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Much of the skeleton of sharks, skate and rays (Elasmobranchii) is characterized by a
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tessellated structure, composed of a shell of small, mineralized plates (tesserae) joined by
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intertesseral ligaments overlaying a soft cartilage core. Although tessellated cartilage is a
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deﬁning feature of this group of ﬁshes, the signiﬁcance of this skeletal tissue type –
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particularly from a mechanical perspective – is unknown. The aim of the present work was

Available online 26 August 2013

to perform stress relaxation experiments with tessellated cartilage samples from the jaws
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of blue sharks to better understand the time dependent behavior of this skeletal type.

Shark tessellated cartilage

In order to facilitate this aim, the resulting relaxation behavior for different loading

Relaxation test

directions were simulated using the transversely isotropic biphasic model and this model

Transversely isotropic

combined with generalized Maxwell elements to represent the tessellated layer. Analysis

biphasic model

of the ability of the models to simulate the observed experimental behavior indicates that

Generalized Maxwell model

the transversely isotropic biphasic model can provide good predictions of the relaxation

Equilibrium modulus

behavior of the hyaline cartilage. However, the incorporation of Maxwell elements into this
model can achieve a more accurate simulation of the dynamic behavior of calciﬁed
cartilage when the loading is parallel to the tessellated layer. Correlation of experimental
data with present combined composite models showed that the equilibrium modulus of
the tessellated layer for this loading direction is about 45 times greater than that for
uncalciﬁed cartilage. Moreover, tessellation has relatively little effect on the viscoelasticity
of shark cartilage under loading that is normal to the tessellated layer.
& 2013 Elsevier Ltd. All rights reserved.

1.

Introduction

Cartilage is both stiff and resilient, an ideal contour ﬁller and
bearing surface that minimizes contact stresses generated
during compressive loading and contributes to lubrication
n
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mechanisms in the joint (Hall, 2005; Hunziker, 1999). In most
vertebrates, whereas bones provide a rigid framework for the
body, cartilage exists in much smaller quantity, providing
ﬂexible and elastic structural support, primarily in the joints.
One exception is found in the elasmobranch ﬁshes (sharks,
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rays and their relatives), whose skeletons are made entirely
of cartilage, which therefore must perform both the functions
carried out by mammalian bone as well as typical functions
of mammalian cartilage (Dean et al. 2009; Macesic and
Summers, 2012). However, possession of a fully cartilaginous
skeleton clearly does not compromise behaviors, as elasmobranchs are among the fastest and largest animals in the
oceans, and many species can feed on prey larger than
themselves or protected by turtle or mollusk shell, which
can be harder than cortical bone. Furthermore, the skeleton is
cyclically loaded, perhaps 106–1010 times over an animal′s
lifetime without failure (Ashhurst, 2004). A key aspect that
apparently makes this high level of performance possible is
the “tessellation” of the shark skeleton, a composite of
mineralized blocks of hydroxyapatite (tesserae) joined by
intertesseral ligaments over a core of uncalciﬁed cartilage
(Clement, 1992; Dingerkus et al., 1991; Kemp and Westrin,
1979; Moss, 1977; Dean and Summers, 2006). An example of
this tissue is illustrated in Fig. 1 with a corresponding
photograph (inset).
The speciﬁc role of tessellation in the high performance
and safety factors of elasmobranch skeletons is unknown and
to date has only been addressed theoretically. Wroe et al.
(2008) multi-material ﬁnite-element (FE) models of bite force
in the white shark (Carcharodon carcharias) took into account
the composite nature of the skeleton, When compared with a
hypothetical shark with bony jaws, the modeled cartilaginous
jaws exhibited lower stress, but greater deformation and
strain; however the use of cartilage rather than bone showed
no apparent impediment to the generation of high bite forces.
Liu et al. (2010) developed an analytical composite model to
simulate the bending behavior of tessellated cartilage, incorporating anatomical dimensions for tesserae and intertesseral
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joints, as well as the preliminary material property data for
tissue components used in Wroe et al. (2008)′s FE-models. Liu
et al.′s two-dimensional cross-sectional models demonstrate
that the high fatigue resistance of elasmobranch skeletons
could be accomplished in part by the tessellated layer′s
differential response to tensile vs. compressive loading.
The modeled movement of the joints within the tesserae
mat would allow the skeleton to manage stresses to avoid
damage, ensuring that the majority of loading stresses are
consolidated in the tesserae on the side of the skeleton loaded
under compression, a mode more resistant to fatigue damage
(Malzahn and Schultz, 1986; Hacker and Ansell, 2001). It is
clear that the heterogeneity of this tissue (the combination of
mineralized and unmineralized cartilage and ﬁbrous material)
and its tessellation play primary roles in the skeleton′s
mechanical properties, so both must be accounted for to truly
characterize this composite tissue′s response to loading and
understand the contribution of individual components.
As elasmobranch uncalciﬁed cartilage is surely highly
viscoelastic (like mammalian cartilage), an effective method
for understanding the effects of tessellation on cartilage is to
describe the contributions of tissue compositeness and anisotropy (loading direction) to the viscoelastic response. Like
mammalian articular cartilage, water is the most abundant
component of the uncalciﬁed portion of elasmobranch cartilage, constituting up to 90% of its wet weight, while collagen
and proteoglycans are the most abundant structural macromolecule in ECM, comprising up to 50% and 70% of the dry
weight of the uncalciﬁed cartilage, respectively, for several
shark species (Porter et al., 2013). Given these broad compositional similarities between uncalciﬁed cartilage in mammals
and elasmobranchs, previous viscoelastic analyses of mammalian articular cartilage can provide vital reference for the

