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Abstract— The angular correlation distribution of electronpositron annihilation photons is presented for polar biological
molecules, and the associated non-collinearity effect on resolution in positron emission tomography is discussed. The image
resolution in PET is known to be limited by a number of factors
such as radioactive decay statistics, attenuation, scatter or random
coincidence of annihilation photons. This work deals with the resolution limits on the side of the measured system. Our calculated
distribution of annihilation momentum belongs to the intrinsic
resolution factors together with the positron range in biological
tissue; the other factors are due to the interactions along the
photon path from the tissue to the detector. Here we demonstrate
that the angular distribution of annihilation trajectories is not
necessarily gaussian, especially when the positron temporarily
binds in a molecular dipole moment field before annihilation. The
theoretical framework treats the electron and positron on the same
footing by using the multi-reference single- and double-excitation
configuration interaction algorithms applicable also to other
bound-state systems. Our results form a subset of parameters
relevant to the statistical image reconstruction algorithms, which
may eventually increase the sensitivity of PET imaging in clinical
setting.
Index Terms— PET resolution, ACAR, MRD-CI, image reconstruction, dipole-bound positron states, carbonyl group.

I. I NTRODUCTION

T

HE instrumentation for positron emission tomography
(PET) imaging in medicine has undergone intense development over the last two decades, including the time-of-flight
(TOF) techniques and various dedicated PET systems optimized
for brain studies, prostate cancer detection or mammography
[1]–[8]. Being superior in sensitivity to concentrations of
metabolic molecules and lacking behind in image resolution,
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Fig. 1.

Center-of-mass momentum and non-collinearity effect in PET.

PET has changed as many restrictions on the detector side and
image processing were lifted, and the typical signal to noise
ratio increased. Further improvements challenge understanding
of annihilation mechanisms and kinetics in the biological
environment of the imaged system [4], [6], [8].
Positron usually annihilates with its antiparticle, the electron,
by emitting two γ photons (511 keV) in the opposite direction
(the angle of the two photon trajectories is 180 degrees in
the center-of-mass system). Annihilation into three γ photons
(totaling 1.022 MeV and moving on less spatially restricted
trajectories) is also possible but scarce; its ratio depends on
how probable it is for the ortho-positronium to be formed
and survive in a triplet state in the surrounding material. By
measuring the coincidence of two γ photons in the former
case, the origin of the photon emitter can be located, which is
the basis of all PET imaging and its medical applications. The
inherent limiting factors for PET are the range of positron in
matter (the length before it slows down, becomes trapped and
annihilates), deflection of the annihilation photon trajectories
from the straight line (due to the motion of annihilating particles in the laboratory frame), and Compton scattering (events
in which the outgoing photons may loose energy and their
trajectories change direction). The classical PET arrangement
is sketched in Fig. 1: a circular array of crystal detectors for

the annihilation γ photons (these activate the charge-coupled
device units denoted with arrows in Fig. 1).
The present study models the resonant trapping of positron
on biomolecules by evaluating the amount of γ-ray deviation from the straight-line trajectory first. To that aim, we
have extended the set of algorithms (multi-reference singleand double excitation configuration interaction, MRD-CI) for
bound electron systems [9] to include the positron. Many
of the experimental positron annihilation studies [10], [11],
such as positron lifetime spectroscopy, Doppler-broadening
spectroscopy (DOBS), or angular correlation of annihilation
distribution measurements (ACAR) are performed in the solidstate phase (cf. Ref. [12] for a comprehensive account of
recent development). The theoretical framework presented here
is therefore considered useful for biological molecules, when
the ACAR measurements are impractical or difficult.
It has been recognized that with an appropriate model of scatter and spatial effects including non-collinear trajectories, PET
degradations in resolution may be largely overcome by means
of signal processing [13]. The accuracy of image reconstruction
is routinely increased when the time-of-flight information or
photon non-collinearity is included in GEANT4 simulations [8].
In order to trace processes and objects on the level of PET resolution, the center-of-mass (CM) momentum distribution of the
annihilating system should be known as precisely as possible.
This in turn depends on the environment, i.e. water and a variety
of organic molecules. The present work focuses on a segment
of the complex process of positron annihilation, which includes
in-flight annihilation (less than 5%), positronium formation (cf.
Refs. [14]–[16] for experimental results and physical models),
and positron binding with intra-molecular annihilation.
The intra-molecular annihilation is a slow process, orders
of magnitude above the time scale of rovibrational motion;
thus the annihilation rates derive from electron-positron overlaps in space-averaged molecular configurations. For instance,
Nishimura and Gianturco [17] showed that the positron lifetimes are about 20 and 500 times above the periods of the first
two vibrationally excited states for CH4 and C2 H2 , respectively.
This suggests a physical picture of positron annihilation in
adiabatic states defined with respect to the vibrational coordinates. The equilibrium molecular distance coincides with
the maximum of the ground-state vibrational wavefunction.
Since the quasi-bound state of positron in urea and acetone is
supported by large (over-critical) dipole moment, the positron
predominantly localizes far from the molecule, and its wave
function is determined to large extent by the strong dipole
moment. In addition, the typical electronic density averaged
over ground-state vibrational motion and the electronic density
at the equilibrium nuclear geometry differ by less than about
10%. Thus the electron and positron density at the equilibrium
geometry represents the vibrationally-averaged quantities accurately, especially taking into account an additional averaging
to be performed over all orientations of the molecule-positron
complex to obtain the angular correlations. This approach has
also been validated in standard quantum chemistry literature

