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1

Introduction

In cosmology we always ask: “and what happened before?”. This inevitably leads to the
question of the origin of our universe. In the hot big bang model, the singularity theorems
of Hawking and Penrose demonstrate the existence of an initial singularity, given certain
assumptions about the energy conditions of matter in the universe [1]. Inflationary cosmology
does not remove this initial singularity, rather it moves it somewhat further into the past, as a
theorem of Borde, Guth and Vilenkin shows [2]. Even in cyclic cosmologies, initial conditions
are typically required: this is because each cycle must grow in size in order to avoid a buildup of entropy (as originally discussed by Tolman [3]) — then, starting from any finite patch,
at a finite time in the past its size was smaller than Planckian and initial conditions must
be provided.1 In all cases, an ignorance of initial conditions is vexing, as everything follows
from these initial conditions. For this reason, we will explore the consequences of what is
perhaps the most appealing proposal for the initial conditions of the universe, namely the
no-boundary proposal of Hartle and Hawking [4, 5].
The no-boundary proposal is formulated in the path integral approach to quantising
gravity, and in fact only makes sense in the semi-classical approximation. Thus, a crucial
assumption that we will implicitly have to make is that this semi-classical approximation
to quantum gravity is enough to understand the origin of the universe. The no-boundary
proposal then posits that in the path integral one should only sum over geometries that
are regular in the past, and do not contain any boundary there. The path integral can in
fact be evaluated by the saddle point approximation, and the geometries that arise in this
manner are so-called “fuzzy instantons”, i.e. they are complex four-dimensional geometries
1

Assuming an infinite universe from the beginning appears unattractive to us, as this requires an infinite
amount of tuning in the infinite past — this can hardly be considered a physical explanation of the state of
the universe.
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3 Review of implications for inflation
3.1 Attracted to a classical universe
3.2 A toy inflationary landscape
3.3 A note on numerical precision

1. Inflation is needed in order to obtain a classical universe.
2. Inflation must last for longer than a certain minimal number of e-folds (typically a few)
in order to obtain a classical universe.
3. In a potential landscape, plateau models of inflation are preferred over power-law potentials.
4. A small number of e-folds is generically preferred — however, if in addition one rewards
long phases of inflation by weighting their probability by the physical volume that they
generate, the prediction is that inflation should begin right at the onset of the (slow-roll)
eternal inflationary regime.
In the present paper, we will review most of these results and then go on to study the noboundary proposal in the context of ekpyrotic and cyclic cosmologies [16–18]. These cosmologies provide interesting alternatives to inflation, as they can solve the standard cosmological
puzzles (such as the flatness and horizon puzzles) while generating nearly scale-invariant and
nearly-Gaussian density fluctuations during a phase of slow ekpyrotic contraction [19–23].
In these models, the ekpyrotic phase is followed by a bounce into the expanding radiation
dominated phase of the hot big bang model. Cyclic models not only provide a radically
different view of the past, but also of the future evolution of our universe. Our findings in
the ekpyrotic/cyclic context lead us to update all of the statements enumerated above — in
particular, we will show the following:
1. Ekpyrotic instantons exist (we recently presented these solutions in [24]). These describe the creation of a universe which, as it becomes classical, emerges in an ekpyrotic
contraction phase. Thus, the ekpyrotic phase can also render the universe classical.
2. Just as in the inflationary context, the general preference is for small magnitudes of
the potential |V (φ)|. However, while for inflation this corresponds to a preference for
a small number of e-folds, in the ekpyrotic context this corresponds to a preference for
a large number of e-folds of contraction.
3. In a cyclic universe including a dark energy phase, ekpyrotic and de Sitter-like instantons co-exist. The latter ones describe the emergence of a classical universe in the dark
2

Many papers have discussed another interesting question, namely how cosmological quantum fluctuations
can turn into classical temperature fluctuations in the cosmic background radiation [6–10]. In all of those
studies, the background is however assumed to be classical from the outset.
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interpolating between a final hypersurface and a rounded-off region satisfying appropriate
regularity conditions in the “past”. If the instanton field configuration is real not only on the
final hypersurface, but also over a sufficiently large interval to its past, we can say that a real,
Lorentzian, classical universe has emerged. Otherwise, if the fields remain complex-valued,
the universe remains in a fully quantum state. One of the great merits of the no-boundary
proposal is in fact that it shows how and when a classical universe can emerge from a quantum
state. In this sense the no-boundary proposal can answer an important, but seldom-asked
question, namely why the universe appears classical at all, given that the fundamental laws
of nature are quantum laws2 .
Until recently, the no-boundary proposal has been studied exclusively in the inflationary
context [11–15]. These studies led to the following claims:

energy phase, which is then followed by the ekpyrotic contraction phase. The probability for ekpyrotic instantons, where the universe emerges in the ekpyrotic phase, is
however vastly higher in general.
4. In a potential energy landscape containing both inflationary and cyclic regions, ekpyrotic and cyclic initial conditions are vastly likelier than inflationary ones. In other
words, the no-boundary wavefunction is dominated by ekpyrotic instantons.

2

Review of the no-boundary proposal

The no-boundary proposal is formulated in the Euclidean approach to quantum gravity. We
will consider gravity minimally to coupled to a single scalar field, so that the Euclidean
action reads


Z
R
1 µν
4 √
SE = −i S = −i d x −g
− g ∂µ φ ∂ν φ − V (φ)
(2.1)
2κ2 2


Z
R
1
√
(2.2)
= − d4 x g
− g µν ∂µ φ ∂ν φ − V (φ) ,
2
2κ
2
p
p
where the Wick rotation is defined by −|g| = −i |g|.4 We will simplify our setting further
by restricting ourselves to the metric Ansatz
ds2 = N 2 (λ)dλ2 + a2 (λ)dΩ23 ,

(2.3)

3
To date, no fully understood model of a cosmic bounce exists yet. This is an active research area — see
for instance [25–34].
4
Note that the sign of the Wick rotation is a matter of choice. We have chosen the same Wick rotation
as the one applicable in ordinary quantum field theory. The opposite sign choice would lead to a reversed
hierarchy of probabilities later on in eq. (2.12) and thus to different conclusions.
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Thus, we have found that the no-boundary proposal is not only compatible with ekpyrotic and cyclic cosmologies, but in fact strongly favours the corresponding initial conditions.
Note that this result concerns the origin and initial conditions of the universe. The full
history relating these initial conditions to the present state of the universe depends on the
subsequent dynamics (and may involve various phases of cosmological evolution) — in this
regard, it will be important to extend the present study by adding a bounce to the end of
the ekpyrotic phase.3 Our work highlights the importance of having an attractor mechanism
in order for the universe to become classical — in this respect, the ekpyrotic attractor is
equally well suited than the inflationary one. These results significantly widen the scope
of the no-boundary proposal, and provide a new view on its implications for the origin of
our universe.
The plan of the paper is as follows: in section 2 we will review the no-boundary proposal.
We will then review its implications for inflation in section 3 — people familiar with the noboundary proposal may skip this section. In section 4 we will present a detailed study of
ekpyrotic fuzzy instantons, which interpolate between the no-boundary regularity conditions
at the “bottom” of the instanton and a real, Lorentzian, ekpyrotic contraction phase. We
will put a special emphasis on the way in which the ekpyrotic attractor mechanism causes
these instantons to become classical and Lorentzian. As we will show in section 5, in a
cyclic universe these ekpyrotic instantons co-exist with de Sitter-like instantons in which
the universe emerges in the dark energy phase. We will contrast the properties of the two
types of instantons and discuss their relative probabilities. We will close with a discussion in
section 6.

where N (λ) represents the lapse function, a the scale factor of the universe and dΩ23 is the
metric on a unit 3-sphere. With the scalar field φ depending only on the “time” coordinate
λ, the mini-superspace Euclidean action then becomes
!!
Z
6π 2
ȧ2
κ2 a3 1 φ̇2
SE = 2
dλN −a 2 − a +
+V
,
(2.4)
κ
N
3
2 N2

where 0 ≡ d/dτ . The invariance of the action functional with respect to changes of the
complex contour generalises Euclidean time-reparameterisation invariance and imposes the
constraint equation (Friedmann equation)


κ2 a2 1 02
02
a =1+
φ −V .
(2.6)
3
2
The field equations read
a0 0
φ − V,φ = 0 ,
a

κ2 a 02
a00 +
φ + V = 0.
3
φ00 + 3

Using the Friedmann equation, the on-shell action can be simplified to
Z

4π 2
inst
SE
= 2
dτ −3a + κ2 a3 V .
κ
The no-boundary wavefunction is defined via
Z
Ψ(b, χ) = δaδφ e−SE (a,φ) ,

(2.7)
(2.8)

(2.9)

(2.10)

C

where b and χ are the (late-time) values of the scale factor and scalar field of interest, and
where one only sums over paths (4-geometries) C that are regular and rounded-off in the past
(this requirement has already partly been taken into account in the mini-superspace approximation by specialising to line elements containing a 3-sphere, see eq. (2.3)). In practice, the
above integral can be evaluated by the saddle point approximation,
X
Ψ(b, χ) ∼
e−SE (b,χ) ,
(2.11)
where SE (b, χ) is the Euclidean action of a complex instanton solution (a(τ ), φ(τ )) of the
action (2.5), satisfying the following:
• a(0) = 0 and the solution is regular there (no boundary) — regularity then implies that
we must also require a0 (0) = 1 and φ0 (0) = 0. Thus, instantons can be labelled by the
(generally complex) value of the scalar field φSP at the “South Pole” τ = 0.
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where ˙ ≡ d/dλ. Allowing complex functions of λ, the integral can be interpreted as a contour
integral in the complex plane, with dτ ≡ N dλ,