Fig. 1 – The tessellated cartilage of elasmobranch ﬁshes. (A) CT scan of the blue shark, P. glauca, used in this study. A crosssection of the skeleton (B) shows uncalciﬁed cartilage [UC] overlain by mineralized tesserae [T(c)] and ﬁbrous perichondrium
[PC]; the inset image provides a schematic view of the tissue relationships, as well as the ﬁbrous joints between tesserae.
The bottom left of the image shows a perspective on tesserae in surface aspect [T(s)], covered with perichondrium. The tiled
tesseral covering is more obvious in a CT scan of a jaw joint (C), where the perichondrium is not visualized, and illustrates
how tesserae cover the entire surface of the jaws, even on complex surfaces. (Cryo-SEM image in B from jaws of Urobatis
halleri; jaw joint CT scan in C from Urobatis jamaicensis.).
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effective modeling of the unmineralized phase of the tessellated skeleton. In Mow et al. (1980)′s biphasic theory, articular
cartilage is treated as a binary mixture of an intrinsically
incompressible solid phase, representing primarily the collagen ﬁbers, proteoglycans, and chondrocytes, and an intrinsically incompressible ﬂuid phase representing interstitial
water. The time dependent deformation behavior of cartilage
is thought to result primarily from the dissipative drag of
interstitial ﬂuid ﬂowing through a porous solid matrix consisting of different ﬁbers. Mow et al. (1980,1989), Mak and
Mow (1987) ﬁrst used a linear biphasic model to describe both
creep and relaxation behaviors of articular cartilage in conﬁned and unconﬁned compressive tests and indentation test.
Their studies assert that the frictional forces acting on the
solid phase, which correspond to the ﬂow of the liquid phase,
are governed by the tissue permeability, tissue thickness and
interstitial hydro-static ﬂuid pressure drop. However, the true
anisotropic and inhomogeneous nature of the tissue and
nonlinearities in ﬁnite deformation were not accounted for.
To address these complexities, Cohen et al. (1993, 1998)
demonstrated that a linear transversely isotropic biphasic
theory could provide successful simulations of stress relaxation tests, suggesting that difﬁculties encountered with the
isotropic model could be overcome by modeling tissue anisotropy. Alternatively, Mak (1986) proposed a biphasic poroviscoelastic model that accounts for the intrinsic viscoelasticity
of the solid phase of the tissue. Suh and Bai (1998) were able
to successfully use this approach in a ﬁnite element model to
predict the relaxation behaviors of articular cartilage.
It stands to reason that the addition of a tessellated layer
consisting of both tesserae and intertesseral joints may
require a more involved constitutive model than that used
to describe the behavior of articular cartilage. One possible
solution is to approximate multiple component behavior of
tessellated layer with a generalized Maxwell model, which
has been used to simulate viscoelastic behavior of mineralized tissues, such as dentin (Kinney et al., 2003) and bones
(Shepherd et al., 2011). The generalized Maxwell model
contains a conﬁguration of spring-dashpot elements that
are arranged both in series and in parallel (Brinson and
Brinson, 2007; Zhang et al., 2008) (Fig. 2). The ability for
spring-dashpot Maxwell elements to be ﬂexibly assembled
in a variety of conﬁgurations allows models to be tuned to
accurately reﬂect the actual relaxation behaviors of experimentally loaded tissues, while also permitting determination

Fig. 2 – Schematics of the generalized Maxwell model of
viscoelastic behavior under a ﬁxed compressive
displacement, Δl (Roylance, 2001).

of the relative contributions of viscous and non-viscous
components of a tissue′s mechanical response.
In the present work, our aim is to understand the viscoelastic behavior of shark uncalciﬁed cartilage and tessellated
cartilage via an interative experimental and modeling
approach, allowing us to determine the relative contributions
of each material to the behavior of the composite tissue. Our
method is to introduce and compare a series of composite
models that combine a biphasic model with variations on the
generalized Maxwell formulation to simulate dynamic behavior of shark tessellated cartilage tested under unconﬁned
stress relaxation and several sample orientations. Speciﬁcally, we hypothesized that the viscoelastic mechanical
behavior of shark uncalciﬁed cartilage may be quantitatively
represented by the transversely linear biphasic model developed by Cohen et al. (1998) while the tessellated layer is
simulated by the generalized Maxwell model. By comparing
the relaxation responses of non-tessellated samples with
those of tessellated samples loaded in two directions, we
address the relative contributions of tissue components on
viscous and non-viscous responses in the composite as a
whole, while providing perspective into the functional consequences of surface tiling on a viscoelastic composite.

2.

Materials and tests

Both uncalciﬁed cartilage and tessellated cartilage were
obtained from the lower jaw of adult blue sharks (Prionace
glauca) and cut into small uniform pieces using surgical
blades. The thickness of all samples was reduced to about
6 mm using a rotary polishing machine. Then the samples
were cut again to about 10 mm length and were polished with
ﬁne polishing paper (600 grit) to a uniform geometry of 10 
6  6 mm. All samples were stored at 20 1C and immersed in
Ringers solution for 2hrs prior to testing. Ringers’ solution,
produced by dissolving 6.5 g NaCl, 0.42 g KCl, 0.25 g CaCl2 and
1 mol of sodium bicarbonate in 1 l of distilled water, is used to
maintain the swelling pressure of cartilage (Lu et al., 2007).
Stress relaxation tests were employed to examine the
viscoelastic behavior of shark tessellated cartilage loaded in
different orientations, with and without tessellation. The
tests were performed with the samples in a small bath of
Ringer′s solution to avoid loss of interstitial ﬂuid during the
experiments. Relaxation behavior was measured by deforming each sample to a displacement of 5 mm using a computer
that controls a motorized micrometer with a non-rotating tip
and monitors the resulting force with an Interface SM-10 load
cell (Interface Inc, Scottsdale, AZ). The load cell was interfaced to the computer equipped with a National Instruments
Model PCI-6132 data acquisition card. The load data were
acquired and recorded by custom software developed using
the Labview visual programming environment (National
Instruments Inc., Austin, TX, USA). The desired loading rate
and displacement were imposed with an Anaheim Automation 17Y Stepper Motor, which is custom incorporated with
the nonrotating micrometer using ﬂexible couplings. The
diameter of the micrometer tip is 6 mm. The data were
acquired at 10 samples/s for the ﬁrst 15 s and then at about
0.2 samples/s for the remaining time of each test. A higher
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sampling rate at the beginning of each test was chosen to
precisely determine the peak force and fast relaxation behavior after reaching the imposed displacement. For same type
of samples, at least 8 relaxation tests were conducted to
conﬁrm the reproducibility of the experiment. All experimental data were processed using a piecewise 5-point smoothing
method to reduce scatter in the data. A photograph of the
relaxation test system used in the present work is shown in
Fig. 3. The samples were tested with the loading in a direction
either normal or parallel to the tessellated layer as illustrated
schematically in Fig. 4. Because the tessellated layer occupies
one face of tessellated samples and our aim was to ensure load

