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Abstract
Purple non-sulfur bacteria, such as Rhodobacter sphaeroides, are remarkably
versatile in their growth capabilities. They switch their energy generation
mechanism from photosynthesis to respiration depending on the oxygen levels and light conditions. The AppA/PpsR system is one of the regulatory
systems in R. sphaeroides which mediates this transition at the transcription
level. It specifically represses the photosynthesis (PS) genes under aerobic
conditions. Actually, under aerobic conditions, the PpsR protein binds cooperatively to the target promoters of the PS genes and inhibits their expression. The repressor activity of PpsR is antagonized by the flavoprotein
AppA, which utilizes the two cofactors FAD and heme to sense blue light
and oxygen, respectively. It is believed that the oxygen- and light-dependent
interaction between AppA and PpsR leads to a unique phenotype under
semi-aerobic conditions, where PS genes are repressed by sufficiently intense
blue light irradiance (LI ≥ 0.2µmolm−2 s−1 ).
To understand the molecular mechanism that may lead to such a phenotype, we developed a simple mathematical model for the AppA/PpsR
system. The model is based on two experimental findings: (i) the AppAmediated reduction of a disulfide bond in PpsR, and (ii) the light-inhibited
complex formation between AppA and PpsR. A steady state analysis of the
model equations shows that a maximum develops in the steady state response
curve of the reduced form of PpsR at intermediate oxygen levels, if PpsR is
reduced on a faster time scale than AppA, and if the electron transfer from
AppA to PpsR is effectively irreversible. We suggest that the maximum formation could provide a qualitative explanation for the observed blue light
repression of PS genes under semi-aerobic conditions. We found that the
transition from anaerobic to aerobic growth conditions can also occur via a
bistable regime if the copy number of AppA is greater than that of PpsR by
at least a factor of two.
To gain further insight into the system, we extended the model for the
AppA/PpsR system by incorporating a more detailed mechanism for the
v
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light regulation of the interaction between AppA and PpsR. We identified the
kinetic and stoichiometric constraints, which are required for the persistence
of the two features of the simple model, namely (i) oxygen-dependent peak
formation of reduced PpsR and (ii) bistability, if a detailed mechanism for
the light regulation is employed. Our results suggest that the ratio of the
two proteins AppA and PpsR must be tightly regulated for a proper light
regulation of PS genes under semi-aerobic conditions. We found that the
predictions of the extended model can be brought into a good agreement
with recent experimental results of the light dependent repression of PS genes
under semi-aerobic conditions. In addition, we show that the extended model
can also account for the lowered blue light sensitivity observed in an AppA
mutant strain. The present study is a first step towards a more qualitative
understanding of the regulatory capabilities of the AppA/PpsR system. It
will hopefully stimulate new experiments, which may help to validate and
improve the current model for the AppA/PpsR system.
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Abstract
Nichtschwefelpurpurbakterien, wie Rhodobacter sphaeroides sind bemerkenswert vielseitig bezüglich ihrer Lebensbedingungen, denn sie passen den Mechanismus ihrer Energiegewinnung an die Verfügbarkeit von Sauerstoff und
Licht an. Das AppA/PpsR-Regulationssystem ist eines der Systeme die
in R. sphaeroides den Wechsel zwischen aerober Atmung und Photosynthese auf Transkriptionsebene kontrollieren. PpsR bindet spezifisch an die
Promotorregion der Photosynthesegene und unterdrückt ihre Transkription
unter aeroben Bedingungen. Das Flavoprotein AppA wirkt der Repressoraktivität von PpsR entgegen. Es verwendet zwei Cofaktoren, FAD und
Häm um blaues Licht bzw. Sauerstoff zu detektieren. Es wird angenommen, dass die sauerstoff- und licht-abhängige Interaktion zwischen AppA
und PpsR unter semi-aeroben Bedingungen zu einem einzigartigen Phänotyp
führt, denn dann können die Photosynthesegene durch Blaulichteinstrahlung
reprimiert werden.
Um den molekularen Mechanismus zu verstehen, der zu diesem Phänotyp
führt, haben wir ein einfaches mathematisches Modell für das AppA/PpsRSystem entwickelt. Es basiert auf auf zwei experimentellen Erkenntnissen:
1. AppA reduziert die Disulfidbrücke in PpsR und 2. Die Komplexbildung
zwischen PpsR und AppA wird durch Licht inhibiert. Eine Analyse der
Modellgleichungen im stationären Zustand zeigt, dass sich ein Maximum in
der Antwortkurve für reduziertes PpsR entwickelt wenn unter semi-aeroben
Bedingungen PpsR schneller von AppA reduziert wird als AppA regeneriert
werden kann und der Elektronenfluss von AppA zu PpsR tatsächlich irreversibel ist.
Wir schlagen vor, dass die Bildung dieses Maximums eine qualitative Erklärung für die beobachtete Blaulichtrepression der Photosynthesegene unter
semi-aeroben Bedingungen liefern könnte. Ausserdem fanden wir heraus,
dass sich das Modell beim Wechsel von anaeroben zu aeroben Wachstumsbedingungen bistabil verhält, wenn die Zahl der AppA-Moleküle mindestens
doppelt so groß ist wie die der PpsR-Moleküle.
vii

Abstract (German)
Um noch tiefere Einblicke in das System zu erlangen, wurde das Modell
für das AppA/PpsR-System um einen detaillierteren Mechanismus für die
Lichtregulation der Interaktion zwischen AppA und PpsR erweitert. Wir
identifizierten die Kinetik und stöchiometrischen Grenzen, die notwendig
sind, um die beiden Eigenschaften, sauerstoffabängige Akkumulation von
reduziertem PpsR und Bistabilität, des ursprünglichen Modells zu erhalten, wenn ein detaillierter Lichtregulationsmechanismus zum Einsatz kommt.
Unsere Ergebnisse deuten daraufhin, dass das Verhältnis der beiden Proteine
AppA und PpsR strikt reguliert werden muss um eine konsistente Regulation
der Photosynthesegene unter semi-aeroben Bedingungen zu ermöglichen. Unsere Vorhersagen stimmen gut mit den neuesten Forschungsergebnissen über
die lichtabhängige Repression der Photosynthesegene unter semi-aeroben Bedingungen überein.
Zusätzlich zeigen wir, dass das erweiterte Modell auch die geringere Blaulichtsensitivität einer AppA-Mutante wiedergeben kann. Die vorliegende Studie
ist ein erster Schritt um die regulatorischen Möglichkeiten des AppA/PpsRSystems qualitativ besser zu verstehen. Damit ist die Basis für den iterativen Prozess, bestehend aus experimenteller Modellverifikation und anschliessender Modellanpassung, gelegt.
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Chapter 1
Introduction
Nature has given incredible capabilities to organisms, one of them is the
ability to sense and respond adequately to changes in their environmental
conditions in order to survive in adverse environmental situations. It is a
very challenging task to unfold the underlying mechanism through which organisms are able to cope with different environmental stresses. Aiming to
understand and unfold such mechanisms, numerous studies have been conducted on facultatively photosynthetic purple bacteria such as Rhodobacter
sphaeroides, because their physiology is well understood, and they are relatively easy to grow in laboratory cultures (1). Purple bacteria are generally
found in diverse environmental conditions such as freshwater, saline, marine
soil and hot-springs. Since these bacteria are pigmented with bacteriochlorophyll a or b together with the various carotenoids, they are found in several
colours such as purple, red, brown, and orange.
Based on their tolerance and utilization of sulfide, purple bacteria are
divided in two groups: Purple sulfur bacteria and purple non-sulfur bacteria
(1). Any elemental sulfur formed by the oxidation of sulfide in purple nonsulfur bacteria is not stored intracellularly, instead it is deposited outside
the cells (1, 2). In contrast, in purple sulfur bacteria elemental sulfur is
stored in globules inside the cells. Purple sulfur bacteria use hydrogen sulfide
(H2 S) or other reduced sulfur compounds such as thiosulfate (S2 O32− ) as an
electron donor (2). Initially, it was thought that purple non-sulfur bacteria
are unable to use sulfide as an electron donor. Later it has been observed that
they can use sulfide, but the levels of sulfide ideal for purple sulfur bacteria
(1-3 mM) are often toxic to most of the non-sulfur bacteria (2). Some of
the species of purple non-sulfur bacteria can grow using hydrogen (H2 ) as a
reducing agent (2). Unlike plants, algae, and cyanobacteria, purple bacteria
do not produce oxygen as they do not use water as a reducing agent. Purple
non-sulfur bacteria come under α and β class of the phylum proteobacteria
1
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(2), whereas purple sulfur bacteria belong to the γ class of this phylum (3).
Purple bacteria are metabolically versatile, and use different strategies to
grow depending upon the environmental conditions. These bacteria can grow
by aerobic respiration, anaerobic respiration, anoxygenic photosynthesis or
fermentation.
Rhodobacter sphaeroides, which is a purple non-sulfur bacterium, switches
its energy generation mechanism from respiration to photosynthesis depending upon the oxygen tension and light conditions. Under aerobic conditions,
they generate energy via respiration (4) using oxygen as the terminal electron
acceptor. However, when oxygen tension drops below a certain threshold and
the bacteria face the risk of low energy yield via aerobic respiration (5), they
convert the available light energy into chemical energy (ATP) via anoxygenic
photosynthesis. Therefore, oxygen and light are two major environmental signals for R. sphaeroides. Depending upon the amount of dissolved oxygen in
the growth medium, three growth regimes are distinguished (6, 7): Aerobic
(≈ 200 µM), semi-aerobic (≈ 100 µM) and anerobic/low oxygen (≤ 3 µM).
A decrease in oxygen level stimulates an intracellular differentiation of
the cytoplasmic membrane (CM) leading to the formation of the intracytoplasmic membrane system (ICM) (8, 9). Though the ICM is physically
connected to the cytoplasmic membrane, it is functionally distinct from that
(9). The specialized intracytoplasmic membrane of R. sphaeroides houses the
photosynthetic apparatus (9, 10). Photosynthetic apparatus (photosystem)
consists of two light harvesting complexes B875 (LHI) and B800-850 (LHII)
(6, 8, 10, 11). According to Verméglio et al. (12) the bc1 complex is also
a part of the photosystem. The light harvesting complexes trap the light
energy and channel that energy to the reaction center (RC) as excitation
energy (6, 12, 13). In the reaction center charge separation and initiation of
the electron transport occurs (6, 12, 13). The formation of photosynthetic
apparatus is triggered by a decrease in the oxygen levels (8, 10).
Almost all genes required for the formation of the photosynthetic apparatus are located in a region of the chromosome of R. sphaeroides, which is
known as photosynthesis (PS) gene cluster (11, 14). PS genes such as puf
and puhA (polypeptides of the reaction center and pigment-binding proteins
of the light harvesting complex I) (7, 14, 15), bch (bacteriochlorophyll), and
crt (carotenoid synthesis) are part of the PS gene cluster. The puc operon
(pigment-binding proteins of the light harvesting complex II) is located in a
different region on the chromosome (11, 14, 16).
In R. sphaeroides, the transition of energy generation mechanism from
respiration (aerobic) to photosynthesis (anaerobic) is mediated by three major regulatory transcriptional systems: (i) The PrrB/PrrA two component
system which induces the expression of PS genes under anaerobic condi2
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Figure 1.1: A schematic diagram for the light- and redox-dependent signal
transduction in Rhodobacter sphaeroides. The PrrB-P and PrrA-P denote
phosphorylated PrrB and PrrA protein, respectively. The ETC represents
the electron transport chain. PS system denotes the photosystem which traps
the light energy. Q and QH2 represent the ubiquinone and ubiquinol (reduced
form of ubiquinone), respectively. The lines with a bar end and an arrow
with blue colour tail indicate inhibition and activation, respectively. Arrows
with dash tail and dot tail denote electron transfer and sensing of oxygen
stress, respectively. The arrow with a green colour tail indicates photosynthesis (PS) gene expression. The PpsR protein represses the PS genes under
aerobic conditions, and AppA protein inhibits the repressive activity of PpsR.
PrrB is a sensor kinase, which under anaerobic conditions, autophosphorylates and transfer its phosphoryl group to cognate response regulator PrrA.
Phosphorylated PrrA protein activates the PS gene expression. Under aerobic conditions, ubiquinone binds with PrrB, and inhibits the kinase activity of
PrrB. On the other hand, PpsR represses the PS gene expression under these
conditions. Consequently, PS genes would be highly repressed under aerobic
conditions. Under anaerobic conditions, the concentration of ubiquinone will
be low, therefore PrrB will show its kinase activity which leads to the activation of PS genes. At the same time, AppA protein inhibits the repressive
activity of PpsR. As a result, PS genes would be induced under anaerobic
conditions.
3
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tions (17, 18), (ii) the anaerobic activator Fnrl (8, 19), and (iii) the aerobic
repressor PpsR (20, 21). PrrB and PrrA are proteins produced from the
genes prrA (photosynthetic response regulator A) and prrB (photosynthetic
response regulator B), respectively (8). Also, Fnrl and PpsR are proteins
produced from the genes fnrL (fumarate nitrate regulator L) and ppsR (photopigment suppression in R. sphaeroides), respectively (8). While the first
two are global regulatory systems (PrrB/PrrA and FnrL), the third (PpsR)
is specifically involved in the regulation of PS genes.
Th PpsR protein is a repressor of PS genes (20, 21), and it exists as
a stable tetramer in solution (22). Under aerobic conditions, it binds cooperatively to a pair of palindromic sequences in the target promoters of PS
genes (20, 22, 23). DNA-binding of PpsR is stimulated by oxygen through
the formation of an intramolecular disulfide bond between two redox-active
cysteine residues (21, 24). As the oxygen level drops below a certain threshold
(≤ 3 µM), the disulfide bonds are reduced to thiol groups, which results in
a lower DNA-binding affinity, because the reduced form of PpsR has lower
DNA-binding affinity compared to its oxidized state (22).
Experiments conducted by Masuda and Bauer (22) showed that the reduction of PpsR is mediated by AppA which is an oxygen- and blue-lightsensitive flavoprotein (6, 23, 25). The AppA protein is produced by the gene
appA (activation of photopigment and puc expression) (8), and seems to be
unique to R. sphaeroides as it has no known homolog in Rhodobacter capsulatus (the closest purple bacterium to R. sphaeroides) (6, 22). The AppA
protein utilizes the two cofactors FAD (flavin adenine dinucleotide) and heme
to sense blue light and oxygen, respectively. While FAD is noncovalently
attached to the N-terminal BLUF (blue light sensing using flavin adenine
dinucleotide) domain of AppA (6, 25, 26), the heme cofactor associates to a
region in the C-terminal part of that protein (5, 27).
The light dependent regulation of PS gene expression depends on the
oxygen tension, the wave length and the number of the incident photons.
The light quantities are typically reported in irradiance unit µmolm−2 s−1
corresponding to the number of photons in a certain wave length range incident on a unit area per unit time. It has been experimentally observed
in R. sphaeroides that under semi-aerobic conditions the expression of PS
genes such as puf and puc are highly repressed under blue light (450 nm)
illumination (28), which is believed to avoid the accumulation of toxic reactive oxygen species in the simultaneous presence of oxygen and light (13).
It has been shown that the FAD cofactor of AppA (therefore AppA) is essential for the blue light-dependent repression of PS gene under semi-aerobic
conditions (6). Since the AppA protein only exists in R. sphaeroides, the
blue light dependent repression of PS genes under semi-aerobic conditions is
4
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unique to R. sphaeroides (6).
Molecular genetic analysis conducted by Gomelsky and Kaplan (29), provided first evidence for an interaction between PpsR and AppA in the regulation of photosynthesis genes. This is mainly based on the observation that
AppA null mutant is impaired in photosynthetic growth while a secondary
PpsR null mutant rescued these PS defects (29). They suggested that AppA
can affect photosynthesis gene expression through the PpsR regulatory pathway, and that AppA seems to antagonize PpsR repression. In addition, they
showed that ppsR gene expression in wild type R. sphaeoides is generally
unaffected by the growth conditions, which suggests that the regulation of
repressor activity of PpsR occurs predominantly at the protein level (posttranscriptional level). This seems necessary since there is only a 2.2-fold
change in the DNA binding affinity for oxidized vs. reduced form of PpsR
(22) as compared to a factor of 4.5 for the two forms of CrtJ (a homolog
of PpsR in R. capsulatus) (30). As an effect of that, PS gene expression
would only moderately be induced in R. sphaeroides under anaerobic/low
oxygen conditions. However, in the presence of AppA the difference in the
DNA binding affinity between the oxidized and the reduced form of PpsR
is increased by a factor of 5 similar to that for CrtJ suggesting that AppA
interferes with DNA binding of PpsR and is required for a full induction of
PS genes in R. sphaeoides (22).
The AppA protein inhibits the DNA-binding activity of oxidized PpsR
by two mechanisms (22, 31): (i) By reducing a disulfide bond in PpsR and
(ii) by a blue light-dependent sequestration of PpsR protein molecules into
transcriptionally inactive complexes. This inhibition leads to the induction
of PS genes in the absence of oxygen (31). It is known that in the presence of
blue light illumination (450 nm), AppA undergoes a conformational change
(32, 33) which presumably leads to the dissociation of the AppA-PpsR complex (5).
Several phenomenological explanations were proposed, based on this core
mechanism to explain the effect of oxygen and blue light on the regulatory
properties of the AppA/PpsR signal transduction system (5, 6, 22, 34). However, yet, it is unclear whether this two stage interaction between AppA and
PpsR is sufficient to generate the experimentally observed behaviours, specifically, the PS gene repression under high light illumination (light irradiance
≈ 20µmolm−2 s−1 ) at intermediate oxygen levels. Besides that, it is also
unknown whether the AppA-mediated anti-repression of PpsR activity has
further beneficial effects compared to the simpler regulatory mechanisms in
other purple bacteria.

5
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1.1

Motivation and Task

The main motivation behind the present study was to investigate whether the
known molecular interaction between AppA and PpsR are sufficient to generate the experimentally observed phenotype, where PS genes are suppressed
by high light illumination under semi-aerobic conditions.
As a first step towards a quantitative understanding of the regulatory
capabilities of the AppA/PpsR system, we develop a simple mathematical
model for the light- and redox-dependent interaction of AppA and PpsR,
which is the first mathematical model for this system. Since most of the
kinetic parameters are unknown, we introduce dimensionless entities to assess the relative importance of individual reaction steps for the steady-state
behaviour of the system. We then use standard techniques from nonlinear
dynamics such as bifurcation theory and quasi-steady state approximation to
analyse the qualitative behavior of the system. This analysis suggests that
the high intensity light induced repression of PS genes can indeed occur under
semi-aerobic conditions, provided that PpsR is reduced on a much faster time
scale than AppA and provide that the reduction of PpsR by AppA occurs in
an effectively irreversible manner. In addition, we show that the transition
from anaerobic to aerobic growth regime could occur via a bistable regime.
We discuss the necessary conditions for the occurrence of the bistability, and
suggest possible experiments to verify this prediction.
Subsequently, we describe an extended model for the interaction of AppA
and PpsR by incorporating a more detailed light regulation of AppA, as
in the simple model we have considered the light-dependent regulation of
the interaction between AppA and PpsR only in an effective manner. We
investigate the conditions under which the two feature of the simple model
persist (oxygen dependent peak formation in the response curve of reduced
PpsR and bistability) if a more detailed mechanism for the light regulation
is incorporated. Our results suggest that the overexpression of AppA should
favor the experimental observation of a bistable induction of PS genes. In
addition, we show that the predictions of the extended model can be brought
into good agreement with recent results on the light-dependent repression of
PS genes under semi-aerobic conditions (35, 36). The extended model can
also explain the lowered blue-light sensitivity observed in an AppA mutant
strain, which contains a base exchange (tryptophan 104 to phenylalanine) in
the FAD binding site of the BLUF domain (36).

