Home

Search

Collections

Journals

About

Contact us

My IOPscience

Fitness-based models and pairwise comparison models of evolutionary games are typically
different—even in unstructured populations

This content has been downloaded from IOPscience. Please scroll down to see the full text.
2015 New J. Phys. 17 023043
(http://iopscience.iop.org/1367-2630/17/2/023043)
View the table of contents for this issue, or go to the journal homepage for more

Download details:
This content was downloaded by: binbinich
IP Address: 141.5.9.62
This content was downloaded on 14/02/2015 at 12:34

Please note that terms and conditions apply.

New J. Phys. 17 (2015) 023043

doi:10.1088/1367-2630/17/2/023043

PAPER

OPEN ACCESS
RECEIVED

29 October 2014

Fitness-based models and pairwise comparison models of
evolutionary games are typically different—even in unstructured
populations

REVISED

19 December 2014
ACCEPTED FOR PUBLICATION

19 January 2015
PUBLISHED

13 February 2015

Bin Wu1,3, Benedikt Bauer1, Tobias Galla2 and Arne Traulsen1
1
2
3

Department of Evolutionary Theory, Max Planck Institute for Evolutionary Biology, Plön, Germany
Theoretical Physics, School of Physics and Astronomy, The University of Manchester, Manchester M13 9PL, UK
Author to whom any correspondence should be addressed.

E-mail: bin.wu@evolbio.mpg.de, bauer@evolbio.mpg.de, tobias.galla@manchester.ac.uk and traulsen@evolbio.mpg.de
Content from this work
may be used under the
terms of the Creative
Commons Attribution 3.0
licence.
Any further distribution of
this work must maintain
attribution to the author
(s) and the title of the
work, journal citation and
DOI.

Keywords: evolutionary game theory, microscopic assumptions, stochastic dynamics

Abstract
The modeling of evolutionary game dynamics in ﬁnite populations requires microscopic processes
that determine how strategies spread. The exact details of these processes are often chosen without
much further consideration. Different types of microscopic models, including in particular ﬁtnessbased selection rules and pairwise comparison dynamics, are often used as if they were interchangeable. We challenge this view and investigate how robust these choices on the micro-level really are. We
focus on a key macroscopic quantity, the probability for a single mutant to take over a population of
wild-type individuals. We show that even in unstructured populations there is only one pair of a ﬁtness-based process and a pairwise comparison process leading to identical outcomes for arbitrary
games and for all intensities of selection. This strong restriction is not relaxed even when the class of
pairwise comparison processes is broadened. This highlights the perils of making arbitrary choices at
the micro-level without regard of the consequences at the macro-level.