Fig. 3 – Test conﬁguration used for the present stress
relaxation experiments.
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was applied within the plane of the tesseral mat, a surface-tosurface sample conﬁguration shown was employed for parallel
loading to provide symmetry of applied force and prevent the
tessellated layers from buckling. For this conﬁguration, two
tessellated layers from the same piece of shark tissue were
positioned adjacent to each other as shown in Fig. 4.
We note that the tessellated cartilage samples under
parallel loading (TC-PL) were not loaded over the entirety of
the hyaline cartilage for the dual samples (Fig. 4). To avoid
errors in the calculation of viscoelastic properties using
current test data, we introduced a series of preliminary tests
to calibrate a correction factor (or constraint factor) to
account for the selective loading on tessellated samples
tested under parallel loading. Samples used in these tests
were made from 6061 Alloy, silicone and Delrins acetal resin
each with known stiffness properties and the same dimensions as the shark cartilage samples, which were tested under
the same loading conditions. Based on these tests, we found
that each relaxation curve was approximately 1.15 times
higher for two surface-to-surface samples compared to that
for the corresponding material loaded over its entirety.
Therefore, a correction factor of 1.15 was used for the analysis
of stress relaxation behavior for tessellated cartilage under
parallel loading.
As it is difﬁcult to harvest thick pieces of cartilage with ﬂat
tessellated surfaces, our sample geometries somewhat dictated our testing regime; given the thickness of the samples, a
low experimental displacement rate, 0.1 mm/s, was chosen to
allow adequate time for data collection (faster rates resulted in
the desired strain being reached too quickly to allow adequate
data resolution and accurate analysis). To understand this
displacement rate in the context of rates experienced by
tessellated cartilage in vivo, we approximated biologicallyrelevant rates of tissue displacement during normal but rapid
skeletal loading (e.g. during biting during a predation event),

Fig. 4 – Schematic of tessellated cartilage samples under normal and parallel loading, together with corresponding
constitutive models used for data analysis.
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using existing anatomical, material property and feeding
performance data from two shark species with very different
ecologies: the horn shark (Heterodontus francisci), a hard prey
specialist, and the lemon shark (Negaprion brevirostris), a
piscivore (Huber et al., 2005; Huber, 2006). We calculated
the average rate of force development (300–470 N/s) during
the closing phase of an anterior bite (the front of the jaw)
from the rising slope of force vs. time curves for feeding
events. The stress rate (4.46–5.97  106 Pa/s) was then calculated by dividing the force rate by the cross-sectional area of
the jaws at the bite point, measured from CT scans of
animals using Amira software (VSG, Burlington, MA, USA).
The stress rate was then divided by the stiffness of the jaw
tissue for these species (4.30–5.60  107 Pa, determined from
stress relaxation tests of cylindrical plugs of uncalciﬁed jaw
tissue, Huber, unpublished data), to calculate strain rate
(0.10–0.11 Pa/s), which was converted to displacement rate
(0.87–1.65 mm/s) by multiplying by the height of the jaws at
the bite point.
These calculated tissue displacement rates during feeding
are several times higher than our experimental displacement
rate, however it is important to note that the incorporated,
species-speciﬁc values for tissue stiffness do not take into
account the tessellated layer. Although the volume of the
tessellated layer is small in comparison with the uncalciﬁed
core of the skeleton, Liu et al. (2010)′s anatomically-based
analytical model indicates that the tesserae play a major role
in determining overall skeletal stiffness. Given that preliminary nanoindentation tests show that the mineralized tissue of
tesserae is as stiff as bone (10–30 GPa, determined from
nanoindentation tests for Urobatis halleri jaw tesserae; Fix,
et al., 2013), the Young′s modulus of the tessellated skeletal
tissue (the uncalciﬁed and calciﬁed cartilage composite)
would be one to two orders of magnitude higher than the
species-speciﬁc stiffness values for uncalciﬁed cartilage listed
above. With this higher stiffness, we would then expect our
calculated species-speciﬁc displacement rates to be proportionately smaller (i.e.  1.25  101–1.25  102 mm/s); our
experimental rates are therefore likely biologically reasonable
for tissue displacements during normal skeletal movements
like biting.

3.

Modeling

3.1.
Transversely isotropic biphasic model for
uncaliciﬁed cartilage
Cohen et al. (1998) developed a biphasic model for describing
the viscoelastic behavior of hyaline cartilage, with the axis of
transverse isotropy in the direction aligned with the collagen
ﬁber. In transverse isotropy, the fourth order stiffness tensor,
C, is characterized by ﬁve independent elastic constants: the
elastic properties are Young′s modulus and Poisson′s ratio in
the transverse plane (E1 and ν21, respectively) and out-ofplane (E3 and ν31, respectively) and the out-of-plane shear
modulus (G31), which is not used for the case of uniaxial
compression, since no shear deformation occurs in the
loading direction in the present models. The equations for
total axial stress were derived from governing equations and

solved for the stress relaxation test using Laplace transforms
and modiﬁed Bessel functions.
The loading history in the current stress relaxation experiments can be divided into two segments for which strain
functions are deﬁned. These functions are:
εðtÞ ¼ ε_ ðtt0 Þ for the ramp segment

ð1Þ

εðtÞ ¼ ε_ t1

ð2Þ

for the relaxation segment

where ε_ is the constant strain rate during the ramp segment, t
is the duration of the ramp segment, and t0 ¼0 for the present
test. The ramp displacement was terminated at time and the
strain, given by Eq. (2), was held constant thereafter during
the relaxation segment. The stress during the ramp portion of
experiment described by a transversely isotropic biphasic
model is


