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The two-point function of exactly marginal operators leads to a universal contribution to
the trace anomaly in even dimensions. We study aspects of this trace anomaly, emphasizing
its interpretation as a sigma model, whose target space M is the space of conformal field
theories (a.k.a. the conformal manifold). When the underlying quantum field theory is su-
persymmetric, this sigma model has to be appropriately supersymmetrized. As examples,
we consider in some detail N' = (2,2) and N' = (0,2) supersymmetric theories in d = 2
and N = 2 supersymmetric theories in d = 4. This reasoning leads to new information
about the conformal manifolds of these theories, for example, we show that the manifold
is Kdhler-Hodge and we further argue that it has vanishing Kahler class. For N' = (2,2)
theories in d = 2 and N/ = 2 theories in d = 4 we also show that the relation between
the sphere partition function and the Kahler potential of M follows immediately from the
appropriate sigma models that we construct. Along the way we find several examples of
potential trace anomalies that obey the Wess-Zumino consistency conditions, but can be

ruled out by a more detailed analysis.
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1. Introduction

Some d-dimensional conformal field theories have exactly marginal operators {O;}.

This means that when we add them to the action with coupling constants A/,
1
5= 5> / AL\ O () (1.1)
I

the theory remains conformal. The coefficients A/ parameterize the space of conformal

field theories, a.k.a. the conformal manifold M. The two-point functions

grs(AF)
(z —y)*

define a metric, known as the Zamolodchikov metric []. It is the metric on the conformal

(Or(2)0,4(y)) = (1.2)

manifold [f]. It carries nontrivial information that cannot be removed by redefinitions
of the coupling constants A\’ [B]. For example, the Ricci scalar associated to gry(AF) is
invariant under all such redefinitions.

The purpose of this note is to explore the geometry and the topology of ./\/lﬂ Our main
tool will be the conformal anomaly first discussed in [{]. By allowing A\ to be spacetime de-
pendent background fields, [{] derived a contribution to the trace of the energy-momentum
tensor, which depends on the Zamolodchikov metric g;.

In supersymmetric theories the anomaly above must be supersymmetrized. This in-
troduces a few new elements into the analysis. First, it leads to restrictions on the local
form of the metric g;; and it also leads to global restrictions. Second, the anomaly forces
us to introduce some contact terms. We will study both aspects in detail.

In section 2 we review the analysis of these conformal anomalies (without supersym-
metry). Here we spell out the conditions they have to satisfy and show how a careful
analysis leads to new constraints beyond the Wess-Zumino consistency conditions [f].

In the remaining sections we will study N' = (2,2) and N/ = (0,2) theories in two
dimensions and N = 2 theories in four dimensions.

Our discussion of two-dimensional N = (2, 2) theories in section 3 leads to a new proof

that M factorizes into a space M. depending on chiral couplings (), A) and a space M,

L' In worldsheet string theory, M can be interpreted as the space of classical vacua of the
theory. In the AdS441/CFT4 correspondence, the conformal manifold of the CFTy is interpreted
as the space of vacua in AdSq11 (see e.g. [[I]). These correspondences allow to connect our results

to various other topics.



depending on twisted chiral couplings (X, i) Their Kihler potentials are K.(\, \) and
Ktc(X,i). We will show that M must be Hodgeﬁ and will further argue that its Kahler
class should be trivial. This, in particular, shows that M cannot be compact.

We will also study the sphere partition function. Without supersymmetry, there are
counterterms that render it ambiguous. With NV = (2,2) supersymmetry there are two
ways, denoted A and V, to place the theory on the sphere and the partition function has

universal content. It is given by

c c

Za= (1)5 KON 7y = (L)g RO (1.3)
To To

Here r is the radius of the sphere and 7y a (scheme dependent) scale. The dependence

on r reflects the ordinary conformal anomaly. As we will show, the appearance of K, or

K. reflects another contribution to the conformal anomaly depending on exactly marginal

couplings. The identifications ([.3) were conjectured in [[]] and proven in [§] as well as

in [g] based on the work of [ITH[Z].

In section 4 we will discuss N' = (0,2) theories in d = 2. Our analysis leads to
restrictions on the metric on M and shows that M is Hodge and suggests that its Kéahler
class is trivial. But we will argue that the two-sphere partition function is not universal.

Section 5 is devoted to N' = 2 theories in d = 4. Again, the sphere partition function

has universal content and computes the Kéhler potential on M

Z = (i) e, (1.4)

To

This relation was proven in [P] as well as in [[3] and was further used in [[4-1G]. N = 2
supersymmetry fixes an additional contribution to the conformal anomaly depending on
a four-tensor in M in terms of the Riemann tensor of the Zamolodchikov metric. As in
two dimensions, our analysis shows that M is Hodge and suggests that its Kahler class is
trivial.E

Our discussion is reminiscent of that of [[§IJ]. In both cases nontrivial contact

terms are identified. They cannot be absorbed by supersymmetric local counterterms and

2 A Kéahler-Hodge manifold is a Kéhler manifold for which the flux of the Kéhler two-form
through any two-cycle is an integer.
3 We do not make this claim for A" = 1 theories in four dimensions. In fact, [[7] suggested a

construction of compact conformal manifolds in A" = 1 theories.
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therefore correspond to anomalies. They reflect short distance physics and can be analyzed
in the flat space theory. Then, these contact terms have interesting consequences when
the theory is placed on the sphere.

For a related supersymmetric analysis of conformal anomalies in A/ = 1 theories in
d =4 and N = 2 theories in d = 3 see [20,RT].

Four appendices contain technical results. Appendix A concerns with the normaliza-
tion of the anomalies. In Appendix B we collect some properties of the Fradkin-Tseytlin-
Paneitz-Riegert (FTPR) operator, which appears in the anomaly in d = 4. Appendix C
reviews (2,2) and (0, 2) supersymmetry in two dimensions and their linearized supergrav-
ities. Appendix D considers (2,2) Poincaré supergravity in superconformal gauge (which
always exists locally). We classify the allowed rigid supersymmetric backgrounds in this

gauge.

2. The anomaly associated with the metric on M
In momentum space the two-point functions ([.9) take the following form

p? d=2n+1
(1005 -1 ~ 311{ o (5) “d-m 21)

The explicit scale (or cutoff) A in the logarithm does not violate scale invariance. The
reason is that rescaling A changes the answer by a polynomial in p?, which is a contact
term. The correlation function at separated points ([[.3) therefore remains intact under
rescaling A. Such logarithms appear abundantly in conformal field theories (CFTs). Even
though they do not violate the conformal Ward identities, they lead to anomalies (i.e.
the non-conservation of the dilatation charge in the presence of non-vanishing background
fields). One way to detect it is to make the couplings, A!, z-dependent. Then, the trace

anomaly in even dimensions includes a term, roughly of the form [§J] ol
TS g N DOEN (2.2)

The precise action of the Laplacian could be to the left and to the right. We will specify
this later for d = 2 and d = 4.

4 This term is in addition to the ordinary conformal anomalies, which depend only on the

spacetime metric.



We study CFTs with spacetime metric 7,, and spacetime dependent coupling con-
stants Al. We assume that the theory can be regulated in a diffeomorphism-invariant
fashion. Specifically, we assume that the energy-momentum tensor is conserved even at
coincident points (apart from the ordinary Ward identity relations). We will be interested
in the partition function Z[y,,;\] and its variation d,logZ under infinitesimal Weyl

transformations

So Vv = 200 Y (2.3)

with infinitesimal do of compact support. Naively, conformal invariance means that the
variation vanishes. But because of the anomaly, it does not. This variation satisfies a
number of important properties:
1. Zvuw; A] is a nonlocal functional of its arguments. However, its variation d, log Z is
a local functional of v, A! and do.
2. 0, log Z must be coordinate invariant in spacetime.
3. It must be coordinate invariant in M. Below we will argue that it should also be
globally well defined on M.

