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Zwei Geschichten von jenseits des Standardmodells:

In dieser Arbeit werden zwei Erweiterungen des Standardmodells prsentiert: Zee-SU(5) und Zee-LR. In

beiden Theorien erhalten die Neutrinos aufgrund des Zee-Mechanismus durch Quanteneffekte eine Masse.

Zee-SU(5) basiert auf der SU(5) groen vereinheitlichten Theorie mit dem skalaren Sektor5H , 45H und

10H . Die Rolle des zweiten Higgs-Dubletts in45H ist entscheidend fr die Korrektur der Massenrelation

der down-artigen Quarks und geladenen Leptonen und die Erzeugung der Neutrinomassen. Zur berpr-

fung der Testbarkeit dieser Theorie werden Bedingungen fr die Vereinheitlichung detailliert untersucht und

Beschrnkungen fr die Beobachtung des Zerfalls des Protons an aktuellen und zuknftigen Experimenten wie

Hyper-Kamiokande betrachtet. Die Theorie sagt auf natrliche Weise eine Relation zwischen den Massen

der Neutrinos und der geladenen Leptonen vorher sowie das Auftreten eines leichten, farbgeladenen Ok-

tetts, das zu exotischen Signaturen am LHC fhren knnte. Das Zee-LR-Modell hingegen ist ein simples

links-rechts-symmetrisches Modell, dessen skalarer Sektor aus zwei Higgs-Dubletts besteht, die die links-

rechts-Symmetrie brechen, sowie einem geladenen Singlett, durch das Neutrinomassen generiert werden und

leptonenzahlverletzende Prozesse impliziert werden. Dieses Modell sagt leichte sterile Neutrinos voraus. Um

die Phnomenologie der Theorie zu untersuchen, werden die Signaturen am LHC mit zwei geladenen Leptonen

unterschiedlichen Flavors und fehlender Energie sowie Zerflle der schweren Eichbosonen mit dem leichten,

rechtshndigen Neutrino untersucht. Es wird angemerkt, dass beide Theorien die fr Symmetriebrechung und

Massenerzeugung minimal bentigte Anzahl an Freiheitsgraden im skalaren Sektor einfhren, unter der die

Renormierbarkeit der Theorie erhalten ist (im Fall von Zee-SU(5) ohne zustzliche Fermionensingletts).

Two stories for beyond the Standard Model:

We propose two extensions of the Standard Model which predict Majorana neutrinos: Zee-SU(5) and Zee-

LR. In both theories neutrinos get mass at the quantum level through the Zee mechanism. The Zee-SU(5)

is based on the SU(5) grand unified theory with5H , 45H and10H composing the scalar sector. The role

of the second Higgs doublet in the45H is crucial since it is responsible of correcting the down-type quarks

and charged leptons mass relation and generating neutrino masses. In order to understand the testability

of the theory, unification constraints are studied in detailand proton decay bounds are discussed at current

and future experiments such as Hyper-Kamiokande. The theory predicts as a natural outcome a beautiful

relation between neutrino masses and charged fermion masses and a light colored octet which could give

rise to exotic signatures at the LHC. On the other hand, the Zee-LR is a simple left-right symmetric model

whose scalar sector is composed of two Higgs doublets, responsible of breaking the left-right symmetry,

and one charged singlet, responsible of the neutrino mass generation and lepton number violation processes.

This model predicts light sterile neutrinos. In order to understand the testability of the theory, we study the

signatures with two charged leptons of different flavor and missing energy at the LHC and the decays of the

heavy gauge bosons involving the light right handed neutrino.We remark that both theories have the minimal

degrees of freedom in the scalar sector needed for symmetry breaking and mass generation such that the

renormalizability of the theory is preserved (without extra fermion singlets in the case of Zee-SU(5)).



Contents

I. Introduction 5

II. Grand Unified SU(5) Theory 7

A. Field content and SU(5) structure 7

B. Symmetry breaking and scalar potential 11

1. Breaking step I:SU(5) → SU(3)⊗ SU(2) ⊗ U(1)Y 12

2. Breaking step 2:SU(3)⊗ SU(2) ⊗ U(1)Y → U(1)em 13

C. Fermion masses 14

D. Unification of the gauge couplings 16

E. Anomaly cancellations 19

F. Proton decay 22

1. Lepto-quark gauge bosons contribution 22

2. Colored triplet contribution 23

III. Massive Neutrinos 25

A. Type-I seesaw 27

1. Realization of type-I seesaw in SU(5) 29

B. Type-II seesaw 29

1. Realization of type-II seesaw in SU(5) 31

2. Type-III seesaw 32

3. Realization of type-III seesaw in SU(5) 33

C. Zee mechanism 34

IV. Realistic renormalizable SU(5) model 40

A. Theoretical framework 41

1. Unification constraints 43

2. Proton decay 46

B. Neutrino masses 50

V. LR-symmetric Theories 53

A. Field content 53

B. LR Symmetry breaking and Dirac neutrinos 54

C. Majorana neutrinos 56

3



1. Type-I seesaw realization in LR 56

2. Type-II seesaw realization in LR 57

3. Type-III seesaw realization in LR 59

VI. Simple LR-Symmetric Model with Majorana Neutrinos 61

A. Field content of the Zee-LR model 61

B. Majorana neutrinos through the Zee mechanism 62

1. Pseudo-Dirac neutrinos 65

2. Low-scale seesaw mechanism 65

C. New gauge bosons 66

D. New Phenomenological Aspects 70

1. Gauge Boson Decays 71

2. Lepton number violation at the LHC 73

VII. Summary 78

VIII. Appendix 80

A. SU(5) generators 80

B. Field content and interactions of Zee-SU(5) 81

C. Yukawa interactions 83

D. Lagrangian of Zee-SU(5) 86

E. Scalar potential of the Zee-LR model 88

F. Feynman rules of the Zee-LR model 91

G. Dimensional regularization 92

H. Amplitudes and decay widths of the gauge boson decays in the c.o.m frame 94

References 96

4



I INTRODUCTION

I. INTRODUCTION

The Standard Model (SM) is currently the most satisfying theory to describe physics at the electroweak
scale. Its agreement with experimental data is astonishing, in particular after the discovery of the W
and Z bosons, being the discovery of the Higgs boson the cherry on the top of the cake. Up to now,
there is no phenomenological disagreement with the SM predictions except for the fact that neutrinos are
massive in nature, whereas the SM predicts them to be massless. Apart from this experimental issue,
there are open theoretical aspects which strongly suggest that the SM is only an intermediate step in our
understanding of physics. For instance, the SM does not provide a unified description of the strong, weak
and electromagnetic forces. In the context of the SM, chargequantization is not explained (hypercharge is
put in by hand), the fermion assignment is made ad hoc, the number of families and the hierarchy in the
fermion masses is completely arbitrary, not to mention the arbitrariness in the Higgs sector and the apparent
violation of the naturalness principle. All of these issuesencourage us to expect a more fundamental theory
at higher energies. Nevertheless, since the SM fits the observed data so perfectly well, one expects any new
theory to match the SM at low energies.

A fundamental tool to explore beyond the electroweak scale is the concept of an effective field theory.
To start with, we all know that gravity is there and it is unfortunately not contemplated by the SM, so that
we are aware that the SM breaks down, at latest, at the energy where gravitational effects start to matter, i.e.
the Plank scaleMP l ∼ 1019 GeV. In that sense, the SM is indeed an effective field theory so far, so that its
Lagrangian can be written as:

L = LSM +
∞∑

n=5

∑

i

(
Cn
i

Λn−4
On

i + h.c.

)

, (I.1)

Looking at the above expression, one may wonder which would be the next effective operatorO in order
of relevance. Since higher dimensional operators are suppressed by powers of the mass scale of the new
theoryΛ, we look at the next higher dimension operator (dimension five) and then we find that there is only
one possible operator according to the SM symmetries, the so-called Weinberg operator, which (a) violates
lepton number, (b) predicts massive neutrinos. Indeed, as predicted by this effective approach, neutrinos
have been found to be massive (surprise!), which sets up a scale of ∼ 1014 GeV for the next scenario of
new physics.

One may think about the effective field theories as layers of an onion, where each layer corresponds to
an effective theory at some energy scale. Under the perspective of the SM being an effective field theory,
we could ask ourselves about the way to reach the next layer (i.e. SM UV-completion), taking into account
that any attempt to build a Beyond the Standard Model (BSM) theory will be strongly constrained since it
must reproduce the SM at low energies.

We know that Yang-Mills theories seem to work pretty well. But why the universe is described by
three different groups? Why do we have three couplings (i.e.three inputs in our theory) to describe the
observables? Since early times, there has always been a trend among philosophers and scientists to reduce
the multiple phenomena in Nature to the minimal number of laws and principles. Perfection, beauty and
simplicity are concepts intimately bounded when qualifying a certain physical theory. Therefore, we may
find attractive the idea of a unified group describing Nature.Theories of this kind are known as GUTs
(Grand Unified Theories). The simplest GUT, based on SU(5), was proposed in 1974 by H. Georgi and S.
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I INTRODUCTION

Glashow [1] and as we will show later, it comes with some striking predictions such as the decay of the
proton [2]. Indeed, if next dimension operators in Eq. (I.1), i.e dimension six, are taken into account, one
realizes that baryon number is violated, so that they predict the proton will decay at some point. The reader
may notice that this process can be really suppressed at the EW scale (although it really depends on the
magnitude of the new physics scale) but give to the proton enough time and for sure it will decay (unless
there is a special hidden symmetry forbidding these dimension 6 operators). This is also a good motivation
for GUTs. This theory also predicts a great dessert between the electroweak and the GUT scale. However,
this simplest GUT model has been ruled out since it cannot reproduce the experimental data at low energies.