1. Introduction
Evolutionary game theory is a powerful framework to model biological and social evolution when the success of
an individual depends on the presence or absence of other strategies [1–4]. In this context, the payoff from a
game between individuals is translated into reproductive ﬁtness. Methods from statistical physics have been
applied extensively since the ﬁeld moved from mostly deterministic models based on rate equations to stochastic
individual-based models [5–10]. These more sophisticated models use a microscopic process as a starting point
to determine how successful strategies spread. Tools and ideas from statistical physics are key to making the
connection between the assumptions on the micro-scale, and effective descriptions on the macro-scale.
Two classes of microscopic processes have been used extensively: (i) ﬁtness-based processes in which an
individual chosen proportional to ﬁtness reproduces and the offspring replaces a randomly chosen individual
[11]; (ii) pairwise comparison processes in which a pair of individuals is chosen, and where subsequently one of
these individuals may adopt the strategy of the other. This adoption occurs with a probability that depends on
the payoff of both individuals, such that better players are more likely to be imitated than those who do worse
[12, 13]. The payoff can be taken as the growth rate, often referred to as Malthusian ﬁtness [14], and the ﬁtness
can be taken as the average number of offspring, often called Wrightian ﬁtness [14]. Thus the payoff-to-ﬁtness
mapping used in the context of ﬁtness-based processes can be interpreted as a transformation between
Malthusian ﬁtness and Wrightian ﬁtness [14, 15].
Fitness-based processes are typically applied to model biological evolution. Also pairwise comparison
processes can describe biological evolution by reinterpreting the process: an individual is randomly selected and
it produces an identical offspring to replace another randomly chosen individual. The probability of the
reproduction and the replacement depends on the payoffs of both individuals. The ﬁrst individual will be more
© 2015 IOP Publishing Ltd and Deutsche Physikalische Gesellschaft
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likely to reproduce and replace the second one if it has a higher payoff. It is noteworthy that the reproduction and
replacement is a single event in pairwise comparison processes. In ﬁtness-based processes, these are two
independent events.
In both types of processes, the relative inﬂuence of the game is controlled by an external parameter, the socalled intensity of selection β. This parameter has strong parallels to the inverse temperature in statistical
mechanics [16]. In populations of size N the dynamics is dominated by the evolutionary game for strong
selection, βN ≫ 1, with demographic noise only affecting the outcome weakly. For weak selection, βN ≪ 1, the
dynamics is largely stochastic, with only a small inﬂuence of the game on the evolution of the system. The
outcome of evolutionary game dynamics thus depends on the interplay between selection and noise, both
changing with the relative abundance of the types of individuals in the population.
In well-mixed populations and on some special networks (e.g., on a ring), the evolutionary dynamics
between two types of strategies, wild-type and mutant, can be described by simple birth–death processes. In such
processes, the state of the system is characterized by the number of mutants alone, and the mutants change by at
most one in number for each time step. A quantity that is of particular interest in evolutionary biology is the
ﬁxation probability, which is the likelihood that a mutant type takes over the entire population [17, 18]. It is the
basis of the deﬁnition of evolutionary stable strategies in ﬁnite populations [11]. It also features in the leadingorder of the stationary distribution for small mutation rates, which serves as a powerful analytical description
when multiple strategies are present in the population [19, 20].
The choice of a ﬁtness-based process versus a pairwise comparison process is typically not further justiﬁed in
the literature [21, 22]. Often the type of model employed is chosen arbitrarily. This is usually no cause for
concern, as many results do not seem to depend on the particular choice of the microscopic process. In
particular, a wide class of microscopic processes leads to similar results under weak selection [23, 24]. This
equivalence is, however, only partial, and in some cases the outcome on the macro-scale can crucially depend on
the speciﬁc choices made at the microscopic level [25]. Here, we show the choice of a ﬁtness-based versus a
pairwise comparison process is restricted to a unique pair if we require that for an arbitrary game, the two
processes lead to identical ﬁxation probabilities for all intensities of selection β. This indicates that the choice of
the microscopic process can make a difference even in unstructured populations.

2. Two evolutionary process classes and their non-equivalence in ﬁxation probability
We consider well-mixed populations with ﬁxed size N. Each individual can be of one of two types, A and B. The
state of the population is thus characterized by the number i of individuals of type A. The interaction between the
two types of individuals is described by the functions π Ai and πBi . These indicate the expected payoff for two types
in a population in state i. The interaction can be generated from a two-player matrix game which leads to payoffs
linear in i [26], but we keep the formalism general to include games played between an arbitrary number of
players, which leads to payoffs that depend on i in a polynomial way [27–30]. In fact, our results hold for an
arbitrary dependence of the payoffs on i.
A discrete-time birth–death process on the set of states i = 0, … , N is characterized by the transition
probabilities T i ± that the system moves to state i ± 1 in the next step, when it is currently in state i. With
probability 1 − T i + − T i −, the system remains in state i. We restrict ourselves to processes for which T i ± > 0 for
all i = 1, … , N − 1, and in which the two states i = 0 and i = N are absorbing, i.e. T 0 + = T N − = 0 . The
population can never escape from homogenous states. In biology this corresponds to the absence of mutation,
where extinct types cannot be re-introduced.
2.1. Fitness-based processes and pairwise comparison processes
We will now characterize ﬁtness-based processes and pairwise comparison processes in more detail. For a given
game, i.e. for payoff functions π Ai and πBi , a ﬁtness-based process assumes that at each time step an individual is
selected for reproduction with a probability proportional to its ﬁtness. This individual produces one identical
offspring which replaces a randomly chosen individual in the population. Consequently, the transition
probabilities are of the form
TFi+

i
i fA N − i
=
,
N f i N

TFi−

i
N − i fB i
=
.
N
f iN

(1)

The subscript ‘F’ indicates a ﬁtness-based process. We have assumed that the payoffs π Ai and πBi translate into
reproductive ﬁtness via a mapping f Ai = f (βπ Ai ) and f Bi = f (βπBi ), where β > 0 is the intensity of selection and
where f ′(x) > 0 for all x, indicating that ﬁtness increases with payoff. The quantity 〈 f 〉i is the average ﬁtness of

