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In this paper, we outline a method to compute supersymmetric
one-loop integrands in ten-dimensional SYM theory. It relies on
the constructive interplay between their cubic-graph organization and BRST invariance of the underlying pure spinor superstring description. The five- and six-point amplitudes are presented in a manifestly local form where the kinematic dependence is furnished by BRST-covariant expressions in pure spinor
superspace. At five points, the local kinematic numerators are
shown to satisfy the BCJ duality between color and kinematics
leading to type IIA/B supergravity amplitudes as a byproduct.
At six points, the sources of the hexagon anomaly are identified
in superspace as systematic obstructions to BRST invariance.
Our results are expected to reproduce any integrated SYM amplitude in dimensions D < 8.

1 Introduction
Recent developments have shown that scattering amplitudes take a much simpler form than the multitude of
Feynman diagrams would seem to suggest [1]. In a variety of theories and spacetime dimensions, the laborious computations based on textbook methods were successfully sidestepped by new approaches to determine
amplitudes from first principles manifesting their hidden simplicity. Along these lines, this work describes
a method to obtain the integrands of one-loop amplitudes in ten-dimensional N = 1 super-Yang–Mills theory (SYM) [2] on the basis of two fundamental principles:
locality and BRST symmetry.
Locality refers to the expansion of amplitudes in
terms of cubic graphs whose propagators encode the
structure of poles and branch cuts in the scattering
data [3]. BRST invariance is embedded into pure spinor
superspace where it guarantees supersymmetry and
gauge invariance as originally described in the context


C 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

of the pure spinor superstring1 [7]. This underpins
the observation of Howe [8] that pure spinor variables
simplify the description of ten-dimensional N = 1 SYM.
In the subsequent, we will explain how to combine
locality and BRST invariance to
a constructive and intuitive prescription to assemble one-loop integrands of SYM from their cubicgraph expansion. The long-term
goal of this approach is to find
a general and intuitive mapping
from cubic graphs at any loop order to superfields such as the objects V12 and T3,4,56 as seen on the left. The tree-level
mappings have already been worked out in [9, 10] and
the main result of this paper is a one-loop implementation of this dictionary. Using this method we obtain a local form of the five- and six-point one-loop integrands of
ten-dimensional SYM.
The superspace expressions encoding the integrands
are in the cohomology of the pure spinor BRST charge,
whose action on kinematic factors follows from simple
equations of motion [11, 12]. The cohomology requirement on scattering amplitudes tightly constrains the admissible combinations of superfields which, when supplemented by the required propagator structure set by
cubic diagrams, empirically leads to unique answers.
The cohomology approach was successfully applied
to assemble tree amplitudes from its cubic graphs [9, 13].
1 See [4, 5] for reviews of the pure spinor formalism and [6] for

a recent derivation of the BRST operator from gauge fixing a
reparametrization invariant worldsheet action.
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The kinematic objects which describe individual subdiagrams share the symmetries of the associated color factors, leading to a manifestation of the BCJ duality [3] in
tree amplitudes [14]. Their generalization to multiparticle superfields of SYM in [12] provides a superspace representation for any tree-level subdiagram in a one-loop
amplitude. For example, the four-point box numerator
can be written as V1 T2,3,4 while the six-point box in the
above figure is represented by V12 T3,4,56 , where two of the
superfields are exchanged by their multiparticle representatives. Hence, the leftover challenge boils down to
fixing the irreducible n-gon diagram in the n-point oneloop amplitude using BRST invariance. Multiparticle superfields then allow to infer the structure of massive ngons at higher multiplicity.
This paper is structured as follows. Section 2 reviews
the diagrammatic construction of tree-level amplitudes
based on BRST properties of the kinematic numerators
in superspace. In section 3, we introduce a set of oneloop specific superfields as selected by the zero-mode
saturation of the open superstring. They furnish the alphabet of BRST-covariant building blocks for any kinematic numerator in one-loop integrands. Their precise
matching with box, pentagon and hexagon diagrams is
dictated by the BRST algebra and explained in section 4.
This leads to a superspace description of the hexagon
anomaly [15] inherent to the chiral fermions of tendimensional SYM.
Even though BRST invariance serves as a driving force
to determine the kinematic numerators, it is not manifest at the level of individual diagrams of the local integrands. Hence, we provide an alternative representation
in section 5 where the propagators are reorganized such
that any kinematic factor is manifestly BRST pseudoinvariant – meaning BRST closed up to anomaly effects
[16]. These cohomology objects have been classified in
[16] and shown to obey a rich network of relations under permutations of external legs and contractions with
momenta. Representations with manifest BRST properties obscure locality but allow to check cyclic symmetry
of the integrated amplitudes in superspace – again up to
the hexagon anomaly.
Finally, section 6 is devoted to the BCJ duality. The
five-point integrand is shown to obey all kinematic Jacobi relations, and the corresponding type IIA/B supergravity amplitudes are presented as a corollary – in lines
with the field theory limit of the closed superstring. However, the six-point amplitude suffers from obstructions to
satisfy the BCJ duality whose precise form might signal a
subtle relation to the anomaly.
The gluon and gluino components of any superspace
numerator presented in this work can be obtained by
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combining the known θ expansions of the superfields
[17] with the prescription λ3 θ 5  = 1 of pure spinor superspace, see for example [18]. The gluon components
of any kinematic factor in the amplitude representations
of section 5 are available on the website [19].

2 Tree-level cohomology construction of SYM
amplitudes
In this section, we review the pure spinor cohomology
derivation of the tree-level amplitudes of SYM theory [9,
13] using the BRST block techniques of [12]. This will
prove useful to undertake the analogous construction of
one-loop amplitudes.

2.1 BRST-covariant building blocks from the pure spinor
string
The tree-level amplitude among n massless open superstring states is encoded in iterated integrals along the
boundary of a worldsheet of disk topology parametrized
by real zi . The prescription in the pure spinor formalism
is given by [7]
=
Atree
n

 n−2


dz j V1 (z1 ) U2 (z2 )

j=2

· · · Un−2 (zn−2 ) Vn−1 (zn−1 ) Vn(zn)

(1)

where V (z) and U(z) are the vertex operators for the
gluon super-multiplet
Vi = λα Aiα , Ui = ∂θ α Aiα + m Aim + dα Wiα +

1
Nmn Fimn,
2
(2)

and [Aα , Am, Wα , Fmn] are the ten-dimensional superfields of N = 1 SYM [11]. They are contracted into
the spinorial ghost λα subject to the pure spinor constraint λγ mλ = 0, and [∂θ α , m, dα , Nmn] are conformal
primaries of weight h = 1, see [20] for their OPEs.
The correlation function in (1) is determined by the
OPEs among the vertices, V (z)U(w) and U(z)U(w). Based
on the experience from four- to six-point computations [21], the general solution to this problem was argued in [12] to be captured by multiparticle superfields
α
B
[AαB , Am
B , WB , Fmn]. As shown in [12], they generalize the
standard (single-particle) SYM superfields of [11] and
can be interpreted as representing a multiperipheral tree
level subdiagram with an off-shell leg, see Fig. 1 . The
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Figure 1 The correspondence of cubic graphs and the BRST blocks
with multiparticle label B = b1 b2 · · · bp. For the unintegrated vertex VB = λα AαB , this mapping implies that the BRST variation of
cubic graph numerators cancels propagators and allows the construction of BRST invariant tree-level amplitudes.

The above reasoning led to the conjecture in [13] that the n-point tree amplitudes of SYM could be obtained by requiring BRST invariance of linear combinations
of VA VB VC with the appropriate kinematic
pole structure. This conjecture eventually led to a recursive algebraic method for the n-point SYM tree amplitude
in [9], but it will be convenient to recall the diagrammatic
construction suggested in [13] since it will be generalized
to one-loop below.

on-shell legs b j are collected in multiparticle labels B =
b1 b2 · · · bp, usually denoted by capital Latin letters.
More precisely, kinematic factors of the n-point string
amplitude at tree level can always be written in terms of
multiparticle vertex operators,

2.2 BRST variations and diagrammatic interpretation

VB ≡ λα AαB ,

Q = λα Dα ,

α
UB ≡ ∂θ α AαB + m Am
B + dα WB +

1
Nmn F Bmn.
2

1
[V2 (k2 · A1 ) + A2m(γ m W1 )α − (1 ↔ 2)],
2

V123 = −V213 ,

∂
1
+ km(γ mθ )α .
∂θ α
2

(7)

The multiparticle equations of motion for AαB [12] imply
covariant BRST variations forVB ,
(4)

and a recursive prescription for cases with three and
more particles is given in [12]. The resulting multipartimn
α
cle fields [AαB , Am
B , WB , F B ] satisfy Lie-symmetries such
as
V12 = −V21 ,

Dα ≡

(3)

The simplest two-particle instance reads
V12 ≡

At the level of SYM superfields, the BRST operator acts as
a fermionic derivative,

V123 + V231 + V312 = 0, (5)

in lines with the dual color tensors f 12a and f 12a f a3b [3].
Multiparticle vertices build up by iterating OPEs of
schematic form UA UB → UC and VA UB → VC . Once the
conformal fields [∂θ α , m, dα , Nmn] in (1) are integrated
out along these lines, the most general kinematic pattern
in superstring tree amplitudes is furnished by VA VB VC .
Their ghost number three is compatible with the component prescription [7]

QV12 = s12 V1 V1 ,
QV123 = (s123 − s12 )V12 V3 + s12 (V1 V23 + V13 V2 ),

(8)

see [12] for generalizations to higher multiplicity V12··· p.
The Mandelstam invariants in (8) are defined by
1
(ki + k j )2 ,
2
2
1
ki + ki2 + · · · + ki p
≡
2 1

si j ≡ (ki · k j ) =
si1 i2 ···i p

(9)

Since the open superstring reduces to ten-dimensional
N = 1 SYM in the field-theory limit α  → 0 [22], these
same ingredients of the form VA VB VC suffice to write
down SYM amplitudes. Furthermore, supersymmetry of
the string amplitudes in the pure spinor formalism is a
consequence of BRST invariance independently of the
α  order, so the SYM amplitudes must also be BRST
invariant.

and guide the diagrammatic interpretation shown in
Fig. 1. For example, the variation QV12 = s12 V1 V2 sug−1
. The latter
gests to associate V12 with a propagator s12
in turn describes a cubic vertex with on-shell particles 1
and 2 as well as an off-shell leg carrying the overall mom
≡ k1m + k2m. Higher-multiplicity V12··· p have
mentum k12
analogous BRST variations with Mandelstam invariants
s12··· j , j = 2, 3, . . . , p, so they are the natural superspace
representatives of cubic subdiagrams with these propagators. The resulting multiperipheral tree level subdiagrams with a terminal off-shell leg are depicted in Fig. 1.
The trilinears VA VB VC selected by the above string theory prescription allows to connect the three off-shell legs
through an additional vertex and to form an on-shell
tree-level diagram, see Fig. 2 .
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(λγ mθ )(λγ nθ )(λγ pθ )(θ γmnpθ ) = 2880.

(6)
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One can check that the following mapping between
cubic graphs and pure spinor superspace expressions
leads to BRST-invariant four- and five-point amplitudes:

Figure 2 On-shell diagrams represented by VA VB VC connect
three off-shell subdiagrams. Propagators such as sa1 a2 and sa1 a2 a3
are suppressed on the left-hand side.

Using these mappings the four- and five-point amplitudes displayed in Fig. 3 become
Atree (1, 2, 3, 4) =
Atree (1, 2, 3, 4, 5) =

V12 V3 V4  V23 V4 V1 
+
s12
s23
V12 V3 V45 
+ cyclic(1, 2, 3, 4, 5).
s12 s45
(12)

BRST invariance follows from the cancellation of the
propagators e.g.
Figure 3 The four- and five-point tree amplitudes represented in
terms of cubic graphs.

2.3 Tree-level SYM amplitudes from the cohomology of
pure spinor superspace
The color-ordered tree-level SYM amplitudes can be organized in terms of cubic on-shell graphs capturing their
kinematic pole structure [3],
Atree (1, 2, . . . , n) =





i

Ni
.
k Pk,i

(10)

The sum encompasses all cubic diagrams i compatible with the color ordering, and Pk,i denote their corresponding propagators, see Fig. 3 for four- and five-point
examples. The kinematic numerators Ni carry the polarization dependence and will be specified below.
The pure spinor cohomology method of [9] exploits
the dictionary of Fig. 2 between cubic diagrams and superfields to associate trilinear VA VB VC with each numerators Ni in (10). The BRST-covariant properties of the
BRST blocks (see (8) and [12]) guarantee that these superspace numerators satisfy the necessary condition for
BRST invariance:

QV12 V3 V4
= V1 V2 V3 V4 ,
s12
QV12 V3 V45
V1 V2 V3 V45
V12 V3 V4 V5
=
+
,
s12 s45
s45
s12

(13)

and both terms on the right-hand side of the five-point
diagram can cancel against further diagrams which share
one of the propagators s12 , s45 . Note that any pure spinor
superspace numerator VA VB VC  is a local expression of
polarizations and momenta.
Higher-point amplitudes can be similarly obtained
using vertices VB of higher multiplicity. SYM tree amplitudes up to seven points can be found in [13], and the
n-point solution is presented in [9] based on a recursive
method. Furthermore, explicit component expansions of
SYM trees up to multiplicity eight can be found in the
website [19].
Note that the assignment of superfields to a cubic
graph is not unique. By choosing different vertices to
play the role of the center of Fig. 2, one can arrive at three
representations for the following five-point diagram:

each term of QNi must have a factor of Pk,i with
k = 1, 2, . . . , n − 3.