On the other hand, one can also find unsightly to have the parity asymmetry in the electroweak
interactions. In the SM there is no explanation about parityviolation in the electroweak sector. To make
the SM look nicer, one may attempt to correct this asymmetry,adding the correspondent right partners
(SU(2)R) and ending up with a left-right symmetric model [3–6] which, surprise, predicts massive Dirac
neutrinos as a natural outcome. One of the main attractive points on this theories is the existent connection
between spontaneous parity violation and neutrino masses [7].

We will follow these two tendencies (GUT theories and left-right symmetric models) and will introduce
in the following two different simple and realistic extensions of the Standard Model in which neutrinos
get mass at the quantum level through the Zee mechanism [8]. Regarding the structure of the presented
material, this master thesis is organized as follows: first,in section II, we introduce the simplest possible
GUT theory [1], based on SU(5), and discuss its advantages and limitations. In section III, the simplest
mechanisms to generate neutrino masses are discussed alongwith their application in the context of SU(5)
theories. We end the topic of GUTs, in section IV, by introducing a simple renormalizable extension
based on SU(5) (Zee-SU(5) [9]) which corrects the main problems contained in the simplest SU(5) theory.
This model contains, apart from the usual5̄, 10 fermionic and5H , 24H scalar representations, an extra
10H and45H , responsibles for the Zee mechanism. We show the consistency of the theory according to
experimental constraints such as unification and proton decay in current and future experiments such as
Hyper-Kamiokande, which predicts a light scalar colored octet. An interesting relation between neutrino
and charged fermion masses appears for the first time in the context of GUT theories.

The second block the thesis is based on left-right symmetricmodels. We start in section V revisiting
the simplest left-right symmetric theory [6], with the minimal Higgs sector to break the LR-symmetry,
which predicts Dirac neutrinos. In section VI we list some extensions which allow neutrinos to have
Majorana masses though the seesaw mechanisms. In section VII, we propose a new left-right symmetric
model, LR-Zee [10], in which neutrinos get mass through the Zee mechanism. This is the most economic
model regarding the field content of the theory which contemplates massive Majorana neutrinos and
it comes along with some new interesting predictions which are also studied in this section such as
a light sterile neutrino in which new gauge bosons could decay and lepton number violation signals
such as decays into two charged leptons of different families and missing energy, which could be
tested in the near future by experiments such as MEG2 or Mu2e.Details regarding calculations, Feynman
rules, field content and properties of the new two BSM-theories proposed here can be found in the appendix.

The results of this master thesis are summarized in the following publications:

• P. Fileviez Perez and C. Murgui, ‘Renormalizable SU(5) Unification,” Phys. Rev. D94 (2016) no.7,
075014 doi:10.1103/PhysRevD.94.075014 [arXiv:1604.03377 [hep-ph]].

• P. Fileviez Perez, C. Murgui and S. Ohmer, “Simple Left-Right Theory: Lepton Number Vi-
olation at the LHC,” Phys. Rev. D94 (2016) no.5, 051701 doi:10.1103/PhysRevD.94.051701
[arXiv:1607.00246 [hep-ph]].
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II GRAND UNIFIED SU(5) THEORY

II. GRAND UNIFIED SU(5) THEORY

In this section we present a brief review of the simplest unified theory, SU(5)-GG, proposed by Georgi
and Glashow in 1979 [1]. We will remark the crucial points of the theory without getting to deep into
details, since our interest lies mostly in the new variant ofthe model that we propose as an improvement of
the original theory [9]. An advanced reader could skip this part, although he or shemay find it interesting
in the sense that this has been written as a summary of the theory keeping an advanced level. A completely
beginner in this topic is also encouraged to read it since, even thought it may seem too technical, this
summary has been filled up with pedagogical references that hopefully will help its understanding.

A. Field content and SU(5) structure

The rank of a symmetry group is given by the total number of diagonal generators. For a given SU(N),
the number of diagonal generators corresponds toN − 1. In the SM one has two for SU(3)(λ3, λ8), one
for SU(2) (T3) and one forU(1)Y (i.e. the identity). Thus, any gauge group embedding the SM must
have at least rank 4. Besides, in order to reach unification, the candidate group must be simple or else the
product of identical simple factors (in this case a common coupling constant could be obtained by imposing
certain discrete symmetries). There are many groups with rank 4 which could be in principle candidates to
embed the SM:[SU(2)]4, [O(5)]2, [SU(3)]2, [G2]

2, O(8), O(9), Sp(8), F4 andSU(5). From the above
list, the first two candidates are ruled out since they do not containSU(3) as a subgroup. In order to avoid
arbitrary super-heavy fermion masses in the Lagrangian, the candidate group must accommodate complex
representations (otherwise an explicit mass term for the fermions would be allowed by the symmetry). The
groups[G2]

2, O(8), O(9), Sp(8) andF4 have only real representations whereas the candidate[SU(3)]2

is not suitable since the charge operator would be a generator of SU(3) and its traceless condition would
notably violate the generation structure of the quarks [11]. Therefore, we are only left with the candidate
SU(5) as the minimal group (rank 4) in which the SM can be embedded.

SU(5) is a non-abelian, special unitary group. The corresponding restrictions of its nature, i.e. traceless
and determinant equal to the unity, determines the number ofgenerators (degrees of freedom≡ d.o.f.) of

the group:N2 − 1
N=5→ 24. From here we already see that the number of gauge bosons doubles the SM

one, which turns into a prediction of new heavy gauge bosons to which the SM is completely blind.

Moreover, SU(5) is a simple group, which means that above thescaleMGUT (in the regime where it is a
good symmetry), whereMGUT refers to the scale where SU(5) breaks to the SM, the couplings are unified

g1(MGUT ) = g2(MGUT ) = g3(MGUT ) = g5. (II.1)

whereg5 refers to the coupling of SU(5).

Let us now focus in the structure of SU(5). One has to take intoaccount that the electroweak interactions
are blind to color and vice versa, which basically implies that the groups SU(3) and SU(2) need to commute
with each other. Furthermore, leptons are color singlets, so that the SU(3) generators must have zero
eigenvalues for these components. These facts tell us aboutthe structure of the representations for the
generators in SU(5): we reserve the first three rows and columns for the color group SU(3) (red area) and
the last two rows and columns for the weak group SU(2) (blue area):
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II GRAND UNIFIED SU(5) THEORY

24 ∼









· ·
· ·
· ·

· · ·
· · ·









(II.2)

The generators of SU(5) can be built by taking the generatorsof U(5), imposing the traceless condition and
normalizing them to 1/2 in the usual manner (see comments in section -unification constraints- about the
normalization of a non-abelian gauge group and the Dynkin index). The complete list of the generators can
be found in the appendix (see reference [12] chapter 9 for a detailed construction of the generators from
a group theory perspective). Here we will briefly stress the diagonal generators of SU(5) since they are
of special importance in the spontaneous symmetry breakingcontext. There are a total of four diagonal
generatorsλi (where a normalization of1/2 is understood):

λ3 =









1 0 0 0 0
0 −1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0









, λ8 =
1√
3









1 0 0 0 0
0 1 0 0 0
0 0 −2 0 0
0 0 0 0 0
0 0 0 0 0









, λ23 =









0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 1 0
0 0 0 0 −1









, λ24 =
2

15









1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −3

2 0
0 0 0 0 −3

2









.

The first two correspond to the diagonal generators of SU(3),whereasλ23 corresponds to the diagonal
generatorT3 of SU(2). The last one corresponds to the hypercharge operator, generator ofU(1)Y . Thus,
the symmetry must be broken in such a way that the hyperchargeremains unbroken if the SM wants to be
recovered, so that the breaking has to occur in the directionof λ24. Notice that the generator ofU(1)Y
has been built such that it commutes with SU(2) and SU(3) groups. The traceless condition of SU(N)
generators and the normalization criterion has fixed the rest of the details.

As it will be discussed in the following, the breaking of SU(5) to the SM is realized by an adjoint
representation of scalars,24H , getting a vev in the direction of the hypercharge operator.Let us now deal
with the breaking of a general SU(N) by an adjoint representation of scalars. The adjoint representation
transforms asΣ → UΣU †, whereU is a unitary matrix which can be generally expressed asU = eiΘaTa

,
beingTa the generators of the group. Therefore, an infinitesimal transformation of the fieldΣ is given
by δΣ = iΘa[T

a,Σ], which after symmetry breaking reads asδ 〈Σ〉 = iΘa[T
a, 〈Σ〉]. Thus, broken

generators do not commute with〈Σ〉 whereas generators of the unbroken symmetry do. Due to symmetry
transformation invariance of the potential, one always have the freedom to bring〈Σ〉 to a diagonal form.
Taking into account that the identity matrix commutes with all matrices, it is straightforward to realize that,
if 〈Σ〉 has ai × i-th block of equal diagonal entries, all generators whose non-zero entries lie entirely
within thei× i-th block will commute with〈Σ〉. Furthermore, any combination of the diagonal operators
proportional to〈Σ〉 also commutes withΣ. This explains why if the vev of〈Σ〉 in the SU(5) case is taken in
the direction ofλ24, i.e. 〈Σ〉 ∝ λ24, the SM is recovered andY = #1

2λ24 where# is an arbitrary constant

which we choose to be# ≡
√

5
3 in order to match it with the SM hypercharge. Notice that, since

Tr{(1
2
λ24)

2} =
3

5
Tr{Y 2} =

1

2
, (II.3)

theng24 ≡ 1
2λ24 =

√
3
5Y . The further breaking of the SM toU(1)em hypercharge is performed by the usual

Higgs complex doublet which lives in the fundamental representation of SU(5). Therefore, the remaining
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II GRAND UNIFIED SU(5) THEORY

unbroken generator, the charge operator, is given by

Q =
1

2
λ23 +

√

5

3

1

2
λ24 (II.4)

= TL
3 + Y. (II.5)

Here, one can see how the quantization of the electric chargearises naturally from the intrinsic properties
of SU(5); the traceless condition imposes the relation between quark and lepton charges which in the SM,
in contrast, are considered an input of the theory. This is one of the main successful predictions of the
SU(5) grand unified theory, which shows the power of having all forces participating in the SM unified in
only one group.

