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Tunneling corrections to Landau-Zener rate coefficients for the vibrational relaxation NO(X 2Π, v
= 1) + Ar → NO(X 2Π, v = 0) + Ar between 300 and 2000 K are determined employing ab initio
potential energy surfaces calculated by the code provided by Alexander [J. Chem. Phys. 111, 7426
(1999)]. The calculations use a reaction coordinate approach and lead to vibronically nonadiabatic
transition probabilities within the generalized Airy approximation as extended to the WKB underbarrier Landau-Lifshitz limit. The calculations confirm experimental evidence for an onset of major
tunneling contributions to the relaxation rate at temperatures below about 900 K and rationalize large
tunneling contributions at 300 K. These effects increase the rate coefficients by several orders of
magnitude over the uncorrected Landau-Zener values and remove the large gap between the latter
and experimental results. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4919126]

NO(X 2Π, v = 1) + Ar → NO(X 2Π, v = 0) + Ar

I. INTRODUCTION

The vibrational relaxation of NO demonstrates a variety
of interesting features of collisional energy transfer. When the
collider is a reactive atom like O, Cl, or I,1–5 the collision
complexes correspond to vibrationally highly excited polyatomic molecules above their dissociation limits, and the large
efficiency of energy transfer is governed by intramolecular
energy redistribution. The efficiency of energy transfer then
can be represented by statistical unimolecular rate theory6
and/or quantum scattering and classical trajectory calculations.7 When the collider is polyatomic with open electronic
shell like NO or NO2, the situation may be similar, but resonance phenomena of V-V transfer may also be observed.8,9
As before, the potential energy surface (PES) of the forming
quasi-bound collision complexes is of central importance.10
When the collider finally is an inert rare gas atom, vibrational energy transfer still may be far more efficient than
estimated on the basis of the Landau-Teller (LT) mechanism
(transitions between vibrational states supported by uncoupled
Born-Oppenheimer (BO) PESs as described in the original
LT approach,11 the Schwartz-Slawsky-Herzfeld (SSH)12 treatment, or its semiclassical generalization13). The reason for this
enhancement of efficiency may again be found in the openelectronic shell character of NO. However, it is quite different
from the situation of NO–NO collisions.10 Instead, the NOrare gas interaction may give rise to crossing of rovibronic
PESs, which influences the vibrational relaxation rates,14–16
through the Landau-Zener (LZ) mechanism (transitions between vibronic states, i.e., vibrational states supported by
nonadiabatically coupled BO PESs). In a recent publication,17
we have treated the vibrational relaxation
a)Email: jtroe@mpibpc.mpg.de
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(1.1)

by such a vibronic curve crossing mechanism and, in this
way, suggested a rationalization of experimental data at room
temperature from Refs. 18 and 19 and in the range 900–1500 K
from Refs. 1 and 20. Although there are still discussions about
the accuracy of the room temperature data,9 there appears only
little doubt about the large efficiency of process (1.1) at low
temperatures.
By an extension of the LZ curve-crossing approach to
include tunneling expressed by Airy functions (see the LandauLifshitz, LL,21 approximation), in our previous work,17 the
experimental data could be reconciled with a minimum number
of adjustable parameters, the most relevant being the minimum
crossing energy of the highest PES originating from v = 0 and
the lowest PES originating from v = 1 within the multitude
of NO–Ar vibronic potentials. In this way, we have calculated tunneling correction factors C(T) to the standard LandauZener rate coefficient LZ k10(T) using the Airy approximation
to the nonadiabatic transition probabilities and approximately
extending it to the WKB Landau-Lifshitz limit for nonlinear
diabatic potentials. At the present stage, a full quantum scattering approach with a multi-dimensional tunneling does neither
appear feasible nor appropriate. For this reason, we restrict
ourselves to a one-dimensional model with a suitable reaction
coordinate and the corresponding one-dimensional tunneling
contribution.
In our previous work,17 the reaction coordinate and the
dividing surface for the crossing multi-dimensional PESs were
found from an asymptotic description of the spacing between
the relevant vibronic PESs. The latter was assumed to be
governed by the exchange interaction between the electrons
of the Ar atom and an unpaired 2π′ electron of NO.15,16 By
using interaction parameters from the asymptotic theory, we
predicted the temperature dependence of C(T) for a reasonable
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range of other parameters that are also of relevance for the
treatment. In the present article, we go one step further. Here,
we present calculations of C(T) with two improvements. First,
the fitting of parameters is replaced by the direct use of ab initio
PESs for the NO–Ar interaction from Alexander.22 Second,
the nonadiabatic probabilities are calculated in a generalized
Airy (GAi) approximation which interpolates between LZ(classically allowed collision energies) and LL- (classically
forbidden collision energies) WKB limits through the nonWKB energy range in the vicinity of the crossing point energy Ea where the probability is expressed through the Airy
function.21 The main objective of the present work, thus, is
the extrapolation of high-temperature rate coefficients, where
tunneling is not important, to lower temperatures where the
tunneling is expected to be dominant. By the use of the ab initio
PESs, this treatment intends to avoid the necessity to employ
parameter fitting in the calculation of the tunneling correction
to the high-temperature rate coefficient.
The plan of the article is the following. In Sec. II, we
describe the relevant vibronic ab initio PESs and define a reaction coordinate as well as a dividing surface. Furthermore, the
diabatic potentials along the reaction coordinate are illustrated.
In Sec. III, we consider the generalized Airy approximation
and use it for the calculation of the nonadiabatic tunneling
probabilities as a function of the energy along the reaction
coordinate. In Sec. IV, tunneling correction factors C(T) to
LZ
k10(T) are derived from these probabilities. Sec. V compares
theory and experiment, and Sec. VI concludes the article.