for yet another polar molecule with large dipole moment,
namely the LiH-e+ complex [18]. For instance, Figs. 1 and
2 in Ref. [19] demonstrate that both the positron density and
contact electron-positron density differ by less than 2-3 %
for a bond stretch of 10%, when averaged over the spatial
orientation of LiH. Rather insignificant temperature dependence
in the angular correlation of annihilation photons was also
found in an early theoretical study of positron annihilation in
LiH diatomic crystal (Fig. 3 in Ref. [20]). Finally, even the
results obtained below in this paper for two different molecules
with a large dipole moment, urea and acetone, in different
equilibrium geometries of different nuclei exhibit quite similar
angular correlation. It should be therefore noted that the present
procedure has a sound theoretical grounding for the class of
biological molecules with large dipole moment. Due to the long
annihilation lifetime, the positron captured by the molecule into
an excited state is likely to deexcite first and deposit its excess
energy to the rovibrational degrees of freedom of the molecule
or in a radiative decay (see Ref. [21] for more details). High
temperature of measured system may result in the importance
of vibrationally excited levels. It should also be noted that
positron annihilation in molecules with none or small dipole
moment, unlike from the present case, is much more sensitive
to nuclear geometry. ACAR distributions in solid materials
generally broaden with the increasing temperature and onset
of higher vibrational levels [15].
The computational procedure in this work covers the optimization of the positron-molecule (e+ M) geometry, calculation
of electron and positron probability distributions, and determination of space and momentum annihilation distributions. The
final distribution of the CM e+ e− annihilation momentum is
obtained by space averaging over all molecular orientations. By
using the conservation of relativistic 4-momentum, such result
directly translates into the distribution of angular deflection of
annihilation photons from the straight line trajectory (cf. Fig.
1). Let us note that this deflection angle cannot be detected
from the measured photons in principle in case of the two-γ
annihilation mechanism.
In order to assess the e+ annihilation mechanism in biomolecules, we have selected two polar molecules with carbonyl
group, CN2 OH4 (urea, dipole moment 3.990D) and C3 OH6
(acetone, dipole moment 3.263D) shown in Fig. 2. The origin
of coordinates is placed at the center of mass of each molecule,
which is in the proximity of the C atom of the carbonyl group.
Typical biological tissues consist of oxygen (65% of body mass;
water component), carbon (18.5%), hydrogen (9.5%), nitrogen
(proteins, nucleic acids) and other chemical elements (P, Ca,
Fe, Na etc.).
Let us finally note that positron annihilation in quasibound states on molecules has long been neglected. Recently,
Surko’s group reported convincing experiments showing that
the positron annihilation cross-sections on molecules can be
enhanced by orders of magnitude as compared to scattering
processes, which is due to the resonant capture of the positron
in quasi-bound states [22], the major annihilation mechanism.