4. It must obey the Wess-Zumino consistency condition [f]
05,00, 108 Z — 5,05, log Z = 0. (2.4)

5. A term in d, log Z that is obtained by a Weyl variation of a local term is considered
trivial. An anomaly is a “cohomologically nontrivial” term. It cannot be removed
by changing a counterterm. Equivalently, it cannot be removed by changing the
renormalization scheme [B3]. Therefore, even though the anomaly arises due to a

short distance regulator, it is universal — it does not depend on the regularization.

Let us start in d = 2. The infinitesimal Weyl variation of log Z responsible for the

trace anomaly (2.3) and the ordinary trace anomaly is given by

1
0, log Z = i /dza: do\/7R — yy /dza: 5o /Y gruy*r o N o N (2.5)
T oy

Here R is the Ricci scalar and the first term is the universal contribution due to the central
charge c. The normalization of the second term is worked out in Appendix A.
The anomaly functional (B.5) includes a sigma model with target space M. It man-

ifestly obeys the Wess-Zumino consistency condition because it is Weyl invariant. There
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is no local counterterm, whose Weyl variation yields (B.H). Therefore, (B.J) is cohomo-
logically nontrivial. In the language of [P4] one could refer to the first term in (B.J) as a
type-A and to the second term as a type-B anomaly.E

An important part of our discussion will be the analysis of the allowed local counter-
terms (related to item 5 in the list above). In two dimensions, an important counterterm
is

/d%ﬁRF(A’) . (2.6)

Its Weyl variation is

5g/d2xﬁRF(AI) = —2/d2xﬁD50F(AI) . (2.7)

We will see various consequences of this counterterm in what follows.
In addition to (R.5), there are other potential trace anomalies that we need to consider.

First, we have the parity odd type-B anomaly
b, log Z O / d*x §o\/y Brye o, ' 0,\7 (2.8)

with an anti-symmetric two-form Bj; on the conformal manifold M. Also, we have two
type-A anomalies
0y log Z D /d2x 0,00/ Viy' o, AL, (2.9)

and
6o log Z O / d*x 8,60\/y Vie I\ . (2.10)

They are characterized by one-forms V; and Vi on M. We note that (BI0) is invariant
under the gauge transformation Vi = Vi -l—BI]?. On the other hand, (9) transforms under
Vi — Vi + 01 f, but the change is cohomologically trivial. It can be absorbed in the Weyl
variation of the local counterterm (B-6) with F' ~ f(A!). This allows us to identify V; and
‘71 as connections on the conformal manifold M.

We will now show that even though (R.§),(R.9),(B.10) obey the Wess-Zumino consis-
tency conditions, a more detailed analysis leads to further restrictions, ruling out these
anomalies. This demonstrates that constraints that go beyond the standard cohomological

analysis can further restrict anomalies.

5 A type-A anomaly vanishes for z-independent do when the background fields have trivial
topology. A type-B anomaly does not vanish for constant sigma even for trivial topology and

reflects logarithms in certain correlation functions.

5



First, a simple argument excludes all type-B anomalies that are beyond that in (2.3).
We recall that a type-B anomaly is associated to a logarithm appearing in a correlation
function. Without loss of generality we can study the theory in flat Euclidean spacetime
with v,, = d,,,. Consider the momentum space correlation function of the exactly marginal

operators

(O, (P1)Or,(p2) -+ Or, (pn)) = log A 6 (ZM) AplLyed, T, (2.11)

where the ellipses on the right-hand side represent terms independent of the UV cutoff
A. Since the operators O; are exactly marginal, the coefficient of the logarithm must be
ultra-local, i.e. a polynomial in momentum (otherwise, there would be a beta function
for the couplings A’). Scale invariance constrains Ay ,..;, to be quadratic polynomials
in the momenta p,. Therefore, we can determine Ay r,..;, by picking specific simple
combinations of momenta. For example, for po = —p; and p3 = py = --- = 0 it is clear
that Ap,1,..1, ~ p301,0r1, -+ 01, 91,1,- Similar other specific cases show that Ay, r,..r, is
determined entirely by derivatives of the Zamolodchikov metric. This means that the
additional parity odd anomaly (B.§) controlled by a two-form cannot be present. More
precisely, the argument above shows that H;jx = O Byk) = 0 and hence By, is locally
given by Bry = 01 B for some one-form B;. By integration by parts we find that this
anomaly is now identical to the type-A anomaly (R.10). We will discuss it below.

Next, we argue that V; and V; in the type-A anomalies (E),(E-I0) must satisfy
01V =9 1‘7]] = 0, i.e. these connections are flat. These anomalies can be extracted from

the following energy-momentum correlator

(T (2)O1 ()01 (y)) - (2.12)

Using the conformal Ward identity at separated points, the correlator must be proportional
to grj. There could also be contributions with support at x =y # 2z, or 2 = x # y, or

z =y # x. In the first case the only contact term allowed by dimensional analysis contains

Ty,

we can have the contact term T}, (7)Or(0) ~ 8,6 (2) ME O (0) with some matrix ME.

which has zero separated-points correlation functions. In the second and third case,

This would lead to a logarithmic term in the three-point function (E:I3), of the type already
analyzed above, and hence, it is proportional to the Zamolodchikov metric and does not

contribute to the anomalies V; and ‘7].



Therefore, all the terms in (B.12) that are associated to separated points physics are
proportional to gr;. They cannot lead to nonzero “field strengths” 0; V) or 9, IVJ], which
are anti-symmetric in I and J. Thus, at least locally, the connections V; and V; are pure
gauge and the associated anomalies vanish.

Summarizing, we have seen that even though (R.H),(R.9),(R.10), are a priori allowed
anomalies that obey the Wess-Zumino consistency conditions, they can be all excluded.
This will have important consequences in what follows.

Thus far we limited ourselves to deformations by exactly marginal operators with
coefficients A\ as in ([[TT]). If the CFT also has conserved currents Jy» then it is natural
to couple them to classical background fields A}, and examine the anomaly as a function
of these fields. The anomaly sigma models now depend on the spacetime metric v,,,, the
couplings A7, and the gauge fields Aj,. The operators Oy are taken to carry charges —q7 and
the coupling constants A\ thus carry charges ¢¢. Away from A/ = 0 some of the symmetries
generated by jj; may be thus explicitly broken. Related expressions appear in BZ. In
addition to the previous requirements of conformal invariance, coordinate invariance in
spacetime and on M, we should now also demand gauge invariance. The equation (B.7)
is modified by simply replacing d,A\" — V, A\ = 9, \ — iqf}AZ)\J . In addition, one could
encounter new anomalies that contain the field strength F,. There could also be 't Hooft
anomalies under gauge transformations.

In d = 4 the local functional that reproduces the logarithm in the two-point func-
tion (B-J]) is a four-derivative local term. One can construct it by starting with the ansatz
dologZ D [ d*x do\/y grsONDOM +- -+ and covariantize this expression both in spacetime
and in M. One also requires that it satisfies the Wess-Zumino consistency condition (2.4).

After some workll one finds the expressionﬁ

0y log Z D

~ o~ 1
/d4az V7 oo (gUD)\ID/\J — 2gjjau)\1 (R“” - g'y’“’R) BV/\J)
(2.13)
Above OX = O + L 0 A7 0, MK where T is the usual Christoffel connection on M.

The ordinary Laplacian [J is enriched to [ so that the anomaly is coordinate invariant

19272

6 We use the convention [V, V,]V, = R, V.
" The fact that the anomaly fd4a: NaTly gr70u N’ 9, M\ R* is proportional to the Zamolod-
chikov metric at the fixed point plays a very important role in perturbative proofs of the strong

version of the a-theorem [R§FPGPRY. The situation in d = 6 unfortunately appears to be more
complicated [R9,B0]. For a review see [BI].



on M, as we demand in general. At this juncture I'}, could be an arbitrary connec-
tion, not necessarily the Levi-Civita one. However, demanding that (B.13) satisfies the
Wess-Zumino consistency condition forces I'} - to be the Levi-Civita connection. Note
that (B.I3) coincides with expressions that appeared in [P7 and [B{] in related contexts.
The combination (P.I3) can be viewed as an interesting variant of the Fradkin-Tseytlin-
Paneitz-Riegert operator [BZ], which we discuss further in Appendix B.

