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Abstract

A number of issues in heterotic double field theory are studied. This includes
the analysis of the T-dual configurations of a flat constant gauge flux background,
which turn out to be non-geometric. Performing a field redefinition to a non-
geometric frame, these T-duals take a very simple form reminiscent of the con-
stant Q- and R-flux backgrounds. In addition, it is shown how the analysis of
arXiv:1304.2784 generalizes to heterotic generalized geometry. For every field re-
definition specified by an O(D, D+n) transformation, the structure of the resulting
supergravity action is governed by the differential geometry of a corresponding Lie
algebroid.
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1 Introduction

The description and understanding of non-geometric string backgrounds have been
under investigation during the last years. As with many other developments in string
theory, the exploration of the consequences of T-duality has been a good guide in this
respect [1L 2 B, 4]. The classic example is to perform successive T-dualities via the
Buscher rules [5] 6] applied to a flat closed string background with constant H-flux [3].
This led to the chain of flux backgrounds with fluxes Hype — F'%. — Q% — Rabe
where it was shown that the @Q-flux background is non-geometric globally and the
R-flux background even locally. It was shown that these non-geometric backgrounds
take a very simple form, when expressed not in the geometric frame (g;;, B;;) but in
a so-called non-geometric frame (g, %), where the new metric and the bi-vector are
related to the geometric frame via a field redefinition.

In order to properly describe such backgrounds, one needs to go beyond the usual
effective supergravity description of string theory. In this respect, two approaches were
followed. The first one is generalized geometry [7, 8, @, [10], where one extends the
tangent bundle of a manifold such that diffeomorphisms and B-field gauge transfor-
mations can be described in a single geometric framework. Concretely, the metric and
the Kalb-Ramond field are unified in a generalized metric on the bundle T'® T*. A
more ambitious approach is to develop a theory which is manifestly invariant under
T-duality. This led to double field theory (DFT), where not only the bundle but also
the coordinates themselves are extended to a doubled space by introducing winding
coordinates. A first approach followed a frame-like formulation [IT), 12] which was fur-
ther worked out in [I3] [14]. Later, using string field theory, an equivalent generalized
metric formulation was found [15, 16, 17]. However, DFT not only features a global
O(D, D) symmetry but also the local symmetries, due to the winding dependence, are
enhanced. For recent reviews of DFT see [18 [19, [20].

Whether generalized geometry allows for a description of non-geometric backgrounds
has been investigated in a series of papers. In particular, in [21], 22, 23] the question has
been asked what form the usual supergravity action takes in the non-geometric frame
variables and whether this action might already be sufficient for the global description
of non-geometric backgrounds. This led to the definition of so-called -supergravity. In
[24] 25] the general structure of such O(D, D) induced field redefinitions was clarified in
the framework of generalized geometry. The two main results were that for every such
field redefinition, one can associate a corresponding Lie algebroid so that the redefined
supergravity action is governed by the differential geometry of that Lie algebroid. It
turned out that in each patch this provides are good description of the background,
but that the transition functions needed for the global description in general are not
part of the local symmetries of generalized geometr

On the contrary, due to the existence of extra local symmetries in DFT, i.e. the
generalized diffeomorphisms, the latter admits a global description of the ) and R-flux
backgrounds. The non-geometry shows up for the @-flux background in a winding
dependence of the transition function between two patches and for the R-flux in an
explicit winding dependence of the background field itself.

'Tor possible exceptions see [26].



A natural generalization of bosonic DFT is heterotic DFT [11], 12} 27, 28], where
the latter also includes the gauge fields present in the heterotic string. In generalized
geometry the heterotic string was also discussed in [29, B0, B1](see also [32, B33]). For
abelian gauge fields this generalization is formally straightforward extending the global
symmetry group from O(D, D) to O(D, D+n). For every gauge field A“ a new coordi-
nate y® is introduced, thus extending also the generalized metric so that it includes the
gauge fields. The main relations of DFT remain unchanged so that the action still has
the same form as for bosonic DFT, but just for the extended generalized metric. This
abelian heterotic DF'T can be gauged which also allows the description of non-abelian
gauge groups [28], 34]. However, in this process the part of the global symmetry group
is broken to O(D, D).

It was observed in [35] that, in contrast to bosonic DFT, the action of T-duality
gives the Buscher rules including o’ corrections. In the same work, a suggestion has
been made how heterotic DFT can be further generalized to also accommodate the
leading order gravitational o’ corrections, including e.g. the well known Chern-Simons
terms involving the spin-connection. There has been quite some interest recently on
how to incorporate such o/ corrections in the framework of generalized geometry [36], [37]
and DFT [35, [38] 39, 40].

In this paper, in some sense, we take a step back from these more formal devel-
opments and investigate some comparably simple questions which, as we think, are
nevertheless important to clarify. For instance, to our knowledge, it is not clear what
the heterotic T-dual of a constant gauge flux background is. The same question for the
S-dual background of a type I string led to the discovery of D-branes and O-planes.
Indeed the T-dual of a D9-brane carrying a constant gauge flux in type I is the type
I’ string with a D8 brane intersecting the O8-plane at an angles. In the heterotic case
there are no 8-branes so what is the T-dual? Not unrelated, one can ask whether for
heterotic DFT, there exist an analogous chain of T-dual fluxes as for bosonic DFT. Of
course, the H;jp — Fijk — Q7% — RY* chain will still exist, but what about a similar
chain starting with an abelian constant gauge flux G;; — ...7 Does it also give rise to
new types of non-geometric fluxes? Clearly, these are questions one can now approach
in the framework of heterotic DFT.

