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Figure 9. Mass of the runaway body, Mrunaw, for each setup, averaged over
500 runs. Mcl(T = 0) is the total mass of the cluster at the time T = 0 and
Trlx(T = 0) the initial relaxation time of the cluster. The shaded area shows
the standard deviation for the a = 0 case.

Figure 10. Cumulative relative energy error in a typical simulation. In this
case, we have 22 mergers, indicated by the dashed vertical lines, which cause
the Newtonian energy error to grow significantly. Our alternative method to
check for energy conservation leads to smaller fluctuations.

mass. This is a consequence of the increase in cross-section for GW
capture. The time evolution of the mass of this runaway object is
shown in Fig. 9. As we can see, after some ∼15 Trlx(T = 0), the
runaway object has achieved ∼5 per cent Mcl(T = 0), a value similar
to the case studied in KAS06, their fig. 1 around 450 time units.

An important issue that we need to address is the energy con-
servation in the simulations. In Fig. 10, we show both the usual
Newtonian energy and the corrected value, computed with equation
(16) for a simulation with the same configuration as before but with
N = 2000 bodies. The Newtonian energy error grows with every
single merger due to the dissipative PN terms. The corrected value
for the energy conservation in our approach fluctuates significantly
less and stays below 1 per cent. The absolute value of the error de-
pends on the nature of the merger. Head-on collisions dissipate the
lowest amount of energy, while gradual inspirals lose the maximum
amount before merger. The significant jump at T = 183 corresponds
to a binary which has spent a very long inspiral time due to a low

Figure 11. Spin of the runaway body in each simulation, averaged over 500
runs. The shaded area shows the standard deviation for the a = 0 case. All
initial spin setups lead to a similar evolution, except for the very first data
point which is slightly higher for the maximally spinning initial conditions.

eccentricity and a high initial separation. This causes rather high
errors in the numerical integration of the dissipated energy at 2.5 PN
order and thus contributes most to the total error, while some of the
other mergers only cause relative errors of ≈10−4.

The absolute energy error depends crucially on the cut-off radius
at which we end the integration and merge two bodies into one,
because this sets the highest velocity we have to deal with in the
binary. In this run, we chose 10RS. For smaller values, even the
corrected error grows to the order of the total energy of the system.
We note that even with larger errors induced by the dissipative PN
terms, the global behaviour of the simulation is not affected by
the particular choice of the merger radius. If one wants a powerful
energy conservation check it is reasonable to choose larger cut-off
radii.

In order to be able to make a statistical comparison between each
of the three spin setups and the potential impact on the evolution of
the runaway body, we perform 500 simulations for each initial spin
setup and show the mass averaged over each time bin. We can see
in Fig. 11 the evolution of the spin for all three cases against the
accumulated mass of the runaway object. Its formation is approxi-
mately the same in all three different scenarios, and consistent with
the results of KAS06. Nonetheless, the precise point in time where
the onset of the runaway process takes places depends sensitively
on the scaling. In any case, the choice for the initial distribution
of spins is washed out and all three cases show a consistent evo-
lution for the runaway body. We additionally perform 500 Monte
Carlo realizations of the scenario where one object merges with
non-spinning compact objects coming in at random angles using
the same final spin prediction as in the N-body code, so that we can
test the statistical study. We depict the Monte Carlo spin evolution
in Fig. 11 and confirm that this evolution is consistent with our
N-body analysis within some scattering.

4.4 Evolution of individual spins

We now focus on the compact objects that have experienced only a
few mergers. While the evolution of the spin of the runaway object
quickly washes out any information regarding the initial spins, in
the case of the other compact objects that do not undergo so many
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Figure 12. Spin distribution for those objects that have undergone at least
one merger during the whole evolution of the cluster but not more than four.
In the top panels, we show three different initial choices for the spin of the
BHs. From the left to the right, we have first a cluster in which initially
the BHs do not have spin, then a random value and in the last column a
maximally spinning configuration around the z-direction. From the top to
the bottom panels, we display the x-, y-, z- and absolute component of the
spin ranging between −1 and 1 (ax, ay, az, aabs shown on the left y-axis of
the panels, respectively). The red lines depict the values −0.68 and +0.68.

mergers, there is a dependence on the initial configuration even after
core collapse. This is particularly interesting, since a trend in the
evolution of the spin measurable with the advanced detectors would
provide us with valuable information about the spin evolution of
compact objects in clusters.

As mentioned in Section 2.3, we did not include BH recoil. For
any BH merger involving significantly spinning BHs, the recoil ve-
locity can exceed the escape velocity and these merger products
could thus leave the cluster. This means that the distribution pre-
sented here contains BHs that might no longer be part of the cluster
itself.

In Fig. 12, we show the end distribution of spins for different ini-
tial configurations of the spin distribution for an otherwise identical
system.

