fermionic Singlet

with T} = jfT}_/é‘Qg’f (cf. (4.36)). One then finds that the correction due to g; to the
value of 5, at the GW scale should be of order

Bl(MGWNgﬁO - 5(,UGW)|gf=0 _ (_4T;(AP1) )
B(paw)lg=o 995(Ap1) ]

(4.63)

The negative sign in front of T} already indicates that the correction lowers the
value of (4.61), thereby enlarging the little hierarchy. Using go(Ap;) » 0.52 and for
Y, (Ap1) ~ 0.01, this yields

Bi(paw)lgr20 = B(paw)|g =0 o .
Brew)lg -0 = g7-0(107%). (4.64)

Thus, it is expected to lower (4.61) by less than one per mill for g¢ ~ 0.1. In figure
4.3 the results using the full running of the couplings are presented, where gs is
varied at the Planck scale in the allowed region of parameters and the doublet self-
couplings are fixed to k1(puaw) = —ka(taw) = 0.2 with the usual pgw = 10* GW. It
reveals that the ratio (4.61) is lowered more than was naively expected. However,
the obtained little hierarchy is still not sufficiently large. The obtained value for
the right-handed scale is enlarged by about 10% compared to the value found in
the minimal model. Thus, this modified model fails to stabalize the electroweak
scale. Note however that, in principal, the contributions to the beta-functions of
the bidoublet self-couplings, 5; and f;, have the correct signs to enlarge the little
hierarchy.
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Figure 4.2: The renormalization group flow in the (k. x1)-plain is plotted for various
values of gy at the Planck scale. At a value of g;(Ap;) = 0.3 (figure 4.2(a))
the gauge couplings remain the dominant contributions and the picture
is similar to that given by vanishing g;. For increasing g the group flow
is more and more deflected into the regime of parity conserving solutions
(cf. gs(Ap1) = 0.4 in figure 4.2(b)). For high initial values of x; parity
breaking can however still be obtained. At g; comparable to the gauge
couplings (c¢f. g¢(Ap1) = 0.5 in figure 4.2(c)), k1 and k9 run into fixpoints
depending on the value of g;.
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Figure 4.3: The little hierarchy, expressed by the ratio of the squared bidoublet
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VEVs to the squared right-handed VEV, is plotted as function of g;. As
in the minimal model, type Ib flat directions remain the only solutions
to the GW conditions. The value of the Yukawa coupling g;, which
couples f to doublets to leptons, is varied in the allowed region 0 <
gy < 0.4. In this allowed parameter space it is not possible to obtain
a sufficiently large little hierarchy. The highest value of g; corresponds
to vp = 410 GeV which is by about 10% higher than the value of vg
obtained in the minimal model for the same ;. Here, it was chosen

k1(paw) = —k2(paw) = 0.2 with paw = 100 GW.



Chapter 5

Extension Il: Fermionic Isosinglet Color
Triplet

5.1 Introduction

In the preceding chapter a fermionic singlet was added to the model and its effect
on the renormalization group functions of the scalar couplings was studied. It was
shown that it had just little impact on the running of the doublet-bidoublet cou-
plings such that a desirable little hierarchy could not be obtained. This was due
to the fact that the contribution to the doublet-bidoublet couplings (4.35) was su-
pressed by the small lepton Yukawa couplings. This motivates, in place of a full
singlet, the introduction of a fermionic isosinglet color triplet to the model. Such
a particle representation, associating the correct B — L charge to it, would allow
for an interaction similar to (4.3), replacing leptons by quarks. As the top-quark
Yukawa coupling is much stronger than the lepton Yukawa couplings, it is expected
that introducing such a colored represention has a significantly larger effect on the
doublet-bidoublet couplings than it was the case for the singlet f. Thus, in this
chapter it will be investigated if a phenomenologically acceptable a little hierarchy
can be generated introducing a fermionic isosinglet color triplet. Note that, in the
literature, adding such colored isosinglet representations to the standard left-right
symmetric model is already discussed. By such extensions some of its naturalness

problems concerning fermion masses are addressed [33-35].

5.1.1 Definition

Given the preceding motivation a vector-like fermionic isosinglet color triplet, called
P = (Py, Pr), is introduced to the minimal model. Note that this is done alterna-

tively to the singlet which was introduced in chapter 4, shift symmetry will however

77



Chapter 5 Extension II: Fermionic Isosinglet Color Triplet

still be assumed. It is colored under the SU(3) and carries U(1)p_r-charge, while it
is a singlet under the SU(2); x SU(2) g gauge subgroup. Under parity it transforms
as

P; < Pp. (5.1)

Furthermore, it transforms trivially under the discrete Z4,-symmetry. In the notation

introduced in (2.5) its quantum numbers are given by

P=(Pr, Pr) ~[(5,0)+ (0. )I(3,1,1, ), (5.2)

where the B — L charge is chosen such that P couples to the quarks and scalar

doublets via the following Yukawa interaction
Lyuep =-9p'Qy X1 Pr - gp' QX rPr + H.c., (5.3)
which is in complete analogy to (4.3). The original lagrangian is then modified by
Ly =PilDP + Ly p, (5.4)

where the covariant derivative D, according to the charge assignments (5.2), is
given by

2 1
Dlt = Dij = 8M + ZgngM + Z§g3GH)\m (55)

Having introduced P, in the following it will be studied how it effects the RG running
of the scalar and Yukawa couplings of the model just as it was done for the fermionic
singlet in chapter 4. Before doing so, its phenomenological requirements are briefly

discussed.