1 expðA tÞ
ε_ a2
1
n
sC ðtÞ ¼ E3 ε_ t þ E1
 ∑
Δ3
ð3Þ
8 n¼1
Bn
C11 k
and that during the relaxation portion (for t4t1) is given by
 1

ε_ a2
expðAn tÞexpðAn ðtt1 ÞÞ
Δ3 ∑
ð4Þ
sT ðtÞ ¼ E3 ε_ t1 E1
Bn
C11 k
n¼1
where k is the permeability, which is indicative of the ﬂow
characteristics of the interstitial ﬂuid, and a is the diameter of
the loading surface for the present experiments (Cohen et al.,
1998). The constants in Eqs. (3) and (4) are deﬁned as
C11  E1 Δ2 =Δ1 ;

ð5Þ

Δ1  1v21 2v231 E1 =E3 ;

ð6Þ

Δ2  ð1v231 E1 =E3 Þ=ð1 þ v21 Þ;

ð7Þ

Δ3  ð12v231 ÞΔ2 =Δ1 ;

ð8Þ

An  α2n C11 k=a2 ;

ð9Þ

Bn  α2n ½Δ22 α2n Δ1 =ð1 þ v21 Þ;
and αn are roots of the equation:
!
1v231 E1 =E3 Þ
J1 ðxÞ
xJ0 ðxÞ ¼ 0:
1v21 2v231 E1 =E3

ð10Þ

ð11Þ

where J0 and J1 are Bessel functions of the ﬁrst kind, and
x ¼ αn. Then the relaxation elasticity of hyaline cartilage can
be calculated by differentiating Eq. (3) with respect to strain,
which gives
EC ðtÞ ¼ E3 E1

1 A expðA tÞ
a2
n
n
Δ3 ∑
:
Bn
C11 k
n¼1

ð12Þ

The specimens tested in the present work were rectangular instead of cylindrical to avoid difﬁculties in the standardization of specimen preparation. Rectangular specimen
geometries have been modeled successfully using this biphasic approach. For example, a biphasic and transversely isotropic model was applied to rectangular meniscus samples
using a ﬁnite element approach (LeRoux and Setton, 2002).
Their model provided good predictions of experimental data
for stress relaxation tests, with coefﬁcients of determination,
R240.9.
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3.2.

Generalized Maxwell model for tessellated layer

The relaxation function of a generalized Maxwell solid is
typically determined using a Prony series (Chen, 2000):
!
n

YðtÞ ¼ Y 0 1 ∑ Pi ð1eðt=τi Þ Þ ;
i¼1

ð13Þ

where Pi is the ith Prony constant (i¼ 1, 2, ….), τi is the ith
relaxation time constant (i¼ 1, 2, …), n is the number of
Maxwell elements and Y0 is the instantaneous response of
the material, which is a constant for a given tissue, loading
direction temperature and imposed strain. We assume that
the relaxation elasticity of the tessellated layer can be
represented by Prony′s series as indicated by Eq. (13). It
follows that the time dependent elastic modulus is given by
!
n

ET ðtÞ ¼ E0 1 ∑ Pi ð1eðt=τi Þ Þ :
i¼1

Composite model for shark tessellated cartilage

To account for the additional complexity introduced by the
calciﬁed tessellated layer, we iteratively added additional
Maxwell elements to the biphasic model described above
(Fig. 4) to determine whether they improve the accuracy of
simulating the relaxation behavior of this tissue. For viscoelastic materials, a superposition of hereditary integrals can be
used to describe a time dependent response. If a specimen is
deformation free prior to the time t¼0 at which a strain ε(t) is
applied, the stress for time t40 is given by Chen (2000)
Z t
dεðδÞ
dδ:
ð15Þ
EðtδÞ
s¼
dt
0
where dε(δ)/dt is the strain rate. We note that normal loading
should predominantly result in isostress conditions while
parallel loading should predominantly result in isostrain
conditions between the tessellated and uncalciﬁed cartilage
layers as illustrated in Fig. 4. The equations governing the
effective modulus for these two loading direction are


f
ð1f T Þ 1
EC
Eef f ðtÞisotress ¼ T þ
¼
ð16Þ
EC
ET
1 þ ððEC =ET Þ1Þ  f T
Eef f ðtÞisotrain ¼ f T ET þ ð1f T ÞEC ;

0

ð17Þ

where fT is the volume fraction of tessellated layer, which is
ET is the elastic modulus of the tessellated layer, and EC is the
elastic modulus of the uncalciﬁed cartilage. The volume
fraction of the tessellated layer (fT) in the structure can be
measured from the thickness ratio of tessellated layer to
overall cartilage, which is approximately 0.1 for present
samples. Substituting Eq. (12) (transversely isotropic biphasic
model) for EC ðtÞ and Eq. (14) (generalized Maxwell model) for
ET ðtÞ into Eqs. (16) and (17) and then substituting the resulting
relation for the effective modulus under isostress condition
into Eq. (15), the stress on tessellated cartilage under normal

i¼1 i

ð18Þ
t4t1:

Z

sðtÞ ¼
0

t1

E3 E1 ða2 =C11 kÞΔ3 ∑1
Þ
n ¼ 1 ðAn expðAn ðtδÞÞ=B

 n ε_ t1 dδ
E3 E1 ða2 =C11 kÞΔ3 ∑1
ðA
expðA
ðtδÞÞ=B
Þ
n
n
n
n ¼1
1  f T
1þ
E ð1∑n P ð1eððtδÞ=τi Þ ÞÞ
0

i¼1 i

ð19Þ
Similarly, the mean stress for tessellated cartilage under
parallel loading is then: 0otot1:



1 expðA tÞ
ε_ a2
1
n
 ∑
Δ3
sðtÞ ¼ f T E3 ε_ t þ E1
8 n¼1
Bn
C11 k
þð1f T ÞE0 ε_ ðt∑ni¼ 1 pi t þ ∑ni¼ 1 pi τi þ ∑ni¼ 1 pi τi expððt=τi ÞÞÞ;

ð14Þ

where E0 is the instantaneous modulus. For time t¼ 0, ET(0)¼
E0 and for t¼ 1, ET(1) ¼E0 (1Σ Pi). E(1) is the equilibrium
modulus, which is the intrinsic time independent stiffness of
the viscoelastic material (Lu et al., 2007; Armstrong et al.,
1984).