(11)

Otherwise, the BRST variation of the amplitude would

have a nonzero residue at the simultaneous pole k Pk,i
and could not vanish.
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They differ by contact terms and have to be chosen coherently such as to render the resulting amplitude (10)
BRST invariant. At tree level, a consistent choice consists of trilinears of the schematic form V1··· Vn−1··· Vn. The
legs of the integrated vertices 2, 3, . . . , n − 2 in (1) are
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distributed along the ellipses of V1··· or Vn−1··· , and the single particle nature of Vn reflects the choice of worldsheet
position zn → ∞. This is also a (n − 2)! basis of local treelevel numerators found in [14] which satisfy the duality
between color and kinematics.
As we will see in the next sections, similar ambiguities
arise at one-loop and can be settled through the choice of
unintegrated vertex operator V1 such that the first particle one can only enter through VB with B = 1b2 b3 · · · .

3 One-loop cohomology construction of SYM
integrands
In this section, the one-loop string amplitude prescription will be used to propose kinematic building blocks
in superspace for SYM one-loop integrands. This will be
done in a similar diagrammatic fashion as reviewed for
tree-level amplitudes in the previous section.

ing blocks suitable to represent non-trivial tree subdiagrams and -dependent parts.

3.2 BRST-covariant building blocks from the pure spinor
prescription
The one-loop pure spinor amplitude prescription of [23]
leads to a richer set of BRST-covariant building blocks
when compared to the tree-level prescription. As explained in [16], the zero-mode saturation patterns following from different contributions from the b-ghost
suggest that building blocks of arbitrary tensor ranks appear in the one-loop string amplitudes. More precisely,
the superstring prescription for one-loop amplitudes
is given by an integral over conformally inequivalent
cylinder2 diagrams with circumference t [23],

An =



∞

dt
0



3.1 Review of the four point amplitude

×

The four-point one-loop amplitudes of ten-dimensional
SYM and supergravity were firstly determined in 1982
by Brink, Green and Schwarz by taking the field-theory
limit of their superstring ancestors. Remarkably, the only
contributing Feynman integral was found to be the box
graph [22],

A(1, 2, 3, 4) =

dD
(2π) D

2(

s12 s23 Atree (1, 2, 3, 4)
− k1 )2 ( − k12 )2 ( − k123 )2
(14)


M4 =

dD
(2π) D

2(

s12 s23 s13 M4tree
− k1 )2 ( − k12 )2 ( − k123 )2

+ symm(2, 3, 4),

(15)

where the ordering of particles in (14) refers to a single
color–trace. The analogous pure spinor derivations have
been performed in [23] resulting in superspace kinematic factors

s12 s23 Atree (1, 2, 3, 4) = V1 (λγm W2 )(λγnW3 )F4mn

(16)


s12 s23 s13 M4tree = |V1 (λγm W2 )(λγnW3 )F4mn|2 .

(17)

dz2 dz3 · · · dzn

0≤Imzi ≤Imzi+1 ≤t

μ b Z V1 (z1 ) U2 (z2 ) · · · Un(zn) .

(18)

In contrast to the tree-level prescription (1), only one
vertex operator V1 appears in the unintegrated picture
whereas n − 1 vertices U j are integrated along the cylinder boundary parametrized by purely imaginary z j . The
b-ghost, the various picture changing operators collectively denoted by Z and the Beltrami differencial μ are
explained in [23], and the subsequent discussion only
requires the schematic form of their zero-mode structure: Among the worldsheet fields of conformal weight
one, zero-modes of dα dβ Nmn must necessarily by saturated by the integrated vertices, regardless of the contribution from b and Z. Given the single particle integrated
vertex (2), this mechanism gives rise to the superfields
β
W2α W3 F4mn in the four point amplitude (16).
At higher multiplicity, the correlator in (18) is determined by a cascade of OPEs among multiparticle vertices of schematic form UA UB → UC and VA UB → VC .
The expression (3) for their integrated version identifies
β
the multiparticle fields WAα WB FCmn along with the zeromn
modes dα dβ N . The two-particle superfields beyond V12

In the remainder of this paper, we develop systematic methods to determine their generalization at higher
multiplicity, making either locality or BRST pseudoinvariance manifest. As a first step, the superfields in
(16) will be generalized below to BRST-covariant build-

2 For the purpose of deriving single-trace color-ordered SYM am-
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plitudes, we neglect the worldsheet topologies beyond the planar cylinder even though they play an important role in string
theory for the cancellation of anomalies and divergences [24–
26].
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transform covariantly under Q [12], e.g.

in (4) are given by
1 1 2
A F − A1m(k1 · A2 ) + (W1 γm W2 ) − (1 ↔ 2)
2 p pm
1
1
= (γ mnW2 )α Fmn
+ W2α (k2 · A1 ) − (1 ↔ 2)
4

A12
m =
α
W12

12
2
2 p 1
12
Fmn
= Fmn
(k2 · A1 ) + F[m
Fn] p + k[m
(W1 γn] W2 ) − (1 ↔ 2)

(19)
m
≡ k1m + k2m, and generalizations to higher mulwith k12
tiplicity can be found in [12]. The unique tensor strucβ
ture combining the superfields WAα WB FCmn to a ghostnumber-two expression as required by the λ3 θ 5  = 1
prescription [7] is given by the scalar

TA,B,C ≡

1
(λγm WA )(λγnWB )FCmn + (C ↔ B, A).
3

(20)

It is symmetric under exchange of the slots A, B, C and
generalizes the four–point kinematic factor in (16) to incorporate multiparticle tree-level subdiagrams.
The five- and six-point amplitudes presented in
the following also involve vector and symmetric tensor
building blocks

QT1,2,3 = 0,

QT12,34,5 = s12 (V1 T2,34,5 − V2 T1,34,5 )
+ s34 (V3 T12,4,5 − V4 T12,3,5 )
QT123,4,5 = (s123 − s12 )(V12 T3,4,5 − V3 T12,4,5 ) + s12 (V1 T23,4,5
+ V13 T2,4,5 − V23 T1,4,5 − V2 T13,4,5 ).

mn
TA,B,C,D,E

≡

m
TA,B,C,D
AnE

+

(21)

n
WA,B,C,D
Am
E

+ (E ↔ D, C, B, A).

(22)

They stem from additional saturations of m zero-modes
from the integrated vertices (3) leaving behind the multim
particle superfield Am
B . Moreover, absorption of  also
involves another b-ghost sector which is represented
through the shorthand
m
WA,B,C,D
≡

1
(λγnWA )(λγ p WB )(WC γ mnp WD )
12
+ (A, B|A, B, C, D).

(23)

The notation (A1 , . . ., A p | A1 , . . ., An) instructs to
sum over all possible ways to choose p elements
A1 , A2 , . . . , A p out of the set {A1 , . . ., An}, for a total of ( np )
terms.
Similar to the BRST variation (8) of tree-level constituents VB , the one-loop building blocks (20) to (22)

110

www.fp-journal.org

(24)

The variation of vectors and tensors additionally involves
terms proportional to kim where the vector index is carried by a momentum:
m
= k1m V1 T2,3,4 + (1 ↔ 2, 3, 4)
QT1,2,3,4
m
m
m
m
QT12,3,4,5
= s12 (V1 T2,3,4,5
− V2 T1,3,4,5
) + k12
V12 T3,4,5

+ k3m V3 T12,4,5 + (3 ↔ 4, 5)
n)
mn
= 2k1(m V1 T2,3,4,5
+ (1 ↔ 2, 3, 4, 5)
QT1,2,3,4,5

+ δ mnY1,2,3,4,5 .

(25)

The last term in the tensor variation was firstly considered in the pure spinor description of the would-be
hexagon anomaly of the superstring3 in [27]
Y A,B,C,D,E ≡

m
m
≡ TA,B,C Am
TA,B,C,D
D + (D ↔ C, B, A) + WA,B,C,D

QT12,3,4 = s12 (V1 T2,3,4 − V2 T1,3,4 )

1
(λγ m WA )(λγ nWB )(λγ p WC )(WD γmnp WE ),
2
(26)

it is totally symmetric in A, B, . . . , E by the pure spinor
constraint. Generalizations to higher rank were introduced in [16]. Another building block J 1|2,3,4,5 [16] capturing subtleties of the six-point anomaly in pure spinor
superspace will be discussed in section 4.4.

3.3 The diagrammatic structure of one-loop amplitudes
Since string theory reduces to field theory in the α  →
0 limit, the above building blocks together with VA
should suffice to describe SYM one-loop amplitudes
up to multiplicity six. In the subsequent, we will focus
on the superspace integrand A(1, 2, 3, . . . , n| ) governing the integrated color ordered single-trace4 amplitude

3 As shown by Green and Schwarz in 1984, the hexagon anomaly

cancels in the superstring for the gauge group SO(32) [24].
4 At one-loop, SYM subamplitudes associated with double-trace

color factors can be recovered through linear combinations of
single-trace subamplitudes [28].
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A(1, 2, 3, . . . , n) via


dD
A(1, 2, 3, . . . , n| ).
(2π) D

A(1, 2, 3, . . . , n) =

4 Local SYM superspace integrands at four, five
and six points
(27)

Similar to the cubic graph organization of the tree-level
amplitude (10), also one-loop SYM amplitudes can be
described in terms cubic graphs i , [29],
A(1, 2, 3, . . . , n| ) =


i



Ni ( )
.
k Pk,i ( )

(28)

In this section the cubic-graph organization of the SYM
integrands (27) will be exploited in connection with their
BRST pseudo-invariance inherited from the pure spinor
superstring description. Using the building blocks reviewed in the previous section, manifestly local integrands will be constructed following BRST cohomology
arguments.

4.1 Local form of the one-loop four-point SYM integrand
The sum over cubic diagrams i ranges from boxes to
n-gons whose external tree-level subdiagrams respect
the color ordering on the left-hand side. The no-triangle
property [28] of maximally supersymmetric SYM excludes triangles, bubbles and tadpoles. The superspace
numerators Ni ( ) and the propagators Pk,i ( ) now depend on the loop momentum , in addition to the external kinematics. Moreover, supersymmetry bounds the
powers of loop momenta in the numerators Ni ( ) of a
p-gon diagram to be ≤ p − 4.
The observations above will be exploited to propose a
novel supersymmetric description of one-loop SYM integrands following two steps. Firstly, we propose mappings between n-gon numerators and pure spinor superspace expressions such as VA TB,C,D and generalizations
to higher rank. This mapping is naturally suggested by
the propagators cancelled by the BRST-covariant variation of the building blocks,
each term ofQNi ( ) must have a factor of Pk,i ( ) with
k = 1, 2, . . . , n,

(29)

generalizing the tree-level counterpart (11) to dependent Pk,i . And secondly, an overall BRST-invariant
superspace expression compatible with the cubic graphs
in (28) must be assembled with the help of the mappings
proposed in step one.
Even though the construction is carried out in a tendimensional setup, the momenta and external polarizations can still be restricted to lower dimensions [2]. The
one-loop integrals in [29] are UV-finite if D < 8, the dimensional reduction [2] of our results is then expected to
integrate to SYM amplitudes in this dimension. In D = 4,
for instance, the subsequent integrands are checked5 to
reproduce MHV amplitudes with the right unitarity cuts.

Let us rewrite the four-point SYM integrand using
the above superfield definitions in order to appreciate the natural structure of its higher-point
generalizations. The integrand of the color-ordered
amplitude defined by (27) contains only one box:

and its pure spinor superspace expression is given by

A(1, 2, 3, 4| ) =

2(

V1 T2,3,4
.
− k1 )2 ( − k12 )2 ( − k123 )2

(30)

This simple example provides the essential intuition on
setting up a mapping between boxes and superspace expressions. It will be seen below that a general higherpoint box with corners encoded by multiparticle labels
A, B, C and D (having the structure of cubic-graph tree
subamplitudes) is mapped to VA TB,C,D .