In SU(5) we have the fundamental irreducible representation 5 which splits, according to the convention
we have chosen for the distribution of the SM groups in SU(5),as follows:

5 ∼









·
·
·
·
·














SU(3)

}

SU(2)

According to the above convention, this representation canbe written from the SM point of view:
5 ∼ (3, 1) ⊕ (1, 2) where the first quantum number represents the multiplet under SU(3) and the sec-
ond one, the multiplet under SU(2). By taking combinations of the fundamental 5 and anti-fundamental5̄
representations, one can build the rest of irreducible representations ofSU(5). We show here explicitly the
construction of the ones we will use to accommodate the field content of the SM. The quantum numbers of
the representations along with the location of the fields canbe found in detail in the appendix. Composite
representations can be built through the tensor product in the following way:

5⊗ 5 = {(3, 1,−1/3) ⊕ (1, 2, 1/2)} ⊗ {(3, 1,−1/3) ⊕ (1, 2, 1/2)} ∼ (II.6)
10

︷ ︸︸ ︷

(3̄, 1,−2/3)
︸ ︷︷ ︸

(uc)L

⊕ (3, 2, 1/6)
︸ ︷︷ ︸

qL

⊕ (1, 1, 1)
︸ ︷︷ ︸

(ec)L

⊕
15

︷ ︸︸ ︷

(6, 1,−2/3) ⊕ (3, 2, 1/6) ⊕ (1, 3, 1), (II.7)

5⊗ 5̄ = {(3, 1,−1/3) ⊕ (1, 2, 1/2)} ⊗ {(3̄, 1, 1/3) ⊕ (1, 2,−1/2)} ∼ (II.8)
24

︷ ︸︸ ︷

(8, 1, 0)
︸ ︷︷ ︸

Gµ

⊕ (1, 3, 0)
︸ ︷︷ ︸

Wµ

⊕ (3, 2,−5/6)
︸ ︷︷ ︸

Xµ

⊕ (3̄, 2, 5/6)
︸ ︷︷ ︸

Yµ

⊕ (1, 1, 0)
︸ ︷︷ ︸

γµ

⊕
1

︷ ︸︸ ︷

(1, 1, 0) . (II.9)

where the third quantum number corresponds to the hypercharge. These representations have two indices
since they are constructed from a tensor product. The 10 representation is antisymmetric (N(N−1)

2 d.o.f)

and the 15 is symmetric (N(N+1)
2 d.o.f.). The24 corresponds to the adjoint representation, which is a bit

special since it is a real representation and is traceless, i.e. 24ii = 0 (Einstein convention is assumed). This
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II GRAND UNIFIED SU(5) THEORY

representation accommodates the gauge bosons of the theory. Explicitly,

Vµ =
24∑

a=1

V a
µ

λa

2
= (II.10)

=
1√
2













G1µ +
2Bµ√
30

G1
2µ G1

3µ XC1
µ Y C1

µ

G2
1µ G2

2µ +
2Bµ√
30

G2
3µ XC2

µ Y C2
µ

G3
1µ G3

2µ G3
3µ +

2Bµ√
30

XC3
µ Y C3

µ

X1
µ X2

µ X3
µ

W 3
µ√
2
−
√

3
10Bµ W+

µ

Y 1
µ Y 2

µ Y 3
µ W−

µ −W 3
µ√
2
−
√

3
10Bµ













.

Notice that the theory predicts 12 new gauge bosons which were not present in the SM (off-diagonal blocks
above). More about these new fields will be discussed in the next sections.

The matter component (fermions) fits perfectly (regarding quantum numbers of the multiplets compo-
nents) in thē5 and 10 representations (see appendix for detailed description of fields location inside the
representations):

5̄ =









dc1
dc2
dc3
e
−ν









, 10 =
1√
2









0 uc3 −uc2 u1 d1
−uc3 0 uc1 u2 d2
uc2 −uc1 0 u3 d3
−u1 −u2 −u3 0 e+

−d1 −d2 −d3 −e+ 0









. (II.11)

It is remarkable how the 15 d.o.f. of the SM can be embedded by using the two simplest representations in
SU(5) in such a way that quarks and leptons are unified. This isone of the highest motivations to believe
that the SU(5) is actually the UV-completion of the SM.

The scalar content of the SU(5)-GG is composed of the minimalamount of scalar Higgses needed to
break SU(5) toU(1)em by stepping into the SM. In order to first break SU(5) to the SM,a 24 Higgses are
needed, as we will discuss in next section. The 24 scalars canbe distributed as follows:

24 =

(
Σ8 Σ(3,2)

Σ(3̄,2) Σ3

)

+ΣS λ24, (II.12)

whereΣ(3,2) andΣ(3̄,2) will play the role of Goldstone bosons onceSU(5) is broken.

An extra5H representation (the subindex H refers to the scalar representation, i.e. “Higgses”) is needed
in order to break the SM toU(1)em. This fundamental scalar representation is composed of a colored scalar
triplet T and a complex Higgs doubletH which will play the same role as the well-known Higgs in the SM:

5H =









T 1

T 2

T 3

H+

H0









. (II.13)

For completion, we write here the Lagrangian of the minimal SU(5) unified theory (the definition of the
covariant derivative and the transformation properties under SU(5) for each representation can be found in

10



II GRAND UNIFIED SU(5) THEORY

the appendix, along with more details about the Lagrangian),

L = LF
K + LY + LS

K − V, (II.14)

whereLF
K refers to the kinetic Lagrangian of the fermions1,

LF
K = i

1

2
Tr{10 /D10} + i5̄ /D5, (II.15)

which is responsible of the phenomenology regarding interactions between fermions and gauge bosons, and
LS
K is the kinetic Lagrangian of the scalar sector,

LS
K =

1

2
Tr{(Dµ24H)†(Dµ24H)}+ (Dµ5H)†(Dµ5H), (II.16)

responsible of the gauge bosons masses plus gauge bosons - Higgs interactions. The Yukawa Lagrangian
LY , as we will see in the section “Fermion masses” will generatemasses for the fermions once the symmetry
is spontaneously broken, along with some interactions Higgses-fermions. Finally, the scalar potential is
addressed in the next section and it is responsible of the spontaneous symmetry breaking taking place in the
theory.

B. Symmetry breaking and scalar potential

As far as we are aware from our energy range availability, quarks and leptons are different particles
which cannot transform among each other. Therefore, the SU(5) symmetry must be strongly broken at
some energy scale to the well-known SM. Besides, the SM will further break toU(1)em at the electroweak
(EW) scale. Thus, the symmetry breaking takes part in two steps according to the following patterns:

(i) SU(5)
MGUT→ SU(3)⊗ SU(2) ⊗ U(1)Y ,

(ii) SU(3) ⊗ SU(2)⊗ U(1)Y
MZ→ U(1)em.

In the first step, a total of 12 d.o.f. (24 d.o.f. from SU(5) - 12d.o.f. from the SM) are broken, so that
12 Goldstones will arise. Those will be eaten by an equal number of gauge bosons which therefore
will become massive. These bosons are the leptoquark gauge fields which mediate proton decay. The
non-observation of this phenomenon forces the mass of thesenew gauge bosons to be heavy. Thus, so
does the breaking scale ofSU(5), fact that is completely in agreement with unification constraints (see
upcoming sections). For this breaking to occur, one needs tointroduce a set of scalars in the adjoint
representation, i.e. 24 Higgses.

In the second step, the SM gauge symmetry group breaks to theU(1)em. In the process, three d.o.f. are
broken, which turn into the three massive gauge bosonsW±

µ andZµ, leaving only nine massless gauge fields
(9 unbroken d.o.f.), which correspond to the photon and the gluons. This second breaking-step requires to
introduce a fundamental scalar representation5H .

1 The normalization factor1/2 appears as a consequence of the explicit form of the covariant derivative for the antisymmetric
representation. See appendix for the explicit expression.

11
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Breaking step I:SU(5) → SU(3)⊗ SU(2)⊗ U(1)Y

In order to break the SU(5) symmetry to the SM, which is a maximal group (same rank = 4), the scalar
Higgs whose vev is responsible for the breaking must be a singlet under the SM plus it must be real. Apart
from 1, the smallest real representation ofSU(5) is the adjoint representation 24. In general, a scalar field
in the adjoint representation has the property that does notbreak the rank of the group, due to the fact that
under a unitary transformation〈24〉 → U 〈24〉U †, one can bring〈24〉 to a diagonal form, which in turn
implies

[ 〈24〉 , Tadiagonal] = 0, (II.17)

i.e. the diagonal generators are preserved [13]. Thus, the24H is our candidate.