Vf (R, θ) = V ′(R, θ) − ∆E10,
Vi (R, θ) = V ′′(R, θ),

Neglecting spin-orbit coupling, the BO PESs of the
NO–Ar system depend on three coordinates, the internuclear
distance r in NO, the distance R between the center-of mass
of NO and Ar, and the angle θ between the vectors r and R
with θ = 0 corresponding to the linear Ar–NO arrangement.
The two BO PESs that correlate with separated NO(X 2Π)
and Ar(1 S0) differ in their reflection symmetry with respect
to the plane of the system (U ′(r, R, θ) for symmetric A′ and
U ′′(r, R, θ) for anti-symmetric A′′ states). Since details of the
weak nonadiabatic coupling between A′ and A′′ states are
not discussed here, we concentrate on the considered BO
PESs. Upon using an adiabatic approximation with respect
to the perturbed vibrational motion of NO, a set of vibronic
PESs, W v′s (R, θ) and W v′′a (R, θ), is generated. The following
discussion will be centered on those two states which correlate
with the vibrational states v = 0 and v = 1 of free NO and
which exhibit a crossing, namely, | A′, vs = 0⟩ and | A′′, va = 1⟩.
The curve-crossing mechanism of the vibrational relaxation
of NO relates the change in the vibrational quantum number
of NO upon collision with Ar with the nonadiabatic coupling
between the two states induced by the relative motion of NO
and Ar, by the vibration of NO, as well as by spin-orbit and
Coriolis interaction.14 This coupling is the strongest near the
crossing line (CL) R = Rc (θ) which is defined by the condition
(2.1)

Vibrationally adiabatic PESs differ from their counterparts
calculated for fixed internuclear distance of NO. However,

(2.2)

where ∆E10 is the asymptotic energy difference between two
vibronic states. In this approximation, the CL R = Rc (θ) is
defined as the solution of the equation
Vi (R, θ) = Vf (R, θ).

II. DIABATIC POTENTIAL ENERGY SURFACES

W0′(R, θ) = W1′′ (R, θ).

for low vibrational states, the difference in the interaction energy between the vibrationally adiabatic and fixed-nuclei (with
r = r e ) approximations will only be of the order of the ratio
Evib/D, where Evib is the vibrational energy of the diatomic
and D is its dissociation energy.23 For v = 0 and v = 1, the ratio
Evib/D does not exceed a few percent, and this characterizes the
accuracy of the fixed-nuclei approximation in the calculation
of the interaction.
Within the described approximation, W1′(R, θ) and
W0′′(R, θ) are expressed through the ab initio potentials V ′(R, θ)
and V ′′(R, θ) as calculated and discussed in Ref. 22. In this
reference, the average potential (1/2)(V ′′ + V ′) and the half
difference (1/2)(V ′′ − V ′) are expressed in the form of expansions in θ-dependent Legendre polynomials and Wigner dfunctions. For R > 5.2 a.u. and within a limited energy range,
the R-dependent expansion coefficients are shown in Figs. 1
and 2 of Ref. 24. For shorter distances, we have calculated the
expansion coefficients by the numerical code supplied to us by
Alexander.
The potentials V ′(R, θ) and V ′′(R, θ) define the initial PES
(Vi (R, θ), for approaching collision partners NO(X 2Π, v = 1)
+ Ar), and the final PES (Vf (R, θ), for receding collision partners NO(X 2Π, v = 0) + Ar). They are expressed as

(2.3)

The PES of Vi (R, θ) has a simpler structure than that of Vf (R, θ):
it is qualitatively similar to the PES of a N2–Ar system since the
exchange interaction of the electrons of the Ar atom with the
electron of the 2π′′ MO of NO is very weak because the nodal
plane of this orbital coincides with the plane of system. The
difference potential ∆V (R, θ) = V ′ − V ′′, in contrast to this, is
dominated by the exchange interaction of the electrons of the
Ar atom with the electron of the 2π ′ MO of NO.15–17 The potential Vi (R, θ) along the CL possesses two minima, Ea and Ea′ ,
located in the first (0 < θ < π/2) and the second (π/2 < θ < π)
quadrants of the R, θ-plane. The latter energy (Ea′ /kB of about
29 000 K) is much higher than the former (Ea/kB = 5250 K)
such that it is ignored for the energy and temperature range
discussed in the present work. The former energy corresponds
to the configuration θ = θa and Ra = Rc (θa ), and it is used later
on as defined by
Ea = min{Vi (R, θ)}| R=R c (θ) = Vi (Ra , θa ).

(2.4)

For the reasons outlined before, in the following, we will consider only the first quadrant of the Cartesian frame (x = R cos θ,
y = R sin θ). In the reaction-coordinate approach, one employs a one-dimensional model with motion along the reaction
coordinate z which is chosen perpendicular to the CL at the
point (Ra , θa ) and which has a slope k = tan θq in the (x, y)
frame. The information needed for the calculation of nonadiabatic transition probabilities is contained in the intersections
of the potentials Vi = V ′′(R, θ) and Vf (R, θ) along the reaction
coordinate z. Since the range of z, which contributes to the
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probability, is expected to be small compared to the extension
of the PESs, which is related to the anisotropy of the interaction
(i.e., the condition for the local separation of variables), the
variation of R and θ along z can be represented by linear
functions of z,
R = Ra + z cos ∆θqa ,
θ = θa + (z/Ra ) sin ∆θqa .