4.2 Local form of the one-loop five-point SYM integrand
In the color-ordered SYM five-point one-loop integrand the only cubic graphs compatible with
the no-triangle property are boxes and pentagons:

5 We thank Song He for checking it.

Hence, we split its integrand according to box and
pentagon contributions
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Figure 4 The explicit superspace representation of the five-point box numerators. The form of the numerators depends on the location
of leg 1, and the origin of this difference is due to the string one-loop amplitude prescription (18) fixing the position of its first vertex
operator V1 .
A(1, 2, 3, 4, 5| ) = Abox (1, 2, 3, 4, 5) + Apent (1, 2, 3, 4, 5| ),
(31)
where Abox (· · · ) is independent on and Apent (· · · ) carries at most linear -dependence. For the numerators
of the boxes, the requirement (29) yields a natural pure
spinor superspace representation seen in Fig. 4. Since triangles in the BRST variation cannot be compensated by
any other p-gon diagram with p ≥ 4, their BRST variation
must cancel the propagator (ki + ki+1 )2 of their external
tree-level subdiagram:
Abox (1, 2, 3, 4, 5)
=

V12 T3,4,5
(k1 + k2 )2 2 ( − k12 )2 ( − k123 )2 ( − k1234 )2
+

V1 T23,4,5
(k2 + k3 )2 2 ( − k1 )2 ( − k123 )2 ( − k1234 )2

+

V1 T2,34,5
(k3 + k4 )2 2 ( − k1 )2 ( − k12 )2 ( − k1234 )2

+

V1 T2,3,45
(k4 + k5 )2 2 ( − k1 )2 ( − k12 )2 ( − k123 )2

+

V51 T2,3,4
.
(k1 + k5 )2 ( − k1 )2 ( − k12 )2 ( − k123 )2 ( − k1234 )2

These expressions can be thought of as descending from
a string calculation where particle one enters through
an unintegrated vertex V1 . That is why the first leg always enters in the form V1··· and ambiguities such as
V1 T23,4,5 ↔ V23 T1,4,5 do not arise.
On the other hand, the pentagon numerator
(5)
N1|2,3,4,5 ( ) in

(5)
( )
N1|2,3,4,5

− k1 )2 ( − k12 )2 ( − k123 )2 ( − k1234 )2

(33)

must be designed such that -dependent propagators
cancel in its BRST variation. This interlocks the vector

112

(5)
( )≡
N1|2,3,4,5

m
m V1 T2,3,4,5

+

1
[V12 T3,4,5 + (2 ↔ 3, 4, 5)]
2

1
+ [V1 T23,4,5 + (2, 3|2, 3, 4, 5)].
2

(34)

In contrast to the box numerators of the form VA TB,C,D ,
the pentagon numerator (34) depends on the ordering of
the external legs 2, 3, 4, 5 through the signs in the scalar
part. The variations (24) and (25) of the scalar and vectorial building blocks imply that
1
V1 V2 T3,4,5 [( − k12 )2 − ( − k1 )2 ]
2
1
+ V1 V3 T2,4,5 [( − k123 )2 − ( − k12 )2 ]
2
1
+ V1 V4 T2,3,5 [( − k1234 )2 − ( − k123 )2 ]
2
1
+ V1 V5 T2,3,4 [ 2 − ( − k1234 )2 ]
(35)
2

is compatible with (29) and precisely cancels the BRST
variation of the boxes in (32):
Q Abox (1, 2, 3, 4, 5)


1
V1 V2 T3,4,5
1
= 2
−
2 ( − k123 )2 ( − k1234 )2 ( − k12 )2
( − k1 )2


1
1
V1 V3 T2,4,5
−
+ 2
2 ( − k1 )2( − k1234 )2 ( − k123 )2 ( − k12 )2


1
1
V1 V4 T2,3,5
−
+ 2
2 ( − k1)2( − k12 )2 ( − k1234 )2 ( − k123)2


1
1
V1 V5 T2,3,4
−
+
.
2
2( − k1)2( − k12 )2( − k123 )2
( − k1234 )2
(36)

Apent (1, 2, 3, 4, 5| )
2(

with the scalars in

(5)
QN1|2,3,4,5
( )=

(32)

=

m
m V1 T2,3,4,5

www.fp-journal.org

Hence, the interplay between boxes and pentagons
renders the superspace integrand (31) BRST invariant,
si j
Q A(1, 2, 3, 4, 5| ) = 0. Note the factor of 12 = (ki +k
2 by
j)
the convention (9) for Mandelstam invariants. In section
5.2, we will present an alternative representation of the
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five-point amplitude where BRST invariance is manifest.
And it will be shown in appendix A that the integrand (31)
is confirmed by the field-theory limit of the superstring
amplitude.

However, in cases with B = ∅ where a massive corner encompasses both legs 1 and n, absence of the 2 propagator will later on play a crucial role for the hexagon
anomaly, e.g.
(5)
I61,2,3,4,5

4.3 Shorthand notations
The length of the five-point box contribution in (32) and
the superspace presentation of the pentagon numerator (34) motivate to introduce a compact notation for
both numerators and -dependent propagators before
addressing the six–point amplitude.

≡

1
.
( − k1 )2 ( − k12 )2 ( − k123 )2 ( − k1234 )2 ( − k12345 )2
(40)

4.3.2 Box and pentagon numerators
4.3.1 -dependent propagators
A general p-gon diagram involves
multiparticle
tree
subdiagrams
A1 , A2 , . . . , A p in its corners and we
( p)
define a shorthand I A1 ,A2 ,...,A p for
the p propagators which depend on
. The figure on the left does not
yet specify the position of the loop
momentum
in the diagram. The
five-point amplitude (31) was presented with uniform
propagators 2 , ( − k1 )2 , . . . , ( − k1234 )2 , i.e. without
any shifts → + ki of integration variables between
different diagrams. This was crucial to demonstrate
BRST invariance at the level of the integrand. Hence, we
pick the following convention to freeze the freedom of
redefining
:
the only -dependent propagators in A(1, 2, . . . , n| ) are
( − k12··· j )2 with 1 ≤ j ≤ n.

(37)

( p)

The explicit formula for the I A1 ,A2 ,...,A p in the above figure
therefore requires to specify the position of leg 1 within
the first massive corner A1 ≡ B1C :
( p)
I B1C,A2 ,A3 ,...,A p

≡

(38)
Whenever the first corner A1 does not contain particle n
and starts with particle 1, we have B = ∅ and obtain ( −
k1C A2 A3 ···A p )2 = 2 by momentum conservation, e.g.
2(

(4)
≡ VA TB,C,D ,
NA|B,C,D

1
.
− k12 )2 ( − k1234 )2 ( − k12345 )2
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(41)

with TB,C,D given by (20). The interpretation of all the
multiparticle superfields in VA TB,C,D as off-shell tree subdiagrams as seen in Fig. 1 leads to the desired box diagram for the right-hand side of (41) (see Figure 5).
According to the BRST covariant transformation of
both VA and TB,C,D – see (8) and (24) for examples – the
expression (41) for box numerators is compatible with
both (29) and the no-triangle property.
A uniform description of pentagon numerators can
be achieved using the bracketing convention of BRST
blocks explained in appendix 1 of [12]: Multiparticle
indices B = b1 b2 · · · bp associated with the local supermn
α
fields [AαB , Am
B , WB , F B ] can be combined through an
antisymmetric bracket [B1 , B2 ] → B3 , e.g.
V[1,2] ≡ V12 ,

V[12,3] ≡ V123 ,

V[123,4] ≡ V1234 ,

1
.
( − k1C )2( − k1C A2 )2( − k1C A2 A3 )2 · · ·( − k1C A2 A3 ···A p)2

(4)
≡
I12,34,5,6

The form of the box numerators in (32) strongly suggests
the general pattern when arbitrary tree subdiagrams are
attached to the four corners. Multiparticle labels such as
A = a1 a2 · · · ap allow for the following general formula,

V[12,34] ≡ V1234 − V1243 .

(42)

The diagram associated with the superfield V[B1 ,B2 ] is obtained by connecting the off-shell legs of B1 , B2 through
a cubic vertex,

(39)
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Figure 5 On-shell diagrams represented by VA TB,C,D connect four
off-shell subdiagrams. Propagators such as sa1 a2 and sa1 a2 a3 are
suppressed on the left-hand side.
In this convention, the five-point pentagon numerator
(34) can be generalized to
(5)
( )
NA|B,C,D,E

≡

A(1, 2, 3, 4, 5| )

m
m VA TB,C,D,E

+

1
+ V[A,B] TC,D,E + (B ↔ C, D, E )
2

1
VA T[B,C],D,E + (B, C|B, C, D, E ) .
2

(5)
(5)
= N1|2,3,4,5
( )I1,2,3,4,5
+

(43)

In contrast to the box numerator (41), this pentagon numerator depends on the ordering of the external trees
B, C, D, E . The antisymmetric components such as
(5)
(5)
(4)
NA|B,C,D,E
( ) − NA|C,B,D,E
( ) = NA|[B,C],D,E

4.3.3 Representing external tree-level propagators
In order to compactly describe the -independent propagators in the external tree-level subdiagrams, it is convenient to use the notation
( p)

( p)
N12|3,..., p+1

s12

,

( p)

N1|23,..., p+1 ≡

( p)
N1|23,..., p+1

s23

(4)
≡
N123|4,5,6
(4)
N1|234,5,6

(4)
N1|234,5,6
s23 s234

114

≡

(4)
(4)
(4)
(4)
+ N1|23,4,5
I1,23,4,5
+ N1|2,34,5
I1,2,34,5
(4)
(4)
(4)
(4)
+ N1|2,3,45
I1,2,3,45
+ N51|2,3,4
I51,2,3,4
.

(47)

The six-point amplitude will now be presented along
similar lines.

+

(4)
N321|4,5,6
,
s23 s123

(4)
N12|34,5,6
≡

(4)
N12|34,5,6
s12 s34

+

(4)
N1|432,5,6
,
s34 s234

(4)
N1|23,45,6

(4)
N1|23,45,6
.
s23 s45

≡

4.4 Local form of the one-loop six-point SYM integrand
The color-ordered six-point SYM integrand will be constructed in a local form following the propagatorcancellation principle (29) for all its numerators. Boxes,
pentagons and the hexagon are analyzed separately to
get an overview of their BRST interplay,
A(1, 2, . . . , 6| ) = Abox (1, 2, . . . , 6) + Apent (1, 2, . . . , 6| )
+ Ahex (1, 2, . . . , 6| ).

(48)

(45)

for five-point boxes and six-point pentagons. Likewise,
the presentation of six-point boxes benefits from the
shorthands such as
(4)
N123|4,5,6
s12 s123

1 (4)
N
I (4)
2 12|3,4,5 12,3,4,5

(44)

reproduce box numerators (41) with a bracket [B, C] as
exemplified in (42) in one of the multiparticle slots. This
is in lines with the BCJ duality between color and kinematics [3] discussed in section 6.

N12|3,..., p+1 ≡

They streamline the pairing of one-mass boxes and incorporate the concept of Berends–Giele currents [12], see
6.
With the above shorthands, the five-point amplitude
determined by (31) to (34) can be cast into the compact
form

(46)

www.fp-journal.org

The highest power of loop momentum in the numerators
of Apent (· · · ) and Ahex (· · · ) is one and two, respectively.

4.4.1 Six-point boxes
The 21 boxes in the cubic-graph representation of
the six-point amplitude can be described by the
following 15 Berends–Giele currents (46) and box
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Figure 6 The pure spinor superspace description of two one-mass
box graphs in the six-point amplitude is compactly captured by
(4)
Berends–Giele numerators such as N123|4,5,6
defined in (46). The
expansion of the above superspace expression is given in (50).
propagators (38),
Abox (1, 2, . . . , 6)
1 (4)
(4)
(4)
N
I (4)
+ N1|234,5,6
I1,234,5,6
4 123|4,5,6 123,4,5,6

=

(4)
(4)
(4)
(4)
+ N1|2,345,6
I1,2,345,6
+ N1|2,3,456
I1,2,3,456
(4)
(4)
(4)
(4)
+N561|2,3,4
I561,2,3,4
+ N612|3,4,5
I612,3,4,5
(4)
(4)
(4)
(4)
+ N12|34,5,6
I12,34,5,6
+ N12|3,45,6
I12,3,45,6
(4)
(4)
(4)
(4)
+ N12|3,4,56
I12,3,4,56
+ N1|23,45,6
I1,23,45,6
(4)
(4)
(4)
(4)
+ N1|23,4,56
I1,23,4,56
+ N1|2,34,56
I1,2,34,56
(4)
(4)
(4)
(4)
+ N61|23,4,5
I61,23,4,5
+ N61|2,34,5
I61,2,34,5
(4)
(4)
.
+ N61|2,3,45
I61,2,3,45

(49)

Given the universal form of box numerators (41) and
their Berends–Giele currents (46), the superfield and pole
content of any term in (49) can be straightforwardly recovered. For example, locality is evident from
(4)
(4)
N123|4,5,6
I123,4,5,6


V123
V321
=
+
s12 s123
s23 s123

×

2(

T4,5,6
− k123 )2 ( − k1234 )2 ( − k12345 )2

(4)
(4)
N12|34,5,6
I12,34,5,6

=

V12 T34,5,6
.
s12 s34 2 ( − k12 )2 ( − k1234 )2 ( − k12345 )2

(50)

