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Abstract

The coil system HS5V10T of W endelstein 7-X is in v estigated with resp ect to its suitabil-

it y for the attainmen t of stable, high- � , high-mirror, lo w-shear, high- � plasma equilibria.

F or this purp ose the coil curren ts of the mo dular coils and the auxiliary coils are v aried

individually , and a suitable curren t con�guration is iterativ ely determined with the help

of a system of n umerical co des that allo ws to calculate v acuum magnetic �elds and to

trace �eld lines (GOURDON co de), to determine �xed-b oundary (VMEC co de) and free-

b oundary equilibria (NEMEC co de), to compute the magnetic �elds of �nite- � equilibria

(MFBE co de), to analyse the magnetic �eld prop erties (JMC co de) and to determine

the neo classical prop erties (GUIDING CENTRE co des).
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1.0 In tro duction

W endelstein 7-X (W7-X) [1 ; 2] is an optimized Helias-t yp e ( HELI cal A dv anced

S tellarator) stellarator with N = 5 p erio ds. F or its optimization the follo wing set of

sev en criteria has b een used [3]:

� MHD prop erties

1. high qualit y of the (v acuum) magnetic surfaces,

2. go o d �nite- � equilibrium prop erties,

3. go o d MHD stabilit y prop erties,

� Neo classical prop erties

4. small neo classical transp ort in the lmfp regime,

5. small b o otstrap curren t in the lmfp regime,

6. go o d collisionless � -particle con�nemen t,

� Realization b y coils

7. go o d mo dular coil feasibilit y .

The plasma b eha viour in the con�nemen t region is completely determined b y the

geometry of the con�nemen t b oundary within the last closed ux surface since this

b oundary yields a Neumann problem for the magnetic �eld inside of this b oundary .

Th us, the optimization with resp ect to the sev en criteria giv en ab o v e w as done b y solv-

ing b oundary v alue problems with the parameters of the plasma b oundary b eing the

optimization v ariables [4 ; 5].

After the plasma equilibrium had b een sp eci�ed, the mo dular coil system w as de-

termined. F or this purp ose the NESCOIL co de ( NE umann S olv er for �elds pro duced b y

external COIL s) [6] w as dev elop ed to solv e a Neumann problem at the plasma b ound-

ary in whic h a surface curren t w as determined on an outer surface enclosing the plasma

b oundary , suc h that the normal comp onen t of the magnetic �eld pro duced b y it w as

minim ize d at the plasma b oundary . The resulting surface curren t distribution on this

outer curren t-carrying surface w as discretized in to a �nite n um b er of curren t lines whic h

represen t the cen tral curren t �lamen ts of the actual �nite-size coils. The shap e of the

outer surface and the n um b er of F ourier comp onen ts of the p oten tial �, from whic h the

curren t line had b een calculated, w ere optimized with resp ect to tec hnical asp ects and

the qualit y of the resulting magnetic �eld in comparison to the originally giv en �eld. As

a result of these calculations a mo dular coil system called HS5V10N [7 ; 8] with 10 coils

p er �eld p erio d has b een obtained, whic h pro vides a magnetic �eld with nested magnetic

surfaces and a sp eci�c rotational transform pro�le.
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A exible exp erimen tal device, ho w ev er, requires a su�cen tly broad range of mag-

netic �eld parameters lik e the rotational transform, the magnetic w ell etc. This is

ac hiev ed b y a set of four planar coils p er �eld p erio d [7 ; 8], whic h is added to the coil

set HS5V10N in a helical arrangemen t. The coil curren ts in the mo dular coils and these

auxiliary coils are individually adjustable in order to pro duce v arious magnetic �eld

con�gurations.

In v estigations of v arious magnetic �eld con�gurations [7 � 10 ] pro duced with the

coil set HS5V10N rev ealed an unfa v ourable asp ect ratio for the high- � case. Its plasma

radius is nearly 20% smaller than that of the standard case. In order to impro v e the

asp ect ratio at high rotational transform v alues it w as necessary to sligh tly mo dify the

mo dular coils. It w as p ossible to do this without signi�can t c hanges of other magnetic

parameters, e.g. the plasma radius and the rotational transform of the standard case,

the shear, the magnetic w ell and the lo w harmonic F ourier comp onen ts of the magnetic

�eld [9] (see also sec. 3.1).

It has b een the aim of this w ork to in v estigate this mo di�ed coil set called HS5V10T

with resp ect to its suitabilit y for the attainmen t of a stable, high- � , high-mirror, lo w-

shear, high- � plasma equilibrium . F or this purp ose, the curren ts of the mo dular and

auxiliary coils are c hanged individually , and a suitable curren t con�guration is deter-

mined iterativ ely using a system of n umerical co des that allo ws to calculate v acuum

magnetic �elds and to trace �eld lines (GOURDON co de), to determine �xed-b oundary

(VMEC co de) [11 ; 12 ] and free-b oundary equilibria (NEMEC co de) [12], to compute the

magnetic �elds of �nite- � equilibria (MFBE co de) [13], to analyse the magnetic �eld

prop erties (JMC co de) [4 ; 14 ; 15 ] and to determine the neo classical prop erties (GUID-

ING CENTRE co des), viz. the neo classical transp ort [16 ; 17 ], the b o otstrap curren t

[18 ; 19 ] and the collisionless � -particle con�nemen t [20].