We will find that indeed after one T-duality, one gets a non-geometric gauge flux
background that is in many ways analogous to the Q-flux background. It is locally still
geometric and the non-geometry appears in the transition functions in the sense that
there appears a dependence on a winding coordinate. Moreover, also for heterotic DE'T
one can perform a field redefinition to a non-geometric frame in which the fundamental
fields are a dual metric g;;, a bi-vector (% and a gauge one-vector At We will see
that one indeed gets a chain of fluxes G;; — Jij — G, where the latter two are
non-geometric. One can trace back that, in this case, the non-geometry arises due to
the o corrections to the T-duality rules [41], [42].

Having realized that a field redefinition can be important for the description of non-
geometric backgrounds, we can ask how the analysis of [25] generalizes to the heterotic
case. Can the effect of an O(D, D+n) induced field redefinition still be described by the
differential geometry of a corresponding Lie algebroid? We will see that this is indeed
possible and explicitly present the corrections due to the existence of the gauge field.



As for the original version, the local symmetries of the redefined action are only the
redefined versions of diffeomorphisms, B-field and A-field gauge transformation. This
implies that a single such action cannot globally describe non-geometric backgrounds,
which need winding coordinates to appear either in the transition functions (Q-flux)
or in the background itself (R-flux).

This paper is organized as follows: In section 2 we briefly introduce the setup for
heterotic DFT and the basics we need for our discussion. In section 3 we will perform
in detail successive T-dualities on a toroidal constant gauge flux background and show
how a field redefinition to a non-geometric frame simplifies the description of the T-
dual backgrounds. We derive explicitly the form of the relevant heterotic fluxes and
comment on the consequences for a potential non-associativity and for S-duality to
the type I string. In section 4 we discuss the O(D, D + n) induced field redefinitions
and identify the corresponding Lie algebroid. In particular, we present the form of the
action in the previously introduced non-geometric frame.

2 Review of heterotic DFT

In this section we briefly review the bosonic sector of heterotic DF'T, where we focus on
those features which are important in the remainder of this note. The bosonic sector of
heterotic DFT with abelian gauge fields is a straightforward generalization of bosonic
DFT [28]. This is expected, as abelian gauge fields appear by dimensional reduction of
gravity theories.

The low-energy effective action of the massless bosonic sector for the heterotic string
is described by the action

1 . 1 ..
S = / dx\/ge (R + 4(0p)? — EH”’CHM - 1G%Giﬂ) : (2.1)
in which the field strength of the non-abelian gauge fields is defined as
Gz‘ja = 67;Aja — aina + 9o [Ai, Aj]a (2.2)
and the strength of the Kalb-Ramond field is modified by the Chern-Simons three-form,
1
Hijp = 3<a[iBjk] — Kag A0 A — 390 Ko A [4j, Ak]]ﬁ) : (2.3)

Here ko5 denotes the Cartan-Killing metric of the gauge group. In the abelian case,
this is simply the unit matrix, ko3 = do3. Note that the order in o/ can be made visible
by scaling 4;* — vo/A;*. From now on we consider abelian gauge fields. Moreover,
the higher derivative correction of H due to the gravitational Chern-Simons form will
be not considered throughout this paper.

2.1 The generalized metric

In the DFT formulation of the abelian heterotic sting [2§], for each gauge field A% one
introduces a new coordinate y® so that the entire DFT lives on a 2D + n dimensional
space with coordinates



The global symmetry group is enhanced from O(D, D) to O(D, D + n), the T-duality
group of the heterotic string. The doubled coordinates X transform as an O(D, D+n)
vector

XM_pMyxN — heO(D,D+n). (2.5)

As in bosonic DFT, one introduces an O(D, D + n) invariant metric

0 &5 0
nun =& 0 0 (2.6)
0 0 dap
satisfying
M =M phN g e (2.7)

This O(D, D+n) metric is used to pull up and down capital indices like M. Accordingly,
the generalized derivatives and gauge parameters are given as

O = (0%,0:,04), €M =(§,6,A%). (2.8)

As shown in [2§], one can proceed along the lines of bosonic DFT and introduce a
generalized Lie derivative and a C-bracket. Then, closure of the algebra is guaranteed,
if one introduces the heterotic strong constraint

fOMg=08F0ig+0,f8g+af0g=0 (2.9)

where f and g are arbitrary fields and gauge parameters. This means that the heterotic
level-matching condition

O OM f =200, f + 0,0%f =0 (2.10)

also has to hold for products of fields and implies that locally there exist an O(D, D+n)
transformation rotating the coordinates into a frame in which the fields only depend
on the normal coordinates .

The heterotic DFT action can be expressed in terms of a generalized metric and
an O(D, D + n) invariant dilaton d defined by e 2¢ = ,/ge™2?. The metric HMV
transforms covariantly under O(D, D + n)

HMN(X"y = hMp N o HPQ(X) (2.11)

and is parameterized in terms of the metric g;;, the Kalb-Ramond field B;; and the
gauge fields A;“ as

gij _gik ij _gikAkB
Hun = | —¢%Cli  gij + Crig"' Crj + A7V Ajy  Crig®Aig + Aig (2.12)
— g% A, Crjd™ Aio + Aja Sap + Arag® Ajp



where only the combination
1

appears. Note that C;; splits into a symmetric and an antisymmetric part as

1

Clij) = A% Aja,  Clyj) = Bij - (2.14)

]

Written in terms of the generalized metric (2.12)), the form of the heterotic DF'T action
is identical to the action of bosonic DFT.