3.3.

loading is given by: 0otot1 :
Z t
E3 E1 ða2 =C11 kÞΔ3 ∑1
Þ
n ¼ 1 ðAn expðAn ðtδÞÞ=B

 n ε_ dδ;
sðtÞ ¼
E3 E1 ða2 =C11 kÞΔ3 ∑1
ðA
expðA
ðtδÞÞ=B
Þ
n
n
n
0
n¼1
1þ
1  f T
E ð1∑n P ð1eððtδÞ=τi Þ ÞÞ

ð20Þ
t4t1:
sðtÞ ¼ f T

E1 ε_ a2
Δ3
E3 ε_ t1 
C11 k

(

)!
expðAn tÞexpðAn ðtt1 ÞÞ
∑
Bn
i¼1
1

þð1f T ÞE0 ε_ ðt1 ∑ni¼ 1 pi t1 þ ∑ni¼ 1 pi τi expðððtt1 Þ=τi ÞÞ
∑ni¼ 1 pi τi expððt=τi ÞÞÞ:

ð21Þ

The correlations between experimental data and model
results were determined using non-linear least squares regression analysis (p¼ 0.05). For uncalciﬁed cartilage, we note that
from Eqs. (3) and (4) that there are ﬁve material coefﬁcients: v21,
v31, E1, E3 and k. These material parameters were determined
as follows. First, the equilibrium modulus, E3, was calculated
using the equilibrium stress and strain values (when t43000 s
for current relaxation tests). Next, a nonlinear least-squares
regression method was used to ﬁt the remaining material
parameters v21, v31, E1 and k to for both ramp and relaxation.
A master table for the roots of xJ0(x) and J1(x) was then created.
Based on this table, the bisection method was used to calculate
each αn where eight terms were used (Yin and Elliott, 2004). For
tessellated cartilage, we substituted the biphasic properties of
the uncalciﬁed cartilage samples for this component in the
composite model except for the permeability, which we assume
can be inﬂuenced by the introduction of the tessellated layer.
For faster ramps, both the ramp and the early portion of
the relaxation should not be included in regression analysis
due to transient effects (Lakers and Vanderby, 1999; Yin and
Elliott, 2004). Based on the 2.5 s ramp time, we chose to model
the relaxation starting at 5 s to ensure that transient effects
did not have a dominant inﬂuence on our data. In order
to achieve a full representation of both short term and
long term relaxing mechanisms of viscoelastic materials,
one-element, two-element and three-element generalized
Maxwell terms were incorporated to describe the observed
behavior.

4.

Results

Both load ramp and relaxation curves are plotted in Fig. 5a
and b for all three test conﬁgurations. The stress relaxation
data for uncalciﬁed cartilage and tessellated cartilage under
normal loading were very similar while the stress for parallel
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loading (in-plane direction) for tessellated cartilage indicated
substantially higher stress resulting from a greater overall
stiffness. The average regression results for the relaxation
behavior of uncalciﬁed non-tessellated cartilage (NTC) using
the transversely isotropic biphasic model are listed in Table 1.
The accuracy of this model (dashed) for a representative
relaxation response (solid) is demonstrated in Fig. 6a. The
model described the majority of variation in experimental
data, with a coefﬁcient of determination, R2, greater than
0.987 (Table 1). Thus, it appears that the time dependent
response of the shark hyaline cartilage can be simulated
reasonably well by the transversely isotropic biphasic model.
The average instantaneous modulus (E0) and equilibrium

Fig. 5 – Ramp (a) and stress relaxation (b) curves for
tessellated and uncalciﬁed cartilage. NTC: non-tessellated
cartilage, TC: tessellated cartilage, NL: loading normal to the
tessellated layer, PL: loading parallel to the tessellated layer.

modulus (E3) of shark hyaline cartilage were calculated to
be about 5.6 MPa and 2 MPa, respectively.
Predication of relaxation data for tessellated cartilage under
normal loading (TC NL) was ﬁrst attempted using the present
Maxwell/biphasic composite model based on the isostress
condition using Eq. (17). Although high correlation coefﬁcients
(R240.99; Table 2) were determined between the entire stress
relaxation data sets and models, the calculated moduli of the
tessellated layer exhibited high standard deviations, indicating
that the Maxwell/biphasic composite model designed in the
present work is not able to provide a consistent estimation of
materials properties of the tessellated layer under normal
loading. Rather, the biphasic model used to model nontessellated cartilage seems to be applicable in this case, given
the similarity in the shape of the relaxation curves for nontessellated cartilage and tessellated cartilage under normal
loading (Fig. 5). The accuracy of the biphasic model (dashed)
for a representative relaxation response of tessellated cartilage
under normal loading is demonstrated in Fig. 6b and associated
regression results listed in Table 1.
Simulation of the time dependent response for tessellated
cartilage under parallel loading (TC PL) was attempted using
both the transversely isotropic biphasic model and the
composite model derived in present work for isostrain conditions. Representative experimental data for the stress
relaxation phase are plotted in Fig. 6(c) and Fig. 7(a)–(c), with
corresponding regression results for composite models with
one Maxwell element, two Maxwell elements and three
Maxwell elements. We note that the plots in Fig. 7 focus on
the ﬁrst 500 s of stress relaxation where the most rapid
transitions occur. The coefﬁcients of determination listed in
Tables 1 and 2 indicate that both the Maxwell/biphasic composite model and biphasic model exhibit good agreement with
experimental data. However, the permeability predicted by the
biphasic model (9.93  1013 m4/Ns) is approximately three
orders of magnitude higher than that for typical mammalian
hyaline cartilage and highly variable as indicated by the
relatively large standard deviation (10.7  1013 m4/Ns). Thus,
it appears that tessellated cartilage under parallel loading does
not deform in a manner as mammalian hyaline cartilage that is
described well by biphasic theory alone. Instead, moduli and
permeabilities estimated from Maxwell/biphasic composite
models are statistically more self-consistent as indicated by
relatively small standard deviations compared to their corresponding mean values (Table 2). A comparison of the three
iterations of composite models with the ﬁrst 500 s of a