This pap er is organized as follo ws. Section 2 giv es a description of the iteration

pro cedure and the co de system. V arious v acuum magnetic �elds, whic h are created

b y di�eren t curren t con�gurations, and their prop erties (e.g. � -pro�le, magnetic w ell,

magnetic mirror) are discussed in section 3. Finite- � equilibria, their magnetic �eld

structures and their MHD stabilit y prop erties are studied in section 4, while section 5

deals with the neo classical transp ort and the b o otstrap curren t in the lmfp regime and

the collisionless � -particle con�nemen t. A summary of the results and an outlo ok to

further calculations are giv en in section 6 and, �nally , a complete list of the n umerical

parameters used in the co des men tioned ab o v e is put together in the app endix.
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2.0 Iteration pro cedure and co de system

The coil system HS5V10T prop osed for W7-X (ma jor radius: R

0

= 5.5 m, plasma

radius: a

0

= 0.55 m) consists of �ft y mo dular non-planar coils and t w en t y auxiliary

planar, non-circular coils, that is, ten mo dular and four auxiliary coils for eac h of the

�v e p erio ds. The coils are sup erconducting and pro duce a magnetic �eld strength of 3 T

on the magnetic axis.

AB

12345

FIG. 1: Three-dimensional represen tation of the plasma tub e (orange) of the so-called

standard case (see section 2) and the coil set HS5V10T (blue: mo dular coils 1-5, reddish

bro wn: auxiliary coils A and B) for half a p erio d. The triangular cross-section on the

left side and the b ean-shap ed cross-section on the righ t side include P oincar � e plots of

closed magnetic surfaces. F urthermore, the �v e islands of the standard case (y ello w) and

the prop osed div ertor and ba�e plates (pink) [8 ; 21 ; 22 ] , whic h are in tersected b y these

islands, are sho wn.

Because of the p erio dicit y and the stellarator symmetry only the �v e mo dular and

the t w o auxiliary coil curren ts of half a p erio d are free for v ariations, while the other

curren ts are then determined b y the symmetry conditions. That is, there are sev en

degrees of freedom to pro duce v arious magnetic �elds.
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An o v erview o v er the iteration pro cedure and the co de system for optimizing the

coil curren ts is giv en in Fig. 2. There the iteration lo ops are sho wn including the names

of the corresp onding n umerical co des, whic h are used for the calculations. The iteration

lo ops and the n umerical co des are explained in the follo wing.

� The sev en coil curren ts form the INPUT of the iteration pro cess.

� The coil curren ts are used to determine the v acuum magnetic �eld b y means of Biot-

Sa v art's la w and to trace �eld lines using the GOURDON co de. In addition to

P oincar � e plots of the magnetic �eld structure the GOURDON co de yields the rota-

tional transform and the magnetic w ell of the v acuum magnetic �eld. F urthermore,

the last closed magnetic surface (lcms) is determined.

� The data of the co ordinates along the �eld line forming the lcms are used in the

DESCUR co de [23 ] to appro ximate the lcms b y a set of F ourier co e�cien ts. These

F ourier co e�cien ts are the input of the �xed b oundary equilibrium VMEC co de and

the free-b oundary equilibrium NEMEC co de.

� The VMEC co de ( V ariational M omen ts E quilibrum C o de) [11 ; 12 ] (here only used

in the v acuum case) is an energy minimi zi ng �xed b oundary equilibrium co de as-

suming nested ux surfaces. It determines the plasma equilibrium inside a giv en

�xed b oundary (whic h is the lcms in the v acuum case) and yields the F ourier co-

e�cien ts of the nested ux surfaces and of the magnetic �eld on these surfaces as

w ell as the rotational transform and the magnetic w ell.

� The 3D free-b oundary equilibrium NEMEC co de [12] is a syn thesis of the VMEC

co de and the NESTOR ( NE umann S olv er for TO roidal R egions) v acuum co de [24].

It is used to determine free-b oundary �nite- � Helias equilibria. It yields the F ourier

co e�cien ts of the nested ux surfaces inside and on the plasma b oundary , the F ourier

co e�cien ts of the magnetic �eld on these ux surfaces and the F ourier co e�cien ts of

the p oten tial � on the plasma b oundary , whic h determines the magnetic �eld outside

the plasma b oundary . F urthermore, it calculates the rotational transform on the

ux surfaces, the magnetic w ell and the plasma v olume of the �nite- � equilibrium .

� In order to compute the magnetic �elds of �nite- � equilibria on a grid inside and

outside the plasma b oundary the MFBE co de ( M agnetic Field Solv er for F inite-

B eta E quilibria) [13] is used. This magnetic �eld de�ned on a grid serv es as input

to the GOURDON co de, whic h traces �eld lines inside and outside the plasma

b oundary and determines the lcms of the �nite- � equilibrium . If this lcms do es not

coincide with the plasma b oundary obtained b y the NEMEC co de, the toroidal ux,

whic h is a free parameter in the NEMEC co de, is mo di�ed, that is, the toroidal ux

is determined iterativ ely (see [13]).
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INPUT:

GOURDON:
field line tracing

DESCUR:

NEMEC:

VMEC:

JMC:

MFBE:

CAS3D: GC CODES:

Optimization of the coil currents

  coil currents

Fourier app. lcms

fixed bound. equil.

magn. field prop.

free bound. equil.

magnetic field

GOURDON:
field line tracing

JMC:
magn. field prop.

MHD stability neoclassic. prop.