These states are most easily formed when low-energy positrons
vibrationally excite the target molecule by depositing their
excess energy, with resonance lifetime in the order of dozens
or hundreds of vibrational periods. In brief, it turns out that
whenever positron can be bound by a certain molecule, there
appears a series of resonances in the annihilation cross sections
which dominate collisional annihilation mechanisms by orders
of magnitude. This enhancement is often measured by Zef f ,
the effective number of electrons against which the positron
may annihilate. Resonant mechanisms yield Zef f much higher
than the total number of electrons in the molecule. Hence our
study of the importance of positron quasi-bound states, which
mediate the dominant annihilation mechanism on molecules, is
relevant. The two representative molecules in this work have an
overcritical dipole moment, which supports an infinite number
of bound states. The present case therefore does not need a
vibrationally excited system, which as required e.g. for CH4 or
C2 H2 non-polar hydrocarbons. A theoretical description of the
resonant process and the importance of vibrational excitations
can be found e.g. in papers by Gribakin [23] and Gianturco
[24].
II. M ETHODS
The methods discussed in this work are (1) the image backprojection algorithm and (2) the ab initio methods to compute
the photon trajectory angular distributions f (α) that facilitate
(1). Here we focus on determining the α−distributions, since
the reconstruction algorithms have been discussed in detail in
the literature [13], [25]. The present work could be in principle
used in conjunction with segmentation methods for images
dominated by gaussian noise [26]. Here we demonstrate the
non-collinearity effect for CN2 OH4 and C3 OH6 in a simulated PET image reconstruction of 2D phantoms with constant
and quadratic γ source density. Atomic units (a.u.) are used
throughout the paper except where mentioned otherwise.
The present quantum chemical treatment is based on ab-initio
calculations of mixed positron-electron systems in adiabatic
formalism by the multi-reference single- and double-excitation
space configuration interaction method (MRD-CI) [9] implemented with the GRID computing technology.
A. Positron binding and annihilation
The positron is formed in-vivo by the β + decay in places
where the radioactive marker binds to the metabolic molecule
of interest. Its kinetic energy bounded by Em is deposited
to the tissue molecules according to Bethe-Bloch formula for
−dE/dx in series of ionization events. Thermalization occurs
within a distance of approx. 0.2 − 2 mm, depending on the
positron emission energy of the particular source radioisotope
(e.g. radionuclides 11 C, 13 N, 15 O or 18 F, cf. Table 1 in Ref.
[27]) and the tissue material. The probability of in-flight annihilation is below 5%, since the e+ /e annihilation cross section
σf decreases rapidly with energy. The angular distribution of
annihilation photons does not depend on the e+ emitter.

Fig. 2. Biological molecules: (a) urea (carbonyl group with amino groups)
and (b) acetone (carbonyl group with methyl groups).

Positron annihilation modes other than the in-flight mechanism include direct recombination with molecular electrons or
positronium (Ps) formation in 1 S or 3 S states, whether bound to
a background molecular ion M+ or not. Based on the details of
the electronic structure, either bound Ps/M+ formation, locally
bound or dipole-bound e+ /M regimes occur [28].
Thermalized positron can also form positronium with free
electrons created at the end of ionization path, bind at the local
electron density or dipole moment potentials, or even annihilate
in a direct encounter with valence electrons. Here we focus on
the resonant e+ e− annihilation mechanism in polar molecules,
when the bound state is partially supported by the asymptotic
dipole-moment potential. The resulting range of e+ e− CM
annihilation momentum pCM translates into uncertainty on the
source point of the two annihilation γ photons that are detected
in coincidence during PET measurements (cf. Fig. 1).
B. Ab initio calculation of e+ and e− densities
The wave function of the e− and e+ system is found in the
MRD-CI calculation with the single-positron hamiltonian,
H=
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where he (i) denotes the kinetic energy term of electron i
plus its electrostatic energy in the field of molecular nuclei;
ditto hp (p) for positron. Electron-positron distance is labelled
with rpi and electron-electron separation with rij . The total
wave function is expanded in products of N -electron and 1positron configurations and its coefficients are found in the
diagonalization of the CI matrix. Details of the theoretical
procedure developed before can be found in Ref. [29].
It is also interesting to note that there exists an infinite
number of e+ bound states, if the molecular dipole moment
(represented for simplicity by charges ±q separated by a
distance R) is strong enough. The Schrődinger equation for
dipole-bound states is separable in the elliptic coordinates
ξ = (r+ + r− )/R and η = (r+ − r− )/R. Here r± is
the electron distance from the positive and negative charge

Fig. 3. Relative probabilities (in arbitrary units) for particle densities computed at CI-level: (a) Localized electron density in acetone using logarithmic scale,
(b) the delocalized positron orbital in acetone, (c) electron density in urea, (d) positron orbital in urea (more compact than that of acetone), (e) simultaneous
e+ e− space annihilation density of acetone, and (d) simultaneous e+ e− space annihilation probability density function for urea.