2.2 Generalized vielbeins in heterotic DFT
In analogy to bosonic DFT, one can also introduce a generalized vielbein E4 ; so that
HMN:EAMSABEBN (2.15)

with the constant generalized metric

s 0 0
Sap=10 su O (2.16)
0 0 sap

and sqp = diag(—,+,...,+), sqp = diag(+,...,+). One ﬁndsﬂ

et —elfFC; —eakAkg e%; 0 0
FAyu=10 e%; 0 . EaM = | —e kO edt —elkALP (2.17)
0 A 5% Ao 0 50"

which also satisfies

nmun = By Ban . (2.18)

Now one defines the generalized derivative as

Dy = E ™MDy = (D% Dg, Dy) (2.19)
leading in components to
Do — e
Dy =08, — By 0" — %Aamm d'— A0, (2.20)

Do = 0o + Aia 0"
Introducing the generalized Weitzenbock connection as

Qapc = DaFEgYN Ecy (2.21)

*Note that compared to [T4], we have two different signs in the definition of the vielbein. This is
because we want to be consistent with the generalized metric as defined in [28].



the generalized fluxes of heterotic DFT are defined as
Fapc =FcmLe,Es™ = Qapc + Qcas — QUpac - (2.22)
In a holonomic basis one finds e.g. the three-form flux
Hiij, = —3(0,Big — 0apA;20; AP (2.23)
ijk [iP7k] — CaBl[i Y50k

which is precisely the field strength of the Kalb-Ramond field modified by the Chern-
Simons three-form ([2.3)). In section all these generalized fluxes will be evaluated
more explicitly.

3 Non-geometric backgrounds of heterotic DFT

In this section we will use the formalism of heterotic DF'T to determine the T-dual of a
heterotic string compactified on a two-torus T2 with a constant gauge flux turned on.
This is analogous to the configuration of T with constant H flux for bosonic string
theory [3, 43]. In the latter case, this was the prototype example to detect after two
T-dualities the possibility of a non-geometric Q-flux background. Applying a third T-
duality led to the conjecture for the existence of an R-flux background. Applying these
T-dualities in the framework of DFT, the non-geometry shows up in the appearance of
winding coordinates in the transitions functions for the @-flux and in the background
itself for the R-flux. Thus, in this sense a Q-flux background is locally geometric but
not globally, whereas an R-flux background is non-geometric even locally.

3.1 T-duality of a constant gauge flux background

Recall that under a global h € O(D, D + n) transformation the coordinates and the
generalized metric behave as

H=nHh, X =hX, 0 =(h")"'d. (3.1)
Now, we consider a torus 72 with a flat metric gij = 0;;, vanishing Kalb-Ramond field
B and a constant abelian gauge flux G;;. For the corresponding single gauge potential
AM = A we choose
Alzfy, AQZO (32)
This gives the field strength

Gio = —(O1As — On A1) = f. (3.3)

On the 2-torus the coordinates are periodically identified by (z,y) ~ (z+2m,y) ~ (x,y+
27). For the gauge field to be well defined globally, one needs a non-trivial transition
function between the two patches P = [0,27) and @ = (0, 2x]. In the patch P we have



Agp) = fy while in the patch @ the gauge field is ASQ) = f(y—2n). These two patches
can be glued smoothly together by a gauge transformation AgQ) = Agp) + 0 APQ) with

APQ) = _orfu. (3.4)

The generalized metric for this background in patch P takes the form

2
10 e 0| —(fy)
0 1 0 0 0
Hygn = | —Y22 0] 14 (fy)2 + Y25 o (ry)+ U2 | (3.5)
0 0 0 1 0
3
~(fy) o (U +Y o] 14 (fy)?

The transition to patch @ is given by conjugation with an appropriate O(D, D + n)
matrix 7 pg), i.e.

13(@Q) — 727;@ 24 (P) Tiro) (3.6)
which in our case takes the form
T 2
10| -2 o ony
0 1 0 0] O
Teey=[0 0 1 0] 0 (3.7)
0 0 0 11 0
0 0| —2nf O] 1

In analogy to generalized geometry such a matrix might be called an “A-transform”.
Note that this is consistent with the discussion in [23], where the transition matrix was
calculated via the vielbeins in the two patches as T(pg) = E( Pl) E).

Now, we apply a T-duality in the z-direction, which in heterotic DFT can be
implement by conjugation H' = 7,7 H T; with the special O(2,3) transformation

0 00

= (3.8)

O =IO O
O OO

o|l—= OO
= o OO

oI O

0 0

The upper 4 x 4 dimensional part of the metric is the same as the T-duality transfor-
mation for bosonic DFT. Thus, we obtain in patch P

4 2 3
1+(fy)2—|— (fi/) 0 _(fg) 0 (fy)+ (fg)

0 1 0 0 0
0 0 0 1 0

(Fy)+ Y25 0] —(fy) 0 1+ (fy)?



from which one can directly read off the new metric, Kalb-Ramond field and the gauge
field as

-1 0 _ Uy
g = (H(fy)““i? ) . BW=0, A= %) (310
0 1 0

Note that after one T-duality one still gets a metric and a gauge field, where, as
in the @-flux background, there appears a non-trivial functional dependence in the
denominators. Moreover, these results are consistent with the o’ corrected Buscher
rules for a T-duality along a single direction for the heterotic string given in [42]. In
fact, as shown in appendix [A] these are precisely the T-duality rules following from the
heterotic DFT construction.

The new transition matrix to patch @ is given by

1 0lo o] o
0  1]/0 0| 0
]
oy =T TroTi=| -2 o1 0f2ns (3.11)
0 0]0 1
o7f 0]0 0] 1

which is not any longer a usual A-transform, i.e. a gauge transformation. This observa-
tion and the appearance of strange denominators already indicates that we are dealing
here rather with a non-geometric background (like the @-flux for bosonic DFT).