The most general scalar potential for the24H which is invariant under a given SU(N) gauge symmetry
is given by

V (24H ) =
µ2

2
Tr{242H}+ λ1

4
(Tr{242H})2 + λ2

4
Tr{244H}, (II.18)

whereµ2 < 0 in order to ensure spontaneous symmetry breaking. Here, a discreteZ2 symmetry has been
assumed for simplicity2. The gauge invariance of the potential allow us to bring the vev of the24H in
a suitable diagonal form through a SU(N) unitary transformation (since fields in24H are hermitian), i.e.
〈24H〉ij = δijΦ

i whereΦi are real. After rotating the fields to its diagonal form the potential reads as

V ( 〈24H〉) = µ2

2

N∑

i=1

Φ2
i +

λ1
4

(
N∑

i=1

Φ2
i

)2

+
λ2
4

N∑

i=1

Φ4
i . (II.19)

Notice that the traceless condition must be satisfied, i.e.
∑N

i=1 Φi = 0. The fact that the potential can be
written as a function of the diagonal entries constraints the possibilities for the breaking pattern ofSU(5).
By taking

(
Tr{Φ2}

)2 − Tr{Φ4} =

(
N∑

i=1

Φ2
i

)2

−
N∑

i=1

Φ4
i = 2




∑

1≤i<j≤N−1

Φ2
iΦ

2
j +

(
N−1∑

i=1

Φ2
i

)



N−1∑

j=1

Φj





2

 ≥ 0,

⇒ (Tr{Φ2})2 − Tr{Φ4} ≥ 0, (II.20)

one realizes that the dominant term in the above potential isthe one leaded byλ1. Thus, the requirement
thatV is bounded from below implies thatλ1 > 0. Now, one must distinguish between two possibilities:

(a) Forλ2 < 0 (the parameterλ2 may be negative for a restricted range of values
(

N(1−N)
N2−3N+3

)

λ1 <

λ2 < 0) the vev which minimizes the potentialV is given by [15],

〈Φi〉 =
v24

√

2N(N − 1)
×
{

1 for 1 ≤ i ≤ N − 1,
−(N − 1) for i = N.

(II.21)

2 See reference [14] for the potential without any global symmetry assumption.
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Hence, in our caseN = 5,

〈Φ1〉 = 〈Φ2〉 = 〈Φ3〉 = 〈Φ4〉 =
v24

2
√
10

〈Φ5〉 =
v24

2
√
10

(−4)







⇒ 〈Φ〉 = v24

2
√
10









1
1

1
1

−4









. (II.22)

This would breakSU(5) → SU(4)⊗ U(1).

(b) Forλ2 > 0 and N odd, i.e.N = 2k + 1, the potential is minimized by [15],

〈Φi〉 = v24

[
k

2(k + 1)(2k + 1)

]1/2

×
{

1 for 1 ≤ i ≤ k + 1,

−k + 1

k
for k + 2 ≤ i ≤ 2k + 1.

(II.23)

ForN = 5 (i.e. k = 2),

〈Φ1〉 = 〈Φ2〉 = 〈Φ3〉 =
v24√
15

〈Φ4〉 = 〈Φ5〉 =
v24√
15

(

−3

2

)







⇒ 〈Φ〉 = v24

2
√
15









2
2

2
−3

−3









. (II.24)

The last step corresponds to the breaking of SU(5) to the SM since the group is broken in the direction of
λ24 (i.e. hypercharge operator). The minimum condition,

∂V

∂Φi
= Φi

(

µ2 + λ1

N∑

i=1

Φ2
i + λ2Φ

2
i

)

!
= 0, (II.25)

yields to the following expression for the vev:

v224 =
−2µ

λ1 + 2λ2
. (II.26)

From the kinetic Lagrangian for the scalar fields,

LS
K ⊃ 1

2
Tr{(Dµ24H)†(Dµ24H)} (II.27)

SSB→ 1

2
Tr
{

(ig5[Aµ, 〈24H〉])†(ig5[Aµ, 〈24H〉])
}

=
5

6
g25v

2
24

(
X̄i

µX
iµ + Ȳ i

µY
iµ
)
+ h.c.

one can read the mass of the new gauge bosons, which is given byM2
X =M2

Y =
5

6
g25v

2
24.

Breaking step 2:SU(3)⊗ SU(2)⊗ U(1)Y → U(1)em

We still need to break the SM down toU(1)em. It turns out that the easiest way to do it is by introducing
a fundamental scalar representation5H which decomposes, according to our organization criterion, into a
colored triplet under SU(3) (three first components) and a scalar doublet under SU(2) (last two components)
which plays exactly the same role as the SM Higgs. In any SU(N)symmetric group, the breaking of the
symmetry by using a vector representation implies the reduction of the rank of the group by two units (if
the symmetry of a certain SU(N) group is broken by a vector representation, the breaking pattern goes as

13



II GRAND UNIFIED SU(5) THEORY

SU(N) → SU(N − 2). Since the rank of a special unitary group of dimension N is given by N-1, the
resulting group after the SSB will have two diagonal generators less than the original one) [16].

The most general potential for a5H representation reads as

V (5H) = −µ255†H5H + λ(5†H5H)2 (II.28)

We assume the vev to be in the neutral direction,

〈5H〉 = diag(0, 0, 0, 0, v5) (II.29)

in order to induce the desired pattern (keep the electric charge unbroken). According to this breaking, the
following relation between the gauge masses is obtained as expected:

M2
W = cos2 θWM

2
Z =

1

4
g22v

2
5 . (II.30)

However, since the 24 real scalars are also needed for performing the two breaking steps, one has to take
into account the cross terms in the potential which are also gauge invariant,

V (24H , 5H) = α 5†H5HTr{242H}+ β 5†H242H5H . (II.31)

Hence, the whole scalar potential is composed by the following three contributions:V = V (24H) +
V (5H) + V (24H , 5H). After the breaking ofSU(5), we can write the total potential as an “effective”
potential as a function of the triplet and the doublet Higgses sitting in5H (from a SM point of view)3.

V (24H , 5H)
SSB→ V ( 〈24H〉 , 5H) = α

1

2
v224(T

†T +H†H) + β v224

(
1

15
T †T +

3

20
H†H

)

. (II.32)

Thus, the masses of the colored triplet and the Higgs doubletread as,

M2
H = −µ25 +

1

60
(30α + 9β)v224, (II.33)

M2
T = −µ25 +

1

60
(30α + 4β)v224. (II.34)

The Higgs doublet is required to live at the EW scale, owing tothe fact that it contains the Goldstones
which will be eaten by theW andZ. In order to achieve that, a delicate cancellation has to occur since
MX ≫ MW . However, if some fine-tuning is applied in Eq. (II.33), the mass of the triplet will be heavy.
This huge splitting in the mass scale of the5H representation is known as the doublet-triplet splitting
problem and, whereas it is not in contradiction with the theory, it is pretty anti-aesthetic though. This
unnatural cancellation can be arranged at tree level, but radiative corrections will re-introduce this problem.
This is known as the Higgs hierarchy problem and unfortunately we cannot get rid of it in the SM, neither
in the context of this grand unified theory.

3 Strictly speaking, the vev of the24H also contributes to the breaking of SU(2) due to the crossed terms inV (24H , 5H), since
〈24H 〉 = Diagonal(2, 2, 2,−3− ǫ,−3 + ǫ). Here,ǫ ∼ O(M2

W /M2
GUT ). Indeed, this means that the24H contribution to the

breaking of SU(5) is much smaller than5H , which is highly encouraged by the electroweak precision test (ρ ∼ 1).

14
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C. Fermion masses

The most general Yukawa interactions which are renormalizable and SU(5) gauge invariant are

LY ⊃ Y15̄ 10 5∗H + Y310 10 5H ǫ5, (II.35)

whereǫ5 refers to the dimension 5 Levi-Civita tensor. The nomenclature of the Yukawa couplings will
be justified in the following sections. The above Yukawa Lagrangian, apart of generating part of the phe-
nomenology of the theory, is the responsible of the fermion masses after the symmetrySM → U(1)em is
spontaneously broken, i.e. the neutral component of5H gets a vev. Explicitly written in terms of the color
(i, j, k = 1, 2, 3) and weak isospin (α, β = 4, 5) indices, the above equation reads as

LY ⊃ Y1(5̄i10
iα + 5̄β10

βα)5∗Hα + Y3(10
ij10kα + 10iα10jk)5βHǫijkαβ. (II.36)

Now, the Levi-Civita symbol can be split in a 3-d tensor with color indices times 2-d tensor with SU(2)
indices as follows,ǫijkαβ = ǫijkǫαβ . But one has to be careful because once the tensor is split, the antisym-
metric contractions with the other representations which involveSU(2) and color indices mixed are lost.
Then, we have to consider them when breaking the 5-dim tensor:

LY ⊃ Y1{dCi qiα + ℓβǫ
βαeC}H∗

α + 2Y3(u
C
l ǫ

ijlqkβ + qiβuCmǫ
jkm)Hαǫijkǫβα. (II.37)

By performing the contractionǫijaǫijb = 2δba,

LY ⊃ Y1{dCi qiα + ℓβǫ
βαeC}H∗

α + 4Y3(u
C
k q

kβ + qiβuCi )H
αǫβα. (II.38)

When the Higgs gets the vev, i.e.〈5H〉5 = v5 and 〈5H〉i = 0 for i 6= 5 (spontaneous symmetry breaking),
so that

LY ⊃ Y1
v∗√
2
(dCi d

i + eeC) + 4(Y3 + Y T
3 )

v√
2
uCi u

i. (II.39)

Therefore, the masses of the fermions are given by

Md = MT
e = Y1

v∗√
2
, (II.40)

Mu = 4(Y3 + Y T
3 )

v√
2
. (II.41)