Fig. 4. Comparison of acetone and urea annihilation distributions: (a) relative annihilation probability in x-direction (inset: linear scale), (b) same as in a)
except for y-direction, (c) in-plane radial annihilation probability (arbitrary units; inset: difference of acetone and urea), (d) relative wave-vector components
of the annihilation packet, (e) in-plane relative CM-momentum distribution (upper scale: deflection angle; FWHM and half-area points are also indicated), (f)
isotropic CM-momentum probability density function including gaussian fit as a dashed line (the integral area below the curve is normalized to 1; N(0,1) in the
figure stands for a normal distribution with the mean 0 and variance 1 a.u.).

Fig. 5. Simulated 2D-phantom blurring and reconstruction (all measurement values are simulated by using the PDFs in Fig. 4f; radius of the detector circle is
set as 20 cm): (a) 5mm step-function density source and its convolution using the exact and gaussian-approximated kernels, (b) case of source with quadratic
density profile limited to 1.5 mm range, (c) 2D quadratic density source and its exact reconstruction, (d) reconstructed phantom in case c) using the approximate
gaussian kernel (note the spread of density outside of the source object).

center, respectively. The total wavefunction is factored as
ϕk (~r; R) = ϕk (ξ, η, φ; R) = Ck (R)Xk (ξ, R)Yk (η, R)Ωk (φ),
where Ck (R) is the normalization constant, and functions
Xk (ξ, R) and Yk (η, R) describe the quasi-radial and quasiangular motions of positron, subject to
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Here d = |q|R stands for the dipole moment, µ labels the
~ axis,
component of electronic angular momentum on the R
while c and A are the two remaining separation constants. In
particular, c relates to energy,  = −2c2 /R2 (discrete state) or
 = 2c2 /R2 (continuum state).
√ Solution of the first equation
reads Ω(φ) = exp(iµφ)/ 2π; the other two are readily

solved in the form of power series or Legendre polynomial
expansion, using either matrix-eigenvalue or continued fraction
methods to determine the coefficients. In the limit R = 0,
the above equation can be easily shown to provide the critical
dipole moment of 1.625D (0.639 a.u.) which supports a boundstate with zero-limit energy by definition. This critical value
is common to all potentials with the same dipole-interaction
asymptotics.
The probability distribution ρ(~
p) of the 2-γ annihilation
momentum is given in the form of Fourier transform of the
annihilation wave function,
Z
ρ(~
p) = C d3 r1 ..d3 rN −1 π(~
p; ~r1 ..~rN −1 )2 ,
Z
π(~
p; ~r1 ..~rN −1 ) =

d3 rN ei~p~rN Ψp (~r1 , · · · , r~N ; r~N )