While we do not present an exhaustive classification of anomalies in four dimensions,
there is an additional conformal anomaly that depends on a four-tensor on M with com-

ponents cy sk, that we would like to mention:
0o logZ D) /d4$ 50’ﬁ C[JKLBM/\IBM)\JBV)\Kay)\L . (2.14)

The four-tensor cjjx; may be either an independent rank-four tensor on the mani-
fold M, or it may be fixed by the Zamolodchikov metric, e.g. c;jxr ~ grjgxr or
cryxrn ~ Rrxjr + Rykir, where Rrg jr, is the Riemann tensor on ME The Wess-Zumino
consistency condition (B.4)) does not imply a relation between crjr and the Zamolod-
chikov metric. However, in section 5 we will show that in N’ = 2 supersymmetric theories,
such a relation must exist, and cj i is proportional to the Riemann curvature tensor of
the Zamolodchikov metric.

For future references, let us also list some of the allowed counterterms in four dimen-

sions
/d4x\/f_y <R2 FE\)+ R, BR(M)+ R, Fs(\')+ - ) : (2.15)

We will be particularly interested in the case where the underlying theory is supersym-
metric. Then, the exactly marginal couplings A! reside in various superfields [B4]. If the
superconformal field theory (SCFT) can be regularized in a supersymmetric manner, then
we must further require that the local anomaly functionals above be supersymmetrized.
We will study some of the consequences of supersymmetrizing (2:3) and (-I3). We will
show that the remaining ambiguity (£-6)) in the renormalization scheme in two dimensions
and (B-I9) in four dimensions is restricted to have holomorphic dependence on the coupling
constants. This fact has several important consequences. In particular, it makes the sphere

partition function meaningful (up to a Kéhler transformation generated by a holomorphic

function [§,[J)).

8 We thank Y. Nakayama for a discussion on the topic and for stressing the potential relevance
of the anomaly (R.14) to the question of locality in AdS4+1. See for instance [BJ.
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3. N =(2,2) Supersymmetry in d = 2

Our goal in this section is to determine the conformal anomaly and analyze its con-
sequences in N = (2,2) supersymmetric theories in two dimensions. Here the exactly
marginal parameters belong either to background chiral multiplets or twisted chiral mul-
tiplets, which we denote by A/ and XA, respectively.

First, we should supersymmetrize the anomaly (B.5) and the counterterm (B.g). For
that we need to place the theory not only in curved space but in curved superspace [BY].
N = (2,2) supergravity was discussed in [BG-{0] and, in particular, the possibilities for
rigid supersymmetry in curved space were analyzed in [J]. (We repeat this analysis in
the superconformal gauge in Appendix D.)

We should discuss two distinct supergravity formulations known as U(1)y and U(1)4
supergravities [B). These are labeled by whether the U(1) symmetry preserved in the
Poincaré supergravity theory is vector or axial.g

In terms of the (2,2) SCFT this distinction is the following. The (2,2) SCFT has
a U(l)y x U(1)a R-symmetry. We can couple either U(1)y or U(1)4 to a background
gauge field, but an anomaly prevents us from coupling both of them to background fields.
Correspondingly, the coincident points divergences and the associated contact terms can
preserve either U(1)y or U(1)4 R-symmetry but not both. These contact terms are de-
scribed by the corresponding supergravity. Equivalently, we assume that the theory can
be regularized while preserving diffeomorphism invariance and supersymmetry as well as
either U(1)y or U(1) 4. In particular, we assume that there are no gravitational anomalies
so that ¢, = cp.

We find it convenient to use a simplification specific to two dimensions. Since lo-
cally every two-dimensional metric is conformally flat, we can describe the metric using
the conformal factor ¢ — the Liouville field. This statement is easily supersymmetrized.
Every supergravity background can be described locally by a superconformal factor in a
superfield. In U(1)4 supergravity it is in a chiral superfield ¥ and in U(1)y supergravity
it is in a twisted chiral superfield > (see Appendix C'). The corresponding superconformal
variations, whose anomalies we are interested in, are 0% and 5% respectively. In what

follows we will concentrate mainly on U(1)4. It is straightforward to repeat it for U(1)y .

9 To follow the discussion below (in our analysis of two-dimensional theories) no familiarity

with supergravity is necessary.



The supersymmetrization of the conformal anomaly (B.5) is then straightforward. In

the regularization preserving U (1) 4, the anomaly is given by

Js log Z4 = —ﬁ /d%d‘*e(az FON)Z 4D+ ﬁ /d% 40 (52 KOWN AN + c.c.) ,

(3.1)
where K is a complex function of the exactly marginal coupli:ags.E Clearly, these expres-
sions obey the Wess-Zumino consistency condition.

One might try to integrate (B.J) to find the ¥ dependence of log Z4. Although this
can be done as a local expression in terms of X, the answer is nonlocal. The point is that
it is valid and local in the superconformal gauge, but it is nonlocal in other gauges. This
property makes it particularly interesting, as it cannot be absorbed in local counterterms.

In order to proceed we must find the most general supersymmetric expression, which is

local in any gauge, and can serve as a local counterterm. This is the supersymmetrization
of (B-6). In U(1)4 the local counterterm is [f]

I S A T R TP
SA_47r/d xd 9RF(A)+C.C.—4W/CZ rd* 0¥ F(X\) +cc., (3.3)

where R = D%, is the chiral curvature superfield in superconformal gauge. The counter-
term (B-J) depends only on the chiral parameters A and the dependence is holomorphic.EI

Under a super-Weyl transformation

6554 = i/d% d*0 (6EF(\)+ 62 F(N)) . (3.5)

10 In the full supergravity without using the conformal gauge the anomaly takes the form
1 L~ =
Sslog Za = — 55 (/ d2e 20 € R 6% + c.c.) - /d2x ' E(éE KOW RN + c.c.> (3.2)
T 7r
where £ is the chiral superspace measure, E is the Berezinian superfield, and here R is a chiral
superfield that contains the Ricci scalar in its 2 component. The first term represents the ordinary
anomaly.

1 In the full supergravity without using the conformal gauge the counterterm is

S = ﬁ /d2md295RF(A) +cc. . (3.4)
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Further restrictions on K can be found by expanding (B.1]) in components and requiring
that the forbidden two-dimensional anomalies (B.§),(R.9),(R.10) are absent. Note that this
goes beyond the Wess-Zumino consistency conditions. After some algebra, the conclusion
is that K is real and

K =K.\ — K0 A (3.6)

and therefore the metric on M is a product metric of two Kahler manifolds M = M, x M,..
The Kéahler potential on M, is K. and it depends only on the chiral parameters and the
Kahler potential on M. is K;. and it depends only on the twisted chiral parameters. This
splitting between the chiral and the twisted chiral parameters is well known and is natural
in the context of type II string theory, where (2,2) worldsheet theories lead to N = 2
supersymmetry in spacetime. The hypermultiplet and the vector multiplet metrics are
factorized as a consequence. Here we see that it follows from properties of anomalies on
the worldsheet.

We conclude that the anomaly is

— — 1 _ _ ~ =
Sslog Z4 = —ﬁ d2xd49(62+52)(2+2)+ﬂ / d%z d*0 (6S+03) (K. (AN, N)—Ke(\ ).
(3.7)
Next, we would like to check the invariance of (B.7) under Kéhler transformations. It

is trivially invariant under

K—K+GA) +GO) . (3.8)

In addition, under the Kéahler transformation
K—=K+F\+FQ\) (3.9)

the anomaly shifts by the super-Weyl variation (B.5) of the supersymmetric local counter-
term (B.3).