Table 1 – Non-linear regression results for the transversely isotropic biphasic model for both shark non-tessellated
cartilage and tessellated cartilage. NTC: non-tessellated cartilage, TC: tessellated cartilage, NL: loading normal to the
tessellated layer, PL: loading parallel to the tessellated layer. The values and standard deviations listed correspond to the
means of the best ﬁt values for at least eight replicate experiments for each specimen type and loading direction.

E3 (MPa)
E1 (MPa)
E0 (MPa)
ν21
ν31
k (m2/Ns)
R2

NTC

TC-NL

TC-PL

1.9770.04
0.1570.05
5.5670.44
0.9870.02
0.4670.05
8.79  101672.95  1016
0.992

2.7570.25
0.1170.03
6.1370.73
1.0170.01
0.3470.05
1.28  101570.39  1015
0.990

10.9170.36
2.0170.87
12.0570.27
1.5170.16
0.4370.09
9.93  1013710.70  1013
0.985

TC NL

E0 (MPa)
E1 (MPa)
P1
P2
P3
k (m2/Ns)
τ1
τ2
τ3
R2

TC PL

One Maxwell element

Two Maxwell elements

Three Maxwell elements

One Maxwell element

Two Maxwell elements

Three Maxwell elements

3.8572.28
1.9371.20
0.4670.16

12.1679.42
1.9371.24
0.6270.21
0.1870.14

99.3173.61
91.6774.20
0.0870.01

101.173.34
91.4374.03
0.0770.01
0.0270.02

2.84  101671.02  1016
132.7756.6

2.82  101671.03  1016
2.3971.72
148.5759.4

2.01  101170.81  101
68.55745.68

2.02  101170.81  1011
17.6676.24
466.87287.7

0.998

0.998

12.3679.95
1.8871.28
0.6470.13
0.1470.07
0.0370.04
2.75  101671.03  1016
1.7370.36
121.4774.1
683.77369.1
0.998

0.963

0.988

102.873.24
91.3173.94
0.0570.01
0.0470.01
0.0270.01
1.34  101170.27  1011
5.8170.84
51.49719.96
870.87549.5
0.989
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Fig. 6 – Representative relaxation response for shark (a) nontessellated cartilage, (b) tessellated cartilage under parallel
loading and (c) tessellated cartilage under parallel loading
along with non-linear regression ﬁts for the transversely
isotropic biphasic model.

representative stress relaxation (Fig. 7), indicates that the threeelement Maxwell/biphasic model is better at simulating
the time-dependent behavior of tessellated cartilage under
parallel loading over the most dynamic part of the loading
history. By contrast, the one-element Maxwell/biphasic model
gives predictions that have a relatively poor correlation with
experimental data and the two-element Maxwell/biphasic
model underestimates the initial response by 5%. The average
instantaneous and equilibrium moduli of the tessellated

Table 2 – Non-linear regression results for composite models that combine a biphasic description of the hyaline component with a generalized Maxwell model of the
tessellated layer. TC: tessellated cartilage, NL: loading normal to the tessellated layer, PL: loading parallel to the tessellated layer. The values and standard deviations listed
correspond to the means of the best ﬁt values for at least eight replicate experiments for each specimen type and loading direction.
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5.

Discussion

The present correlations between model predictions and
experimental data demonstrated that the transversely isotropic biphasic model developed by Cohen et al. (1998) is adequate
for an accurate representation of the viscoelastic behavior of
uncalciﬁed shark cartilage and tessellated cartilage under
normal loading in stress relaxation tests. However, the biphasic
model is not optimum for describing the behavior of tessellated
cartilage when parallel loading is applied. Incorporation of the
biphasic model into a generalized Maxwell model was found to
be more effective for simulating the behavior of the tessellated
cartilage for this loading direction. This ﬁnding can be understood by examining the differences in roles of the calciﬁed and
uncalciﬁed cartilage under normal and parallel loading conditions. Since we would expect the tessellated layer and uncalciﬁed cartilage to deform to different degrees in normal loading,
and therefore to correspond to isostress conditions (Eq. (16)),
and since the tessellated layer comprises a small portion of the
overall tissue (volume fraction  0.1), it follows that the
effective elastic modulus of the tissue would be dominated
by the less stiff hyaline cartilage. This explains the effective
similarity in time-dependent properties for uncalciﬁed cartilage and tessellated cartilage under normal loading (i.e. similarly accurate nonlinear regressions of experimental data by
the biphasic model). The equilibrium and instantaneous modulus for tessellated cartilage under normal loading seem to be
only slightly higher and the predicted Poisson′s ratios and
permeability are also similar. For this loading direction, the
tessellated tissue essentially behaves as uncalciﬁed cartilage in
most aspects.

Fig. 7 – The ﬁrst 500 s of a representative relaxation
response for shark tessellated cartilage under parallel
loading along with regression ﬁts for the present composite
model with (a) one Maxwell element, (b) two Maxwell
elements and (c) three Maxwell elements.

layer predicted by the three-element composite models are
greater than 101 MPa and 91 MPa, respectively, which are
approximately 18 times and 45 times higher than those for
non-tessellated cartilage. In addition, the average value for
permeability of the tessellated cartilage predicted by the
composite model was approximately by four orders of magnitude greater than that for typical hyaline cartilage (1015 to
1016 m4/Ns) (Mansour, 2003).