The BRST variation of the boxes is most conveniently expressed in terms of
M12 ≡

V12
,
s12

M1 ≡ V1 ,

M23,4,5 ≡

T23,4,5
,
s23

M2,3,4 ≡ T2,3,4

and given by
4Q Abox (1, 2, . . . , 6)
 (4)

(4)
− I1,234,5,6
= M1 M2 M34,5,6 I12,34,5,6
 (4)

(4)
− I1,23,45,6
+ M1 M2 M45,3,6 I12,3,45,6
 (4)

(4)
− I1,23,4,56
+ M1 M2 M56,3,4 I12,3,4,56
 (4)

(4)
− I1,2,345,6
+ M1 M3 M45,2,6 I1,23,45,6
 (4)

(4)
+ M1 M3 M56,2,4 I1,23,4,56
− I1,2,34,56
 (4)

(4)
+ M1 M4 M23,5,6 I1,234,5,6
− I1,23,45,6
 (4)

(4)
+ M1 M4 M56,2,3 I1,2,34,56
− I1,2,3,456
 (4)

(4)
+ M1 M5 M23,4,6 I1,23,45,6
− I1,23,4,56
 (4)

(4)
+ M1 M5 M34,2,6 I1,2,345,6
− I1,2,34,56
 (4)

(4)
+ M1 M6 M23,4,5 I1,23,4,56
− I61,23,4,5
 (4)

(4)
+ M1 M6 M34,2,5 I1,2,34,56
− I61,2,34,5
 (4)

(4)
+ M1 M6 M45,2,3 I1,2,3,456
− I61,2,3,45
 (4)

(4)
− I1,234,5,6
+ M1 M23 M4,5,6 I123,4,5,6
 (4)

(4)
− I1,2,345,6
+ M1 M34 M2,5,6 I1,234,5,6
 (4)

(4)
+ M1 M45 M2,3,6 I1,2,345,6
− I1,2,3,456
 (4)

(4)
+ M1 M56 M2,3,4 I1,2,3,456
− I561,2,3,4
 (4)

(4)
+ M2 M16 M3,4,5 I612,3,4,5
− I61,23,4,5
 (4)

(4)
+ M3 M12 M4,5,6 I12,34,5,6
− I123,4,5,6
 (4)

(4)
+ M3 M16 M2,4,5 I61,23,4,5
− I61,2,34,5
 (4)

(4)
− I12,34,5,6
+ M4 M12 M3,5,6 I12,3,45,6
 (4)

(4)
− I61,2,3,45
+ M4 M16 M2,3,5 I61,2,34,5
 (4)

(4)
− I12,3,45,6
+ M5 M12 M3,4,6 I12,3,4,56
 (4)

(4)
− I561,2,3,4
+ M5 M16 M2,3,4 I61,2,3,45
 (4)

(4)
+M6 M12 M3,4,5 I612,3,4,5
− I12,3,4,56
.

(52)

(51)
We will next see how this BRST variation of the boxes
is cancelled by pentagons.
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4.4.2 Six-point pentagons
The pentagon content of the six-point one-loop integrand is given by
Apent (1, 2, . . . , 6| )
≡

1 (5)
(5)
(5)
(5)
N
( )I12,3,4,5,6
+ N1|23,4,5,6
( )I1,23,4,5,6
2 12|3,4,5,6
(5)
+ N1|2,34,5,6
(

(5)
)I1,2,34,5,6

+

(5)
N1|2,3,45,6
(

Figure 7 Diagrammatic justification for the shift of loop momen(5)
tum in N61|2,3,4,5
( + k6 ): The shifted momentum + k6 occurs
in the pentagon edge adjacent to the tree-level subdiagram subtending particles 6 and 1.

(5)
)I1,2,3,45,6

(5)
(5)
+ N1|2,3,4,56
( )I1,2,3,4,56
 (5)

(5)
N61|2,3,4,5 ( + k6 ) − V1 J 6|2,3,4,5 .
+ I61,2,3,4,5

(53)

The new building block J 6|2,3,4,5 will be defined below,
and the first five numerators follow the universal form
(43) of pentagons such as
(5)
( )
N12|3,4,5,6

1
1
m
V123 T4,5,6 + (3 ↔ 4, 5, 6)
=
m V12 T3,4,5,6 +
s12
2

1
(54)
+ [V12 T34,5,6 + (3, 4|3, 4, 5, 6)] .
2

The tree-level propagator stems from (45), and we identify V123 ≡ V[12,3] . It is easy to check from (8), (24) and (25)
that the BRST variation of (54) cancels propagators,
(5)
(5)
( ) = −V2 N1|3,4,5,6
( )
QN12|3,4,5,6

1
+ V1 (V23 T4,5,6 + V24 T3,5,6 + V25 T3,4,6 + V26 T3,4,5 )
2
1
− M12 M3 M4,5,6 [( − k12 )2 − ( − k123 )2 ]
2
1
− M12 M4 M3,5,6 [( − k123 )2 − ( − k1234 )2 ]
2
1
− M12 M5 M3,4,6 [( − k1234 )2 − ( − k12345 )2 ]
2
1
− M12 M6 M3,4,5 [( − k12345 )2 − 2 ],
(55)
2
in lines with (29).
The last pentagon in (53) requires further explanation
since its numerator deviates from the naive expectation
(5)
6 m
( ) by −V16 km
T2,3,4,5 − V1 s16 J 6|2,3,4,5 with
N61|2,3,4,5
J 6|2,3,4,5 ≡


1 6 m
m
.
Am T2,3,4,5 + W2,3,4,5
2

6 m
Q J 6|2,3,4,5 = Y2,3,4,5,6 + V6 km
T2,3,4,5

+ [V62 T3,4,5 + (2 ↔ 3, 4, 5)],

(57)

with anomaly superfield Y2,3,4,5,6 defined in (26). To6 m
T2,3,4,5 ,
gether with the shift of loop momentum ∼ V16 km
the variation (57) ensures that the overall pentagon numerator satisfies the criterion (29),
(5)
( + k6 ) − V1 J 6|2,3,4,5
Q N61|2,3,4,5
(5)
= V6 N1|2,3,4,5
( )

1
+ V1 (V62 T3,4,5 + V63 T2,4,5 + V64 T2,3,5 + V65 T2,3,4 )
2
1
+ M16 M2 M3,4,5 [( − k1 )2 − ( − k12 )2 ]
2
1
+ M16 M3 M2,4,5 [( − k12 )2 − ( − k123 )2 ]
2
1
+ M16 M4 M2,3,5 [( − k123 )2 − ( − k1234 )2 ]
2
1
+ M16 M5 M2,3,4 [( − k1234 )2 − ( − k12345 )2 ],
(58)
2
(5)
( ).
which would be violated by the naive choice N61|2,3,4,5
Generally speaking, the choice of loop momentum
(37) requires redefinitions in any (n ≥ 5)-gon numerator where an external tree involves particles · · · n1 · · ·
and thereby removes the 2 propagator. The superfield
J 6|2,3,4,5 can be viewed as the BRST completion of the
shift of loop momentum.

(56)
6 This identity was firstly noticed in [30] to express the contrac-

The first extra term can be absorbed into a redefini(5)
( + k6 ) −
tion of the loop momentum to yield N61|2,3,4,5
V1 s16 J 6|2,3,4,5 . As shown in Fig. 7 , the effective loop
momentum + k6 is determined by the pentagon edge

116

adjacent to the cubic tree subdiagram represented by
V61 . The second extra term ∼ J 6|2,3,4,5 contributes to the
hexagon anomaly via6

www.fp-journal.org

m
tions of V6 T2,3,4,5
with external momenta in terms of scalar
building blocks. In the five-point context of this reference, the
anomalous contribution Y2,3,4,5,6 drops out by momentum
conservation.
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The BRST variation of the remaining pentagons takes
a form similar to (55) and (58). This compensates for the
BRST variation (52) of the boxes by cancellation of propagators such as

tors and must be cancelled by the BRST variation of the
hexagon.
4.4.3 Six-point hexagon

(5)
(4)
= I123,4,5,6
,
( − k12 )2 I12,3,4,5,6
(5)
(4)
= I12,34,5,6
.
( − k123 )2 I12,3,4,5,6

(59)

By adding up the contributions of all box and pentagon
diagrams, we find

The six-point hexagon whose BRST variation cancels the
terms in (60) is given by,
(6)
(6)
Ahex (1, 2, 3, 4, 5, 6| ) = I1,2,3,4,5,6
N1|2,3,4,5,6
( ),

(6)
(6)
where N1|2,3,4,5,6
( ) ≡ n(6)
1|2,3,4,5,6 ( ) + n1|2,3,4,5,6 and all the
-dependent part of the local hexagon numerator is represented by

4Q Apent (1, 2, 3, 4, 5, 6| )
= −4Q Abox (1, 2, 3, 4, 5, 6)
(5)
(5)
+ 2V2 N1|3,4,5,6
( )
+ 2V1 Y2,3,4,5,6 I61,2,3,4,5

×

(5)
I1,23,4,5,6

−

(61)

n(6)
1|2,3,4,5,6 ( ) ≡

(5)
I12,3,4,5,6

1
2

mn
m n V1 T2,3,4,5,6

+

1
2

m

m
V12 T3,4,5,6

+ (2 ↔ 3, 4, 5, 6)

(5)
(5)
(5)
+ 2V3 N1|2,4,5,6
( ) I1,2,34,5,6
− I1,23,4,5,6

+

(5)
(5)
(5)
+ 2V4 N1|2,3,5,6
( ) I1,2,3,45,6
− I1,2,34,5,6

1
2

m V1

m
+ (2, 3|2, 3, 4, 5, 6) .
T23,4,5,6

(5)
(5)
(5)
( ) I1,2,3,4,56
− I1,2,3,45,6
+ 2V5 N1|2,3,4,6

(62)

(5)
(5)
(5)
( ) I61,2,3,4,5
− I1,2,3,4,56
+ 2V6 N1|2,3,4,5

This is analogous to the five-point pentagon (34) with
building blocks of higher ranks and an additional contraction with m. Note that the tensor building block
mn
T2,3,4,5,6
defined in (22) introduces an anomalous contribution ∼ Y2,3,4,5,6 to the BRST variation due to (25).
The scalar hexagon, on the other hand, is determined
by (29): The Q variation of (61) must be expressible
in terms of hexagon propagators ( − k12··· j )2 with j =
0, 1, . . . , 5. Apart from Y2,3,4,5,6 , this is only possible if any
factor of ( · k j ) in the variation of (62) is accompanied by
−(s1 j + s2 j + · · · + s j−1, j ) to build up the difference

(5)
(5)
− I1,2,34,5,6
+ V1 V23 T4,5,6 I12,3,4,5,6
(5)
(5)
+ V1 V34 T2,5,6 I1,23,4,5,6
− I1,2,3,45,6
(5)
(5)
− I1,2,3,4,56
+ V1 V45 T2,3,6 I1,2,34,5,6
(5)
(5)
+ V1 V56 T2,3,4 I1,2,3,4,56
− I61,2,3,4,5
(5)
(5)
+ V1 V24 T3,5,6 I12,3,4,5,6
− I1,23,4,5,6
(5)
(5)
+ I1,2,34,5,6
− I1,2,3,45,6
(5)
(5)
− I1,23,4,5,6
+ V1 V25 T3,4,6 I12,3,4,5,6

( − k12··· j )2 − ( − k12··· j−1 )2
= −2( · k j ) + 2(s1 j + s2 j + · · · + s j−1, j ).

(5)
(5)
+ I1,2,3,45,6
− I1,2,3,4,56
(5)
(5)
+ V1 V26 T3,4,5 I12,3,4,5,6
− I1,23,4,5,6

The unique local superfield which is compatible with this
requirement and constructed out of the building blocks
in section 2.3 reads

(5)
(5)
+I1,2,3,4,56
− I61,2,3,4,5
(5)
(5)
+ V1 V35 T2,4,6 I1,23,4,5,6
− I1,2,34,5,6

+

(5)
I1,2,3,45,6

−

n(6)
1|2,3,4,5,6 ≡

(5)
I1,2,3,4,56

(5)
(5)
+ V1 V36 T2,4,5 I1,23,4,5,6
− I1,2,34,5,6
(5)
(5)
+ I1,2,3,4,56
− I61,2,3,4,5
(5)
(5)
+ V1 V46 T2,3,5 I1,2,34,5,6
− I1,2,3,45,6

+

(5)
I1,2,3,4,56

−

(5)
I61,2,3,4,5

.