6
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1.2

Thesis Outline

The present thesis contains five Chapters and seven Appendices. In Chapter 1, a short introduction of the model organism and signal transduction
system AppA/PpsR is described. Chapter 2 provides the state of the art.
In Chapter 3, construction of a simple mathematical model for the light
and oxygen dependent interaction of AppA and PpsR, and the steady state
behaviour of the AppA/PpsR system are presented. In Chapter 4, an extension of the simple mathematical model is discussed, and the steady state
behaviour of the extended model is presented. Where possible to compare the
predictions of the extended model with experimental results on the light dependent repression of PS genes under semi-aerobic conditions. In Chapter 5,
conclusions and outlook of the present work are provided. In Appendix A,
it is shown that the consideration of a 2:1 stoichiometry, instead of 1:1 in
Eq. 3.1 does neither alter our conclusion about the possibility of bistability
in the AppA/PpsR system nor the non-monotonic dependence of reduced
PpsR as a function of the oxygen concentration under high light conditions.
Appendix B, describes the consequences of modeling the complex formation
between AppA and PpsR by assuming a multi-step process (Eqs. 3.3, 3.4
and 3.5) instead of a lumped third order process (Eq. 3.6). It is shown that
the modeling of complex formation between AppA and PpsR in more detail does not alter our two main conclusions: The possibility of bistability
in the AppA/PpsR system and the non-monotonic dependence of reduced
PpsR on the oxygen concentration under high light conditions. In addition, it is explained how the effective parameters in Eq. 3.6 can be derived
from the kinetic parameters of the multi-step process (Eqs. 3.3, 3.4 and 3.5),
through a quasi-equilibrium approximation for the intermediate species. In
Appendix C, the Decarte’s rule of sign is explained. Appendix D shows a
closer analysis, which is used in Section 3.3. In Appendix E, the limit point
bifurcation is described. In Appendix F, the principle of detailed balance is
discussed. In the last Appendix G, methods are described, which are used
to investigate the steady state behavior of the system.
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Chapter 2
State of the Art
In this chapter, we will discuss the two phenomenological models which were
proposed by Masuda et al. (22) and Han et al. (5) to explain the lightand redox-dependent signal transduction in R. sphaeroides via AppA/PpsR
system.
The first molecular description of the light- and redox-dependent signal
transduction through AppA/PpsR is provided by Masuda and Bauer (22).
They proposed a model in which the interaction between AppA and PpsR
was used to regulate repression of PS gene expression in R. sphaeroides.
Three stages of control were suggested by them. In what follows we present
how they describe the functioning of their model (Fig. 2.1).
Under aerobic conditions, an intramolecular disulfide bond forms between
the cysteine (Cys) residues of PpsR, which exists as a tetramer. This disulfide bond formation stimulates DNA binding of PpsR, and inhibits PS gene
expression. Under this condition AppA is presumed to exist in its oxidized
state, which is the functionally inactive state of AppA (as an antirepressor of PS gene expression). With the decrease in the oxygen level, AppA
becomes reduced, and subsequently, facilitates the reduction of the disulfide
bond in oxidized form of PpsR. Reduced AppA also effectively prevents PpsR
from binding DNA by forming a stable transcriptionally inactive AppA-PpsR
complex. Under anaerobic conditions, complex formation between AppA and
PpsR is inhibited by a blue light-induced shape change in the AppA protein,
which occurs due to the absorption of light by the flavin of AppA. This model
is supported by an in vivo observation that PpsR is oxidized in aerobically
grown cells. It is also supported by genetic studies, which show that AppA
null mutants repress PpsR-regulated genes under both aerobic and anaerobic growth regimes (23, 29). The model also takes into account the latter
result, which suggests that the reduced form of PpsR containing reduced Cys
residues is still capable to repress PS gene expression, however to a weaker
8

Chapter 2. State of the Art

PpsR 4

Aerobic

AppA

AppA
AppA-PpsR 2
h

Anaerobic
Figure 2.1:
(22).

Dark

High Blue Light

The phenomenological model proposed by Masuda and Bauer

extent compared to the oxidized form.
Another model for the integration of light and redox signals by the AppA
protein, has been suggested by Han et al. (5). According to this model, the
C-terminal domain of AppA (AppA∆N) is only responsive to light when the
heme cofactor is in its reduced state (at low oxygen tension). Heme affects
the interaction of the C-terminal domain of AppA with PpsR, and also the
interaction of the C-terminal domain of AppA with its N-terminal BLUF
domain. In vivo, the presence of heme increases the association constant of
the AppA and PpsR by a factor of 2.4. This model suggests that depending
on the redox status, the binding affinity of C-terminal domain with PpsR
increases, and simultaneously the C-terminal domain acquires the potential
to interact with its BLUF domain. The light signal determines the strength of
the interaction between the two domains of AppA. Han et al. suggest that the
interference of the BLUF domain in binding between the C-terminal domain
of ApppA and PpsR is stimulated by light. At low oxygen levels, the redox
state of heme keeps the C-terminal domain of AppA in a conformation that
9
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FAD

FAD

Low pO2

FAD
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Figure 2.2: The phenomenological model for the integration of redox and
light signals by AppA proposed by Han et al. (5).

alternatively favours interaction with the BLUF domain or with PpsR. Han
et al. further suggested that the reduction of the heme cofactor at low oxygen
conditions along with the reduction of the flavin by blue light could cause
the electron transfer between AppA and PpsR, in addition to influencing the
direct interaction between AppA and PpsR. Therefore, the model proposed
by Han et al. suggests that the heme cofactor is essential for redox and light
singling by PpsR.

10

Chapter 3
A Simple Model for the
AppA/PpsR System
In this chapter, the construction of a mathematical model for the light- and
redox-dependent interaction between PpsR and AppA in R. sphaeroides is
described. With the help of the model, it is shown how the protein-protein
interactions between PpsR and AppA could result in a specific phenotype of
this bacteria. In addition, possible experiments to verify the model predictions are discussed.

3.1

Model Construction

First evidence for an interaction between AppA and PpsR came from the
observation that an AppA null mutant is impaired in photosynthetic growth,
whereas a secondary PpsR null mutant relieves this effect (23, 29). Based
on a series of experiments it has been shown that AppA antagonizes the
repressor activity of PpsR, and AppA is required for a full induction of PS
genes (22, 23, 29).
In order to modulate the PpsR repressor activity in a light and redox dependent manner AppA senses and integrates both signals with the help of the
cofactors FAD and heme, respectively. AppA is a flavoprotein which contains
an FAD-binding domain in its N-terminal region (denoted as BLUF for blue
light sensing using flavin adenine dinucleotide). With FAD non-covalently attached to the BLUF domain, AppA can act as a blue-light sensor (22, 25, 26).
Moreover, AppA contains a cysteine-rich C-terminal domain which is believed to be involved in the oxidation/reduction of PpsR (22). However, in
recent studies two groups independently discovered a heme-binding (SCHIC)
domain in the C-terminal part of the AppA protein (5, 27). These findings
11
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suggest that AppA (with heme bound as a cofactor) can act as a redox sensor
depending on the redox status of the bound heme. The presence of the cofactors FAD and heme provides AppA a unique capability to integrate both
light and redox signals (6).
In vitro experiments by Masuda and Bauer (22, 31) showed that the
AppA inhibits the DNA binding activity of oxidized PpsR by two mechanisms: First, by reducing a disulphide bond in PpsR, and second by a
blue-light-dependent sequestration of PpsR proteins into transcriptionally
inactive complexes. Based on these core mechanisms several phenomenological models have been published (5, 22, 34) in order to explain the effect of
oxygen and blue light on the regulatory properties of this circuit. Taking
into account those models, we develop a simple mathematical model (the
first mathematical model) as a first step towards a more quantitative understanding of the regulatory capabilities of the AppA/PpsR system. In what
follows we describe the molecular events which are the integral part of our
model.

3.1.1

Reduction of PpsR by AppA

At the first stage of regulation, the reduced form of AppA (A− ) reduces
a disulfide bond in the oxidized PpsR (P + ) in a light independent manner (22, 31). But the required number of AppA monomers to reduce one
PpsR tetramer is yet not known. Though, it is conceivable that four AppA
monomers are required to break four disulfide bonds in a PpsR tetramer, for
simplicity we assume that the reduction occurs via a standard bimolecular
reaction (Eq. 3.1). Considering, for example, a 2:1 stoichiometry in Eq. 3.1
does not alter the main conclusion obtained for 1:1 stoichiometry (see Appendix A).
Redox-titration experiments have shown that both PpsR and AppA have
two redox-active thiol groups that can form intramolecular disulfide bonds
with a similar midpoint potential of approximately -320 mV at pH 7.0 (37).
This indicates that the equilibrium constant for the electron transfer from
AppA to PpsR is close to 1. However, it is clear from the experiments
conducted by Masuda and Bauer (22) that PpsR and AppA do not represent
a standard redox couple since they could not observe an inverse electron
transfer from reduced PpsR (P4− ) to oxidized AppA (A+ ).
We model the electron transfer between AppA and PpsR as a reversible
reaction (Eq. 3.1) to investigate the effect of both possibilities (reversible and

12
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Figure 3.1: Model for the blue-light irradiance and oxygen concentration
dependent interaction between AppA and PpsR (based on the experimental
knowledge published in (5, 22, 31). The oxidized and the reduced forms of
the PpsR repressor are denoted by the tetramers with intramolecular disulfide
bonds (S-S) and thiol groups (SH), respectively (see the legend in the dashed
frame). The AppA protein has two cofactors attached, a FAD and a heme
cofactor, where h+ and h− represent the oxidized and reduced forms of the
heme cofactor, respectively. Both the reduced and the oxidized forms of the
PpsR repressor inhibit the expression of photosynthesis genes, but with different strengths as indicated by the line thickness. LI and [O2 ] denote blue-light
irradiance and oxygen concentration, respectively.

irreversible) on the steady state behaviour of the full system
−

A +

P4+

+
kP
r

⇄ A+ + P4−

(3.1)

−
kP
r

In Eq. 3.1, kP+r and kP−r denote second-order rate constants. The equilibrium
13
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+
−
constant Keq = kpr
/kpr
is related to the difference between the midpoint
potentials of the dithiol/disulfide couples in PpsR and AppA as
+

+ /A−

−

P4 /P4
A
∆Em = Em
− Em

=

RT
ln Keq .
2F

(3.2)

At room temperature (T=298 K), RT/2F, the factor related to the universal
constant R and the Faraday constant F has a value of approximately 13 mV
( RT/2F ≈ 13 mV).

3.1.2

Complex Formation between AppA and PpsR

At the second stage of regulation, reduced AppA forms a complex with reduced PpsR under dark conditions (22). Based on size exclusion chromatography experiments and densitometric scanning Masuda and Bauer (22) found
that in the complex, one AppA molecule is associated to two monomers of
PpsR corresponding to half of a PpsR molecule which exists as a stable
tetramer in solution. Further, they reported that the complex formation is
inhibited by blue-light irradiance (LI =900µmol/m2s). However, a recent in
vivo study (35) showed that, under semi-aerobic conditions, PS genes are
inhibited by blue light down to 0.2 µmol/m2 s. It is believed that the light
absorption induces a structural change in the BLUF domain of AppA (32),
which results in interactions of light-induced FAD domain with its C-terminal
part, thereby causing the dissociation of PpsR (5).
To keep the number of state variables and unknown parameters as small as
possible, we do not distinguish between light-excited and non-excited forms
of AppA. Further, we can model the complex formation between AppA and
PpsR in two ways: (i) Considering the complex formation as a multi-step
process or (ii) considering the complex formation as a single step process
with an effective light dependent association rate.

Complex Formation as a Two Step Process
We assume that a PpsR tetramer is composed of two identical dimer subunits
and firstly, two AppA molecules (monomers) sequentially associate with one
PpsR tetramer:
−

A +

P4−

2ka+

⇄

AP4

(3.3)

A2 P4

(3.4)

ka− ·LI
ka+

A− + AP4

⇄
2ka− ·LI
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Also, we assume that the dissociation rate in Eq. 3.3 and Eq. 3.4 is proportional to the light irradiance LI, as blue light illumination is known to
inhibit complex formation (22). Therefore, ka− .LI is a pseudo first-order rate
constant whereas ka+ is a second-order rate constant. These two equations
describe the association and dissociation of an AppA molecule to either of
the two PpsR dimers. The combinatorial factors 2 in Eq. 3.3 and Eq.3.4 are
the result of the fact that, in the first association event (Eq. 3.3), there are
two possibilities for an AppA molecule to bind one of the two PpsR dimers.
Similarly, there are two possibilities for an AppA molecule to dissociate from
the A2 P4 complex. For simplicity, we have assumed that the association and
dissociation of the second AppA occur independently from the first association and dissociation event such that the rate constants ka+ and ka− are the
same for both steps.
Lastly, the A2 P4 complex dissociates into two AP2 complexes where one
AppA molecule is associated with one PpsR dimer :
kd+

A2 P4 ⇄ 2AP2

(3.5)

kd−

where kd+ and kd− are first-order and second-order rate constants, respectively.

Complex Formation as a Single Step Process
The light-dependent complex formation between AppA and PpsR is modeled
in an effective manner as
−

2A +

P4−

kc+ /LI 2

⇄ 2AP2

(3.6)

kc−

This effective description takes into account the experimentally observed 2:1
stoichiometry as well as the light-dependent inhibition of the complex (AP2 )
formation between AppA and PpsR (22). Here in Eq. 3.6, kc+ /LI 2 and kc− denote an effective third-order rate constant and a second-order rate constant,
respectively. The inverse quadratic dependence of the forward rate on light
irradiance arises from a more detailed description of the complex formation
through an underlying multi-step process (Eq. 3.3 and Eq. 3.4). However,
with the help of a quasi-equilibrium approximation we can show how kc+ and
kc− are related to the kinetic parameters: ka+ , ka− , kd+ and kd− of the multi-step
process (Eq. B.16).
In the following, complex formation is assumed as a single step process.
In Appendix B, we show in details how both assumptions lead to the same
conclusion.
15
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3.1.3

Redox Regulation of AppA

We follow the model proposed by Han et al. (5) to implement the redoxsensing capabilities of AppA, according to which AppA utilizes heme as a
cofactor, bound to its C-terminal domain, to sense the cytosolic redox conditions. Consequently, we assume that AppA exists in two inter-convertible
states according to the scheme
A+

kAr

⇄

A−

(3.7)

kAo [O2 ]

where “A+ ” and “A− ” correspond to an oxidized and a reduced heme cofactor, respectively. This is consistent with the light-sensing reaction in Eq. 3.6
since AppA is only responsive to light when the bound heme cofactor is in
its reduced state, and heme binding is known to increase the association
constant with PpsR by a factor of 2.4 in vivo (5). Further, Han et al. (5)
suggested that under a low oxygen levels the heme redox state keeps AppA in
a conformation which favours the interaction of AppA with its BLUF domain
or with PpsR. It was also suggested that the reduction of the heme cofactor
could affect the electron flow from AppA to PpsR which is consistent with
the reaction in Eq. 3.1. However, it is still unclear how AppA is reduced in
the first place because its midpoint potential is probably much more negative
than that of the cytosol (37). Note that the electron flow from the more negative to the more positive redox potential. Due to these uncertainties in the
molecular redox-sensing mechanism of AppA we simply assume in Eq. 3.7
that, in the absence of oxygen, the heme cofactor in AppA is constitutively
reduced by some unknown agent with first-order rate constant kAr , whereas
the oxidation of the heme occurs proportional to the oxygen concentration.
Hence, kAo [O2 ] is a pseudo first-order rate constant at fixed concentration of
oxygen.

3.1.4

Reoxidation of PpsR

If the electron transfer from AppA to PpsR in Eq. 3.1 was indeed effectively
irreversible (kP−r ≪ kP+r ), as suggested by the experiments of Masuda and
Bauer (22), PpsR would have to be reoxidized through an AppA-independent
mechanism. To account for this possibility, we assume that PpsR is reoxidized proportional to the oxygen concentration as
P4−

kP o [O2 ]

→

P4+

where kP o [O2 ] is a pseudo first-order rate constant.
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3.2

Model Equations

Assuming mass-action kinetics for the reactions in Eq. 3.1 and Eqs. 3.6 - 3.8
we get the following set of ordinary differential equations
d −
[A ] = kAr [A+ ] − kAo [O2 ][A− ] − kP+r [A− ][P4+ ] + kP−r [A+ ][P4− ]
dt

 +
kc
− 2
−
−
2
[A ] [P4 ] − kc [AP2 ]
−2
LI 2
d −
[P4 ] = kP+r [A− ][P4+ ] − kP−r [A+ ][P4− ] − kP o[O2 ][P4− ]
(3.9)
dt

 +
kc
[A− ]2 [P4− ] − kc− [AP2 ]2
−
LI 2

 +
d
kc
− 2
−
−
2
[AP2 ] = 2
[A ] [P4 ] − kc [AP2 ]
dt
LI 2
In addition, we assume that the total amounts of PpsR and AppA molecules
are conserved according to
1
[P4+ ] + [P4− ] + [AP2 ] = [PT ]
2
+
−
and [A ] + [A ] + [AP2 ] = [AT ]

(3.10)

which make Eqs. 3.9 a closed system for the reduced forms of AppA and
PpsR as well as for the complex AP2 . Here, AT and PT represent the total
concentrations of AppA and PpsR, respectively. This assumption seems to be
justified for PpsR as its expression levels were found to be largely independent
of the growth conditions (29). However, the regulation of AppA expression
is unknown, so we will investigate how the steady state behaviour of the
system in Eqs. 3.9 depends on the ratio [AT ]/[PT ]. We neglect dilution terms
due to cell growth in the expressions in Eq. 3.9, because we focus on the
mechanism of interaction between AppA and PpsR, and to be consistent
with the assumption of constant total amounts of AppA and PpsR.
Eqs. 3.9 and 3.10 contain two parameters for the total amounts of AppA
and PpsR proteins and six unknown kinetic parameters. Since none of these
parameters is known experimentally we will introduce dimensionless quantities which reduce the number of free parameters. In addition, this allows us
to assess the relative importance of individual reaction steps for the steady
state behaviour of the system. Specifically, if we express concentrations in
terms of the total protein concentrations as
x1 =

[A− ]
,
[AT ]

x2 =

[P4− ]
,
[PT ]

x3 =

[AP2 ]
,
[PT ]
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x4 =

[P4+ ]
,
[PT ]

x5 =

[A+ ]
[AT ]

(3.11)
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the expressions in Eq. 3.9 become


2
d
x3 2δ
2
2 x3
x1 x2 − I 2
x1 = 1 − x1 (1 + O) −
−
dτ
γ
γ
γ
 



x3
x2
x3
β
x1 1 − x2 −
−
1 − x1 −
−
γ
2
Keq
γ


 

d
x2
x3
x3
−
1 − x1 −
− αOx2
x2 = β x1 1 − x2 −
dτ
2
Keq
γ


2
2
2 x3
(3.12)
−δ x1 x2 − I 2
γ


2
d
2
2 x3
x3 = 2δ x1 x2 − I 2
dτ
γ
where time (τ ) is measured in units of 1/kAr whereas the other parameters
are summarized in Table 3.1. The initial conditions have to be chosen such
that the conservation relations
x4 = 1 − x2 −

x3
x3
> 0 and x5 = 1 − x1 −
>0
2
γ

are obeyed. Note that the factor 1/2 in front of x3 in Eq. 3.12 results from
the stoichiometric factor of 2 in Eq. 3.6. Hence, x3 can vary in the interval
[0, 2] whereas all other variables vary in the interval (0, 1].
Table 3.1: Definition of the parameters in Eq. 3.12.
α=

kP o
kAo

O=

[O2 ]
KO

β=

+
kP
r [AT ]
kAr

γ=

LI
KL

KO =

I=

[AT ]
[PT ]
kAr
kAo

δ=
KL =

kc+ [AT ]2
LI 2 kAr



kc+ PT
kc−

Keq =

+
kP
r
−
kP
r

1/2

AT and PT denote the total amounts of AppA and PpsR, respectively.
The two main parameters in this study are the oxygen concentration and
the light irradiance. They are measured in units of KO := kAr /kAo and
1/2
KL := (kc+ [PT ]/kc− )
as O =

[O2 ]
KO

and I =
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3.3

Steady States when Keq ≫1

If the reduction of PpsR by AppA in Eq. 3.1 is effectively irreversible (Keq ≫
1) then the steady states of the ODE system in Eq. 3.12 are given by
x3 = γx1

√

x2
I

with x1 =

and x2 can be calculated by
"
!
1 − αγ Ox2
1
√
β
1 − x2 − γ
x2
2
1+O+ I

1 − αγ Ox2
1+O+

1 − αγ Ox2
1+O+

√

x2
I

(3.13)

√

x2
I

!√

x2
I

!#

− αOx2 = 0

or

√
√ 
x2
x2
1
α
α
) − γ(1 − Ox2 )
(1 − Ox2 ) (1 − x2 )(1 + O +
γ
I
2
γ
I
√
x2 2
α
− Ox2 (1 + O +
) =0
β
I
i.e. x2 is determined by the non-negative roots of the fifth-order polynomial
p5 (y) = f∞ (y) − fβ (y) = 0,

y≡

√

x2 .