The lack of strict Kéhler invariance under (B.9) can be interpreted in several different
ways with interesting consequences. First, we can simply state that the Kahler transfor-
mation should be accompanied by a change in a local counterterm. Second, we can assign
a transformation law to X

5%+ gF(A) (3.10)

and use the first term in (B.7) to achieve full Kéhler invariance of the anomaly (here we

assume c # 0). This perspective means that e5> is a holomorphic section of a line bundle,
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whose first Chern class is the cohomology class of the Kahler form on M and therefore
M must be Hodge. This result, which we have now derived using the anomaly, is known
for sigma models with Calabi-Yau target spaces and for general (2,2) theories. It is also
natural in the context of string compactification as a property of the four-dimensional
supergravity theory [AI] (see a refinement of this statement in [{2-fH]). In that context
the action depends on —&(X + Y) + K where ¥ is the spacetime dilaton superfield, or
equivalently, it is the spacetime conformal compensator. This is similar to our X, which
is the two-dimensional conformal factor. Indeed, integrating the anomaly (B.]) we obtain

the anomalous piece of the effective action in superconformal gauge
c 9 = 6 )\2
log Zs D ——— [ d*zd 9(2+2——/c) . (3.11)
487 c

Finally, we can try to use this analysis to suggest a stronger result. It is well known,
and we have used it extensively, that the anomaly variation is a well defined local term.
The lack of strict Kahler invariance means that our anomaly is not quite well defined. If
the Kahler class of M is trivial, there is no immediate problem since we are not forced
to perform the Kéhler transformations (B.9) and we thus have a global description of the
theory. Different presentations of the theory might be related by Kahler transformations,
but this can be absorbed in a local counterterm or in a redefinition of ¥. However, when
the Kéahler class of M is nontrivial, there is a difficulty. In that case we must cover M with
patches and transition functions that involve Kahler transformations and correspondingly
a change in the counterterm (2.9).

Now, consider the couplings changing in spacetime in such a way that we must use the
transition functions (e.g. spacetime wraps a nontrivial cycle in M). Here different parts
of spacetime have coupling constants in different patches in M and since the transition
functions between them need a counterterm, e.g. (B.q), there is no single Lagrangian in
all of spacetime! We suggest that such a situation is inconsistent. This would mean that
M and the various fields on it are such that no such transition functions are needed.
Therefore, we arrive at the conclusion that M must have vanishing Kahler class. This
argument is analogous to that of [, with the difference being that we are considering the
properties of the space of theories rather than the usual target space of a specific sigma
model.

More generally, we should always require that the scale variation of the partition

function is a local, globally-defined functional of the background fields. In our context,
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the anomaly functional contains K explicitly and is therefore not invariant under Kéahler
transformations. The anomaly functional is well defined only if the Kahler class vanishes.

Let us now extract some useful physical information from our anomalies (B.7). It
suffices for our purposes to evaluate the anomaly keeping only the bottom components of

the multiplets of the exactly marginal parameters A and M and of 6%
§%| = o +ida , (3.12)

where da parameterizes the U(1)y transformation. We find
1 = . ~ == 1
s log Za = =5 / 2 (50— (970X 9N +G,50" A4 9AF ) — SO0 K,

+ da (O“Au + 6“”3;“1”) + g (50 Do + éa Da)) :

977 = 195K, (3.13)
gAE = aAaEKtC )

A, = % <8IK68H)\I - 87K68HXI> ,
~ i 4 ~
A= 5 (0aKw0 ) = 05K1:0,07)

Here we have integrated by parts and used the metrics g7 and g,5 on M, and My, as
well as the pull-back of the Kéhler one-forms A, and .Z(H, whose exterior derivatives give
the Kahler two-forms of K. and K;.. We note that only the Kahler potential K. for the
chiral multiplets appears in the term proportional to [Jdo in (B.I3). This is due to the fact
that 0¥ is a chiral multiplet. This point will be important below.

Another way of stating our equations uses the supercurrent multiplet. As we review
in Appendix C, the relevant axial supercurrent multiplet consists of real (in Lorentzian

signature) Jy4 and a chiral W satisfying
In a conformal theory W = 0. Our anomaly is

c 1 =2 ~ NN
W= _ER + ED (KC(A7 )‘) - Ktc(>‘7 A)) ’ (315)

where R = D X is the chiral curvature superfield. As above, it is invariant under Ké&hler

transformations of K;., but not under Kéahler transformations of K.. We can absorb
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Kahler transformations of K. by improvements of the energy-momentum tensor multiplet.
Alternatively, we can make it invariant by also shifting . From the first point of view
it thus follows that if the Kahler class of M is non-vanishing, upon letting the coupling
constants wrap some two-cycle in M, we would not be able to define a single energy-
momentum tensor throughout our two-dimensional space. This again suggests that the
Kahler class of K. vanishes.

In the absence of supersymmetry, the last term [do K. in the first line of (B.13)
would be cohomologically trivial and could be tuned away by an appropriate choice
of regularization scheme. Indeed, this term is proportional to the variation of the lo-
cal term, d, [ dzxﬁRKc. However, since we are, by assumption, defining the parti-
tion function using a supersymmetric regulator, cohomologically trivial terms must arise
from the Weyl variation of U(1) 4 supergravity invariants. The most general such term is
8o | d*z/YR(F(X) + F(X)) with holomorphic F()) (see (B-J)). Therefore, modulo Kéhler
transformations, the anomaly in (B.13) is a genuine new contribution to the trace anomaly
in N = (2,2) SCFTs.

Even in the absence of supersymmetry, the terms in (B.13)
1 L
5 / 000 (970, 9N + G, 50" A19,A7) (3.16)

are cohomology nontrivial since they cannot be generated by the Weyl variation of any
local term. These are precisely the terms we discussed in (B.3). This part of the anomaly
is captured by a nonlocal term in the effective action, whose Weyl variation reproduces
the anomaly (B.16). Supersymmetry relates this nonlocal universal term to local terms
that upon a Weyl transformation give rise to the term dc K, in (B.13J). We can thus
reconstruct these terms in the effective action by integrating the anomaly sigma model.
In the evaluation of the partition function for constant sources A’ and A and vanishing

a, it suffices to focus on the term [Jdoc K .. First we covariantize it
1 2
oslogZ4 D yp d*z\/yOoo K. . (3.17)
T
Using d,,/7R = —2,/yYUdc we learn that the partition function contains

1
log Za D 5 / d*z\/yYRK, . (3.18)

We repeat that this is not a supersymmetric local term. It is related by supersymmetry to

some nonlocal terms that generate the anomaly (B.16). This is the reason the coefficient
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of (B.I§) is physical. The super-Weyl invariant terms in Z,4 vanish identically since all
two-dimensional supergravity backgrounds are superconformally flat.
Upon evaluating the partition function on the two-sphere S? and for constant sources

we obtain that the S? partition function of a N/ = (2,2) SCFT regularized preserving

U(1)4 is C C
Z4[8?) = <i) o5 Jo2 CIVIRKC _ <1)§e—Kc , (3.19)

To To
where we exhibit the radius of the sphere r, which arises from the ordinary central charge
anomaly. Note that in agreement with the picture above, we either say that Z4 is not
Kéhler invariant, or we accompany Kéahler transformations with r — res FQ+FO) | We
remark that (B.19) is correct for any compact manifold with the topology of the two-sphere,
the prefactor being reexpressed in terms of the area of the manifold. This is consistent
with [§], who argued that the S? partition function is independent of squashing.

The analysis extends almost verbatim in U(1)y supergravity. In this case the anomaly

(B7) becomes
5 log Zy O L / d*z d*0 (53 + 0%) (KtC(A, N — K. X)) . (3.20)
4
And using Y=0+ia

1 — - ~ = 1
g log Zy = —5 / 2 <5a (970X 0N +§,50A49NF ) — SDd0 Ky,
(3.21)
@ (0" A+ 0, A ) + g (6000 + 52 Da)) .