1
V1 T23,45,6 + (2, 3|4, 5|2, 3, 4, 5, 6)
4
1
+ V12 T34,5,6 + (2|3, 4|2, 3, 4, 5, 6)
4
1
+ (V1 T234,5,6 + V1 T432,5,6 )
6
+ (2, 3, 4|2, 3, 4, 5, 6)

(60)

As mentioned before, the above terms beyond the first
line come from cancellations of external tree propaga-
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(63)

1
2
m
(k1 − km
)V12 T3,4,5,6
+ (2 ↔ 3, 4, 5, 6)
12 m
1
+ (V123 T4,5,6 + V321 T4,5,6 )
6

−
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where p, qm and rmn are arbitrary scalars, vectors and tensors independent on . We use the following shorthands
for the shift in loop momentum L m and the exponent
QN,

+ (2, 3|2, 3, 4, 5, 6)
1
3
m
)V1 T23,4,5,6
+ (2, 3|2, 3, 4, 5, 6)
(k2 − km
12 m
1
mn
1 1
km
kn + (1 ↔ 2, 3, 4, 5, 6) .
−
V1 T2,3,4,5,6
24
−

(64)
Lm ≡ −

The notation (2, 3|4, 5|2, 3, 4, 5, 6) instructs to sum all
possible ways to distribute the set of labels {2, 3, . . . , 6}
into two ordered sets {2, 3} and {4, 5} without double
counting where the ordering is with respect to the set
{2, 3, . . . , 6}. For example, {2, 4}, {5, 3} is not an allowed
distribution because it violates the ordering in the second set, and only one of {2, 5}, {3, 6} and {3, 6}, {2, 5}
enters (64) to avoid overcounting. A similar ordering
convention holds for permutations of the set {3, 4} in
(2|3, 4|2, 3, 4, 5, 6).
A long but straightforward analysis shows that the
hexagon (61) has the required properties to make the
whole six-point one-loop integrand (48) (naively) BRST
invariant,
Q A(1, 2, . . . , 6| ) =

 (5)
1
−
V1 Y2,3,4,5,6 I61,2,3,4,5
2


2 (6)
I1,2,3,4,5,6 .
(65)

The right-hand side keeps track of the anomalous contrimn
and
butions due to the tensor hexagon Q 21 m nV1 T2,3,4,5,6
the second line of the pentagon variation in (60). By in
(6)
= 5j=0 ( −
serting the propagators in (40) and I1,2,3,4,5,6
k12··· j )−2 , the variation (65) appears to cancel at the level
of the integrand. However, the logarithmically divergent
nature of the ten-dimensional integral over (65) leads to
subtleties to be resolved below.

4.5 The gauge anomaly of the six-point amplitude
In this subsection, we perform a worldline analysis of the
anomalous BRST variation (65) of the one-loop SYM sixpoint amplitude. The string-based formalism gives rise
to the following worldline representation of a N-gon integral in D dimensions [31]


= πN
0

∞

dt N−D/2
t
t



∞

B6 ≡ −π 5

dt
0

(66)

www.fp-journal.org

(67)



0≤νi ≤νi+1 ≤1

=
D=10

π5
,
5!

(68)

which yields the volume of a five-simplex from the lower
integration limit t = 0. For hexagons at N = 6, the exponential in (66) satisfies the differential equation
−

1 ∂ −π tQ6
=
e
π ∂t


LmLm +
+


5
e−π tQ6
πt

6

1 
∂ν p ν1 pe−π tQ6 ,
πt p=2

(69)

which allows for the following rewriting of the boundary
term B6 :

B6 = π 6

∞


dν2 · · · dν6

dt t5−D/2

0

0≤νi ≤νi+1 ≤1

⎧
⎨

⎫
n
⎬

5
1
× L2 +
∂ν p ν1 p e−π tQ6 .
+
⎩
⎭
πt
πt p=2

(70)

The ∂ν p derivatives in the last term are understood to also
act on e−π tQ6 . They can be evaluated as a series of boundary terms νi → νi±1 with ν1 = 0 and ν7 = 1 where only the
upper limit of the ν6 integration remains uncancelled.
With ν17 = −1, the result is
∞


dν2 · · · dν6

dt t5−D/2



dν2 dν3 · · · dνn


∂ 5−D/2
t
∂t



× dν2 dν3 · · · dν6 e−π tQ6 

×

0≤νi ≤νi+1 ≤1



si j νi2j − |νi j | ,

1≤i< j

0



N


QN ≡

where νi j ≡ νi − ν j and ν1 = 0 is implicit from now on. To
make contact with the six-point anomaly, consider the
following boundary term in D = 10 dimensions,

B6 = π 6



δ mn  −π tQ N 
e
× p + qm L m + rmn L m L n +

2πt
ν1 =0

118

kimνi ,

i=1



d D ( p + qm m + rmn m n)
2 ( − k )2 ( − k )2 · · · ( − k
2
1
12
12···N−1 )

(N)
= d D I1,2,...,N
( p + qm m + rmn m n)


N


L2 +

0≤νi ≤νi+1 <1

5
δ(ν6 − 1)
−
πt
πt



e−π tQ6 .

(71)

The first two terms can be recognized as a tensor
hexagon with rmn = δmn, see (66) at N = 6, D = 10 and
p = qm = 0. The last term, on the other hand, describes
a scalar pentagon, hence we recover both integrals in the
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5 Manifestly BRST pseudo-invariant SYM
integrands

anomalous BRST variation (65):

B6 =

dD



2 (6)
I1,2,3,4,5,6

(5)
− I61,2,3,4,5



(72)

Using the value of B6 found in (68), the
BRST
variation
of
the
six-point
amplitude
turns out to be a rational function in external
momenta,

Q

5.1 Manifesting BRST pseudo-invariance

d D A(1, 2, 3, 4, 5, 6| )
π5
1
= − V1 Y2,3,4,5,6 B6 = −
V1 Y2,3,4,5,6 .
2
240

(73)

Note that the BRST anomaly Q A(1, 2, 3, 4, 5, 6| ) ∼
V1 Y2,3,4,5,6 is equivalent to the anomalous gauge variation δ1 A(1, 2, 3, 4, 5, 6| ) ∼ 1 Y2,3,4,5,6  under δ1 V1 =
Q1 with scalar superfield 1 , see the appendix of [16].
This reproduces the anomaly analysis of the pure spinor
superstring [27].
The discussion of [32] is helpful to shed further light
on the apparent paradox between the formally vanishing integrand in (72) and the finite result in (68):
In a dimensional regularization scheme D → D − 2ε,
anomalies in chiral gauge theories arise from components of the loop momentum in the fractional −2ε dimensions. The idea is to formally split the D − 2ε dimensional loop momentum into 2D−2ε = 2D + μ2 with
D dimensional part D and “−2ε dimensional” component μ. In D − 2ε dimensions, the tensor hexagon nu(6)
n
merator along with I1,2,3,4,5,6
remains m
D D rather than
m
n
D−2ε D−2ε since the loop momenta are contracted into
the D dimensional polarization tensors from the extermn
. The internal states propagating
nal states in T2,3,4,5,6
through the loop, however, give rise to momenta D−2ε in
the propagators, so the integrand (65) is proportional to
2
2
2
D − D−2ε = −μ .
This argument based on dimensional regularization also explains why none of the other cancellations
among -dependent propagators in Q A(1, 2, . . . , n| )
introduces rational terms: Since ( D · k j ) = ( D−2ε · k j )
for D-dimensional external momenta, we can still
rewrite
(

D

· kj ) =

1
( D−2ε − k12··· j−1 )2 − (
2
+ s1 j + s2 j + · · · + s j−1, j

In this section, we manifest the BRST and cyclicity properties of the above SYM integrands by rewriting the kinematic numerators in terms of (almost) BRST invariant
superfields where only the fingerprints of the hexagon
anomaly appear in the Q variation.

D−2ε

− k12··· j )2
(74)

and cancel propagators with (D − 2ε)-dimensional loop
momenta on the right-hand side.
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The above cohomology construction of the six-point
amplitude suggests that anomalous superfields such as
Y A,B,C,D,E in (26) have to be treated separately in the analysis of BRST properties. This led to call a superfield BRSTpseudo-invariant if each term in its BRST variation contains an anomalous factor of Y A,B,C,D,E [16].
A procedure is described in [16] to recursively
construct BRST pseudo-invariants from superfields
as defined in section 2.1. The setup in [16]
VA TBmn···
1 ,B2 ,B3 ,...
also includes J 1|2,3,4,5 in (56) as well as generalizations to
arbitrary rank and multiplicity. These pseudo-invariant
mn···
or P1|6|2,3,4,5 and classified by a
are denoted by C 1|B
1 ,B2 ,...
mn···
term V1 TB1 ,B2 ,B3 ,... or V1 J 6|2,3,4,5 with a single particle representative V1 of the unintegrated vertex. The pseudoinvariant completion of these terms is furnished by multiparticle versions of V12··· p with p ≥ 2 and most conveniently described in the basis of Berends–Giele curand J 6|2,3,4,5 , the
rents such as (51). Similar to TBmn···
1 ,B2 ,B3 ,...
mn···
and
P
are symmetpseudo-invariants C 1|B
1|6|2,3,4,5
,B
,...
1
2
ric under exchange of slots B j which are separated by a
comma.
At n ≤ 5 points, for instance, it is straightforward to
show that
C 1|2,3,4 ≡ M1 M2,3,4
C 1|23,4,5 ≡ M1 M23,4,5 + M12 M3,4,5 − M13 M2,4,5
m
m
C 1|2,3,4,5
≡ M1 T2,3,4,5
+ k2m M12 M3,4,5 + (2 ↔ 3, 4, 5)

(75)
are BRST closed. For the six-point BRST invariants
m
C 1|234,5,6 , C 1|23,45,6 and C 1|23,4,5,6
, analogous superfield expansions can be found in [12, 16]. Reference [16] also dismn
plays the first pseudo-invariants C 1|2,3,4,5,6
as well as
6 m
P1|6|2,3,4,5 ≡ V1 J 6|2,3,4,5 + M16 km
T2,3,4,5

+ M162 T3,4,5 + (2 ↔ 3, 4, 5)
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with M123 =

1 V123
(
s123 s12

+

V321
)
s23

subject to

+

mn
QC 1|2,3,4,5,6
= −δ mnV1 Y2,3,4,5,6 ,

+

Q P1|6|2,3,4,5 = −V1 Y2,3,4,5,6 .

(77)
+

For external gluons, the explicit component expansions
can be downloaded from [19]. Note that any scalar invariant C 1|A,B,C can be expanded in terms of SYM tree amplitudes using the general formula given in the appendix
of [12], see the five-point examples below.
As experimentally observed in [16], one can rewrite
BRST pseudo-invariant expressions in terms of manifestly BRST pseudo-invariant building blocks by
mapping

V12··· p p≥2 → 0,

2(

−

− k1234 )2

−

1
C
2 1|45,2,3
k1 )2 ( − k12 )2 (

− k123 )2

C 1|2;3;4;5 +
2(

m
m
→ C 1|2,3,4,5
V1 T2,3,4,5

V1 T234,5,6 → s23 (s34 C 1|234,5,6 − s24 C 1|324,5,6 ),
V1 T23,45,6 → s23 s45 C 1|23,45,6

− k1 )2 ( − k12 )2 ( − k123 )2 ( − k1234 )2

C 1|2;3;4;5 ≡

1
[s23 C 1|23,4,5 + (2, 3|2, 3, 4, 5)]
2

(78)

(4)
(4)
(5)
= I1,23,4,5
+ 2I1,2,3,4,5
[( · k2 ) − s12 ].
I12,3,4,5

and integrals over
of

5.2 Five-point one-loop integrand



Applying the map in (78) to the five-point integrand (31)
leads to

120

−

(80)

(81)

The scalar invariants in (79) are related to SYM tree subamplitudes through

C 1|23,4,5  = s45 s24 Atree (1, 3, 2, 4, 5) − s34 Atree (1, 2, 3, 4, 5)
C 1|2;3;4;5  =

s23 s45
s12 s34 Atree (1, 2, 3, 4, 5)
s14
− s24 (s12 + s15 )Atree (1, 3, 2, 4, 5) ,

m
mC 1|2,3,4,5

(82)

boil down to permutations

4 m
km
C 1|2,3,4,5 = −s24 s34 s45 [Atree (1, 2, 3, 4, 5)

+ Atree (1, 3, 2, 4, 5)],

(83)

see (A.4) for the Schwinger parametrizaton of the vector
integral. These reductions to trees furnish the five-point
generalization of C 1|2,3,4  = s12 s23 Atree (1, 2, 3, 4) relevant
for (14).

A(1, 2, 3, 4, 5| )
2(

(79)

m
. The scalar pentagon is
see (75) for C 1|23,4,5 and C 1|2,3,4,5
represented by the shorthand

Any appearance of V1 signals a pseudo-invariant,
whereas the multiparticle instances of V12··· p with p ≥ 2
are absorbed into the BRST completion of the former.
When manifesting BRST pseudo-invariance of the superspace integrand A(1, 2, . . . , n| ) at n = 5, 6, the prescription (78) allows to foresee the result of algebraic
manipulations among the (mostly dependent) propagators. However, the different kinematic poles in the
m
exemplify that
expressions (75) for C 1|23,4,5 and C 1|2,3,4,5
locality is obscured when the five-point amplitude is
expressed in terms of BRST invariants. Hence, the representations for A(1, 2, . . . , n| ) discussed in the subsequent trade manifest locality for manifest BRST pseudoinvariance.