5.1.2 Phenomenological Implications

The introduction of P, which represents a charged particle, is not as straightforward
as it was the case for the the singlet representation f. Clearly, the isosinglet P has
to be hidden. For this purpose, however, P has to be sufficiently heavy. Hence, a

mass term is required. As P is an isosinglet, an explicit mass term

_PLMPp— PrM'P, (5.6)
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is clearly allowed by gauge symmetry. It does however break classical conformal
symmetry, as it introduces a scale to the model. In order to circumvent loosing scale-
invariance, alternatively to an ezplicit mass term one could introduce an additional
scalar singlet ¢, which acquires a VEV above the right-handed scale. Obviously,
such VEV would not lead to symmetry breaking of the LR symmetry. However, the
introduction of such scalar singlet ¢ would lead to an enlarged potential. Besides a
|o|* self-coupling, any (gauge and Lorentz) invariant bilinear would form a dimension
four operator together with |p|2. Furthermore, also trilinear operators such as VW,
which did not enter the potential before due to conformal invariance, would lead to

conformal singlets together with ¢,
©UPY + h.c.. (5.7)

It is clear that such a extension of the scalar sector would complicate the minimiza-
tion of the model. As introducing ¢ would require to recalculate the flat directions
of the model, this possibility is not further considered here. A third ansatz would

be to introduce the effective higher-dimensional operator,

1

K( TLXLPLPR+XEXRPRPL) etc., (5.8)

which would represent a mass term for y, acquiring a VEV. This possibility is

somewhat unsatisfactory as it leaves its origin completely unknown.

Thus, it is assumed here that P acquires mass via the explicit mass term (5.6.
Note that the mass term M does not contribute to the beta-functions of the scalar
couplings and thus is for the rest of the chapter not considered. It does, however,
contribute to the mass renormalization of the quarks and doublet fields. These

contributions will not be considered here.

The discussion is concluded by estimating the value of M in order to hide it from
observation. As the Yukawa coupling (5.3) mixes the isosinglet P with the up-type
quarks, assuming that yr acquires a non-vanishing VEV, one has to consider the

mass matrix in the basis of these fields,

HYéij+R’Yéij j

oo@@, Pyl — = VYR L vhe. (5.9)
L j P
VRGP M R
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Chapter 5 Extension II: Fermionic Isosinglet Color Triplet

Assuming that P couples exclusively to top quarks this becomes

- = my 0 tR
i,,P,)- - the., 5.10
(i) o

which can be diagonalized to give the eigenstates P with corresponding mass M and

the eigenstate

M —my URQP
Vuh+ (M - m)2 \/v}%g? (M -m)?

(5.11)

(5.12)

which corresponds to the top mass. Thus, if one demands for instance to limit the

contribution of P to the top quark (the state with mass m;) to 1% it has to be

VRJp
VUEgE + (M —m)?

This is satisfied for M 2 100 - vrgh.

S 1%. (5.13)

5.2 Contributions to Renormalization Group

Functions

The diagrams emerging due to the introduction of the isosinglet representation
P are completely analogous to those which have been ecountered in chapter 4.
Most of them are obtained by simple substitution of lepton-propagators by quark-
propagators, lepton Yukawa couplings by quark Yukawa couplings etc.. There are,
however, some subtleties which will be mentioned here briefly. First of all, note that
fermion loops will come here with an extra color factor of 3. Secondly, there will be
no contribution to ks due to the vector-nature of P. Furthermore, the wavefunction
renormalization of P and the vertex renormalization of gp will involve additional
corrections due to gauge interactions as P is charged. For this reason, P will also

contribute to the running of g3 and g¢;.
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5.2 Contributions to Renormalization Group Functions

5.2.1 Doublet Self-Couplings

Vertex Corrections

In close analogy to section 4.2.1, the isosinglet P contributes to the doublet self-

coupling 1, which was defined in (4.14), by diagrams of the types

T T
XL/R PR XL/R XL/R Qr/r XL/R

and : (5.14)

T T
XL/R PryL XL/R XL/R Qu/r XL/R

where the crossing fermion lines correspond to QQr/r and Pg/y, in the first and second
diagram respectively. As its right- and left-handed field components represent distint
degrees of freedom, in contrast to the fermionic singlet which satisfied the Majorana
condition (4.2), P does however not contribute to the coupling k. Accounting for
the color factor, from (4.21) one can read off

-16G% 1
APCS/%l = gP— and AP(S/%Q =0. (515)

This, using equation (4.14), in terms of k; and ks becomes

-16g5 1 -16g5 1
Ap5/€1 = Tﬂ"gng and Apdlig = Tﬂ"gQPE (516)