FIG. 2: Ov erview of the iteration pro cedure and the co de system for optimizing the coil

curren ts.
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� The natural co ordinates for calculating lo cal and global instabilities and neo classical

prop erties are the magnetic co ordinates [25]. Therefore, the JMC co de transforms

the curvilinear co ordinates ( s; u; v ) [11] used in the VMEC and the NEMEC co de

in to the magnetic co ordinates and yields the F ourier sp ectrum of the magnetic �eld,

whic h determines the neo classical prop erties. F urthermore, the stabilit y of the three-

dimensional �nite- � equilibria with resp ect to Mercier [26 ] and resistiv e in terc hange

mo des [27 ] is studied b y means of the JMC co de [4 ; 5 ; 15 ]. If the F ourier sp ectrum of

the magnetic �eld sho ws undesirable prop erties or if the stabilit y criteria of Mercier

and resistiv e in terc hange mo des are not ful�lled the coil curren ts are mo di�ed and

the calculations start from the b eginning.

� The neo classical transp ort [16 ; 17 ], the b o otstrap curren t [18 ; 19 ] and the collisionless

� -particle con�nemen t [20] are calculated with v arious GUIDING CENTRE co des

( GC co des). In the case of unfa v ourable neo classical prop erties the coil curren ts

are mo di�ed.

� The CAS3D co de [28] is a stabilit y co de for nonlo cal mo de analysis starting from

the form ulation of the MHD energy functional in magnetic co ordinates. It has b een

sho wn that in Helias stellarators Mercier mo de stabilit y has to b e satis�ed to a v oid

global mo des and lo w p oloidal n um b er ballo oning mo des then do not exist [3]. The

CAS3D co de has therefore not b een used within the iteration pro cedure describ ed

here.
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3. Prop erties of the v acuum magnetic �elds

3.1 Comparison of HS5V10N and HS5V10T

First, the magnetic �elds pro duced with the coil sets HS5V10N and HS5V10T will

b e compared in this section.

case A

HS5V10N HS5V10T

FIG. 3a: P oincar � e plots of the v acuum magnetic �elds of the standard cases (case A)

for HS5V10N and HS5V10T. A t the symmetri c b ean-shap ed cross-section ux surfaces

(blac k dots), a c hain of �v e islands (green dots), the last closed magnetic surface (red

dots) and ergo dic �eld lines (blue dots) are plotted.

Figures 3a,b sho w the v acuum magnetic �eld structures of the standard cases (case

A) with �v e macroscopic islands and the high- � cases (case B) with four macroscopic

islands outside the last closed magnetic surface (for the corresp onding coil curren ts see

T ab. I I in sec. 3.2). With resp ect to the prop osed div ertor concept [8 ; 21 ; 22 ] - the

div ertor plates in tersect the macroscopic islands [10] - the lcms is de�ned as the last

closed magnetic surface inside the macroscopic islands (red dots in Figs 3a,b). In case A
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only small c hanges in the magnetic �eld structure prev ail (compare also T ab. I), while

imp ortan t di�erences o ccur in case B. There, using the coil set HS5V10T, the v olume

inside the lcms increases, i.e. the asp ect ratio decreases (see T ab. I) and the ergo dization

of the edge region is reduced, i.e. the remnan ts of the macroscopic islands are enlarged.

case B

HS5V10N HS5V10T

FIG. 3b: P oincar � e plots of the v acuum magnetic �elds of the high- � cases (case B)

for HS5V10N and HS5V10T. A t the symmetri c b ean-shap ed cross-section ux surfaces

(blac k dots), four islands (green dots), the last closed magnetic surface (red dots) and

ergo dic �eld lines (blue dots) are plotted.

The F ourier represen tation of the magnetic �eld B in magnetic co ordinates [14 ; 25 ]

is giv en b y

B =

X

m ; n

B

m ; n

( s ) cos [2 � (m � � n � )] ;

with s the ux lab el and � , � the p oloidal (index m) and toroidal (index n) v ariables. A

complete F ourier description of the W7-X magnetic �eld pro duced b y a set of mo dular

and auxiliary coils needs a rather large n um b er of con tributing harmonics, the great

ma jorit y of whic h ma y b e assigned to one of three groups according to their toroidal
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mo de n um b er n. These groups are iden ti�ed with (1) the toroidal nature of the device

(n=0); (2) the stellarator structure (t ypically 1 � n � 3); and (3) the mo dular ripple

(t ypically 8 � n � 12). In particular, the comp onen t B

0 ; 0

describ es the main magnetic

�eld con taining the deep ening of the magnetic w ell at �nite � , B

1 ; 1

represen ts the helical

curv ature, B

1 ; 0

the toroidal curv ature and B

0 ; 1

the mirror �eld.

case A case B

FIG. 4: Comparison of the largest F ourier co e�cien ts B

m ; n

of HS5V10N ( + ) and

HS5V10T (solid line) for the cases A and B. The B

m ; n

s are plotted v ersus

p

s . F ourier

co e�cien ts smaller than 0.01 are not sho wn. B

0 ; 0

( s = 0) = 1 has b een subtracted in

plotting B

0 ; 0

.

case A case B

FIG. 5: Comparison of the rotational transforms � of HS5V10N ( + ) and HS5V10T (solid

line) for the cases A and B.

In Fig. 4 only the largest F ourier co e�cien ts B

m ; n

of cases A and B v ersus

p

s are

sho wn. F or clarit y , F ourier co e�cien ts smaller than 0.01 are neglected. B

0 ; 0

( s = 0) = 1
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is subtracted in plotting B

0 ; 0

. F or the standard case (case A) the B

m ; n

s of the old coil set

HS5V10N denoted with + and the co e�cien ts of the new coil set HS5V10T represen ted

b y solid lines are almost the same, while in the high- � case (case B) small deviations

o ccur. The F ourier co e�cien t B

0 ; 1

corresp onds to a mirror �eld of appro ximately 5% for

the standard case and is sligh tly increased ( � 6%) for the high- � case.