1
C
2 1|23,4,5
k1 )2 ( − k123 )2 (

,

mn
mn
V1 T2,3,4,5,6
→ C 1|2,3,4,5,6
,

V1 J 6|2,3,4,5 → P1|6|2,3,4,5 .

=

m
mC 1|2,3,4,5

and can be obtained from the scalar part of N1|2,3,4,5 ( )
under (78). Using the expansion of the invariants given
in (75), it is a matter of algebraic manipulations to check
that (79) agrees with the local representation in section
4.2 at the level of the integrand. For example, the massive
(4)
can be eliminated using
box I12,3,4,5

V1 T23,4,5 → s23 C 1|23,4,5 ,

m
m
V1 T23,4,5,6
→ s23 C 1|23,4,5,6
,

2(

1
C
2 1|34,2,5
2
k1 ) ( − k12 )2 (

− k1234 )2
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1
m
s23 C 1|23,4,5,6
+ (2, 3|2, 3, 4, 5, 6) .
2

5.3 Six-point one-loop integrand

m
C 1|2;3;4;5;6
≡

Similarly, applying the map (78) to the six-point expression (48) yields,

Moreover, the BRST closed version of the scalar hexagon
numerator in (64) is given by:

A(1, 2, . . . , 6| )
=

C 1|2;3;4;5;6 ≡

1
(4)
(4)
C 1|234,5,6 I1,234,5,6
+ C 1|2,345,6 I1,2,345,6
4
(4)
+ C 1|2,3,456 I1,2,3,456
(4)
(4)
+ C 1|23,45,6 I1,23,45,6
+ C 1|23,4,56 I1,23,4,56

1
(C 1|23;4;5;6 +
2

1
2
m
)s23 C 1|23,4,5,6
[(k3 − km
12 m
+ (2, 3|2, 3, 4, 5, 6)]

+

(5)
m
mC 1|23,4,5,6 )I1,23,4,5,6

+ (C 1|2;34;5;6 +

(5)
m
mC 1|2,34,5,6 )I1,2,34,5,6

+ (C 1|2;3;45;6 +

(5)
m
mC 1|2,3,45,6 )I1,2,3,45,6

+ (C 1|2;3;4;56 +

+ C 1|2;3;4;5;6 +

(5)
m
mC 1|2,3,4,56 )I1,2,3,4,56

−

m
mC 1|2;3;4;5;6


1
(6)
mn
m nC 1|2,3,4,5,6 I1,2,3,4,5,6
2
1
(5)
− P1|6|2,3,4,5 I61,2,3,4,5
.
2
+

(84)

m
mn
The pseudo-invariants C 1|A,B,C , C 1|A,B,C,D
, C 1|2,3,4,5,6
and
7
P1|6|2,3,4,5 are defined in [16] and (76) whereas C 1|23;4;5;6
m
and C 1|2;3;4;5;6
are shorthands for subleading powers of :

C 1|23;4;5;6 ≡

1
s23 s45 C 1|23,45,6 + (2, 3|4, 5|2, 3, 4, 5, 6)
4
1
+ [s23 (s34 C 1|234,5,6 − s24 C 1|324,5,6 )
6
+ s43 (s32 C 1|432,5,6 − s24 C 1|342,5,6 )
+ (2, 3, 4|2, 3, 4, 5, 6)]

(4)
+ C 1|2,34,56 I1,2,34,56

+

1 mn
k1 k1 + (1 ↔ 2, 3, 4, 5, 6) . (87)
C
24 1|2,3,4,5,6 m n

The expansion of the pseudo-invariants in terms of local numerators can be found in [16]. On their basis,
it is a matter of algebraic relations similar to (81) to
verify agreement between the manifestly BRST pseudoinvariant and the manifestly local representation of
A(1, 2, 3, 4, 5, 6| ). In upcoming work [33], the SYM integrand (84) will be shown to follow in the field-theory limit
of the open superstring.
Note that the anomalous BRST variation (77) of
mn
and P1|6|2,3,4,5 allows to reproduce the hexagon
C 1|2,3,4,5,6
anomaly (65) from (84).

5.4 Cyclicity of the five- and six-point integrands

1
(s45 C 1|23,45,6 + s46 C 1|23,46,5 + s56 C 1|23,56,4
2
+ [s34 C 1|234,5,6 − s24 C 1|324,5,6 + (4 ↔ 5, 6)])
(85)

7 For completeness, the remaining scalar pentagons are given by

2C 1|2;34;5;6 ≡ s25 C 1|25,34,6 + s26 C 1|26,34,5 + s56 C 1|2,34,56

As another virtue of the manifestly pseudo-invariant representations (79) and (84) of A(1, 2, . . . , n| ), their cyclicity can be analyzed in superspace. Strictly speaking, only
the integrated subamplitude in (27) is cyclically pseudoinvariant because the hexagon anomaly turns out to obstruct cyclic symmetry of the six-point amplitude. Starting point of the cyclicity analysis is the rewriting of the
n-point amplitude (27) as

+ s23 C 1|234,5,6 − s24 C 1|243,5,6
+ s45 C 1|2,345,6 − s35 C 1|2,435,6 + (5 ↔ 6)


A(1, 2, . . . , n) ≡

2C 1|2;3;45;6 ≡ s23 C 1|23,45,6 + s26 C 1|26,45,3 + s36 C 1|2,36,45
+ s24 C 1|245,3,6 − s25 C 1|254,3,6 + (2 ↔ 3)
+ s56 C 1|2,3,456 − s46 C 1|2,3,546
2C 1|2;3;4;56 ≡ s23 C 1|23,4,56 + s24 C 1|24,3,56 + s34 C 1|2,34,56
+ s45 C 1|2,3,456 − s46 C 1|2,3,465 + (4 ↔ 2, 3) .
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(86)

 2, . . . , n| )
d D A(1,
2 ( − k )2 ( − k )2 · · · ( − k
2
1
12
12···n−1 )
(88)

 2, . . . , n| ). Under cyclic
with stripped integrand A(1,
shifts i → i + 1 mod n of all the labels, the n-gon denominator in (88) transforms to 2 ( − k2 )2 ( − k23 )2 · · · ( −
k234n)2 which can be undone by change of integration
variables → − k1 . Since this is the cyclic image of
the shift → − kn, the integrated amplitude (88) is
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At six points, the relevant cyclic shifts i → i + 6 mod 6
such as

cyclically invariant if the stripped integrand satisfies

 2, . . . , n| ).
 2, . . . , n| − kn)
= A(1,
A(1,
i→i+1 mod n

(89)

The method is most conveniently illustrated at the fivepoint level. The stripped integrand
 2, 3, 4, 5| )
A(1,
=

P2|1|3,4,5,6  = P1|2|3,4,5,6 + Y12,3,4,5,6 
 mn
C 2|3,4,5,6,1 = δ mnY12,3,4,5,6

(94)

n)
mn
+ C 1|2,3,4,5,6
+ 2k3(mC 1|23,4,5,6
+ (3 ↔ 4, 5, 6)

+ 2k3(mk4n) (C 1|234,5,6 + C 1|243,5,6 ) + (3, 4|3, 4, 5, 6) 

1
(s23 + 2s345 )C 1|23,4,5
2

can again be found in section 11 and the appendix of [16].
The anomalous superfield

1
1
+ (s34 + 2s45 )C 1|34,2,5 + s45 C 1|45,2,3
2
2
1
1
1
+ s24 C 1|24,3,5 + s25 C 1|25,3,4 + s35 C 1|35,2,4
2
2
2
m
+ mC 1|2,3,4,5
+ ( · k3 )C 1|23,4,5

Y12,3,4,5,6 ≡

1
Y12,3,4,5,6
s12

(96)

with Y12,3,4,5,6 defined in (26) measures the response of
the hexagon anomaly to a cyclic shift. It has parity-odd
p
bosonic components (with gluon polarizations ei ) [18]

+ ( · k4 )(C 1|23,4,5 + C 1|34,2,5 )


1 2
(C 1|23,4,5 + C 1|34,2,5 + C 1|45,2,3 )
+ ( · k5 ) +
2

p

p

p

p

q

q

q

Y12,3,4,5,6  = − p3 p4 p5 p6 q1 q2 ···q6 k3 3 k4 4 k5 5 k6 6 e11 e22 · · · e66 .
(97)

(90)
associated with (79) introduces permuted invariants
m
such as C 2|34,1,5 and C 2|3,4,5,1
after the cyclic shift i →
i + 1 mod 5. They are no longer in the canonical form
m
, but a procedure to restore it is described in
C 1|··· and C 1|···
section 11 of [16]. After discarding appropriate BRSTexact terms, the scalar invariants in (90) are found to
transform to
C 2|34,5,1  = C 1|34,2,5 + C 1|23,4,5 − C 1|24,3,5 ,

Apart from the subtleties associated with Y12,3,4,5,6 , it is
straightforward to show that the stripped integrand (88)
associated with (84) satisfies (89). The anomalous obstruction

 2, 3, 4, 5, 6| )
 2, 3, 4, 5, 6| − k6 )
− A(1,
A(1,
i→i+1 mod 6
=


1
Y12,3,4,5,6  δmn
2

m n

−

2



(98)

integrates to a rational term as described in section 4.5,
i.e. the failure of cyclic invariance is given by

C 2|31,4,5  = C 1|23,4,5 
C 2|35,4,1  = C 1|35,2,4 + C 1|23,4,5 − C 1|25,3,4 ,

A(2, 3, 4, 5, 6, 1) − A(1, 2, 3, 4, 5, 6)

C 2|41,3,5  = C 1|24,3,5 

=

C 2|45,3,1  = C 1|45,2,3 + C 1|24,3,5 − C 1|25,3,4 ,
C 2|51,3,4  = C 1|25,3,4 

(91)

under i → i + 5 mod 5, and the vector invariant is
mapped to
 m
m
 = C 1|2,3,4,5
+ k3mC 1|23,4,5 + (3 ↔ 4, 5) .
C 2|3,4,5,1

(92)

On these grounds, it is straightforward to verify cyclicity
of the five-point amplitude via

 2, 3, 4, 5| ) = 0.
 2, 3, 4, 5| − k5 )
− A(1,
A(1,
i→i+1 mod 5

122

(95)

π5
1
Y12,3,4,5,6 .
(2π)10 240

(99)

We have kept the Kronecker delta in (98) explicit which
stems from the cyclic transformation of the tensorpseudoinvariant (95). As explained at the end of section 4.5, it can be understood from dimensional reduction that the formally vanishing integrand in (98)
integrates to the rational expression (99) in external
momenta.

6 One-loop color-kinematics duality

(93)

In 2008, Bern, Carrasco and Johansson (BCJ) proposed
an organization scheme for tree-level gauge and gravity amplitudes based on cubic vertices where color and

www.fp-journal.org
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Figure 8 The vanishing of the color factors associated to the above
triplet of cubic graphs, ci + c j + ck = 0 is a consequence of the
Jacobi identity. In the above diagrams, the legs a, b, c and d may
represent arbitrary subdiagrams. The BCJ duality states that their
corresponding kinematic numerators Ni can be chosen such that
Ni + N j + Nk = 0.

kinematics enter on completely symmetric footing [3].
Color tensors ci are naturally associated with cubic diagrams by dressing each vertex with structure constants
f abc of some gauge group. Triplets of color tensors
ci , c j , ck associated with the diagrams shown in Fig. 8
vanish due to the Jacobi identity
f abe f cde + f bce f ade + f cae f bde = 0

(100)

valid for any gauge group.
The BCJ conjecture states that amplitudes can be represented such that for any vanishing color triplet ci +
c j + ck, the corresponding kinematic decorations Ni +
N j + Nk of diagrams i, j, k vanish as well. The tree-level
BCJ duality was later extended to loops in [29] and successfully applied to manifest UV properties of 4 ≤ N ≤
8 supergravities up to four loops [34]8 . However, the
vanishing triplet of kinematic numerators associated to
the color triplet ci + c j + ck may depend on loop momenta as well, Ni ( ) + N j ( ) + Nk( ) = 0. The statement
that the kinematic numerators satisfy the same relations
as their associated color factors is referred to as the colorkinematic duality or simply the BCJ duality.

6.1 The five-point pure spinor representation and BCJ
duality
In this section the pure spinor superspace representation
of the five-point one-loop amplitude will be shown to
satisfy the BCJ color-kinematics duality. This generalizes
the BCJ-satisfying five-point numerators given in [36] using four-dimensional spinor helicity variables to ten dimensions, see also [37].