where Ψp stands for the projection of the ground-state wave
~ into the singlet state of an annifunction Ψ(~r1 , · · · , r~N ; R)
+ −
hilating e e pair; here N is the number of electrons, C
~ denotes positron
stands for a normalization constant, and R
coordinates. A precise derivation of the above formula is given
in Ref. [28]. The space distribution of electronic
and positron
R
densities in the next section is defined by |Ψ|2 where the
spatial integration includes all (electron, positron) coordinates
not shown explicitly.
III. R ESULTS
The total wave function of the ground electron-positron state
is computed at the CI level using the gaussian-type correlation
consistent polarized basis set augmented with diffuse functions
for the electrons (aug-cc-pvdz), and a [9s5p1d] basis set which
includes diffuse and polarization functions for the positron.
Details of the procedure are given in Ref. [29]. Figure 3 displays
the resulting electronic density for acetone (a) and urea (c)
in the molecular [x,y] plane. The positron cloud attaches to
the oxygen atom (negative partial charge in the carboxyl C=O
group) and is more strongly localized on urea, which has a
larger dipole moment (cf. Ref. [29]). The positron probability
density is shown in Fig. 3b for acetone and Fig. 3d for urea,
respectively. Spatial distribution of annihilation probability for
acetone plotted in Fig. 3e is more diffuse than that for urea
(Fig. 3f).
The e+ e− annihilation probability resolved in either of the
two in-plane directions is given in Fig. 4. The are two local
maxima in the x-direction along the carbonyl group (Fig.
4a, one maximum located in x=0), and three maxima in the
y-direction (Fig. 4b), which correspond to Figs. 3a,c). Two
peaks remain in the aggregate in-plane radial distribution of
annihilation probability. Next, the distribution of annihilation
momentum derives from the e+ e− wave-packet components.
The absolute values of the Fourier coefficients, |π(~
p)| are shown
in Fig. 4d resolved in the in-plane px and py components, and
the resulting distribution of e+ e− CM annihilation momentum
π(|~
p|) is plotted in Fig. 4e. The upper horizontal scale indicates
the deflection angle of the annihilation trajectory in mrad
(α ∼ sin α ∼ pCM /mc). The effect is sized in the order of finestructure constant e2 /4π0 h̄c. The overall features for C3 OH6
and CN2 OH4 are similar, which indicates a more general
trend in the dipole-bound e+ systems. Let us note the tail
broadening near 1 a.u. In particular, the α value corresponding
to the FWHM is approximately αF W HM ∼ 4.4 mrad for both
urea and acetone, although the probability value for acetone
is higher than that for urea at this point. This difference is
compensated for by the more slowly decaying urea distribution.
The probability density value corresponding to the median is
denoted as AREA 1/2 in Fig. 4e; it is almost the same for both
urea and acetone. The median angle is higher for urea than that
for acetone, and also higher than αF W HM in both cases.
Averaging over orientations of the molecular plane, we
finally obtain the isotropic CM probability density function of
annihilation momentum in Fig. 4f. Only the results for acetone

are shown in Fig. 4f to decrease the number of curves; the
results for urea are very similar (cf. Figs. 4a-e). The shoulder
feature remains in the α- or pCM -distribution. A gaussian
approximation is shown in Fig. 4f for comparison. Its only free
parameter, variance σ, is determined by equating the medians
of the in-plane and approximate functions, which yields the
momentum of 1 a.u. (about 8.7 mrad). We used the median
value for the following two reasons:
1) if FWHM are equated instead, then the gaussian is
too narrow and the shoulder feature in the computed
distribution is completely lost; hence the interpolated
gaussian fit is more reasonable;
2) the FWHM of 8.7 mrad from median-based fit roughly
corresponds to the value empirically used in PET practice. It also provides excellent reconstruction for source
phantoms with uniform density, as discussed below.
In addition, it should be acknowledged that a FWHM-based
gaussian fit (ignoring the shoulder in the computed distribution)
would represent blurring effect of about half of the value typical
for water (biological tissues).
In spite of the interpolating fit above which accounts for
the shoulder feature, note how much off this kind of gaussian
approximation may become, when incomplete data are retrieved
from the literature and applied in image reconstruction without
sufficient care. This feature is not restricted to the dipolebound positron molecular systems such as the present case;
to some extent, similar behavior can be tracked e.g. in statedependent profiles of positron annihilation on atoms (cf. Fig. 8
in Ref. [28]). In both cases, the overlap of the positron with the
electronic cloud is rather compact similar to the distribution of
the electronic density.
The positron affinity (PA) for the two polar molecules is
shown in Table I. Although it is not straightforward to estimate
the sensitivity of the total annihilation rate to different PA
values for molecular system (cf. Ref. [28] for atomic systems),
we expect the relative distribution to maintain the shoulder
feature based on the above discussions.
Having obtained the α-distribution of trajectory deflection
angles, let us proceed to phantom studies in Fig. 5. The model
geometry is that of Fig. 1. The radius of the detector ring is 20
cm with a small 2D phantom placed in the center. The plane
of the phantom source and the plane of the detector array are
parallel. Because of our focus on the non-collinearity effect,
image blurring due to other factors (positron range, scatter,
attenuation etc.) is supposed to be described by an exact system
matrix (or blurring kernel) and therefore it does not contribute
to image reconstruction errors in what follows. Such a partial
system matrix represents here the invertible relation between
the source and the image, allowing us to focus exclusively on
the additional effect. Since the non-colinearity effects come into
play immediately at the annihilation time, the source object S
(which may be possibly blurred by positron range in matter) is
transformed by an embedded function, g(f (S)), where f (·)
stands for the non-colinearity effect, while g(·) collectively
denotes all of the other blurring effects arising along the photon