The pro�les of the rotational transform � and the magnetic w ell V

00

are plotted for

the cases A and B in Figs 5 and 6 comparing the t w o coil sets. Again no deviations are

visible in the standard case, while for the high- � case a small deep ening o ccurs.

case A case B

FIG. 6: Comparison of the magnetic w ells V

00

of HS5V10N ( + ) and HS5V10T (solid

line) for the cases A and B.

T ABLE I: Rotational transform �

0

on the magnetic axis, asp ect ratio A , magnetic w ell

V

00

= ( V

0

l cms

� V

0

0

) =V

0

0

( V

0

l cms

= sp eci�c v olume on the lcms, V

0

0

= sp eci�c v olume on

the magnetic axis) and v olume V enclosed b y the lcms for the v acuum magnetic �eld

con�gurations A and B pro duced b y the coil sets HS5V10N and HS5V10T.

case A

coil set �

0

A V

00

[%] V [m

3

]

HS5V10N 0.861 10.69 -1.07 28.88

HS5V10T 0.856 10.79 -1.03 28.48

case B

coil set �

0

A V

00

[%] V [m

3

]

HS5V10N 1.005 12.91 -1.40 19.99

HS5V10T 1.002 11.24 -1.59 25.96
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The results of the comparisons are summed up in T able I, whic h con tains the rota-

tional transform �

0

on the magnetic axis, the asp ect ratio A , the magnetic w ell V

00

and

the v olume V inside the lcms of cases A and B for the t w o coil sets. While the magnetic

�eld prop erties of the standard case are almost unc hanged, the high- � case is impro v ed

b y the new coil set HS5V10T, that is, the asp ect ratio is reduced so that the v olume

inside the lcms increases substan tially .

The comparisons of the standard cases and the high- � cases sho w that an increase

of the rotational transform leads to an increase of the asp ect ratio and a reduction of the

v olume inside the lcms. The rotational transform of the high- � case is only sligh tly higher

than unit y on the magnetic axis. That is, for the corresp onding �nite- � equilibrium with

high a v erage � the rotational transform will fall b elo w unit y - an increase of � leads to

a decrease of the rotational transform - so that the lo w-order rational v alue (5/5) o ccurs

inside the plasma. In the next section the coil curren ts are v aried in order to �nd a

v acuum magnetic �eld con�guration with a higher � -v alue at the magnetic axis without

a to o large reduction of the v olume inside the lcms.
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3.2 High- � , high-mirror magnetic �elds

T o pro duce a high- � , high-mirror v acuum magnetic �eld with reduced shear the coil

curren ts ha v e to b e c hosen suitably . T able I I con tains the curren ts of the mo dular coils

1,...,5 and the planar coils A and B for �v e magnetic �eld con�gurations of W7-X.

T ABLE I I: Curren ts of the mo dular coils 1...5 and the planar coils A and B for �v e

di�eren t magnetic �eld con�gurations of W7-X. I

n

[MA] is the nominal coil curren t

for pro ducing a magnetic �eld strength of h B

0

i = 2 : 5 T , whic h is a v eraged along the

magnetic axis. F

c

is the factor related to the cases A-E for eac h coil t yp e giv en in the

table leading to an individual coil curren t I

c

= I

n

F

c

.

I

n

F

c

case [MA] 1 2 3 4 5 A B

A 1.450 1.000 1.000 1.000 1.000 1.000 0.0 0.0

B 1.593 1.000 1.000 1.000 1.000 1.000 -0.220 -0.220

C 1.556 1.064 1.105 0.962 1.013 0.972 -0.235 -0.235

D 1.717 1.116 1.085 0.846 0.785 0.734 -0.300 -0.125

E 1.779 0.981 1.003 0.846 0.846 0.827 -0.315 -0.150

Case A, the so-called standard case, whic h has already b een discussed in the previous

section, is realized b y equal mo dular coil curren ts and no planar coil curren ts. In order to

obtain the high- � case (case B, see previous section), equal curren ts through the planar

coils are added. T o realize a high mirror the mo dular coil curren ts ha v e to b e v aried

(case C, high- � , high-mirror case), and for reducing the shear the curren ts of the planar

coils ha v e to b e di�eren t (cases D and E, high- � , high-mirror, lo w-shear cases).

Figure 7 sho ws the v acuum magnetic �eld structures of cases C, D and E for the

b ean-shap ed cross-section and in Figs 8, 9 and 10 the corresp onding F ourier co e�cien ts

of the magnetic �eld, the pro�les of the rotational transform and the pro�les of the

magnetic w ell are plotted. While the rotational transform on the magnetic axis increases

from case C to case E, the v olume inside the lcms decreases (see Fig. 7 and compare

also T ab. I I I). That is, a decrease of the shear, as it is realized in case D and case E

(see Fig. 9), is accompanied b y a v olume loss. While the auxiliary coil curren ts inuence

mainly the pro�le of the rotational transform, the mirror is inuenced b y the mo dular

coil curren ts. Case D therefore has the largest mirror �eld of the three cases (see Fig.