(3.14)

Here, f∞ and fβ are given by

αO 2
y p3 (y)
f∞ (y) =
1−
γ
αO 2
fβ (y) =
y (I (1 + O) + y)2 .
Iβ


In Eq. 3.15 p3 (y) denotes the third-order polynomial



αO 2
γy
2
1−
y
p3 (y) = 1 − y (I (1 + O) + y) −
2
γ




γ
αO
2
3
= I (1 + O) 1 − y + y 1 −
−y 1−
.
2
2

(3.15)
(3.16)

(3.17)
(3.18)

Note that f∞ is independent of β while fβ is inversely proportional to it,
hence
lim p5 (y) = f∞ (y).

β→∞
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The fifth-order polynomial p5 (y) in Eq. 3.14, in general, can admit at most
five real roots corresponding to five possible stationary states of Eqs. 3.12 and
3.13. However, they should fall within the interval (0, 1) to be biologically
meaningful (due to the scaling in Eqs. 3.11). One can derive some simple
conclusions about the possible number of positive steady states of Eqs. 3.12
and 3.13 from the structure of the polynomials p5 and p3 . For example,
from Eqs. 3.14-3.17 it is obvious that p5 (0) > 0 and p5 (1) < 0. Therefore,
by continuity, p5 must have at least one positive root in the interval (0, 1),
independent of all other parameter values.
In what follows, we are mostly interested in the case when β ≫ 1. In that
case the roots of p3 closely approximate those of p5 because fβ in Eq. 3.14
can be neglected. By Descartes’ sign rule (explained in Apendix C) p3 has
precisely one positive root if αO ≤2 because the coefficients in p3 (Eq. 3.18)
exhibit only one sign change (counted in consecutive order in y). On the
other hand, p3 shows two sign changes if αO > 2. In that case p3 can have
either two or none positive roots. Hence, αO > 2 is necessary for p5 to have
three positive roots altogether. By a closer analysis (see Appendix D), we
found that αO > γ > 2 is an additional necessary condition for all three
roots to fall within (0, 1) when β ≫ 1.
For the later interpretation of the results it is also important to note that
the steady state values of Eqs. 3.12, as defined by Eqs. 3.14-3.18, only depend
on γ and the three parameter combinations
b1 = αO,

b2 = βI,

b3 = I (1 + O) .

(3.19)

Hence, if we report a certain behaviour of the system for a particular set
of the four parameters α, β, O and I it is clear from Eqs. 3.19 that the same
behaviour also exists for any other set of (positive) parameters α′ , β ′ , O ′ and
I ′ , as long as the constants b1 , b2 and b3 retain their numerical values.

3.4

Meaning of the Parameters

The definitions of the parameters are collectively presented in Table 3.1. The
parameter γ compares the ratio between total amounts of AppA and PpsR
proteins. The parameters α and β can be interpreted in terms of the relative
time scales for the oxidation and reduction of PpsR and AppA, respectively.
For example, α compares the time scale for the oxidation of reduced PpsR
(Eq. 3.8) with that for the oxidation of reduced AppA (Eq. 3.7) at a given
oxygen concentration. Large values of α mean that reduced form of PpsR
is oxidized faster than the reduced form of AppA. Similarly, β compares the
time scale for the reduction of oxidized PpsR (Eq. 3.1) with that for the
20
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reduction of oxidized AppA (Eq. 3.7). As a result, large values of β indicate
that PpsR is reduced on a faster time scale than AppA.

3.5

Results

In most of the later presentation of results and their interpretation, we will
assume that the electron transfer from AppA to PpsR in Eq. 3.1 is effectively irreversible (kP−r ≪ kP+r ), which was suggested by the observations of
Masuda and Bauer (22). Note that this corresponds to the limit Keq → ∞ in
Eqs. 3.12. In selected cases we will show how a finite value of the equilibrium
constant would affect the steady-state behaviour of the system.
Since the steady state behaviour of the ODE system in Eqs. 3.12 qualitatively differs depending on the ratio between total copy numbers of AppA
and PpsR ([AT ]/[PT ] < 2 or [AT ]/[PT ] ≥ 2) we will consider both cases separately. If possible, the results will be related to the behaviour of the system
expected from current experimental knowledge.

3.5.1

When [AT ]/[PT ] < 2

For convenience, we first assume that the total amounts of AppA and PpsR
proteins are equal (γ = [AT ]/[PT ] = 1). If, in addition, the time scales for
reduction and oxidation of both molecules are equal (α = β = 1, compare
to Table 3.1), the steady state levels of reduced PpsR (P4− ), oxidized PpsR
(P4+ ) and the AppA-PpsR complex (AP2 ) change monotonously with oxygen
concentration (Fig. 3.2).
Under aerobic conditions (O = [O2 ]/KO ≫ 1), set by KO , the PpsR
protein is mostly oxidized, and the levels of reduced PpsR and the AppAPpsR complex are low (Fig. 3.2A, 3.2B). This behaviour is in agreement
with the idea that PpsR is a repressor of PS genes under aerobic conditions
(20–22, 29, 38). In fact, under these conditions PS genes would be strongly
repressed as most of the PpsR protein molecules are in oxidized state, which
is a 2.2 fold stronger repressor in comparison with its reduced form (22).
Under low oxygen levels (O ≪ 1) and, particularly, under anaerobic conditions (O = 0), it depends on the light irradiance whether PpsR is mostly in
its reduced form or associated with AppA in a complex (Fig. 3.2C). This behaviour is in agreement with the general idea that, under high light conditions
(I = LI/KL ≫ 1), the induction of photosynthesis (PS) genes is inhibited
due to the repressive action of reduced PpsR while under low light conditions
(I ≪ 1) PS genes are induced since AppA sequesters PpsR molecules into
transcriptionally inactive complexes (22, 31). However, from Fig. 3.2 C it
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Figure 3.2: Monotonic change in the steady-state levels of reduced PpsR
(P4− ), oxidized PpsR (P4+ ) and the AppA-PpsR complex(AP2 ) as a function
of: (A and B) the oxygen concentration O = [O2 ]/KO for different values
of the light irradiance (I = LI/KL ) and (C and D) the light irradiance for
different oxygen concentrations. Note that the concentration of P4+ under
anaerobic conditions (O = 0) is zero (C). Used parameters are: Keq = ∞,
α = β = γ = 1 (compare to Table 3.1).

is obvious that not all PpsR molecules can be sequestered by AppA if both
proteins are present in equal amounts (γ = 1), because two AppA molecules
are required to bind one PpsR molecule. Therefore, even under low light conditions half of the PpsR molecules were still free to bind DNA which would
preclude an efficient induction of PS genes.
Under semi-aerobic conditions (O ∼ 1), there is a significant amount
of free oxidized PpsR (P4+ ) under both, low light (I ≪ 1) and high light
(I ≫ 1) conditions (Fig. 3.2D). Consequently, the induction of PS genes
would be suppressed largely independent of the light irradiation—in contrast
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to the specific repression of PS genes observed experimentally under high
light conditions (28, 35). This suggests that the phenomenon of high light
repression of PS genes at intermediate oxygen levels cannot be explained,
if the rates for oxidation and reduction of PpsR and AppA are all equal
(α = β = 1) .
Specific High Light PS Gene Repression at Intermediate O2 Levels
If the light irradiance I is sufficiently large (Fig. 3.3), and the rate of PpsR
reduction is significantly increased compared to the rate of AppA reduction
(β ≫ 1) then a maximum in the steady state response curve of the reduced
form of PpsR (P4− ) develops at intermediate oxygen levels (O ∼ 1).
The exact position of this peak depends on the parameter α (Fig. 3.4).
Small values of α shift the peak in P4− to higher oxygen concentrations,
whereas large values of α do the opposite. When the concentration of reduced PpsR (P4− ) reaches a maximum, the concentration of the AppA-PpsR
complex (AP2 ) is low (Fig. 3.3 D) and, consequently, PS genes would be effectively repressed at intermediate oxygen levels by the reduced form of PpsR.
This suggests that the non-monotonic dependence of reduced PpsR (P4− ) on
the oxygen concentration could provide a rationale for the specific repression of PS genes in R. sphaeroides at intermediate oxygen levels (O ∼ 1)
under high light conditions. In fact, as the light irradiation decreases the
maximum of reduced PpsR (P4− ) at intermediate oxygen concentrations disappears (Fig. 3.5).
High Light PS Gene Repression under Anaerobic Regime
Under high light conditions, the concentration of reduced PpsR (P4− ) at
completely anaerobic conditions (O = 0) is only slightly lower compared to
the maximum at intermediate oxygen concentrations (Fig. 3.3 D). Consequently, PS genes would still be largely repressed in that regime by reduced
PpsR. A similar phenotype has recently been observed in PrrB knock-out
experiments (7). Compared to wild-type cultures, where the repressive action of the AppA/PpsR system is normally counteracted by the PrrB/PrrA
two-component system, these experiments revealed that in the absence of
the sensor kinase PrrB, photosynthesis genes are repressed by blue light to
almost the same extent as under semi-aerobic conditions, suggesting that
the non monotonic dependence of P4− on the oxygen concentration can also
account for this particular phenotype.
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Figure 3.3: A maximum develops in the oxygen-dependent steady state curve
of reduced form of PpsR (P4− ) as the relative rate (β = kP+r [AT ]/kAr ) between
the reduction of PpsR and that of AppA increases. (A) β = 1. (B) β = 10.
(C) β = 102 . (D) β = 103 . Used parameters are: I = 5, Keq = ∞,
α = γ = 1.

When Keq = 1
Now, we investigate how a finite value of the equilibrium constant (Keq )
modifies the steady state behaviour of the system (Eq. 3.12). Particularly, we
investigate how the peak formation in the steady state curve of reduced PpsR
(P4− ) depends on the reversibility of the electron transfer from AppA to PpsR
in Eq. 3.1. Apparently, as the rate kP−r for the reduction of PpsR by AppA
increases (Keq decreases) the maximum in the steady state response curve
of reduced PpsR (P4− ) becomes smaller and eventually disappears (Fig. 3.6)
when the forward (kP+r ) and the backward rates (kP−r ) become equal (Keq =
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Figure 3.4: The parameter α = kP o/kAo determines the position of the maximum in the steady state curve of reduced PpsR (P4− ) at intermediate oxygen
concentrations. Small values of α shift the peak to higher oxygen concentrations, whereas large values of α do the opposite. In (A) the peak occurs at
O ≈ 4 while in (B) it occurs at O ≈ 0.2. For comparison: Figure 3.5 A
shows the case when α = 1. Used parameters are: β = 103 , Keq = ∞,
I = LI/[KL ] = 1, γ = 1. Note that the O = [O2 ]/KO are presented in
different scales.

1). This suggests that the observed phenotype of high light repression of PS
genes at intermediate oxygen levels is not compatible with an equilibrium
constant close to 1. It also supports the view that AppA and PpsR are not
in redox equilibrium in vivo (37), in agreement with the observation that the
electron transfer between AppA and PpsR is effectively irreversible (22).

3.5.2

When [AT ]/[PT ] ≥ 2

An efficient sequestration of PpsR molecules into AppA-PpsR complexes
can occur only if the protein copy numbers of AppA exceed those of PpsR
by at least a factor of two (γ ≥ 2), which is a simple consequence of the
stoichiometry of the reaction in Eq. 3.6. Under these conditions, almost all
PpsR molecules are complexed by AppA molecules under low light irradiation
in the anaerobic regime (Fig. 3.7). Consequently, the concentration of free
reduced PpsR (P4− ) drops significantly, which would result in an effective
PS gene induction under low light conditions. Note that ([P4− ] + [P4+ ] +
[AP2 ]/2)/[PT ] = 1 such that [P4− ]/[PT ] < 1 and [P4+ ]/[PT ] < 1 while the
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Figure 3.5: The maximum in the steady state curve of reduced PpsR (P4− )
at intermediate oxygen levels (O = [O2 ]/KO ≈ 1) disappears as the light
irradiation (I = LI/KL ) decreases. Used parameters are: β = 103 , Keq = ∞,
α = γ = 1.

upper bound for [AP2 ]/[PT ] is 2. If, in addition to γ > 2 and β ≫ 1,
the ratio between the rate of re-oxidation of PpsR and that of AppA is
sufficiently large (αO > 2) then another interesting phenomenon becomes
possible: Under these conditions the transition from the anaerobic to the
aerobic growth regime can occur via a bistable switch at intermediate oxygen
levels (Fig. 3.8 A). In the region (0.6 ≤ O ≤ 1), two stable stationary states
(solid lines) coexist. The coexistence region is bounded by two limit points
(LP) (LP is explained in Appendix E ). Almost all PpsR is complexed by
AppA at low values of the oxygen concentration while the concentration of
both reduced and oxidized PpsR is low (Fig. 3.8 B). As a result, in that
regime, PS genes would be effectively transcribed. However, there would be
26

Chapter 3. A Simple Model for the AppA/PpsR System

A

K

P−4[PT]

1

eq

B

= ∞

1

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0
0

1

2

3

K

4

0
0

1

C

K

P−4[PT]

eq

D

= 10

0.6

0.6

0.4

0.4

0.2

0.2
2

K

1
0.8

1

2
2

0.8

0
0

= 102

3

4

O=[O ]/K

O=[O2]/KO
1

eq

3

4

O=[O2]/KO

0
0

1

eq

2

O

= 1

3

4

O=[O2]/KO

Figure 3.6: The peak of reduced PpsR (P4− ) at intermediate oxygen levels
(O = [O2 ]/KO ∼ 1) disappears as the rate kP−r in Eq. 3.1 increases such that
the equilibrium constant Keq = kP+r /kP−r approaches unity. Used parameters
are: β = 103 , Keq = ∞, α = 1 = γ, I = 1.
an abrupt change in the expression levels of PS genes upon increasing the
oxygen concentration beyond the saddle-node bifurcation at O ≈ 1, as the
concentration of free PpsR molecules (P4− and P4+ ) jumps to large values
while AP2 levels significantly decrease. In the other direction, when coming
from high oxygen concentrations, PS genes would remain repressed until
O2 levels decrease beyond the second saddle-node bifurcation at O ≈ 0.6,
where almost all PpsR is again sequestered into inactive complexes leading
to hysteresis.
Regions and Conditions for Bistability
As it is mentioned in section 3.3, the steady states of Eqs. 3.12 depend on
the parameter γ and the parameter combinations αO, βI and I(1 + O) (See
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Figure 3.7: An increase in the ratio between total amounts of AppA and PpsR
proteins (γ = [AT ]/[PT ]) increases the amount of reduced PpsR (P4− ) that
can be sequestered into complexes (AP2 ) under low light (I ≪ 1) conditions.
Note that ([P4− ] + [P4+ ] + [AP2 ]/2)/[PT ] = 1 such that [P4− ]/[PT ] < 1 and
[P4+ ]/[PT ] < 1 while the upper bound for [AP2 ]/[PT ] is 2. Used parameters
are: O = [O2 ]/KO = 0, β = 103 , Keq = ∞, α = 1.
expressions in Eq. 3.19). Consequently, as long as the constants b1 , b2 and b3
retain their numerical values, a change in α and β can always be compensated
by an appropriate change in O and I without compromising the ability to
generate bistability. For example, when the oxygen concentration and the
light irradiance are fixed at the values used in Fig. 3.8, there is a whole
region in the two-parameter plane spanned by α and γ (Fig. 3.9 A) or α and
β (Fig. 3.9 B) where bistability (gray shaded region) can occur. Together,
the figures Fig. 3.9 A and Fig. 3.9 B suggest that for γ > 2, bistability can
only emerge if there is a sufficiently large time scale separation between the
oxidation of PpsR and AppA (α ≫ 1) as well as between the reduction of
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Figure 3.8: Signal-response curve (one-parameter bifurcation diagram) showing how the number of steady states changes as a function of the oxygen
concentration. (A) AppA-PpsR complex (AP2 ) (B) reduced PpsR (P4− ) and
oxidized PpsR (P4+ ). In the region between the two limit points (LP ) three
stationary states coexist and the system exhibits hysteresis (indicated by dotted lines). Here, upper and lower branches denote stable steady states (solid
lines) while the middle branch (dashed line) corresponds to an unstable steady
state. Used parameters are: β = 103 , Keq = ∞, α = 10, γ = 4, I = 0.1.
PpsR and AppA (β ≫1).
Interestingly, similar to the peak formation in Fig. 3.6, we find that the
bistable region at intermediate oxygen levels (O ≈ 1) disappears as the rate
of the backward reaction (kP−r ) in Eq. 3.1 increases such that the equilibrium
constant (Keq = kP+r /kP−r ) approaches unity (Fig. 3.10). It suggests that
decreasing the equilibrium constant for the electron transfer from AppA to
PpsR (Eq. 3.1) compromises the ability of the system to generate a bistable
response.
The presence of a sufficiently strong positive feedback mechanism is a necessary condition for a reaction network to exhibit bistability (39), although
such a feedback mechanism might be difficult to identify by merely visual inspections of the network (40). In the case of the AppA/PpsR network shown
in Fig. 3.1, the situation is quite similar, as it does not contain any apparent
positive feedback loops. However, it is well known that sequestration of signalling molecules (41) and dead-end complex formation (42) can result in a
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Figure 3.9: Bistable regions projected on different two-parameter planes: (A)
α vs. γ for β = 103 (B) α vs. β for γ = 4. In the gray shaded region, two
stable steady states and one unstable steady state coexist, which is bounded
by two limit points (solid lines). Used parameters are: O = 1, I = 0.1,
Keq = ∞.
bistable system response. Therefore, the light-dependent complex formation
between AppA and PpsR could represent a potential source of bistability
in the AppA/PpsR system. Indeed, a strong positive feedback becomes apparent when we plot the dissociation rate (vc− ) of the AP2 complex against
the steady state concentration of reduced AppA (Fig. 3.11), since increasing amounts of reduced AppA lead to an even higher production of reduced
AppA through the dissociation of the AP2 complex.