(2.5)

Here, ∆θqa = θq − θa is the angle between the vector R from
the NO center of mass to the Ar atom and the reaction coordinate at the crossing point. The forces Fi, f along the reaction
coordinate at the crossing point are

Fi, f = − ∂Vi, f (R, θ)/∂ R R=R a,θ=θ cos ∆θqa
a

− ∂Vi, f (R, θ)/R∂θ R=R a,θ=θ sin ∆θqa . (2.6)
a

The initial and final PESs, Vi (R, θ) (red solid lines) and
Vf (R, θ) (magenta solid lines), are illustrated in Fig. 1 through
equipotential lines (to the left and to the right of the reaction
coordinate, the latter represented by the green straight line).
The solid blue line corresponds to the CL. Note that the spacing
between the equipotential lines for Vf (R, θ) is smaller than for
Vi (R, θ) since the former is more repulsive than the latter. The
circle corresponds to the minimum energy along the crossing
line.
In the following, we use scaled values of the reaction
coordinate, ζ = z/a with a being an appropriate length, and
scaled values of the potential energy, υi, f = Vi, f /Ea . We then
have
υi (ζ) = (Vi (R, θ)/Ea )| R=R(ζ),θ=θ(ζ),

υ f (ζ) = Vf (R, θ)/Ea R=R(ζ),θ=θ(ζ).

(2.7)

The length a is defined by the condition that the scaled force
(the negative derivative of the scaled potential with respect to

FIG. 2. Scaled ab initio diabatic potentials υi (ζ), υ f (ζ) vs the reaction
coordinate ζ = z/a, a = a 0/2.35 (the range of ε corresponds to 0.25 < ε < 2
including the optimal energy ε∗ (see Fig. 6)).

the scaled reaction coordinate) for the initial PES, ϕi , is equal
to unity. Then, the scaled force for the final PES can be written
as 1 + δ. This implies
ϕi = Fi a/Ea = 1,

ϕ f = Ff a/Ea = 1 + δ.

(2.8)

The two expressions of Eq. (2.8) define a and δ. The scaled
potentials of Eq. (2.7), with the functions R(ζ) and θ(ζ) from
Eq. (2.5), are shown in Fig. 2 over the energy range 0.25
< υi , υ f < 2 (red and blue lines).
The essential parameters of the two considered ab initio PESs are listed in Table I. Also given is the derivative
dRc (θ)/dθ|θ=θa that characterizes the anisotropy and enters
into the expression for the effective mass (see Sec. III).
The inverse scaling length, found from the slope of the
potential υi that converges asymptotically to zero, is close
to the value of 2a0−1 as expected for the radial dependence
of the exchange interaction within the asymptotic theory.13
The difference between 2.35 a0−1 and 2 a0−1 can be ascribed
to the fact that the slope of the potentials along the reaction
coordinate is slightly larger than along the radial coordinate.
The slope ϕ f of υ f is noticeably larger than ϕi . This is the
consequence of the fact that υi converges to the negative value
of −∆E10/Ea . These features have been simulated in Ref. 17
within a parameterized exponential model. In the present work,
it was possible to relate the corresponding parameters to the
properties of the ab initio PESs from Ref. 22.

III. NONADIABATIC TUNNELING PROBABILITIES

FIG. 1. Ab initio PESs of the NO–Ar system (red solid lines for Vi (R, θ)
of NO(v = 1) + Ar and magenta solid lines for V f (R, θ) of NO(v = 0) + Ar)
with the crossing line of the potentials (blue solid line) and the reaction
coordinate (green solid line). (The dotted red line corresponds to the energy
E a /k B = 5250 K, which touches the crossing line at R = R a = 5.02 a 0 and
θ = θa = 0.321 π; the PES to the left of the reaction coordinate line corresponds to Vi (R, θ), the one to the right to V f (R, θ); contour lines are given in
K for Vi (R, θ)/k B and V f (R, θ)/k B and correspond to 400 K (a), 1000 K (b),
2000 K (c), E a /k B = 5250 K, 10 000 K (d), and 20 000 K (e).).

In this section, nonadiabatic tunneling probabilities P
for the motion along the reaction coordinate are calculated
within a GAi approximation. This approximation interpolates
transition probabilities, PGAi, between the classically allowed
WKB range (expressed by the LZ equation) and the classically
forbidden WKB range (expressed by the LL equation) through
the non-WKB region in which the transition probabilities are
expressed through the Airy function for linear crossing diabatic
curves. Within this approach, PGAi depends on the difference
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TABLE I. Parameters for the NO–Ar interaction as derived from the ab initio PES of Ref. 22 (a 0 = 1 a.u.
= 0.529 Å).
θa