In contrast to normal loading, parallel loading gives rise to
isostrain conditions governed by Eq. (17) which dictate that
the substantially stiffer tessellated layer contributes more to
the overall composite modulus. As a result, a composite
model, combining the biphasic model with generalized Maxwell components (representing the hyaline cartilage and
tessellated layer, respectively), more accurately described
the relaxation behavior of the composite tissue. A composite
model combining three-Maxwell elements with the biphasic
model provided better agreement with experimental data
than composite models with only one or two Maxwell
elements describing the tessellated layer (Fig. 7(a)–(c)). The
accuracy of the three-Maxwell element composite model
could be a function of the three material types contributing
to the viscoelastic relaxation behavior of the tessellated layer:
the mineralized tissue in tesserae, the ﬁber joints between
the tesserae, and the interstitial ﬂuid distributed through
both the mineralized and ﬁbrous phases. It is also worth to
notice that the stress relaxation curve for tessellated cartilage
under parallel loading appears to oscillate somewhat irrationally, which is possibly a consequence of the settlement of
joints in the tessellated layer. Liu et al. (2010) demonstrated
that joints vary signiﬁcantly in dynamic response within the
tessellated layer and their inﬂuences on the overall relaxation behavior could be signiﬁcant. So it is likely that that the
relaxation response of joints may be responsible for the
observed oscillations in the data. More work is needed to
explore this possibility.
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The present model also indicates that tessellated cartilage
under parallel loading exhibits a much greater permeability
and therefore reveals that the interstitial ﬂuid is extruded
more rapidly in the tessellated cartilage under parallel loading. In addition, although the average permeability value for
uncalciﬁed blue shark cartilage was determined to be
8.79  1016 m4/Ns, within the range of typical values (1015
to 1016 m4/Ns) for mammalian cartilage, the average permeability of the tessellated cartilage predicted by the composite
model was approximately by four orders of magnitude
greater than that for typical hyaline cartilage (Mansour,
2003). These results indicate that the drag forces between
the hyaline cartilage matrix and interstitial ﬂuid are greatly
diminished for deformation under parallel loading. This
increase of permeability can be attributed to the fact that
the tessellated layer supports most of the resulting stress
under parallel loading, with the high permeability of tessellated cartilage in parallel loading likely a reﬂection of the high
permeability of the tessellated layer itself: anisotropy in the
freedom of ﬂuid movement (in normal vs. parallel loading) is
supported by a recent anatomical study revealing a network
of passageways (canaliculi) extending through tesserae, connecting the cells entombed in the mineralized matrix (Dean
et al., 2010). These intratesseral canaliculi radiate out from
the center of each tessera, predominantly within the plane of
the tesseral mat, not perpendicular to it (i.e. canals connect
adjacent cells, not those above or below). As the canals
perforate the mineralized tissue completely, opening into
the joints connecting adjacent tesserae, interstitial ﬂuid could
conceivably ﬂow easily within the plane of the tesseral mat,
an arrangement that would increase the permeability of
tessellated cartilage in parallel loading, and could also be
vital for communication and the distribution of nutrients
among cells.
There are currently no published data on elasmobranch
unmineralized cartilage material properties, making it difﬁcult to ground-truth our data with other studies. Our values
for the elastic modulus of blue shark uncalciﬁed cartilage
(2 MPa), however, are similar to those reported for mammalian cartilages (0.45–19 MPa; Athanasiou et al., 1991; Mansour,
2003; Silver et al., 1992). Two as of yet unpublished datasets
on elasmobranch cartilage report values, an order of magnitude higher than ours, from uncalciﬁed jaw cartilage from
two shark species tested in stress relaxation (N. brevirostris, H.
francisci; 43–56MPa; Huber, unpublished. data) and uncalciﬁed
jaw and chondrocranial cartilage plugs tested in unconﬁned
compression (Squalus acanthias; 20–78 MPa for jaws, 116–
775 MPa for chondrocranium; Porter et al., 2013). This suggests perhaps that the structure and modulus of uncalciﬁed
cartilage may vary to some degree across species and
between different skeletal elements; investigations of species- and element-speciﬁc variation in tissue properties and
relation to animal ecology (e.g. diet, swimming mode, habitat)
will provide valuable insight into properties relevant to
skeletal performance in this system.
The substantial difference between the modulus of the blue
shark uncalciﬁed cartilage and the tessellated layer indicated by
the present models is reasonable considering the materials
properties and volume fractions of tissues involved in the
tessellated layer (Fung, 1993): the mineral component of the
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tesserae (carbonated apatite; Applegate, 1967) has a modulus
that can exceed 100 GPa and the soft joint tissue between the
tesserae only occupies only about 2% of tessellated layer (Dean
et al., 2009; Liu et al., 2010). Tesserae exhibit a variety of
geometric shapes, but are predominantly hexagonal (Dean
et al., 2009); we note that only tesseral joints that are arranged
in series with respect to the loading direction have a signiﬁcant
impact on the effective modulus of the tessellated layer (Liu
et al., 2010). Accordingly, we substitute the effective equilibrium
modulus of the tessellated layer (Eeff E91 MPa) and the reference values of the elastic modulus of tesserae as well as the
volume fraction of joints into Eq. (16). Rearranging terms, the
resulting elastic modulus of the interstitial joints is calculated
to be 1.8 MPa, in the lower end of the range of moduli for
mammalian ﬁbrous tissues (e.g. ligament; Donahue et al., 2003)
and well beneath the threshold modulus predicted by Liu
et al.'s (2010) analytical model for maintaining adequate ﬂexibility in the tessellated layer to re-distribute damaging stresses
away from tension-loaded areas of the skeleton.
Perhaps the most striking contribution the tessellated
layer provides to the overall performance of the tissue is that
it strongly increases both the instantaneous and equilibrium
modulus of the composite structure, however only under
parallel loading. This effect would result in much greater
stiffness for loading in this direction; it is interesting to note
in cross-sections of elasmobranch skeletons, particularly
those with more limited loading directions (e.g. jaws, Fig. 8),
material is typically arranged to maximize the portion of the
tessellated layer under parallel loading orientation and minimize the portion arranged under normal loading. Such tissue
arrangement would be particularly advantageous for portions
of the skeleton experiencing relatively anisotropic and/or
rapid loading: for example, the greater dynamic stiffness
provided by the tessellated layer in parallel loading would
be advantageous for mastication of prey, particularly those
that are protected with a hard shell. By contrast, the dynamic
stiffness normal to the tessellated layer is practically as low
as that for hyaline cartilage so that a predatory or defensive
strike in this direction would result in relatively modest
stresses and therefore, have less potential for inducing
damage to the tissue. The anisotropic stress relaxation
response of tessellated shark cartilage therefore results in
an inherent, “smart” management of loading stresses,
likely extremely valuable to the fatigue resistance of this
skeletal type.
Given the mechanical anisotropy we have shown for the
tessellated cartilage system, the arrangement of tessellated
tissue in a skeletal cross-section should provide clues to the
loading regimes experienced by the animal in life. Given the
lack of gravity experienced by cartilaginous ﬁshes, we imagine their skeletons’ primary loading mode to be bending.
From an engineering standpoint, beams (or skeletal elements) with circular cross-sections provide the best resistance to multi-axial bending, whereas beams with elliptical
cross-sections exhibit asymmetrical bending resistance and
are stiffer when bending is in line with the cross-section′s
longest axis (as in the familiar example of an architectural
I-beam) (Weaver and Ashby, 1997). Flexural stiffness of
an element can also be increased through use of stiffer
constituent materials (Weaver and Ashby, 1997); in the case
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Fig. 8 – Tesseral surface orientations in the jaws of the blue
shark, Prionace glauca. In digital CT scan cross-sections from
two locations in the lower jaw (left: from beneath the teeth;
right: from area of muscle adductor attachment),
mineralized material in the tessellated layer is white and
the radiolucent uncalciﬁed cartilage has been colored blue.
Loading orientations applied in this study correspond to
loading scenarios in vivo: in regions where the tessellated
areas are oriented more horizontally, bite force would be
applied in a direction “normal” to the tessellated layer
(top schematic image), whereas regions with more vertical
orientation would experience more in-plane “parallel”
loading (bottom schematic image). (For interpretation of the
references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