Scalar Doublet Wavefunction Correction

In the same way, including the color factor, with regard to section 4.2.1 one finds

the scalar doublet wavefunction correction

color factor

e
Y
e

-

- 2 i Qe d’k : -k
3 t(l_)/(—z) Zi:ngP“ / (QW)dTr[k;Q-;fie'(p—ﬁk)2+ie

fermion loop

4

aop ¢

i2r?1
(2m)* L

UV finite + g% (5.17)
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And thus the contribution to the wavefunction counterterm (5ng is

12

1672¢”

—szAp(;Zgj = —Zp2§123 (518)
Contribution to Beta-functions

Given the results (5.15) and (5.18) the contribution to the beta-function of the
doublet self-couplings yields

(1)
NI 07y’
APﬁm = DQP P—KngP - 2K DQP —EQ}D - Dgp AP(SFJ?)
—_— Og} —— Og% —
=1/2 =1/2 =1/2
3
= §AP(5/€§1) - 2,‘€1AP§ZEJ
1 . B,
T [-24§5 + 24K1G5] (5.19)
(1)
NI 07y’
APﬁnz = Dgp P—'KIQQ%_QKQ Dgp —ggéa_ Dgp AP(SHS)
=1/2 =1/2 =1/2
3
= §AP5/€51) - QHQAPCSZ\%})
1 . B,
T [-24§% + 24K2G5]. (5.20)

5.2.2 Doublet-Bidoublet Couplings

Also here, the contributions to the doublet-bidoublet couplings are obtained in com-

plete analogy to section 4.2.2. The contributing diagrams are
@
@
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5.2 Contributions to Renormalization Group Functions

where in the second diagram the crossing lines are given by quarks. Again account-

ing for the color factor, from (4.35), one obtains for the counterterms!

~12T%
Apdp = —L 22
PP 1672e (5.222)
~12T5
Apdf) = 2 5.22b
POf1 = 1o (5.22b)
6T
ApdBy =115 (5.22¢)
3T[]
Apdfis = —5- (5.22d)
167%€
(5.22¢)
with
Th= (V5" + Yo )gr (5.23a)
Tp = gp(Yy™ - Yg")drp, (5.23b)
T = G5 {Y5, Y5 ) gp, (5.23¢)
TH = 3p[Y5? Yo  1ae. (5.23d)

Together with the contribution to the doublet wavefunction renormalization (5.18)

one obtains P’s contribution to the beta-function of ;

1

ApfBg, = 6 (-12T} + 128:,3%) (5.24)
In the same way one finds for fi:
1
ApBy, = 63 (-12T5 + 12f153) (5.25)
And for the Z4-breaking terms one finds
Apfs, = 35— (674 + 12603 (5.26)

'For completeness, also the Z4 breaking terms are given.
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Chapter 5 Extension II: Fermionic Isosinglet Color Triplet

and

ApBs, = (3TE + 1233@%). (5.27)

1672

5.2.3 Standard Quark Yukawa Couplings

The contribution to the wavefunction counterterm of the quarks is given by

k —
o . L o
Qs -»O-»— Qi =UV ﬁmte—z(SBA’yg;nggPpum (5.28)
<« ]{:——p

Thus, gp contributes to the quark wavefunction renormalization by

Thge
16m2e

ipApOZY = ip (5.29)
Inserting this into the defining expression of the Yukawa coupling S-function (?7?)
one obtains the contribution

-1 1,0

55" gk (5.30)

1 y
AP%M = _§(Y§Ap5zg>ya _

5.2.4 Gauge Couplings

In contrast to the fermionic singlet discussed in chapter 4, the isosinglet P is charged
under the SU(3)-color and the U(1)p_1. Hence, it affects the running of the gauge

couplings g3 and g;. At one-loop order the gauge coupling S-functions are given by

g (1, 2 1
B, = (M)Q[gcadj 3;Cf 6;@], (5.31)

where Cug, Cr and C}, denote the Dynkin indices of the adjoint representation,
the representation of the left-handed Weyl fermions and the representation of the

(real) Higgs field respectively (see e.g. [36]). Since P is just like the quarks in the
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5.2 Contributions to Renormalization Group Functions

8i

Figure 5.1: The running of the gauge couplings at one-loop is shown. The green,
yellow and purple lines correspond to the SU(3), SU(2) and U(1) gauge
couplings respectively. While the continous lines represent the running
in the minimal model, the dashed lines give the couplings which are
modified by the introduction of the isosinglet color triplet representation
P. As P is a singlet under the SU(2), the running of g, is not altered.

fundamental representation regarding the SU(3)-color it contributes

g2 2 4
Apfy, = —(4@2[ 32013]-3—(4@2 (5.32)

to the S-function of gs.