3.6

Discussion and Summary

In the photosynthetic bacterium, Rhodobacter sphaeroides, the AppA-PpsR
system is an important signal transduction system which regulates the genes
encoding the components of the photosynthetic apparatus. This system helps
the bacterium to survive under adverse environment conditions such as sudden increase/depletion of oxygen tension and production of reactive oxygen
species (ROS) in the simultaneous presence of light and oxygen.
AppA is a flavoprotein which is exclusive to R. sphaeroides, and it has
the remarkable feature to sense and integrate both oxygen and light signals
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Figure 3.10: The bistable region at intermediate oxygen levels (O ≈ 1) disappears as the rate of the backward reaction (kP−r ) in Eq. 3.1 increases such
that the equilibrium constant Keq = kP+r /kP−r for the electron transfer between
AppA and PpsR approaches unity. Used parameters are: β = 103 , α = 10,
γ = 4, I = LI/[KL ] = 0.1.

(5, 6, 22). AppA antagonizes the repressor activity of PpsR (29), which is
an aerobic transcriptional repressor of photosynthesis (PS) genes (21, 38).
As a result of the protein-protein interaction between AppA and PpsR, R.
sphaeroides exhibits a unique phenotype: The blue light-dependent repression of PS genes under semi-aerobic conditions (28). In the present chapter,
we have investigated how this phenotype arises from the molecular interac31
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are: β = 10 , α = 10, γ = 4, Keq = ∞, I = LI/[KL ] = 0.1.
tions between AppA and PpsR. For that, we developed a simple mathematical model based on the structural knowledge of the AppA/PpsR interactions
(Fig. 3.1), in particular, the AppA-mediated reduction of PpsR (Eq. 3.1) and
the light-dependent complex formation between the reduced forms of AppA
and PpsR (Eq. 3.6). This core mechanism was augmented by a redox-sensing
reaction for AppA (Eq. 3.7) and an oxygen-dependent re-oxidation of PpsR
(Eq. 3.8). However, in present model we have assumed the light regulation
of the interaction between AppA and PpsR in an effective manner. The aim
was to analyse the kinetic requirements for these processes that could lead
to a PS gene repression at intermediate oxygen concentrations and, thereby,
provide a mechanistic basis for the understanding of the AppA/PpsR system
in R. sphaeroides.

32

Chapter 3. A Simple Model for the AppA/PpsR System

3.6.1

PS Gene Repression under Semi-Aerobic Conditions

Based on our results, we suggest that the phenomenon of high light repression
of PS genes under semi-aerobic conditions can be related to the development
of a maximum in the concentration of reduced PpsR at intermediate oxygen
levels (Fig. 3.3), which occurs only if the light irradiance is sufficiently large
(Fig. 3.5). Our numerical investigations indicate two additional requirements
for the peak formation in the steady state response curve of reduced PpsR
to occur: First, the rate of reduction of PpsR has to be significantly larger
than that for the reduction of AppA (β ≫ 1), and, second, the equilibrium
constant for the reaction describing electron transfer from AppA to PpsR
must be sufficiently large (Keq ≫ 1).
The requirement that Keq ≫ 1 agrees with the observation of Masuda and
Bauer (22), according to which the electron transfer from AppA to PpsR is
effectively irreversible. However, this requirement seems to contradict experiments by Kim et al. (37) which suggest that the midpoint redox potentials
of AppA and PpsR are equal (Keq = 1). Kim et al. argued that the proteinprotein interactions between AppA and PpsR could be responsible for a shift
in the midpoint potential of one or both proteins which could favor the electron transfer from AppA to PpsR under in vivo conditions. We can estimate
from Fig. 3.6 that a significant peak formation in the steady state response
curve of reduced PpsR requires an equilibrium constant of Keq ≫ 10. Using
Eq. 3.2 we estimate that this would result in a shift of the midpoint potential
difference between PpsR and AppA of at least ∆Em = 30 mV (at T = 298K).
Based on the observation that heme binding to AppA increases the association rate between AppA and PpsR (5), it is conceivable that the heme is also
involved in mediating protein-protein interactions between AppA and PpsR,
which could explain such a shift in the midpoint potential.

3.6.2

PS Gene Repression under Anaerobic Conditions

Our simulation results suggest that under high light irradiance (I ≫ 1), PS
genes would be repressed under anaerobic (O = 0) to almost the same extent
as under semi-aerobic conditions. This suggestion is based on our simulation
result that under high light conditions, the concentration of reduced PpsR
(P4− ) is only slightly lower compared to the maximum at intermediate oxygen concentrations (Fig. 3.3D). Such a phenotype has recently been observed
in PrrB knock-out experiments (7). This suggests that the non-monotonic
dependence of P4− on the oxygen concentration can also explain such a phenotype.
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3.6.3

Bistability in the AppA/PpsR System

We found that the AppA/PpsR system can potentially exhibit bistable behaviour, which would result in a hysteretic switch-like induction of PS genes
as a response to changing redox conditions in the environment (Fig. 3.8). In
addition, the steady state analysis of Eqs. 3.12 shows that the experimentally observed interactions between AppA and PpsR (22) are sufficient to
explain the high light repression of PS genes under semi-aerobic conditions.
Also, through an analysis of the root structure of the 5th -order polynomial in
Eq. 3.14, we have derived necessary conditions for the emergence of multiple
steady states, they can be summarized as β ≫ 1 and αO > γ > 2. Further,
we show that the bistability, similar to the peak formation at intermediate
oxygen concentrations, requires a time scale separation between the reduction rates of PpsR and AppA (β ≫ 1), and an effectively irreversible transfer
of electrons from AppA to PpsR. However, in addition to that, bistability
also requires that PpsR can be efficiently sequestered by AppA molecules
(γ > 2) and that re-oxidation of PpsR occurs on a faster time scale than
re-oxidation of AppA corresponding to the shaded region in Fig. 3.9 A.
The prediction of bistability in the AppA/PpsR system is somewhat surprising, as to our knowledge, no hysteretic behaviour has been reported for
PS gene expression in R. sphaeroides yet. However, we believe that the likely
hood for the parameters are such that the bistability can occur. For example, given that the kinetic requirement β ≫ 1 is also essential for the specific
PS gene repression in the semi-aerobic regime, we expect this condition to
be generally valid. The condition γ > 2 should also be fulfilled because
otherwise an efficient sequestration of PpsR molecules, as it is necessary for
the induction of PS genes under anaerobic conditions, would not be possible
(Fig. 3.2C, Fig. 3.7). Hence, measurement of the remaining kinetic parameter α = kP o /kAo would give a first indication whether bistability could be
observable in the AppA/PpsR system. Alternatively, the measurement of the
relative rates of reduction and oxidation of AppA (KO = kAr /kAo ) could be
used to estimate α since both parameters determine the semi-aerobic regime
in our model. For example, a value of KO = 500µM means
O = [O2 ]/[KO ] = 100/500 = 0.2
which would correspond to a value of α = 5 according to Fig. 3.4B.
Recently, in arabinose/lactose utilizing system (43, 44), it has been reported that in the bistable regime, the transition from the non-induced ( not
utilizing arabinose/lactose) to the induced state (utilizing arabinose/lactose
at a high rate) is often driven by random molecular fluctuations leading to
a coexistence of induced and non-induced cells. Similarly, in our case in the
34

Chapter 3. A Simple Model for the AppA/PpsR System
bistable regime, a fraction of the cell population would already derive energy
from photosynthesis while the remaining fraction still performed respiration.
Recent studies on other bacteria, suggest that such heterogeneity in gene expression patterns could be an advantageous survival strategy for a population
in the face of unforeseeable environmental fluctuations (45–47).

3.6.4

Possible Experiments to Verify Bistability

Bistability has become a recurring theme in biology (39, 48). It has, for
example, been observed in sugar uptake systems of E. coli using single-cell
measurements (43, 44). However, to our knowledge, all experiments concerning the regulation of PS genes in R. sphaeroides were done with whole
cell populations which might be one reason why bistability in that system
has not been observed experimentally yet. Indeed, if the involved regulatory
proteins were present in only low copy numbers then the stochastic nature
of protein-binding events to the DNA could become important. As a result,
each cell would respond in an all-or-none fashion to an applied stimulus in the
bistable regime while measurements of the global response (averaged over the
population) changed only gradually. Recent experiments have clearly demonstrated the need to observe gene expression patterns at the single cell level
in order to visualize bistable behaviour which is typically derived based on
ODE models for cell populations (43, 44, 49). Hence, on the basis of single
cell level measurements of PS gene expression patterns, one could provide
an independent indication for the existence of bistability in the AppA/PpsR
system.
As mentioned in the section 3.6.3, the measurement of the kinetic parameter α = kP o /kAo would give a first indication for occurrence of the bistability in the AppA/PpsR system. Additionally, the measurement of the ratio
between total amounts of AppA and PpsR proteins under different growth
conditions would also provide an indication whether bistability could happen
in principle. Since the expression levels of PpsR were found to be largely independent of growth conditions (29) it is conceivable that the total amount
of AppA or the amount of redox-active AppA molecules is actively regulated,
e.g. through the availability of the heme cofactor which is required for redox
signalling of AppA (5). By increasing total amounts of AppA the system
could be driven in a regime where bistability can occur.

3.6.5

Model Limitations

In the present model (Fig. 3.1 and Eqs. 3.12), the light-dependent complex
formation between AppA and PpsR has been implemented in a very simple
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way (Eq. 3.6). In particular, Eqs. 3.12 does not explicitly account for possible
conformational changes of AppA induced by light excitation of its bound FAD
cofactor, which would require to introduce two additional AppA states (one
for oxidized AppA and one for reduced AppA each with an excited FAD
cofactor)—similar as in the model proposed by Han et al. (5). Therefore,
this model can be extended by incorporating a detailed mechanism for the
effect of light on the interplay between AppA and PpsR. For the extended
version of the model, it would also be desirable to incorporate the redox- and
light-dependent binding of PpsR to DNA explicitly. In that way, one could
compare the model results directly with measurements of mRNA levels of PS
genes such as puc, bch and crt, whose promoters contain the PpsR binding
consensus sequence (14). However, the mechanism through which PpsR binds
the DNA is still debated (21). While there is consensus that PpsR has to
bind two adjacent sites containing the palindromic consensus sequence for
an effective repression of PS genes (15), it is still unclear whether it binds as
two dimers (30), one tetramer (22) or two tetramers (50).
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Chapter 4
An Extended Model for the
AppA/PpsR System
In this Chapter, an extension of the simple mathematical model developed
in Chapter 3 for the light-and redox-dependent interaction between PpsR
and AppA in R. sphaeroides is discussed. In the simple model, we focused
mainly on the effect of oxygen on the interaction between AppA and PpsR
while light regulation was considered in an effective manner. In the extended
version of the model, we incorporate a more detailed and realistic mechanism for the effect of light on the interaction between AppA and PpsR. The
extended model allows a comparison of the model predictions with experimental results. In addition, we discuss potential kinetic and stoichiometric
constraints which are imposed on the functionality of the AppA/PpsR system by the interplay between light and redox regulation, especially for the
emergence of a possible bistable response.

4.1

Development of the Extended Model

In the extended version of the model, some of the reaction steps of the simple
model are kept as it is, and to show a clear distinction between the simple
and the extended model, those reaction steps are described together in the
following section. Subsequently, we explain the detailed mechanism which
is incorporated for the effect of light on AppA and on the complex formation between AppA and PpsR. The full set of oxygen- and light-dependent
reaction steps is summarized in Fig. 4.1.
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4.1.1

Reaction Steps from the Simple Model

We consider the simple first-order kinetics to implement the regulation of the
redox states of AppA and PpsR by the ambient oxygen concentration
kAr

A+

A−

⇄

(4.1)

kAo [O2 ]
kP o [O2 ]

P4− −−−−→ P4+ .

(4.2)

In Eq. (4.1) we followed the model proposed by Han et al. (5) which suggests
that AppA utilizes heme as a cofactor, bound to its C-terminal domain, to
sense the cytosolic redox conditions. Accordingly, A+ and A− correspond to
an oxidized and a reduced heme cofactor, respectively. Also, in Eqs. 4.1 and
4.2 we assumed that the reoxidation of AppA and PpsR occurs in proportion
to the concentration of dissolved oxygen ([O2 ]) such that kAo [O2 ] and kP o[O2 ]
correspond to pseudo first-order rate constants (for fixed [O2 ]), whereas kAr
denotes a first order rate constant describing the reduction of AppA by an,
as yet, unknown mechanism.
The light-independent reduction of a disulfide bond in oxidized PpsR
+
(P4 ) by the reduced form of AppA is modelled as
−

A +

P4+

+
kP
r

⇄ A+ + P4−

(4.3)

−
kP
r

In Eq. 4.3, kP+r and kP−r denote second-order rate constants. Their ratio
Keq = kP+r /kP−r defines the equilibrium constant, which is related to the
difference between the midpoint potentials of the dithiol/disulfide couples in
PpsR and AppA via
+

+ /A−

−

A
P4 /P4
∆Em = Em
− Em

=

RT
ln Keq .
2F

Note that based on in vitro studies, Masuda and Bauer suggested that the
electron transfer from AppA to PpsR is effectively irreversible (i.e. Keq ≫
1), as under a wide range of conditions, they could not observe an inverse
electron flow from reduced PpsR to oxidized AppA (A+ ) (22). This finding is
also supported by our simulations in Chapter 3, which show that particular
regulatory features, which we believe are associated with the phenotype of
high light repression of photosynthesis genes under semi-aerobic conditions,
disappear as Keq → 1. However, for the sake of generality, we prefer to model
the electron transfer from AppA to PpsR as a reversible process.
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Figure 4.1: A schematic diagram of the extended model for the blue-lightand oxygen-dependent interactions between AppA and PpsR as described by
Eqs. 4.3-4.9. P4+ and P4− denote PpsR tetramers in an oxidized or in a reduced state, respectively. Here S-S and SH denote intramolecular disulfide
bonds and thiol groups, respectively. AppA can be reversibly inter-converted
between four states, corresponding to a reduced (A− ) or an oxidized (A+ )
heme cofactor and depending on whether the FAD cofactor is light-excited
+
(A−
∗ and A∗ ). As shown, AppA and PpsR can reversibly associate in a complex (AP2 ). Additionally, upon blue-light excitation the light-excited complex (AP2 )∗ irreversibly dissociates into A−
∗ and half of a PpsR tetramer.
Numbers denote stoichiometric coefficients. Note that under aerobic conditions photosynthesis (PS) genes are mainly repressed by the oxidized form
of PpsR, whereas the reduced form is the predominant repressor of PS genes
under semi-aerobic conditions. The grey-shaded region encompasses the lightdependent reactions. LI and [O2 ] represent the light irradiance and the oxygen concentration, respectively.

4.1.2

A Detailed Mechanism for the Light Regulation

AppA is a flavoprotein (apart from being redox-active) which enables it to
act as a blue-light sensor by means of a FAD cofactor bound to its N-terminal
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BLUF domain (22, 25, 26). Han et al. (5) suggested that the C-terminal domain of AppA is only responsive to light when the attached heme cofactor is
in the reduced state. They also suggested that the redox state of heme keeps
C-terminal domain in a conformation that alternatively fovors the binding of
C-terminal domain with the BLUF domain or with PpsR protein under low
oxygen levels.
The flavin of AppA undergoes a photocycle upon blue light excitation in
the course of which a long-lived signalling state is formed (22, 51, 52). This
transition to the signalling state is accompanied by a conformational change
in the AppA protein (32, 33) which is believed to result in interactions of
the N-terminal BLUF domain with its C-terminal part (5, 32). Therefore,
under anaerobic condition and in presence of the light the C-terminal domain
of AppA binds with the the BLUF-domain of AppA instead of PpsR which
leads to the repression of PS genes by PpsR (5, 32).
Considering these experimental results, it seems unlikely that light irradiation directly affects the association rate between AppA and PpsR as
assumed in Eq. 3.6. Therefore, in the extended model we assume that reversible complex formation occurs independently of the light irradiance (LI)
as
−

2A +

P4−

kc+

⇄ 2AP2

(4.4)

kc−

where kc+ and kc− represent an effective third- and a second-order rate constant, respectively. Here, we only account for the overall stoichiometry of this
process although it is likely that it occurs in multiple steps. However, using
a quasi-steady state approximation it can be shown (see Appendix B) how
the effective parameters kc+ and kc− in Eq. 4.4 can be related to the kinetic
parameters of an underlying multi-step process (53).
In addition, we follow the model proposed by Han et al. (5) to implement
a more realistic model for the light-dependent interaction between AppA and
PpsR. This model suggests that the light-induced structural changes of AppA
mediate the dissociation of the AppA-PpsR complex and prevent the rebinding of PpsR to light-excited AppA when the C-terminally bound heme is in
its reduced state (Fig. 4.1). Taking this into account, we introduce three
−
new states A+
∗ , A∗ and (AP2 )∗ corresponding to the light-excited forms of
oxidized and reduced AppA, respectively, as well as to the light-excited form
of AppA when bound in a complex with PpsR. Now, light regulation is modeled as a simple two state process where the excitation rate is proportional
to the light irradiance (LI), and the thermal recovery to the ground state is
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described by a first-order rate constant as
−

A

kl+ ·LI

⇄
kl−

+

A

kl+ ·LI

⇄
kl−

AP2

kl+ ·LI

⇄
kl−

A−
∗

(4.5)

A+
∗

(4.6)

1 −
k
(AP2 )∗ →d A−
∗ + P4
2

(4.7)

where kd in Eq. (4.7) denotes a first-order rate constant that describes the
light-induced dissociation of the AppA-PpsR complex in an effective, yet
stoichiometrically correct, manner.
In order to complement the transitions between the four AppA species,
as defined in Eqs. (4.1), (4.5), and (4.6), we assume that redox regulation of
AppA occurs independently of the light excitation.
A+
∗

kAr

⇄

kAo [O2 ]

A−
∗ .

(4.8)

Note that we choose the rate constants in the cyclic reactions (4.1), (4.5),
(4.6) and (4.8) in such a way that “the principle of detailed balance” (explained in the Appendix F) holds.
At last, we have to account for the observation that the reduced form
of AppA can reduce the disulfide bond in oxidized PpsR irrespective of the
light excitation of the flavin (22) which leads to
A−
∗

+

P4+

+
kP
r

−
⇄ A+
∗ + P4 .

(4.9)

−
kP
r

Here, we have assumed that the rates of reduction and re-oxidation are the
same as for the non-excited forms of AppA (cf. Eq. 4.3) to keep the number
of unknown parameters as low as possible.