The configuration which initially had no spins is useful for
comparison with the other systems. While the x-, y- and z-
components individually show no clear trend, the absolute value
is aabs = (0.69 ± 0.02). If we move on to the second configura-
tion, in which we initially assign all compact objects a spin but of
random value, the final distribution is scattered around the same
value, displayed with a red line in each of the panels at 0.68. In this
case, the final value and standard deviation are aabs = 0.71 ± 0.03.
Finally, if we give all compact objects initially a maximum value
and set them in a preferred direction, which we arbitrarily choose
to be the positive z-direction, the final distribution has a value of
aabs = 0.76 ± 0.08.

In Fig. 13, we can also see this dependence. In the plot, we display
the time evolution of the total spin angular momentum in the cluster,
including the runaway object which carries most of the spin angular
momentum. In the case of an initially non-spinning configuration,
the spin builds up from OAM and converges to a generic value in
a similar way to what we showed in Fig. 12. We are limited in
our analysis to derive the exact value to which the curve converges
because of an accumulation of numerical errors.

Figure 13. Dashed green: total spin angular momentum for a cluster in
which the remnants are initially maximally spinning in the z-direction.
Solid blue: total spin angular momentum for an initially non-spinning con-
figuration.

5 C O N C L U S I O N S

In this work, we have presented the first implementation of the
effect of the spin for the treatment of relativistic mergers in a direct-
summation N-body integrator. For that, we modify the calculation
of the gravitational forces among particles using PN up to 3.5 PN
order and the spin–orbit coupling up to next-to-lowest order and the
lowest order spin–spin coupling.

We then check our implementations by running a series of tests
to compare with results based on analytical derivations, for isolated
two-body binaries and confirm the robustness of our approach. We
also present a way to check for the correct integration of a system
of N particles based on tracking the total energy, a usual test with
this kind of integrators. Our method is valid provided the number
of relativistic mergers in the system is low.

The final acid test of the implementation is to compare the global
dynamical behaviour of a relatively large number of BHs with
the new relativistic behaviour for binaries with well-known results
based on similar approaches. More specifically, we run a similar test
to that of KAS06 and obtain very similar results, which confirms the
correct incorporation of the new terms in the code, since the initial
spin distribution does not significantly change the global evolution
of the system. This is so, because if two non-spinning, equal mass
compact objects merge, the merger product will be spinning with
a ≈ 0.68 (Damour & Nagar 2007) in the direction of the angular
momentum. Since in a Plummer sphere there is no preferred direc-
tion in the distribution of the two-body angular momenta, this leads
to a randomization of the non-spinning distribution quickly. In the
scenario of two maximum spins in the z-direction, i.e. individual
spins of S = Gm2/c with equal masses m, the approximate angular
momentum in the last stable orbit before merger is of the same order
and thus also rotate the spins and similarly wash out the initially
preferred direction.

For the larger subset of BHs that undergo a lower number of
coalescences, which is more interesting since it is closer to what one
could expect to see in a realistic cluster, we find that the evolution of
the spin for consecutive mergers has a trend that oscillates around
the value predicted by Damour & Nagar (2007), but with a scatter
that is a fingerprint of the initial distribution of the isolated BHs,
before they merged with any other in the system. This is particularly
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interesting, since this trend is what will determine the value of the
spin that one can expect to see in globular clusters, and should be
carefully assessed when developing the waveform banks to do the
data analysis for the first detection.

Although, the systems that we have explored in this work cannot
be envisaged as representative examples of the grounds for which
we expect the advanced detectors to observe relativistic mergers, the
initial study of the behaviour of the code is a requirement before we
proceed to more realistic systems, and has provided us with initial
results which could play a crucial role in detection.

In particular, an immediate goal of our next research will be the
study of the spin distribution and evolution in a dense stellar cluster
with a realistic number of stars and including stellar evolution and
primordial binaries, such as in Downing et al. (2010, 2011), but
with a more accurate direct N-body integrator. The history and dis-
tribution of black holes in a dense star cluster is also important for
observing them in the electromagnetic windows, since it determines
e.g. number and distribution of X-ray binaries and encounters be-
tween black holes and other compact objects such as neutron stars
or white dwarfs.

Giersz et al. (2013) clearly show in their (non-relativistic) star
cluster simulations using the Monte Carlo code that quite a few BHs
and BH–BH binaries are formed and play a role for the dynamics
of the central region. The presence of BHs may explain the size
differences between red and blue globular clusters (Downing 2012)
and affect the number of blue stragglers in a cluster (Hypki & Giersz
2013). These papers also discuss that relativistic recoils after merger
are not only important for the GW signal itself, but it is an important
ingredient for correct modelling of globular clusters.

The kind of analysis we have presented in this work will soon
have interesting applications, taking into account that the advanced
ground-based detectors LIGO and VIRGO will have achieved their
design sensitivity as soon as 2016–2017.
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