In analogy to bosonic DFT, one can introduce a field redefinition so that the gener-
alized metric is parameterized by a new metric g;j, a bi-vector C% and a (one-)vector
A" as

HuNn = — i C*I Gij —Gix AF g : (3.12)
CM gy Aly + AJ, —Gjk AFo Sap+ AFo g Alg
Here C = BY + %flia flja, where 3% is the antisymmetric bi-vector appearing also in
bosonic DFT. The generalized vielbein reads in this case
€q’ 0 0
EAM — _éakcki &2, _éakAkB ) (313)
Aia 0 5 3
Comparing (3.9) with the form of the generalized metric in the so-called non-geometric
frame (3.12)), one can read off

Py _ (10 oy _ (fy

with 8% = 0. This shows that in this frame the T-dual configuration takes a very
simple form. Moreover, using (3.11)) one can also find the metric and the one-vector in

patch Q
7@ = <(1) (13> Q- (f (f‘/a%)) 7 (3.15)

9



Since the T-duality also changes z — Z in the gauge transformation (3.4)), the “gauge”
transformation connecting the one-vectors in patch P and () becomes

AMQ) = 1) L GINPQ) with AP = _onfi. (3.16)

Note, that the transition function in this non-geometric frame contains a winding coor-
dinate so that indeed this T-dual background is globally non-geometric, very similar to
the @-flux background for bosonic DFT. The only difference is that the latter requires a
T-duality in two-directions in order to generate it from a constant H-flux background.
Finally, the new flux in this T-dual background should be

Jhy = —0Al = —f. (3.17)

Applying to this configuration another T-duality in the y direction only changes
y — ¥ in the generalized metric (3.9)), so that in the non-geometric frame one obtains

Py _ (10 ey _ (fU
j (O 1>, i (0> (3.18)

and similarly in patch Q. Therefore, like the R-flux background, this configuration is
already locally non-geometric, characterized by a non-geometric flux

G2 = (9142 - 9*AYHY = 7. (3.19)

Of course, at this stage the form of the new non-geometric fluxes Jij and G is just
a guess. In the following subsection, we derive the complete form of this new kind of

fluxes from the vielbein (3.13]).

3.2 The fluxes of heterotic DFT

In this section we derive the general form of the components of the heterotic fluxes
Fapc =FEcmLe,Es™ = Qapc + Qcas — QUpac - (3.20)

In order to treat geometric and non-geometric components at the same time, as in [14],
we use the general extended form of the generalized vielbein

eai _eakcki _eakAkB
BAy = _ezi]?cki e+ e, CHICy;  —et Ak (3.21)
sz Az’a (504,8

which combines (]m) and m into one object. Recall that nap = F AMEvE implies
that the Weitzenbock connection satisfies Qapc = —Qacp. However, one can show
that this relation ceases to be satisfied with the full vielbein . Therefore, in the
following we present the geometric fluxes for the physically relevant case of Ay = 0
and the non-geometric fluxes for A;* = 0. In addition, for simplicity here we will work
in a holonomic basis, the rather lengthy generalizations to a non-holonomic basis can
be found in appendix

10



The components of the derivatives D4 = E4™ Dy become
D' =0' + C""Cpp 0" = C™ 0y, — AT,
D; =0; — Cipyd™ — A0, (3.22)
Dy =8y + Apmad™ + A™ 00, .
For all three indices being of normal or winding type we get the fluxes H, F,Q and R

including corrections depending on the gauge fields A and A. In terms of the derivatives
(3.22)), for A?,, = 0 the geometric fluxes can be expressed as

Hije = — 3D Bjy) + 3D Ajy A

- L (3.23)
k k k km km
F i =— D Bij +D A[iVAZﬂ — ZD[lB AZhAm’y — 20 D[lCmﬂ .
With A;* = 0 the non-geometric fluxes take the form
Qv = — DAY + DL AW AL — ClemGinp, B,,,,, — 2DLBy,,,,CI™ 520
3.24

Ri% — _ 3Dligitl | 3pli A7 il 4 3@limpip, G

For A;* = A’, = 0, these expressions are consistent with the ones derived in [44] [14],145].

Due to the extra gauge coordinates y* in heterotic DFT, there exist new types of
fluxes. Choosing at least one index of Fapc to be a gauge index, the antisymmetry
Qapc = —Qacp in all indices forces us to set either f9 = flia =0or B;; = A;* = 0.
Of course, one can choose these constraints independently for each direction (ij) or
(i), respectively. In the following, we present the result for choosing the same set of
conditions for all directions.

Thus, in the geometric frame g9 = A?, = 0, we get the following three types of
non-vanishing gauge fluxes

Gaij = _QD[ZAZ]O‘ — DaBij + DQA[Z-’YAZ},Y
J i = 07 Aj (3.25)

Solving the strong constraint via 9° = 9, = 0, the first flux reduces to the familiar
form of the field strength (2.2]) for an abelian field. In the non-geometric frame B;; =
A;* = 0, the non-vanishing fluxes are

Jjai = _aiAja
Gl — —2Pli A1, — Do BT 4 Dy Al A1, (3.26)
KBt = g ple i8]

Hence, the flux J7,; in the non-geometric frame is indeed the flux we encountered in the
previous section after applying one T-duality. Similarly, reducing G,% for 8; = 0, = 0,
one obtains

Go = —20l Al | (3.27)



the gauge flux of A found in the background after applying two T-dualities.
For a non-holonomic basis, one finds the commutators

(00, O] = fCab O, with  f o = €;(Dnep’ — Opes’). (3.28)

[5“,5b] = %5, with f.% .= eci(éaeib — 5bei“) '
providing correction terms to the fluxes shown above. The resulting rather lengthy
expressions for these fluxes can be found in appendix [B]

The upshot of the explicit analysis of this section is that, for the heterotic string, the
T-dual of the constant gauge flux background on a flat geometry is a non-geometric
background. Therefore, the concept of non-geometry does not only apply to closed
string three-form backgrounds but also to gauge flux backgrounds. Moreover, we have
seen that for the description of these T-dual backgrounds, it is appropriate to change
to a non-geometric frame, where in particular the gauge 1-form A = A; dz' is replaced
by a gauge 1-vector A = A’ 9;.