E a /k B, ∆E 10/k B (K)

dR c (θ)/dθ|θ=θa

∆θqa

a, δ

ϕ i, ϕ f

0.321 π

5250, 2700

−1.30 a 0

0.0807 π

a = a 0/2.35, δ = 0.357

1, 1 + δ

Ra
5.02 a 0

between the action integrals S, as calculated for the potentials
υi , υ f , and their linear (L) counterparts SL , as characterized
by the slopes of the potentials at the crossing point ϕi = 1,
ϕ f = 1 + δ.
For classically allowed and classically forbidden energy
ranges (S > and S <, respectively), the expressions for the action
integrals in terms of the scaled potentials of Eq. (2.7) and
for the scaled energies ε = E/Ea (with ε counted from the
asymptote of the upper PES, υi ), for ε ≥ 1, are
S >(ε) = wσ >(ε),

With linear approximations for υi, f , the quantities SL>, <
and σ L>, < are calculated from Eqs. (3.1a) and (3.1b) as
SL>(ε) = wσ L>(ε),
with
σ L>(ε) = (2/3) (δ/(1 + δ)) (ε − 1)3/2,
for ε ≥ 1, and
SL<(ε) = wσ L<(ε),
with
σ L<(ε) = (2/3) (δ/(1 + δ)) (1 − ε)3/2

with
σ >(ε) =

0 

0 
ε − υi (ζ)dζ −

ε − υ f (ζ)dζ

(3.1a)

ζ>
f

ζi>

and, for ε ≤ 1, are
S <(ε) = wσ <(ε),
with
ζ<

<

σ <(ε) =

ζi 

f
υi (ζ) − εdζ −

υ f (ζ) − εdζ. (3.1b)

are the ζ values at which the integrands

are zero and
w=



2µ∗ E

a a/~

(3.5b)

for ε ≤ 1. Fig. 3 shows graphs of the action functions σ >, σ <,
σL>, and σL< over the range 0.25 < ε < 2.
For a model of linear crossing potentials, the transition
probabilities are expressed through the Airy function.21 If these
probabilities are normalized (N) to their values at ε = 1 (which
allows one to disregard the coupling matrix element and provides enough information for calculating the tunneling correction factors, see Sec. IV), one has
(
)
2 1−ε
PNAi(ε)|ε<1,ε>1 = NAi
,
(3.6)
εL
where

0

0

Here, the ζi>, ζ>f , ζi<, ζ<f

(3.5a)

(3.2)

corresponds to the WKB parameter with the effective mass
µ∗. The condition for a WKB motion in the field of the upper
potential, υi (ζ), reads

√
2µ∗ Ea/~ = w ε >> 1.
(3.3)

ε L = ((1 + δ)/wδ)2/3

(3.7)

and N = Ai−2(0) = 7.93. Note that the argument of the Airy
function in Eq. (3.6) can be written as [(1 − ε)/ε L ]ε≤1
2/3
2/3
or [(1 − ε)/ε L ]ε≥1 = − 3SL>(ε)/2 .
= 3SL<(ε)/2
The extension of Eq. (3.6) to nonlinear potentials can be
done in different ways. In what follows, we use the generalized
Airy approximation which is appropriate for a description
of thermally averaged underbarrier (tunneling) nonadiabatic

The effective mass is governed by the interplay of radial and
rotational motion along the reaction coordinate. Under the
condition (dRc /dθ)θ=θa << Ra , it is given by13
)
(
µ∗ = µ/ 1 + µ (dRc /dθ)2θ=θa /Mr e2 .

(3.4)

Here, µ denotes the reduced mass of the NO–Ar pair,
µ = 17.14 amu, M is the reduced mass of NO, and r e is its equilibrium internuclear distance. With the value of (dRc /dθ)θ=θa
from Table I and M = 7.47 amu, r e = 2.175 a0, one finds
µ∗ = 0.55µ = 9.43 amu = 1.72 × 104 me. The difference between µ and µ∗ characterizes the contribution of the hindered
rotation of NO to the motion along the reaction coordinate.
With the parameters of Table I, one then has w = 10.3. If in
Eq. (3.2), one would use the reduced mass µ instead of µ∗,
the respective value of the WKB parameter would increase by
35%.

FIG. 3. Ab initio actions σ > , σ < , σL> , and σL< vs the scaled energy ε = E/E a .
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transitions (ε ≤ 1) and overbarrier transitions (ε ≥ 1) at not too
high values of ε. For underbarrier transitions, expression (3.6)
(valid for ε not too much below the crossing-point energy) can
be extended by smoothly replacing the action integral SL<(ε) in
the tunneling asymptotics PNAi(ε)|ε<1, S < >>1 ∝ exp[−2SL<(ε)]
L
by its general counterpart S <(ε). Such a smooth replacement
is possible here since the difference S <(ε) − SL<(ε) (when ε
approaches the crossing threshold ε = 1) decreases much more
quickly than SL<(ε) (see Fig. 3). Then, the NGAi approximation
for the probabilities PNGAi(ε)|ε≤1 assumes the form
)
(
<
<
2 1−ε
.
PNGAi(ε)|ε≤1 = N exp[−2S (ε) + 2SL (ε)]Ai
εL
(3.8)
For overbarrier transitions, the expression in Eq. (3.6),
in principle, should be modified to describe slower Stueckelberg oscillations of the probabilities for nonlinear potentials than for linear ones. However, if PNGAi(ε)|ε≥1 is used
in thermal averaging over a small effective energy range δε
above the threshold ε = 1, one can still keep an approximation PNGAi(ε)|ε≥1 ≈ PNAi(ε)|ε≥1. Indeed, the first Stueckelberg maximum of PNGAi(ε)|ε≥1 occurs at ε ≈ 1 − ε L . Across
the energy range δε ≈ ε L , the Boltzmann factor drops by
exp[−ε L (Ea/kBT)]. For T < 1000 K, Ea/k B = 5250 K, and
ε L ≈ 0.45, as estimated from Eq. (3.7) with w ≈ 10.3 and
δ ≈ 1/3, this drop amounts to more than one order of magnitude. Within the same energy range, before reaching their
maximum, the probabilities increase by a factor of two. We,
therefore, conclude that the approximation PNGAi(ε)|ε≥1
≈ PGAi(ε)|ε≥1, which correctly describes the increasing part
of the first Stueckelberg oscillation in the linear range of the
potentials, can be accepted for thermal averaging. In this way,
we write
)
(
2 1−ε
.
(3.9)
PNGAi(ε)|ε≥1 = NAi
εL
Asymptotically, for S < >> 1, PNGAi in Eq. (3.8) approaches
the NLL expression
PNGAi(ε)|ε<1, S < >>1 = PNLL(ε)