With regard to the U(1) it carries a charge of B - L = 3 and therefore modifies
the S-function of g; by

g3 2 16 g3
Apfy, = ——(47;)2 [—gzop] =5 (4;)2. (5.33)

Note the factor of 3 stemming from the color degrees of freedom. In figure 5.1, the
running of the gauge couplings in the minimal and extended model, respectively, is

shown.
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Chapter 5 Extension II: Fermionic Isosinglet Color Triplet
5.3 Renormalization

5.3.1 Counterterm Lagrangian

Finally, the coupling gp will be renormalized. The wavefunction renormalization Zp
is given by
Pp=Z2P. (5.34)

The renormalized coupling gp is then given by

. _1 . . € 1
9o = (29 )is Lgp + 0gp| 12 2y Z,7, (5.35)

[SIY

where gpp’ and dg% denote the bare coupling and the counterterm respectively. The

counterterm lagrangian corresponding to P then is
6Lp=PilD(6Zp)P - u2Q6gbxL Pr — 12 QR5g5xrPr + h.c.. (5.36)

In the following, first the vertex counterterm dgp will be determined. In a second
step the wavefunction counterterm 6Zp will be calculated and finally the S-function

corresponding to gp will be derived.

5.3.2 Vertex Renormalization

There are five diagrams contributing to the gp renormalization:

S

Thus, the vertex renormalization is given by

UV finite = > + S12 }b + 513 }J_) +S1a >--
+ 515 F-- +S16 % >8>

(5.38)
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5.3 Renormalization

where the symmetry factors are given by S; =1/3!-6 = 1.

The divergent parts of the diagrams Si, Si3 and Si5 can be obtained from the
analogous diagrams (4.48) in the case of the fermionic singlet accounting for the

correct U(1)p_1 charge of the quarks and P repectively. They yield

N . . £ 1 -g? 3 2
)& + }) " ;ﬁ. - UV ﬁmteﬂuzgmaémm(%&—% 2).

(5.39)
To calculate the diagrams S14 and Sp5 the same momentum assignments as in (4.47)

will be used. For the diagram Sy is then given by

>> R (5.40)
ddk (vuﬁnk,’yg)ba (nw/ - (1 - 5) k‘;’;”

=— 22 g0 )
BT ) my T (e ie) (R i) (R + i)

" k, ko
- hgis (Y4 yP~7) d’k kl’kp(nﬂo_(l_& k_z)
==L 9 gpoBA\Y 7V VY ba (2m)d (k2 +ie) (k' + i€ ) (k2 + i€)

-t pOBA(Y"Y YY) Ak (ky+p2”+p3”)(kf’+p2p)(77ua—(1—§1 kﬁlga)
== 99P BA\Y" 7V VY )ba (2m)d (k + py +p3)2(k + py)2k?

. ;2
=UV finite+ -5 (5w po = (1-61) 132 (s Moo +lp Mo + 1o up)

2
= UV finite — ip5 2 gh6 5400

1
9 167T2€(6+2€1) (541

And for the diagram Si¢ one finds

§>-- (5.42)
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dik kR (77/w -(1-& k’k#)
(2m)¢ (k"2 + ie) (k" +ie) (k2 + i€)
(6 +2&5)

3e 7 1 c\c v o
= -2 g%fgpfSBAZ(A )i (VY Y Vba
1
1672¢

- % 1 cyc
= —w2g§gp53,45ba1(>\ Ak
16

3
8

263) (5.43)

. € i 1
= — 11293908400 ——5— (8 + 3

1672€

As it was already noted in chapter 4, the gauge parameters &7, & and &3 are not

physical, but are kept here as a consistency check.

According to (5.36), the vertex counterterm dg is defined as

>}-- = —z',ug(iBAébaélk(Sg}) (544)

and therefore yields

1

0,02 130, 3., 8 .,
“lon2edr [(—g ~gtVgi e + (8- 553)93] : (5.45)

595 =

5.3.3 Wavefunction Renormalization

The wavefunction renormalization of P is given by

UV finite= —— +5;7 & +S513 >39->Qe>- +S19 »(’}» + -

(5.46)
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where the symmetry factors are given by S; = 1/2!-2 = 1. The U(1) contribution

yields
2y 2 g (o= k) (M = (1 - €2) %52
~ 2 g1 v = Ky ) \Mup k2
el = P ) [ o o
(5.47)
; 2

_UVﬁmw+(uLf(%ﬁ-@%§75 %, €) (5.48)
= UV finite + iju3pr— 268315 (5.49)

And, analogously, the gluon contribution gives

k-
ﬁ» A \¢ d?% i(p,-k,) —i k. k
- p 2 — -(1-
D k N ( ’l,LL2) (7 /7 fY )ba( 2 2 ) g (27T)d (p_ k)Q + ie k2 + ?;E (nup ( 53
= UV finite +ip2 ! éﬁg (5.50)
N H pba16ﬂ'2€ 3> '

And, finally, the Yukawa coupling gp contributes

e , dik i i
> > —(—=\2(,5)2 }: i \2 ba
O = (=0)7(12) 0p4045 - (97) (2m)4 k2 +ie (k - p)? +ie

p—k—

4 dik k
= f4~M 1 )\2 14
2 75(1 Zi:(gP) (27T)d kg(p_k)Q

. im2 1
=UV ﬁnlte-%—(2::;74He Pu
4

5.51
p/i 167T26 ( )

= UV finite + iu2 gp>vi.