8). Its F ourier co e�cien t B

0 ; 1

amoun ts to 20%, whic h is t wice as large as in case C and

case E. F urthermore, the magnetic w ell depth of case D is clearly reduced with resp ect

to the cases C and E (see Fig. 10).
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case C case D

FIG. 7: P oincar � e plots of the v acuum

magnetic �elds of cases C, D and E. A t the

symmetric b ean-shap ed cross-section ux

surfaces (blac k dots), four islands (green

dots), the last closed magnetic surface

(red dots) and ergo dic �eld lines (blue

dots) are plotted.

case E
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case C case D

case E

FIG. 8: Largest F ourier co e�cien ts B

m ; n

of

cases C, D and E. The B

m ; n

s are plotted

v ersus

p

s . F ourier co e�cien ts smaller than

0.01 are not sho wn. B

0 ; 0

( s = 0) = 1 has

b een subtracted in plotting B

0 ; 0

.
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FIG. 9: Comparison of the rotational

transforms � of cases C ( � ), D ( + ) and

E (solid line).

FIG. 10: Comparison of the magnetic

w ells V

00

of cases C ( � ), D ( + ) and E

(solid line).

The results of the comparisons of cases C, D and E are summed up in T able I I I,

whic h con tains the rotational transform �

0

on the magnetic axis, the asp ect ratio A , the

magnetic w ell V

00

and die v olume V inside the lcms.

T ABLE I I I: Rotational transform �

0

on the magnetic axis, asp ect ratio A , magnetic w ell

V

00

= ( V

0

l cms

� V

0

0

) =V

0

0

( V

0

l cms

= sp eci�c v olume on the lcms, V

0

0

= sp eci�c v olume on

the magnetic axis) and v olume V enclosed b y the lcms for the v acuum magnetic �eld

con�gurations C, D and E.

case �

0

A V

00

[%] V [m

3

]

C 1.018 11.41 -1.38 25.19

D 1.058 11.80 -0.66 24.38

E 1.062 12.85 -1.16 20.48
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4. MHD prop erties

4.1 Finite- � magnetic �eld prop erties

The newly dev elop ed MFBE co de [13] allo ws extended in v estigations of the �nite- �

structure of the magnetic �eld. It computes the �nite- � magnetic �eld inside and outside

the plasma b oundary and, th us, mak es an iterativ e determination of the lcms p ossible.

F ree-b oundary equilibria with an a v erage b eta of h � i = 0 : 04 are computed b y means

of the NEMEC co de for the high- � , high-mirror cases C, D and E, and the corresp onding

magnetic �elds of these equilibria are determined on a grid b y using the MFBE co de.

Figure 11 sho ws the P oincar � e plots of the magnetic �elds of cases C, D and E for the

b ean-shap ed cross-sections. They are the results of the iteration pro cedure that allo ws

to �nd the lcms b y coupling of the NEMEC and the MFBE co de [13].

The comparison of the �nite- � �elds with the corresp onding v acuum �elds giv en in

Fig. 7 sho ws that the v olume inside the lcms decreases, i.e. the asp ect ratio increases

(see also T ables I I I and IV). F urthermore, the magnetic axis is sligh tly mo v ed in out w ard

direction and the ergo dization of the edge region is increased. The large remnan ts of

the 5/4-islands, whic h prev ail in the edge regions of the v acuum �elds of cases C and E,

almost disapp ear for h � i = 0 : 04, while the closed magnetic surfaces in the v acuum edge

region of case D ergo dize and relativ ely large remnan ts of the 5/4-islands are still found

in the �nite- � �eld.

In Fig. 12 the largest F ourier co e�cien ts B

m ; n

of the magnetic �elds of cases C, D

and E are giv en for h � i = 0 : 04. All F ourier comp onen ts except B

0 ; 0

dep end only w eakly

on � (compare Fig. 8). This is a consequence of the w eak c hange in geometry of the ux

surfaces as � is increased (see Figs 7 and 11).

The pressure pro�les and the rotational transform pro�les of cases C, D and E with

h � i = 0 : 04 are plotted in Figs 13 and 14. The steep est pressure pro�le b elongs to case

E, while it attens from case E to D b ecause of the increasing plasma v olume (see T ab.

IV). The rotational transform �

0

(0) on the magnetic axis lies ab o v e unit y for the cases D

and E and b elo w unit y for case C. In the latter case this lo w rotational transform v alue

app ears at appro ximately half the plasma radius (see Figs 11 and 14).
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case C case D

FIG. 11: P oincar � e plots of the magnetic

�elds of cases C, D and E for h � i =

0 : 04 . A t the symmetric b ean-shap ed

cross-section ux surfaces (blac k dots),

four islands (green dots), the last closed

magnetic surface (red dots) and ergo dic

�eld lines (blue dots) are plotted. In case

C the rotational transform v alue � = 5 = 5

(pink dots) app ears at appro ximately half

the plasma radius.

case E

18



case C case D

case E

FIG. 12: Largest F ourier co e�cien ts B

m ; n

of

cases C, D and E for h � i = 0 : 04 . The B

m ; n

s

are plotted v ersus

p

s . F ourier co e�cien ts

smaller than 0.01 are not sho wn. B

0 ; 0

( s =

0) = 1 has b een subtracted in plotting B

0 ; 0

.
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FIG. 13: Comparison of the pressure

pro�les p of cases C ( � ), D ( + ) and E

(solid line) for h � i = 0 : 04 .

FIG. 14: Comparison of the rotational

transforms � of cases C ( � ), D ( + ) and

E (solid line) for h � i = 0 : 04 .