Z
6π 2
κ2 a3 1 02
02
SE = 2
dτ −aa − a +
φ +V
,
(2.5)
κ
3
2

• There exists a point τf in the complex τ plane where (a, φ) = (b, χ), with b, χ ∈ R
being the arguments of the wavefunction. The Euclidean action SE (b, χ) is evaluated
along any path joining τ = 0 to τ = τf , where the choice of path is irrelevant as long
as the instanton presents no singularities/branch cuts in the complex plane.

this suggests that we can regard e−2Re(SE ) as the relative (un-normalised) probability density
for the particular classical history implied by this instanton. Note that this notion of the
emergence of a classical history from a complex instanton fits well with the standard notion
of WKB classicality, as the wavefunction Ψ ∼ e−SE approaches a constant/slowly-varying
amplitude while its phase keeps varying rapidly. By contrast, when no classical Lorentzian
history is reached and the real part of the action keeps changing, no meaningful notion of
probability can be defined.
As always, it helps to consider a simple example. The best-known instanton corresponds
to the situation where the potential is a positive constant V = 3H 2 , and the real, Lorentzian
solution corresponds to de Sitter space with the scalar field being constant. The Euclidean
version of de Sitter space is a 4-sphere, and the famous Hawking instanton corresponds
to running the contour from τ = 0 to τ = π/(2H) first (in Planck units κ = 1), with a =
1
H sin(Hτ ). This part of the instanton corresponds to half of the Euclidean de Sitter 4-sphere.
One then continues the contour in the imaginary direction by defining τ ≡ π/(2H) + it, so
that along that part of the contour a = H1 sin(π/2 + iHt) = H1 cosh(Ht). Thus one has glued
de Sitter space in its closed slicing at the waist of the hyperboloid onto half of the Euclidean
4-sphere. The real part of the Euclidean action only varies along the first, horizontal part of
the contour, with
12π 2
SE, half S 4 = − 4 ,
(2.13)
κ V
where we have reinstated κ. This leads to the well-known formula


12π 2
Ψ ≈ exp
.
(2.14)
κ4 V
Even though this is a highly simplified context, one important feature of the no-boundary
proposal is immediately highlighted: small values of the potential are preferred over large
values. As we will see shortly, this remains true when the scalar field is dynamical too.
Before proceeding, let us briefly remark that in order to perform the numerical calculations, it is often useful to re-scale the action. Starting again from the Euclidean action


Z
R
1 µν
4 √
SE = − d x g
− g ∂µ φ ∂ν φ − V (φ) ,
(2.15)
2κ2 2
we can re-scale (for an arbitrary constant V0 )
φ ≡ κ−1 φ̄ ,

V ≡ V0 V̄ ,
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As is evident from the metric Ansatz (2.3), a classical, Lorentzian universe corresponds
to a and φ taking real values, with dτ = idt evolving in the purely imaginary direction (and t
being the real, physical time coordinate). In that case, as is clear from eq. (2.5) or (2.9), only
the imaginary part of the action keeps changing, while the real part has reached a constant
value. Given that
Ψ? Ψ ∼ e−2Re(SE ) ,
(2.12)

This leads to
1
SE = − 4
κ V0

Z

4

√



d x ḡ

R̄ 1 µν
− ḡ ∂µ φ̄∂ν φ̄ − V̄
2
2


,

(2.17)

where the scalar field is now measured in Planck units and the overall scale of the potential
appears out front. Incidentally, this re-scaling also explains the functional dependence on
the potential in eqs. (2.13) and (2.14).

3

Review of implications for inflation

3.1

Attracted to a classical universe

The no-boundary proposal has the potential to explain how a classical universe can arise
from an initial quantum state. An interesting question is whether it is always possible to
predict a classical universe in this context. Previous studies have concluded that the answer
to this question is negative: in general a classical universe is not predicted — rather, special
conditions have to be met. More precisely, it has been claimed that an inflationary phase
(exceeding a certain minimal number of e-folds) is required in order to obtain a classical
universe. In the present section, we will reproduce this result in some detail, as we will be
interested in the analogous question for ekpyrotic models later on.
In analogy with the setting discussed by Hartle, Hawking and Hertog (HHH) [11, 12],
we consider a potential consisting of a cosmological constant added to a mass term for φ,


3H 2
1 2 2
V = 2 1+ m φ
,
(3.1)
κ
2
where H is a constant here. The first goal is to find the classical histories. In the context of
inflation, HHH found that the value of the scalar field at the South Pole
φSP = |φSP |eiθ

(3.2)

must be precisely tuned: for each value of the modulus |φSP |, HHH numerically found (at
most) one specific value of the angle θ such that there is a vertical line in the complex τ
plane of the corresponding instanton solution on which a and φ are approximately real. For
the potential (3.1) this relies on the fact that, in general, when y ≡ Im(τ ) becomes large the
scalar field becomes small and
a ' a0 e−iHτ ,
φ ' φ+ e
∆± =

3H
2

i∆+ τ

(3.3)
i∆− τ

+ φ− e
r

1±

1−

,
!

4m2
3κ2

(3.4)
.

(3.5)

Adjusting X ≡ Re(τ ) one can therefore find a line where a is essentially real:
Im(a0 e−iHX ) = 0 .
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The no-boundary proposal has been extensively studied in the context of inflation, see in
particular [11, 12, 14]. Here we will review the main results, with a special emphasis on the
way in which the universe becomes classical.

The asymptotic reality of the scalar field requires
3H 2 2
m < 9H 2 /4 : Im(φ− ei∆− X ) = 0 ,
κ2
3H 2 2
∗
∗
m > 9H 2 /4 : φ− ei∆ X = φ∗+ e−i∆ X ,
2
κ

(3.7)
(3.8)

where conventionally
3H
∆+ ≡ ∆ =
2

r
1+i

4m2
−1
3κ2

!
.

(3.9)

Im(a0 e−iHX ) = 0 ,

Re φ+ ei∆X − φ∗− e−i∆X = 0 ,

Im φ+ ei∆X − φ∗− e−i∆X = 0 .

(3.10)
(3.11)
(3.12)

In general, we expect these three equations to have multiple solutions which depend on the
values of γ = tan(θ) and |φSP |:5
Im(a0 e−iHX ) = 0

Re φ+ ei∆X − φ∗− e−i∆X = 0

Im φ+ ei∆X − φ∗− e−i∆X = 0
5

=⇒ X = Xa (|φSP |, γ) ,

(3.13)

=⇒ X = XR (|φSP |, γ) ,

(3.14)

=⇒ X = XI (|φSP |, γ) .

(3.15)

Here, we momentarily use the notation of HHH that the phase of φSP is denoted by γ = tan(θ), so that
one may compare more easily with [12].
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If conditions (3.7) or (3.8) are satisfied in the respective cases for some values of |φSP |
and θ, then along the Re(τ ) = X line, the real part of the action approaches a constant,
because the imaginary parts of a and φ decay fast enough. So for all the values (by , χy ) =
Re(a(X+iy), φ(X+iy)) the no-boundary wavefunction (approximately) has the same module.
Given that the imaginary part is very small, the set (by , χy ) describes a classical trajectory,
to which the no-boundary wavefunction attributes a probability.
Note that (3.7) corresponds to a single real condition, while (3.8) corresponds to one
complex or two real conditions. Given that we have two optimisation parameters X and θ, and
keeping in mind that one of these is used already in eq. (3.6), it becomes clear that in addition
one needs a dynamical mechanism that allows (3.8) to be (at least approximately) satisfied.
This is the inflationary attractor mechanism, which only works if |φSP | is large enough.
For general values of |φSP | and θ, when y is large the scalar field becomes very small
(though complex-valued) and a is approximately real along a vertical line. Our strategy is to
fix |φSP | and to solve the field equations along the contour in Figure 1, with the first segment
reaching the point i yopt where yopt is some constant. We then fit the behaviour of a and φ
along the last segment of the contour. Finally, we optimise the variables X and θ in order to
solve the constraints (3.6) and (3.7) (or either the real or the imaginary part of (3.8) when
m2 > 3κ2 /4).
When m2 < 3κ2 /4 the procedure is entirely self-consistent and one finds classical histories for every value of |φSP |. The only subtle point is that yopt should be large enough for
the scalar field to be very small up there. The optimisation then amounts to aligning the
Im(a) = 0 and Im(φ) = 0 lines, which are asymptotically vertical, see Figures 1 and 2.
When m2 > 3κ2 /4 one needs the attractor mechanism in order to obtain classical
histories. Indeed, the reality of a and φ on the Re(τ ) = X line imposes three real conditions
according to (3.7), (3.8):

15

15

10

10

y

y

20

5

5

0

0
0.0

0.2

0.4

0.6
0.8
2X  Π

1.0

1.2

0.0

0.2

0.4

0.6
0.8
2X  Π

1.0

1.2

20

20

15

15

10

10

y

y

Figure 1. An example with H 2 = 1/3, m2 = 3κ2 /16, |φSP | = 1, θ = −1/8. The left panel shows a
density plot of log |Im(a)|, so that the dark line corresponds to the locus where a is real. The right
panel shows the analogous plot for the scalar field. The real a and φ vertical lines are then made to
coincide by optimising the value of θ, see Figure 2.
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Figure 2. Now θ = θoptimal ≈ −0.2896. The real a and real φ lines now (asymptotically) coincide
and a classical history is obtained.
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For fixed |φSP |, it will generally be possible to optimise the value of γ such that two of them
coincide, e.g. Xa and XR :
Xa (|φSP |, γR (|φSP |)) = XR (|φSP |, γR (|φSP |)) .