2
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(

)

an individual in the population, i.e., 〈 f 〉i = if Ai + (N − i) f Bi N . The transition probabilities in equation (1)
are then fully speciﬁed by the underlying game and by the payoff-to-ﬁtness mapping f.
In a pairwise comparison process, one focal individual and a role model are chosen at random at each time
step. The payoff difference between the two individuals determines the probability that the focal individual
adopts the strategy of the role model. Speciﬁcally, for a focal individual of type A and a role model of type B, this
probability is g [β (πBi − π Ai )], where β > 0 is again the intensity of selection. If the focal individual is of type B
and the role model of type A this probability is g [β (π Ai − πBi )]. The derivative g ′ (x) of the imitation function
g(x) must be positive to ensure it is more likely to adopt successful strategies. For a given game and a given
adaptation function g this leads to a birth–death process with the transition probabilities
TIi± =

i(N − i) ⎡
g ⎣ ±β π A (i) − πB (i) ⎤⎦ .
2
N

(

)

(2)

The subscript ‘I’ indicates a pairwise comparison process.
For both classes of processes, and for any game, the dynamics will eventually reach one of the two absorbing
states: either the mutant goes extinct (absorption at i = 0), or it reaches ﬁxation (i = N). The so-called ﬁxation
probability, ϕ1, measures how likely it is that a single mutant takes over the entire population, i.e. it is the
probability for the system to end up in i = N, if initialised at i = 1. For general birth–death processes this
probability is given by [11, 17, 18]
⎛ N − 1 k T i − ⎞−1
ϕ1 = ⎜⎜ ∑∏ i + ⎟⎟ .
⎝ k =0 i=1 T ⎠

(3)

2.2. Non-equivalence between ﬁtness-based processes and pairwise comparison processes in ﬁxation
probability
For weak selection, many ﬁtness-based processes and pairwise comparison processes are similar in the ﬁxation
probability [23, 31, 32]. For strong selection, however, they can be qualitatively different (see ﬁgure 1).
For example, the ﬁxation probability for a ﬁtness-based process with linear payoff-to-ﬁtness mapping
f (x) = 1 + x can converge to any positive value between zero and one in the limit of strong selection, β → ∞.
To see this, we construct the following example: let π Ai = 1 and πBi = α . The ratio of transition probabilities
T i − T i + = (1 + βπBi ) (1 + βπ Ai ) converges to the payoff ratio πBi π Ai as β → ∞. In our example, this leads to
1 ϕ1 = ∑kN=−01 ∏

k
T i−
i=1 T i +

= ∑kN=−01 α k . This is an increasing function in α and it is >1 for positive α. Hence, for

any ϕ1 (0 < ϕ1 ⩽ 1), there exists a unique α > 0 such that 1 ϕ1 = ∑kN=−01 α k .
For the pairwise comparison process with the Fermi function g (x) = 1 (1 + exp [−x]) and β → ∞, the
ﬁxation probability can only take N + 1 values: 0, 1 N , 1 (N − 1), … , 1 3, 1 2, and 1. In this case, the ﬁxation
−1
and we can distinguish two cases: (i) if there exists a
probability is ϕ1 = ∑kN=−01 exp ⎡⎣ β ∑ik=1 (πBi − π Ai ) ⎤⎦

(

single k

*

such that ∑ik=*1 (πBi

)

−

π Ai )

> 0, the denominator will diverge resulting in a ﬁxation probability of zero in

the strong selection limit β → ∞; (ii) if for all k, ∑ik=1 (πBi − π Ai ) ⩽ 0 , denote j as the number of terms in the sum
over k for which ∑ik=1 (πBi − π Ai ) = 0 . The denominator is then a sum of j + 1 terms with value one, with the rest
of the terms vanishing for β → ∞. This leads to the ﬁxation probability in the strong selection to be 1 (j + 1).
Note that the integer j can range from 0 to N − 1, such that the ﬁxation probability can only take values 1 N , ⋯,
1 2 and 1 in this case.
Given, that for β → ∞ the ﬁxation probability for the ﬁtness-based process can take any value between 0 and
1, whereas the ﬁxation probability for the pairwise comparison process reaches only discrete values, the behavior
of the two processes has to be qualitatively different in terms of the ﬁxation probability.