Notice that the Yukawa coupling of the up-type quarks,Yu ≡ Y3+Y
T
3 , is symmetric. Here we have another

strong prediction from SU(5): independently of the freedomof the unfixed Yukawa couplingsY1 andY3,
the model predicts exact masses for the down-type quarks andthe charged leptons at an energy scale in
which SU(5) is a good symmetry. This prediction, when running down to low energies through the RGE
equations, turns to be wrong according to the current experimental values of the measured fermion masses
at the EW scale. This is one of the main reasons why this simpletheory of SU(5) has been ruled out. But, as
we will see soon, it can become realistic again by introducing some extra representations, although it looses
a unique prediction like the above one coming naturally fromthe model itself.
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D. Unification of the gauge couplings

SU(5) is an unified theory, parametrized by only one coupling. In order to test the viability of the
theory, one needs to compare the GUT predictions with the lowenergies experimental values. The running
group equations (RGE), which are a direct consequence of theCallan-Symanzik equation (any physical
observable must not depend on the renormalizable scale, which is unphysical), allow us to connect different
energy scales, according to

µ
d

dµ
gi(µ) = βi[gi(µ)], (II.42)

whereβi refers to theβ-function of a Young-Mills theory, which is given by

βi =
g3i

16π2
bi wherebi =




1

3

∑

R

S(R)Ti(R)
∏

j 6=i

dimj(R)



 . (II.43)

Theβ-function encodes the dependence of the couplinggi on the renormalization scale. Here,R is the rep-
resentation according to which a complex field transforms4, Ti(R) is the Dynkin index of the representation
which is given by

Ti(R)δ
ab = Tr{T a

i (R)T
b
i (R)}, (II.44)

and it depends on the choice of the gauge group and on the representation R. By contracting the above
expression withδab the following relation arises:

d(G)Ti(R) = d(r)C2(r), (II.45)

whered(G) is the dimension of the group andd(r) the dimension of the chosen representation. The
1C2(r) = T 2 is called quadratic Casimir operator.5 For a SU(N), the fundamental representation is
usually normalized to 1/2. It is important to remark that, whereas the above normalization is chosen for the
non-abelian groups SU(2), SU(3) and SU(5), the abelian U(1)normalization may be arbitrarily normalized
(for the SM case,U(1)Y is normalized in order to obtainQ(e) = 1). Notice that the hypercharge operator
in SU(5), however, is normalized as a non-abelian generator, i.e. C(r) = 1/2, which then differs from the
old SM U(1) coupling:

Old SM coupling:g
′ Y
2

New SM coupling:g1TY

}

⇒
(

g
′ Y

2

)2
!
= (g1TY )

2 (II.46)

⇒ g
′2

(

3

(
1

3

)2

+ 2

(

−1

2

)2
)

!
= g21

1

2
, (II.47)

Hence,

g
′

=

√

3

5
g1 (II.48)

4 In case of real fields (i.e. the adjoint representation) it should be taken into account that complex fields have the doublenumber
of degrees of freedom, so that expression (II.43) must be divided by a factor of 2.

5 Since [T b, T aT a] = 0 for all T c of SU(N), C2(r) is an invariant of the algebra, so that it characterizes eachirreducible

representation of the group. Hence,T 2 !
∝ 1. The constant of proportionality is indeed the quadratic Casimir operator so that it

corresponds to the normalization of the representation.
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This is an important fact that one must take into account in order to compare both theories, SM and SU(5).
The term dim(R) in equation (II.43) refers to the dimension of the field concerning the other gauge groups
(i.e. multiplicity due to other gauge symmetries). TheS(R) is given by

S(R)







1 for R scalar,
2 for R chiral fermion,
−11 for R gauge boson.

(II.49)

In Table I are listed the beta contributions of the SM fields plus the extra fields predicted by the SU(5). As

TABLE I: Contributions to theBij coefficients for SU(5).

5̄ 10 V24 5H 24H
bi/Bij lL (dc)L (uc)L qL (ec)L Gµ Wµ H1 T Σ8 Σ3

b1
3
5

2
5

8
5

1
5

6
5 0 0 1

10
1
15rT 0 0

b2 1 0 0 3 0 0 −22
3

1
6 0 0 1

3rΣ3

b3 0 1 1 2 0 −11 0 0 1
6rT

1
2rΣ8 0

B12 −4
5

2
15

8
15 −44

15 −2
5 0 22

3 − 1
15

1
15rT 0 −1

3rΣ3

B23 1 -1 -1 1 0 11 −22
3

1
6 −1

6rT −1
2rΣ8

1
3rΣ3

one may already have noticed, unlike in the SM in which the parametersg2 andg
′
are independent, in SU(5)

there is only one coupling, i.e.g5, so that the Weinberg angle in the context of SU(5) is totallyfixed. In the
energy range where the SU(5) symmetry holds,g5 = g1 = g2 = g3,

sin2θW =
αem

αs
=

g
′2

g
′2
+ g22

=
3
5g

2
1

3
5g

2
1 + g22

=
3
5g

2
5

3
5g

2
5 + g25

=
3

8
. (II.50)

This prediction is only valid whenSU(5) is a good symmetry, i.e. at scales> MX . In order to compare
this number with the experimental value, one needs to consider the radiative corrections to continue the
couplings and masses to the low scale at which experiments are made (see last part of this section).

The running of the gauge couplings at 1-loop level (RGE) is given by,

α−1
i (µ∗) = α−1

i (µ) +
bi
2π

Log

(
µ

µ∗

)

, (II.51)

whereαi = g2i /(4π) andµ∗ is a given energy. For the Standard Model particle content, the beta functions
acquire the following values, according to equation (II.43):

bSM1 =
41

10
, bSM2 =

−19

6
, bSM3 = −7. (II.52)

Fig. 1 shows how the couplings do not match altogether at a certain point, for any energy scale. Thus, the
SM alone cannot yield to unification when we let its couplingsrun to high energies.

To proceed in the study of unification, let us consider now theoverall contribution

Bi = bi +
∑

I

bIi r
I , whererI =

Log(ΛGUT /MI)

Log(ΛGUT /MZ)
, (II.53)

beingI an intermediate particle betweenMZ < MI < MGUT . Following Giveon et al. [17], one may
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FIG. 1: Running of the couplings of the SM.α1, α2 andα3 are plotted in red, blue and green, respectively. Couplings
do not match at any energy scale. In the present plot only the particle content of the Standard Model was taken into
account.

express the running shown in Eq. (II.51) in a more suitable way, i.e. in terms of the differencesBij =
Bi −Bj and the low energy scale observables:

B23

B12
=

5

8

sin2 θW − α/α3

3/8 − sin2 θW
(II.54)

Log

(
MGUT

MZ

)

=
16π

5α

3/8 − sin2 θW
B12

(II.55)

where unification, i.e.α1(MGUT ) = α2(MGUT ) = α3(MGUT ) = αGUT , has been assumed. Here
α−1(MZ) = 127.94, sin2 θW (MZ) = 0.231 andαs(MZ) = 0.1185 [18]. Adopting the experimental
values mentioned above,

B23

B12
= 0.718, (II.56)

Log

(
MGUT

MZ

)

=
184.87

B12
. (II.57)

Thus, this values must be reached in order to achieve unification of the couplings (i.e. to accomplish
equation (II.51) where unification is already assumed). From now on we will refer to these equations as the
unification constraints.

For the minimal SU(5) model (SU(5)-GG) the unification ratiotakes the form:

B
SU(5)
23

B
SU(5)
12

=
BSM

23 + 1
3rΣ3 − 1

6rT − 1
2rΣ8

BSM
12 − 1

3rΣ3 +
1
15rT

(II.58)

where the leptoquark bosonsXµ andYµ are, by definition, at the GUT scale (where the breaking from
SU(5) to the SM gauge group occurs), so thatr = 0 for them. As we have already shown before, only with
the SM field content unification cannot be achieved. The question is “Could unification be reached by the
influence of the extra fields that SU(5) includes?”

Let us assume the most optimistic model, whereΣ3 is super light (rT = 1), Σ8 is super heavy (rΣ8 = 0)
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and the triplet is super heavy too (rT = 0), sinceΣ3 help to increase the unification ratio whereasΣ8 and
the triplet low it. Under these optimistic assumptions, which reflect the most suitable situation to achieve
unification in SU(5) i.e. the maximum value achievable, the value of the unification ratio reads as

B
SU(5)
23

B
SU(5)
12

. 0.6 (II.59)

Thus, unfortunately, unification cannot be reached for the SU(5)-GG. This is one of the reasons why this
model, in spite of its beauty and its simplicity, has been ruled out.