(3.16)

The inflationary attractor mechanism then ensures that, for sufficiently large |φSP |, one has:
XI (|φSP |, γR (|φSP |)) ' Xa = XR .

(3.17)

and the scalar field is approximately real. This is explained by HHH in [12] in terms of the
slow-roll solution that is reached at large y.
When |φSP | is decreased towards the minimum of the potential, the equality (3.17)
holds less and less precisely. In fact, there is a pretty sharp transition around a critical value
φc below which the reality conditions cannot be satisfied anymore, see Figure 3. Intuitively,
this can be understood as saying that when |φSP | is too small, the inflationary phase becomes
too short for the attractor mechanism to work efficiently. This result indicates that a certain
minimal number of e-folds is required in order to render the universe classical. The precise
number depends on the detailed shape of the potential, but is typically of order a few [12].
We should point out a slight difference between the results of HHH and our treatment here:
as is evident from the left panel of Figure 3, we find that the reality conditions are typically
satisfied for two separate values of γ. Hence, there exists a second instanton at the same
value of |φSP |, and which also leads to a classical universe — however, this second instanton
has a higher Euclidean action, and hence is sub-dominant in the path integral.
3.2

A toy inflationary landscape

For illustration, we will consider a toy potential energy landscape, where our vacuum can be
reached from two inequivalent inflationary regions (see Figure 4)
V (φ) =

1 2
(φ − v 2 )2 .
v4

(3.18)

Near φ = 0 inflation proceeds along a plateau region of the potential (whose broadness is
parameterised by a constant v), while for large φ the potential follows a power-law behaviour
(V ∼ v14 φ4 ). This setting allows us to ask whether it is more likely to be in a classical universe
that originated from the plateau rather than from the power-law region (see also [14, 35]).

–9–
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Figure 3. Values of Xa , XR and XI for m2 = 3κ2 and |φSP | resp. slightly above, equal and slightly
below the critical value φc , conventionally defined as the value where the solution γR disappears. Note
that at the critical value (middle panel) there is already a noticeable difference between γR and γI .

12

10

VHΦL

8

6

2

0
0

10

20

30

40

Φ

Figure 4. A toy inflationary landscape potential consisting of a plateau region on the left and a
plower-law region on the right, where we have arbitrarily normalised the potential so that V (0) = 1.
This simplified setting allows us to illustrate the implications of the no-boundary proposal for a generic
purely inflationary landscape.

The instantons on both sides of the potential minimum are all similar in character. In
order to study them, we use standard integration contours running from the origin of the
τ plane horizontally out to Re(τf ) = X, and from there vertically up to the final position
τf . In figure 5 we plot the optimised values of the phase θ at the South Pole, as well as the
corresponding values of X, such that a classical history is reached along the Re(τ ) = X line.
Figure 6 provides an example of such an inflationary instanton. At the South Pole, the scalar
field contains a small imaginary part, which dies off along the vertical part of the contour. In
a similar manner, the scale factor becomes increasingly real along the vertical contour, and
the universe starts growing exponentially. The scalar field φ approximately takes the value
|φSP | when classicality is reached, which can be seen as a consequence of slow-roll.
Note that, as figure 5 shows, these instantons cease to exist when |φSP | approaches
the potential minimum at φ = 20. In this case, the inflationary phase is too short to cause
both a and φ to become real, and no classical, Lorentzian history is reached. Thus, in the
inflationary context a minimum number of e-folds (of order a few) is needed in order for the
no-boundary state to lead to a classical universe.
The relative probability for the various classical histories is given by Ψ? Ψ ∼ e−2Re(SE ) .
The logarithm of this (unnormalised, and thus relative) probability is plotted in figure 7. As
is evident from the figure, this quantity is well estimated by approximating the instanton with
half of a Euclidean de Sitter 4-sphere, cf. eq. (2.13). The general trend is that smaller values
of the potential are preferred. Thus, the plateau region (in which density perturbations of the
observed amplitude can be generated at lower values of the potential) are preferred over the
power-law region. Moreover, for the same reason a small number of e-folds is vastly preferred
over a large number. One may argue against histories with too little inflation on anthropic
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Figure 5. Plots of the optimised phase θ at the South Pole (left panel) and the location X of the
vertical line along which classicality is reached (right panel). For our numerical p
example, we have used
√
v = 20 (in reduced Planck units κ = 1) and X is expressed in terms of Htop ≡ V (φ = 0)/3 = 1/ 3.
All results can be re-scaled to any desired overall scale of the potential using eqs. (2.16).
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Figure 6. Example of an inflationary instanton on the plateau region, with v = 20 and |φSP | = 5, θ ≈
0.01671. For this example,
√ the integration contour is chosen in the “standard” way, from the origin
out to τ = X with X/ 3 ≈ 1.5707 and then up along the imaginary τ direction, along the vertical
line where classicality is reached. The left panel shows the real (solid line) and imaginary (dotted
line) parts of the scale factor a, with the imaginary part being amplified 1000 times. The right panel
shows the analogous plot for the scalar field φ, with the imaginary part (dotted line) magnified 10
times. As the universe becomes classical, a starts growing exponentially while φ takes a value that is
approximately equal to |φSP | and then slowly rolls down the potential.
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Figure 7. The logarithm of the relative probability for different values of |φSP |. The dotted lines
represent the approximation of the instanton by half of a 4-sphere. As is evident, low values of the
potential (and thus small numbers of e-folds) are vastly preferred. Moreover, the probability for a
history originating from the inflationary plateau is much higher than that of histories originating in
the power-law region of the potential.

grounds, however in that case the preference for a small number of e-folds would cause one
to expect to see a significant contribution of spatial curvature in the current energy budget
of the universe. Furthermore, one would not expect to detect any gravitational waves from
the early universe, as their amplitude (which is determined by the height of the potential)
would be far too small.
In order to reverse the trend that small numbers of e-folds are preferred, it has been
suggested that one should amend the formula for the relative probability by weighting it by
the physical volume produced by the various histories [11]. The idea is that if a universe is
larger then there exist more regions where life can form and one should take this into account.
The volume-weighted relative probability is then taken to be
Pvolume weighted = e3Ne Ψ? Ψ = e−2Re(SE )+3Ne .

(3.19)

For our example, the logarithm of the volume-weighted relative probability is plotted in
figure 8. The shape of the resulting probability curves can be understood by calculating the
value of the field where the probability reaches its minimum:


Z
24π 2
V
(−2Re(SE ) + 3N ),φ =
+3
dφ
V
V,φ
,φ
=−

24π 2 V,φ
V
+3
2
V
V,φ

=0
→
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Figure 8. The logarithm of the volume-weighted probability distribution. The minimum probability
occurs at the onset of the eternal inflationary regime on both sides of the potential.

where we have assumed slow-roll. This result is very interesting: the relative probability
reaches its minimum when the regime of slow-roll eternal inflation starts, i.e. when the
amplitude of the generated density perturbations becomes equal to the background density.
Only even further up the potential does the probability become larger again. Note that it is
not clear that one should still trust the present treatment after the turn-around in probability:
naively, the volume of space produced in the eternal inflation regime is infinite, and one may
wonder whether one should now multiply the relative probability by infinity. However, one
must bear in mind that this picture of eternal inflation relies on a number of extrapolations.
In particular, it is assumed that near the Planck scale new quantum modes are continually
“created” in the Bunch-Davies vacuum, ad infinitum. If only for this reason, we do not find
the volume-weighted turn-around in probability convincing, and for the present paper we
will stick to the bare probabilities provided by the wavefunction alone.6
Our conclusion is that in a pure inflationary context, the no-boundary wavefunction
is only compatible with observations if one combines it with strong ad hoc (anthropic) arguments [11, 36]. As we will see below, in the ekpyrotic/cyclic context this situation is
substantially improved.
3.3

A note on numerical precision

The relative probabilities for various classical histories are determined by the real part of the
Euclidean action. However, the latter is generally tricky to compute numerically. If one tries
to determine the instanton corresponding to a classical history, then naively computes the
6

It would also be interesting to study how false-vacuum eternal inflation can be treated within the present
framework, and what the implications are.
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2000

Euclidean action along the Re(τ ) = X line, one sees that Re(SE ) generally starts increasing
exponentially at late times, instead of remaining constant. There are two kinds of reasons
for that:
• Finite numerical precision. Even if θ is determined with infinite precision, the value
X corresponding to the classical history can only be determined with a finite precision
δX and then:
Im(a3 ) ∼ δX e3Hy .
(3.21)

• Intrinsic deviation from classicality: this applies to those cases where classicality relies
on the attractor nature of inflation. Given that the efficiency of the attractor mechanism
is not infinite, there always remains a small imaginary part in the scalar field which, in
turn, causes a backreaction on a of order
Im(a3 ) ∼ 1 .

(3.22)

This error is therefore usually much smaller. However, it must be noted that the
backreaction of this small complex part of the scalar field causes a to deviate from
its asymptotic behaviour a ∼ a0 eHy by a term of order 1, leading to an error in the
estimation of X, hence to (3.21).
For these reasons, if one optimises over θ then computes Re(SE ) along the Re(τ ) = X
line, then this quantity reaches a constant value for a while but eventually deviates from a
constant again. Nevertheless, along this line the fields are very precisely real, and evolve as
classical (real) solutions (bλ , χλ ). If one now computes the full no-boundary wavefunction, by
optimising over φSP and τf , one finds that the real part of the Euclidean action is the same
for all the values in the family (bλ , χλ ), confirming that these are classical histories. This is
the way we compute the real part of SE presented in the plot.