89




Chapter 5 Extension II: Fermionic Isosinglet Color Triplet

Thus, the wavefunction counterterm that is defined as

> =ipu20Zp (5.52)
is given by
57p =020 1 891 8oz, _agy (5.53)
P e T 16m2e\ 9 ! 3g3 e A '

5.3.4 Beta-Function

In the preceding subsections the wavefunction renormalization of P and the vertex
renormalization have been performed. Thereby, having found the counterterms, all
the ingredients needed to derive the [S-function of gp have been collected. The

[S-function is given by:

" My
5 -y oo 10070 1 O0ZQ N |
92 v OVa 2 0V, 2913 A ZQP oVy A=9

(5.54)

where V4 runs over all couplings including g% and the upper index (1) represents
the coefficient multiplying 1/e in the Laurent expansion. Inserting the counterterms

then gives:

W 1, 1 i
Byi, = gp™" - Eng(CSZ](Dl) + 5Z£P1)) — §5Z§) T gp
1 igg2_ 1T o0 9 9 oo TR SUNGR LU e S
= 6.2 [QP (8gp° - 12917 g9 - 8g3) + ((YQ+ +Yg )gp) ~ 9P QP] (5.55)

This result concludes the renormalization due to gp. As for the last chapter, all

results obtained here are collected in the appendix A.2.3.
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0.8
o6 -__ _ __ _ == -——- 77 n

04 n

02r 4

| | | L
10* 107 1010 101 106 10"
M

GeV

Figure 5.2: The running of the gp is plotted for the initial values gp(Ap;) = 0.07
(thick line) ;, gp(Apy) = 0.3 (thin line) and gp(Ap;) = 0.7(dashedline).
Just as the coupling gy in the case of the fermionic singlet, gp exhibits
a mild running, as its beta-function is proportional to gp.

5.4 Symmetry Breaking in the Extended Model II

5.4.1 Metastability Reuvisited

As the introduction of the isosinglet representation affects the running of the gauge
couplings g3 and ¢; (see section 5.2.4), the discussion of metastability (see section
3.2) has to be revisited. Qualitatively the effect is not easily seen since the beta-
functions of the bidoublet self-couplings A;, A2 and A3 do not depend directly on
g3 and g; at one-loop?. It is a two-loop effect. The discussion, here, is thus based
on the numerical solution of the beta-functions. In figure 5.3 the modified running
of the bidoublet self-couplings is shown and in figure 5.4 the stability conditions
in question are depicted in presence of the lower bound given by the requirement
of metastability. It reveals that the situation worsened but not drastically. The

potential still resides in the metastable regime.

2The bidoublet is not colored and does not carry U(1) charge.
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0.04

0.02

AL, Ag, As

0.00

Figure 5.3: The running of the bidoublet self-couplings, A; (purple line), Ay (green
line) and A3 (yellow line). The continous lines correspond to the minimal
model while the dashed lines represent the running in presence of the
isosinglet P. These corrections are two-loop effects as the bidoublet is
solely charged under the SU(2) x SU(2)g, under which P is a singlet.

5.4.2 Effect on Doublet Self-Coupling

The effect on the doublet self-couplings k1 and k9 is discussed in complete analogy
to the case of the fermionic singlet (see section 4.4.1). The contribution of gp to the

doublet self-couplings is essentially the same as in the case of the singlet f,

1 . .

ApBy, = @[—249410 +24k1Gp] (5.56)
1 . .

AP/BKQ = @[—249313 + 24/@29123] (557)

It differs slightly due to color factors and the vector-nature of P. The signs and
orders of magnitude are however identical. Thus, as in section 4.4.1, there is an
upper bound for gp which, if crossed, leads to k1 and ko run into parity conserving
solutions first and finally leads to the emergence of fixpoints that correspond to
vanishing doublet VEVs. Above this upper bound the gp-contributions in (5.56)

dominate the gauge contributions, it can roughly be estimated by demanding

Bﬂl(max[gP])|H1=l€2=0 = 07 Bﬂz(maX[gP]Nﬂl:m:U =0. (558)
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Figure 5.4: The quantities A; +4\y (purple line) and A\; —4\3 (green line) are plotted
in the model including the isosinglet P. Being above the lower bound
given by A; £4Xy 3 =-0.015 it is ensured that the low-energy vacuum of
the model is metastable in the sense that its decay time is greater than
the age of the universe (cf. figure 3.4).

This leads to max[gp] ~ 0.25. Below this upper bound, however, a big hierarchy can
be generated. This is illustrated in figure 5.5. As the O (¢%) contributions enter the
beta-functions with coefficients greater than in the case f, the allowed parameter

region for gp is smaller. Therefore, gp is constraint to be within the region
0<gp<0.25, (5.59)

which, as will turn out subsequently, is sufficiently large to generate the little hier-

archy.

5.4.3 Effect on Doublet-Bidoublet Couplings: Little Hierarchy

As in section 4.4.2, here it is studied which flat directions emerge under variation
of gp(Ap)) within the allowed region 0 < gp < 0.25. This region has been obtained

previously by the requirement that only parity-breaking solutions are accepted. Fur-
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thermore, it is studied which little hierarchies they correspond to.