3.3 Comment on R-flux and non-associativity

It has been suggested that the non-geometric R-flux background gives rise to some
non-associativity of the usual coordinates [46] 47, 48| [49 [50]. In the context of DFT
this was analyzed in [51], where it was studied how DFT behaves if one defines a new
tri-product given in terms of the three-index flux as

fAgAh=fgh + FapcDAfDPgDCh+ ... . (3.29)

For objects satisfying the strong constraint, the correction identically vanishes so that,
in particular, for the action such a deformation has no effect (see [51] for more details).

Since the coordinates themselves are not conformal fields, one does not necessarily
expect them to satisfy the level-matching constraint and consequently not the strong
constraint. The implied tri-bracket [2?, 27, 2¥] for the coordinates is governed by the
non-geometric flux coupled to just ordinary derivatives. Thus, we are focusing on the
term

Fapc DAf DBgDh = pii* 9, f 0,9 Oph + ... (3.30)

which for usual DFT was just P?JZ = 35[%@]. The natural expectation is that, in the
heterotic case, this gets generalized to the gauge invariant combinatiorﬁ

ot = 3(dip — AT AN, ). (3.31)
However, evaluating (3.30]) for a holonomic non-geometric frame, one finds

Pk = 3(8LE L) B4 = _3(5@5@ n 5[@;117;1@17) : (3.32)

3We confirmed this behavior by performing a conformal field theory analysis along the lines of [49).
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showing that the relative sign between the two terms on the right hand side of is
different. As a consequence, this object p* is not invariant under A gauge transforma-
tions Aia = /Nlia + (;9i)\a, unless the non-geometric gauge flux éaij = (‘ﬁflﬂa vanishes.
We observe that this sign flip can be reconciled with heterotic DFT by defining instead

fAgAh=fgh+ Fiye DAfDBgDh + ... (3.33)
with

Fipo(8,A) = Fapo(B, A) =2 Fapc(B,A=0). (3.34)

3.4 Comment on S-duality

Let us now consider the SO(32) heterotic string compactified on a two-torus with
constant abelian gauge flux F' = Fjs. This configuration is known to be S-dual to the
Type I string [52] compactified on a two-torus where the D9-brane carries the same
gauge flux F. Applying a T-duality in the y-direction to this latter configuration yields
the Type I’ string with a D8-brane at an angle with respect to the O8-planes. One might
ask whether there exist an S-dual to this configuration. The answer to this question is
not obvious, as in the heterotic string there are no 8-branes. However, recall that we
have just seen that the T-dual to the SO(32) heterotic string with gauge flux is a non-
geometric background of the Eg x Eg heterotic string carrying flux J = J'y. Therefore,
by completing the diagram as shown in figure [I] we are led to the conjecture that the
S-dual of the D8-brane at angle in Type I’ is a non-geometric J-flux background of the
heterotic string.

Type I Het SO(32)
. .
3 7

Type I’ Het Eg x Fjg

Figure 1: S- and T-duality between Type I and heterotic string.
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4 A Lie algebroid for heterotic field redefinitions

In the previous section we have seen that a field redefinition can help in simplifying
the description of non-geometric backgrounds. As we discussed in the introduction,
this fact is familiar from O(D, D) generalized geometry and DFT, respectively. Recall
that in [25] the general structure of O(D, D) induced field definitions was clarified in
the framework of generalized geometry. The two main results were that for every such
field redefinition, one can associate a corresponding Lie algebroid so that the redefined
supergravity action is governed by the differential geometry of that Lie algebroid.

In this section, we show that this picture also holds for the heterotic case, i.e. to
every O(D,D + n) induced field redefinition one can associate a corresponding Lie
algebroid so that in the new field variables the heterotic action is governed by the
differential geometry of that Lie algebroid. For the definition of a Lie algebroid, please
consult appendix We will also show that the non-geometric frame does also fit
into this scheme. Since the story is very similar, we will be rather brief here and refer
the reader to [25] for more information on Lie algebroids and its differential geometry.

4.1 O(D, D + n)-induced field redefinition

In abelian heterotic generalized geometry, one considers a D-dimensional manifold M
with usual coordinates z’, equipped with a generalized bundle E = TM @& T*M @V,
whose sections are formal sums & +&+\ of vectors, £ = ¢i(x) 9;, one-forms, £ = g}(x) dz’
and gauge transformations, A = (A1(x),... \,(z)), of U(1)™. On this bundle one defines
a generalized H sy metric taking the familiar form in terms of the fundamental
fields gi;, Bi; and A;*. An O(D,D + n) transformation M acts on the generalized
metric via conjugation, i.e.

H(g,B,A) = M' H(g, B, A) M (4.1)
and therefore defines a field redefinition

The heterotic action in terms of the fields (g, B, A) is the heterotic supergravity action
(2.1). The question is how the action in the new field variables (g, B, fl) looks. Just
inserting the field redefinition gives a plethora of terms so that an organizing principle
is needed.

