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Abstract. On the way to a comprehensive understanding of the properties of
a burning plasma the physics of super-thermal particles due to external heating
and fusion reactions plays a key role. Especially Alfvén and Alfvén-acoustic type
instabilities are predicted to strongly interact with the fast particle population and to
contribute critically to the radial redistribution of the energetic ions.
This paper focuses on the comparison of the kinetic dispersion relation for
BAEs/GAMs [1] with numerical results obtained by the gyrokinetic eigenvalue code
LIGKA [2] and experimental findings at ASDEX Upgrade. It is shown that thermal
ions with a finite perpendicular energy (circulating and trapped) modify the dispersion
relation significantly for low frequencies. The resulting frequency down-shift together
with shaping and diamagnetic effects is crucial to explain the mode frequency as
measured at ASDEX Upgrade stressing the importance of a kinetic description for
frequencies comparable to the thermal ion transit frequency.
In the second part the BAE frequency behaviour during a sawtooth-cycle is
investigated and the possibility of an accurate q-profile determination via kinetic Alfvén
spectroscopy is discussed.
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1. Introduction
Although beta-induced Alfvén eigenmodes (BAEs) [3, 4] and geodesic acoustic modes
(GAMs) [5] are closely related and are in fact in the long wave-length limit described
by the same dispersion relation [6, 7, 8, 9, 10], their experimental manifestation
and their consequences for tokamak research are quite different. Whereas BAEs are
electromagnetic, n 6= 0 perturbations, driven by energetic particles, usually located
in the plasma core at roughly 30% to 50% of the toroidal Alfvén eigenmode (TAE)
frequency, the GAMs are n = 0, mostly electrostatic modes closely related to the zonal
flow and turbulence physics especially at the plasma edge.
Their kinetic dispersion relation has been first derived by Zonca [1] in the ballooning
representation. A generalised expression including finite Larmor orbit and finite orbit
width effects can be found in reference [11]. Recently, several alternative derivations
(e.g. by Nguyen via Fourier expansion, high-q limit [9] and by Elfimov via dielectric
tensor formulation [12]) were reported. Furthermore, also elongation effects for the
GAM dispersion relation were analytically and numerically investigated [13, 14].
The relevant dispersion relation was re-derived [15] for the gyrokinetic model [16]
underlying the eigenvalue code LIGKA [2]. This derivation is also based on a Fourier
expansion in the poloidal angle but keeps the full resonances, i.e. is valid for low q.
Keeping the m ± 1-sidebands, retaining the geodesic curvature and the sound wave
coupling by an appropriate approximation of the propagator integrals, leads to:
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tion. Although obtained in a completely different way, eqn. (1) is very similar (same
coefficients) to the ballooning formulation result. The asymmetry in the ω∗ terms (omitted in the first derivation based on LIGKA’s set of equation in [15]) was pointed out by
Zonca [17, 18].
The aim of this paper is the following: after describing the experimental parameters, the
validity of treating only circulating thermal ions with vanishing perpendicular energy,
i.e. Λ = µB0 /E = 0, is investigated. All analytical models except a very recent work
including deeply trapped particles [19] rely on this simplification. Due to the one-to-one
correspondence of the analytical and the numerical coefficients in a linear eigenvalue
code, the correctness of the numerics and the limits of the analytical approximations
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can be checked.
Therefore, this study assesses also the question if a fully kinetic treatment of the thermal
background species for this low- frequency regime is important or if MHD/fluid theories are sufficient. It will be shown, that diamagnetic and shaping effects together with
Λ 6= 0 and trapped particle contributions modify the dispersion relation in a non-trivial
way. The resulting downshift of the BAE/GAM continuum frequency is essential to
explain the experimentally measured BAE frequency. In the second part the evolution
of the BAE continuum accumulation point during a sawtooth cycle at ASDEX Upgrade
is followed analytically and is compared to the experimental findings. This procedure
assumes that the mode is mainly a gap mode, or at least close to the gap. In the experiment no bursty mode behavior can be seen. We take this as an indication that the
mode drive is too weak to excite the energetic-particle branch and therefore the gapmode hypothesis seems to be justified. Moreover, this analysis checks the hypothesis
that the mode described in ref. [20] (’sierpes’) is a BAE mode.
In the last part the simultaneous appearance of Alfvén-Cascades (RSAEs) and BAEs is
investigated, relying on radial localisation information given by the soft-X-ray diagnostic [21].