TABLE I
P OSITRON BINDING

ENERGIES AND POSITRON AFFINITIES

Mol.

Basis

CI energy (a.u.)

PA (kcal/mol)

Urea
Acetone

9s5p1d
9s5p1d

-224.016 413 3
-191.972 968 3

0.31
0.10

path and in the detector.
Figure 5 illustrates the differences arising when the computed and approximate angular correlations are used in image
reconstruction. First, the shaded areas in Figure 5a) and 5b)
show the radial density of photon emission from simple 2D
model objects (disks with constant or quadratic source density).
The full lines denote the convolution of the source object with
the computed angular correlation function, while the dotted
lines show the convolution with the gaussian function. In
particular, the source object in Fig. 5a) is a disk phantom
with the radius of 5mm. Since the source is large in this
setting and its density is uniform, blurring effects (so far
without any reconstruction) resulting from both kernels are
quite similar. This further justifies our particular choice of the
approximate Gaussian fit. However, the situation quite changes
in Fig. 5b, when a disk source with quadratic intensity is used.
Now the convoluted densities obtained with the computed and
approximate distribution differ more considerably, which also
indicates a certain drawback hidden in the use of phantoms
with only uniform source density.
Next, we proceed to image reconstruction with and without
compensation. Figure 5c displays the disk source with quadratic
intensity in 2D (the function is the same as in Fig. 5b),
and its exact reconstruction using the computed α-distribution
(identical image). Finally, the reconstructed image of the phantom compensated for the approximate distribution is shown in
Figure 5d. The error from the approximate kernel is substantial:
should the threshold for intensity detection be about 60% of the
source peak, this phantom would not be detected. Although the
relative importance of such blurring due to the non-collinearity
effect is lower than typical errors on the side of detector system
(especially for ring detectors with small diameters), it does
play an important role in PET resolution limits for mm-sized
sources, along with the image processing based on phantom
data and statistical reconstruction algorithms.
To complement the 2D blurring image analysis, Fig. 6 shows
edge blurring for a homogenous 5mm square-source phantom,
demonstrating the undesirable effects of using approximate
gaussian distribution. Finally, let us note that although the Figs.
5 and 6 are based only on the acetone distributions in Fig. 4e,
the results for urea are very alike.
In this paper, we did not attempt to include the present results
into nonlinear reconstruction algorithms, such as the nonlinear
iterative ML or MAP algorithms [26]. Nevertheless, since the
non-collinear effect comes to play at the origin of photon
trajectories, it should be possible to partition the acollinearity
effect from other blurring mechanisms and noise arising along
photon trajectories and in the detector, as outlined above.

Fig. 6. Square phantom effect of lower symmetry: blurring of a square source
with homogenous density (gaussian-approximated convolution kernel).

IV. C ONCLUSION
We have determined positron binding energy, electronpositron wavefunctions and the annihilation-pair center-of-mass
momentum distribution for two prototype carbonyl molecules,
urea and acetone, both integral and resolved in the directions
of molecular plane. The distribution function is only approximately gaussian; it contains shoulders at about 2FWHM, a
feature attributed to the dipole-supported positron bound state
in the carbonyl group molecule. Sample phantom studies were
performed using the calculated results. We have demonstrated
that the difference between the accurate and approximate distribution of non-collinear trajectory angles in image reconstruction is important for the detection of low intensity sources sized
about a few millimeters. A similar effect occurs also when the
actual distribution consists of several superimposed gaussians
but is represented only by a single gaussian component. Our
results may add to the improvement of empirical approximations used in the statistical image reconstruction algorithms.
The theoretical framework presented here also applies to other
biological molecules with large dipole moments.
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