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Motivated by recent pump-probe experiments indicating enhanced coherent c-axis transport in
underdoped YBCO, we study Josephson junctions periodically driven by optical pulses. We propose a
mechanism for this observation by demonstrating that a parametrically driven Josephson junction shows an
enhanced imaginary part of the low-frequency conductivity when the driving frequency is above the plasma
frequency, implying an effectively enhanced Josephson coupling. We generalize this analysis to a bilayer
system of Josephson junctions modeling YBCO. Again, the Josephson coupling is enhanced when the
pump frequency is blue detuned to either of the two plasma frequencies of the material. We show that the
emergent driven state is a genuine, nonequilibrium superconducting state, in which equilibrium relations
between the Josephson coupling, current fluctuations, and the critical current no longer hold.
DOI: 10.1103/PhysRevLett.117.227001

Recent pump-probe experiments on high-temperature
superconductors such as YBCO revealed transiently
enhanced superconducting-like states both below and
above their critical temperatures T c [1–4]. The origin of
these transient superconducting states has not been identified yet. Several ideas have been proposed: nonlinear
phononic effects [5], parametric cooling [6,7], competing
orders [8,9], and redistribution of phase fluctuations [10].
In this Letter, we model the layered structure of YBCO as a
Josephson junction chain, and demonstrate that below the
critical temperature the parametric driving of these junctions enhances the Josephson coupling in the steady state
[11]. We extract this quantity from the 1=ω divergence of
the imaginary part of the conductivity σðωÞ as the frequency ω approaches zero.
So far, most of the theoretical studies have considered
quantities such as the power spectrum of currents [10], or
the dc current response [6]. While these quantities give
important insight into the system, here we discuss the
optical conductivity itself by including the probing field in
our calculation to obtain the actual nonequilibrium
response. The Kubo formula or other equilibrium methods
are not used. This achievement is crucially important
because the conclusions of Refs. [1–4] are based precisely
on this quantity. We note that while experiments indicate
stiffening of the superfluid density both below and above
T c , here we focus on cases below T c, in which condensed
Cooper pairs are safely assumed. We will discuss cases
with fluctuating Cooper pairs just above T c (below the
pseudogap temperature) elsewhere. Complete understanding how the interlayer coherence is dynamically enhanced
may provide new theoretical and experimental means to
investigate fluctuating orders above T c .
0031-9007=16=117(22)=227001(6)

In this Letter, we first study a single Josephson junction.
We show that a driving frequency just above the plasma
frequency leads to strong enhancement of the Josephson
coupling, derived from the low-frequency conductivity.
This arises because the nonlinear driving term couples the
probe pulse to the plasma frequency. This parametric
mechanism can also be considered as a Fano-Feshbach
resonance [12]. Then we turn to a bilayer system of
Josephson junctions (Fig. 1), which has been used to
explain the optical properties of YBCO [13–15]. We
employ both an analytical approach and Langevin

FIG. 1. (a) Schematic depiction of YBCO. Superconducting
CuO2 layers (grey) form series of bilayer Josephson junctions. THz pulses (wavy lines) excite apical oxigen atoms
(circles) that induce oscillations of j1 and j2 . (b) Comparison
of the calculated imaginary part of the conductivity with experiments in Ref. [2] at 10 K. (The lower plasma frequency is
∼33 cm−1 .) The optimal driven conditions near the higher plasma
frequency are used for the calculations. (Theoretical curves are
rescaled so that undriven curves from the experiment and theory
coincide.)
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simulations to calculate the conductivities. We find that,
when the driving frequency is just above the low and high
plasma frequencies, the Josephson coupling increases
compared to the undriven cases by 20% and 8%, respectively, in the steady state (Fig. 1). We propose ways to
further increase the enhancement; near the low plasma
frequency, increasing capacitive couplings of both junctions is ideal, while near the high plasma frequency,
increasing (decreasing) the coupling of weak (strong)
junctions is preferable. Finally, we demonstrate the
counterintuitive properties of this nonequilibrium superconductor. We discuss a scenario where both current
fluctuations and the Josephson coupling are enhanced,
which would be unexpected in equilibrium. We explain this
phenomena by the redistribution of current fluctuations in
frequency space.
We start with a single parametrically driven junction
[16–21], with a bare Josephson coupling J0 , a thickness d,
and a dielectric constant
ϵ. It has a characteristic plasma
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