4

Ekpyrotic instantons

The fact that the no-boundary proposal has been studied only in the inflationary context until
recently might have left the impression that inflationary instantons are the only possibility of
instantons satisfying the no-boundary conditions. As demonstrated in our recent paper [24],
it is however possible to find a new type of ekpyrotic instantons, in theories with a steep and
negative potential. Moreover, as we will discuss in detail below, the real part of the Euclidean
action of these instantons can be very large and negative, rendering these instantons vastly
more likely than all realistic inflationary instantons. This discovery thus leads us to revise
the implications of the no-boundary state.
In the present paper we will restrict our attention to the simplest ekpyrotic potentials
by taking
V (φ) = −V0 e−cκφ ,
(4.1)
with V0 , c being positive constants [16, 18]. These potentials lead to an ekpyrotic phase of
ultra-slow, high-pressure contraction. During this phase, as long as c2 > 6, the cosmological
flatness puzzle is resolved as both homogeneous and anisotropic curvatures are suppressed.
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The quantity above enters in the computation of the real part of the Euclidean action. The finiteness in the precision on the optimal value of θ also leads to a similar
divergence.

Then one can perform the combined field shifts/re-scalings
φ ≡ κ−1 φ̄ + ∆φ ,

gµν ≡

ecκ∆φ
ḡµν ,
κ2 V0

(4.3)

such that the action becomes
ecκ∆φ
SE = − 4
κ V0

Z

4

√

d x ḡ



R̄ 1 µν
− ḡ ∂µ φ̄∂ν φ̄ + e−cφ̄
2
2


.

(4.4)

Thus, if we have an instanton solution for which the scalar field at the South Pole takes the
value φ̄SP , we can find an entire family of instantons with South Pole values φSP = φ̄SP +∆φ
using eqs. (4.3). Hence these instanton families depend only on c, the steepness of the
ekpyrotic potential. From now on we will drop the overbars and work with the re-scaled
theory. We should point out that such a shift symmetry will of course not be available
for more general steep and negative potentials. However, we expect that instanton solutions
similar to the ones we will describe here will also exist in such theories. Finding all instantons
will however be harder, as one will have to scan over all possible values of φSP in order to
find all instantons. Incidentally, we will see an example where this shift symmetry is broken
by the presence of a cosmological constant in section 5, where we will consider potentials
pertinent to the cyclic universe.
4.1

An example

Given that the no-boundary conditions generally force the instantons to be complex-valued,
obtaining a classical history turns out to be far from automatic. In the inflationary context,
we saw that the phase θ of the scalar field at the South Pole must in fact be precisely tuned.
Even then, as we discussed, one needs in addition an attractor mechanism that allows for
a classical Lorentzian history to emerge. In the ekpyrotic context, the situation is similar.
Here, we will label the instantons by the real and imaginary parts of φSP ,
I
φSP = φR
SP + iφSP .

(4.5)

The shift symmetry (4.3) can be used to fix φR
SP = 0 for now. Then, for general values
I
of φSP , there will be a curved line in the complex τ plane along which the scalar field is
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The requirement that c2 > 6 corresponds to the condition that the pressure is larger than
the energy density, and this condition will be seen to play an important role in what follows. Before describing the ekpyrotic instanton solutions, we should mention that simple
extensions to two-field models allow for the generation of nearly scale-invariant curvature
perturbations [19–23], and thus an ekpyrotic phase provides an alternative model to inflationary models of the early universe. In order to obtain a complete cosmological history,
one must also describe how the universe bounces from the contracting phase into the current
expanding phase of the universe. This is a topic of much current research — some promising
models are described in [25–30, 32, 33], while a recent review is [31]. In the present paper,
we will not include the bounce phase — we leave this important topic for future work.
Apart from an overall re-scaling of the potential, the exponential potentials that we
study allow for an additional shift symmetry which considerably simplifies our search for
ekpyrotic instantons. The action we consider is given by


Z
R
1 µν
4 √
−cκφ
SE = − d x g
− g ∂µ φ ∂ν φ + V0 e
.
(4.2)
2κ2 2
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Figure 9. The dark lines indicate the locus where the scale factor a (left panel) and scalar field φ
(right panel) are real. To obtain the figure, we integrate the field equations along contours starting
from the origin (South Pole) and running up/down in the vertical direction first, then along horizontal
lines to the left and right. For this example, we have used the values  ≡ c2 /2 = 4, φR
SP = 0. The
imaginary part φISP = −1.481 has been tuned such that the scale factor is real in the approach to the
crunch, i.e. such that a0 in eq. (4.8) is real. The ekpyrotic attractor then ensures that the lines of real
scale factor and real scalar field both become vertical in the approach to the crunch. Note that there
is a branch cut to the right of τcrunch , which is due to the fractional behaviour in the scale factor, see
eq. (4.8). The coloured arrows indicate the integration contour that we have chosen to illustrate the
shape of ekpyrotic instantons in figure 11.

real, such as in the right panel of figure 9. Following this line, one will eventually reach a
crunch singularity, where the scale factor has reached zero value. (Since we have not added
any dynamics that could lead to a bounce, a crunch is inevitable.) However, generically
the crunch will be complex, in the sense that the scale factor takes complex values all the
way to the crunch. However, one can find a tuned value of φISP such that the scale factor
becomes increasingly real (by which we mean Im(φ)/Re(φ) → 0) in the approach to the
crunch. Moreover, due to the ekpyrotic attractor the lines along which both the scale factor
and the scalar field are real become progressively vertical (and coincident) in the approach to
the crunch. Thus, for such a tuned value of φISP , a real, Lorentzian history is reached. This
is illustrated in figures 9 and 10, which show that in the no-boundary context a new type
of ekpyrotic instantons (first presented in [24]) exists and is contained in the semi-classical
approximation of the no-boundary state.
Below, we will discuss the approach to classicality of these new instantons in detail. For
now, we would like to present the general shape of ekpyrotic instantons. For this purpose,
we must choose an explicit integration contour in the τ plane. Our choice is represented by
the three coloured arrows in figure 9, and the resulting values for the real/imaginary parts
of the scale factor and scalar field are shown in figure 11. Along the first segment (vertically
down from the origin, dτ = −idλ), the scale factor is almost pure imaginary, with a ∝ iλ.
This translates into a portion of (opposite-signature) Euclidean flat space,
ds2 ≈ −dλ2 − λ2 dΩ23 ,
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Figure 10. A zoom-in of figure 9 around the location of the crunch.
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Figure 11. An example of an ekpyrotic instanton. To represent the instanton, we have used the
contour indicated by the three arrows in figure 9. The left panel shows the real and imaginary parts
of the scale factor, while the right panel shows the real and imaginary parts of the scalar field. The
dotted vertical lines indicate direction changes in the integration contour. Note that along the third
segment, both a and φ become real as the scalar field rolls down the ekpyrotic potential.
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-0.62

and thus the bottom of the instanton is very flat. Along the second, horizontal segment
(dτ = dλ), both the scale factor and the scalar field are fully complex. The third segment
is the most interesting one: as the contour runs back up vertically (dτ = idλ) towards
the crunch at τ = τcrunch , both the scale factor and scalar field become increasingly real,
while the scalar field rolls down its steep and negative potential. Thus, in contrast with
inflationary instantons, the scalar field is highly dynamical as the universe becomes classical.
For illustrative purposes, we have also included a cartoon version of ekpyrotic instantons —
see figure 12.
Now that we have found one explicit instanton, we can use the shift symmetry (4.3)
to transform it into other solutions with different values of φSP = φ̄SP + ∆φ. Note that
we have to restrict ∆φ ∈ R such that the new instanton also reaches a classical history
with (asymptotically) a, φ ∈ R. This implies that all members of the corresponding family of
instantons will have the same value of the imaginary part φISP . The shift transformation has
the consequence of re-scaling the action by a factor ec∆φ , cf. eq. (4.4). Thus the real part
of the Euclidean action, whose asymptotic value determines the relative probability of the
corresponding classical history, scales as
Re(SE ) |fixed c ∝

V (0)
1
=
.
R
V (φSP )
|V (φR
SP )|

(4.7)

Given that our numerical analysis shows that Re(SE ) < 0, instantons that start out at
smaller absolute values of the potential are preferred. This is in fact entirely analogous to
the inflationary case, where small magnitudes of the potential are also preferred. However, it
should be noted that for inflation this scaling translates into a preference for a small number
of e-folds, while in the ekpyrotic case the preference is for a long ekpyrotic phase with many
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Figure 12. A schematic picture of ekpyrotic instantons: they have a shape reminiscent of a wine
decanter — a flat bottom (in fact a portion of Euclidean flat space), followed by a region where
both the scale factor and the scalar field are fully complex (the orange shaded region), and finally
the ekpyrotic contracting phase during which a real Lorentzian history is reached. For illustrative
purposes we have added a bounce at the end of the ekpyrotic phase (at the top of the carafe).

e-folds of slow, high-pressure contraction. It is interesting that for these preferred instantons,
spacetime curvatures are small (except of course near the crunch), and thus the semi-classical
approximation that is used throughout ought to be particularly good.
Before discussing how the properties of ekpyrotic instantons change when one alters the
steepness of the potential, we will discuss the approach to classicality in more detail, as this
strikes us as one of the most interesting features of the no-boundary approach.
4.2

The ekpyrotic attractor and classicality

+ α1,φ (−λ)1−3/ + α2,φ (−λ)2−6/ + . . . + β1,φ (−λ)2−2/ + . . . ,

(4.9)

where we have defined the fast-roll parameter
c2
.
(4.10)
2
The field equations relate some of the (generally complex) α, β parameters to each other,
≡