Now the Kahler potential for the twisted chiral multiplets K;. appears explicitly in the

anomaly since Y is a twisted chiral multiplet. Integrating the anomaly, as above, we arrive

C ) %
ZV[SQ] = (L) e ~8r fs2d TVYRE e _ (L) e Kte (3.22)

To To

at

In summary, we have re-derived the result that supersymmetric S? partition functions
of N = (2,2) SCFTs are expressed in terms of the Kéhler potential on the appropriate
moduli space of theories [[],§] (see also [@]). Our derivation shows that this phenomenon
follows directly from a new trace anomaly in supersymmetric field theories. The new trace
anomaly is tied by supersymmetry to the anomaly associated with the Zamolodchikov

metric. Our methods also led to the suggestion that the Kahler class of M vanishes.
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It is important that the anomalies we discussed reflect UV physics. They are indepen-
dent of the background spacetime and can be explored locally in flat space. The sphere
partition function was used as a tool to extract this anomaly. We note that we simply
substituted X of a sphere.

In Appendix D we discuss a classification of supersymmetric backgrounds using our
superconformal gauge formalism. Specifically, we consider ¥ = ¢ + ia + 62w with various
o, a, and w. The round sphere discussed above corresponds to a = 0 but with ¢ and
w non-vanishing. We would like now to make a few comments on the other possible su-
persymmetric backgrounds, and in particular, about the topologically twisted background
on the two-sphere a = ico (such that ¥ = R = 0). Due to the anomaly ¢/6 [ d?zdalla
in (B.13), the partition function needs to transform with a nonzero phase under U(1)y
transformations. Hence, the S? partition function on the twisted sphere vanishes (see [E7-
i9)). If one introduces the parameter w, then this phase can be absorbed by including we/3
in the partition function. The partition function can be argued to be holomorphic as a
function of the coupling constants. But since the holomorphic counterterm (B-3) does not
vanish (the anti-holomorphic one vanishes), only the singular part of the dependence on
coupling constants is physical. It would be interesting to understand what these singular
pieces mean. They were recently computed in [B0,FI]. Another interesting open question
concerns Calabi’s diastasis, which is a nice K&hler invariant observable in (2,2) SCFTs.
It has an elegant interpretation in terms of conformal interfaces [BJ], and it would be

interesting to see if our methods shed light on it.

4. (0,2) Supersymmetric Theories

Here we consider (0,2) SCFTs and study their trace anomaly. Our conventions are
such that the supersymmetry is right-moving. The exactly marginal operators are neces-
sarily in Fermi multiplets [5J] (see [54] for background on (0, 2) models). The corresponding
couplings are in chiral superfields A’. We will determine their contribution to the conformal
anomaly.

We plan to place the theory in a nontrivial supergravity background. This is simpler
when the supergravity theory is anomaly free. First, to avoid gravitational anomalies we
must relate the left-moving and the right-moving central charges ¢ = cr. Similarly, cp
determines the anomaly in the right-moving U(1) current and we assume that there is

also a left-moving U(1) current with the same anomaly. Then we can gauge an anomaly
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free linear combination of these two currents. Note that even if we do not have such an
anomaly free setup, we can imagine adding decoupled fields to achieve it.

Under these assumptions, the supergravity transformations (which include gauge
transformations for a U(1) gauge field) are non-anomalous. One can then naturally cou-
ple the theory to the corresponding supergravity and study it in nontrivial supergravity
backgrounds. We will refer to the gauged U(1) symmetry as axial (as in our discussion of
U(1)4a (2,2) supergravity above) and then the vector U (1) symmetry is a global symmetry,
suffering from an anomaly.

Before delving into a technical discussion, let us summarize what we find. The trace
anomaly in (0,2) models contains a term depending on the Kahler potential, supersym-
metrizing the ordinary bosonic anomaly (B.F]). But there is an additional term in the trace
anomaly that depends on a new function of the couplings, H. This function is not fixed
by the (0,2) theory. It depends on precisely how we couple the theory to the background
fields. It is instructive to consider a (2,2) theory viewed as a (0,2) theory. Then this
function H is given as

H~K,— Ky (4.1)

i.e. in this case the function is physical and unambiguous. But in general (0,2) models
it is ambiguous. The sphere partition function depends on H and therefore the sphere
partition function in such theories is not universal. However, the arguments leading to
the conclusion that the Kéhler class vanishes do hold in (0,2) models and in particular,
the moduli space of SCFTs cannot be compact. This is in accord with intuition from the
heterotic string, where (0, 2) models are used to construct A/ = 1 supergravity theories in
spacetime. In such cases it is known that the vacuum manifold is Kéhler-Hodge [[I]] (see
also [A3H4H]). For a related stringy discussion see [p3,5]].

As in the (2,2) theory, we find it convenient to use the superconformal gauge. But
unlike the (2,2) theory there are two natural “conformal gauges.” The difference between
them is in the gauge condition imposed on the U(1) gauge field.

One possibility is to use the gauge A__ = 0, where A__ couples to the right-moving
U(1) current j, in the superconformal algebra. In this case the remaining degrees of
freedom are in a real superfield V = o + %9+\I/+ + %§+ﬁ+ + 9+§+A++. In the linearized
supergravity approximation which we review in Appendix C (see also [B{]) this corresponds

toHip =H____ =0with V =1%H.
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Alternatively, we impose Lorentz gauge on that gauge field 0* A,, = 0, which is solved
locally by A, = €,,0”a. Then the remaining degrees of freedom are in a chiral multiplet
S =0 +ia+ iU, — 070 9, (o + ia).

These two multiplets are almost identical. Given ¥ we can write V = (3 + X). But
given V, the chiral superfield ¥ = —ﬁEJrDJrV is nonlocal. The lack of locality affects
only a. Its zero mode is present in ¥ but not in V. Conversely, a constant mode of A4
correspond to a linearly growing a.

The gauge invariant chiral curvature superfield can be expressed using either of these
fields

R_=20__D,V=0__D.%. (4.2)

Super-Weyl transformations are associated with a chiral 43 and simply shift 3. Their
action on V is 20V = 6% + 6X. The shift of a by a constant represents the action of the
global vector U(1) symmetry that is not gauged. This global symmetry shifts ¥ by an
imaginary constant and does not act on V.

Then, the most general expression for the anomaly action is

——° (i | d2zdo*
oy log Z =Ton (2/d xdfTOXR —|—c.c.>

+ ﬁ / d2ado+dg” ((52 +6T)Ar0__ M + (58 — 52)316__A1) tee. .
(4.3)
So far, Ay, By are arbitrary functions of the couplings.

The first term is the ordinary central charge anomaly. It can also be written as follows

in our two slightly different versions of conformal gauge:

i | Pad20t (6% — 6%)9__(Z+3) = Z-GC

127 67

/ d*xd*0T (6% — 6%)0__V . (4.4)

The functions Ay, By represent the anomalies that arise in the presence of exactly marginal
coupling constants. Already from this we can infer that the metric on M is Hermitian.
The components expansion of ([L.3) leads to a term proportional to doe"”(95A; —
(91A7)(9y>\1 (9HXJ + c.c.. However as we discussed in section 2, this is consistent only if
(locally) Ay = 07 K. Furthermore, K has to be real in order to eliminate type-A anomalies
that are present upon expanding the first term. Similar considerations show that By = 0r H

with some real function H.
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Therefore, the anomaly must be of the form

oslog Z = ﬁ /d%d29+ ((52 —0%)0__ <%V + H)
) (4.5)
+ (0% + %) (81K8__>\I - 87K(9__XI) ) .

The expression ([.J) satisfies the usual consistency conditions including the Wess-
Zumino conditions. We therefore see that our additional considerations in section 2 con-
cerning which anomalies are allowed show that the metric on M must be Kahler (in accord
with intuition from heterotic compactifications, which lead to N’ = 1 supergravities). Be-
low we will also find some global restrictions on M.