4.2

System Equations and Parameters

Mass action kinetics is assumed to get the dynamics of the reaction network
formed by Eqs. 4.1-4.9, which results in the following ordinary differential
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equations (ODEs) system:
 
 
     +  kd
d P4−
= −kP o [O2 ] P4− + kP+r A− + A−
[(AP2 )∗ ]
P4 +
∗
dt
2
    

     − 
2
− kc+ A− P4− − kc− [AP2 ]2 − kP−r A+ + A+
P4
∗
 +
     + 
 
d P4
P4
= kP o [O2 ] P4− − kP+r A− + A−
∗
dt






P4−
+kP−r A+ + A+
∗
    

d [AP2 ]
2
= 2 kc+ A− P4− − kc− [AP2 ]2 − kl+ [LI] [AP2 ] + kl− [(AP2 )∗ ]
dt

d [(AP2 )∗ ]
= kl+ [LI] [AP2 ] − kl− + kd [(AP2 )∗ ]
dt
 
 
 
 
d [A− ]
= kAr A+ − kAo [O2 ] A− − kl+ [LI] A− + kl− A−
(4.10)
∗
dt

    
2
−2 kc+ A− P4− − kc− [AP2 ]2
  
  
−kP+r A− P4+ + kP−r A+ P4−
 
 
 +
 − 
d [A−
∗]
= kl+ [LI] A− − kl− A−
∗ + kAr A∗ − kAo [O2 ] A∗
dt
   +
 +  −
−
−kP+r A−
P
+
k
P4 + kd [(AP2 )∗ ]
∗
4
P r A∗
+
 
 
 − 
 
d [A∗ ]
= − kAr A+
+ kl+ [LI] A+ − kl− A+
∗ − kAo [O2 ] A∗
∗
dt








+kP+r A−
P4+ − kP−r A+
P4−
∗
∗
 
 
 
 
d [A+ ]
= −kAr A+ + kAo [O2 ] A− − kl+ [LI] A+ + kl− A+
∗
dt
 −  +
 +  −
+
−
+kP r A
P4 − k P r A
P4
Here, we have assumed that the total amounts of the proteins PpsR and
AppA are conserved
1
1
[P4+ ] + [P4− ] + [AP2 ] + [(AP2 )∗ ] = [PT ] and
2
2

(4.11)

−
[A+ ] + [A− ] + [A+
∗ ] + [A∗ ] + [AP2 ] + [(AP2 )∗ ] = [AT ]

where PT and AT denote the total concentrations of PpsR and AppA, respectively. This assumption is in agreement with the fact that the expression level
of PpsR were found to be largely independent of the growth conditions (29).
However, the regulation of AppA is not known. Hence, we will treat the ratio γ = [AT ]/[PT ] as a free parameter in our study. We also neglect dilution
terms due to cell growth in the expressions in Eqs. 4.10 to be consistent with
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Table 4.1: Definition of dimensionless parameters.
α=

kP o
kAo

β=

+
kP
r [AT ]
kAr

γ=

O=

[O2 ]
KO

I=

LI
KL

KO =

kAr
kAo

KL =

kl−
kl+

λ=

kd
kl−

Keq =

+
kP
r
−
kP
r

Kc =

kc−
+
kc [PT ]

η=

kl−
kAr

[AT ]
[PT ]

δ=

kc+ [AT ]2
kAr

our assumptions.
The steady state behaviour of the ODE system in Eqs. 4.10 is analysed by
introducing dimensionless parameters (cf. Table 4.1). This facilitates to assess the relative significance of individual reaction steps for a certain type of
behaviour while keeping the number of free parameters as small as possible.
In addition, concentrations are measured in terms of the total protein concentrations as defined in Table 4.2. Thus, in dimensionless units the ODE
system reads


d
x23
2δ
2
x1 x2 − Kc 2 − η (Ix1 − x6 )
x1 = x5 − Ox1 −
dτ
γ
γ


x2 x5
β
x1 x4 −
−
γ
Keq




d
x23
x2 (x5 + x7 )
2
− δ x1 x2 − Kc 2
x2 = β x4 (x1 + x6 ) −
dτ
Keq
γ
λη
−αOx2 +
x8
(4.12)
2


x23
d
2
x3 = 2δ x1 x2 − Kc 2 − η (Ix3 − x8 )
dτ
γ




d
x2 x7
λ
β
x4 x6 −
+ η Ix1 − x6 + x8
x6 = x7 − Ox6 −
dτ
γ
Keq
γ


x2 x7
β
d
x4 x6 −
x7 = η (Ix5 − x7 ) − x7 + Ox6 +
dτ
γ
Keq
d
x8 = η (Ix3 − x8 − λx8 )
dτ
where x4 and x5 are given by the dimensionless form of the conservation
relations (cf. Eqs. 4.11)
x3 x8
−
and
2
2
x3 x8
− .
= 1 − x1 − x6 − x7 −
γ
γ

x4 = 1 − x2 −
x5
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Table 4.2: Definition of dimensionless state variables.
x1 =

[A− ]
[AT ]

x2 =

[P4− ]
[PT ]

x3 =

[AP2 ]
[PT ]

x4 =

[P4+ ]
[PT ]

x5 =

[A+ ]
[AT ]

x6 =

[A−
∗]
[AT ]

x7 =

[A+
∗]
[AT ]

x8 =

[(AP2 )∗ ]
[PT ]

Table 4.3: Comparison of the parameters of the extended and simple
model.

Extended Model

Simple model

KO =

kAr
kAo

KO =

KL =

kl−
kl+

KL =

+
kP
r
−
kP r

Keq =
O=

Keq =

[O2 ]
KO

O=

kAr
kAo



kc+ [PT ]
kc−

+
kP
r
−
kP
r

1/2

[O2 ]
KO

I=

LI
KL

I=

LI
KL

α=

kP o
kAo

α=

kP o
kAo

β=

+
kP
r [AT ]
kAr

β=

+
kP
r [AT ]
kAr

γ=

[AT ]
[PT ]

γ=

[AT ]
[PT ]

δ=

kc+ [AT ]2
kAr

δ=

kc+ [AT ]2
LI 2 kAr

η=

kl−
kAr

no such parameter

λ=

kd
kl−

no such parameter

Kc =

kc−
kc+ [PT ]

no such parameter

Note that, in Eqs. 4.12, time (τ ) is measured in units of 1/kAr . The oxygen
concentration ([O2 ]), which is measured in units of K0 = kAr /kAo , and the
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light irradiance (LI), which is measured in units of KL = kl− /kl+ (typically
µmol/m2 s) are the two main parameters of the present model. The parameters α, β, γ and Keq are defined in the same way as in Chapter 3, (and
in Ref. (53)) whereas δ is now independent of the light irradiance (LI) due
to the redefinition of kc+ in Eq. 4.4. A comparison of the parameters of the
extended and simple model is shown in Table 4.3.
While doing a direct comparison with the results of the simple model (examined in Chapter 3), it is important to keep in mind that the definitions of
KL and δ are different from those of the simple model. Another consequence
of this redefinition is that the effective dissociation constant Kc now plays
the same role as the square of the dimensionless light irradiance (I 2 ) plays
in the simple model.
In the end, there are two new parameters (see Table 4.3):
kl−
η=
kAr

and λ =

kd
kl−

which have a direct effect on light regulation. Particularly, η represents the
ratio between the rates of the thermal recovery of light-excited AppA species
and that of AppA reduction, whereas λ compares the dissociation rate of the
light-excited complex with the thermal recovery rate.

4.3

Steady State Expressions

Although a detailed analytical steady state analysis of Eqs. (4.12) is not
feasible without simplifying assumptions, it is straightforward to deduce some
relations which show how the oxygen concentration and the light irradiance
determine the fraction of oxidized to reduced and light excited to non-excited
states, respectively under steady state conditions.


2δ
x23
2
x5 − Ox1 −
x1 x2 − Kc 2 − η (Ix1 − x6 )
γ
γ


x2 x5
β
x1 x4 −
=0
(4.14)
−
γ
Keq




x2 (x5 + x7 )
x23
2
β x4 (x1 + x6 ) −
− δ x1 x2 − Kc 2
Keq
γ
λη
−αOx2 +
x8 = 0
(4.15)
2
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x2 x7
λ
x4 x6 −
+ η Ix1 − x6 + x8 = 0
Keq
γ


x2 x7
β
x4 x6 −
=0
η (Ix5 − x7 ) − x7 + Ox6 +
γ
Keq


x23
2
2δ x1 x2 − Kc 2 = η (Ix3 − x8 )
γ
Ix3 − x8 − λx8 = 0

β
x7 − Ox6 −
γ

Addition of Eq. 4.16 with Eq. 4.17 and use of Eq. 4.19 results in
 


x8
x3
− x6 + x7 +
=0
I x1 + x5 +
γ
γ

(4.16)
(4.17)
(4.18)
(4.19)

(4.20)

Using this relation in Eq. 4.13, we get
x3
1
=
γ
1+I
x8
I
x6 + x7 +
=
γ
1+I

x1 + x5 +

(4.21)
(4.22)

These two equations (Eqs. 4.21- 4.22) describe how the light irradiance determines the relative concentration of light-excited (Eq. 4.22) and non-excited
(Eq. 4.21) states .
Addition of Eq. 4.14 and Eq. 4.16 results in


x23
λ
2δ
2
x1 x2 − Kc 2 + η x8
x5 + x7 − O(x1 + x6 ) −
γ
γ
γ


β
x2 (x5 + x7 )
−
x4 (x1 + x6 ) −
=0
(4.23)
γ
Keq
After adding Eq. 4.15 with Eq. 4.23, and using Eq. 4.18 and Eq. 4.19 we
obtain
x5 + x7
=O
(4.24)
x1 + x6 + αγ x2
Eq. 4.24 shows that how the oxygen concentration determines the ratio between oxidized and reduced states.

4.4

Results

In most of the simulations, the electron transfer from AppA to PpsR in
Eq. 4.3 is assumed effectively irreversible, as suggested by the experimental
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results of Masuda and Bauer (22). This assumption corresponds to the limit
Keq → ∞ in Eqs. 4.12 or kP−r = 0 in Eq. 4.3. We first present the effect
of new parameters in absence of light regulation. Afterwards, we estimate
the some of the parameters and show the role of new parameters in the full
model (in presence of redox and light regulation) along with the comparison
of model prediction with experimental results. In the end we will discuss how
extended model also account for the lowered blue light sensitivity observed
in the AppA mutant strain (36).

4.4.1

Effect of the New Parameters in the Absence of
Light

It is straight forward to see that the total amount of light-excited species
is conserved, if we set η=0 in the Eqs. 4.12, i.e. d(x5 + x6 + x7 )/dt = 0,
and if we set the initial concentrations of these species to zero they will
remain zero in time. Hence, under these conditions we recover the structure
of the simple model (Chapter 3) (53). Particularly, the maximum of reduced
PpsR at intermediate oxygen concentrations (O ≈ 2) is lowered, as Kc is
decreased (Figs. 4.2A, 4.2B). Since decreasing the value of Kc increases the
effective binding affinity for complex formation between AppA and PpsR, the
amount of free reduced PpsR molecules is lower under anaerobic conditions
(O = 0)(Figs. 4.2A, 4.2B). Similar to the simple model, when α and γ are
chosen such that the condition αO > γ > 2 is fulfilled, lowering Kc can also
induce a bistable response in the transition from the anaerobic to the aerobic
growth regime (Figs. 4.2C, 4.2D).

4.4.2

Parameter Estimation for the Extended Model

There is a total of 12 parameters (Table 4.1) in the model (defined by
Eqs. 4.12), two of which (KO and KL ) can be ‘absorbed’ into the definition
of the dimensionless oxygen concentration (O = [O2 ]/KO ) and the dimensionless light irradiance (I = LI/KL ), respectively. Reasonable ranges for
the parameters α, β, γ and Keq are suggested by the analysis of the simple
model (cf. Fig. 4.2). A biologically plausible range for the two parameters,
η = kl− /kAr and λ = kd /kl− , can be estimated as follows: kl− describes the
thermal relaxation of light-excited AppA back to the ground state. Experiments have shown that, upon blue light excitation, AppA undergoes a photocycle in the course of which a long-lived signaling state is formed (22, 51, 52).
The half-life of the signaling state was found to be 15 min (22) corresponding
to kl− ≈ 10−3 /s. On the other hand, kAr characterizes the rate of reduction
of AppA while kd is related to the light-induced conformational change of
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Figure 4.2: Effect of the new parameters in the absence of light regulation(η =
0): (A and B) When α = 1 and γ = 2, decreasing Kc lowers the maximum of
reduced PpsR (P4− ) at intermediate oxygen concentrations (O ≈ 2) as well as
the amount of free reduced PpsR (P4− ) under anaerobic conditions (O = 0).
(C and D) When α = 10 and γ = 4, decreasing Kc results in a bistable
response. In the region between the two limit points (LP), two stable steady
states (solid lines) coexist with one unstable steady state (dashed line). Other
used parameters are: Keq = ∞ and β = 103 .
AppA. It can be expected that both processes occur on a significantly faster
time scale compared to 1/kl− . For example, conformational changes of proteins typically occur on a time scale of milliseconds (54) such that we expect
λ ≫1 and η ≪ 1.
The parameters KL , Kc and δ can be estimated by combining results
from experimental measurements with general mechanistic reasoning. This
will be attempted in the following sections
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(a) Estimation of KL
We have modeled the light-dependent excitation of the FAD domain in the
AppA protein as a simple two-state process (Eqs. 4.5-4.7), where the rate
of the forward reaction kl+ · LI is assumed to be proportional to the light
irradiance LI, whereas the rate of the backward reaction is modeled as a
thermal recovery process characterized by a first order rate constant kl− .
Therefore, the quantity KL = kl− /kl+ defines a unit scale with respect to
which we measure the light irradiance as LI = I · KL , i.e. KL has the same
dimension as LI (typically µmol/m2 s), whereas I is dimensionless.
Recently Metz et al., estimated both the parameters kl+ and kl− by fitting
in vivo measurements of the AppA-mediated repression of the puc operon
over a broad range of light irradiation to models of different complexity for
the photocycle of AppA (36). They approximated the rate constant kl+ for
light excitation from the photochemical quantum yield (Q ≈ 0.3) and the
extinction coefficient of AppA in the dark state (ε = 6764 M −1 · cm−1 in the
wavelength range of 400 − 700 nm) as (36)
kl+ = Q · ε · ln 10

l
mol · cm
m2
.
= 0.00047
µmol

≈ 4.7 · 103

(4.25)

The thermal recovery rate was estimated to be in the range (36):
kl− = 0.00012/s, . . . , 0.0013/s

(4.26)

which is compatible with an independent estimate for the half-life of the
AppA-excited state of T1/2 = 15 min (22) i.e. decay rate= tln1/22 = 0.0008/s .
Combining Eqs. (4.25) and (4.26) we can estimate the unit of light irradiation
as
k−
µmol
KL = l+ = 0.26, . . . , 2.8 2 .
(4.27)
ms
kl
We will use a value of KL = 1µmol/m2 s to compare the results of our simulations with experimental measurements over the range of light irradiation
between 0.1, . . . , 20µmol/m2 s.
(b) Estimation of Kc
Through Eq. 4.4, we have modeled the complex formation between the reduced forms of AppA (A− ) and PpsR (P4− ) as an effective third order process
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according to the scheme
kc+

2A− + P4− ⇄ 2AP2
kc−

where AP2 denotes the complex between an AppA monomer and half of a
PpsR tetramer. In Eq. 4.4, kc+ and kc− denote effective third and second order
rate constants, respectively. In Ref. (53) we have shown that these effective
rate constants can be derived from the kinetic parameters of an underlying
multi-step process of the form
2ka+

A− + P4− ⇄ AP4

(4.28)

ka−
ka+

−

A + AP4

⇄ A2 P4

(4.29)

2ka−

A2 P4

kd+

⇄ 2AP2

(4.30)

kd−

In the above scheme, we have assumed that PpsR tetramer is composed of
two identical dimer subunits. The first two equations of this scheme describe
the association of an AppA molecule to either of the two PpsR dimers. In
Eqs. 4.28 and 4.29, the combinatorial factors of 2 result from the fact that in
the first association event (Eq. 4.28), there are two possibilities for an AppA
molecule to bind one of the two PpsR dimers. Similarly, there are two possibilities for an AppA molecule to dissociate from the A2 P4 complex. To make
it simple, we have assumed that binding of the second AppA molecule occurs
independently from the first binding event such that the rate constants ka+
and ka− are the same for both binding steps. The last equation, Eq. 4.30,
represents the formation of the experimentally observed AppA-PpsR complex (AP2 ). In Ref. (53) using a quasi-steady state approximation for the
intermediate association steps we have shown that the effective parameters
kc+ and kc− are related to the kinetic parameters of the underlying multi-step
process (Eqs. 4.28-4.30) as
kc+

kd+
= 2
Ka

and kc− = kd−

(4.31)

where Ka = ka− /ka+ denotes the dissociation constant for the association
between AppA and PpsR. We also define the dissociation constant Kd =
kd+ /kd− for the dissociation of A2 P4 into two AP2 complexes (Eq. 4.30).
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To estimate the numerical value of the parameter Kc as defined in Table 4.1 we express Kc in terms of Ka , Kd and the total PpsR concentration
(PT ) as
k−
Ka2
Kc ≡ + c =
.
(4.32)
k c PT
Kd P T
Since in vivo data is not available, we estimate the parameters Ka and PT
from the binding experiments between PpsR and DNA fragments containing
the puc promoter with the palindromic consensus sequence for PpsR-binding
(22). The EC50 -value of PpsR ranges between 20 nM and 50 nM for oxidized
and reduced PpsR, respectively, under dark conditions. In the presence of
AppA, the EC50 -value is shifted towards higher values of around 100 nM
due to the formation of AppA-PpsR complexes. In the presence of light,
the EC50 -value is lowered to around 70 nM due to the dissociation of these
complexes which releases more PpsR for DNA-binding.
Based on these findings, one can expect the dissociation constant for
AppA-PpsR binding to be lower than 100 nM because otherwise complex
formation would not be effective. Also, to reach saturating levels of DNAbinding under all conditions the PpsR concentration should be larger than
100 nM. On the other hand, for an effective sequestration of PpsR molecules
into AppA-PpsR complexes the total AppA concentration should exceed that
of PpsR by at least a factor of 2 because two AppA molecules are required to
sequester one PpsR tetramer. Hence, it seems reasonable to assume that the
total PpsR concentration in the cell is larger than 100 nM, but not too large
in order to allow for an effective sequestration by AppA. As a conservative
estimate we assume that Ka = 0.1µM and PT = 0.2µM which leads to
Kc =

0.05µM
0.12 µM 2
=
.
0.2µM · Kd
Kd

(4.33)

A reasonable value for Kd can be estimated by the following argument: For
complex formation, as described by Eqs. 4.28-4.30, to be effective one would
expect that the rate of dissociation of the intermediate A2 P4 complex into
AP2 complexes (Eq. 4.30) is much higher than the rate for the formation
of A2 P4 from two AP2 complexes. Hence, one expects that the dissociation
constant Kd is large compared to the total concentrations of PpsR and AppA.
For example, a value of Kd = 50µM would result in a value of 0.001 for the
parameter Kc .
Together, this shows that when the dissociation of the intermediate A2 P4
complex is effectively irreversible (Kd ≫ PT , AT ) and when the binding between AppA and PpsR is tight (Ka ≪ PT ) the dimensionless parameter Kc
assumes values in the range Kc ≪ 0.1. For the simulations we have mostly
used for Kc a value of 10−4 .
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(c) Estimation of δ
Recall that in formulation of the model in Chapter 3, δ was light-dependent
although the steady state behaviour did not depend on δ. Here, the parameter δ = kc+ [AT ]2 /kAr compares the time scale for the reduction of AppA
(1/kAr ) with that for the association between AppA and PpsR (1/kc+ [AT ]2 ).
The value of δ can be estimated by following arguments: The simple
model (Chapter 3), indicates that for an efficient sequestration of PpsR by
AppA the total amounts of AppA should exceed those of PpsR by at least a
factor of 2. Therefore, if total amounts of PpsR were in the range between
0.1 µM and 0.2 µM (see Section: Estimation of Kc ) we would expect [AT ] to
be in the range between 0.2 µM-0.4 µM. The rate of AppA reduction (kAr )
can be estimated from the requirement η = kl− /kAr ≪ 1 as discussed in
the Section Estimation of the Parameters for the Extended Model. Since the
recovery rate of light-excited AppA, kl− ≈ 0.0013/s, is small we can expect
that kAr is larger or much larger than 0.01/s. For specificity, we assume that
kAr = 0.01/s, . . . , 0.1/s.
Finally, to estimate the value of kc+ = kd+ /Ka2 (Eq. 4.31) we use the previous estimate for Ka = 0.1µM (see Section Estimation of Kc ). A reasonable
value for kd+ can be obtained from our estimate of the dissociation constant
Kd = kd+ /kd− which was based on the requirement that the final reaction
step in the formation of the AppA-PpsR complex (Eq. 4.30) is effectively
irreversible. Hence, we expect the re-association rate kd− between two AP2
molecules to be much smaller than the association rate ka+ between AppA
and PpsR in Eqs. (4.28) and (4.29) which has been measured in Ref. (5)
as 0.04/µMs. For specificity we assume that kd− = 0.001/µMs. To be consistent with our previous estimate (see Section Estimation of Kc ) we further
assume that Kd = 50 µM which leads to kd+ = 0.05/s and kc+ = 5/µM 2 s.
Putting everything together we find that δ lies in the range between 2 and
80. For the simulations we have used a value of δ = 10.
We find that KL ≈ 1µmol/m2 s, Kc ≪ 0.1 and δ = 2, . . . , 80. The
reasonable or estimated value of the all the parameters are summarized in
the Table 4.4.