45 − 33 + 42 κ 2
√ α1,φ ,
18(1 − 2/)
2
√
2
κ α1,φ ,
=
3
1 − 4 + 9/ 2 2
=
κ α1,φ ,
36(1 − 2/)
1 − 3 κ
√ β1,φ ,
=−
3(1 − ) 2

α2,φ =

(4.11)

α1,a

(4.12)

α2,a
β1,a
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In the present section, we will study the manner in which the no-boundary wavefunction leads
to classical, Lorentzian (and contracting) universes. We will do this by studying the properties
of the geometry of the instantons that we described previously, as well as by studying the
properties of the implied semi-classical wavefunction Ψ(b, χ) along a family of instantons.
In the mini-superspace approximation, a clear-cut notion of classicality is provided by the
WKB conditions, i.e. by the requirement that the amplitude of the wavefunction should vary
slowly compared to its phase. Note that in quantum physics, one is often interested in further
notions of classicality, in particular in the process of decoherence. But for decoherence to
occur, one needs to include a description of observers who can interact with the system one
is interested in. In cosmology, the role of such “observers” can sometimes be fulfilled by
additional fields — see e.g. [10]. Thus, if one were interested in decoherence, one would have
to extend the present framework accordingly. For now, we will restrict our analysis to the
mini-superspace model we have been considering thus far. In a sense, this is then similar to
studying the issue of the squeezing of quantum fluctuations in cosmological spacetimes, only
that here we are interested in the classicality of the background spacetime itself.
In figure 13 we can see the first hint of how classicality is reached in the approach of
the crunch, as Re(a) and Re(φ) are decreasing. In fact one can understand the approach to
classicality in more detail by studying the asymptotic behaviour of the instanton. Denoting
λ ≡ i(τc − τ ), so that the crunch occurs as λ → 0− , we find that in the approach to the
crunch the instanton asymptotes to a scaling solution plus correction terms,


a(τ ) = a0 (−λ)1/ 1 + α1,a (−λ)1−3/ + α2,a (−λ)2−6/ + . . . + β1,a (−λ)2−2/ + . . . , (4.8)
!
r
r
2
2 κ2 V0
φ(λ) =
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λ
κ2 
−3
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Figure 13. The scale factor and scalar field both become increasingly real as they decrease during
the ekpyrotic phase. In this way a real, Lorentzian history of the universe is reached.

while the Friedmann equation fixes β1,φ ,
β1,φ = −

K
35/2
√
,
a20 2κ(2 −  − 32 )

(4.15)

with K = 1 for our closed spatial slices. Thus we see that the correction due to spatial
curvature is subdominant, even when compared to the second order correction proportional
2 . The important point is that all correction terms die off as long as the fast-roll
to α1,φ
parameter  is large enough — more precisely, we must require
>3

↔

c2 > 6 .

(4.16)

This condition is precisely the definition of an ekpyrotic phase, and it corresponds to the
requirement that the pressure be larger than the energy density. The fact that the instanton
reaches a classical history can then be viewed as a consequence of the ekpyrotic attractor
mechanism [37].
Now we can also look more closely at the on-shell Euclidean action in the approach to
the crunch. Along the final segment of the integration contour, it is given by
SE = S̃E +

4π 2 i
κ2

Z

0

dλ0 (−3a + κ2 a3 V ) ,

(4.17)

λ

where S̃E denotes the action integral along the earlier parts of the contour. The first term
in the integrand clearly poses no problem to the convergence of the integral for λ → 0− as
it gives finite real and imaginary contributions, both scaling as (−λ)1+1/ . The asymptotic
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0.001

behaviour of SE can then be obtained by using the asymptotic series for a and φ:
(
!
√
4π 2 a30
3(3 − )
2
−1+3/
SE = SE, crunch − i 2
(−λ)
+
α1,a −
κ α1,φ ln (−λ)
κ 

3


o
√
√
2
2
− 2 κ α2,φ (−λ)1−3/ ,
− 3α1,a
+ 3α2,a − 3 2 κ α1,a α1,φ +  κ2 α1,φ

(4.18)

where SE, crunch is a constant. The term proportional to ln (−λ) vanishes as a consequence
of (4.12). Moreover, assuming the crunch is real, Im(a0 ) = 0, and plugging in the relations (4.11), (4.13), (4.14) one gets to
(27 − 63 + 422 − 83 )π 2 a30
2
Im(α1,φ
) (−λ)1−3/ .
9 (2 − )

(4.19)

Hence the real part of SE approaches a finite constant as long as  > 3. By contrast, the
imaginary part, which is proportional to (−λ) to a negative power, is clearly divergent as
λ → 0− .
So far we have shown in detail how the real part of the action approaches a constant
for one particular instanton solution. In the no-boundary context, we are also interested
in the classicality (in the WKB sense) of a family of instantons, with final values (bλ , χλ )
representing a real Lorentzian history of the universe, i.e. final values that correspond to a
solution of the classical field equations,
!
r
r
2 κ2 V
2

0
a = a0 (−λ)1/ ,
φ=
ln −
λ .
(4.20)
κ2 
−3
We have calculated the no-boundary wavefunction along such a series of values, for √
 = 9/2,
2 , χ =
−10/
from the initial wavefunction arguments (b = 3/2, χ = 0) up to (b = 3/2 × e
7
−10). Figure 14 shows the relevant results, which we have plotted as a function of the
number of e-folds N of ekpyrosis,
dN ≡ d ln |aH|

→ N = −( − 1) ln b + N0 ,

(4.21)

where we have defined N = 0 to correspond to the start of our series, i.e. to (b = 3/2, χ = 0).
The left panel in the figure shows that along the series, the real part of the action reaches
a constant value. The corresponding values of the scalar field at the South Pole of the
respective instantons are plotted in the right panel, where it is also evident that an asymptotic
value is being neared. These are strong indications that we may in fact have approached a
classical history.
However, the most precise criterion for classicality (in the present, restricted context)
stems from an analysis of WKB classicality. WKB classicality requires the modulus of the
wavefunction to vary slowly compared to the phase of the wavefunction, as we evolve along
this family of instantons. In other words, WKB classicality is synonymous with the following
conditions being satisfied:
R
I
|∂b SE
|  |∂b SE
|,

(4.22)

R
|∂χ SE
|

(4.23)



I
|∂χ SE
|.

7

These values were chosen purely for numerical convenience — see also the comment at the end of the
present subsection.
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Figure 14. In order to assess the approach to classicality, we are interested in the no-boundary
wavefunction Ψ(b, χ) along a series of b, χ values corresponding to a classical solution of the equations
of motion. For this purpose, we have calculated
200 instantons at equal χ intervals between the
√
values (b = 3/2, χ = 0) and (b = 3/2 × e−10/ 2 , χ = −10), with  = 9/2. The left panel shows the
corresponding real part of the action, as a function of the number of e-folds of ekpyrosis that have
elapsed from our starting point. The right panel shows the corresponding values (real and imaginary
parts) of the scalar field at the South Poles of the instantons. Both panels show indicate that a
classical history is reached: the real part of the action asymptotes to a constant, while the value of
φSP also stabilises as the ekpyrotic phase progresses.

We have evaluated these derivatives numerically — see figure 15. As the figure demonstrates,
both WKB conditions are satisfied with increasing precision as the ekpyrotic phase proceeds.
Moreover, the approach to classicality follows a precise asymptotic scaling, as both WKB
conditions improve as e−(−3)N/(−1) . As seen in the figure, after about 10 e-folds the derivatives of the real part of the action have reached a level of 10−2 of the derivatives of the
imaginary part. This can be extrapolated to a ratio of 10−12 after 60 e-folds, and to a value
of about 10−23 after 120 e-folds (as would be the relevant number in a cyclic model). This
result clearly demonstrates that the no-boundary wavefunction predicts classical ekpyrotic
histories.8
The scaling of the WKB conditions with the number of e-folds can in fact be understood
analytically, as we will now show. For this purpose, we make use of the fact that the
background reaches the ekpyrotic scaling solution asymptotically. First, we must find the
dependence of the action on b and χ. The shift/re-scalings in eq. (2.16) imply that (keeping
κ, V0 fixed here so as to remain in the same theory) the field equations are invariant under
the transformations


ā(λ̄) = ec∆φ/2 a e−c ∆φ/2 λ̄ ,
(4.24)


φ̄(λ̄) = φ e−c ∆φ/2 λ̄ + ∆φ .
(4.25)
8

As indicated at the beginning of this section, these statements should be interpreted in the mini-superspace
context considered here. It would be interesting to study more refined notions of the quantum-to-classical
transition, such as decoherence, but such a study will require a more extended framework.

– 22 –

JCAP12(2014)023

I
ϕSP

-1.1

-140

10

10

|∂χ SER/∂χ SEI |

|∂bSER/∂bSEI |
1

0.1

0.1

10-2

10-2

N
10

-3

0

2

4

6

8

10

N
10

-3

0

2

4

6

8

10

Figure 15. The most precise criterion for classicality are the WKB conditions (4.22), (4.23) on the
wavefunction. To verify these, we have evaluated the b and χ derivatives of the Euclidean action
along the same series of instantons as those shown in figure 14 by computing series of instantons with
slightly shifted values of b and χ (we have considered fractional shifts in b and shifts in χ of sizes
10−6 , 10−5 and verified that finite difference estimates of the derivatives have converged to sufficiently
high precision) at each of the 200 evaluated points shown in figure 14. The results of these numerical
computations show that both the b and χ derivatives of the real part of the action become small
compared to the respective derivatives of the imaginary parts. Moreover, the dotted red lines indicate
a scaling e−(−3)N/(−1) , which can be seen to be approached by both WKB conditions as the ekpyrotic
phase proceeds. In the main part of the text, we provide an analytic derivation of these scalings.