Asin (B.14)-(B.15), we can express the anomaly as an operator statement. The theories
we study have a supercurrent multiplet with real Riy and 7____ satisfying [B6] (see

Appendix C)
6__R+_|_ + 6++R__ =0 s

_ (4.6)
Dy (T-—__—i0__R__)=0.
When the theory is conformal we also have D, R__ = 0. R__ is the left-moving current
that we assumed exists in the CFT. Our anomaly modifies D, R__ = 0 to
D _ i c P I N
D.R__ = Z127rR_ + 47TD+(81K(9__)\ OKO__\N +0__H) . (4.7)

Next we should identify the ambiguity (i.e. the cohomologically trivial terms that
arise from variations of (0, 2)-supersymmetric local counterterms). This will allow us to
determine the actual anomaly. For that we should supersymmetrize (£-§). We can either
use the full nonlinear supergravity (see e.g. [b7]), or simply use linearized supergravity as

in [pG] and Appendix C to show that the local counterterm is
i
—— [ d®zddTh(\)R_ 4.8
o [ dadothOR (19

where h(A!) is holomorphic. This counterterm allows us to absorb some holomorphic
transformations on H and K but most of the information in (f.5) is cohomologically
nontrivial.

Even though the anomaly associated with H seems like a nontrivial anomaly, which

cannot be absorbed in a local counterterm, in fact, it is not physical in (0,2) theories.
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Tt can be absorbed in a redefinition of V.13 Physically, this means that we redefine the

. . . . 7 <!
metric and its superpartners by some function of the coupling constants A*, A . In other
words, when we allow the couplings to be general functions, we can add new terms to the
Lagrangian that vanish upon setting the couplings to constants. Such a freedom exists
in (0,2) theories and it leads to the anomaly H. There is no a priori principle that fixes
H, unless the theory is a (2,2) theory in which case this freedom does not exist and H
becomes physical (E.1]).

After removing H we conclude that the anomaly can be written as

S log Z = zé ( / d2zdft SR — c.c.) + ﬁ / d*zd*67 (55 +0%) (aIKa__Af —c.c.) .
(4.9)
Expanding it in components with the only nonzero background fields ¥ = o + ia and

M| we find

1 5 (C
dnlog Z = ~5- /d x(g(daDa-l—éaDa)

-7 1 1
460G ~" NN — 060K + ~6a (8" A, + D, A,) ) |
IJ 12 4 4 ( 12 12 ) ) (410)
ij = 6167K ,

A, =i <8IK8H)\I - %K@HXI) .

The first term is the ordinary anomaly. The second term is the anomaly (B.5) associated
with the metric on M.
The situation with Kéhler transformations is as in (2,2) theories. Ké&hler transfor-

mations can be absorbed in a shift of ¥. As there, es>

is a holomorphic section of a line
bundle over M and therefore M is not only Kéhler, but it is also Hodge. Also, as in (2, 2)
theories, we suggest that the Kéahler class of M is in fact trivial.

These results are consistent with the expectation from the string application of these

models. When the (0, 2) theory is used as the worldsheet of a compactified heterotic string

12" Note that we cannot absorb H in ¥+ X by a local transformation. However, this redefinition
is indeed a truly local transformation in (0,2) supergravity. It can be understood in linearized
). This

modifies the couplings of the theory to curved space by additional terms in the Lagrangian, which

supergravity before picking any gauge. There we simply shift { by the function H(\ ,XI

depend on the coupling constants. For conformal theories, this modification only depends on

derivatives of the coupling constants. Such ambiguities do not play a role in (2,2) theories.
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it leads to N = 1 supersymmetry in four dimensions and M is the target space of some
of its chiral superfields. In this case it is known that M should be Kéahler [F5[E3] and
Hodge [[1]. We extend these conclusions to all (0,2) SCFTs and argue that the Ké&hler
class of M should be trivial.

While the anomaly functional ({.10) contains the term do K, the partition function
depends on the choice of H (which we have set to zero for simplicity) and therefore it is

not universal.

5. N =2 Supersymmetry in d = 4

We now proceed to the supersymmetric generalization of the conformal anom-

aly (B-13). For N' = 2 supersymmetry the appropriate superspace expression is

6z log Z O /d4zc 440 d49 B(6L + 6 K\, (5.1)

19272

The super-Weyl parameters §¥ and % are chiral and anti-chiral superfields, respectively.
They can be viewed as a conformal compensator in A' = 2 supergravity [5§]. A and N
are chiral and anti-chiral superfields with Weyl weight zero, whose lowest components are
the exactly marginal couplings, which we also denote as A and XI. K (), )\) is the Kihler
potential on the conformal manifold M.

In addition to the anomaly that contains the moduli, we also have the usual Weyl
anomaly, which depends only on the supergravity multiplet. Its superspace expression is

an integral over chiral N' = 2 superspace (see e.g. [F9] and Appendix B for details)

16;2 /d4a: d*0 £6% (a E+(c—a) W“BWQ5> + c.c.
1 4 uvpo . . g
> /d NGl (cC Couvpor a<E4 3DR)) ,

oy logZ D
(5.2)

where W8 and = are chiral superfields. W is the Weyl superfield, while = is constructed
from curvature superfields that appear in the commutators of super-covariant derivatives
in curved superspace.

To work out the component field expansion of (B.1]), we need to know the component

expansion of an action of the general form
1 _ -
S = /d4x d*0 d*9 EIC(A\, Y (5.3)
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where A4 and M\ are A’ = 2 chiral and anti-chiral multiplets with Weyl weight w = 0,

respectively. For our anomaly (5-9) we will then specify to

—— 1 _ _
KA, = T (62 + 0X) KA\, ). (5.4)

For calculating the component expansion of (5.3) we follow [60]. We start with the
special case K = AB, where A and B are chiral and anti-chiral multiplets respectively.
Keeping only the bottom components A| = A, B| = B, and the metric background (i.e.

dropping the bosonic auxiliary fields in the supergravity multiplet), we get
— 1 —
S = /d%ﬁ (VQA V:B -2V, A <R“” — ng’“’) V,,B) . (5.5)

In order to find the answer for a generic IC()\A,XZ) we expand around a reference point
and then use the fact that product of chiral multiplets with Weyl weight w = 0 is a chiral
multiplet with w = 0 and similarly for anti-chiral multiplets. Then IC()\A,XZ) can be
expressed as a sum ) A;B; with chiral A; and anti-chiral B; and we can use (B.H) for each

term in the sum. Doing this we arrive at
S = / d%ﬁ{ICAB@V“)\A VAP VAC VAL 4 K, e VI V0P OXC
+ Kape VA VB OXC + K5 DA NP (5.6)

— 2005V, N (R - %Rv“”)vﬁﬁ} :

where M = (2, M) (A = (T, ). Using (54) and the following definitions for the metric,

connection and curvature on a Kéahler manifold with Kéahler potential K
957 = afajK ;
I = g™ 8,050 K (5.7)
Ryt = 91079KT — g" INIkT OTIMN

22



we arrive, after several integrations by parts, at

55 log Z
=082 2 962

/ d%ﬁ{aanmﬁvw VA VK
=Nl ny 1 nv I NJ
+dogy (ON OV —2(R™ = ZRy™)V,0 VA

1
2

1

1
+ = KO%60 + K VIRV, b0 + K (R“” — gVWR) VAL

(5.8)
=295 VN VNV, Vb0 + g (VIO VN - TR W, Vda

7 S~ ~ PR = - R P
-3 (VIVJK VANV A = VY5 K VANV, A + VKON — V2K DAI> Oda

1 —
+i (R“” - ng) (ViK VN = V7K 9,0) vyaa} .

As in (P.13), the hats denote covariant derivatives with respect to target space diffeomor-
phisms acting on the A. Note that this action is completely covariant under target space
diffeomorphisms and we nicely identify the term (B.13) in the second line of (5.§). We also
identify the new anomaly (P.14) in the first line. It appears with the Riemann tensor of
M. To take into account the complete anomaly we have to add (B.2) to (5.9).