Figure 9 Kinematic Jacobi relations relate box and triangle numerators. Since maximally SYM amplitudes are not expected to contain triangles (nor bubbles and tadpoles), the left-hand side must
vanish.
6.1.1 Verifying Jacobi kinematic identities among boxes and
pentagons
The BCJ identities associated to the external tree subdiagrams are trivially satisfied in the pure spinor superspace
representation since they are represented by BRST blocks
which manifestly satisfy the symmetries of their associated color factors9 . In the five-point case of this subsection, this amounts to the antisymmetry of the massive
legs in the boxes and is manifestly satisfied by the ranktwo BRST blocks.
As discussed in [36], a representation of the five-point
one-amplitude satisfies the BCJ duality if certain relations among the box and pentagon kinematic numerators hold. For example, an antisymmetrization of any two
corners of a box yields a triangle numerator as shown in
Fig. 9 . Since there are no triangles in maximally supersymmetric SYM amplitudes, this antisymmetrization of
boxes must vanish if BCJ is to be obeyed. And indeed,
they vanish for the pure spinor representation of section
4.2. For example, the kinematic numerators which correspond to the diagrams of the right-hand side of Fig. 9 are
easily seen to cancel each other,


(4)
(4)
− N1|5,23,4
= V1 (T23,4,5 − T5,23,4 ) = 0,
N1|23,4,5

(101)

since TA,B,C is symmetric in A, B, C. For any choice of
massive corner in a five-point box, there is only one
possible superfield assignment – either V12 T3,4,5  and
(2 ↔ 3, 4, 5) if leg one is part of the massive corner
or V1 T23,4,5  and (2, 3|2, 3, 4, 5) otherwise. Hence, the
numerators cannot contain information about the ordering of the box and every possible way to generate
a triangle numerator vanishes with these superspace
representatives.
There is another class of kinematic Jacobi identities
that needs to be checked whose depiction is presented
9 For a detailed discussion of the general symmetries of BRST

8 Further recent work for situations with reduced or without su-

persymmetry includes [35], also see references therein.
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blocks and their compatibility with BCJ identities, see appendix
1 of [12].
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Plugging in the explicit five-point box and pentagon numerators of (41) and (43) translates (103) into the following superspace statement11


2
m
V1 T2,3,4,5
+ V21 T3,4,5 + V1 T23,4,5
km

+V1 T24,3,5 + V1 T25,3,4 = 0.
Figure 10 Kinematic Jacobi relations relate pentagon numerators
to box numerators.
in Fig. 10 ; the antisymmetrization of adjacent legs in the
pentagon must give rise to a box numerator [36]. Given
the special role played by the particle label one in the
pure spinor representation described in section 4.2, the
relations which involve its participation in a non-trivial
way will be discussed separately.
Furthermore, the presence of the
loop momentum in the pentagon
numerator requires a precise convention for the mapping between a
pentagon cubic graph and its pure
spinor superspace representation:
The loop momentum in the pentagon numerator must be chosen
such that the four legs involved in the Jacobi identity
have the same momentum in the three diagrams. Our
convention is that for a given Ni|(5)j,k,l,m( ) labelling, is the
momentum of the n-gon edge between the vertices with
external legs i and m. For example, the kinematic Jacobi
identity generated upon antisymmetrizing the legs 2 and
3 of the pentagon is given by


 (5)
(4)
(5)
( ) − N1|3,2,4,5
( ),
= N1|2,3,4,5
N1|23,4,5

(102)

and it is easily verified by their superspace representations for the pentagon given in (34). In (102), the ex(5)
pression for N1|2,3,4,5
( ) is projected to the antisymmetric part with respect to legs 2 and 3 which amounts to
(4)
1
VT
− 12 V1 T32,4,5 = N1|23,4,5
. The same argument ap2 1 23,4,5
(5)
plies to antisymmetrizations of N1|2,3,4,5
( ) in 3,4 or in
4,5.
When the Jacobi identity involves leg number one as
seen in Fig. 10 the analysis is a bit longer. Using the pentagon convention above, the second diagram in Fig. 10
(5)
( − k2 ) and the kinematic Jacobi
is written as10 N1|3,4,5,2
identity to verify is [37]


 (5)
(4)
(5)
= N1|2,3,4,5
( ) − N1|3,4,5,2
( − k2 ) .
N12|3,4,5

(104)

And indeed, one can show that (104) is BRST-trivial for
five-point kinematics and therefore vanishes in the cohomology as computed by the pure spinor brackets · · · .
To see this recall that the superfield D1|2|3,4,5 defined
in equation (8.16) of [16],
2
m
M12,3,4,5
D1|2|3,4,5 ≡ J 2|1,3,4,5 + km

+ s23 M123,4,5 + (3 ↔ 4, 5)

(105)

m
m
where M12,3,4,5
= (1/s12 )T12,3,4,5
was shown to satisfy
2 m
C 1|2,3,4,5
QD1|2|3,4,5 = Y1,2,3,4,5 + km

+ s23 C 1|23,4,5 + (3 ↔ 4, 5) .

(106)

Using the expansion in (75) for the BRST invariants,
QD1|2|3,4,5  = 0 implies that
s23 + s24 + s25
V21 T3,4,5
s12
!
(107)
+ V1 T23,4,5 + V1 T24,3,5 + V1 T25,3,4 .

2
m
0 = Y1,2,3,4,5 + km
V1 T2,3,4,5
−

Since Y1,2,3,4,5  ∝ 10 F 5 vanishes by momentum conservation [27] and s23 + s24 + s25 = −s12 , the proof of (104) is
complete. Therefore (31) furnishes a local BCJ-satisfying
representation of the five-point one-loop SYM amplitude.
One can also show that the manifestly BRST-invariant
(and non-local) five-point representation of section 5.2
satisfies the BCJ duality conditions. Box numerators
with particle one in the massive corner then vanish
and the nonzero instances follow from permutations of
(4)
= s23 C 1|23,4,5 in 2, 3, 4, 5.
N1|23,4,5

6.2 The five-point supergravity amplitude
Once a SYM amplitude has been presented in a form
which satisfies all kinematic Jacobi identities Ni ( ) +
N j ( ) + Nk( ) = 0, it can be transformed into a gravity
amplitude by trading color tensors for a second copy

(103)
11 That a external momentum contracted with the vector pen-

10 This is equivalent to the “dihedral” symmetry condition of the

pentagon numerator [36].
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tagon numerator gives rise to a sum of boxes like in (104) has already been derived in [37].
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of the kinematic numerators, ci → Ñi ( ) [3, 29, 38]. This
allows to assemble the five-point supergravity amplitude at one-loop from the above box and pentagon
numerators:

d D  Ni ( ) Ñi ( )

(108)
M5 =
(2π) D 
k Pk,i ( )
i

The combinatorics of the graph sum is explicit in the following representation

M5 =

d D " (5)
(5)
(5)
I1,2,3,4,5 N1|2,3,4,5
( ) Ñ1|2,3,4,5
( )
(2π) D

+ symm(2, 3, 4, 5)
(4)
(4)
(4)
Ñ12|3,4,5
+ (I12,3,4,5
+ symm(3, 4, 5))N12|3,4,5

+ (2 ↔ 3, 4, 5)
(4)
(4)
(4)
Ñ1|23,4,5
+ symm(23, 4, 5))N1|23,4,5
+ (I1,23,4,5
#
+ (2, 3|2, 3, 4, 5)
(109)

which can be confirmed by taking the field-theory limit12
of the five-point closed-string amplitude in pure spinor
superspace [30].
Depending on the relative chirality of the leftand right-moving superfields, the amplitude describes
type IIA or type IIB supergravity. The tensor integrals
in the pentagon numerators give rise to vector contractions between left- and right-moving superfields
m
n
δmnṼ1 T̃2,3,4,5
. Components where both sides
V1 T2,3,4,5
contribute through an 10 tensor change signs between
type IIA and type IIB and only the integrated type IIB amplitude can be written in terms of bilinears of SYM trees,
see [30] for details.

6.3 The six-point amplitude and BCJ duality
In spite of many encouraging antisymmetrization properties of the six-point numerators, the BCJ duality is not
satisfied by the local representation given in section 4.4.
That is why we restrict the discussion to a counterexample. As depicted in Fig. 11, the antisymmetrization of a
massive pentagon numerator in external trees 1 and 23 is
related to a one-mass box by the duality,
(4)
(5)
(5)
 ↔ N1|4,5,6,23
( − k23 ) − N1|23,4,5,6
( ).
N231|4,5,6

(110)

The left-hand side is given by V231 T4,5,6 , and the righthand side can be evaluated using the general pentagon
numerators (43). The failure of (110) is then described by

(5)
(5)
(4)
( ) − N1|4,5,6,23
( − k23 ) + N231|4,5,6
N1|23,4,5,6
23
m
= km
V1 T23,4,5,6
+ V231 T4,5,6

+ V1 T234,5,6 + (4 ↔ 5, 6) .

(111)

However, since the right-hand side of (111) is not BRST
closed it cannot be zero in the cohomology, therefore
(110) cannot be an equality. So the particular representation of the six-point amplitude obtained with the method
of this paper does not satisfy the color-kinematics duality13 .
In the non-local but manifestly pseudo-invariant representations (84), the failure of the BCJ relation in Fig. 11
is captured by

23 m
C 1|23,4,5,6 + s34 C 1|234,5,6 − s24 C 1|324,5,6 + (4 ↔ 5, 6) 
km

= P1|2|3,4,5,6 − P1|3|2,4,5,6 ,

(112)

see equation (9.8) of [16]. The pseudo-invariant nature of
the P1|i| j,... on the right-hand side gives rise to speculate
that the failure in (112) signals a subtle relation with the
hexagon anomaly.

7 Conclusion
In this work, we have presented local representations for the one-loop integrand of five- and six-point
SYM amplitudes in ten dimensions. Pure spinor superspace allows to express each numerator as a compact
combination of superfields which were determined by
BRST symmetry. Moreover, the multiparticle superfields
mn
α
[AαB , Am
B , WB , F B ] of [12] gave rise to a universal structure for box and pentagon numerators

(4)
NA|B,C,D
≡ VA TB,C,D
(5)
NA|B,C,D,E
( )≡

m
m VA TB,C,D,E

+

1
V[A,B] TC,D,E
2

+ (B ↔ C, D, E )
12 The RNS derivation of the field-theory limit can be found in [39],

the techniques are similar to the material of appendix A combined with the tensor integral (66).
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+

1
VA T[B,C],D,E + (B, C|B, C, D, E ) ,
2
(113)
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Figure 11 Counterexample for kinematic Jacobi relations at sixpoints in the particular representation of section 4.4.
largely independent on the external tree subdiagrams
A, B, . . . , E 14 . As explained in [12], the bracketing notation merges two multiparticle slots such as to connect the associated cubic diagrams through a cubic vertex. Iterated bracketing is then expected to capture the
structure of higher n-gon numerators, e.g. the hexagon
numerator in section 4.4 should mostly generalize as
(6)
NA|B,C,D,E
,F ( )

≡

1
2

mn
m n VA TB,C,D,E ,F

+

1
2

m
m V[A,B] TC,D,E ,F

1
m
m VA T[B,C],D,E ,F
2
1
+ (V[[A,B],C] + V[[C,B],A] )TD,E ,F
6
1
+ VA (T[[B,C],D],E ,F + T[[D,C],B],E ,F )
6
1
1
+ V[A,B] T[C,D],E ,F + VA T[B,C],[D,E ],F
4
4


1 A
B
m
k − km
−
V[A,B] TC,D,E
,F
12 m

1 B
C
m
km − km
VA T[B,C],D,E
−
,F
12
1
mn
A A
−
VA TB,C,D,E
,F kmkn + permutations,
24
+

(114)

where the sum of permutations follows the patterns of
(62) and (64).
The -dependent parts of the above numerators
exhibit a recursive structure and mimic the pattern
of scalar lower-gon representatives upon adjusting
m···
the building blocks TA,B,C → TA,B,C,D,...
to higher rank.
Hence, the main leftover challenge in n-point amplitudes
at higher multiplicity n ≥ 7 is posed by the scalar part of
13 See [37, 40] for four-dimensional BCJ representations of one-

loop amplitudes.
14 Minor redefinitions are required for massive corners subtend-

ing the first and last leg nand 1. The six-point example has
been analyzed in section 4.4 and identified to play an essential
role for the hexagon anomaly.
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the irreducible n-gon numerator which can be
systematically addressed by demanding BRST
invariance [33]
.
A manifestly BRST pseudo-invariant presentation of the amplitudes is given in section 5. Most of the integrals with leg one in a
massive corner are eliminated which in turn
m···
assembles pseudo-invariant kinematic factors C 1|···
and
P1|6|2,3,4,5 classified in [16]. Their gluonic components
can be downloaded from [19], and the scalars C 1|A,B,C
along with boxes can be expressed in terms of SYM trees
[12].
The BCJ duality between color and kinematics is imprinted into the symmetries of multiparticle superfields
m···
and therefore respected
[12] underlying VA and TB,C,...
by any tree subdiagram. However, this does not necessarily imply the kinematic Jacobi relations between numerators of p-gons and ( p − 1)-gons. At five points, the
bracket structure of the pentagon numerator (113) and
m
2
V1 T2,3,4,5
to box numerators
the identity (104) relating km
guarantee that the representations of the integrand in
both section 4.2 and 5.2 satisfy the duality. At six points,
on the other hand, obstructions of the form P1|i| j,4,5,6
in certain dual Jacobi relations might signal a subtle
connection to the hexagon anomaly, see (112). It would
be interesting to explore the physical meaning of this
observation.
A valuable and complementary viewpoint on the SYM
integrands of this work stems from the field-theory limit
of the open superstring. The five-point case is discussed
in appendix A based on the worldsheet integrand in [41],
and string amplitudes at higher multiplicity will provide a rich laboratory to study the interplay between the
hexagon anomaly cancellation in string theory [24] and
its appearance in field-theory [15].
Furthermore, it would be interesting to connect the
BRST structures with other approaches to loop amplitudes such as ambitwistor strings [42]. Their pure spinor
implementation [43] is know from [44] to reproduce
the tree-level amplitudes following from BRST methods
of [9].
Finally, the dictionary between cubic one-loop diagrams and superfields such as VA TB,C,D suggests a generalization to higher loops. The two-loop analysis of [45]
in the minimal pure spinor formalism and the advances
at three loops in [46] using its non-minimal version [47]
furnish an encouraging starting point.
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and shorthand notation νi j ≡ νi − ν j . The transformation
from momentum space to the worldline picture involves
a Gaussian integration over the shifted loop momentum
$n m
ˆm ≡ m + i=1
kAi νi . Hence, vector integrals follow from
$n m
kAi νi , e.g.
substituting m → − i=1