The results of the comparisons of cases C, D and E for h � i = 0 : 04 are summed up in

T able IV, whic h con tains the � -v alue �

0

on the magnetic axis, the rotational transform

�

0

on the magnetic axis, the asp ect ratio A and the v olume V inside the lcms.

T ABLE IV: � -v alue �

0

on the magnetic axis, rotational transform �

0

on the magnetic axis,

asp ect ratio A and v olume V enclosed b y the lcms for the magnetic �eld con�gurations

C, D and E with h � i = 0 : 04 .

case �

0

�

0

A V [m

3

]

C 0.121 0.957 12.92 20.53

D 0.116 1.020 12.38 22.70

E 0.121 1.006 14.07 17.73
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4.2 MHD stabilit y prop erties

The MHD stabilit y prop erties of �nite- � equilibria ( h � i = 0 : 04) are studied with

resp ect to the Mercier [26 ] and resistiv e in terc hange [27] criteria b y means of the JMC

co de [4 ; 14 ; 15 ].

case C case D

case E

FIG. 15: Mercier ( + ) and re-

sistiv e in terc hange ( � ) criteria

( h � i = 0 : 04 ) v ersus

p

s of cases

C, D, and E.

Figure 15 sho ws the Mercier (+) and resistiv e in terc hange (�) criteria of cases C,

D, and E. While for case C a �nite region of formal instabilit y prev ails around

p

s = 0 : 6

( � (0 : 6) = 5 = 5), cases D and E are stable. Therefore, only the cases D and E will

b e studied with resp ect to their neo classical prop erties in the next section. In these

latter t w o cases only higher rational v alues o ccur, viz. � (0 : 69) = 15 = 14 for case D, and

� (0 : 75) = 15 = 14 and � (0 : 91) = 10 = 9 for case E. Since the free-b oundary equilibrium

computations w ere made with m=0,1,2,..., 14, n=-12,...,0,...,12 F ourier co e�cien ts, only

the resonances m/n=5/5 of case C and m/n=10/9 of case E are at least formally resolv ed

b y these calculations (for details see app endix).
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5. Neo classical prop erties

5.1 Neo classical transp ort

The structure of the magnetic �eld in terms of its F ourier comp onen ts B

m ; n

as sho wn

in Fig. 12 go v erns the neo classical prop erties. In the long mean free path (lmfp) regime

particles trapp ed in lo cal `ripple' w ells created b y these F ourier harmonics determine

the neo classical transp ort rate. F or W7-X these lo cal w ells are of t w o t yp es: the basic

non-axisymmetric structure of B (t ypically 1 � n � 3) and the mo dular ripple (t ypically

8 � n � 12). The latter is a consequence of the discrete nature of the individual coils

whic h pro duce the W7-X magnetic �eld. Figure 16 sho ws the mo dular ripple sp ectra of

cases D and E for h � i = 0 : 04. In b oth cases these comp onen ts ha v e b een neglected in

the follo wing calculations (see app endix) b ecause of their v ery small v alues ( < 0 : 4%).

case D case E

FIG. 16: Mo dular ripple co e�cien ts of cases D and E v ersus

p

s for h � i = 0 : 04 . Not

sho wn, for clarit y , are comp onen ts with similar b eha viour: B

� 1 ; 10

, B

0 ; 10

, B

� 1 ; 11

, B

2 ; 11

,

B

� 1 ; 12

, B

1 ; 12

, B

2 ; 12

(case D) and B

2 ; 11

, B

1 ; 11

, B

2 ; 10

(case E).

22



case D case E

FIG. 17: Normalized transp ort co e�cien t D

�

v ersus normalized mean free path L

�

of

cases D and E at appro ximately half the plasma radius and h � i = 0 : 04 . The equiv alen t

ripple is �

e

= 6 : 5% for case D and �

e

= 2 : 2% for case E.

Figure 17 sho ws the normalized transp ort co e�cien t D

�

v ersus the normalized mean

free path L

�

of cases D and E computed with Mon te Carlo metho ds [16 ; 17 ]. The

normalized mean free path is de�ned as L

�

= � =L

c

, where � is the mean free path and

L

c

is half the connection length. The normalized transp ort co e�cien t D

�

is in tro duced

b y D

�

= D =D

p

, with D

p

= plateau v alue. The dep endence of D

�

on L

�

in the lmfp

regime corresp onds to an equiv alen t ripple �

e

of 6 : 5% for case D and 2 : 2% for case E.

The high ripple of case D results from the large F ourier harmonic B

0 ; 1

, whic h determines

the mirror �eld, in com bination with the other F ourier comp onen ts whic h are presen t

here. A reduction of this comp onen t as done in case E, leads to a reduction of the

equiv alen t ripple. So, only case E with an equiv alen t ripple of 2 : 2% ful�ls the optimization

criterion of small neo classical transp ort in the lmfp regime. The other t w o neo classical

optimization criteria - small b o otstrap curren t in the lmfp regime and go o d collisionless

� -particle con�nemen t - will, therefore, here only b e in v estigated for case E.
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5.2 Bo otstrap curren t

Besides the classical MHD-equilibrium �nite- � e�ect on the rotational transform,

also the b o otstrap curren t inuences the rotational transform pro�le. It has therefore to

b e su�cien tly small to a v oid large inuences on the v acuum rotational transform whic h

ma y lead to critical lo w-order � = n = m v alues in the case of lo w shear.