3. Equivalence between two evolutionary process classes in ﬁxation probability
Realizing that the ﬁxation probability can be sensitive to the evolutionary process and the selection intensity, we
ask the following question: for what choices of the payoff-to-ﬁtness mapping f, and of the imitation function g,
do the resulting ﬁtness-based and pairwise comparison processes have the same ﬁxation probability ϕF = ϕI ,
for arbitrary games and intensities of selection? In other words, if we require that the two processes are
equivalent in ﬁxation probability for any game and any selection intensity, how do we need to choose the ﬁtness
and imitation functions?
3
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3.1. Equivalence between payoff-difference based pairwise comparison processes and ﬁtness-based
processes
From equations (1) and (2) , we note that TFi− TFi+ = f (βπBi ) f (βπ Ai ) for the ﬁtness-based process, and
TIi− TIi+ = g [β(πBi − π Ai ] g [(βπ Ai − πBi )] for the pairwise comparison process. If the functions f and g fulﬁll
f (x )
g (x − y )
=
,
f (y )
g (y − x )

(4)

for all x , y , we have TFi− TFi+ = TIi− TIi+ for all i. Using equation (3) this leads to equal ﬁxation probabilities for
all games and any selection intensity. Thus, equation (4) is sufﬁcient.
We now show that the condition in equation (4) is also necessary. We are interested in functions f and g such
that the equality of ﬁxation probability holds for all games. Therefore, the ﬁxation probabilities need to be equal
for games with constant payoffs π Ai = π A and πBi = πB. For such games the ratios γF = TFi− TFi+ and
γI = TIi− TIi+ are independent of i, i.e. the number of strategy A individuals. The equality of ﬁxation probabilities
is then equivalent to p(γF ) = p(γI ), where p(γ ) = ∑ℓN=−01 γ ℓ , see equation (3). The polynomial p(γ ) is strictly
increasing for positive arguments. Considering that both γF and γI are positive, p(γF ) = p(γI ) implies γF = γI . The
constants π A and πB can be chosen arbitrarily, as the selection intensity β. The fact that we require γF = γI leads to
the conclusion that f and g must fulﬁl equation (4). Hence, the condition in equation (4) is necessary if we
require identity of ﬁxation probabilities for all possible games. We stress three points:
(i) it may well be possible to construct a game and a pair of functions f and g, which are not of the above form,
such that the ﬁxation probabilities of the two resulting processes coincide for this particular game.
However, unless f and g fulﬁl equation (4), the identity of ﬁxation probabilities will not hold for arbitrary
games, as our argument above shows;
(ii) the proof does not assume the two-strategy game to be a pairwise matrix game. In fact, it holds for twostrategy multiplayer games and even for games with an arbitrary payoff dependence on i;
(iii) equation (4) is also the necessary and sufﬁcient condition such that the ﬁxation probability of m —strategy
A mutants ϕm (1 < m ⩽ N − 1) is identical for ﬁtness-based and pairwise comparison processes for any
game and any selection intensity (for a proof see appendix A).
Equation (4) implies that the ratio f (x) f (y) has to be a function of the difference x − y alone. Setting
y = x + Δx in f (x) f (y) = g (x − y) g (y − x) and taking the limit Δx → 0 leads to the differential equation
f ′(x)
g ′(0)
=2
.
f (x )
g (0)

(5)

We note that this differential equation must hold for all x. It is a necessary condition for the equality of ﬁxation
probabilities for arbitrary games and arbitrary strength of selection, but it is not a sufﬁcient condition by itself. A
necessary and sufﬁcient condition is given by equation (4).
We observe that the condition of equation (5) can be relaxed if we limit the equality of ﬁxation probabilities
to the weak-selection approximation. It corresponds to expanding the ﬁxation probabilities to linear order in the
selection intensity. If we require that f and g lead to identical ﬁxation probabilities only in the linear-order term
in β (but not necessarily to higher order) for any payoff functions π Ai and πBi we obtain the condition
f ′(0)
g ′(0)
=2
.
f (0)
g (0)

(6)

This condition is far less restrictive than equation (5), and it is both necessary and sufﬁcient to have identity
of ﬁxation probability for all games up to linear order in β. This can be seen from existing results for weak
selection [32]. The only solution of the more restrictive condition, equation (5), is
⎡ g ′(0) ⎤
f (x) = f (0) exp ⎢ 2
x⎥.
⎣ g (0) ⎦

(7)

This implies that in order for the ﬁxation probabilities of a ﬁtness-based process to be identical to those of a
pairwise comparison process (to any order in the selection intensity), it is necessary that the payoff-to-ﬁtness
mapping f(x) is exponential in x, f (x) = f (0) exp(λx), where λ is an arbitrary positive constant. The imitation
function g is at this point largely unconstrained, although one ﬁnds g (x) g (−x) = eλx by setting y = 0 in
equation (4). With the additional assumption g (x) + g (−x) = 1, only a single possible imitation functions
remains, the so-called Fermi function g (x) = [1 + e−λx ]−1.
4
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Figure 1. Fixation probability is sensitive to the evolutionary processes and selection intensity. The payoff functions arise from the
pairwise matrix game. For weak selection, both pairwise comparison process with Fermi function g (x) = 1 (1 + exp[−x]) and the
ﬁtness-based process with linear payoff-to-ﬁtness mapping f (x) = 1 + x are increasing with selection intensity. Here x is
proportional to the selection intensity. Beyond weak selection, however, the ﬁxation probability of the pairwise comparison process
decreases to zero with increasing selection intensity; whereas that of the ﬁtness-based process increases to a limit. This example shows
that the ﬁtness-based process and pairwise comparison process can differ qualitatively, if selection is non-weak. Here, the payoffs are
given by π Ai = (6(i − 1) + 8(N − i)) N and πBi = (7i + (N − i − 1)) N , where i is the number of A individuals and the population
size N is 10.