2. Experimental values
#20488 is a low density discharge with 800kA and an ICRF heating power of 4.5M W .
The observed sawtooth inversion radius derived from ECE measurements is %pol = 0.37
or r = 18cm, determining an upper bound for the q = 1 surface. From the profiles
shown in fig. 1 (fit of several combined density diagnostics and ECE data) the gradients
are found to be ∇n/n = −1.9m−1 and ∇Te /Te = −4.5m−1 before the sawtooth crash
and ∇Te /Te = −1.8m−1 after the crash. The density profile is assumed to stay constant during the sawtooth cycle, in agreement with experimental observations. With
kθ = −m/rs = m/18cm = m · 5.5m−1 , Te = 3.5keV and B = 2.43T one obtains
f∗p = ω∗p /2π = (ω∗n + ω∗T )/2π = m(2.3kHz + 5.5kHz) = m · 7.8kHz for the steep profile
and f∗p = ω∗p /2π = m(2.3kHz + 2.2kHz) = m · 4.5kHz for the flat profile. As error
one can assume roughly 10-15 % for the temperature gradient and about 20 % for the
density gradient. For a typical mode number of n = 5, m = 5 the diamagnetic frequency
can be up to a third of the observed BAE frequency and thus significantly modifies its’
dispersion relation. It should be noted that these gradients do not exceed the typical
values determined in transport studies at ASDEX Upgrade where the critical gradient
length limited by the onset of strong electron heat transport was found to be above
∇Te /Te = −6m−1 [22].
The thermal velocity of the deuterium ions at the q = 1 surface is 0.095vA0 (β ≈ 1.8%)
√
with vA0 = B0 / µ0 ni0 mi = 6.0 · 106 m/s. R0 is 1.72m, the mid-plane minor radius
a = 0.5m. For this discharge, no ion temperature measurements are available, therefore τ = Te /Ti = 1 is assumed. This assupmtion is motivated by previous studies of
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Figure 1. Density (as obtained by a combination of core Thomson scattering data,
interferometer, reflectometer and Lithium beam data), temperature (ECE) and qprofiles for the two discharges discussed in this paper. Sawtooth precursors with a
frequency of 4 kHz at #20488 are seen in the magnetics.

IRCF heated discharges at ASDEX Upgrade[23].In shot #20488 a sawtooth precursor
of 4 kHz was observed, determining the approximate toroidal rotation frequency at the
q = 1 surface.

3. Comparison of analytical and numerical results
With the parameters above the dispersion relation (1) is investigated and compared
to numerical results obtained by the LIGKA/HAGIS [24] codes. As a first point, the
approximation for the crucial operator containing the geodesic curvature (vd · ∇)r =
v2
∂
ωdr sin θ ≈ ΩcithiR0 sin θ ∂r
is investigated. Fig. 2 shows how for increasing perpendicular energy i.e. increasing Λ = µB0 /E the radial drifts start to deviate from the fast
circulating particle approximation θ ≈ ωt · t where ωt is the transit frequency, t the
time variable and θ the poloidal angle along the particles’ orbit. Some differences even
for Λ = 0 due to the inclusion of finite aspect ratio effects, the Shafranov shift, the
elongation κ ≈ 1.2 and the variation of the background parameters (like q) along the
unperturbed particle orbits are found. As predicted in reference [13], the geometrical
effects reduce the radial drift velocity (in this case about 12%, a 1/κ-dependence would
predict 20%). The differences become even larger at the plasma edge. Also the trapped
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Figure 2. Radial drift velocity along one transit for circulating (left column) and
trapped (right column) in the plasma center (%pol ≈ 0.37, first row) and at the plasma
edge (%pol ≈ 0.95, second row). In black, the analytical approximation vdr sin(θ), in
red HAGIS results. The particle energy is 2keV. Here,  is the local aspect ratio
r/R0 ≈ 0.11, and Λ = 1 −  is an approximation for the trapped-passing boundary.

particle case is shown in fig 2.
The next step in the analytical derivation is the integration of the propagator along
the particle orbits
Z τt h
i
δk,±1 ∓
ωr
1
G
ω +δk ωprec(2)
dt ωdθ cos(θ)+ d sin(θ)+ωprec eiσkωt t =
ak,m,σ =
τt ω 0
i
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2π −π
i
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= δp,m−k±1
+ δp,m±k ωprec .
(3)
2ω
Here, m is the poloidal mode number, k counts the harmonics of the circulating motion,
σ = 1 for co-passing and −1 for counter-passing particles, ωdθ is the poloidal drift and
ωprec the precessional drift which is small for background ions and is therefore neglected
in the following analytical treatment. ωd± = ωdθ ± ωdr and p counts the harmonics of the
G
projection operator eipθ . Fig. 3 shows the radial part of the coefficient aG
1,4,1 · K4,4,1,1 ,
normalised to the analytical result (eqn 2). A strong dependence on the pitch angle
parameter Λ can be seen, especially close to the trapped-passing boundary. Again, due
to geometrical effects, there are differences (≈ 10%) even at Λ = 0.
Now the integration over velocity space is carried out. Taking into account the k ±1
resonances and summing up over co and counter-passing particles results in the factors
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Figure 3. weighted, normalised propagator integrals as a function of pitch angle
variable Λ and energy (formula 2 * formula 3 ): in the fast circulating approximation,
this orbit integral is 1. The numerical result shows significant differences, even in the
Λ = 0 limit due to the geometrical effects.
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Figure 4. BAE continuum near the q = 1 surface: down-shift of the minimum due to
diamagnetic effects, elongation and particles with Λ 6= 0.