N
εL
=
exp (−2S <(ε)) .
4π 1 − ε

(3.10a)

Similarly, for SL> >> 1, PNGAi in Eq. (3.9) approaches the NLZ
expression
PNGAi(ε)|ε>1, S > >>1 = PNLZ(ε)
L

N
εL
=
sin2(SL>(ε) + π/4).
π ε−1

(3.10b)

This expression describes neither the first Stueckelberg oscillation (because of the restrictive condition SL>(ε) >> 1) nor
the oscillatory pattern of supernumerary oscillations (because
SL>(ε) incorrectly substitutes S >(ε)) and, therefore, it is not
used in the calculation of thermally averaged probabilities.
Nonetheless, a simplified version of Eq. (3.10b) is used as a
normalization quantity in calculating the tunneling correction
factors in Sec. IV. In this approximation (called here LZ classical, LZCl), the oscillating factor in Eq. (3.10b) is replaced
by its mean value 1/2 (thus, the difference between SL>(ε) and

FIG. 4. Normalized generalized Airy (PNGAi(ε)) and Airy (PNAi(ε)) transition probabilities vs the scaled energy ε = E/E a over the range 0.05 < ε < 2.

S >(ε) disappears) and the energy range is extended down to its
lowest classically allowed limit ε = 1. The explicit expression
for PNLZCl(ε) is
N
PNLZCl(ε) =
2π



εL
Θ(ε − 1),
ε−1

(3.11)

where Θ(ε − 1) is the step function. The artificial divergence
in Eq. (3.11) (at ε → 1) is often considered unimportant when
PLZCl(ε) is used in averaging over ε since the integral over ε
converges. At least, this is a standard approximation in the
semiclassical LZ theory (see Sec. IV).
Fig. 4 presents normalized probabilities PNGAi(ε) and
PNAi(ε). Within a certain energy range near ε = 1, the probabilities PNGAi(ε) and PNAi(ε) approach each other and demonstrate
a smooth passage to Eq. (3.6). At the right of the energy range
shown, the probabilities pass through their first Stueckelberg
maxima. Note that for ε < 1, due to much stronger tunneling
for linear potentials, PNAi(ε) is notably larger than PNGAi(ε).

IV. AVERAGE QUANTUM CORRECTIONS TO THE LZ
RATE COEFFICIENT

The relaxation rate coefficient k 10(T), as calculated within
the present reaction-coordinate approach, can be written as
k 10(T) = C(T) · LZCl k10(T),

(4.1)

where LZCl k10(T) is the rate coefficient calculated with LZCl
nonadiabatic probabilities. The factor C(T) takes into account
the deviations from the LZCl approximation as described by
the probabilities of Eqs. (3.8) and (3.9). It is expressed as the ratio of the thermally averaged transition probabilities P̄(T) and
their P̄LZCl(T) counterparts. Within the GAi or NGAi nomenclature, the temperature dependence of the correction factor
C is more conveniently expressed through the dimensionless
Arrhenius ratio A = Ea/kBT such that
CGAi(A) = CNGAi(A) = P̄NGAi(A)/ P̄NLZCl(A).

(4.2)
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The expression for P̄NGAi(A), here, is given by
∞
P̄NGAi(A) =

PNGAi(ε) exp (−A(ε − 1)) Adε,

(4.3)

0

where ε = 1 (i.e., the energy Ea ) is taken as the reference
energy and the Boltzmann distribution function is normalized
to unity across the energy range 1 ≤ ε < ∞ (i.e., for E > Ea ).
A similar expression holds for P̄NLZCl(T) in which case it can
be explicitly written as
N
πAε L .
(4.4)
2π
The accuracy of the reaction-coordinate approach depends
on the character of convergence of the integral in Eq. (4.3) at
its lower limit. Taken literally, the limit ε = 0 corresponds to
asymptotically large values of ζ at the turning point, implying
the breakdown of the reaction-coordinate approach. Therefore,
the integral in Eq. (4.3) should be regarded as converged at such
energies ε for which the range of the reaction coordinate values
is not too large. Representations of the integrand in Eq. (4.3)
in the form of canonically weighted (CW) GAi probabilities
CW
PNGAi
(ε, A) = PNGAi(ε) exp (A(1 − ε)) are shown in Fig. 5 for
selected values of the Arrhenius ratio A across the range
0.05 < ε < 2.
Here, all curves exhibit single-maximum behavior and
cross at the point ε = 1 due to the normalization of the probabilities. The maximum for the curve with A = 3 corresponds to
the first Stueckelberg oscillation of the probabilities (with its
maximum near ε = 1.5), noticeably shifted to lower energies
due to the interplay with the Boltzmann factor exp (A(1 − ε)).
For A > 3, the maxima arise from the interplay of the energy
dependence of the probabilities at classically forbidden energies and the Boltzmann factor. For the deep tunneling region,
with S <(ε) >> 1, one can use the asymptotic expression for
PNGAi(ε), Eq. (3.10a), such that, for A >> 1, one has
P̄NLZCl(A) =