Figure 2. There is a unique pair of a ﬁtness-based process and a pairwise comparison process which are identical in ﬁxation probability
for all games and all intensities of selection. The ﬁxation probabilities for many ﬁtness-based process and pairwise comparison
processes are similar under weak selection, but in general they are not. If we require that the ﬁxation probability is identical for any
selection intensity and any two-strategy game, we arrive at the unique pair: the payoff-to-ﬁtness mapping has to be exponential; while
the imitation function must be a Fermi function. Here, the imitation functions are under the constraint of g (x) + g (−x) = 1. No
other pair can lead to identical ﬁxation probabilities for any game and any selection intensity. In other words, for any other pair of a
ﬁtness based and a pairwise comparison process, there exists a 2 × 2 game and a selection intensity leading to differences in the ﬁxation
probability.

We have thus shown that the assumption of equal ﬁxation probabilities for all games together with the mild
assumption g (x) + g (−x) = 1 fully restricts the payoff-to-ﬁtness mapping and the imitation function to
f (x) = f (0)eλx and g (x) = 1 (1 + e−λx ). The only remaining free parameters are f (0) and the constant λ.
However, the choice of f (0) is immaterial as f (0) drops out in equation (1). The constant λ on the other hand
can effectively be absorbed in the selection strength, β, so that, to all intents and purposes, our constraints fully
specify the payoff-to-ﬁtness mapping and the imitation function. Thus, this pair of processes is unique (see
ﬁgure 2) and, if chosen otherwise, the precise details of the microscopic model will affect the outcome of the
model on the macroscopic level. For example, the popular linear payoff-to-ﬁtness mapping f = 1 + βπ has no
corresponding imitation function which depends on payoff differences only and which leads to the same
ﬁxation probability for arbitrary games. This is illustrated in ﬁgure 3.
The allowed set of imitation functions becomes broader if we relax the constraint and allow functions g with
g (x) + g (−x) ≠ 1. Any imitation function of the form g (x) = h (x) (1 + e−λx ) is permissible as long as the
resulting g(x) is increasing, takes values between 0 and 1 (such that it is a probability), and as long as h(x) is even
5
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Figure 3. Graphical representation of equation (4). The contour plot depicts the ratio f (βπ A ) f (βπB ). Panel A: for the exponential
payoff-to-ﬁtness mapping f (x) = exp(x), the ratio f (βπ A ) f (βπB ) obviously depends on the difference π A − πB only, such that the
contour lines are diagonal in the π A − πB plane. An identical picture is obtained for g [β(π A − πB )] g [β(πB − π A )] with
g (x) = [1 + exp(−x)]−1. Panel B: for the afﬁne linear payoff-to-ﬁtness mapping f (x) = 1 + x , the ratio f (βπ A ) f (βπB ) depends on
π A and πB explicitly, not only on their difference. The contour lines are no longer parallel to each other. It is not possible to reconstruct
an imitation function g leading to equivalent ﬁxation times for all games, and which depends on payoff difference only. For simplicity
we have used β = 1 in the ﬁgure.

(to ensure f (x) f (y) = g (x − y) g (y − x)). To show that such functions h(x) exist, we mention two arbitrary
2
2
1
examples, h (x) = exp [− 12 e−x ] and h (x) = 3 ± 3 cosh [x] .
3.2. Equivalence between general pairwise comparison processes and ﬁtness-based processes
We now consider more general pairwise comparison processes in which the imitation probability does not
depend on payoff differences alone. Speciﬁcally, we allow imitation probabilities with which a focal individual
with payoff πfoc imitates the strategy of a role model with payoff πrm of the form Q (βπfoc, βπrm ), i.e. Q may
depend on the payoffs of both individuals explicitly. The previous case is recovered as Q (x , y) = g (y − x). To
guarantee that the resulting imitation function Q (x , y) is a probability, it has to take values between 0 and 1. In
addition, we require ∂x Q (x , y) < 0, such that focal individuals with high payoff are less likely to adopt the
strategies of others, and ∂y Q (x , y) > 0, such that role models with higher payoff are more likely to be imitated
than those with a low payoff. In this more general case, a ﬁtness-based process with payoff-to-ﬁtness mapping f
has the same ﬁxation probability of a single mutant as a pairwise comparison process if
f (x) f (y) = Q (y , x) Q (x , y),