4.4.3

Peak Development in the Extended Model

The in vivo study by Metz et al. (35) showed that the AppA/PpsR system responds to blue light signals down to a light irradiance of 0.2 µmol/m2 s where
half maximal repression of the puc gene was observed . They observed that
saturating levels of puc gene repression were reached at LI ≈ 1 µmol/m2 s
and they remained constant up to LI = 20 µmol/m2 s. These observations
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Table 4.4: Estimated/Reasonable or Used Value of Parameters

Estimated/Reasonable
Value

Parameters
KL =

kl−
kl+

1

+
kP
r
−
kP
r

Keq =

µmol
m2 s

(0.26, . . . , 2.8

1, . . . , ∞

α=

kP o
kAo

1, . . . , 10

β=

+
kP
r [AT ]
kAr

1, . . . , 1000

γ=

[AT ]
[PT ]

1, . . . , 4

δ=

kc+ [AT ]2
kAr

2, . . . , 80

η=

kl−
kAr

10− 2 (≪ 1)

λ=

kd
kl−

102 (≫ 1)

KC =

µmol
)
m2 s

kc−
kc+ [PT ]

10−4 (≪ 0.1)

suggest that, in vivo, the range LI ≥ 1 µmol/m2 s can already be regarded as
‘high light’ conditions although in vitro studies often used a light irradiance
that was up to two orders of magnitude larger (22, 28, 29). No repression
of PS genes was observed at a light irradiance of LI ≤ 0.1 µmol/m2 s which,
thus, marks the lower bound for the sensitivity range with respect to light.
As it is shown in Fig. 4.3, the extended model predicts the formation
of a light-dependent maximum in the concentration of reduced PpsR at intermediate oxygen concentrations for a reasonable set of parameters (see
Section 4.4.2). This peak formation requires a sufficiently large time scale
separation between the reduction rate of PpsR and that of AppA (β ≫ 1)
similar to the simple model discussed in Chapter 3 and Ref. (53). Additionally, two trends are apparent: First, at a fixed value of β the difference
between the maximum under low light conditions (0.1 µmol/m2 s, no gene
repression) and that under high light conditions (1 µmol/m2 s, maximal gene
repression) is determined by the binding affinity (Kc ) of the AppA-PpsR
complex. For smaller values of Kc , when complex formation between AppA
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Figure 4.3: Light-dependent development of the peak in the steady state response curve of reduced PpsR in the extended model (Eqs. 4.12). It shows
the steady state response curves of reduced PpsR (P4− ) as functions of the
oxygen concentration (O) for different values of Kc and β. The light irradiance LI in µmol/m2 s is denoted by small numbers. As Kc increases (from
left to right) the maximum of reduced PpsR ([P4− ]) at intermediate oxygen
levels (O ≈ 2) increases under low light conditions (LI = 0.1µmol/m2 s). As
β decreases (from top to bottom) the maximum of reduced PpsR at intermediate oxygen levels decreases significantly under low light conditions. Used
parameters are: Keq = ∞, η = 10−2 , λ = 102 , δ = 10, α = 1, γ = 2.
and PpsR occurs with higher affinity, the difference between the maxima in
the concentration of reduced PpsR gets larger. Second, peak formation is
more pronounced when the time scale separation between AppA and PpsR
reduction is large (β = 103 ) although it does not vanish under low light conditions (LI = 0.1, Figs. 4.3A, 4.3B). In contrast, when β = 102 (corresponding
to an intermediate time scale separation) the response curve of reduced PpsR
54

Chapter 4. An Extended Model for the AppA/PpsR System
still develops a maximum at intermediate oxygen concentrations, but peak
formation under low light conditions is significantly suppressed, especially
when Kc = 10−4 (Figs. 4.3C, 4.3D).
At present, the response curves in Fig. 4.3 can not be directly compared
with experiments since measurements of reduced PpsR under different light
conditions are not available. However, under the hypothesis that the specific
repression of PS genes under semi-aerobic conditions is associated with the
occurrence of a maximum in the response curve of reduced PpsR, we expect the parameters β and Kc to be constrained by two antagonistic goals:
Peak formation, apparently, requires a sufficiently large time scale separation
between AppA and PpsR reduction (β ≫ 1). On the other hand, increasing β decreases the difference between the maxima of reduced PpsR under
high and low light conditions. As a consequence, the range of PpsR concentrations over which PS gene transcription would have to respond becomes
smaller requiring a higher sensitivity of these systems. Therefore, to guarantee a proper functionality of the AppA/PpsR system with respect to both
light and redox regulation, we expect β and Kc to be constrained such that
the peak formation at intermediate oxygen levels becomes possible (β sufficiently large) while maintaining a sufficiently large difference of the maximal
PpsR concentrations between high and low light conditions (β not ‘too large’
and Kc sufficiently small).

4.4.4

Repression of PS genes Under Semi-Aerobic Conditions

In vivo blue light dependent regulation of PS genes by the AppA/PpsR system under semi-aerobic conditions has been recently investigated by Metz
et al. (35, 36). Their studies showed that the most substantial changes in
the expression level of the puc gene occurred over only one order of magnitude in the range of light irradiance between 0.1 µmol/m2 s (no repression)
and 1µmol/m2 s (maximal repression). Note that, when puc gene repression
reached maximal levels the relative repression level was only around 70% indicating a residual transcriptional activity even under high light conditions.
The extended model can reproduce both features of the simple model, the
peak formation and bistable response, for the parameter set used in Fig. 4.3A.
To compare the response curve of reduced PpsR as a function of the light
irradiance (Fig. 4.5 A, solid curve) with experimental measurements of puc
gene inhibition (Fig. 4.5 B, filled circles) we have assumed that the extent of
puc inhibition is proportional to the amount of reduced PpsR that is bound to
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Figure 4.4: Estimation of the effective Hill coefficient from the experimental
data of DNA-binding measurements. Black filled circles represent measurements (taken from Masuda and Bauer (22)) of the percentage of reduced
PpsR bound to DNA containing the puc promoter with the palindromic consensus sequence of PpsR. The solid line represents a non-linear least square
n
fit using a Hill function of the form: A × [P psR]n /(EC50
+ [P psR]n ) where
A = 89.6 ± 10, EC50 = (55.8 ± 6)nM and n = 3.5 ± 0.88.
DNA. Using the results of DNA-binding experiments by Masuda and Bauer
(22) the relationship between puc inhibition and the fraction of DNA-bound
PpsR (x2 = [P4− ]/[PT ]) can be described by a simple Hill function of the form
(cf. Fig. 4.5 B, dashed line):
puc inhibition = 100

xn2
,
K n + xn2

where K = EC50 /[PT ] and n denote a relative DNA-binding affinity and an
effective Hill coefficient, respectively. The EC50 was found to be 69 nM (22),
while the effective Hill coefficient was estimated from DNA-binding measurements as n ≈ 3.5 (Fig. 4.4). In Fig. 4.5, no attempt was made to find a set of
parameters that fits the experimental data points optimally. The conclusion
that can be drawn at this stage is that there exists a biologically reasonable
set of parameters which leads to a response curve that is in agreement with
experimental measurements.
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A

B

Figure 4.5: The prediction of the extended model for the light response, and
comparison with experiments. (A) The response curve of reduced PpsR (P4− )
(solid line) for the parameter set Keq = ∞, Kc = 10−4 , α = 1, β = 103 ,
γ = 2, δ = 10, η = 10−2 , λ = 102 , O = 2 (cf. Fig. 4.3 A). (B) The dashed
curve denotes the percentage of puc gene inhibition as calculated from: puc
inhibition = 100 × xn2 /(K n + xn2 ) with x2 = [P4− ]/[PT ] (cf. Table 4.1), n = 3.5
(effective Hill coefficient) and K = EC50 /[PT ] = 0.7 where EC50 denotes the
concentration for half-maximal saturation. Filled circles represent experimental measurements (2 repetitions) of puc inhibition taken from Ref. (36).

To demonstrate how parameter changes affect the shape of the response
curve shown in Fig. 4.5 A (solid line) we have generated a set of response
curves for different combinations of the parameters δ, λ and η (Figs. 4.6A,
4.6B, 4.6C). Observe that, in general, changing any of these parameters affects the steepness of the response curve and/or the LI50 value, i.e. the light
irradiance where half-maximal levels of reduced PpsR are reached. Particularly, increasing the parameter δ = kc+ [AT ]2 /kAr , which describes the time
scale separation between complex formation and AppA reduction, increases
the LI50 while leaving the steepness almost unchanged (Fig. 4.6A). However,
decreasing δ does not only lead to a smaller LI50 , but also significantly decreases the steepness of the response curve. Therefore, we conclude that the
time scales for complex formation and AppA reduction have to be appropriately balanced to generate a light response as observed experimentally.
Similar conclusions can be drawn with respect to changes of the parameters λ = kd /kl− and η = kl− /kAr , both of which have a direct effect on
light regulation (cf. Eqs. 4.5-4.7). Recall that in Section 4.4.2 we have
argued that, due to the small relaxation rate of the AppA signaling state
(kl− ≈ 10−3/s), we expect that λ ≫ 1 and η ≪ 1. Increasing the value of η
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Figure 4.6: A demonstration of how changes in δ, λ and η affect the light response under semi-aerobic conditions (O = 2). Solid lines denote the steady
state response curves of reduced PpsR (P4− ) as functions of the light irradiance (LI) for β = 103 (A,B,C) and β = 102 (D,E,F) for the parameter set
used in Fig. 4.5: α = 1, γ = 2, δ = 10, λ = 102 , η = 10−2 , KC = 10−4 ,
Keq = ∞. Dashed lines show how the shape and/or the position of the
reference response curve would be affected by changing independently one
of the parameters δ (A,D), η (B,E) or λ (C,F) as indicated. Dotted lines
mark the region of light irradiance over which repression of the puc gene
changes from its minimal value (LI = 0.1µmol/m2 s) to its maximal value
(LI = 1µmol/m2 s) as observed experimentally (35, 36).

significantly affects the steepness of the response curve as well as the LI50 ,
both of which are lowered (Fig. 4.6 B). In contrast, a 10-fold decrease of λ to
a value of 10 has virtually no effect on the response curve (Fig. 4.6 C). We
see a modest increase in the LI50 only when the relaxation rate kl− becomes
comparable with the dissociation rate of AppA-PpsR complexes (λ = 1).
Briefly, these results suggest that a proper response to light signals in the
experimentally observed range requires a clear time scale separation between
redox- and light-dependent processes (η ≪ 1) while the precise value of λ
seems to be less important as long as λ ≥ 1.
Notice that the conclusions drawn in this Section are independent of the
particular value of β which only causes a ‘vertical’ shift of the response curves
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while the effect of δ, λ and η on the response behaviour remains qualitatively
same (Figs. 4.6D, 4.6E, 4.6F ). These results all together indicate that the
qualitative behaviour of the system remains robust within an extended region
of the parameter space.

4.4.5

Role of γ on the Peak-Position and Bistability

In Chapter 3 and Ref. (53), it has been shown that the ratio between total
copy numbers of AppA and PpsR (γ = [AT ]/[PT ]) does not only determine
how many PpsR molecules can be sequestered by AppA under anaerobic
conditions, but also whether or not bistability is possible. In fact, in Chapter 3 it has been shown that an efficient sequestration requires γ ≥ 2 while
bistability can occur for αO > γ > 2.
The extended model shows that γ also affects the position of the maximum in the steady state response curve of reduced PpsR (Fig. 4.7). Particularly, for γ = 1 the maximum occurs at a fixed oxygen concentration which
depends on the parameter α = kP o/kAo , but not on the light irradiance
(Figs. 4.7A, 4.7B). In contrast, as γ is increased the position of the PpsR
maximum is shifted towards larger oxygen concentrations and a bistable response becomes possible (Figs. 4.7C, 4.7D). This result suggests that if a
well-defined semi-aerobic regime is to exist (i.e. light-dependent peak formation occurs in a narrow region of oxygen concentrations) then there should
exist a stoichiometric constraint for the ratio between total amounts of AppA
and PpsR (γ = [AT ]/[PT ] must not become too large). As PpsR expression
levels ([PT ]) were found to be largely independent of the growth conditions
(29) therefore this means that AppA expression levels ([AT ]) would have to
be regulated in such a way that γ ≤ 2 (Fig. 4.3). This indicates that γ ≈ 2
might be an optimal value in the sense that it allows for an efficient sequestration of PpsR while minimizing the light-dependent shift of the semi-aerobic
regime (Fig. 4.7).
We observed that the occurrence of bistability is restricted to low light
conditions (I ≤ 1 corresponding to LI ≤ 1 µmol/m2 s) and intermediate
oxygen levels (Fig. 4.8A). Like the model in Chapter 3 and Ref. (53), the
existence of bistability seems to require that α and β assume sufficiently large
values (Figs. 4.8B, 4.8C), which implies that there must be a sufficiently large
time scale separation between processes that modulate the redox states of
AppA and PpsR. Contrary to that, the requirements for the parameters λ
and η, both of which have a direct effect on light regulation, seem to be much
less stringent. In fact, both parameters can vary over several orders of magnitude within a broad band without leaving the bistability region (Fig. 4.8D).
Although a bistable response is, as yet, not experimentally validated in the
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Figure 4.7: Shift of the peak position (light, α and γ dependent) and bistability
(light and α dependent). Shown are the steady state curves of reduced PpsR
(P4− ) as functions of the oxygen concentration (O) for different combinations
of α = kP o /kAo and γ = [AT ]/[PT ]. The light irradiance LI in µmol/m2 s
is denoted by small numbers. (A and B) If γ = 1, the maximum of reduced
PpsR at intermediate oxygen levels occurs at a fixed oxygen concentration
which depends on the value of α. (C and D) When γ is increased, the position
of the maximum is shifted towards larger oxygen concentrations in a lightdependent manner, and the response becomes bistable. In the region between
the two limit points (LP), two stable steady states (solid lines) coexist with one
unstable steady state (dashed line). Other used parameters are: Keq = ∞,
Kc = 10−4 , β = 103 , η = 10−2 , λ = 102 , δ = 10.

AppA/PpsR system, our results suggest that a straightforward way to test
this possibility would be to overexpress AppA by providing some extra copies
of the appA gene (29). Notice that an increase of the total AppA concentration (AT ) would lead to an increase in the parameters β, γ and δ (cf.
Table 4.1). As it is clear from Fig. 4.8, the region of bistability increases
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Figure 4.8: Regions of bistability (gray-shaded regions) projected on different
two-parameter planes. In the gray-shaded regions two stable steady states
coexist with one unstable steady state. These regions are bounded by two
limit points (LP). Used parameters other than shown in the respective panel
have the values: Keq = ∞, Kc = 10−4 , α = 10, β = 103 , γ = 4, δ = 10,
η = 10−2 , λ = 102 , O = 1, I = 0.1.

as these parameters become larger, hence, increasing AT should facilitate
the observability of a bistable response. It is advantageous to perform such
experiments with a PrrB knock-out strain to prevent interference with the
PrrB/PrrA two-component system, which specifically induces PS gene expression under anaerobic conditions (7). A heterogeneous response in the
expression level of PS genes could be an advantageous survival strategy for
a population of photosynthetic bacteria to cope with fluctuations in oxygen
and light availability, especially under semi-aerobic and low light conditions.
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4.4.6

Role of Keq for the Peak of Reduced PpsR

The peak formation at intermediate oxygen levels is completely suppressed
as the equilibrium constant Keq for the electron transfer between AppA and
PpsR (Eq. 4.3) approaches 1 (Fig. 4.9). A similar result is obtained for
the simple model in Chapter 3. Thereby, we expect that, in vivo, Keq is
sufficiently large (Keq ≫ 10) which is in agreement with the experimental
observation by Masuda and Bauer according to which this electron transfer
is effectively irreversible (22).
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Figure 4.9: A demonstration of how the reversibility of the electron transfer
from AppA to PpsR (Eq. 4.3) affects the formation of the peak in the steady
state response curve of PpsR. As shown, when the equilibrium constant Keq
approaches unity the maximum in the concentration of reduced PpsR (P4− )
at intermediate oxygen concentrations (O ≈ 2) vanishes. Numbers denote
light irradiance LI in µmol/m2 s. Parameters are the same as in Fig. 4.3A:
Kc = 10−4 , α = 1, β = 103 , γ = 2, δ = 10, η = 10−2 , λ = 102 .
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4.4.7

Light Response Curve of an AppA Mutant

A central role of several amino acid residues (Gln63, Trp104 and Tyr21) in
the FAD binding site of the AppA protein for a proper functioning of its photocycle has been shown by in vitro studies (55–57). More specifically, it has
been suggested that tryptophan 104 is involved in mediating light-induced
structural changes in the AppA protein (32, 33). A recent experimental
study showed that a base exchange from tryptophan 104 to phenylalanin
yields an AppA protein (W104F) with substantially lowered (10 to 20-fold)
blue-light sensitivity under semi-aerobic conditions (36), i.e. the required
light irradiance for maximal inhibition of the puc gene is increased 10 to 20fold (Fig. 4.10B, red circles). Metz et al. (36) suggested that this change in
blue-light sensitivity would be attributed to a 10-fold increase of the thermal
recovery rate of the AppA signaling state.
The thermal recovery rate is represented by kl− in the present model, and
a 10-fold increase in this parameter will cause a change in the value of 3 dimensionless parameters (KL , η and λ; cf. Table 4.1) relative to the parameter
values that were used to model the wild type (WT) strain (Fig. 4.10, black
lines). Particularly, KL and η will be 10-fold larger compared to the values
used for the WT strain while λ will be 10-fold lower. If we use the new parameter values we find, indeed, a shift of the WT response curve (Fig. 4.10,
black lines) towards higher light irradiance (Fig. 4.10, blue lines) in agreement with a lower sensitivity. Nevertheless, the shift is far less pronounced as
the shift observed in experiments (Fig. 4.10B red circles). To achieve better
agreement with the experimentally observed shift in the light response curve,
we had to take into account that the W104F AppA protein also exhibits a
lowered ability to release PpsR when bound in a complex with AppA (36).
In the model, we can account for this effect by increasing the association
rate between AppA and PpsR or lowering the dissociation rate of the AppAPpsR complex (kd ) or both. A good agreement of the light response curve
obtained by simulation with the experimentally observed curve was obtained
by a simultaneous decrease (increase) of kd (kc+ ) by a factor of 10 (Fig. 4.10,
red lines), which suggests that the base exchange from tryptophan 104 to
phenylalanin does not only affect the thermal recovery rate of AppA, but
also the interaction strength between AppA and PpsR.