These transformations then imply that, if
a = a0 (−λ)1/ ,

V (φ) = −

−3 1
,
 λ2

(4.26)

then
1/

ā = ā0 (−λ̄)


,

ā0 = exp

 − 1 c ∆φ

2


a0 ,

V (φ̄) = −

−3 1
.
 λ̄2

(4.27)

Hence a0 labels a continuous family of (asymptotic) ekpyrotic solutions. In fact, this label
represents a particular constant of motion along each trajectory:

1/2

a0 = a −
V
.
−3
The imaginary part of the Euclidean action along a classical trajectory scales as
Z
1
3
I
SE
∼i
dλ a3 V ∼ −i a30 (−λ)−1+3/ ∼ −i a30 |V | 2 − 2 .

(4.28)

(4.29)

Re-expressing the label a0 as in (4.28) then leads to
I
SE
∼ −i b3 |V (χ)|1/2 .
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1

The scaling of the real part of the Euclidean action implies that
R
S̄E

=e

c ∆φ


SR =

ā0
a0

2/(−1)

R
SE
,

(4.31)

and hence
2

2

R
SE
∼ a0−1 ∼ b −1 |V (χ)|1/(−1) .

(4.32)

2

R
SE
b −1 |V (χ)|1/(−1)
∼ b−3 ∼ e−(−3)N/(−1) ,
∼
I
b3 |V (χ)|1/2
SE

(4.33)

where in the second to last step we have used eq. (4.28) once more. As for the first condition,
we can evaluate
I
∂b SE
∼ b2 |V (χ)|1/2 ∼ (−λ)−
R
∂b SE
∼b

+1
−1

−2


,

(4.34)

|V (χ)|1/(−1) ∼ (−λ)−1/ ,

(4.35)

so that
R
−3
∂b SE
∼ (−λ)  ∼ b−3 ∼ e−(−3)N/(−1) .
I
∂b SE

(4.36)

Thus we can see that both WKB conditions are satisfied exponentially fast with the number of
e-folds N. As discussed above in relation to our numerical results in figure 15, this asymptotic
scaling with N is reached very precisely after a few e-folds already. Note also the  dependence
of the WKB conditions: they will be satisfied as long as  > 3. Thus we see once more that
the ekpyrotic attractor, which only exists when  > 3, allows the universe to become classical.
At the risk of repeating ourselves, we would like to emphasise one further point: the
numerical calculations have all been performed in the re-scaled theory (4.4). Using the rescalings in eq. (2.16) one can relate these to any desired (physically meaningful) values of the
scale factor b and scalar field χ via the relations
χ = κ−1 χ̄ + ∆χ ,

b=

ecκ∆χ/2
1/2

b̄ ,

(4.37)

κV0

where the corresponding instantons then have the South Pole value κ−1 φ̄SP + ∆χ and the
cκ∆χ/2
crunch occurs at e 1/2 τ̄crunch . The values of the scale factor and scalar field used in genκV0

erating figures 14 and 15 were chosen for numerical convenience, and the small numerical
values of b do not indicate that we are in a sub-Planckian regime. Interestingly, the scaling
symmetry implies that classicality will be reached in an equal manner for all histories related
by the transformations above.
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The sign is unspecified by these arguments, but turns out to be negative as the numerical analysis shows. We are now in a position to understand the asymptotic scaling of the
WKB classicality conditions (4.22) and (4.23) in the approach to the crunch, along curves
of constant a0 , i.e. along wavefunction arguments corresponding to solutions of the classical
equations of motion. The second condition (4.23) is clearly satisfied, since the derivatives
R /S I | decreases along each classical
w.r.t. χ only add a constant prefactor and the ratio |SE
E
history as

4.3

Families of ekpyrotic instantons

Thus, small values of  come out as preferred, alongside small magnitudes for the potential
|V (φR
SP )|. Hence, in a potential energy landscape allowing different ekpyrotic regions, the
preference will be for the shallowest ekpyrotic potential (though of course we always must
have  > 3), with a starting value as far up the potential as possible.
It is of interest to compare this formula for the relative probabilities with that obtained
in inflation. As we discussed earlier, the relative probability of inflationary instantons can
be estimated reliably by approximating the instanton with half of a Euclidean 4-sphere. In
that case, the above formula eq. (4.38) would also hold, but with s() = −12π 2 being a
constant. Note that s() is of the same order of magnitude in the ekpyrotic case, and hence
the dominant factor in estimating the relative probability of the various possible instantons
comes from the dependence on the starting value of the potential, |V (φR
SP )|. The overall
preference for a small magnitude of the potential implies that, if a potential contains both
inflationary and ekpyrotic regions, ekpyrotic instantons will be vastly preferred. Thus, the
implications of the no-boundary proposal have to be updated, as it is now clear that the
most likely origin of the universe is in an ekpyrotic contracting phase.

5

The no-boundary wavefunction for a cyclic universe

In the cyclic universe, a small constant is added to the potential, such that a dark energy
plateau is obtained at large positive values of φ,
V (φ) =


3H 2 
−cκφ
1
−
e
,
κ2

(5.1)

where H is a positive constant (corresponding to the asymptotic value of the Hubble rate
of dark energy expansion at large φ). The cyclic scenario proposes that we currently find
ourselves at the onset of this dark energy phase, and that at some time in the far future,
the potential will diminish and become negative. This will cause the universe to revert from
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As a consequence of the shift symmetry (4.3), which relates instantons with different φR
SP but
for the same potential (4.1), ekpyrotic instantons come in families that can be characterised
solely by the steepness c of the potential. Thus we may revert back to setting φR
SP = 0
and study the effect of changing the steepness c, or equivalently, the fast-roll parameter
 = c2 /2. The discussion of the approach to classicality suggests that it is impossible to
find ekpyrotic instantons with a late-time classical behaviour when  < 3. Our numerical
studies confirm this expectation. Figure 16 shows how the location of the crunch in the τ
plane, as well as the imaginary part φISP at the origin, change when  is varied. In fact
nothing spectacular happens, in the sense that all these instantons (and the solutions related
by a shift φR
SP + ∆φ ) are qualitatively similar: in particular, all of them have a significant
imaginary component φISP , and the crunch always occurs in the bottom right quadrant,
Re(τcrunch ) > 0, Im(τcrunch ) < 0. As figure 17 shows, all of these instantons settle to a
negative value for the real part of the Euclidean action, once a classical history is reached. If
R
we denote Re(SE (φR
SP = 0)) ≡ s() and then re-insert the dependence of the action on φSP ,
we obtain the following formula for the relative probability of the various implied ekpyrotic
histories:


−2s()
?
.
(4.38)
Ψ Ψ ∼ Exp [−2Re(SE )] = Exp
|V (φR
SP )|

Figure 17. The real part of the Euclidean action as a function of the fast-roll parameter , once
R
a classical history has been reached. Here we have taken φR
SP = 0, and thus |V (φSP )| = 1, so that
this graph also represents s(), cf. eq. (4.38). All else being equal, smaller values of  are seen to
be preferred.

– 26 –

JCAP12(2014)023

Figure 16. Left panel: the location of the crunch in the complex τ plane as a function of the fast-roll
parameter . Right panel: the imaginary part of the scalar field at the South Pole of the instanton, as
a function of the fast-roll parameter . The value of φISP is tuned such that classical histories arise.
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Figure 18. The cyclic universe potential combines an ekpyrotic phase (at negative φ) with a dark
energy plateau (at positive φ). We find that on the plateau both ekpyrotic- and inflationary-type
instantons co-exist.

expansion to contraction. During the ensuing phase of ekpyrotic contraction, anisotropies
are suppressed and quantum fluctuations can be amplified into classical density fluctuations.
The ekpyrotic phase is then followed by a bounce into a radiation dominated phase of the
universe (where reheating occurs at the bounce), and the standard phases of radiation and
matter dominated expansion follow. Eventually, the universe becomes dominated by dark
energy again, and the entire cycle starts afresh. For a detailed review of the cyclic picture,
see [18]. Let us just highlight one important feature, which is that from cycle to cycle the
universe grows by a large amount. In other words, although the evolution of the Hubble
rate is strictly cyclic, that of the scale factor is not: each new cycle is vastly bigger than
the previous one. Thus, going back in time, any finite region was sub-Planckian in size a
finite number of cycles ago. In this sense, the cyclic universe still requires initial conditions.
In the present section, our aim is to explore the consequences of applying the no-boundary
proposal, seen as a theory of initial conditions, in the cyclic context.
An interesting aspect can immediately be deduced from looking at the shape of the
potential in figure 18: there is a region of steep ekpyrotic fall-off at negative φ, while the
potential flattens out at positive φ. Thus, we may expect ekpyrotic instantons to exist on the
left, and inflationary instantons to exist on the dark energy plateau. Our numerical analysis
confirms both expectations, but in addition we find that ekpyrotic instantons continue to
exist with starting values on the dark energy plateau. Thus, at positive φ we have the
interesting situation that both types of instantons co-exist (with the same values of φR
SP but
I
different imaginary parts φSP ). We will now present examples of these solutions.
First, we will discuss the inflationary/de Sitter type instantons at positive φ. Intuitively,
one may expect instantons to exist which reach a classical history with the scalar field slowly
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Figure 19. A de Sitter-like instanton on the dark energy plateau, with H = 1, c = 3, φR
SP = 1,
φISP ≈ −0.2276 and τcrunch ≈ 1.615 + 3.222i. This figure is obtained in an analogous manner to
figure 9.