In order to determine the b o otstrap curren t of case E again a Mon te Carlo sim ulation

tec hnique is used, that is, an ensem ble of mono energetic sim ulation particles is pushed in

time (drift orbit tracing and pitc h angle scattering). This pro cedure leads to an a v eraged

parallel curren t, namely the b o otstrap curren t h v

jj

i (for details see [18] and references

quoted therein).

FIG. 18: Mono energetic Mon te Carlo distribution a v eraged o v er the plasma radius as

a function of the pitc h angle for case E h � i = 0 : 04 . Dimensionless parameters for this

sim ulation are the ratio of the plasma radius a to the gyro radius � , Q

�

=

a

�

= 10

2

, and

the ratio of the mean free path � to half the connection length L

c

= � R=� , L

�

= � =L

c

=

10

3

.

Figure 18 sho ws the mono energetic Mon te Carlo distribution a v eraged o v er the

plasma radius as a function of the pitc h angle � = v

jj

=v for case E. The v ery small

asymmetry of the distribution function indicates a rather small b o otstrap curren t, h � i =

� 0 : 3%. The equiv alen t tok amak b o otstrap curren t [19] is h � i

T ok

= �

1 : 4

p

A

�Q

�

= � 5 : 2%,

that is

h � i

h � i

T ok

= 0 : 06.
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5.3 Collisionless � -particle con�nemen t

The W7-X device attempts to com bine small equiv alen t ripple, v anishing b o otstrap

curren t and su�cien tly go o d collisionless � -particle con�nemen t; the latter b y creating

p oloidally closed J -con tours at �nite � , with J the second adiabatic in v arian t, J =

R

v

jj

dl .

F or computing the collisionless � -particle con�nemen t guiding cen tre orbits of a

sample of � -particles are started at a giv en asp ect ratio A with random v alues of � , �

and the pitc h angle � = v

jj

=v . F rom this sample a sample of particles whic h ev er get

reected is obtained and the long time collisionless orbits of these are then follo w ed (for

more details see [20]).

FIG. 19: � -particle losses as a function of the collisionless time of igh t for case E

h � i = 0 : 04 . 35% of the particles get reected (dashed line) and only 5% of them get lost

within the slo wing-do wn time of � 0 : 1 s .

Figure 19 sho ws the � -particle losses as a function of the collisionless time of igh t.

F rom a sample of particles (100%) 35% of the particles get reected and only 5% of

them get lost. That is, case E with h � i = 0 : 04 ob viously exhibits a go o d collisionless

� -particle con�nemen t within the slo wing-do wn time of � 0 : 1 s .
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6. Summary and outlo ok

Magnetic �elds and �nite- � equilibria of �v e coil curren t distributions (A: standard

case, B: high- � case, C: high- � , high-mirror case, D and E: high- � , high-mirror, lo w-

shear cases) pro duced b y the coil set HS5V10T ha v e b een in v estigated with resp ect to

their MHD and neo classical prop erties. F or this purp ose, an iteration pro cedure based

on sev eral n umerical co des has b een used. As a result, case E w as found to ful�l all

optimization criteria. Th us, the coil set HS5V10T is suitable for the attainmen t of a

stable, high- � , high-mirror, lo w-shear, high- � plasma equilibrium .

The iteration pro cedure is a useful to ol to compute coil curren t distributions whic h

will serv e as an input in order to realize exp erimen tally sp eci�c magnetic �eld con�g-

urations. A surv ey of coil curren ts represen ting in teresting con�gurations within the

exibilit y space of W7-X will b e useful.
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App endix: n umerical parameters

The co des summarized in Fig. 2 use n umerous n umerical parameters whic h are giv en in

this app endix.

� INPUT:

The coil curren ts of the 50 mo dular and 20 auxiliary coils, whic h are normalized to a

ma jor radius R

0

= 5 : 5 m are represen ted b y cen tral, in�nitely thin �lamen ts. These

�lamen ts are discretized in 96 straigh t �lamen ts in case of the mo dular coils and 48

straigh t �lamen ts in case of the auxiliary coils.

� GOURDON CODE:

The v acuum magnetic �eld is determined on a grid. The cylindrical grid b o x co v ers

the relev an t region inside the �rst w all. It is cen tred around R

0

= 5 : 5 m, Z

0

= 0 m

with a side length of � R = 2 : 5 m and � Z = 2 : 8 m. The b o x is divided in to

200 toroidal grid p oin ts p er p erio d, 101 radial grid p oin ts and 101 grid p oin ts in Z-

direction. This discretization corresp onds to a cell size of 0 : 035 m � 0 : 025 m � 0 : 028 m.

F or �eld line tracing a step size of 0 : 022 m has b een c hosen. It guaran tees a high

n umerical accuracy . The n um b er of toroidal transits, for whic h the �eld lines are

traced, v aries b et w een at least 15 for inner closed magnetic surfaces and 250 transits

for determining the p osition of the lcms for �nite- � �elds. The p osition of the lcms

is determined with an accuracy � 0 : 001 m at the midplane of the b ean-shap ed cross-

section in out w ard direction.

A �eld line whic h is used in the DESCUR co de to appro ximate the lcms b y a set of

F ourier co e�cien ts is traced for 75 transits and the co ordinates along the �eld line

are computed at 64 cross-sections p er p erio d.

� DESCUR CODE:

The F ourier appro ximations of the last closed magnetic surfaces are made for m + 1

p oloidal mo des (m = 14) and 2n + 1 toroidal mo des (n = 12). F or this purp ose,

300 co ordinate p oin ts of the corresp onding �eld line in p oloidal direction and 64

co ordinate p oin ts p er p erio d in toroidal direction are used.