To proceed, we write a general O(D, D + n) matrix M as

a b m
M=1|c d n|. (4.3)
p q =z

This transformation has to leave the n metric (2.6 invariant, i.e.

MinM =1, (4.4)
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leading to six independent constraints on the submatrices

cda+ac+plp =0

b+ ald+plqg =1

cdm + a'n 4 plz =0

d'b +b'd + ¢'q =0

d'm +b'n+ ¢tz =0

n'm 4+ min 4+ 2tz =1.
Now applying (4.1)) we can read off the induced field redefinition. For the upper-left
component of H(g, B, A) one obtains
S t

H(§,B, Ay = [a—Ap g—l—B—i—%Ag)c] gt [a—Ap— (g—l—B—l—%AQ)c} (4.6)

which, comparing with general form of the generalized metric, gives g~'. Thus, we get
g=0"g07)" (4.7)

where the matrix v is given as
y=a—Ap—(g9+B+14%)ec. (4.8)

In order to consider the redefined Kalb-Ramond field B which is contained in C, we
consider the upper-middle component of the redefined generalized metric

A A t
H(3, B, A)ym = 1+ [a—Ap—(g+B+%A2)c} g [b—Aq—(g+B+%A2)d}

(4.9)
and compare it with Hym = —gflé . Thus, we find
C=(hHenr™)Y  with ¢=6d7'—g (4.10)
with the matrix ¢ defined as
§=-b+Aq+ (g9+B+3A%)d. (4.11)

It remains to determine the O(D, D + n) induced field redefinition for the gauge field
A. For that purpose, we look into the upper-right element of the generalized metric

A

H(Q,B,A)W: {a—Ap— (g+B+%A2)crg*1 [m—Az— (g+B+%A2)n]
(4.12)

and identify it with —g—IA. Thus, we obtain

A=(H (4.13)
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with
A=-m+Az+ (9g+B+35A4)n. (4.14)
From € and 2( one can define also a new B-field ‘B via
B=(HBHH with B=¢— %Ql @A. (4.15)

Thus the field redefinition is of a very peculiar form, where the matrix + plays a
prominent role. In fact, the structure of the field redefinition of g and B is completely
analogous to [25], only containing some new gauge field dependent corrections in 7 and
d. Thus it is straightforward to proceed as in [25] and to identify

p= (L) (4.16)
as the anchor map of a Lie algebroid (see appendix |C)).
This Lie algebroid lives on the tangent bundle itself, i.e. £ =TM and the anchor
map p: E — TM acts on a vector field X = X9, € F a{]|
p(X) = (p'; X7)0; = X'(p")? 9; = X' Di, (4.17)
where we defined the partial derivative for the Lie algebroid as
Dy = (o) ;. (1.18)
The bracket [-,-] on E = TM is defined as
[X, Y] = (X/D;Y* ~ YD X"+ XTYT By ) o (4.19)
with the structure constants
Fi* = ()" (Dilp");™ = D3(p1)i™) (4.20)
Indeed, this bracket satisfies the homomorphism property
p(IX. Y1) = [p(X), p(Y)]. (4.21)
Furthermore, by construction the new bracket [-, -] satisfies the Jacobi identity as
well as the Leibniz rule (C.1)). Thus, for every O(D, D+n) induced field redefinition we

have associated a corresponding Lie algebroid. The true power of this formal approach
will become clear in the next section.

“Here we present the relations in a holonomic basis. For the non-holonomic case, we refer to [25].
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4.2 The redefined heterotic action
Recall that the NS-sector of the heterotic DFT action is

1 . 1 ..
S = / dx/ge ¢ (R + 4(0¢)* — EH”]“HWC - 1GWGW) (4.22)

with the three-form H = dB — %5Q5Aa A dAP and the abelian two-form field strength
G = dA®. As derived in detail in [25], the field redefinition is completely given by
pulling indices up and down by the action of the anchor (here p! = v~!). For the metric
we found , which implies that the quantities in the gravitational sector transform
as

qunp = (pil)ql pim p7n pkp Rlijk7 Rmn = pim p]n Rij7
R:Rv \/|g|:\/’ngt‘7 ng(b

where the derivative for the transformed theory is (4.18)).

For the flux sector, so far we know the transformation behavior of gauge potentials
B and A. Therefore, one still needs to find the proper definition of the new field
strengths so that they also transform properly, i.e. just by pulling up and down indices
with the anchor. For that purpose one needs to invoke the Lie algebroid differential dp
defined in appendix |C| For the gauge field strength G = dA, using the relation

one can show

(4.23)

(A2p*)dg = d(p*A) = dA (4.24)
with p* = (p!')~! = 7, so that
& :=dgA = (A%p) G (4.25)

is the correct definition of the transformed field strength that transforms properly.
Analogously, one can show

deB = (A3p!) dB (4.26)
so that the proper three-form flux is given by
AN dp = (Ap') H . (4.27)
Its Bianchi identity reads
BNG. (4.28)

Thus, each quantity appearing in the heterotic action (4.22)) now transforms properly
so that the action in the redefined fields can be expressed as

~ 0w —26( A L cijke 1ciiag
Sz/dm\/g 0% e 2¢<R+4(D¢)2—Eﬁ i — 76" Qs,-ja). (4.29)
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This has the analogous form as the original action, but with the new fields defined in
the framework of the differential geometry of the Lie algebroid. Therefore, the latter
provides the organizing principle for expressing the action in O(D, D + n) induced
redefined field variables.