frequency ωJp ¼ 4πe dJ0 =ℏϵ. The phase φ of the
junction obeys
~
̈ þ γ φ_ þ ω2Jp ½1 þ A cosðωpump tÞ sin φ ¼ I;
φ

ð1Þ
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where γ is a damping coefficient, I~ ≡ ω2Jp I=J 0 , and I is an
external current. We consider a periodic modulation of J0
with an amplitude A (0 < A < 1) at a frequency ωpump as
J0 → J0 ½1 þ A cosðωpump tÞ. This induces parametric driving. I~ is independent of A since ω2Jp ∝ J0 . Linearizing and
Fourier transforming the equation, we obtain
 2

−ω − iγω
þ
1
φðωÞ
ω2Jp
¼−

A½φðω þ ωpump Þ þ φðω − ωpump Þ
~
þ IðωÞ:
2

To calculate the conductivity, we assume that the probing
~
current is monochromatic IðωÞ
¼ I~ probe δðω − ωprobe Þ. We
need to solve a discrete set of equations for
φn ≡ φðωprobe þ nωpump Þ, n ∈ Z, to determine φðωprobe Þ.
Since higher harmonics are of higher order in the driving
amplitude, we consider only φ1 and φ0 [22]. Using the
_ and σ ¼ Id=V, we
Josephson relation V ¼ ðℏ=e Þφ,
find [31]

 2 4 
A ωJp
ϵ
1
σðωprobe Þ ¼
4πiωprobe
4
ω2Jp − ðωpump − ωprobe Þð−iγ þ ωpump − ωprobe Þ


1
2
2
þ ωprobe þ iγωprobe − ωJp :
þ 2
ωJp − ðωpump þ ωprobe Þðiγ þ ωpump þ ωprobe Þ
In the London and Ginzburg-Landau picture [32],
Im½σ London ðωÞ ¼

nS e2
c2
J 0 e d
;
¼
¼
ℏω
mω
4πλ2L ω

ð4Þ

where nS is the superfluid density, m the mass of a Cooper
pair, λL the London penetration depth, and J0 the bare
Josephson coupling. Thus we define an effective Josephson
coupling Jeff as
ℏ
Im½σðωÞωω¼0
e d


A2 ω2Jp ðω2Jp − ω2pump Þ
:
¼ J0 1 −
2ðω2Jp − ω2pump Þ2 þ 2γ 2 ω2pump

ð2Þ

ð3Þ

corresponds to the bound state, and the pump-pulse couples
the probing mode to this bound state.
In the Supplemental Material [22], we include the next
order of the nonlinearity of sin φ in Eq. (1). We show the
result of this extended analysis in Fig. 2 for γ ¼ 0.05. We
exclude the regions of dynamical instability determined
by Floquet analysis of the linear model [22–24]. As the

Jeff ≡

ð5Þ

The driving term generates a resonant renormalization of
J0 , which is the key mechanism that we propose here.
When the driving frequency is above (below) the plasma
frequency, the effective coupling is enhanced (decreased).
The maximal value of the correction Jeff =J 0 ¼
1 þ A2 ω2Jp =2γðγ þ 2ωJp Þ is achieved at ωpump ¼
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ωJp 1 þ γ=ωJp . We note that Eq. (5) is of the form of a
Fano-Feshbach resonance [12]; the plasma mode