CW
PNGAi
(ε, A) ≈ PNLL(ε) exp (A(1 − ε))

εL
N
exp (−2S <(ε) + A(1 − ε)) .
=
4π 1 − ε

(4.5)

CW (ε, A)
FIG. 5. Energy dependence of CW transition probabilities PNGAi
= PNGAi(ε)exp(A(1 − ε)).

The given considerations have the following significance
for the temperature dependence of CGAi(A). For medium temperatures, characterized by not too large values of A, CGAi will
be close to unity, because the tunneling contribution to the
integral for ε < 1 is only of little importance. For low temperatures, with A >> 1, CGAi(A) will be much larger than unity
due to tunneling. With decreasing energy in this temperature
range, the decreasing tunneling probabilities and increasing
CW
Boltzmann factors lead to a maximum in PNGAi
(ε, A). This
occurs at an energy ε = ε∗(A), the vicinity of which contributes
to CGAi(A). As discussed in Ref. 17, ε∗ represents the energy
of an optimal trajectory out of the Boltzmann ensemble of
reaction coordinate trajectories. For sufficiently large A, the
function ε = ε∗(A) can be found from the maximum of the
exponent in Eq. (4.5), i.e., from the equation
∂
(−2S <(ε) + A(1 − ε))
∂ε
ε=ε∗(A)

<
= − (2∂S (ε)/∂ε + A) ε=ε∗( A) = 0.

(4.6)

Then, by using Eq. (4.5), one can estimate CGAi(A) by the
SD
steepest descent (SD) approximation as CGAi ≈ CLL
with

SD
CLL
(A) =

A
4(1 −

ε)∂ 2 S <(ε)/∂ 2ε


× exp (−2S <(ε) + A(1 − ε)) ε=ε∗( A).

(4.7)

This expression coincides with Eq. (4.9) of Ref. 17 (used there
for an exponential model of diabatic potentials), except for the
pre-exponential factor (assumed there to be close to unity).
The passage of the expression of Eq. (4.7) to its counterpart
for the Airy transition probability is realized with decreasing
A. Then, ε∗ moves up to unity, the exponent and the preexponential factors in Eq. (4.7) approach their limits approSD
priate for crossing linear potentials, and CLL
approaches the
SD
Airy function coefficient CAi
(A).17 A peculiar property of
the Airy function approximation should be noted: the coefSD
ficient CAi
(A) (which ignores the overbarrier transitions and
describes the underbarrier transitions in the SD approximation)
exactly coincides with the accurate Airy function coefficient
CAi(A) (which accounts for the overbarrier and underbarrier
transitions in the integral in Eq. (4.3)). This is due to the cancellation of errors which have been noted earlier in discussion of
the Airy function approximation in a different context.25 As a
SD
consequence, the expression for CLL
(A) in Eq. (4.7), which is
strictly valid only for A >> 1, can be extrapolated to smaller
values of A such that, with a reasonable accuracy, it represents
the correction factor CGAi(A) across the whole range of A of
interest for tunneling corrections.
This observation is illustrated in Fig. 6 which shows plots
SD
of CGAi(A) (red solid line) and CLL
(A) (open red circles). Also
shown are the partial contributions to CGAi(A) from the under−
barrier contribution CGAi
(A) and the overbarrier contribution
+
CGAi(A) (blue dots) (see left ordinate axis). In addition, this
figure shows the plot of the optimal energy ε∗ = ε∗(A) (green
dashed line, see right ordinate axis), i.e., the energy of the
optimal trajectory.
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FIG. 6. Tunneling correction factors C GAi(A), their partial contributions
− (A) and C + (A), and SD approximations to LL, C SD(A) (left ordinate
C GAi
GAi
LL
axis). Also shown is the plot of the optimal energy ε∗ = ε∗(A) (right ordinate
axis).

Three features should be noted in particular.
−
(i) The underbarrier contribution to CGAi(A), CGAi
(A), for
+
A > 3, becomes larger than the overbarrier one, CGAi
(A).
The decrease in the overbarrier contribution with increasing A (i.e., with decreasing temperature) is a result of
the progressively smaller relative contribution of the first
Stueckelberg maximum of the GAi transition probability
compared to the divergent LZCl contribution.
(ii) The steepest descent Landau-Lifshitz (SDLL) approach
SD
(CLL
(A) coefficient) provides an excellent approximation
to the accurate GAi approach (CGAi(A) coefficient) over
the whole range of A of interest for the tunneling effect.
(iii) The optimal energy ε∗ = ε∗(A) does not become too small
even for large values of A. For instance, for A = 17
(i.e., at room temperatures), ε∗ is about 0.3. As seen
from Fig. 2, for this energy, the range ∆z of z that
contributes to the probability is about 0.5 a0. Since this
value of ∆z is noticeably smaller that the characteristic range of the anisotropy ∆R = |dRc (θ)/dθ|θ=θa being
about 1.3 a0 in Table I, one would expect that the reaction
coordinate approach, that requires the fulfillment of the
condition ∆z/∆R << 1, performs reasonably well. On
the other hand, it is clear that for still higher values of
A, this condition will not be satisfied, such that for ultralow temperatures, the reaction coordinate approximation
breaks down.