(5)
d D I1,2,3,4,5

In this appendix, we show that the five-point one-loop
SYM amplitude presented in subsection 4.2 is reproduced by the field-theory limit of the open pure spinor
superstring. This endeavour requires a matching of the
Schwinger parametrization of Feynman integrals with
the α  → 0 limit of the one-loop string amplitude prescription (18).

A.1 Schwinger parametrization of the five-point SYM amplitude
The string-based formalism for field-theory amplitudes
[31] provides a convenient worldline representation of
a scalar n-gon integral in D dimensions. The scalar box
and pentagon integrals in the five-point amplitude can
be written as the worldline integral

 ∞

dt 4−D/2
(4)
D
4
t
d I12,3,4,5 = π
t
0


(5)
= π5
d D I1,2,3,4,5

0

∞

dt 5−D/2
t
t

ν1 =0

−π tQ5 [k1 ,k2 ,k3 ,k4 ,k5 ]
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kimνi e−π tQ5 [k1 ,...,k5 ] .

(A.4)

i=1




1 m
T2,3,4,5 = −V12 T3,4,5 + (2 ↔ 3, 4, 5)
V1 km
2 m
T2,3,4,5 = V12 T3,4,5 + [−V1 T23,4,5
V1 km

+ (3 ↔ 4, 5)]

(A.5)

$5
m
i
to express i=1
νi km
V1 T2,3,4,5
 in terms of box numerators. The pentagon integrals (A.2) and (A.4) then conspire
to

d D Apent (1, 2, 3, 4, 5| )

= π4
0

∞

dt 5−D/2
t
t



dν2 · · · dν5 e−π tQ5 [k1 ,k2 ,...,k5 ]

0≤νi ≤νi+1 ≤1

× [∂ν G 12 V12 T3,4,5 + (2 ↔ 3, 4, 5)]





Gij ≡

(A.6)


π 2
ν − |νi j | ,
2 ij



1
∂ν G i j ≡ π νi j − sgn(νi j ) .
2

(A.7)

ν1 =0

with exponents

i< j

dν2 · · · dν5

0≤νi ≤νi+1 ≤1

with the derivative of the worldline Green function



n



(kAi · kA j ) νi2j − |νi j |



(A.1)

(A.2)

Qn[kA1 , kA2 , . . . , kAn ] ≡

5


dt 5−D/2
t
t

+ V1 [∂ν G 23 T23,4,5 + (2, 3|2, 3, 4, 5)]

0≤νi ≤νi+1 ≤1

× dν2 dν3 dν4 dν5 e

0

×

0≤νi ≤νi+1 ≤1



∞

= −π 5

In the pentagon contribution (33) and (34) to the fivepoint SYM amplitude, scalar and vector parts can be cast
into a unified form using the cohomology manipulations
[16, 30]

A Appendix: The field-theory limit of the
five-point superstring amplitude



× dν2 dν3 dν4 e−π tQ4 [k12 ,k3 ,k4 ,k5 ] 

m

(A.3)

This is a convenient starting point to make contact with
the corresponding superstring amplitude. The sign function in (A.7) is defined to be +1 (−1) when νi ≥ ν j (νi <
ν j ).
For the box contribution (32) to the five-point amplitude, the Schwinger parametrization directly follows
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The plane waves from the vertex operators reproduce
the exponential (A.3) of the Feynman integrals’ worldline
parametrization in (A.2) and (66). Similarly, the worldline
integration over t and νi descends from the worldsheet
integration in (18) over the cylinder boundary,

from (A.1) and minor cyclic modifications

d D Abox (1, 2, 3, 4, 5)


∞

= π4
0

dt 4−D/2
t
t


dν2 dν3 dν4



0≤νi ≤νi+1 ≤1

"
× V12 T3,4,5 e−π tQ4 [k12 ,k3 ,k4 ,k5 ]
+V1 T23,4,5 e

0

+ V51 T2,3,4 e

#



ν1 =0

.

(A.8)

A.2 Worldline limit of open string one-loop amplitudes
As described in [22], the field-theory limit of the superstring is obtained by setting α  → 0 and by degenerating the genus-one surface with modular parameter τ as
Im(τ ) → ∞. These are the limits in which strings shrink
to point-particles, and the worldsheet surface reduces to
point-particle worldline diagrams. Moreover, these limits
must be performed such that the proper time t ≡ α  Im(τ )
and the worldsheet positions z j ≡ Re(z j ) + iIm(τ )ν j stay
finite. In this limit, the worldsheet Green function




Im(zi j )2
ln θ1 (zi j |τ ) − π
Im(τ )

(A.9)

loses its dependence on the real part of zi j ≡ zi − z j
and reproduces the worldline Green function (A.7) upon
identifying Im(z j ) = tν j with the worldline insertion
points ν j ,
Gi j → t G i j ,

∂z Gi j → ∂ν G i j .

(A.10)

A key ingredient of the worldsheet correlator in the string
amplitude (18) is the ubiquitous Koba–Nielsen factor
which reduces as follows under the field-theory limit
(A.10):
%
I≡

n

j=1

&
e

ik j ·x(z j ,z j )

128

0≤Imzi ≤Imzi+1 ≤t

1 −π tQn[k1 ,k2 ,...,kn]
e
.
t5

∞

dt n−D/2
t
t


dν2 dν3 · · · dνn.

(A.12)

0≤νi ≤νi+1 ≤1

However, before the combined limit of α  → 0 and
Im(τ ) → ∞ can be performed in (A.11), an additional
feature of the Koba–Nielsen factor has to be taken into
account which is completely absent in its worldline
counterpart e−π tQn : It is the source of kinematic poles
when the vertex operator positions zi → z j approach
each other.
More precisely, the short-distance behaviour of (A.11)

as zi → z j is governed by I ∼ |zi j |α ki ·kj . Additional factors
of worldsheet propagators ∂z Gi j → zi−1
j + O(zi j ) modify

the leading singular behavior to I∂zGi j ∼ |zi j |α ki ·kj −1 . In
this case, the integration domain where |zi j |  1 gives
rise to a pole in α  ki · k j with zi = z j on its residue15 . In
other words, if i and j are adjacent on the worldsheet
boundary, the following kinematic pole emerges:
I ∂z Gi,i+1 → I

δ(zi − zi+1 )
0
+ O(si,i+1
).
si,i+1

(A.13)

This mechanism is the origin of box integrals in the fivepoint open string amplitude.

A.3 Worldline limit of the five-point open string amplitude
The above procedure to perform the point particle limit
is now applied to the pure spinor prescription for the
five-point open superstring amplitude in (18). The constraints from zero-mode saturation [23] admit one OPE
among the vertex operators. Hence, the correlator16 follows from summing over the ten BRST blocks capturing

15 This can be understood from the delta function representation


1
e−2s jk G jk
=
(Im τ )5 j<k
→

dz2 dz3 · · · dzn

0

Note that the exponents Q4 as in (A.3) associated with
boxes arise from degenerations of the pentagon, e.g.
Q4 [k1 , k23 , k4 , k5 ] = Q5 [k1 , k2 , . . . , k5 ]ν2 =ν3 .

α
Gi j ≡ −
2



→

+ V1 T2,34,5 e−π tQ4 [k1 ,k2 ,k34 ,k5 ]

−π tQ4 [k51 ,k2 ,k3 ,k4 ]

dt
t5


−π tQ4 [k1 ,k23 ,k4 ,k5 ]

+ V1 T2,3,45 e−π tQ4 [k1 ,k2 ,k3 ,k45 ]

∞

δ(x) = lims→0 sxs−1 .

16 See for instance [48] for the analogous RNS computation which

(A.11)

reproduces the bosonic components of (A.14) up to total derivatives in z j .
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the OPE contractions [41],
b Z V1 (z1 ) U2 (z2 ) · · · U5 (z5 )
= I · K5
K5 ≡

∂z G12 V12 T3,4,5 + (2 ↔ 3, 4, 5)
!
+ ∂z G23 V1 T23,4,5 + (2, 3|2, 3, 4, 5) .

(A.14)

The kinematic factor K5 is the generating function for the
numerators of both the boxes and the pentagon. According to (A.11) and (A.12), the worldline limit reduces the
plane wave correlator and the worldsheet integrations in
the string amplitude to the Schwinger parametrization of
the pentagon:
 ∞

dt 5−D/2
pent
dν2 · · ·
t
A5 →
t
0
0≤νi ≤νi+1 ≤1

×dν5 e

−π tQ5 [k1 ,k2 ,...,k5 ]





K5 ∂z Gi j →∂z G i j .

(A.15)

The worldline limit of the Green functions (A.10) directly maps the open string kinematic factor K5 to the
Schwinger integrand (A.6) of the pentagon numerator
(5)
N1|2,3,4,5
, hence
pent
A5


→

d

D

Apent (1, 2, 3, 4, 5| ).

(A.16)

In addition, boxes arise from the singular limit (A.13)
when the positions zi , zi+1 of neighboring vertex operators collide. This applies to the cyclic orbit of the propagator ∂z G12 which leaves δ(z1 − z2 ) at the residue of the
pole in s12 :
 ∞

dt
Abox
=
dz2 · · · dz5 I
5
t
0
0≤Imzi ≤Imzi+1 ≤t

×

δ(z23 )
δ(z12 )
V12 T3,4,5 +
V1 T23,4,5
s12
s23

+

δ(z34 )
δ(z45 )
V1 T2,34,5 +
V1 T2,3,45
s34
s45

+

δ(z51 )
V51 T2,3,4 .
s15

(A.17)

The same worldline limits (A.11) and (A.12) applied to
the irreducible part of the correlator reduce (A.17) to the
Schwinger parametrization of the boxes in (A.8),

Abox
→ d D Abox (1, 2, 3, 4, 5),
(A.18)
5
using δ(z1 − z2 ) ∼ t−1 δ(ν1 − ν2 ) and Q4 [k12 , k3 , k4 , k5 ] =
Q5 [k1 , k2 , . . . , k5 ]ν1 =ν2 .
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To summarize, the point-particle limit of the fivepoint open string amplitude (18) contains a reducible
part caused by the singular behavior (A.13) which reproduces the boxes of our superspace proposal, see (A.18).
For the irreducible part, on the other hand, the degeneration limit of the Green function (A.10) is applied directly to K5 and reproduces the pentagon numerator (34)
found by the BRST analysis, see (A.18).
An analogous analysis can be carried out for the manifestly BRST invariant form of the string amplitude [41],

A5 =
0

∞

dt
t


dz2 · · · dz5 I s23 ∂z G23 C 1|23,4,5
0≤Imzi ≤Imzi+1 ≤t

+ (2, 3|2, 3, 4, 5),

(A.19)

related to K5 in (A.14) by integration by parts with
respect to z2 , . . . , z5 . Using the same distinction between box and pentagon contributions as above, (A.19)
reduces to the manifestly BRST invariant representation (79) of the field-theory limit. The Schwinger
parametrization of the scalar and vector pentagons can
be coherently described by ∂G i j once the following
cohomology manipulations are taken into account [16]
 1 m
kmC 1|2,3,4,5 = 0,
 2 m
kmC 1|2,3,4,5 = −s23 C 1|23,4,5 + (3 ↔ 4, 5).

(A.20)

Note that they follow from (A.5) under the prescription
(78) to manifest BRST invariance.
Key words. super YM theory, BRST cohomology, one loop amplitudes.
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