FIG. 2. The normalized effective Josephson coupling J eff =J 0 .
We note that a significant increase of the coupling is achieved
when the driving frequency is just above the plasma frequency.
Dynamically unstable regions are left blank.
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damping γ increases, the instability regions diminish while
the enhancement of J eff also decreases; for the optimal gain
of Jeff , it is desirable to control the damping to balance
these two effects.
Next we consider a bilayer system of 2N Josephson
junctions composed of 2N þ 1 superconducting (SC)
layers stacked along the c axis that models the electromagnetic response of YBCO [2,14,15] (Fig. 1). The mth
superconducting layer has the excess charge Qm and the
phase of the superconducting order parameter θm. These are
conjugate variables, satisfying fθl ; −ðℏ=2eÞQm g ¼ δlm .
Between neighboring superconducting layers is an insulating layer, creating the Josephson junctions. There are two
types of Josephson junctions in our model, labeled as “1”
and “2” or equivalently “weak” and “strong.” These are of
thickness d1;2 , and consist of one unit cell of thickness
d ¼ d1 þ d2 (Fig. 1). Each junction is characterized by a
high-frequency dielectric constant ϵ1;2 and a Josephson
critical current j1;2 . The average dielectric constant for the
−1
−1
unit cell is ϵ−1
av ¼ ðd1 ϵ1 þ d2 ϵ2 Þ=d, and the average
capacitance is Cav ¼ Wϵav =4πd. W is the area of the
layers. In addition to the self-charging energy that arises
from the nonzero compressibility of each superconducting
layer, there are long-range Coulomb interactions among the
excess charges Qm due to lack of screening charges in the
insulating layers. The total Hamiltonian is [14,15]

expression above Eq. (1)]. The parametric driving is
included by changing the critical currents ji as
j1;2 → j1;2 ½1  A1;2 cosðωpump tÞ; we assume that the driving is alternating along the junctions. The voltage is related
to the phase differences by the generalized Josephson
relations [15,33],
   
 
φ_1
1 þ 2α1
V1
−2α2
ℏ
¼
:
ð8Þ

e
−2α1
1 þ 2α2 V 2
φ_2
For the undriven case at T ¼ 0, Eqs. (7) and (8) give
σðωÞ ¼

mþ1 W
X ℏjm
m

e

cosðθmþ1 − θm Þ;

ϵav ðω2 þ iγω − ω2Jp1 Þðω2 þ iγω − ω2Jp2 Þ
;
4πi
ωðω2 þ iγω − ω2t Þ

δJ=J0 ≃
ð6Þ

where xm is the coordinate of the mth SC layer, with
x2m ¼ md, and x2mþ1 ¼ md þ d1 . The first term represents
the Coulomb interactions. The second term is the selfcharging energy with a dimensionless compressibility
κ ¼ ϵav μ2 =sd, with s being the thickness of the superconducting layer. μ is the Thomas-Fermi screening length
in the superconducting layers. The last term is the
mþ1
Josephson energy term. jm
¼ j1;2 is the Josephson
critical current between the mth and the (m þ 1)th SC
layer. The Hamilton equations obtained from Eq. (6) are
coupled sine-Gordon equations for 2N junctions [22]. Here
we show the simplified equations where all the weak/strong
junctions are set to be equal, i.e., φ1 ¼ φ3 ¼ … and
φ2 ¼ φ4 ¼ …,
 

 

φ̈ 1
φ_1
4πe μ2 I α−1
1
þγ
−
s
φ̈ 2
φ_2
α−1
2
 

2α2 Ω22
−ð1 þ 2α1 ÞΩ21
φ1
:
ð7Þ
¼
2
2
2α1 Ω1
−ð1 þ 2α2 ÞΩ2 φ2
αi is the capacitive coupling constant αi ¼ ϵi μ2 =sdi , and
Ω1;2 is the bare plasma frequency of each junction [see the