rolling down the dark energy plateau, and then, once the universe is already classical, to
evolve into the ekpyrotic contraction phase as the potential becomes negative. Figure 19
shows an example of such an instanton for φR
SP = 1, where the value of the imaginary part
I
φSP has been tuned such that a classical history is achieved (meaning that the vertical lines
of real scale factor and scalar field coincide). Again, since we have not added any dynamics
that could lead to a bounce, all such histories end up in a crunch singularity at τcrunch .
By choosing an explicit integration contour, we can plot a particular representation of the
instanton. Our choice of contour is indicated by the three coloured arrows in figure 19, and
the real and imaginary parts of the scale factor and scalar field along this contour are shown
in figure 20. Along the first segment, running vertically up from the origin, the spacetime is
given approximately by a region of (opposite-signature) Euclidean Anti-de Sitter space (as
discussed in more detail in [38]). The second, horizontal segment is a fully complex geometry
interpolating between the Euclidean Anti-de Sitter space and a Lorentzian de Sitter space
corresponding to the phase of dark energy expansion. This second segment reaches the
vertical line emanating vertically downwards from the location of the eventual crunch, and
at the junction with the third integration segment the scale factor and scalar field are already
real to very high precision. This is because of the inflationary-type attractor that evidently
also applies to the dark energy phase. As one can see from figure 20, along the third segment
the scale factor a then expands at an accelerated rate until the scalar field φ has rolled to
negative values of the potential, at which point the scale factor halts its expansion and starts
shrinking. The ensuing ekpyrotic phase ends in a crunch after a finite time interval.
So much for the inflationary-type instantons, whose existence is unsurprising. Given
the results of the previous section, it is now equally unsurprising that ekpyrotic instantons
exist at negative φ, where the addition of a small constant to the potential is essentially
irrelevant. The ekpyrotic instantons in this region of the potential are virtually identical to
those discussed in section 4, and thus we need not discuss these further here. However, what
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Figure 20. The real (solid) and imaginary (dotted) parts of the scale factor (left panel) and scalar
field (right panel) for the instanton depicted in figure 19, with an integration contour indicated by
the arrows in that figure.

is more surprising is that ekpyrotic-type instantons continue to exist in the region where
the potential becomes positive. Figure 21 shows graphs of such an instanton for φR
SP = 1,
R
i.e. for the same value of φSP used above to illustrate the inflationary-type instantons. Of
course, the value of the imaginary part φISP is different in the ekpyrotic case. As figure 21
shows, the lines of real scale factor and real scalar field only start overlapping shortly before
the crunch. In other words, the universe becomes real in the approach to the crunch by
virtue of the ekpyrotic attractor, even though this instanton also traverses the dark energy
plateau. By specifying an integration contour, we can again represent the evolution of the
real and imaginary parts of a and φ — this is done in figure 22, along the contour indicated
by the coloured arrows in figure 21. Along the first segment, running vertically down from
the origin, the spacetime is again a portion of Euclidean Anti-de Sitter space, in analogy
with the co-existing inflationary-type instanton. The second (horizontal) segment is once
more fully complex, and it is only along the third segment that the universe approaches a
real classical history. This happens in exactly the same way as it did in a pure exponential
potential in section 4: the instanton approaches a real scaling solution up to complex-valued
correction terms which die off as long as  > 3, cf. eqs. (4.8)–(4.9).
The two instantons that we have just presented are not isolated examples. In fact,
in our numerical analysis we have not found any obstruction at large φR
SP that prevents
ekpyrotic instantons from occurring — however, at large φ finding ekpyrotic-type instantons
numerically becomes increasingly delicate. figure 23 shows the tuned values for φISP as well
as the crunch locations in the range 0 ≤ φR
SP ≤ 1, both for inflationary (red curves) and
ekpyrotic-type (blue curves) instantons. Note that the inflationary-type instantons cease to
exist for φR
SP . 0.77, which is due to the fact that below that value the phase of accelerated
expansion becomes too short for the universe to reach classicality. There is an interesting
feature to the graph of the imaginary part φISP , namely that as the potential becomes positive,
on the ekpyrotic branch φISP is no longer constant (as it was for the families of pure ekpyrotic
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Figure 21. An ekpyrotic instanton on the dark energy plateau, with H = 1, c = 3, φR
SP = 1,
φISP ≈ −1.974 and τcrunch ≈ 0.8956 − 3.573i.
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Figure 22. The real (solid) and imaginary (dotted) parts of the scale factor (left panel) and scalar
field (right panel) for the instanton depicted in figure 21, with an integration contour indicated by
the arrows in that figure.
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tionary (red) instantons in a cyclic potential, all as functions of φR
SP . As the potential grows, φSP
appears to approach the new asymptotic value of −2π/c (dotted grey line).

instantons in section 4). Rather, φISP appears to approach a new asymptotic value at large
φ. In fact, the values of φISP seem to approach −2π/c = −2π/3, which implies that for these
solutions the potential is very nearly real at the South Pole of the instanton. This large φ
regime clearly deserves further study.
In figure 24 we plot the logarithm of the relative probabilities −2Re(SE ) for these
two families of instantons. From section 3 we know that in the inflationary case the real
part of the action is very well approximated by the action of half a Euclidean 4-sphere,
−2Re(SE ) ≈ 24π 2 /V (φR
SP ), and we have used this approximation to obtain the red curve.
The blue curve applies to the ekpyrotic-type instantons, and it can be seen that in the region
of overlap, these instantons yield a much higher probability than the inflationary ones. In
fact, the probability grows even faster with increasing φ than the naive ecφ scaling suggested
by the shift symmetry in the pure ekpyrotic case (and indicated by the grey dotted line). This
may be due to the fact that the dark energy plateau causes the instantons to grow even bigger
than in the pure ekpyrotic case, in turn rendering the action larger in magnitude. However,
an analytic understanding of the large φ behaviour is currently lacking, and represents an
interesting question for the future.

6

Discussion

Two of the central goals of cosmology are to understand the initial conditions and the classicality of our universe. The no-boundary proposal provides an attractive framework for
discussing both of these issues. In our earlier paper [24], we identified a new class of instantons, called ekpyrotic instantons, that arise in theories with a steep and negative potential.
These instantons can explain how the universe became classical by virtue of the ekpyrotic
attractor mechanism, and they describe the emergence of a universe in the ekpyrotic contracting phase. In the present paper, we have discussed their properties in detail, and shown
that in the cyclic universe potential, ekpyrotic instantons also arise, even on the dark energy
plateau. In fact, on the dark energy plateau ekpyrotic instantons co-exist with inflationarytype instantons (where the universe becomes classical due to the dark energy/quintessence
attractor), with the ekpyrotic-type instantons having a much higher probability of occurring.
Our results imply that in a potential energy landscape containing a variety of inflationary, ekpyrotic and cyclic regions (cf. also [39]), the most likely initial conditions are
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Figure 24. The logarithm of the relative probability for the two families of instantons, as a function
of φR
SP : ekpyrotic-type instantons are depicted in blue while inflationary ones are in red. The probability for ekpyrotic instantons can be seen to be vastly higher. Moreover, with increasing φR
SP their
probability grows even faster than the naive ec∆φ scaling that would apply in the pure ekpyrotic case
(and that we have indicated by the dotted grey line).

represented by ekpyrotic instantons, describing the emergence of a classical universe in an
ekpyrotic contracting phase — whether a pure ekpyrotic or a cyclic region comes out as
preferred depends on the details of the potential, in particular on the possible field ranges for
the ekpyrotic and dark energy regions. We should point out that there is no contradiction in
having a universe arise “out of nothing” in a contracting phase, as the ekpyrotic contracting
phase is preceded by a complex/Euclidean geometry where space and time are “created” in
the first place, cf. figure 12 for a heuristic picture.
There are many possible extensions of the present work: the most obvious one is that
of adding a bounce, so that the ekpyrotic phase goes over into an expanding, radiation
dominated phase of the universe. In our current work, we did not consider any dynamics
that could have led to such a bounce. We see no obstacle in principle for doing so, although
the numerical analysis may be complicated. Moreover, as the results of section 5 suggest,
there may be a new asymptotic regime for ekpyrotic instantons originating on the dark
energy plateau of a cyclic universe potential. It would certainly be of interest to obtain
an analytic understanding of this regime. Finally, we have not included any fluctuations in
the present work. Given their importance in testing cosmological theories, the inclusion of
fluctuations represents another worthwhile goal for future studies. Our work has highlighted
the importance of having an attractor mechanism in order to obtain a classical background
spacetime. In light of this, it will be desirable to focus on the recently described stable
mechanisms for producing density perturbations [20–23], rather than on the older unstable
entropic scenario [40–46] that led to the so-called phoenix universe [47–49].

– 32 –

JCAP12(2014)023

- 2 * ReHSE L

104

Acknowledgments
We thank Michael Koehn for his careful reading of our manuscript. We gratefully acknowledge the support of the European Research Council via the Starting Grant Nr. 256994
“StringCosmOS”.

References
[1] S.W. Hawking and R. Penrose, The singularities of gravitational collapse and cosmology, Proc.
Roy. Soc. Lond. A 314 (1970) 529 [INSPIRE].