H (geodesic curvature) , N (coupling terms) and D (sound wave) as defined in eqn (1).
Comparing the results is rather involved, since these coefficients depend on a guess of ω.
At high frequencies ω  ωt the agreement of the analytical and the numerical results is
rather good, since only fast circulating particles contribute (here: ω ≈ 4ωt ). For lower
ω also particles with Λ 6= 0 become increasingly important in the resonance integrals
and therefore quite large differences can appear. For even lower frequencies, i.e. if the
mode frequency is comparable to the bounce frequency ω ≈ ωb the dispersion relation
(1) will change significantly as also shown analytically in reference [19].
In order to demonstrate the influence of ω∗ , the geometrical effects and the applied
approximations, the local solutions of the dispersion relation for the parameters of discharge #20488 at 1.92s near the q = 1 surface are discussed. For the solving the
analytical formula, a post-processing Nyquist-solver for eqn. 1 based on experimental
profiles (q, B, n, T, ∇n, ∇T ) as given by the equilibrium reconstruction code CLISTE
[25] is employed. Also the LIGKA code uses realistic profiles, however, in this case all
integrals are solved numerically [2]. The results are plotted in figure 4. Solutions (1), (2)
and (3) are based on the analytical dispersion relation, where (1) is without diamagnetic
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Figure 5. spectrogram (Mirnov coils) and central electron temperature evolution for
#20488

effects, (2) with diamagnetic effects and (3) is solution (2) scaled with an elongation
√
factor of 1/ κ2 + 1 [13] with κ = 1.2. Solutions (4) to (6) are iterated solutions, strictly
valid only for large q. However, since ωt /ω = vthi /(qRω) ≈ 0.65 is not too large, the
iterated solutions are of some interest for the BAE regime and therefore included in
figure 4. Solution (4) refers to formula (19) in reference [26], (5) represents formula (10)
in ref. [13] and (6) is the simple 7/4 + τ approximation that can be derived from formula
(1) in the cold ion, hot electron limit neglecting sound wave coupling and diamagnetic
effects. (7) is the numerical LIGKA result. By chance, the simplest solution lines up
perfectly with the experimental mode frequency, 94 kHz. Only the results containing
diamagnetic effects together with an elongation correction (3, 7) are close to the experimental value. This leads to the conclusion that the down-shift due to these effects is
crucial for understanding the experimentally measured mode frequency. Furthermore,
avoiding the fast-circulating approximation and taking into account trapped particles
(LIGKA-solution, 7) gives an additional significant down-shift of about 20%. The functional dependence of this shift - obviously on the aspect ratio - will be investigated
elsewhere.

4. The BAE mode during a sawtooth cycle
In the following, the evolution of the mode frequency (#20488) during a sawtooth cycle
will be analysed. We start with assuming a flat q-profile and a rather flat temperature
profile (t = 1.92s), see fig. 1. According to observations at ASDEX Upgrade based on
MSE measurements [27] the q = 1 surface remains at the same radial location (here
%pol = 0.37). Moreover, ∇Te /Te rises as described in section 2. The BAE continuum
accumulation point at the q = 1 surface according to formula 1 is plotted in fig. 6. (All
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Figure 6. Analytical results (formula 1) for the BAE continuum accumulation point
at the q = 1 surface. The horizontal lines indicate the experimentally seen frequency
dip of about 15kHz (see fig. 5). Taking into account the error bars (as indicated by
the vertical columns) shows that the frequency minimum is indeed consistent with the
experimental data.

frequencies are normalised to the on-axis Alfvén frequency.) The BAE-frequency passes
through a minimum for n ≥ 4. This is consistent with the experiment (see fig. 5) since
the mode number analysis yields a mixture of n = 4, 5, 6 for the signal between 85 and
105 kHz. The fact that modes with different toroidal mode numbers overlay is supported
by shot #22325 where a clear splitting of several toroidal mode branches caused by the
Doppler shift due to NBI-induced plasma rotation was found [28]. Although keeping
in mind that there is an additional downshift as discussed in the previous section, the
theoretically found dip of about 15kHz during the sawtooth cycle (fig. 6) is consistent
with the experiment where the most prominent mode is n = 5. A rough error estimation
is given as well in fig. 6.
It should be noted that the frequency-minima are slightly different for different
mode numbers (≈ 5kHz). In this particular discharge this splitting seems to be just
compensated by the toroidal rotation (≈ 4kHz) that shifts the modes - more or less on top of each other.
The strong frequency-chirp just before the crash cannot be explained by diamagnetic
effects, since the temperature has already reached its maximum 20 − 30ms before the
crash (see fig. 5). Since a part of the mode follows exactly the temperature evolution
(mode stops chirping 20ms before the crash, red circle in fig. 5 ) one can conclude that
these modes are different in nature. This will be proven in the following.
Unfortunately, for discharge #20488 no radial information about the mode signal
is available. However, in the relatively similar shot #23824 (800kA, 4.5M W ICRF,
B0 = 2T , profiles given in fig. 1 and 8) the upgraded fast (2MHz sampling rate)
SXR diagnostics allow to get a clear picture of the radial mode localisation. Fig. 7
demonstrates, that the signal consists of chirping modes, localised inside the %pol ≈ 0.25
(central SXR channels) and another part that is inside the %pol ≈ 0.4 surface that
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Figure 7. Soft-X-ray and magnetic spectrograms for #23824