� VMEC/NEMEC CODE:

These co des are energy minim iz ing �xed/free b oundary co des assuming nested ux

surfaces. The cylindrical co ordinates R ( s; u; v ), Z ( s; u; v ) and � ( v ) (the cylindrical
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angle � ( v ) should not b e confused with the magnetic co ordinate � ) are expanded in

F ourier series [11 ; 12 ]:

R ( s; u; v ) =

m

u

; n

v

X

m=0 ; n= � n

v

^ r ( s )

m ; n

cos 2 � (m u � n v ) ;

Z ( s; u; v ) =

m

u

; n

v

X

m=0 ; n= � n

v

ẑ ( s )

m ; n

sin 2 � (m u � n v ) ;

� ( v ) =

2 �

N

p

v :

Here, s is the normalized radial ux co ordinate from s = 0 (axis) to s = 1 (plasma

b oundary), u (p oloidal) and v (toroidal) are angle-lik e v ariables (0 � u; v < 1) and

N

p

giv es the n um b er of p erio ds (N

p

= 5). F or the calculations m

u

+ 1 p oloidal

mo des (m

u

= 14) and 2n

v

+ 1 toroidal mo des (n

v

= 12) are used. The F ourier series

are computed on a mesh of M

u

= 60 (p oloidal direction) times N

v

= 36 (toroidal

direction) times N

s

= 129 (radial direction, n um b er of nested ux surfaces) p oin ts,

that is, M

u

= 4m

u

and N

v

= 3n

v

.

� MFBE CODE:

The magnetic �elds of the �nite- � equilibria are determined on the same grid as used

b y the GOURDON co de describ ed ab o v e (for details see [13 ]). The v acuum �eld B

v

outside the plasma b oundary is giv en b y

B

v

( r ) = B

0

( r ) +

1

4 �

Z

@ R

r G ( r ; r

0

)( B

0

0

� d f

0

) �

1

4 �

Z

@ R

�( r

0

) r ( r

0

G ( r ; r

0

) � d f

0

) ;

with G ( r ; r

0

) =

1

j r � r

0

j

Green's function and �( r ) p oten tial. The p ositions r

0

are

in the b oundary @ R , while r represen ts a p osition outside the plasma b oundary .

In order to obtain a high n umerical accuracy it is necessary to adapt the n um b er

of in tegration p oin ts in this equation for eac h grid p oin t to its distance from the

plasma b oundary . Since this distance ma y b e v ery small for some grid p oin ts a

non-equidistan t in tegration mesh is used. T o this end, the smallest distance of eac h

individual grid p oin t from the plasma b oundary and its pro jection ( u

0

; v

0

) on to the

b oundary is determined. Around this p oin t ( u

0

; v

0

) the in terv al of in tegration is set

to a v alue whic h is m uc h smaller than the distance of the grid p oin t ( � 1 = 100 of the

distance). F urther a w a y from this p oin t the in terv al of in tegration is increased step

b y step to an upp er limit whic h corresp onds to the equidistan t in tegration mesh size

used far a w a y from the grid p oin t, that is 50 in tegration p oin ts in p oloidal direction

and 100 in tegration p oin ts p er p erio d in toroidal direction. This corresp onds to a

in tegration step size of � 0 : 07 m in b oth directions. F or distances of grid p oin ts

smaller than a v ery small fraction ( < 2 � 10

� 4

) of the plasma radius, the magnetic

�eld is extrap olated from the �eld inside the plasma b oundary .
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� JMC CODE:

The F ourier represen tation of the magnetic �eld in magnetic co ordinates is made for

m + 1 p oloidal mo des (m = 15) and 2n + 1 toroidal mo des (n = 12). F rom these

B

m ; n

s those whic h are larger than 8 � 10

� 4

are c hosen.

T ABLE A1: F ourier comp onen ts B

m ; n

of cases D and E ( h � i = 0 : 04 ) whic h are

larger than 8 � 10

� 4

(mark ed b y crosses).

n n m 0 1 2 3 4

12 x x

11 x x

10 x

9 x

8 x

7

6 x x

5 x

4 x x x

3 x x x x

2 x x x x x

1 x x x x

0 x x x x x

-1 x x x

-2 x x

-3 x x

-4 x

-5

-6

-7 x x

-8 x x x

-9 x x

-10 x

-11 x

-12 x

n n m 0 1 2 3 4 5

12

11 x x

10 x x

9 x

8 x

7

6 x

5 x x

4 x x x

3 x x x x x

2 x x x x x x

1 x x x x x x

0 x x x x

-1 x x x

-2 x x x

-3 x x

-4 x

-5 x

-6 x

-7 x

-8

-9 x x

-10 x

-11

-12

case D case E
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� GUIDING CENTRE CODES:

F or computing the equiv alen t ripple, the b o otstrap curren t and the collisionless � -

particle con�nemen t only B

m ; n

s larger than 5 � 10

� 3

are used. They are listed in

T able A2. The step size for tracing the guiding cen tres is � 1 = 20 of the p erio d

length.

T ABLE A2: F ourier comp onen ts B

m ; n

of cases D and E ( h � i = 0 : 04 ) whic h are

larger than 5 � 10

� 3

(mark ed b y crosses).

n n m 0 1 2 3

4

3 x x x

2 x x

1 x x

0 x x x

-1

-2 x x

-3

-4

n n m 0 1 2 3

4 x

3 x x

2 x x x

1 x x

0 x x x

-1 x

-2 x

-3

-4

case D case E
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