To express it differently, if we leave thesin θW unfixed and assume that unification is reached at some
energy scale, the Weinberg angle at the EW scale predicted bythe SU(5) can be computed. First, let us
write explicitly and in a suitable way the equations in (II.51):

α−1
1 (µ) = α−1 cos2 θW

3

5
= α−1

GUT (MGUT ) +
b1
2π

Log

(
MGUT

µ

)

, (II.60)

α−1
2 (µ) = α−1 sin2 θW = α−1

GUT (MGUT ) +
b2
2π

Log

(
MGUT

µ

)

, (II.61)

α−1
3 (µ) = α−1

GUT (MGUT ) +
b3
2π

Log

(
MGUT

µ

)

. (II.62)

By manipulating the above equations in this way (II.61)+5
3 (II.60)−8

3 (II.62), one gets the following relation,

Log

(
ΛGUT

µ

)

=
6π

3b2 + 5b1 − 8b3

[
1

α(µ)
− 8

3

1

α3(µ)

]

. (II.63)

Playing with equations (II.60) and (II.61) and using the above equation, the GUT coupling can be expressed
as a function of the values ofα andα3 at the SM scale,

α−1
GUT = α−1(µ)

1

5b1 + 3b2 − 8b3

[

(5b1 + 3b2)
α(µ)

α3(µ)

]

. (II.64)

Finally, by taking (II.61)+(II.62) and using the equation (II.63), the Weinberg angle is given by

sin2 θW =
3(b3 − b2)

8b3 − 3b2 − 5b1
+

5(b2 − b1)

8b3 − 3b2 − 5b1

α

α3
. (II.65)

Adopting the experimental valuesα(MZ)
−1 = 129.94 andα3(MZ) = 0.1185 (at the EW scale) [18],

the predictions from SU(5) for the GUT scale and the unified coupling are

ΛGUT ∼ 1.195 × 1015GeV, (II.66)

α−1
GUT ∼ 40.747, (II.67)

and the value of the Weinberg angle at the EW scale such that unification is achieved is given by,

sin θW ∼ 0.207. (II.68)

This value is surprisingly close to the experimental valuesin2 θW (MZ) = 0.231[18] but still it is outside
the experimental error range, even considering two-loop corrections. Therefore, unification is not achieved
in the context of the minimal SU(5) theory.
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E. Anomaly cancellations

One of the most beautiful, magical we would dare to say, property of the minimal SU(5) theory is that
is anomaly free. An anomaly is a breakdown of a classical symmetry by quantum effects. It spoils the
Ward-Takahashi identities at any regularization of the full quantum theory which, in other words, means
that any gauge theory with non-vanishing anomalies is non-renormalizable. The fermion content in the SM
is just right to make the theory anomaly free. Since the presence of anomalies spoil the renormalizability of
the theory, any extension of the SM will be constrained by theanomaly cancellation conditions. Anomaly
cancellation will thus play a central role in building any beyond the SM theory.

It can be shown that in 4 space-time dimensions all anomaliesinvolve the triangle anomaly shown in
Fig. 2, with two vector and one axial couplings. Thus, eliminating this anomaly eliminates all of them [11].
The amplitude of the above process is given by

c

ba

k + p1 k − p2

k

γµTa γνTb

γ5γλTc

+

c

a b

k − p2 k + p1
k

γνTb γµTa

γ5γλTc

FIG. 2: Triangle anomaly graphs.

Tλµν = (II.69)

g2
∫

dnk

(2π)n
Tr [TcTaTb]Tr

[
γ5γλ(/k + /p1)γµ/kγν(/k − /p2)

]
− Tr

[
TcTbTa}Tr{γ5γλ(/k − /p2)γν/kγµ(/k + /p1)

]

k2(k + p1)2(k − p2)2
,

whereg is the gauge coupling of a given gauge group. Notice that the trace involving the generators of the
symmetry groupTk is taken over the charges of the group whereas the trace involving gamma matrices is
taken over the Dirac space.

From the Ward-Takahashi identities, which are the generalization of the Noether’s theorem at the quan-
tum level, the vector and axial currents are expected to be free of divergences, so that the following contrac-
tions,

(p1 + p2)
λTλµν = 0,

pµ1Tλµν = 0, (II.70)

pν2Tλµν = 0.

are expected to be zero. Let us focus on the first equation of the set (II.70). Since the left-hand side
corresponds to a pseudo-scalar quantity, the only combination proportional to momentap1 andp2 that can
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be built is the following one:

(p1 + p2)
λTλµν =

Ag2

16π2
4 ǫµνρσp

ρ
1p

σ
2 , (II.71)

where the factor 4 is just a matter of convention (although the choice of the normalization ofA is in
principle arbitrary, it will be understood at the end of thissection).

Let us now take the derivative with respect topα1 in both sides of the above relation, settingp1 = −p2 = p
for simplicity,

δλαTλµν = − Ag2

16π2
4ǫµνρσδ

ρ
αp

σ (II.72)

⇒ Tαµν(p,−p) =
Ag2

16π2
4ǫµνασp

σ. (II.73)

Here, the factorA parametrizes the anomaly in the sense thatA 6= 0 corresponds to a violation of the
conservation laws. In order to obtain an explicit expression ofA, let us perform the amplitude of Eq. (II.70).
By replacingk

′ ≡ k + p, Eq. (II.70) reads as,

Tαµν(p,−p) = g2
∫

dnk
′

(2π)n

Tr
[
T cT aT b

]
Tr
[

γ5γα( /k
′ − /p)γν /k

′
]

− Tr
[
T cT bT a

]
Tr
[

γ5γα /k
′
γν( /k

′ − /p)γµ /k
′
]

(k′2)2(k′ − p)2
.

(II.74)
By using some trace identities such as/k

′ /k
′
= k

′2
and the properties of Clifford algebra{γµ, γν} = 2gµν ,

the above integral can be rewritten as

Tαµν = g2
∫

dnk
′

(2π)n
#Tr

[
T cT aT b

]
+#Tr

[
T cT bT a

]

(k′2)2(k′ − p)2
= g2Tr [Tc{Ta, Tb}]

∫
dnk

(2π)n
#

(k′2)2(k′ − p)2
,

(II.75)
where# ≡ k

′2
k

′

βTr
[
γ5γαγµγβγν

]
− k

′2Tr
[
γ5γαγµ/pγν

]
+ 2k

′αk
′δTr

[
γ5γδγ

µ/pγν
]
. The integrals with

respect the momentak
′
can be evaluated by using the tabulated integrals in the appendix. Once the momen-

tumk
′
has been integrated out, the amplitude reads as

Tαµν(p,−p) =
g2

16π2
Tr
[

{T a, T b}, T c
]

iTr
[
γ5γµγνγα/p

]
(II.76)

=
g2

16π2
Tr
[

{T a, T b}, T c
]

4 ǫµνασp
σ. (II.77)

Hence, comparing the above equation with Eq. (II.73) we identify A ≡ Tr
[
{T a, T b}, T c

]
. Anomaly factors

corresponding to different representations in SU(5) are listed below. From Table II one can see that in SU(5)
anomalies in the fermion sector are beautifully canceled since

A(5̄) +A(10) = 0. (II.78)

Any extension of the SU(5)-GG which involves extra fermion representations should be added in such a
way that the anomaly coefficients cancel out.
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TABLE II: Anomaly coefficients for some representations in SU(N) and, concretely, SU(5) [19].

Irrep.
dim(r) A(r)

SU(N) SU(5) SU(N) SU(5)
N 5 1 1

Ad N2 − 1 24 0 0
N(N−1)

2 10 N − 4 1
N(N+1)

2 15 N + 4 9

N(N−1)(N−2)
6 10 (N−3)(N−6)

2 -1

N(N+1)(N−1)(N−2)
8 45 (N−4)(N2−N−8)

2 6

N(N−1)(N−2)(N−3)
24 5̄ (N−4)(N−3)(N−8)

6 -1

F. Proton decay

Last but not least, we would like to end this brief review about SU(5) with one of its most striking
predictions. Unlike in the SM, where the proton is completely stable, in SU(5) there are indeed fields which
can mediate proton decay. This process is strongly constrained by experiment, so that the GUT scale is
pushed to be high. The discovery of proton decay signals would become a strong argument pro the SU(5)
unified model as the candidate for the SM UV completion, but unfortunately no evidence on proton decay
has been found yet.

In the minimal SU(5) theory, proton decay can be mediated by the new gauge bosons X and Y plus the
colored Higgs triplet. We will study qualitatively the proton decay from an effective point of view. For that,
we will construct all the effective operators which lead to proton decay processes, i.e. operators involving
the leptoquark gauge bosons and the colored scalar triplet.

Lepto-quark gauge bosons contribution

The fermion-gauge boson interactions are encoded in the fermion kinetic LagrangianLF
K :

LF
K ⊃ g5√

2
(

5̄ /A
T
5

︷ ︸︸ ︷

dC
i
ǫαβℓ

β +

−Tr{10 /A10}
︷ ︸︸ ︷

eCǫαβq
iβ + qjαǫ

ijkuCk ) /X
α
i + h.c. (II.79)

whereXµi
α = Xµi(= Y µi) for α = 4(= 5). Here, left chirality of the fields is understood. By integrating

out the leptoquark gauge boson fields we are left with a six dimensional effective Lagrangian that reads as

LX
d=6 =

g25
M2

X

ǫijk(uC)
iγµq

αj{eCǫαβγµqkβ + (dC)kγµǫαβℓ
β}+ h.c. (II.80)

The above interactions can lead to two different channels ofproton decay,p → π0 e+(µ+) andp → π+ν̄
(see Fig. 3,4). The decay rate of these processes can be estimated qualitatively from the above Lagrangian.
According to the effective theory, it will be proportional to the coupling of the effective interaction squared.
Hence,
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u

u

d

u

uC

e+(µ+)

π0

p

FIG. 3: Decay channelp→ π0 e+(µ+).

u

u

d

u

d̄

ν̄

π+

p

FIG. 4: Decay channelp→ π+ν̄.

ΓX ∼ α2
GUT

m5
p

M4
X

, (II.81)

where the fifth power of the proton mass has been added to fulfill dimensional analysis (the decay rate has
dimensions of energy).

From the experimental bound on the processp→ π0e+, we have that the decay lifetimeτ(p→ π0e+) >
1.29 × 1034 years [20]. We took this bound since it is the most restrictive one and therefore sets a lower
bound for the mass-scale of the leptoquarks in the SU(5)-GG:

MX % 5× 1015GeV, (II.82)

where we usedmp = 0.938 GeV andαGUT has been taken from the unification predictions, i.e.
(αGUT )

−1 ∼ 40. This result is in perfect agreement with the unification scale predicted by the unification
constraintsΛGUT ∼ 1015 GeV.