Note that the symmetries of this action are just the transformed diffeomorphisms
and B- and A-field gauge transformations of the original action. Clearly, just by a
field redefinition, one does not gain new symmetries. Therefore, the A field gauge
transformation , needed for the transition function of the T-dual non-geometric
J-flux background is not a symmetry of . Thus, as in generalized geometry [25],
a field redefinition helps to bring in each patch a non-geometric background in a simple
form, but in general it does not provide a global description of the background.

4.3 The non-geometric frame

In this section we show that the field redefinition between the geometric and the non-
geometric frame from section [3.1] can also be described in this framework. For that
purpose, first recall the form of the generalized metric in these two frames. In the
geometric one, we have

g7 e —g"™* Ay
Hun = | —¢%Cri  gij + Crig"'Clj + AV Aj, CrigFlAjg + Aig (4.30)
—g7* Ay Crjg™ Ao + Aja Sap + Arag Alg

and in the non-geometric one
f]ij +C~'ki§kl Cli _}_Ai,y A —Jjk Cki C*’“gkl /ilg—f-zzlig
Hun = — G, CFI Gij —Gir A¥g : (4.31)
CM gy Al + AJ,, —Gjk AFo Sap+ AR G Alg

By comparison of the components, the corresponding field redefinition takes the form

g
C=g'Ctqg! (4.32)

g o0
M=1g1t 00 (4.33)
0 1

with § = g + C*g~!C + A2%. Evaluating the expressions (4.8),(#.10),(.11), (#.14) we
obtain as intermediate results

=—(g+C)g " sothat y'=—(g+C"g ",
0=—g so that ¢ =C7, (4.34)
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Using these relations further in (4.7)), (4.10) and (4.13)) we finally get

C=(rhHenr ™) =Clgy (4.35)

Here C and A are still forms. For transforming them into a bi-vector and a vector, one
pulls up the indices with §~! so that

C—clOal=gloty!

R (4.36)
A:g_ A= _(g_ +C)Aa

which precisely agrees with the field redefinition of the non-geometric frame (4.32)).

5 Conclusion

In this paper we studied a couple of aspects of heterotic DFT in more detail. We
think that, while the general formalism of heterotic DF'T was developed before and is
a straightforward generalization of bosonic DFT, the concrete evaluation of its conse-
quences, in particular for issues related to the gauge field, deserved a further study.

Indeed, by applying the T-duality rules (o’ corrected heterotic Buscher rules) to
a flat background with a constant gauge field, we found non-geometric backgrounds,
which were very similar to the @- and R-flux backgrounds in bosonic DFT. Namely,
after one T-duality we already obtained a background which was best described by
changing to a non-geometric frame, where the gauge one-form has turned into a gauge
one-vector. The required transition function between two patches was given by a new
symmetry, namely a one-vector gauge transformation involving a winding dependence.
Thus, this background is globally non-geometric, an effect introduced by the o’ cor-
rected Buscher rules. Applying a further T-duality, the arising background was even
locally non-geometric.

Even though, we were only considering abelian gauge fields, we expect this picture
to generalize also to non-abelian gauge fields. The latter are introduced via a gauging
procedure that generically breaks the O(D, D + n) symmetry to O(D, D). However,
T-duality is a special element of O(D, D) so that it can still be treated analogously to
the abelian case.

Moreover, we clarified which type of fluxes are turned on in these backgrounds
and how they are microscopically described in terms of the fundamental fields in the
theory. We argued that the constant non-geometric J-flux background of the Eg x Ejg
heterotic string can be considered the S-dual of a Type I’ background with a D8-brane
intersecting the O8-plane at an angle.

Led by the apparent necessity of field redefinitions, we considered the general ques-
tion what effect an O(D, D + n) induced field redefinition has on the heterotic super-
gravity action. Generalizing [25], we investigated this question in the framework of
generalized geometry and found very similar results, though now including various cor-
rections due to the present one-form gauge field. In particular, the organizing principle
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for the terms in the redefined action was given by the differential geometry of a Lie alge-
broid, whose anchor was related to the O(D, D+n) transformation. The non-geometric
frame was identified with just a specific O(D, D + n) induced field redefinition.

Even though, here we were only considering the NS part of the heterotic action,
we expect that the whole action including the fermionic terms are governed by the
objects in the differential geometry of the Lie algebroid. This includes e.g. the kinetic
terms for the gravitinos and gluinos, that involve a spin-connection. Moreover, here we
were neglecting the gravitational Chern-Simons term (see [35] for a recent treatment
in DFT). Introducing non-abelian gauge fields via gauging, breaks the O(D, D + n)
symmetry so that in this case only the remaining symmetry should be used for a field
redefinition.
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A The Buscher rules derived from heterotic DFT

Using the implementation of T-duality in heterotic DF'T, one can now quite generally
(re-)derive the Buscher from the conjugation of the generalized metric with the cor-
responding T-duality matrix. Carrying out this procedure for a T-duality in the z?
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direction, we get precisely the o’ corrected Buscher rules presented in [42]
Goo
r_
Goo = w12
(Goo + T A7)

/!

_ GoyBy; + & GoiAZ — % Gog ApA;
i = —

(Goo + 5 43)°
G9iGoj — Bpi By
(Goo + 5 43)
1

/ ’ 12
T o a2 <G99 [%BGjAGAi + 5 BpiAeAj — - AgA; AGA]}
(Goo + 5 A7)

/

ij —

+ 4 A2 [(Gei — Byi)(Goj — Boj) + 5 (GoiAsAj + GejAeAi)D (A.1)

_ Goi + %/AGAi

B) = 2T 2 20%
" (G + 543)
B.=B.— (Goi + %,AHAZ’)BGJ — (Goj + %IA(;AJ-)B(%
v (Goo + 5 43)
Alea — _ Aea

(Goo + 5 A7)

Goi — Bpi + % AgA;
(Goo + 5 A7)

A,ia — Aia _ Aea

where e.g. AgA; = AjA;,. Here the metric and the Kalb-Ramond field have dimension
[1]° and the gauge field [I]~.