exhibits very similar features as the BAE mode described above. As can be seen in
the SXR cameras (fig.7), the appearance of Alfvén cascades (or reversed shear Alfven
eigenmodes, RSAEs) indicates that the q-profile is reversed due to the current diffusion
process in the beginning of the discharge.
Here, the phase before the first sawtooth crash at ∼ 1.5s is investigated more
closely. At t = 1.45s, qmin is dropping below 1, causing the RSAE mode to change from
chirping-down to chirping-up (as indicated by the arrows in the n = 4 kinetic spectrum
of fig. 8). Since the qmin surface moves inwards, the chirping-up after 1.45s is only seen
in the very central channels. (A possible theoretical interpretation of the chirping down
RSAE has been proposed in ref. [29], a numerical investigation with LIGKA has been
started). At the same time also the minimum in the kinetic Alfvén continuum due to
the geodesic curvature starts to form (fig. 8 ). Therefore, a BAE mode with a lower
toroidal mode number becomes visible at slightly higher frequency (smaller ω∗ downshift). For this shot, a definitive mode number identification was not possible, however
from an estimation of dqmin (t)/dt (by identifying the mode numbers of the RSAEs and
TAEs between 1.1s and 1.4s and assuming a constant current profile relaxation) a mode
number of n = 4 is most likely.
Since the cascade modes can be also seen at later times, e.g. just before the crash at
t = 1.7s it can be concluded that there is some shear reversal (or at least a very flat
q-profile) during the sawtooth cycles as reported recently by Alcator C-Mod [30]. At
t = 1.7s one can determine q0 : extrapolating the chirping mode to t = 1.71s resulting
in ∼ 150kHz as the maximum mode frequency and assuming again n = 4 leads to a q0
of 0.96. This value is in agreement with q-profile reconstruction studies recently carried
out at ASDEX Upgrade [31].
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Figure 8. A series of manually modeled q-profiles (by changing the input equilibrium
current profile) qualitatively consistent with the current diffusion process during the
current ramp-up phase. The different colors refer to different time points (from top
to bottom): red: 1.41s, black: 1.45s, pink: 1.47s, yellow:1.49, brown 1.51. On the
right, the corresponding kinetic continua. The arrows and the black bars indicate the
frequency behaviour and the localisation of the RSAE mode, the green bar (above the
label BAE) indicates the formation of the BAE gap at %pol = 0.37.

5. Conclusions and Outlook
In order to understand the properties of core-localised modes at ASDEX Upgrade,
a detailed kinetic analysis employing various analytical and numerical models has
been carried out. It was found that several downshift mechanisms of the BAE/GAM
continuum accumulation point play a role: diamagnetic effects, elongation and the
correct treatment of finite Λ/trapped particles. The latter effects were found by rederiving the well-known dispersion relation within the LIGKA model and carrying out
a step-by-step comparison with the analytical results. This discussion stresses the
importance of a fully consistent kinetic treatment of modes in the BAE and BAAE
range. It also shows that a simple renormalisation of fluid/MHD theory results - as
suggested in ref [32] - is not sufficient due to the non-linear behaviour of the dispersion
relation and the trapped particle dynamics for low frequencies ∼ 2ωt > ω > ωb .
Comparison with experimental data leads to the conclusion that based on the discharges
discussed above, there seems to be no evidence that contradicts the interpretation of
the experimentally found mode [20] as a BAE mode. The next step will be to determine
the fast particle contribution (resonant and non-resonant part [33]), discuss the mode
existence criteria and the energetic-particle branch of these modes. Also non-linear
calculations employing an extended version of the HAGIS code are on the way, explaining
in detail the loss mechanisms due to these modes.
Finally, quantitative conclusions for the sawtooth physics can be drawn from an accurate
interpretation of core localised modes. In particluar, if BAEs and RSAEs are present
simultaneously, two independent constraints for the q-profile evolution can be given.
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