Colored triplet contribution

For the colored triplet case, the “dangerous” interactionswhich may give rise to proton decay live in the
Yukawa Lagrangian (see appendix for more details):

LY ⊃ Y1{qL T † lL + (dc)T † (uc)}+ Y3{qL T qL + (uc)T (ec)}, (II.83)

⇒ LY ⊃ Y ab
1 (νad

i
b − eau

i
b)T

†
i − Y ab

1 (dca)i(u
c
b)jT

†
k ǫ

ijk − 8(Y ab
3 + Y ba

3 )uiad
j
bT

kǫijk + 4(Y ab
3 + Y ba

3 )eca(u
c
b)kT

k.

By integrating out the colored triplet the following dimension 6 effective Lagrangian is obtained,

LT
d=6 ∼ 1

m2
T

Y ab
1 (Y cd

3 + Y dc
3 )
{

νad
i
be

c
c(u

c
d)i − eau

i
be

c
c(u

c
d)i − (dc

a)i(u
c
b)je

c
c(u

c
d)kǫ

ijk

+ 2eau
i
bu

j
cd

k
dǫijk − 2νad

i
bu

j
cd

k
dǫijk + 2(dca)i(u

c
b)ju

k
cd

l
d(δ

i
kδ

j
l − δilδ

j
k)ǫ

ijk
}

. (II.84)

Therefore, the decay rate can be estimated qualitatively through the effective vertex of the interaction lead-
ing to proton decay (bold ones). The decay rate will be proportional to the feynman rule squared, so that

ΓT ∼
(
Y1(Y3 + Y T

3 )
)2 m

5
p

M4
T

, (II.85)
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where, as before, the fifth power of the proton mass has been added to compensate dimensions.

In order to estimate the lower bound on the triplet mass induced by proton decay constraints, we will
assume the Yukawa couplings to be of the order of∼ 0.01 GeV. Notice that the mass of the colored triplet
is less constrained than the leptoquark gauge bosons mass, since the decay is proportional to the product
of the two Yukawas which can be really small. Imposing again the most constraining bound from proton
decay,τ(p→ π0e+), we get

MT % 1013GeV. (II.86)

This result is also in agreement with the predictions comingfrom unification constraints.
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III. M ASSIVE NEUTRINOS

Probably one of the most known failures of the SM is the prediction of massless neutrinos. Even thought
for long time it was thought that neutrinos had not mass at all(due to their actually pretty tiny mass), their
massive nature has been proved through effects such as neutrino oscillations. Therefore, the SM needs to be
extended in order to allow neutrinos to have mass. Differentmechanisms has been introduced in literature
to provide mass to neutrinos. Here we review the most common ones: the seesaw mechanism and radiative
corrections.

Neutrino masses are not allowed in the SM due to mainly three reasons:

(a) The absence of a right handed neutrino.

(b) The scalar content of the SM is composed of a Higgs doublet.

(c) The renormalizability of the theory.

The condition (a) does not allow neutrinos to have Dirac masses in the SM. Reasons (b) and (c) do not
allow the SM to have Majorana masses since they imply exact conservation of the lepton and baryon
numbers. Therefore, massive neutrinos require to abandon one of those, i.e. require to go beyond the SM.

Let us start by abandoning reason (a), so that we add a right handed neutrino to our theory. In this case,
neutrinos would get mass in an exactly analogous way as charged leptons do. After the symmetry breaking,
the Dirac neutrino mass would read as

Mν = Yνv (III.1)

but it turns out that neutrino masses are a couple of orders ofmagnitude lower than the lightest charged
lepton mass. Assuming thatMν ∼ 0.1 eV, Yν . 10−12. This result does not look “nice” in the sense that
there is no reason able to explain why the neutrino Yukawa is that small compared with the rest of the
Yukawas. Apart from “aesthetic” issues, Dirac neutrinos are perfectly valid under a theoretical point of
view and they are currently not ruled out (yet)6.

On the other hand, neutrinos might be Majorana particles. There is an overall preference among the
physicist community for Majorana neutrinos since they may explain the smallness of neutrino masses. We
will contemplate the possibility of having Majorana neutrinos, so that the global symmetry B-L is broken.
In the context of new physics, the SM can be regarded as an effective field theory of a higher energy
fundamental theory. Assuming that there is new physics at a scaleΛ (higher than the EW scale), it will
manifest itself by non-renormalizable operators suppressed by powers ofE/Λ whereE refers to the energy
scale of the interaction andΛ to the mass-scale of the new particles.

L = LSM +

∞∑

n=5

∑

i

(
Cn
i

Λn−4
On

i + h.c.

)

, (III.2)

6 Notice that we did not specify how this right-handed (RH) neutrino is introduced in the theory. If the RH-neutrino is introduced
through a singlet, a Majorana mass term would automaticallyshow up since it is allowed by the symmetries of the Lagrangian
and therefore neutrinos would be Majorana. Nevertheless, if the RH-neutrino is introduced through some other representation
such that the Majorana mass term is forbidden by the symmetries, one could enjoy Dirac neutrinos. For instance, the simplest
left-right symmetric model predicts Dirac neutrinos, as wewill see later.
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φφ

ℓLℓL

?

FIG. 5: Topology (a).

φℓL

φℓL

?

FIG. 6: Topology (b).

whereCn
i are the coupling constants. The heavier the new particles, the weaker their effect, so that the

effect of new physics is dominated by the low dimensional operators. Therefore, we are interested in
building the lowest dimensional operators which violate lepton number. It turns out that there is only one
gauge and Lorenz invariant dimension 5 operator which does not conserve lepton number, and it is called
the Weinberg operator, which is defined as,

Od=5
W = Y 2

ab

(ℓCLaφ̃
∗)(φ̃†ℓLb)

Λ2
, (III.3)

where a and b are flavor indices. This operator will lead to a Majorana mass term for the neutrinos after the
spontaneous symmetry breaking,

Od=5
W

SSB→ 1

2
Y 2
ab

v2

Λ
νCL νL ⇒ (Mν)αβ = Y 2

ab

v2

Λ
. (III.4)

To obtain a neutrino mass lower than 1 eV, one needsΛ > 1013 GeV (assuming the couplingY of the order
of one), indicating that new physics at high scale is expected, which is a good motivation for GUTs.

There are only three possible tree-level realizations of the Weinberg operator using only renormal-
izable interactions. These are the so-called seesaw mechanisms. If we “zoom” in the effective vertex,
there are only two possible topologies which will generate the Weinberg operator at low energies
according to Lorenz invariance (see Fig. 5,6). Now, by further imposing to all possible renormalizable
interactions to be consistent with the gauge symmetry of theSM, we are given by the following possibilities:

In the case of topology (a), we have

• ℓLφ ∼ (2,−1/2)⊗ (2, 1/2) = (3, 0)⊕ (1, 0) ⇒ Fermion triplet (3,0) and fermion singlet (1,0), both
hyperchargeless.

• ℓLφ
∗ ∼ (2,−1/2) ⊗ (2,−1/2) = (3,−1) ⊕ (1,−1) ⇒ Fermion triplet (3,1) and fermion singlet

(1,1), both with hyperchargeY = 1. We discard both possibilities since they have hyperchargeso
that they cannot have Majorana mass.

In the case of topology (b), we have

• ℓLℓL ∼ (2,−1/2) ⊗ (2,−1/2) = (3,−1) ⊕ (1,−1) ⇒ Scalar triplet (3,1) and scalar singlet (1,1),
both with hyperchargeY = 1. The scalar singlet is discarded since it does not have any neutral
component and, hence, it cannot give mass at tree level. Moreover, it cannot couple with the scalar
doubletφ.
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φφ

ℓLℓL
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FIG. 7: Seesaw type-I.

φℓL

φℓL

∆

FIG. 8: Seesaw type-II.

φφ

ℓLℓL

ΣR

FIG. 9: Seesaw type-III.

Hence, we are left with three possibilities which we could add to the SM in order to generate Majorana
masses for the neutrinos at tree level (see Figs. 7,8,9): a fermion singletNR (type-I seesaw), a scalar triplet
∆ (type-II seesaw), a fermion tripletΣR (type-III seesaw) or any combination of those.

A. Type-I seesaw

Let us consider a sterile right handed neutrinoNR ∼ (1, 1, 0), i.e. a singlet under all SM gauge symme-
tries. The most general Lagrangian that can be written regarding this new fermion is given by (apart from
the usualLSM )

L ⊃ lLYeφeR − lLYν φ̃NR +
1

2
NC

RNR + h.c. (III.5)

whereΨC
L/R ≡ (ΨL/R)

C . Here,MR is a n×n symmetric matrix andYν a 3×n matrix, where n corresponds
to the number of right-handed neutrino generations. After spontaneous symmetry breaking, the neutrino
mass becomes a combination of a Dirac mass term and a Majoranaone:

Lmass = νLMDNR + h.c
︸ ︷︷ ︸

LDirac

+
1

2
NC

RMRNR + h.c.
︸ ︷︷ ︸

LMajorana

(III.6)

Notice that neitherNR nor νL are Majorana particles (even though we callMR “Majorana mass”) since
they are 2-component spinors. However, one can bridge the gap with the familiar 4-component Dirac case
and construct Majorana spinors as follows:

ν ≡ νL + (νL)
C , (III.7)

N ≡ NR + (NR)
C . (III.8)

Here, one can see explicitly thatνC = ν andNC = N , confirming their Majorana nature.