4.5

Discussion and Summary

In this Chapter an extended model for the oxygen-and light-dependent interaction between AppA and PpsR proteins has been proposed and the steady
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Figure 4.10: Response curves of the AppA W104F mutant strain to changes
in light irradiance, and comparison of the model predictions (light response
curves) with experiments (36). (A) Shown are the steady state response
curves of reduced PpsR (P4− ) for different parameter sets. Black line:
KL = 1, Kc = 10−4 , δ = 10, η = 10−2 , λ = 102 (cf. Fig. 4.5), blue line:
KL = 10, Kc = 10−4 , δ = 10, η = 0.1, λ = 10 corresponding to a 10-fold
increase of the thermal recovery rate kl− and red line: KL = 10, Kc = 10−5 ,
δ = 100, η = 0.1, λ = 1 corresponding to a 10-fold increase of kl− and kc+ ,
and a 10-fold decrease of kd . Other used parameters are: α = 1, β = 103 ,
γ = 2, Keq = ∞, O = 2. (B) Filled circles are experimental measurements
of puc inhibition (taken from Ref. (36)): black circles (wild-type), red circles (W104F). Dashed lines represent the percentage of puc gene inhibition
that was calculated using the corresponding curve from panel A: puc inhibition = 100 × xn2 /(K n + xn2 ) with x2 = [P4− ]/[PT ], K = 0.7 and n = 3.5
(cf. Fig. 4.5). Dotted lines indicate the range of light irradiance over which
puc inhibition changes from its minimal to its maximal level in the wild-type
strain.

state behaviour of the extended model has been analysed. These proteins
(AppA and PpsR) are part of a signal transduction system, which is specifically involved in the regulation of photosynthesis genes in the facultative
photosynthetic bacterium Rhodobacter sphaeroides. This model is based on
our simple model (Chapter 3), and in it a detailed mechanism for the lightdependent interactions between AppA and PpsR is incorporated, as proposed
by Han et al. (5). In contrast with the PrrB/PrrA system, which is involved
in PS gene induction under anaerobic conditions (17, 31), the AppA/PpsR
system does not represent a standard two-component system (58), though it
also consists of a sensory protein (AppA) that modulates the activity of an
associated effector protein (PpsR) in response to environmental signals. Due
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to the presence of the AppA protein, which integrates both blue light and
redox signals, the R. sphaeroides bacterium exhibits a specific phenotype
at intermediate oxygen levels, where PS genes are repressed by sufficiently
strong blue light illumination (28, 35, 59). This phenotype seems to be unique
to R. sphaeroides (6), as an AppA-homolog does not seem to exist in other
purple bacteria.
The potential kinetic and stoichiometric requirements for the regulatory
processes between AppA and PpsR, that could explain the emergence of
such phenotype, are analysed with the help of mathematical modeling. It
is shown that, using biologically plausible parameter values, the model predictions can be brought in congruence with experimental measurements of
light-dependent PS gene repression under semi-aerobic conditions. Additionally, the model can qualitatively account for the reduced light sensitivity
observed in an AppA mutant strain (36). Simulation results suggest that the
specific light-dependent repression of PS genes under semi-aerobic conditions
is caused by two time scale separations in the AppA/PpsR interaction network: The first time scale separation arises when the rate of PpsR reduction
is much larger than that of AppA (i.e if β is sufficiently large). As a result,
the steady state curve for reduced PpsR exhibits a pronounced maximum at
intermediate oxygen levels and the height of this maximum decreases in a
light-dependent manner (Fig. 4.3). We expect β to lie in the range between
100 and 1000, depending on the sensitivity of signal transduction systems
downstream of PpsR. The second time scale separation arises from the fact
that the AppA signaling state has a comparably long half-life of approximately 15 minutes (22, 36). Our simulation results indicate that, in order
to ensure a proper response to light signals under semi-aerobic conditions
(Fig. 4.5, Fig. 4.6) the corresponding relaxation rate (kl− ) has to be much
smaller than the rate of AppA reduction (kAr ) .
Further, our simulation results suggest that constraining the ratio between total amounts of AppA and PpsR (γ = [AT ]/[PT ]), to the range between 1 and 2 could help to prevent the occurrence of a significant lightdependent shift of the semi-aerobic regime (Fig. 4.7) while still allowing for
an efficient sequestration of PpsR by AppA. However, this constrain for γ
would preclude the possibility of a bistable response (Fig. 4.8). We suggest
that a simple way to induce or favor a bistable response is to increase the
total concentration of AppA relative to that of PpsR, e.g. by overexpressing
the appA gene.
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Chapter 5
Conclusions and Outlook
In Rhodobacter sphaeroides, the AppA/PpsR signal transduction system is
part of the switching mechanism for the generation of energy from photosynthesis to respiration, and vice versa, as a response to changing oxygen levels
and light conditions. The molecular mechanism underlying this switching behaviour is theoretically poorly understood, yet. It is also unclear why these
bacteria use the additional protein AppA along with PpsR compared to simple systems like CrtJ in Rhodobacter capsulatus (the closest purple bacteria
to R. sphaeroides).
In a broader context, we were addressing the question, how photosynthetic bacteria sense, integrate and respond adequately to oxygen and light
signals. We tried to find out what are the extra features and regulatory
capabilities the AppA/PpsR system of R. sphaeroides has, due to the presence of additional protein AppA, which other purple bacteria such as R.
capsulatus do not have. Another aim was to explain how the light and
redox-dependent interaction between AppA and PpsR leads to the PS gene
repression under semi-aerobic conditions under high blue light irradiance (
LI ≈ 20µmolm−2 s−1 ).
To obtain a better quantitative understanding of the regulatory features of
the AppA/PpsR system, we first developed a simple mathematical model of
the AppA/PpsR system taking into account mainly redox regulation, which
is the first mathematical model for this system (discussed in Chapter 3).
Subsequently, we extended the simple model by incorporating a more detailed
light regulation of the interaction between AppA and PpsR (discussed in
Chapter 4), as in the simple model we modeled the light regulation only
in an effective manner. We then employed well established techniques from
nonlinear dynamics to analyse the model equations, and to explore the steady
state behaviour of the system.
With the help of the steady state analysis, we successfully explained the
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potential kinetic and stoichiometric requirements for the regulatory processes
between AppA and PpsR that could result in the emergence of the phenotype
in which PS genes are repressed under blue light illumination at intermediate oxygen levels. We suggested that a peak formation in the steady state
response curve of reduced PpsR could account for this phenotype. The peak
formation is caused by two time scale separations in the AppA/PpsR interaction network. The first time scale separation arises when the rate of
reduction of PpsR is much larger than that of AppA (i.e. if β is sufficiently
large). The second time scale separation originates due to the fact that the
AppA signaling state has a comparably long half-life of approximately 15
minutes (22, 36). Our results suggest that the corresponding relaxation rate
(kl− ) has to be much smaller than the rate of AppA reduction (kAr ) to ensure
a proper response to light signals under semi-aerobic conditions (Fig. 4.5,
Fig. 4.6). The peak formation also requires that the electron transfer from
AppA to PpsR should be effectively irreversible. Also, the extended model
can qualitatively account for the observed lowered light sensitivity in an
AppA mutant strain (36).
In addition, we found that the network structure of the AppA/PpsR system is such that it can potentially exhibit bistable behaviour, which would
lead to a hysteretic switch-like induction of PS genes as a response to changing redox conditions in the environment (Fig. 3.8). For the simple model discussed in Chapter 3, we provided necessary conditions for bistability which
can be summarized as follows: The rate of reduction of PpsR should be larger
than that of AppA (β ≫ 1), and the total amounts of AppA proteins should
be larger than that of PpsR by at least a factor of 2 (γ > 2). Bistability
also requires that PpsR should be efficiently sequestered by AppA molecules
(i.e. γ > 2). However, the extended model discussed in Chapter 4 suggests
that the ratio between the total amounts of AppA and PpsR (γ) should lie
in the range 1,. . .,2 to prevent the occurrence of a significant light-dependent
shift of the semi-aerobic regime (Fig. 4.7) as well as to allow an efficient sequestration of PpsR molecules by AppA. Therefore, it seems that most likely
γ ≈ 2.
A necessary condition for a reaction network to exhibit bistability is the
presence of a sufficiently strong positive feedback mechanism (39). We found
that the light-dependent complex formation between AppA and PpsR can
provide an implicit positive feedback loop, which can lead to a bistable response as a result of changing light and oxygen conditions. Bistability is not
a new phenomenon in biology. It has been observed and thoroughly investigated in artificial gene circuits (39, 60), natural signal transduction systems
(39, 48), and in other biological systems such as, sugar uptake system of
Escherichia coli using single cell measurements (43, 44). We suggest that
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a simple way to induce or favor a bistable response in R. sphaeroides is to
increase the copy number of the AppA protein relative to that of PpsR.
As an extension of the present work, we suggest to perform singe cell
measurements of PS gene expression in a prrB and prrA mutant strain of R.
sphaeroides to test for bistability in the AppA/PpsR system. The prrB and
prrA mutant strain should be used to avoid interference of the PrrB/PrrA
system with the AppA/PpsR system. In the bistable region, which is predicted to occur under semi-aerobic conditions, we expect a heterogeneous
population of R. sphaeroides bacteria. It means, in a transition from anaerobic to aerobic conditions one should observe a regime under semi-aerobic
conditions in which a fraction of the population of bacteria are performing
photosynthesis whereas the rest of the bacteria have already started generating energy via respiration.
PrrA
FAD

AppA
h

PpsR

ppsR

Figure 5.1: A scheme for the coupling between the AppA/PpsR and the
PrrB/PrrA system (proposed by Gomelsky et. al (11)). Thick arrows represent regulatory genes (prrA, appA, ppsR), or PS genes/operons (bch, crt,
puc, puf, and puh). Thin arrows denote activating interactions, and arrows
with a bar end represent the inhibitory interactions. X, Y, and Z are putative,
as they are, yet, unidentified regulatory components.

Another interesting extension of the present model would be to model
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the regulatory pathways via which the AppA/PpsR system (that represses
PS genes under aerobic conditions) interacts with PrrB/PrrA system ( that
activates the PS genes under anaerobic conditions) as they do not work independently of each other; rather a hierarchical relationship is found between
them (11). In this hierarchy, the PrrB/PrrA system is positioned above the
AppA/PpsR system (Fig. 5.1), and the PrrB/PrrA system exert it’s dominance over the AppA/PpsR system at two levels: One level of dominance
involves transcriptional regulation of appA gene expression (encoding AppA)
by PrrA via a, yet, unidentified regulatory component (X in Fig. 5.1). The
second level of dominance involves the post-transcriptional level control of
AppA and/or PpsR activity by the PrrB/PrrA system via another unknown
regulatory component (Y in Fig. 5.1). In addition, the AppA/PpsR system
exhibits a feedback regulation on the PrrB/PrrA system but the mechanism
remains unclear (Z in Fig. 5.1). Therefore, it would be interesting to characterize the three unknown regulatory components X, Y, and Z (Fig. 5.1).
If more experimental data become available, one could modify the present
model accordingly. The present model will start the iterating process of
experiment and model validation.
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Appendix A
Reduction of PpsR with a 2:1
Stoichiometry
In Section 3.1.1, a 1:1 stoichiometry is assumed in Eq. 3.1 to model the
reduction of oxidized PpsR by reduced AppA. Here, we show that considering
a 2:1, instead of 1:1 stoichiometry does neither alter our conclusion about the
possibility of bistability in the AppA/PpsR system nor the non-monotonic
dependence of reduced PpsR as a function of the oxygen concentration under
sufficiently high light conditions.
In place of Eq. 3.1, we now consider the following reaction mechanism
A− + P4++
A− + P4+−

+
2kP
r

→

A+ + P4+−

(A.1)

→

A+ + P4−− .

(A.2)

+
kP
r

Here, we have assumed that the electron transfer from reduced AppA to oxidized PpsR proceeds in an effectively irreversible manner, which is consistent
with the observation of Masuda and Bauer (22). Additionally, it is assumed
that two (instead of one) encounters between AppA and PpsR are required to
achieve a full reduction of a PpsR tetramer. In this case, PpsR tetramers can
exist in three forms instead of two. The fully oxidized and reduced forms of
PpsR are denoted as P4++ and P4−− , respectively, while the partially oxidized
(or reduced) form is denoted as P4+− . For the sake of simplicity, we consider
the two PpsR dimer subunits as indistinguishable, hence P4+− ≡ P4−+ . The
combinatorial factor of 2 in Eq. (A.1) accounts for the fact that, during the
first encounter, AppA can reduce either of the two PpsR dimer subunits.
Replacement of Eq. 3.1 with Eqs. A.1 and A.2 leads to the following ODE
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system
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2
−
[AP2 ] = 2
A
P4
− kc [AP2 ]
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together with the conservation relations
   
AT = A+ + A− + [AP2 ]

 
 
 1
PT = P4++ + P4−− + P4+− + [AP2 ] .
2

In Eq. A.3, we have assumed that only the fully reduced form of PpsR (P4−− )
is capable of forming a complex (AP2 ) with reduced AppA.
If we measure concentrations in terms of the total protein concentrations
as
[A− ]
[P4−− ]
x1 =
, x2 =
,
[AT ]
[PT ]
[P ++ ]
[A+ ]
x4 = 4 , x5 =
,
[PT ]
[AT ]

[AP2 ]
[PT ]
[P +− ]
x6 = 4
[PT ]
x3 =

(A.4)

the ODE system in Eq. A.3 becomes
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h
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2
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where time (τ ) is measured in units of 1/kAr and the dimensionless parameters α, β, γ, I, O and Keq are defined in the table A.1.
Table A.1: Definition of the parameters in Eqs. A.5.
α=

kP o
kAo

O=

[O2 ]
KO

β=

+
kP
r [AT ]
kAr

γ=

LI
KL

KO =

I=

[AT ]
[PT ]

δ=

kAr
kAo

KL =

kc+ [AT ]2
LI 2 kAr



kc+ PT
kc−

Keq =

+
kP
r
−
kP
r

1/2

AT and PT denote the total amounts of AppA and PpsR, respectively.
From Figures A.1 and A.2, it is apparent that both qualitative features of
the simple model (3.12), namely peak formation in the steady state response
curve and emergence of bistability, are still present in the model defined
by Eqs. A.5 where two encounters between AppA molecules and one PpsR
tetramer are required to achieve a full reduction of PpsR. The main difference compared to our simple model is that the fraction of fully oxidized
PpsR (P4++ ) is now markedly lowered, because a significant fraction of PpsR
remains partially oxidized (P4+− ). Indeed, a closer analysis shows (see Subsection A.1) that both forms occur in steady state in a ratio of 2:1 (P4+− : P4++ ).

A.1

Quasi-Steady State Approximation

Under the assumption that the redox reactions in Eqs. A.1 and A.2 are
much faster than any other processes in the system, we can assume that the
partially reduced state reaches a quasi-steady state characterized by
d  +− 
P
≈0
dt 4

which results in
 +− 


P4
≈ 2 P4++


 −−   +−  1
= 2 PT − P4
− P4
− [AP2 ]
2
or



P4+− qs


2
≈
3



PT −
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1
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Figure A.1: Steady state behaviour of Eqs. A.5. As in Fig. 3.3 for the simple
model (Eq. 3.12), a peak develops in the steady state response curve of reduced
PpsR (P4− ) at intermediate oxygen concentrations. Used parameters are:
α = 1 = γ, β = 103 and I = LI/KL = 5. Note that the curves for AP2 and
P4−− are similar to those of Fig. 3.3D.