[3] R. Tolman, Relativity, Thermodynamics and Cosmology, Oxford University Press, Oxford U.K.
(1934).
[4] S. Hawking, The Boundary Conditions of the Universe, Pontif. Acad. Sci. Scr. Varia 48 (1982)
563.
[5] J.B. Hartle and S.W. Hawking, Wave Function of the Universe, Phys. Rev. D 28 (1983) 2960
[INSPIRE].
[6] A. Albrecht, P. Ferreira, M. Joyce and T. Prokopec, Inflation and squeezed quantum states,
Phys. Rev. D 50 (1994) 4807 [astro-ph/9303001] [INSPIRE].
[7] D. Polarski and A.A. Starobinsky, Semiclassicality and decoherence of cosmological
perturbations, Class. Quant. Grav. 13 (1996) 377 [gr-qc/9504030] [INSPIRE].
[8] C. Kiefer, I. Lohmar, D. Polarski and A.A. Starobinsky, Origin of classical structure in the
Universe, J. Phys. Conf. Ser. 67 (2007) 012023 [INSPIRE].
[9] J. Martin, The Quantum State of Inflationary Perturbations, J. Phys. Conf. Ser. 405 (2012)
012004 [arXiv:1209.3092] [INSPIRE].
[10] L. Battarra and J.-L. Lehners, On the Quantum-To-Classical Transition for Ekpyrotic
Perturbations, Phys. Rev. D 89 (2014) 063516 [arXiv:1309.2281] [INSPIRE].
[11] J.B. Hartle, S.W. Hawking and T. Hertog, No-Boundary Measure of the Universe, Phys. Rev.
Lett. 100 (2008) 201301 [arXiv:0711.4630] [INSPIRE].
[12] J.B. Hartle, S.W. Hawking and T. Hertog, The Classical Universes of the No-Boundary
Quantum State, Phys. Rev. D 77 (2008) 123537 [arXiv:0803.1663] [INSPIRE].
[13] J. Hartle, S.W. Hawking and T. Hertog, The No-Boundary Measure in the Regime of Eternal
Inflation, Phys. Rev. D 82 (2010) 063510 [arXiv:1001.0262] [INSPIRE].
[14] T. Hertog, Predicting a Prior for Planck, JCAP 02 (2014) 043 [arXiv:1305.6135] [INSPIRE].
[15] D.-i. Hwang, S.A. Kim and D.-h. Yeom, No-boundary wave function for two-field inflation,
arXiv:1404.2800 [INSPIRE].
[16] J. Khoury, B.A. Ovrut, P.J. Steinhardt and N. Turok, The Ekpyrotic universe: Colliding branes
and the origin of the hot big bang, Phys. Rev. D 64 (2001) 123522 [hep-th/0103239] [INSPIRE].
[17] P.J. Steinhardt and N. Turok, Cosmic evolution in a cyclic universe, Phys. Rev. D 65 (2002)
126003 [hep-th/0111098] [INSPIRE].
[18] J.-L. Lehners, Ekpyrotic and Cyclic Cosmology, Phys. Rept. 465 (2008) 223 [arXiv:0806.1245]
[INSPIRE].
[19] J.-L. Lehners and P.J. Steinhardt, Planck 2013 results support the cyclic universe, Phys. Rev.
D 87 (2013) 123533 [arXiv:1304.3122] [INSPIRE].

– 33 –

JCAP12(2014)023

[2] A. Borde, A.H. Guth and A. Vilenkin, Inflationary space-times are incompletein past
directions, Phys. Rev. Lett. 90 (2003) 151301 [gr-qc/0110012] [INSPIRE].

[20] M. Li, Note on the production of scale-invariant entropy perturbation in the Ekpyrotic universe,
Phys. Lett. B 724 (2013) 192 [arXiv:1306.0191] [INSPIRE].
[21] T. Qiu, X. Gao and E.N. Saridakis, Towards anisotropy-free and nonsingular bounce cosmology
with scale-invariant perturbations, Phys. Rev. D 88 (2013) 043525 [arXiv:1303.2372]
[INSPIRE].
[22] A. Fertig, J.-L. Lehners and E. Mallwitz, Ekpyrotic Perturbations With Small Non-Gaussian
Corrections, Phys. Rev. D 89 (2014) 103537 [arXiv:1310.8133] [INSPIRE].
[23] A. Ijjas, J.-L. Lehners and P.J. Steinhardt, A general mechanism for producing scale-invariant
perturbations and small non-Gaussianity in ekpyrotic models, arXiv:1404.1265 [INSPIRE].

[25] N. Turok, M. Perry and P.J. Steinhardt, M theory model of a big crunch /big bang transition,
Phys. Rev. D 70 (2004) 106004 [Erratum ibid. D 71 (2005) 029901] [hep-th/0408083]
[INSPIRE].
[26] E.I. Buchbinder, J. Khoury and B.A. Ovrut, New Ekpyrotic cosmology, Phys. Rev. D 76 (2007)
123503 [hep-th/0702154] [INSPIRE].
[27] P. Creminelli and L. Senatore, A smooth bouncing cosmology with scale invariant spectrum,
JCAP 11 (2007) 010 [hep-th/0702165] [INSPIRE].
[28] D.A. Easson, I. Sawicki and A. Vikman, G-Bounce, JCAP 11 (2011) 021 [arXiv:1109.1047]
[INSPIRE].
[29] M. Koehn, J.-L. Lehners and B.A. Ovrut, A Cosmological Super-Bounce, Phys. Rev. D 90
(2014) 025005 [arXiv:1310.7577] [INSPIRE].
[30] L. Battarra, M. Koehn, J.-L. Lehners and B.A. Ovrut, Cosmological Perturbations Through a
Non-Singular Ghost-Condensate/Galileon Bounce, JCAP 07 (2014) 007 [arXiv:1404.5067]
[INSPIRE].
[31] D. Battefeld and P. Peter, A Critical Review of Classical Bouncing Cosmologies,
arXiv:1406.2790 [INSPIRE].
[32] I. Bars, S.-H. Chen, P.J. Steinhardt and N. Turok, Antigravity and the Big Crunch/Big Bang
Transition, Phys. Lett. B 715 (2012) 278 [arXiv:1112.2470] [INSPIRE].
[33] I. Bars, P. Steinhardt and N. Turok, Sailing through the big crunch-big bang transition, Phys.
Rev. D 89 (2014) 061302 [arXiv:1312.0739] [INSPIRE].
[34] I. Bars, P. Steinhardt and N. Turok, Dynamical String Tension in String Theory with
Spacetime Weyl Invariance, arXiv:1407.0992 [INSPIRE].
[35] A. Ijjas, P.J. Steinhardt and A. Loeb, Inflationary paradigm in trouble after PlancK2013, Phys.
Lett. B 723 (2013) 261 [arXiv:1304.2785] [INSPIRE].
[36] D.-i. Hwang and D.-h. Yeom, Toward inflation models compatible with the no-boundary
proposal, JCAP 06 (2014) 007 [arXiv:1311.6872] [INSPIRE].
[37] P. Creminelli, A. Nicolis and M. Zaldarriaga, Perturbations in bouncing cosmologies: Dynamical
attractor versus scale invariance, Phys. Rev. D 71 (2005) 063505 [hep-th/0411270] [INSPIRE].
[38] T. Hertog and J. Hartle, Holographic No-Boundary Measure, JHEP 05 (2012) 095
[arXiv:1111.6090] [INSPIRE].
[39] J.-L. Lehners, Eternal Inflation With Non-Inflationary Pocket Universes, Phys. Rev. D 86
(2012) 043518 [arXiv:1206.1081] [INSPIRE].
[40] F. Finelli, Assisted contraction, Phys. Lett. B 545 (2002) 1 [hep-th/0206112] [INSPIRE].

– 34 –

JCAP12(2014)023

[24] L. Battarra and J.-L. Lehners, On the Creation of the Universe via Ekpyrotic Instantons,
arXiv:1406.5896 [INSPIRE].

[41] A. Notari and A. Riotto, Isocurvature perturbations in the ekpyrotic universe, Nucl. Phys. B
644 (2002) 371 [hep-th/0205019] [INSPIRE].
[42] J.-L. Lehners, P. McFadden, N. Turok and P.J. Steinhardt, Generating ekpyrotic curvature
perturbations before the big bang, Phys. Rev. D 76 (2007) 103501 [hep-th/0702153] [INSPIRE].
[43] K. Koyama and D. Wands, Ekpyrotic collapse with multiple fields, JCAP 04 (2007) 008
[hep-th/0703040] [INSPIRE].
[44] K. Koyama, S. Mizuno and D. Wands, Curvature perturbations from ekpyrotic collapse with
multiple fields, Class. Quant. Grav. 24 (2007) 3919 [arXiv:0704.1152] [INSPIRE].

[46] J.-L. Lehners and S. Renaux-Petel, Multifield Cosmological Perturbations at Third Order and
the Ekpyrotic Trispectrum, Phys. Rev. D 80 (2009) 063503 [arXiv:0906.0530] [INSPIRE].
[47] J.-L. Lehners and P.J. Steinhardt, Dark Energy and the Return of the Phoenix Universe, Phys.
Rev. D 79 (2009) 063503 [arXiv:0812.3388] [INSPIRE].
[48] J.-L. Lehners, P.J. Steinhardt and N. Turok, The Return of the Phoenix Universe, Int. J. Mod.
Phys. D 18 (2009) 2231 [arXiv:0910.0834] [INSPIRE].
[49] J.-L. Lehners, Diversity in the Phoenix Universe, Phys. Rev. D 84 (2011) 103518
[arXiv:1107.4551] [INSPIRE].

– 35 –

JCAP12(2014)023

[45] J.-L. Lehners and P.J. Steinhardt, Non-Gaussian density fluctuations from entropically
generated curvature perturbations in Ekpyrotic models, Phys. Rev. D 77 (2008) 063533
[Erratum ibid. D 79 (2009) 129903] [arXiv:0712.3779] [INSPIRE].