J. Chem. Phys. 142, 164310 (2015)

SD (A) for the ab initio value w = 10.3
FIG. 7. Tunneling correction factors C GAi
(blue line) and w = 13.9 (red line) from Eq. (3.2) (the latter value of w
is obtained from w = 10.3 replacing the effective mass µ∗ by the reduced
mass µ).

from near unity to a maximal value thus yielding the depenSD
dence of CLL
on A. The representation with Eqs. (4.7) and
(4.8) allows one to recognize the dependence of the correction
factor on parameters that enter into the action integrals. For
instance, if the parameter w increases (e.g., due to an increase
SD
in the effective mass) and A is fixed, the correction factor CLL
decreases as the result of less pronounced tunneling. On the
SD
other hand, if the parameter w increases and T is fixed, CLL
may increase as the result of the interplay between the changes
in w and A. These two tendencies are illustrated by Fig. 7
and 8.
SD
Fig. 7 shows plots of CGAi
vs A for Ea/kB = 5250 K and
two different values of w which correspond to an effective mass
µ∗ (w = 10.3) and a reduced mass µ (w = 13.9) (an illustration
of the effect of rotation of NO): here, the curve with larger w
SD
lies below that with smaller w. Fig. 8 shows plots of CGAi
vs.
1/T for two values of Ea/kB = 5250 K and 4500 K (w = 10.3
and 9.5, respectively): here, the curve with larger w lies above

One can avoid solving Eq. (4.6) for ε∗(A) by using a
SD
parametric representation of CLL
(A) from Eqs. (4.6) and (4.7)
as
A(ε∗) = −2∂S <(ε∗)/∂ε∗,

−∂S <(ε∗)/∂ε∗
SD ∗
(4.8)
CLL (ε ) =
2(1 − ε∗)∂ 2 S <(ε∗)/(∂ε∗)2
× exp (−2S <(ε∗) − 2(1 − ε∗)∂S <(ε∗)/∂ε∗) .
When the parameter ε∗ decreases from ε = 1 to a certain
value ε∗ = εmin (with εmin still satisfying the WKB criterion,
SD
Eq. (3.3)), A increases from Amin to Amax and CLL
increases

SD (A) vs 1/T for the ab initio value
FIG. 8. Tunneling correction factors C GAi
w = 10.3 (blue line) (also shown is the plot of C GAi with w = 9.5 which is
obtained from w = 10.3 by lowering E a /k B = 5250 K to E a /k B = 4500 K,
red line).
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FIG. 9. Temperature dependence of the rate coefficients C(T ) · LZk 10(T )
(blue solid line) and LZk 10(T ) (blue dashed line) across 300–3000 K as
fitted to the experimental high-temperature data and using the ab initio value
E a /k B = 5250 K. Also shown are plots (green solid and dashed lines) with
E a /k B = 4500 K as derived in Ref. 17 by parameter scaling; experimental
data are shown by symbols: full red circles from Ref. 1, open blue triangles
from Ref. 20, and open magenta square from Refs. 18 and 19.

that with smaller w (an illustration of the effect of lowering the
barrier). The counterintuitive conclusion that the lowering of
the barrier decreases the tunneling correction is explained by
the fact that the decrease is overcompensated by the increase
of the Arrhenius factor in the full expression for the rate coefficient (see Fig. 9 in Sec. V).

V. DISCUSSION

The rate coefficient calculated within the reaction coordinate approach and the LZCl approximation, LZCl k10(T), assumes the form17
LZ

k10(T) = LZ AT 1/2 (T + TSO) exp (−Ea/kBT) .

(5.1)

Here, the first factor LZ A includes parameters of the coupling
and of the structure of the relevant crossing region, the second
arises from the width of the trajectory manifold that crosses
the dividing surface near the bottom of the potential and the
crossing line at the energy Ea , the third is due to the Coriolis
and the spin-orbit interaction, and the last factor accounts for
the Boltzmann probability to reach the energy Ea . With TSO
= 3225 K, the main contribution to the coupling is due to spinorbit interaction, and deviations of LZ k10(T) from a linear Arrhenius plot for T < 2000 K are hardly noticeable. Fig. 9 shows
the corresponding plot of LZ k 10(T) (dashed blue line in Fig. 9)
over the temperature range 300 < T < 2000 K, drawn with
LZ
the value of LZ A fitted such
k 10(T)
 that the rate coefficient
LZ
−15
3 −1
assumes a value k10(T) T =1500 K = 5 × 10 cm s which
lies in the middle of the shock tube results (full red circles1 and
empty blue triangles20). Also shown are experimental results
near 300 K by LIF and IR-UV double resonance techniques
(empty magenta square18,19). The corrected rate coefficient of
the present work, CUAi(T)LZ k10(T), with the correction factor
taken from Fig. 8, is represented by a solid blue line. In order