Using this expression for P4+− in the ODE system in Eqs. A.3 results in

where

 
 
 

d  −
A
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2
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A
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1
P4
= PT − P4−− − P4+− qs − [AP2 ]
2


 −−  1
1
=
PT − P4
− [AP2 ] .
3
2

(A.6)

Note that Eqs. A.6 are almost identical to Eqs. 3.9. The combinatorial factor
of 2 has been absorbed into the rate constant kP+r in Eqs. 3.9 leading to the
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Figure A.2: Bistable transition from anaerobic to aerobic growth conditions.
In the region between the two limit points (LP ) three stationary states coexist and the system exhibits hysteresis (indicated by dotted lines). Solid and
dashed lines denote stable steady state and unstable steady state, respectively.
Used parameters are: α = 10, β = 103 , γ = 4 and I = LI/KL = 0.1. Note
that the curves in the left and the right panel are similar to those of Fig. 3.8A
and B, respectively.

rescaled parameter kP′ r = 2kP+r . Therefore, the main difference between the
two ODE systems is the stoichiometric factor of 2 in front of the rescaled
parameter kP′ r in the equation for A− which results from the fact that 2
AppA molecules are required to fully reduce one PpsR tetramer. However,
as Figures A.1 and A.2 show this does not affect the qualitative behaviour
of the system as predicted by the simple model.
Furthermore, the pool of oxidized PpsR is now distributed between the
fully oxidized form (P4++ ) and the partially oxidized form (P4+− ). In principle,
this could lead to interesting effects depending on the DNA-binding affinity
of the partially oxidized form is comparable to that of the fully oxidized form
(P4++ ) or to that of the fully reduced form (P4−− ). However, at the moment
such details are not experimentally known.
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Complex Formation as a
Multi-Step Process
In Section 3.1.2, we have modeled the light-sensitive complex formation between the reduced forms of AppA and PpsR (Eq. 3.6) through an effective third-order reaction mechanism. Here, we examine the consequences
of modeling the complex formation between AppA and PpsR by assuming
a multi-step process (Eqs. 3.3, 3.4 and 3.5) instead of a lumped third order process (Eq. 3.6). In addition, we show how the effective parameters
in Eq. 3.6 can be derived from the kinetic parameters of the multi-step process, through a quasi-equilibrium approximation for the intermediate species.
Our results suggest that modeling the complex formation between AppA and
PpsR in more detail does not alter our two main conclusions: The possibility
of bistability in the AppA/PpsR system and the non-monotonic dependence
of reduced PpsR on the oxygen concentration under sufficiently high light
conditions.
We assume that complex formation proceeds by the following steps: First,
two AppA molecules associate sequentially (in a two-step process) with one
PpsR tetramer and, second, the so formed complex dissociates into the experimentally observed complex, where one AppA molecule is associated with
one PpsR dimer.
−

A +

P4−

2ka+

⇄

AP4

(B.1)

A2 P4

(B.2)

2AP2

(B.3)

ka− ·LI
ka+

A− + AP4

⇄
2ka− ·LI
kd+

A2 P4

⇄
kd−
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Here, we consider PpsR as a tetramer composed of two identical dimer
subunits. The first two equations describe the association of an AppA
molecule to either of the two PpsR dimers. Since blue light illumination
is known to inhibit complex formation (22), we have assumed (Eq. B.1-B.3)
that the dissociation rate in Eqs. B.1 and B.2 is proportional to the light
irradiance LI, hence ka− · LI is a pseudo first order rate constant. The combinatorial factors of 2 in Eqs. (B.1) and (B.2) result from the fact that, in
the first association event (Eq. B.1), there are two possibilities for an AppA
molecule to bind one of the two PpsR dimers. Similarly, there are two possibilities for an AppA molecule to dissociate from the A2 P4 complex. For
simplicity, we have assumed that binding of the second AppA molecule occurs independently from the first binding event such that the rate constants
ka+ and ka− are the same for both binding steps. The last equation (Eq. B.3)
describes the formation of the AppA-PpsR complex (AP2 ) as observed experimentally.
After replacing the Eq. 3.6 by Eqs. B.1- B.3, the ODE system in Eqs. 3.9
read as (for Keq = ∞)
 
 
  
d  −
A
= kAr A+ − kAo [O2 ] A− − 2ka+ A− P4− + ka− · LI [AP4 ]
dt
 
  
−ka+ A− [AP4 ] + 2ka− · LI [A2 P4 ] − kP+r A− P4+
  
  
 
d  −
P4
= −kP o [O2 ] P4− + kP+r A− P4+ − 2ka+ A− P4−
dt
+ka− · LI [AP4 ]

d
[AP2 ] = 2 kd+ [A2 P4 ] − kd− [AP2 ]2
(B.4)
dt
  
 
d
[AP4 ] = 2ka+ A− P4− − ka− · LI [AP4 ] − ka+ A− [AP4 ]
dt
+2ka− · LI [A2 P4 ]
 
d
[A2 P4 ] = ka+ A− [AP4 ] − 2ka− · LI [A2 P4 ] − kd+ [A2 P4 ] + kd− [AP2 ]2
dt

In addition, there are two conservation relations for the total amounts of
AppA and PpsR, respectively which are given by
   
AT = A+ + A− + [AP4 ] + 2 [A2 P4 ] + [AP2 ]
(B.5)
 +   −
1
PT = P4 + P4 + [AP4 ] + [A2 P4 ] + [AP2 ] .
(B.6)
2
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If we measure concentrations in terms of the total protein concentrations as
[A− ]
[P4− ]
[AP2 ]
x1 =
, x2 =
, x3 =
,
[AT ]
[PT ]
[PT ]
[A2 P4 ]
[P + ]
[A+ ]
x5 =
, x6 = 4 , x7 =
[AT ]
[PT ]
[AT ]

x4 =

[AP4 ]
[AT ]
(B.7)

then ODE system in Eqs. B.4 becomes


d
x1 x2
1
1
x1 = x7 − Ox1 + µ · LI x4 − 2
−
x1 x4 + 2x5
dτ
γ K̄a · LI
K̄a · LI
β
− x1 x6
γ


1
d
x2 = βx1 x6 − µ · LI 2x1 x2
− γx4 − αOx2
dτ
K̄a · LI


1 x23
d
x3 = 2νµγ x5 −
(B.8)
dτ
K̄d γ 2


1
d
1
1
− x4 −
x1 x4 + 2x5
x4 = µ · LI 2x1 x2
dτ
γ K̄a · LI
K̄a · LI



d
1 x23
1
ν
x5 −
x5 = µ · LI
x1 x4 − 2x5 −
dτ
LI
K̄a · LI
K̄d γ 2
where time (τ ) is measured in units of 1/kAr and
x3
) − γ(x4 + x5 )
2
x3
= 1 − (x1 + x4 + 2x5 ) −
γ

x6 = 1 − (x2 +
x7

In Eqs. B.8 LI and O denote the light irradiance and oxygen concentration,
Ar
respectively. Here, oxygen concentration is measured in units of KO = kkAo
.
The steady states of the ODE system defined by Eqs. B.8 depend on 7
dimensionless parameters. In addition to the 3 parameters introduced in the
Chapter 3
kP o
kP r [AT ]
[AT ]
α=
, β=
, γ=
kAo
kAr
[PT ]
they also depend on the dimensionless quantities
1 kd+
1 ka− LI
Ka · LI
Kd
=
=
, K̄a · LI =
K̄d =
AT
AT kd−
AT
AT ka+
k+
k−
ν = d− , and µ = a .
ka
kAr
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Figures B.1 and B.2 show that there are parameter combinations for which
the steady state solutions of Eqs. (B.8) are similar to those of Eqs. 3.12.
Therefore, consideration of multi-step process instead of single step for complex formation does not affect the main conclusions derived from the model
discussed in Chapter 3.

Figure B.1: Steady state response curves calculated from Eqs. B.8. A peak
develops in the steady state curve of reduced PpsR (P4− ) at intermediate oxygen concentrations. Used parameters are: α = 1 = γ, β = 103 , K̄d = 2,
K̄a = 0.1, ν = 1, µ = 20 and LI=5 µmol/m2s.

B.1

Quasi-Equilibrium Approximation

We now show how the effective description used in the Chapter 3 (Eqs. 3.6)
arises from the multi-step process introduced above. Therefore, we consider
the case when the association steps between AppA and PpsR in Eqs. B.1
and B.2 are fast compared to all other processes in the system. Under this
condition we can assume that the two reactions in Eqs. B.1 and B.2 are in
quasi-equilibrium, i.e. we require that
  
!
2ka+ A− P4− − ka− LI [AP4 ] = 0
 
!
ka+ A− [AP4 ] − 2ka− LI [A2 P4 ] = 0
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Figure B.2: Steady state response curves calculated from Eqs. B.8. The
transition from anaerobic to aerobic growth conditions occurs via a bistable
regime. In the region between the two limit points (LP ) three stationary
states coexist. Solid and dashed lines denote stable steady state and unstable
steady state, respectively. Used parameters are: α = 10, β = 103 , γ = 4,
K̄d = 2, K̄a = 0.1, ν = 1, µ = 20 and LI=5 µmol/m2s.
In that case the intermediate complexes can be approximated as
 
[A− ] P4−
[AP4 ]eq = 2
Ka · LI
 − 2  − 
1
A
P4
[A2 P4 ]eq =
Ka2 · LI 2

(B.11)
(B.12)

where Ka · LI = ka− LI/ka+ is the (light-dependent) dissociation constant for
the association reaction between AppA and PpsR.
Additionally,
  
 
2ka+ A− P4− − ka− LI [AP4 ] = ka+ A− [AP4 ] − 2ka− LI [A2 P4 ] (B.13)
 
ka+ A− [AP4 ] − 2ka− · LI [A2 P4 ] = kd+ [A2 P4 ] − kd− [AP2 ]2

(B.14)

Using Eqs. B.11, B.12, B.13 and B.14 in Eqs. B.4, the latter can be approximated by
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d  −
A
= kAr A+ − kAo [O2 ] A− − kP r A− P4+
dt


 − 2  − 
kd+
2
−
−2
A
P4 − kd [AP2 ]
Ka2 · LI 2
 
  
d  −
P4
= −kP o [O2 ] P4− + kP r A− P4+
dt


 − 2  − 
kd+
2
−
−
A
P4 − kd [AP2 ]
Ka2 · LI 2


 − 2  − 
kd+
d
2
−
[AP2 ] = 2
A
P4 − kd [AP2 ] .
dt
Ka2 · LI 2

(B.15)

These equations are the same as those in Eqs. 3.9 (for Keq = ∞) if (i) the
equilibrium concentrations of the intermediate complexes AP4 and A2 P4 are
sufficiently small ([AP4 ]eq , [A2 P4 ]eq ≪ [AT ]) such that they can be neglected
in the conservation relations Eqs. B.5, B.6, and (ii) if we set
kc+ :=

kd+
Ka2

and kc− := kd− .

(B.16)

This shows explicitly how the effective rate constants introduced in Eqs. 3.6
are related to the kinetic parameters of an underlying multi-step process as
defined by Eqs. B.1 and B.2 . In addition, this analysis shows that the light
irradiance would affect the forward rather than the backward rate as assumed
in Eq. 3.6. Moreover, it gives a justification for the quadratic dependence of
the dissociation constant on the light irradiance.
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Descartes’ Rule of Signs
Descartes’ rule of sign has been used in Section 3.3. It is used for finding the
number of real roots (i.e. number of positive and negative real roots) of the
given polynomial. It states that
“Let f(x) = a0 xb0 + a1 xb1 + . . . + an xbn denote a polynomial with nonzero real
coefficients ai , where the bi are integers satisfying 0 ≤ b0 < b1 < . . . < bn .
Then the number of positive real zeros of f(x) (counted with multiplicities) is
either equal to the number of changes in sign in the sequence a0 , . . . , an of
the coefficients or less than that by an even whole number. The number of
negative real roots of f (x) (counted with multiplicities) is either equal to the
number of changes in sign in the sequence of the coefficients of f (−x) or less
than that by an even whole number”(61).
Example: f (x) = x5 − 2x4 + 6x3 + 7x2 − 8x + 2. In this polynomial f,
there are four sign changes therefore, f can have 4, 2 or 0 positive real roots.
Also, f (−x) = −x5 − 2x4 − 6x3 + 7x2 + 8x + 2. There is only one sign change
in f (−x), therefore f has exactly one negative real root.
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Roots of the Polynomial 3.15
Here, we show how we reach to the conclusion that αO > γ > 2 is a necessary
condition for all three roots of the polynomial f∞ to fall within (0, 1) when
β ≫ 1 (Section 3.3).
The fifth order polynomial when β ≫ 1 reads as


αO 2
p5 = f∞ (y) =
1−
(D.1)
y p3 (y)
γ
where
p3 (y) = I (1 + O) 1 − y

2





αO
γ
3
+y 1−
−y 1−
2
2


(D.2)

By Descartes’ rule of sign, αO > 2 is a necessary condition for the f∞ to
have three positive roots altogether. Following three relations are possibles
in αO and γ: (i) αO < γ, (ii) αO = γ and (iii) αO > γ. Let us discuss these
cases one by one.

Case 1. αO < γ
Since, γ > αO and αO > 2, hence γ > αO > 2. Assume αO = (1 + ǫ)γ, so
that when αO < γ, ǫ < 0. Also assume that γ = 2ω with ω > 1. Now, the
fifth order polynomial f∞ reads as

f∞ (y) = 1 − (1 + ǫ)y 2


(1 − y 2 ) (I(1 + O) + y(1 − ω)) + y 3 ǫω
(D.3)
Say Z(y) = [(1 − y 2 ) (I(1 + O) + y(1 − ω)) + y 3 ǫω]
1
. Derivative of the polynomial
Polynomial f∞ has trivial zeros at y = ± √1+ǫ
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f∞ is given by
 dZ
df∞ (y)
= −(1 + ǫ)2yZ + 1 − (1 + ǫ)y 2
dy
dy

or

df∞ (y)
= −(1 + ǫ)2yZ
dy
At y =

at y = ± √

1
1+ǫ

(D.4)

(D.5)

√1
1+ǫ

df∞ (y)
ǫ
= −2 √
dy
1+ǫ



1
I(1 + O) + √
1+ǫ

ǫ < 0 and ǫ > −1 gives the lower bound of ǫ (as αO = γ(1 + ǫ) > 2).
therefore,
df∞ (y)
>0
dy
1
As, at y = √1+ǫ
, df∞dy(y) > 0 and the leading term in the polynomial D.3 is
1
negative, therefore there will be another root in the interval ( √1+ǫ
, ∞).
Consequently, we have four roots of the polynomial f∞ : one between (0,
1
1
, and fourth in the interval ( √1+ǫ
, ∞). So, three out
1), two at y = ± √1+ǫ
of five roots are outside the interval (0, 1), which confirms that p5 (Eq. D.1)
can not have three roots in (0, 1).

Case 2. αO = γ
As αO > 2 and αO = γ, therefore in this case also γ > 2. Now, polynomial
f∞ (Eq.D.1) reads as



h
γ i
γ
− y3 1 −
(D.6)
f∞ = 1 − y 2 I (1 + O) 1 − y 2 + y 1 −
2
2

or

f∞ = 1 − y


2 2

h

γ i
I (1 + O) + y 1 −
2

(D.7)

It is clear that f∞ has double zeros at y = ±1. Hence, four out of the five
roots of f∞ are outside (0, 1), which confirms that when αO = γ, p5 (Eq. D.1)
can not have three roots in (0, 1).
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Case 3. αO > γ
In this case, αO > 2 and αO > γ. Now there are two possibilities: either
γ ≤ 2 or γ > 2. Assume γ ≤ 2, then the polynomial p3 (Eq.D.2) satisfies



αO
γ
3
p3 ≥ y 1 −
−y 1−
on (0, 1)
2
2

because of I (1 + O) > 0, and (1 − y 2) > 0 on (0, 1).
pγ
This implies that f∞ has precisely one root in (0, 1) namely αO
. Consequently, when αO > 2 and αO > γ, along with γ ≤ 2, p5 (Eq. D.1) can
not have three roots in (0, 1).
Hence, when f∞ has three roots in (0, 1), we are left with the only case
αO > γ > 2.
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Limit Point Bifurcation
For this section we follow Kuznetsov (62) and Strogatz (63). Limit points occur when we discuss the bifurcation diagram for the simple and the extended
model in Chapter 3 and Chapter 4.
In this thesis we consider continuous-time dynamical systems of the form
ẏ = f (y, p) with y ∈ Rn ,

p ∈ Rm

(E.1)

We are interested in qualitative changes of the system’s phase portrait as
parameters are varied. In general, two possibilities can arise: (i) The phase
portrait can either remain topologically equivalent to the original one, or (ii)
its topology may differ from the original one.
The emergence of a topologically non-equivalent phase portrait under
variation of parameters is called a bifurcation. The particular value of the
parameter at which the system changes from one topology and to another
one, is called bifurcation point or critical point.
There are many kinds of bifurcations, but here we will focus only on
limit point bifurcation (saddle node bifurcation) as it is the only relevant
bifurcation in this thesis.
In a saddle-node bifurcation, a pair of fixed (equilibrium) points of the
system are created and destroyed as a parameter passes a bifurcation point.
Such bifurcation point is called as saddle node or limit point. Alternative
names are tangent or fold bifurcation and turning-point bifurcation.
Using the center manifold theorem (62) one can show that the system in
Eq. E.1 is locally topologically equivalent to the one dimensional system
ẋ = α ± x2 ,

with x ∈ R1 ,

α ∈ R1

(E.2)

which provides the normal form of a system exhibiting a saddle-node bifurcation.
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Fig. E.1 shows the qualitative changes in the phase portrait of the system
(Eq. E.2) for the ’+’ sign as α passes through zero.

A

B

C

.x

.x

.x

x

<0

x

x

=0

>0

Figure E.1: Demonstration of a saddle node bifurcation in a one dimensional
dynamic system depending on one parameter ( α). (A) When α < 0, there
are two fixed points: Stable (black circle) and unstable (white circle). (B) At
α = 0, both fixed points collide. (C) At α > 0, there is no fixed point.

√When α is negative (α < 0) then the system has two fixed points (x1,2 =
± α) one stable (black circle) and another (white circle) unstable. When
α approaches 0, the two fixed points move towards each other. At α =
0, two fixed points collide and a new fixed point is formed which is very
delicate since it disappears as soon as α > 0. In this case α = 0 is the
limit point. Alternatively, we can represent this bifurcation by a bifurcation
diagram (Fig. E.2).
Note that the bifurcation diagrams shown in Chapter 3 and Chapter 4
contains two limit point bifurcations, which together create hysteresis curve
and bistability.
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Unstable

x

Limit Point

Stable
Figure E.2: The bifurcation diagram of saddle node bifurcation.
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Appendix F
The Principle of Detailed
Balance
The principle of detailed balance has been used in the Section 4.1.2 to set up
the extended model. Here, we will follow Alberty (64), Onsager(65), Gorban
et.al (66), van Kampen (67) and Reif (68).
The principle of detailed balance states that when a system is at equilibrium the rate of each elementary process is equal to the rate of its reverse
process. This principle is founded upon the idea of the microscopic reversibility.
Let us consider an isolated system A and denote the probability that it
will be found in state l at time t is Pl (t). The probability Pl to find the
system in state l at time t is increased by transitions from any other state m
to l, which occur with rate Wlm (probability per unit time). Similarly, Pl is
decreased by transitions from state l to other states m with rate Wml . Then
the temporal evolution of Pl is defined by
dPl X
=
(Pm Wlm − Pl Wml ) with l 6= m
dt
m

(F.1)

Therefore, according to the principle of detailed balance, at equilibrium, the
rate of the elementary process Am → Al should be equal to the rate of the
elementary process Al → Am :
Pms Wlm = Pls Wml

(F.2)

To clarify, lets do one application of the principle of detailed balance on
the interconversion of three isomers A, B, and C according to the following
scheme
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k BA

A
k

k AB

B

k AC kBC
k

CA

CB

C
Figure F.1: The cycle for the interconversion of three isomers A, B and C.

Assume that the reactions obey a simple mass-action law. Then the rates
of the change in the probability of occupation of the states A, B and C is
given by
dPA
= −(kBA + kCA )PA + kAB PB + kAC PC
dt
dPB
= kBA PA − (kAB + kCB )PB + kBC PC
dt
dPC
= kCA PA + kCB PB − (kAC + kBC )PC
dt

(F.3)

where kBA etc. are > 0.
The principle of detailed balance requires that the transition A → B
must take place with the same rate as the reverse elementary process B → A
occurs. Then the condition of detailed balancing imposes the following three
relations among the transition rates:
kBA PAs = kAB PBs
kCB PBs = kBC PCs
kAC PCs = kCA PAs

(F.4)

Eq. F.4, is equivalent to the single relation among the transition rates.
kAB kCA kBC = kBA kCB kAC

(F.5)

Eq. F.5 is an intrinsic relation among the transition rates of cycle (Fig. F.1)
and it holds under any condition, for example, steady state or a transient
state (69) (despite the fact that it was derived using detailed balance). Further, this relation shows that the transition rates in the cycle are not completely independent of each other. In a self-consistent model, transition rates
have to be chosen such that they satisfy this relationship (69).
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Appendix G
Methods
For solving the ordinary differential equations (ODEs) in Chapters 3 and 4,
XPPAUT (70) and MATCONT (71) simulation packages were used. Whenever XPPAUT was used to integrate the ODE system, the default integrator
was set to “stiff”. While using MATCONT, the integration of the ODE
system was performed with the ode15s and ode45 ODE solvers, when the
ODE system was stiff and non-stiff, respectively. Other parameters such as
tolerance and step size were set to their default values. To generate the
bifurcation diagram, we performed numerical continuation of steady states
or limit points using the Auto package, which is inbuilt in XPPAUTO or
MATCONT.
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