ð9Þ

where ωJp1; Jp2 ≃ Ω1;2 are the longitudinal plasma modes
for weak and strong junctions, and ωt ≃ ωJp2 is the
transverse plasma mode [15,22]. The overall Josephson
coupling at T ¼ 0, defined as Eq. (5), is J 0 ¼
e ϵav ω2Jp1 ω2Jp2 =ð4πℏdω2t Þ.
We calculate the effective Josephson coupling for the
driven state, similar to the single junction case. Assuming
ωJp1 ; Ω1 ≪ ωJp2 ; Ω2 and Ai , γ ≪ 1, and with a pump
frequency near the lower resonance, ωpump ≃ ωJp1 , the
relative change of the Josephson coupling δJ=J0 is approximately [22]

X κ
X jxm − xn j
Qm Qn þ
Q2m
H¼−
2dC
2C
av
av
m>n
m
−
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A21 ω2Jp1

2ðω2pump − ω2Jp1 Þ

ð1 þ 2α1 þ 2α2 Þ:

ð10Þ

This indicates that increasing both capacitive couplings
further enhances the Josephson coupling. Near the higher
resonance ωpump ≃ ωJp2 , we find
δJ=J0 ≃

−2α22 A21 þ α1 ð1 þ 2α2 ÞA22 þ 4α1 α2 A1 A2 2
Ω1 :
2α2 ðω2pump − ω2Jp2 Þ
ð11Þ

In the pump-probe experiment on YBCO [2], the driving
frequency is above ωJp2 . For that frequency regime, we
propose to use a material with a smaller α2 or a larger α1 to
exploit the singular behavior of Eq. (11).
Next, we solve the 2N coupled sine-Gordon equations
with Langevin noise terms numerically to study thermal
effects. We focus on the response below the critical
temperature since the model assumes condensed Cooper
pairs; only the interlayer phase fluctuations are active. We
do not address the physics above the critical temperature.
For the numerical integration, we employ a Heun scheme
with typical time steps of h ¼ 10−5 , with N ¼ 50 unit cells.
The other parameters of the model are α1 ¼ 3, α2 ¼ 1.5,
Ω1 ¼ 1, Ω2 ¼ 12.5, and γ ¼ 0.5. These are chosen to
reproduce the ratio ωJp2 =ωJp1 ∼ 15.8 of YBCO with appropriate α values for this compound of around ∼3 [15]. We
have ωJp1 ¼ 1.58 and ωJp2 ¼ 25.1. We use a small γ < Ωi
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to simulate the underdamped regime. To calculate the
conductivity σðωprobe Þ, we add a monochromatic probing
current at ωprobe with I ¼ 0.1 [34], and measure the voltage
across the junctions. The numerically obtained response
functions in equilibrium are in good agreement with the
analytical expressions in Eq. (9) [22]. Because of the lowdimensional nature of the system, it does not undergo a true
phase transition at nonzero temperature. However, the
Josephson coupling decreases rapidly near the crossover
temperature T ∼ 1.0; see Fig. 3(c) [35].
The effective Josephson coupling obtained from the
conductivity at T ¼ 0.2 and 0.6 are plotted in Figs. 3(a)
and 3(b) near the low and high plasma frequencies. We
choose maximal driving amplitudes that are still inside
the dynamically stable regions, ðA1 ; A2 Þ ¼ ð0.6; 0.3Þ and
(1.0,0.3), respectively. We also plot the analytical solution,
including three harmonics, at T ¼ 0 for comparison.
Similar to the single junction, we observe an enhancement
of J eff just above the two plasma frequencies. The largest
relative increases are 20% and 8%, respectively, for these
examples, in the steady state. Near the lower resonance, the
deviation from the analytical solution is more significant
than for the higher resonance, since the higher harmonics
become more important in this case. The analytical
expression agrees better with the T ¼ 0.2 results, and
deviates further from the curves for T ¼ 0.6 due to thermal
effects, especially for the lower resonance. The temperature
dependence of Jeff at fixed driving frequencies ωpump ¼ 2.1
and 26 is depicted in Fig. 3(c). The enhanced Josephson
coupling rapidly decreases as the temperature increases
above the lower resonance at ωpump ¼ 2.1. Near the higher
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resonance, the enhancement continues up to the crossover
temperature of T c ≃ 1.0.
Since the weak junctions dominate the low frequency
behavior of the system, we plot the current fluctuations in the
weak junctions, hsin φ2i ii∈weak , in Fig. 3(d). We denote
temporal averages by bars and spatial averages by angle
brackets. The pump frequency is near ωpump ∼ ωJp2, close to
the experimental conditions of Ref. [2]. Near
ωpump ∼ ωJp2  ωJp1 , the current fluctuations increase
(decrease) due to parametric heating (cooling) as has been
observed in Ref. [6]. The enhanced Josephson coupling near
ωpump ≃ 26 occurs when current fluctuations increase due to
parametric heating. For an equilibrium system, this would be
unexpected, because larger fluctuations are achieved for
higher temperatures and lead to a smaller superfluid density
and Josephson coupling. In equilibrium, the thermal fluctuations for all frequencies are controlled by a single
parameter, the temperature. Here, however, we have created
a genuine nonequilibrium state. To demonstrate this, we
generate the power spectrum of the weak junction currents,
which is the Fourier transform of the temporal currentcurrent
correlation
function
I w ðtÞI w ð0Þ
where
I w ≡ hsin φi ii∈weak . This spectrum is shown in
Fig. 4(a) near the parametric heating regime ωpump ¼ 26.
The low frequency part of the power spectrum is related to
the conductivity [22], while its sum over all frequencies is
equal to the variance hsin φ2i ii∈weak . We observe that the low
frequency part (ω < ωJp1 ) has reduced fluctuations, as if the
temperature were reduced. This leads to the enhancement of
conductivity. However, the total area of the spectrum is
increased because the high frequency fluctuations are
increased, as if their temperature was increased [36]. We
note that the dc current response, which serves as another
estimate of Josephson energy [6], is determined by the total
power spectrum, and therefore may be different from Jeff ,
which is controlled by the low frequency part. Indeed, we
find that the parametric heating (cooling) gives more (fewer)
phase slips resulting in larger (smaller) voltages near the
critical current, as shown in the dc current-voltage curves in
Fig. 4(b). This agrees with the results of Ref. [6].
In conclusion, we have demonstrated a mechanism for
light-enhanced superconductivity in which the probe pulse is
coupled to a plasma mode by parametric driving. We have
first showed this phenomenon for a single, parametrically