The coupling gp has a much greater impact on the doublet-bidoublet couplings
B1 and f; than gy had in the previous chapter. This is due to the corresponding
loop diagrams involving quarks instead of leptons, which was the motivation for
introducing this represention. For convenience the contributions to (g, and 3y, are

reproduced here,

1 -
Apﬁgl = W (—12T;;'. + 12ﬂ1g123)

1 B R
ApfBy, = 63 (-12Tp + 12f,G%)

with
Tp=gp(Yy" + Y )gr and Tp=gp(Yy" - Yg")gp-

In contrast to the case of the singlet f, it is expected that for sufficiently large
gp(Apy) a flat direction of type Ila emerges?, while in the preceding chapter the
only flat direction was of type Ib. In section 4.4.2 it has been argued that, for this
to happen, f; has to satisfy the inequality,
2

|f1] > 8 max [| o], [As]] g. (5.60)
Note that, although this inequality has been considered with regard to type IIb
flat directions, it is applicable here as types Ila and IIb are essentially connected
by fi1 <> —fi, which does not alter this condition. It can be shown, using a linear
approximation as in (4.4.2), that (5.60) is indeed satisfied within the allowed values
for gp. Note that once the flat direction of type I1a emerges, the type Ib flat direction
does not correspond to a minimum anymore. Hence, the situation is as follows. For
small values of gp(Ap;) symmetry breaking takes place in flat directions of type Ib
until gp crosses a threshold after which the breaking is along type Ila flat direction.
The little hierarchies for these directions are expressed by

% for flat direction Ib
H2 + ,{/2 1 3
— =
v
R f1-2B1
N

for flat direction Ila

3As in the case of quarks }752 #0 and YéQ =0, one has 8¢, (Ap1) <0, which leads to f; > 0. Thus,
here the emergence of flat directions of type ITa are discussed, rather than type IIb directions.
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As in the case of the singlet f, for direction Ib the little hierarchy is expected to
increase, which corresponds to a decreasing expression above, when gp becomes
larger. Since the contribution ApSs (Ap;) compensates the positive gauge contri-
butions in g, the generation of 3;, which is not present at Apj, is retarded. In
contrast, for type Ila flat directions the little hierarchy is essentially given by the
difference f; —20;. One can use the linear approximation approach to estimate at
which value of gp this difference becomes small. As this difference is zero at the
Planck scale, it remains small if its beta-function vanishes at Ap;, too. It is made

the ansatz
(ﬁfl - 2651) |M:AP1 =0. (561)

This leads to

_ . 99
—12T5 - 2(-12T% + =22) =0, (5.62)
16 -
pu=Ap
which is satisfied for 3 gi(Am)
2 (Apy) = —— P21 5.63
9p(Ae1) = 158 Y32 (A) (5.63)
and one finds

This value clearly is in the allowed region of gp. Thus, it can be expected that
by adjusting gp one can generate a little hierarchy as large as desired. The results
obtained by solving the full system of beta-functions, are depicted in figure 5.6. It
reveals that the estimated value of gp leading to large little hierarchies is in good
agreement with the result taking into account the full running of the couplings. Note
that f; —23; < 0 corresponds to the symmetry being broken in direction Ilc. In this
direction the only right-handed doublet acquires a VEV such that only the SU(2)g

is broken, while the SM gauge group remains unbroken.
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K1

Ky +K2 K1 +K2

(a) gp(Ap1) = 0.

K1

K|y +K2

(C) gP(AP1) =05

Figure 5.5: In analogy to fig. 4.2, the renormalization group flow of the doublet self-
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couplings k1 and K, = K1 +ks is shown in presence of the Yukawa coupling
gp, which couples P to quarks and leptons. For values of gp below
gr(Ap) = 0.25 (cf. fig. 5.5(a)) the running of x; and ko is dominated
by gauge contributions, allowing for the emergence of parity breaking
GW-solutions in a large fraction of parameter space. For gp 2 0.25,
contributions due to quark-P loops dominate, driving the couplings into
fixpoint away from the emergence of neither parity breaking nor parity
conserving flat directions.
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Figure 5.6: The little hierarchy is plotted as a function of the Yukawa coupling gp
at Ap;. The plot is split into 3 regions corresponding to flat directions
of types Ib, ITa and Ilc. For 0 < gp < 0.044, symmetry breaking occurs
exclusively in type Ib flat directions. The decreasing ratio (k% + £2) Jvg
corresponds to an increasing little hierarchy, i.e. an increasing vy when
the bidoublet VEVs are fixed. For 0.044 < gp $ 0.073 the symmetry is
broken along flat directions of type Ila. In this region the little hierarchy
can be adjusted to arbitrarily high values by appropriate choice of gp.
For 0.073 < gp $ 0.10 the bidoublet VEVs vanish, the LR symmetry is
broken to the SM which remains unbroken.
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Chapter 6

Conclusions and Outlook

In this diploma-thesis, the radiative symmetry breaking of the LR symmetric model
with a minimal Higgs sector has been considered in the presence of a shift symmetry
at the Planck scale Ap;. It has been shown that in the reduced parameter space,
given by the doublet self-couplings k1 and ks, a large hierarchy between the breaking
scale of LR symmetry, given by vg, and Ap; can be obtained, as the breaking of the
LR symmetry is triggered by the running of these couplings.