(8)

in analogy to equation (4). Setting y = x + Δx and taking the limit Δx → 0 in equation (8) leads to the necessary
condition
f ′(x) = Γ (x) f (x),

where Γ (x) = Q(x , x)−1 ⎡⎣ ∂y − ∂x Q (x , y) ⎤⎦ . From this, one obtains
y=x
⎡ x
⎤
f (x) = f (0) exp ⎢
Γ (z)dz ⎥ .
⎣ 0
⎦

(

(9)

)

∫

(10)

Condition (10) admits payoff-to-ﬁtness mappings f (x) that are not exponential. The constraint that f(x) must be
exponential in x derived under the more restrictive assumptions above is a speciﬁc consequence of the
requirement that the imitation probability depends on payoff differences only.
For any given payoff-to-ﬁtness mapping f(x) which is increasing and positive, the function
Q (x , y) = f (y) (f (x) + f (y)) proposed in [11] is decreasing in x and increasing in y and takes values between 0
and 1. In other words, it fulﬁlls the constraints of an imitation function. Thus, for any payoff-to-ﬁtness mapping,
f(x), there is an imitation kernel Q (x , y) leading to equal ﬁxation probabilities for all games. Restricting the set of
permissible kernels to those of the form Q (x , y) = g [ψ (y) − ψ (x)] with g (x) + g (−x) = 1 and where ψ (x) is
an increasing function fully speciﬁes the imitation kernel. A short calculation shows that the imitation function
Q (x , y) = f (y) [f (x) + f (y)] is then the only possible imitation choice leading to identical ﬁxation
6
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probabilities for all games for a given payoff-to-ﬁtness mapping (see appendix B). For the exponential mapping,
f (x) = f (0)eλx , this is the Fermi function Q (x , y) = eλx (eλx + e λy ) = 1 [1 + e−λ(x − y) ].

4. Summary
In summary we have challenged some of the key assumptions frequently made in modeling evolutionary
dynamics. Fitness-based and pairwise comparison processes are often used as if these approaches were entirely
exchangeable. This is appropriate—to a certain extent—when ﬁtness is a positive constant as it is the case in
many models of classical population genetics. But in the case of evolutionary games, the choice of the
microscopic details of the process does make a difference for the macroscopic outcome of frequency-dependent
selection outside the regime of weak selection. As we have shown there are then strong restrictions on the choice
of the imitation function and the payoff-to-ﬁtness mapping if one requires that the ﬁxation probabilities in the
two classes of processes are identical for any intensity of selection. Furthermore these strong restrictions cannot
be relaxed even when the pairwise comparison process class is broadened. These challenges are largely absent in
population genetics, where selection is typically constant, and only arise in evolutionary game theory, where
selection is frequency dependent.
On the one hand, it is of interest to study when these strict restrictions can be relaxed. One of the possibilities
is to further broaden the pairwise comparison process class. There are only two individuals in pairwise
comparison processes, a focal individual and a role model. Consequently, the imitation function has at most two
arguments. If we allow multiple comparison rules, i.e., k role models, the imitation function could have up to
k + 1 arguments. On the other hand, it is also of interest to study situations where these restrictions could be even
stronger. In evolutionary games on graphs, a dependence on the microscopic details has been pointed out
repeatedly [2–4, 33]. It is noteworthy that these difﬁculties are already present in non-spatial well-mixed systems
of the type that we have discussed. The complexity of a network structure is therefore not a necessary
component. Indeed, we expect it to be much more challenging to construct two processes with identical
outcomes on such more complicated geometries in our context. An alternative approach to analyze this problem
in island structured populations can be found in [34], but these population structures have so far received little
attention among physicists working in this ﬁeld.
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Appendix A. Fixation probability of m mutants
The ﬁxation probability that m strategy A mutants take over the whole population, ϕm , is given by [17, 18]
m −1

ϕm =

∑k = 0 ∏ki=1

T i−

T i+
T i−
N −1
k
∑k = 0 ∏i=1 i +
T

.