to illustrate the sensitivity of the rate coefficient to the main
parameter of the interaction, i.e., the energy Ea , we also show
rate coefficients with Ea/k B = 4500 K (dashed green line for
the LZCl rate coefficient and solid green line for the GAi
corrected LZ rate coefficient).
At high temperatures (near to 900 K, i.e., the lowest
temperature of the shock tube experiments), one clearly observes the onset of contributions from tunneling which was
analyzed in Ref. 17 within a semiempirical approach. Interestingly, the value of the effective mass suggested in Ref. 17
turned out to be close to that calculated in the present work
using ab initio potentials. With decreasing temperature, the
tunneling contribution increases and, at room temperature,
the correction factor attains a value of about 104. Still, the
tunneling-corrected LZ rate coefficient is about a factor of 10
lower than the experimental result. This disagreement can have
several reasons. First, the experimental results at T = 300 K are
open to criticism9 and may represent an upper limit to the real
rate coefficients. Second, assuming that the ab initio PESs are
sufficiently accurate, the present theoretical treatment is still
prone to uncertainties.
(i) As we have used two-dimensional potentials (in R and θ)
that describe the NO–Ar interaction for a fixed internuclear distance r of NO (i.e., r = r e ), for the vibrational
states v = 0 and v = 1 of the interacting NO–Ar pair, we
have ignored corrections due to adiabatically averaged
three-dimensional potentials (in R, θ, and r). We assume
(see Sec. II) that this can only result in a few percent
uncertainty of the energy Ea .
(ii) We have used the reaction-coordinate concept of tunneling, i.e., we have replaced the two-dimensional motion
in R and θ by a one-dimensional motion in the reaction
coordinate z. We believe that this approximation is valid
as long as the range δz ∗ of z, which contributes significantly to the action integrals at the optimal energy ε∗, is
noticeably smaller than the characteristic length δR that
characterizes the anisotropy of interaction. Taking δz ∗ as
a fraction of 1 a.u. (see Fig. 2) and identifying δR with
dRc /dθ|θ=θa from Table I, we conclude that the condition
δz ∗ << δR is indeed satisfied.
(iii) We have used the transition-state theory approach for
the calculation of the LZCl rate coefficient and for the
calculation of the tunneling correction factor, i.e., we
relied on the assumption that a canonical distribution of
rotational/translational modes of freely colliding species
also becomes a canonical distribution over activated complex modes.
These simplifications would be avoided by using full
three-dimensional PESs (i), a multi-dimensional description
of tunneling (ii), and a complete dynamical description of
the collision which relates thermal rate coefficients to statespecific cross sections (iii). Such extensions of the treatment
appear beyond our present possibilities. Nevertheless, we
believe that the present work provides a semi-quantitatively
correct picture of tunneling and eliminates the large difference
between the LZCl rate coefficients and the experimental results
at room temperature.
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VI. CONCLUSIONS

We conclude this article by highlighting similarities and
differences between the LT and LZ mechanisms of vibrational
relaxation of diatomic molecules in collisions with nonreactive
atoms under conditions when the interaction bears a purely
repulsive character, and the coupling of the vibrational mode of
the diatom to the translational-rotational modes of the colliding
pair is weak. In our earlier study of the N2 relaxation in He,
we have extended the original, classical, LT theory (LTCl) to
low temperatures by using the WKB approach (LTWKB).13
At room temperature, the ratio LTWKB k 10/LTCl k10 amounts to
more than a factor of 100 and markedly increases for still
lower temperatures. This is in agreement with experimental
data available over wide temperature ranges (see Fig. 3 from
Ref. 13). In the present work on NO relaxation in Ar, we have
extended the LZCl theory to lower temperatures by using the
WKB approach (LZWKB). At room temperature, here the ratio
LZWKB
k10/LZCl k10 amounts to a factor of 104 and again further
increases for still lower temperatures. This is in the direction
of bringing theory into agreement with the limited available
experimental data, though we have noted possible limitations
of the present approach (see Sec. V).
In both cases (LT and LZ), the strong increase of the
rate coefficients with decreasing temperature, as compared to
extrapolated Landau-Teller and Arrhenius temperature dependences, is due to quantum effects. Within the WKB approximation, the latter can be treated by using information on the
potentials in a quite narrow range of the reaction coordinate in
the vicinity of the dividing surface. In both cases, the coupling of the rotation of the diatom to the diatom-atom motion
can be expressed within an effective mass approximation. For
N2–He collisions, the effective mass was found to be about
10% smaller than the reduced mass µ of the collision pair,
while for NO–Ar collisions, it amounts to 50%. This is due to
the difference, for N2–He and NO–Ar collisions, between the
reduced mass of the collision pair µ and that of the diatom M
(µ < M for N2–He collisions and µ > M for NO–Ar collisions)
and the difference of the anisotropy of the dividing surfaces
(small anisotropy for N2–He collisions and large anisotropy for
NO–Ar collisions).
In summary, we conclude that the reaction-coordinate
approximation applied to the NO + Ar relaxation within the

J. Chem. Phys. 142, 164310 (2015)

WKB collision conditions accounts for the large quantum effects of the process. This result calls for more theoretical and
experimental studies of this and the related processes at low
temperatures. The case studied in this paper (NO + Ar collisions) represents an example where large tunneling corrections
to the relaxation rate are expected. Other obvious candidates
for a similar treatment are vibronic relaxations in collisions
of open-shell species, e.g., in OH + raregas and N2 + O collisions.
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