FIG. 3. (a) The relative change of the Josephson coupling
δJ=J 0 ð%Þ near ωpump ≃ ωJp1 at A1 ¼ 0.6 and A2 ¼ 0.3. (b) The
relative change of the Josephson coupling δJ=J 0 ð%Þ near
ωpump ≃ ωJp2 at A1 ¼ 1.0 and A2 ¼ 0.3. (c) The temperature
dependence of J 0 and J eff [normalized by J 0 ð0Þ] at fixed driving
frequencies, ωpump ¼ 2.1 and 26. (d) The current fluctuations at
the weak junctions, hsin2 φi ii∈weak , near ωpump ≃ ωJp2. The dashed
lines are at ωJp2 ; ωJp2  ωJp1 .

FIG. 4. (a) Power spectrum of the weak junction current at T ¼
0.6 around ωJp1 ; (b) dc current-voltage characteristics.
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driven Josephson junction. We have then expanded this
analysis to a bilayer system of Josephson junctions which
represents the phase and charge dynamics along the c axis of
YBCO. Both of these models indeed show an enhanced
Josephson coupling when the pump frequency is above the
plasma frequencies. We find that smaller damping increases
the enhancement, while too little damping induces a parametric instability. We have also proposed material properties
that are beneficial for an enhanced Josephson coupling.
Finally, we have demonstrated that the resulting driven
state is a genuine nonequilibrium state in which enhanced
Josephson coupling and increased current fluctuations coexist. We emphasize that the conceptual features of our
mechanism provide guidance for a wide range of driven
solid state or other many-body systems, in particular for the
dynamical control of their low-frequency response functions.
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