(A.1)

We now show that equation (4) is both necessary and sufﬁcient to ensure identity of the ﬁxation probabilities ϕm
for the two classes of processes.
Sufﬁciency: if f (x) f (y) = g (x − y) g (y − x) holds, then TFi− TFi+ = TIi− TIi+ holds for any selection
intensity and any games. As the ﬁxation probability ϕm is only dependent on the transition probability ratio
T i − T i +, the ﬁxation probability is identical for both processes for any game and selection intensity.
Necessity: if a ﬁtness-based process and a pairwise comparison process are identical in ﬁxation probability ϕm
for any game and any selection intensity, they must also be identical for the frequency independent case, where
βπ Ai = y and βπBi = x . In this case, ϕm can be rewritten as p(l) = (1 − l m) (1 − l N ), where
l I = g (x − y) g (y − x) for the pairwise comparison process and l F = f (x) f (y) for the ﬁtness-based process.
We have
p′ (l) =

N −m−1

l m −1

(

(

)

(m − N ) l N + Nl N − m − m .


l −1
N

2

)

m

(A.2)

q (l )

Note q′ (l) = N (N − m) l
(1 − l ). If x < y we have 0 < l I , l F < 1, since g and f are increasing. In this
case q′ (l) is positive for any 0 < l < 1. In particular q (1) = 0 for any m. Thus q(l) is always negative for
0 < l < 1 and p′ (l) is negative in the unit interval. Considering lI and lF in the unit interval, p(l I ) = p(l F ) implies
7
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lI = lF. If x > y , we have l I , l F > 1. In this case, p(l) is increasing for l > 1. p(l I ) = p(l F ) thus implies lI = lF. This
yields that for all x and y, f (x) f (y) = g (x − y) g (y − x) holds.
This completes the proof.

Appendix B. Conditions for general pairwise comparison processes
Here, we show that the imitation function Q (x , y) = f (y) [f (x) + f (y)] is the only possible imitation choice
leading to identical ﬁxation probabilities for all games for a given payoff-to-ﬁtness mapping f.
First, we have the equivalence condition such that the two processes have the same ﬁxation probability for
any game. It is given by
f (x )
Q (y , x )
=
.
f (y )
Q (x , y )

(B.1)

In particular, if Q (x , y) is in the form of g (ψ (y) − ψ (x)), equation (B.1) can be rewritten as
f (x )
g (ψ (x ) − ψ (y ))
=
.
f (y )
g (ψ (y ) − ψ (x ))

(B.2)

Letting y = x + Δx with Δx → 0 leads to a differential equation, whose solution is
⎛ 2g ′(0)
⎞
f (x) = f (0) exp ⎜
(ψ (x) − ψ (0)) ⎟ .
⎝ g (0)
⎠

(B.3)

Taking equation (B.3) into equation (B.2) leads to
⎛ 2g ′(0)
⎞
g (ψ (x ) − ψ (y ))
exp ⎜
,
(ψ (x ) − ψ (y ) ) ⎟ =
g (ψ (y ) − ψ (x ))
⎝ g (0)
⎠

(B.4)

where ψ (x) is the desired increasing function. Equation (B.4) is the constraint that g, whose argument is
ψ (y) − ψ (x), should fulﬁl. Denote ψ (x) and ψ (y) as x̃ and ỹ , equation (B.4) implies that for a positive λ,
exp(λ (˜
x − y˜)) = g (˜
x − y˜) g (˜
y − x˜), for any x̃ , ỹ . Note that the choice of g is independent of the choice of ψ.
Taking into account that g (x) + g (−x) = 1, we have that g(x) is
g (x ) =

1
⎡
1 + exp ⎣ −

2g ′ (0) ⎤
x
g (0) ⎦

,

(B.5)

solving equation (B.3) for ψ (x), we have
ψ (x) = ψ (0) +

⎡ f (x ) ⎤
g (0)
ln ⎢
⎥.
2g ′(0) ⎣ f (0) ⎦

(B.6)

Taking into account equations (B.5) and (B.6) leads to the imitation function
Q (x , y ) = g (ψ (y ) − ψ (x ) ) =

f (y )
.
f (x ) + f (y )

(B.7)