of composite tissues with anisotropic bending resistance,
however, a given tissue morphology can provide a range of
ﬂexural stiffnesses dependent on the tissue arrangement
relative to the primary direction of loading.
If the inherent anisotropy of the tesserae-cartilage composite plays an in vivo role in skeletal stiffening, we would
expect regions with anisotropic loading direction to exhibit
elliptical skeletal cross-sections, with the predominant loading direction being the one where the most tesserae are
loaded in the plane of the tesseral mat (“parallel loading”
orientation). Such an arrangement would exploit the anisotropy of tessellated cartilage at the tissue level, while also
increasing the second moment of area and bending resistance of the whole cross-section by arranging the majority of
material in line with skeletal bending. This hypothesis is
supported by Macesic and Summers’ study, showing that the
cross-sectional shape of tessellated pelvic skeletal elements
in ray species varied predictably according to the degree to
which they use the elements to push along the seaﬂoor, with
more elliptical cross-sections reﬂecting a predominant pushing direction for species that rely more on this particular

locomotory mode. Observed differences in skeletal ﬂexural
stiffness across the ﬁve species examined were dictated by
the geometric arrangement (and to some degree, the level of
mineralization) of the tessellated layer, rather than by
changes in thickness of tesserae (Macesic and Summers,
2012). This demonstration of the link between morphology
and skeletal performance underlines the importance of the
basic tissue anisotropy, shown by our data, in determination
of whole element biomechanics in the tessellated skeletal
system.
Such a fundamental structure–function relationship –
wherein gross skeletal geometry reﬂects loading direction – is
well-known for bone, where skeletal architecture, geometry and
composition can adapt in response to both the magnitude and
orientation of mechanical loads (Burr et al., 2002; Ruff et al.,
2006; Seeman, 2009). Tessellated cartilage, however, apparently
cannot perform the fundamental remodeling and modeling
processes that allow bones to adapt to loading conditions;
therefore (non-pathologic) skeletal geometries are genetically
predetermined, not environmentally shaped (Summers, 2000;
Ashhurst, 2004). Given this ontogenetic constraint on skeletal
shape, in the case of elliptical skeletal cross-sections (e.g. the
extremely compressiform jaw section to the right in Fig. 8),
potentially dangerous off-axis loads must be kept to a minimum, either by stereotyped muscle contraction patterns and/or
inherent aspects of skeletal architecture (e.g. speciﬁc tesseral
tiling patterns allowing some skeletal deformations but not
others). Further analyses of tessellated cartilage morphology
and mechanics in the contexts of organismal performance and
behavior will provide vital insight into the roles of the tissue
phases in this tiled composite material.

6.

Conclusion

Stress relaxation data were generated for tessellated and
uncalciﬁed cartilage tissue from the jaws of blue sharks.
The experimental results for the uncalciﬁed cartilage sample
were found to agree reasonably well with behavior predicted
by a transversely isotropic biphasic model. Incorporation of
this biphasic approach into a generalized Maxwell model
provides more accurate simulations of the behavior of tessellated tissue when loaded parallel to the plane of the tesserae.
This is a reasonable ﬁnding considering the tessellated layer′s
contribution to stiffness and constraint of the soft tissue
under parallel loading. However, the generalized Maxwell
model does not provide a better description of the behavior
of calciﬁed cartilage under loading normal to the plane of the
tessellated layer. This result is consistent with the fact that
the role of the tessellated layer is much less signiﬁcant under
loading in this direction. As a result, there was a relatively
small difference between the viscoelastic behaviors of tessellated cartilage under loading normal to the plane of the tissue
compared to uncalciﬁed cartilage. In sum, the present results
indicate that the tessellated layer provides anisotropic compressive stiffness and that the tissue may be arranged in
ways to take the most advantage of this effect, with parallelloaded tesserae positioned in areas requiring relatively high
forces (e.g. beneath the teeth of the jaw) and normal-loaded
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tesserae, which have little effect in increasing stiffness, in
areas where load-damping may be more important.
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