B Non-holonomic fluxes for heterotic DFT

In this appendix we present the explicit expressions of the fluxes in a a non-holonomic
basis. From the generalized vielbein F4™ and the dilation d one can build the gener-
alized fluxes

Fasc = EcuLp,Es™ = Qapc + Qcas — Qpac

B.1
Fa=—¥Lp, e = 0y Ea™ +2Dad. (B1)
The generalized derivative Dy = E AM Dy takes the form

D = 9% + C™C,, 0" — COM0y, — A,
Dy = 04 — Cond™ — A0, (B.2)
Do = 00 + Apa 0™ + A" 0, .
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As in section 3, we present the geometric fluxes for the physically relevant case of
A?, = 0 and the non-geometric fluxes for A, = 0. From the flux definition (B.1)) we
obtain the geometric fluxes E|

Hy = —3(D[QB@] — D[QAQ,YAQ]’Y + fm[ai, Cg]m — C[gmcbn]?g}mn — A[@ﬁagebng]i)
Fap = fab — D°Bap + D Ay Ay + 2C1am fiy ™ = 2D1uf" Apgy A = 28" D1 Cry
+ 38 (f"1aCin — ClunCap o)) = 28" (Coni A" Opey + Clai Ay dpem’)
— 241" Opey e
(B.3)
and for A,% = 0 the non-geometric fluxes read
Q" = —Dp* + DA AV — 2Dl B, Ct" — ClemCY DB, + [ + 2010 fU,,,,
+ 2chc~f[gnf'nb]m + 26’[Qmanfcnb] - Séamébn (B[mpfpﬂ] - B[mpcﬂqu]pq)
+ Z(ché[@flbh@yeniemi + fl[m@yeci eb]i — C’[QmBmiflbh&,eci)
Rabe — _3[)[@ﬁ@] + 3[)[@[@7[19]7 1+ 3Clempbp  Cen 4 GG[QWC'QHB[MJZMPQ]
+ 30amcbnccp (B[mqfq@] — B[quﬂlfB}ql) + 3(C[chbnfdmn _ C[@m!fm@])
+ 3(C~’[QmC~'b"BmA9h8vemi — 2C~'[gmf~1978vem"edi) .
(B.4)
For A;* = A?, = 0, these expressions coincide with the ones derived in [14] and [45).
Similarly, the fluxes F4 can be expanded as
Fy = —0mea™ + 0" Cam + 00 As® + 2Dyd (B5)
FO = 9,,CY™ — 9%, — I™(C™Crn) + 0o A% 42D '

Due to the extra gauge coordinates in heterotic DFT, we also have the gauge fluxes
Goab, JCap and Go®. For A%, = = 0 they become

Gaab = — DaBap + DaA[g’YAQ]'y - QD[gAg}a + Aamfmab + 2C[gmAno¢]E§]mn
+2(ClaiOacy’ = AaiAa"0ey")

T ab =0 Ape + Ama ™ + Oaep’e; (B6)
Kopa =2DjgAgg) + AmaAnsfa™ + 24i005€0" |
while for A,* = B = 0 they can be expanded as
Joop = — OpA e + A™ o O + Ouep'eS;
Go® = — D™ + DA AN — 2Dl A Y - A™ [, 4 2Clem A (B.7)
+ Q(C'[Qiaae@i — AiaA[g'y(%eb}i) '
Kba —gple jabl 4 gme grbyga 4 9 Ailaghlea,
In addition, there exists the flux
Fo=—0p A"y — 0™ Appa + 2Dod . (B.8)

5Note that the derivative Di, D; and D, will also be simplified.
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C Lie algebroids

A Lie algebroid is specified by three pieces of information:
e a vector bundle F over a manifold M,
e a bracket [-,:]p: Ex E — E, and
e a homomorphism p: E — T'M called the anchor.

Similar to the usual Lie bracket, one requires the bracket [-, -] g to satisfy a Leibniz rule.
Denoting functions by f € C*°(M) and sections of E by s;, this reads

51, fs2lE = fls1,82]E + p(s1)(f)s2, (C.1)

where p(s1) is a vector field which acts on f as a derivation. If in addition the bracket
[-, | £ satisfies a Jacobi identity

[s1,[s2,83]E] , = [[s1, s2] B, 53] + 52, [s1,83]B] 1 (C.2)

then (E, [, g, p) is called a Lie algebroid.

Moreover, any Lie algebroid can be equipped with a nilpotent exterior derivative
as follows

n

dg 0% (50, 8n) = Y _(=1)"p(s:) 0% (0, - -, §ir- .-, 5n)
=0 o (C.3)
) (=1 0% ([s0,85)8, 50, -1 Sir - Sy 80) s

1<j

where 6* € I'(A"E*) is the analog of an n-form on the Lie algebroid and §; denotes the
omission of that entry. The Jacobi identity of the bracket [-, | implies that sat-
isfies (dg)? = 0. The anchor property and the corresponding formula for the de Rahm
differential allow to compute

((An+1p*)(dE 6*))()(07 X)) = (B0 (p (X0), s (X))
= d((A"")(6")) (X0, - .. Xn)

with the dual anchor p* = (p!)~! and for sections X; € I'(TM). The relation (C.4)
describes how exact terms translate in general.

(C.4)
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