Using the expressions in Appendix B one realizes that the terms in the third line

of (p-§) can be written as a variation of a local term. Specifically,

1 1 1 1
NG <§D25J + S VIRV 00 + <R““ — gy“”R) VHV,,&T) = V7 5 Aado
(5.9)
B 1 1 )
s, (vi [t~ Som+ec?]).

where c is an arbitrary function of the moduli and Ay the FTPR operator (see Appendix
B). For ¢ = 0 this is precisely the combination that appears in the N' = 2 supersym-
metric version of the Gauss-Bonnet invariant (see e.g. [p]]). The supersymmetric Gauss-
Bonnet term may include as a prefactor an arbitrary holomorphic function of the moduli.
Therefore, (F-§) is cohomologically trivial if K = F + F is a sum of a holomorphic and

anti-holomorphic function of the moduli, in which case it reduces to

1
19272

/d4az VY (FA4G +cc.) . (5.10)
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Indeed, consider the following local superspace counterterm
/d%° d*9EF(N) (2= WW,g) + c.c. (5.11)

The combination = — W8 Wap contains the Euler combination Fy4 — %DR and its Weyl
variation is the supersymmetrization of (f.10)).
To arrive at the S* partition function we simply need to integrate the combination

appearing in (f.9) on S4. Using

/S4ﬁ <E4— §DR+CCQ> = 64 72 (5.12)

we ﬁnd 4
Z[84] = (1) eK/12 (5.13)

To
as claimed in [f] and [[3]. We note that (5.13) is true for any superconformally flat compact
four-manifold if we express the prefactor in terms of its volume.

The Kéhler ambiguity K — K + F + F of the partition function is taken care of by the
ambiguous local counterterm (p.17)). As in d = 2, we will now see that the trace anomaly
is invariant under a correlated Kahler shift and Weyl transformation.

To find the change of the anomaly polynomial (p.J) under an infinitesimal Weyl trans-
formation 6%, we use (cf. [59))

0= =20%

S —2A 6%, (5.14)

(11

where A, the chiral projection operator, is the N' = 2 supersymmetric generalization of
the FTPR operator (see also Appendix B). The Weyl superfield WP transforms homoge-
neously with weight one, while the chiral superspace density £ transforms with weight —2

(the full superspace density E is invariant). We then find
a =
050y, log Z = ~5.2 /d4xd4955EA62+C.C.. (5.15)

On the other hand, under a Kéhler shift K — K + F + F it transforms as

1

log Z —
Orox log 19272

/d4x BOE(GLF+6SF) = /d4xd49552ZF+c.c. (5.16)

19272

13 Since the $* background is superconformally flat, the super-Weyl invariant terms in Z vanish.
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Therefore, choosing
1

0¥ = %F ) (5.17)
the anomaly polynomial is invariant under an infinitesimal joint Kahler-Weyl transforma-
tion and therefore also under a finite transformation. The invariance can be explicitly seen
to hold for the partition function (5.13).

As in two dimensions, this means that M is not only Kéhler, but it is also Hodge. In
addition, using background A’ that vary in spacetime and wrap a nontrivial cycle in M,
we argue that the Kéhler class of M must be trivial. (For certain cases with an N' =4
AdSs dual, it has been argued in [62] that M is special-Kéhler. It would be interesting to

understand when this happens in general.)
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Appendix A. Normalization of the Anomaly

The normalization of the anomaly (2.5) and (R.13) is fixed as follows. We compute the
change of the contact term in d = 2 under constant rescaling of the coordinates  — e’z

by writing the two-point function as

1 1
= P (g a) (A1)
whose anomalous Weyl variation is
anom 1 >\7T

This is the contact term that is reproduced by the anomaly functional (R.5).

In d = 4 we write

1 1 log(z214?)
=7/ A.
| |8 768 ( x? ’ (A.3)
whose anomalous Weyl variation is
(anom) 1 A2 2¢(4)

This is matched by the anomaly (2.13).

Appendix B. The FTPR operator and its properties

We collect some properties of the Fradkin-Tseytlin-Paneitz-Riegert operator [BZ. It
arises in our context in the case that there is only one exactly marginal modulus and
one integrates (R.I3) by parts. One obtains, up to cohomologically trivial terms, that the

anomaly is

/d4xﬁ50AA4A, (B.1)

where

1 2
Ay =02+ VIRV, + 2RV, V, — 2RO (B.2)

is the FTPR-operator with the defining property that under Weyl rescaling of the metric,

A4 — 6_460A4 (B3>
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when it acts on a scalar. Another property of A4 which is used in Section 5 is
2 2
0o | By — §DR =—460 | B4 — EDR + 4 Aséo . (B.4)

This can be derived using

0o R=—-200c R— 6o ,
doRyp = -2V, V,é0 — g,,00 , (B.5)
6,0R = —450 OR -2 R0O60 — 2V* RV 60 — 6 %50 ,

and the expression for the Euler density which we normalize to

2
Ey=C"*7Cpe — 2 R*™ R, + §R2 (B.6)

such that
/ d*z /Y E, = 647°. (B.7)
S4

Here C,,, s is the Weyl tensor.

In two dimensions instead of Ay we have Ay = . Tt satisfies Ay — e 299 A, and
0E; = 0R = —260 R — 2 Ay b0 with [, d*z\/7E> = 8.

The conformally covariant operators have generalizations in chiral superspace. In
d =2, N = (2,2) this is the chiral projection operator Vz which transforms as Vz — 65262
under super-Weyl transformations, which are parameterized by a chiral superfield §% (with
a similar transformation for the anti-chiral projector V?2).

For N = 2 in d = 4 the analog of the FTPR operator is the chiral projection operator
A with the infinitesimal transformation ésA = 2 5% A under a super-Weyl transformation
parameterized by a chiral scalar superfield 6X. Its precise definition in terms of super-
covariant derivatives and curvature superfields is reviewed in [B9], where one also finds

references to the original literature.

Appendix C. Review (and conventions) of two-dimensional supersymmetry
C.1. (2,2)

We will use the notation z** for the coordinates, which makes it easier to com-

pare with spinors. In Euclidean signature ™ is the complex conjugate of 7~ and in
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Lorentzian signature they are two real independent coordinates. The Ricci scalar is given
by R\/v = —%D log~ in the conformal gauge, where v = det v,,.
The supercovariant derivatives, which can be obtained from the four-dimensional ones

of Wess and Bagger by dimensional reduction, are

0 = — 0 ,
Dy :80?—29 6ii, Di:_aa? +7,9i8ii, (Cl)
The algebra is
{D+,E+} — 2i8++ y {D_,E_} — 2i8__ . (CQ)

Chiral superfields A and twisted chiral superfields X are defined by

DiA=0

. N (C.3)
DA=D_X=0.

There are two interesting energy-momentum supermultiplets in a (2,2) theory with
an R-symmetry [B@]. They are related by mirror symmetry. First, there is the U(1)y

supermultiplet

DiRez = +x=, Dix+=D_x+=0, Dix_ = E_X_i_ . (C.4)

It immediately follows that the bottom component, RPF‘ = is a conserved vector

v
JrT
current

OrsjY_+o__jY,. =0. (C.5)

Often, there exists a twisted chiral operator T such that

x+=D:T . x.=-D.T (C.6)

and then the last two equations in (|C.4) are automatically satisfied and the first becomes

D.R.__=-D.T , D_R. =-D,T. (C.7)

The U(1)4 supermultiplet is obtained formally by acting with a mirror symmetry

transformation on ([C-4)

DyJey =2V, Dy YL =0, DY+ =0,
D_|_y_ —|— D_y_|_ - 0 .

(C.8)
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In this case jéjF = J:F:F} is a conserved axial current
Oppjt_ —0__jit, =0. (C.9)
Often, there is a chiral ¥V such that
YVi=DiW (C.10)

and then (C§) is replaced by

Now we discuss linearized coupling to supergravity (see also the analysis of [J].) We
start from the case of U(1) 4 supergravity. The supergravity multiplet is (Hy1, ), where
Hy is real (in Lorentzian signature) and ¥ is chiral. The linearized coupling to matter

then takes the form

oL = /d‘*eZHiiJH + </ d*O8W + c.c.) : (C.12)
+

This is invariant under the linearized transformations

0Hir =DiLi —DsLy

—2 (C.13)
0¥=-D (DyL_—-D_L,),

where L are arbitrary superfields. Note that the first line of (C-I3) is consistent with the

reality of H44+ and that the action ([C.12) is invariant under ([C.13) by using the defining

relations (C.4).