At the same time, however, the running of the bidoublet self-couplings as well
as the running of the doublet-bidoublet couplings, is essentially fixed by imposing
the shift symmetry in the minimal model. This is due to the fact that x; and
ko do not contribute to their beta-functions at the one-loop level. As the little
hierarchy between the electroweak scale and vy is set by the relative strength of
these couplings, it is nearly fixed by the shift symmetry. With the electroweak
scale being given, one obtains a right-handed scale of order vg = 500 GeV, which
is clearly excluded by experiment. Furthermore, similar to the SM, the vanishing
bidoublet self-couplings at Ap; leads to the potential minimum being metastable.
Under consideration of the tunneling decay probability of the vacuum, it could be
shown, however, that the model is still consistent as the decay time exceeds the age
of the universe.

In order to find a way to extend the little hierarchy to phenomenologically ac-
ceptable values, two extensions of the minimal model have been considered.

In chapter 4, a fermionic singlet, called f, has been added to the model. Via its
Yukawa coupling to scalar doublets and leptons, such a representation contributes,
on the one hand, to the running of the doublet self-couplings and, on the other hand,
to the running of the intermediate doublet-bidoublet couplings. As the contributions
to k1 and Ky have the effect of deflecting these couplings away from parity breaking
solutions, an upper bound for suitable couplings of this additional representation is

found. Although its contribtions to the doublet-bidoublet couplings have the correct
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signs to lower the little hierarchy, the obtained effect is marginal, as the contributing
loop-diagrams are suppressed by the smallness of the lepton Yukawa couplings.

This motivates the introduction of a colored isosinglet P in section 5. It con-
tributes essentially by the same diagrams under the replacement of leptons by
quarks. It can be shown that by an appropriate choice of its Yukawa coupling,
a arbitrarily large little hierarchy can be generated.

To introdruce this representation consistently an explicit massterm is added to
the lagrangian. Thus, conformal symmetry is explicitly broken at the classical level.
It remains however a symmetry of the scalar potential. To circumvent this unsat-
isfactory aspect, one could alternatively introduce a scalar singlet to the model,
which acquires a non-vanishing expectation value. As this would lead to an en-
larged scalar potential, this possibility is not appreciated. An interesting task for
future work could, however, be to consider the radiative symmetry breaking in the
minimal classically conformally invariant model with triplet Higgs fields instead of
doublets. Here, it has been the fact that the additional fermionic representations
coupled standard fermions to doublets, which led to the possibility of affecting the
doublet-bidoublet couplings. In the triplet model, where the role of the doublets
Xr/r is taken by the triplets Az g, these couplings are naturally present. They are

given by the Majorana couplings
Loi(LTCrALL + RTCTARRY) + hec.. (6.1)

The beta-functions of the minimal model with triplets are known [37], thus the
only part missing for the analysis of radiative symmetry breaking in this model are
the Gildener-Weinberg conditions. As the potential of the triplet model includes
more couplings than the doublet model, it is not clear if the GW conditions can be

obtained analytically, even under consideration of a simplifying Z, symmetry.
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Appendix A

Renormalization Group Functions

A.1 Derivation of General Formula

Here, a derivation of the S-function for a coupling () in the MS-Scheme is given. The
treatment, which is presented here, is found in [38]. For simplicity, however, here it
is assumed that the couplings of the model including ) be scalar quantities. For the
complete treatment, involving couplings of general tensorial structure, consult [38].
Let @ be a quantity that represents the strength of the coupling between the fields

¢; withie{l,...,N}:
£2Q] e (A1)

Then, the bare coupling (g and the renormalized coupling Q) are related by
Qs - (Q Qe [] 2 (A2)

where the Zy, represent the wavefunction renormalization of the ¢; according to the

usual definition
_1
bip =247 ¢; (A.3)

and pPe¢ occurs due to dimensional regularization with Dg related to the dimension
of the operator in (A.1) such that @p is a dimensionless quantity.
The S-function of a coupling Q is defined as its logarithmic derivative with respect
to p,
Bo = M%~ (A.4)
As the bare coupling @)p is energy independent and the counterterm 6@ and the
wavefunction renormalization terms do only depend on p implicitly via the depen-

dence on @) and, in general, on the other couplings of the model, denoted by {Va},
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Appendix A Renormalization Group Functions

the logarithmic derivative with respect to u acting on equation (A.2) yields

95Q) '—182¢

0:(5Q+ BVA)H22 +(Q+5Q)(DQ6HZ H 5 Z; ﬁVA) (A.5)
where the sum over the couplings V), includes (). In order to obtain an expression
for Bg which only depends on the counterterms 6¢) and dV,, recall that in the MS-
scheme the counterterms subtract pure poles in ¢, using dimensional regularization.