References
[1] Nowak M A and Sigmund K 2004 Evolutionary dynamics of biological games Science 303 793–9
[2] Szabó G and Fáth G 2007 Evolutionary games on graphs Phys. Rep. 446 97–216
[3] Roca C P, Cuesta J A and Sanchez A 2009 Evolutionary game theory: temporal and spatial effects beyond replicator dynamics Phys. Life
Rev. 6 208–49
[4] Perc M and Szolnoki A 2010 Coevolutionary games—a mini review Biosystems 99 109–25
[5] Helbing D 1993 Boltzmann-like and Boltzmann–Fokker–Planck equations as a foundation of behavioral models Physica A 196 546–73
[6] Traulsen A, Claussen J C and Hauert C 2005 Coevolutionary dynamics: from ﬁnite to inﬁnite populations Phys. Rev. Lett. 95 238701
[7] Antal T, Redner S and Sood V 2006 Evolutionary dynamics on degree-heterogeneous graphs Phys. Rev. Lett. 96 188104
[8] Ohtsuki H, Nowak M A and Pacheco J M 2007 Breaking the symmetry between interaction and replacement in evolutionary dynamics
on graphs Phys. Rev. Lett. 98 108106
[9] van Segbroeck S, Santos F C, Lenaerts T and Pacheco J M 2009 Reacting differently to adverse ties promotes cooperation in social
networks Phys. Rev. Lett. 102 058105
[10] Black A J, Traulsen A and Galla T 2012 Mixing times in evolutionary game dynamics Phys. Rev. Lett. 109 028101
[11] Nowak M A, Sasaki A, Taylor C and Fudenberg D 2004 Emergence of cooperation and evolutionary stability in ﬁnite populations
Nature 428 646–50
[12] Blume L E 1993 The statistical mechanics of strategic interaction Games Econ. Behav. 5 387–424
[13] Szabó G and Töke C 1998 Evolutionary prisoner’s dilemma game on a square lattice Phys. Rev. E 58 69–73

8

New J. Phys. 17 (2015) 023043

B Wu et al

[14] Bürger R 2000 The Mathematical Theory of Selection Recombination, and Mutation (New York: Wiley)
[15] Wu B, Gokhale C S, van Veelen M, Wang L and Traulsen A 2013 Interpretations arising from Wrightian and Malthusian ﬁtness under
strong frequency dependent selection Ecology Evol. 3 1276–80
[16] Traulsen A, Nowak M A and Pacheco J M 2006 Stochastic dynamics of invasion and ﬁxation Phys. Rev. E 74 011909
[17] Karlin S and Taylor H M A 1975 A First Course in Stochastic Processes 2nd edn (London: Academic)
[18] Ewens W J 1979 Mathematical Population Genetics (Berlin: Springer)
[19] Fudenberg D and Imhof L A 2006 Imitation processes with small mutations J. Econ. Theory 131 251–62
[20] Wu B, Gokhale C S, Wang L and Traulsen A 2012 How small are small mutation rates? J. Math. Biol. 64 803–27
[21] Fu F, Hauert C, Nowak M A and Wang L 2008 Reputation-based partner choice promotes cooperation in social networks Phys. Rev. E
78 026117
[22] Sigmund K, de Silva H, Traulsen A and Hauert C 2010 Social learning promotes institutions for governing the commons Nature 466
861–3
[23] Lessard S and Ladret V 2007 The probability of ﬁxation of a single mutant in an exchangeable selection model J. Math. Biol. 54 721–44
[24] Lessard S 2011 On the robustness of the extension of the one-third law of evolution to the multi-player game Dyn. Games Appl. 1
408–18
[25] Wu B, García J, Hauert C and Traulsen A 2013 Extrapolating weak selection in evolutionary games PLoS Comput. Biol. 9 e1003381
[26] Hofbauer J and Sigmund K 1998 Evolutionary Games and Population Dynamics (Cambridge: Cambridge University Press)
[27] Kurokawa S and Ihara Y 2009 Emergence of cooperation in public goods games Proc. R. Soc. B 276 1379–84
[28] Gokhale C S and Traulsen A 2010 Evolutionary games in the multiverse Proc. Natl Acad. Sci. USA 107 5500–4
[29] Gokhale C S and Traulsen A 2014 Evolutionary multiplayer games Dyn. Games Appl. 4 468–88
[30] Peña J, Lehmann L and Nöldeke G 2014 Gains from switching and evolutionary stability in multi-player matrix games J. Theor. Biol.
346 23–33
[31] Traulsen A, Pacheco J M and Imhof L A 2006 Stochasticity and evolutionary stability Phys. Rev. E 74 021905
[32] Wu B, Altrock P M, Wang L and Traulsen A 2010 Universality of weak selection Phys. Rev. E 82 046106
[33] Hauert C 2002 Effects of space in 2 × 2 games Int. J. Bifurcation Chaos 12 1531–48
[34] Mullon C and Lehmann L 2014 The robustness of the weak selection approximation for the evolution of altruism against strong
selection J. Evol. Biol. 27 2272–82

9