In the superconformal gauge H44+ = 0 and the only degree of freedom is ¥ = o+ia+....
Here o is the conformal factor in the metric and a represents the U(1)4 gauge field in
Lorentz gauge A,, = €,,,0"a. Under the super-Weyl transformations X is shifted by a chiral
superfield §%. The shift of a by a constant is a U(1)y global symmetry transformation.

The situation in U(1)y supergravity is analogous. In that case the only mode in the

superconformal gauge is the twisted chiral superfield .
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C.2. (0,2)

For (0,2) theories with a conserved R-symmetry the supercurrent multiplet consists

of three superfields, R+4,7____, which are real in Lorentzian signature. They satisfy [50]

0. Ry, +0, R__=0,

= (C.14)
D_|_ (T____ - iﬁ__R__) - 0 .
Hence, the R-current is vectorial 41 j__ 4+ 0__j44 = 0. In components we have
. . 2t +7+
Ryy =4y =075 —i0 Sy —070 Thyiy,
Ro_=j _ —i0"S, _ —i0 S, _—070 T\ _, (C.15)

T =T — 079 _ S 400 S —00 00y .

We couple this theory to linearized supergravity in a standard fashion. We introduce

three real superfields, H4,H,H____, and the linearized coupling takes the form
L= /d9+d§+ (T Hyy +R__H+RyH_ ). (C.16)

The complete super-diffeomorphism group is generated by the following transformations

Hir = Hop + (A +A44)
H = H 40— (Aay —Rpy) +0ayU__ (C.17)
Ho - H_ ___+0__U__.

Above A is chiral and A is anti-chiral. U is a general multiplet.
The curvature is in the invariant chiral superfield
R_ =Dy (i0> _His +0-_H -0y H____)

- B Z. (C.18)
= —1 (8__\114_ — 84_4_\1}———) - 19+(Rﬁ_ 27'F) .

Here U, and W___ are components of the “gravitino” and originate from H and H____,
respectively. R and F' are the Ricci scalar and the field strength of the U(1) R-gauge field,

respectively.
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Appendix D. (2,2) and (0,2) Supersymmetric Backgrounds in Superconformal
Gauge

In this appendix we repeat the classification of supersymmetric backgrounds of [53].
These authors used linearized supergravity to find the equations for supersymmetric back-
grounds and then covariantized them. Instead, we will use the superconformal gauge. This
way we will not have to rely on linearized or the full nonlinear supergravity. The point is
that every (2,2) background in two dimensions can be brought locally to a superconformal
gauge and then all the information is contained in a chiral superfield . (More precisely,
we will be using U(1) 4 supergravity where the conformal factor is in a chiral multiplet. It
is trivial to repeat the analysis in U(1)y.)

As we said, the advantage of using this presentation is that there is no need to use
supergravity. We simply use flat space ordinary superconformal symmetry.

We will set the fermionic components of ¥ to zero; i.e. ¥ = o + ia + 0?w, ¥ =
o —ia + 52@. We will assume that o, which is the conformal factor, is real. But we
will allow non-unitary backgrounds in which a can be complex and w is not the complex
conjugate of w.

Most of our analysis will be local. The global considerations are easily implemented
later. We will denote the Killing spinors for the supersymmetry variation as (<, Za with
a = +, and will view them as four independent complex variables (no particular reality).

The conditions for supersymmetry are

OsiCF =0:2C =0

2
044 (e”—z‘a(‘i') + %@ea—iac =0, O__ (ea—iac—) _ %wea—iaZ"‘ —0.

The first equation is the standard restriction due to flat space superconformal symmetry.
The remaining equations state that the fermionic components of e* and e* are invariant.
Note that ¢* and { have the same U(1)4 R-charge, and e’*%* and w are neutral under
it.

The N = (2,2) supersymmetric background ¥ can be classified as follows according

to the preserved supercharges given by the Killing spinors ¢, ¢ .
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The first class of backgrounds preserves one supercharge of a given U(1)4 charge.
Without loss of generality we can take the Killing spinors as nonzero ((*,( ) and Z+ =

¢~ =0. We find for every o and a

Y=o +ia— 2i92§—+8__ (O‘ +1a + logz_>

. —2¢t . n
Y =0—ia+2i0" =04 (0 —ia+log(T)
¢

where (* = (*(z7F) and ( = ( (27 7) are arbitrary functions of 2+ and =~ respec-
tively. (In Euclidean space they are holomorphic and anti-holomorphic functions.) Recall
that our analysis is local; global considerations restrict these functions.

The second class of backgrounds preserves two supercharges with opposite U(1)4 R-
charge, denoted as ((;",(; ) and (E;,C; ). Imposing invariance under (¢;",{; ) we find
again (D-7) with ¢ — (3. Imposing invariance under (E; , (5 ) we find another expression,
which is related to (D.2) by ¢ — (y, w <> W, a — —a. Consistency of the two solutions

constrains ¢ and a
((Gos+G o) (r+iatlogls TN @) =0. (D3

This means that o and a are invariant under the vector v = (;- Z; Oyr + ¢ ¢ 0-— (up to
a superconformal transformation by log Z; (1) (27 7).

There are two such cases depending on whether v = 0 or v # 0. They lead to the
topological twist and (2-deformation respectively.

For v = 0 it suffices to assume that one component of v vanishes. Without loss of

generality take ¢;” = 0 with nonzero ¢; . The solution ([D-2) gives
Y =0%w, X =20, (D.4)

i,e. a = i0, w = 0 with arbitrary ¢ and w. This is the topological twist. The anti-
topological twist corresponds to a = —io.

In the second case v # 0 and ¢ and a must have an isometry given by the vector v. Up
to a conformal transformation we can take the Killing spinors to be (¢, ¢; ) = (ex™,1)
and (Z;Cz_ ) = (1,—ex~ 7). Here € is a constant describing the 2-deformation. The

corresponding isometry vector is v = € (2t Y0,y — 2~ ~0__). Therefore, 0 and a are
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arbitrary function of the invariant combination ™ 2~~. The supersymmetry algebra
satisfies 0102 4+ 0201 = iL, # 0. And the background is

) 21 1 .
¥ = (0+ia)— ?92@*—4‘8__ (o +ia), 05)

Y = (0 —ia)+ 2ie§2x++8++ (o0 —ia+logaz™™).

Two limiting cases are interesting. For e — 0, the solution ([D.J) becomes the topo-
logical background (D.4). For a = ioc with nonzero €, equation (D.§) reproduces the
two-dimensional Q-background in [B3|

=0, =20+ %l =0 _ (20 +1loga™"). (D.6)

The background ([D.5) preserves maximally four supercharges, if and only if the
spacetime metric is maximally symmetric and the U(1)4 gauge field has zero curvature

014+0__a = 0. For a sphere the maximally supersymmetric background is given by

0
= —log (1+4%) + 0>-2¢

1+ 22 D.7
= o\ | 2 2i€ (D7)
Y=—log(1+a%) +0 T

where 22 = 2Tz~ . The sphere background (D7) is not unitary since ¥* # . The
result agrees with the supersymmetric sphere background of [IQ,[LT].

Similarly we can classify the N' = (0,2) supersymmetric backgrounds. They are
determined by imposing the vanishing right-moving supersymmetry variation on the chiral
superfield e = e? 1@

. _(t=0_C =0,
.y (GUHGEJF) ~0, (D.8)
Dy (9¢H) = 0.
There is only one class of N' = (0,2) smooth supersymmetry backgrounds. They are
referred to as (anti-) topological half-twist in [54] .
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