This means that the counterterms can be expanded as

T o)

0Q = (A.6)
5vm
§Vy = +0(e?). (A7)
€
The same holds for the field renormalization 0 Z,,:
5 Z(l)
Zg=140Z5 =1+ —2 1 0(e?) (A.8)
€

The p-function, however, must be finite for ¢ = 0. Thus, one can make the ansatz

Bo = 5(0) ﬁg)6+ ﬁ(n) n (A.Q)
By, = BE + B e+ .+ g, (A.10)

Inserting these expansions into equation (A.5) one can determine the S-function by

equating the coefficients for every order in e. For this purpose, note that from (A.8)

it follows o
8Z¢~ 85Z¢, 1 2
— = ). A1l
v, = av, o) (A-11)

Beginning with €?, one therefore finds that the only term of order €* on the right-

hand side of (A.5) is ﬁc(gn). Thus, it is
85 = 0. (A.12)
As for every coupling V4 there is an equation similar to (A.5), it holds generally

B = 0. (A.13)
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Using this argument successively leads to

5(’6) 5(k) for L

v/
[N}

(A.14)

As there is an extra factor of € multiplying D¢ on the right-hand side of (A.5) for

k =1 one finds instead

By =-DgQ (A.15)

and, again, by analogy
= _py.V. A.16
BVA VaVA ( : )

Using these results one obtains for zeroth order in €

(1)

0= 50 +50 52(1) 35Q P97 500, 0D, an5Z<1) QZ 0%y, % 501 5QM Dy,

2 0V,
(A.17)
By inserting the previous results one finally arrives at
© - p, By posaW - Dy Y Mosz AR Z(l) A18
Bo aVAQQ_QZQ QZQ&V (A.18)

As Bg Ay ﬁg)) , equation (A.18) represents the beta-function of @ in d = 4 dimen-
sions. It should be emphasized that in (A.18) the summation over the couplings V4
includes Q.

A.2 Collection of $-Functions

Here, the beta-functions of the model are listed. Furthermore, their modifications
due to the introduction of a fermionic singlet and a fermionic isosinglet color triplet

are collected.
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A.2.1 Minimal LR-symmetric Model

The one-loop beta-functions of the minimal model have been calculated by [6]. The

scalar and Yukawa coupling beta-functions are

B, =

Bp =

By =

By =
B =

B, =

Brg =

BYE =
Brs =

Q

ﬁ[—% (=881 + 647 + 2793 — 2(20k; + 4y + 40A; + 325 — 3203 + T3) )

+24f2 +9g5] (A.19a)
611 S[1681 — 697 — 2795 + 8k + 8z + 16( A1 — 4)2) + 64X + 2T3] (A.19b)
51; S[K1(=96g7 — 14443 + 576k, + 384r2) + 19253 + 25657 + 128 f7

+ 249} +12g3g5 + 995 ] (A.19c¢)
51; S[R2(=96g7 — 14495 + 512r + 384k,) + 1287 + 129795 + 995] (A.19d)
12; 5[ (= —72g5 +256( A1 + Ao — A3) + 8Ty) + 1024(\3 + \3) + 3263+

+8f7 +9g5 — 2T] (A.19¢)
51; 5 [Aa(= 28892 + 768\, + 3072\ + 10243 + 32T) — 8 f7 + 395 + 2T4]

(A.19f)

25;) S[As(—144g5 + 384X; = 512X5 — 15363 + 16T) + 47 - 3g5 - Tu] (A.19g)
(09T = 9g) YT + YT + Y T+ 4V (A.19h)
6417T2 [(—gg% — 993 - 3293)Yg + Yo Tn + 437, (A.19i)

where it is used

Ty = Te[Y,? +3Y57] (A.20a)
Ty =Te[Y;" +3Y5"] (A.20b)

And the beta-functions of the gauge couplings are
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b= 16;2 (A.21b)
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A.2 Collection of f-Functions

A.2.2 Fermionic Singlet

By introduction of the fermionic singlet, discussed in chapter 4, the beta-functions

of the model are modified by

Agfg, = 16 2( AT} +4515%) (A.22a)
Aibr = 1= 2( ATy +4f197) (A.22b)
AfBy, = 161 ——[-997] + 8147 (A.22¢)
A, = 161 ——[~73}] + 8k (A.22d)

with T = gr" (Y2 +Y;?)g; and T; = ng(Y - Y;?)g;. And the beta-function

corresponding to the Yukawa coupling gy is

1 7T.,, 3 9 2o\
Tom2 (29795 — 79195 — 39297) + (02 + Y2 g7) (A.23)

Bgf = 9

Note that in the case of a full singlet the running of the gauge couplings is not
altered.

A.2.3 Fermionic Isosinglet Color Triplet

The introduction of the isosinglet representation, discussed in chapter 5, leads to

the modifications

ApPg, = 16 2( 12T +1253,5%) (A.24a)
ApBy, = Tom 2( 1275 + 1253,5%) (A.24b)
ApBy - 161 L 243 + 24,53 (A.24c)
Apf, - 161 L [-24g3] + 24,3 (A.24d)

with T}, = §£(Y(52 + YéQ)ZJP and Tj = gg(fqu - YéZ)gp, and since the isosinglet is

colored and carries U (_ 1)-charge,

16 g2

Arlo = 5163

(A.24e)
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2 g2
Arbyy = 5765 (A.24f)

And the beta-function for gp is

_ ! iz LT o 9 5 2 IR UPN U SR
9P = 1672 [gp 8gp —591—592—893)+((Y9 +Yg )gp) m 59 gp] (A.25)
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