The above Lagrangian can be rewritten in terms of the new Majorana spinors by taking into account that
PL(ν) = νL, PR(ν) = νCL andPL(N) = NC

R , PR(N) = NR,

Lmass=
1

2
(MD ν̄N +MT

DN̄ν) +
1

2
MRN̄N, (III.9)

where the identityMDν̄N =MT
DN̄

CνC =MT
DN̄ν has been used. Here,MD ≡ Yν/

√
2. Hence, one ends
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up with the following mass-matrix in the basis(ν,N):

L =
1

2

(
ν̄ N̄

)
(

0 MD

MT
D MR

)(
ν
N

)

. (III.10)

In the limit MR ≫ MD the above matrix can be diagonalized (block-diagonalized where more than one

family of neutrinos is considered) by using the unitary transformation defined asU =

(
1 ρ

−ρ† 1

)

, where

ρ† =M−1
R MT

D.

The eigenvalues are given by,

M = U

(
M1 0
0 M2

)

U † ⇒
{

M †
1 ≃ −MDM

−1
R MT

D

M2 ≃MR
(III.11)

and the corresponding eigenstates read as

χ =

(
χ1

χ2

)

= U−1

(
ν
N

)

= U †
(
ν
N

)

=

(
ν − ρN
ρ†ν +N

)

. (III.12)

From a mass scale point of view, one can see that for amD fixed (we follow the notation:m -small letter-
refers to the scale of the mass matrix),M1 ∝ 1/mR andM2 ∝ mR. Therefore, the heavierM2, the
lighterM1. This effect justifies the name of “seesaw” (see Fig. 10). Thematrix ρ can be assumed to be

M1 ∼ −m2
D

mR

M2 ∼ mR mD fixed

FIG. 10: Seesaw mechanism: the heavier one side, the lighterthe other side.

proportional to the scaleρ ∼ mT
D/mR. In the limitmR ≫ mD, ρ is very suppressed so that the eigenstates

in Eq. (III.12) can be approximated byχ1 ∼ ν andχ2 ∼ N , and thus the physical masses are given by
M1 ∼Mν andM2 ∼MN .

From Eq. (III.11) one could guess the scale of the new RH-neutrino. By assumingmν ∼ 0.1 eV and
mD ∼ v, we have that

(102)2

mR
. 10−10 ⇒ mR % 1014GeV, (III.13)

as already predicted by the Weinberg operator.

Due to the fact that the new particle introduced is sterile and pretty heavy, it is hard to check the
viability of the mechanism. There is no interesting phenomenology to look at but the fact that neutrinos
are predicted to be Majorana. Therefore, one can hope to testthe Majorana nature of the neutrinos through
double-beta decay experiments. If neutrinos were found to be Dirac, the seesaw mechanism would be
automatically ruled out.
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Realization of type-I seesaw in SU(5)

In the context of SU(5), type-I seesaw can be easily realizedby adding to the field content three singlets
which will play the role of right-handed neutrinos, completely sterile [21]. However, the addition of singlets
to the minimal theory does not help to achieve unification since singlets do not contribute in the running of
the couplings (a complete representation does not contribute to the beta-functions unless the fields which
reside there have different mass scales), so that this minimal extension (SU(5)-GG plus three singlets) is
ruled out. Moreover, the addition of these singlets impliesthree unknown mass scales which are in principle
not constrained by any phenomenological bound or unification requirement. The arbitrariness of the new
scales makes this alternative not specially attractive. Apart of the addition of these singlets, to make the
GUT realistic one needs to further add other representations in order to satisfy the unification constraints
(the relation between the charged leptons and the down-typequarks can be corrected either introducing
suitable extra representations or by non-renormalizable interactions).

B. Type-II seesaw

The simplest seesaw type-II realization consists on addinga triplet scalar field∆ ∼ (1, 3, 1) under the
gauge symmetry of the SM [22]. The representation of the triplet is given by

∆ =
σi√
2
∆i =

(
δ+/

√
2 δ++

δ0 −δ+/
√
2

)

(III.14)

Notice that the triplet corresponds to the adjoint representation of SU(2) so that it transforms as a tensor
with two indices (2×2 matrix) with the restriction of being traceless, i.e. a total of 3 d.o.f (∆1 = (δ++ +
δ0)/

√
2,∆2 = i(δ++ − δ0)/

√
2,∆3 = δ+). The Lagrangian of the SM is modified not only in its Yukawa

and kinetic parts (as in the type-I seesaw) but also in the scalar potential since now we are introducing a
scalar which also couples to the SM Higgs:

L = Lkinetic + LY − V (H,∆), (III.15)

where

Lkinetic = LSM
kinetic + Tr

[

(Dµ∆)†(Dµ∆)
]

, (III.16)

andLY = LSM
Y − Y∆ℓCǫ2∆ℓ+ h.c. (III.17)

The covariant derivative for the adjoint representation isdefined as (see appendix),

Dµ∆ = ∂µ∆+ i
g

2
[σaW a

µ ,∆] + i
g
′

2
Bµ∆, (III.18)

wherea = 1, 2, 3. The most general scalar potential that one can write with a Higgs doubletH and a Higgs
triplet ∆ reads as,

V (H,∆) = −m2
HH

†H +
λ

4
(H†H)2 +M2

∆Tr{∆†∆}+
(

µHT iσ2∆
†H + h.c.

)

+ λ1(H
†H)Tr{∆†∆}

+ λ2

(

Tr{∆†∆
)2

+ λ4H
†∆∆†H. (III.19)
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The neutral component of the Higgs doublet breaks the symmetry SU(2)L×U(1)Y toU(1)em by getting a
non-zero vev. But a non-zero vev for the Higgs doublet immediately implies a non-zero vev for the neutral
component of the scalar triplet∆, otherwise a tadpole would be induced. The spontaneous symmetry
breaking is guaranteed by imposingmH > 0 in the above potential.

Once the the neutral components get a vev, i.e.
〈
δ0
〉
= v∆/

√
2 and

〈
H0
〉
= vH/

√
2, neutrinos get a

Majorana mass (from the Yukawa Lagrangian):

Mν = v∆Y∆, (III.20)

and, from the kinetic term in the Lagrangian, some of the gauge bosons get mass too:

M2
W =

g2

2
(v2H + 2v2∆), M2

Z =
g2

2 cos2 θW
(v2H + 4v2∆). (III.21)

Notice that the explicit form of the covariant derivative for the adjoint representation (commutator involved)
is the responsible of the factor of 2 in front of the vev of the triplet. This leads to the experimental constraint

v =
√

v2H + 2v2∆ = 246.2 GeV (see reference [18]). Therefore, theρ-parameter in this model is given by

ρ ≡ M2
W

M2
Z cos2 θW

⇒ ρ =
1 + 2v2∆/v

2
H

1 + 4v2∆/v
2
H

, (III.22)

which is strongly constrained by the electroweak precisiondata which requires theρ-parameter to be very
close to the unity, i.e.ρ = 1.00040 (1.7 σ above the SM expectationρSM = 1)[18]. This constraints
the vevs of the doublet and triplet Higgs and thus requires that vH ≫ v∆. Hence, we can assume that
vH ∼ v = 246.2 GeV.

The minimum conditions of the potential read as,

∂V

∂v
= −m2

Hv +
λ

4
v3 +

1

2
(λ1 + λ4)vv

2
∆ +

2√
2
µvv∆

!
= 0, (III.23)

∂V

∂v∆
= M2

∆v∆ +
1

2
(λ1 + λ4)v

2v∆ + λ2v
3
∆ +

1√
2
µv2

!
= 0. (III.24)

which can be rearranged in a more suitable way as

m2
H =

λ

4
v2 +

1

2
(λ1 + λ4)v

2
∆ +

√
2µv∆ + λ2v

3
∆, (III.25)

M2
∆ =

1√
2
µ
v2

v∆
− 1

2
(λ1 + λ4)v

2 − λ2v
2
∆. (III.26)

In the limit wherev∆ ≪ v, from Eq. (III.26) the following expression is obtained,

v∆ =
1√
2

µv2

M2
∆ + 1

2(λ1 + λ4)v2
. (III.27)

ForM∆ ≫ v, the above equation simplifies in

Mν ≃
(

µ

M∆

)
v2√
2M∆

Y∆. (III.28)

Notice that the term in the parenthesis is dimensionless. Inthis relation one can see the seesaw effect taking
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place in the inverse proportional relationMν ∝M−1
∆ sincev is fixed experimentally.

Realization of type-II seesaw in SU(5)

In the context of SU(5), the simplest way in which neutrinos can get mass through the seesaw type-II
mechanism is by adding a15H representation in the scalar sector, since it contains a scalar triplet under
SU(2) (∆T ):

15H = (1, 3, 1)
︸ ︷︷ ︸

∆T

⊕ (3, 2, 1/6)
︸ ︷︷ ︸

∆3,2

⊕ (6, 1,−2/3)
︸ ︷︷ ︸

∆S

(III.29)

The corresponding scalar potential is given by,

Vscalar= V (5H) + V (15H) + V (24H) + V (5H , 15H ) + V (5H , 24H ) + V (15H , 24H ), (III.30)

where

• V(5H )=−µ255α5∗α + λ1(5
α5∗α)

2,

• V(15H )=−µ21515αβ15∗αβ + λ2(15
αβ15∗αβ)

2 + λ315
αβ15∗βγ15

γδ15∗δα,

• V(24H )=−µ22424αβ24
β
α + λ4(24

α
β24

β
α)2 + a124

α
β24

β
γ24

γ
α + λ524

α
β24

β
γ24

γ
δ24

δ
α,

• V(5H ,24H )=a25∗α24
α
β5

β + λ65
∗
α5

α24βγ24
γ
β + λ75

∗
α24

α
β24

β
γ5γ ,

• V(24H ,15H )=λ815αβ15∗αβ24
γ
δ 24

δ
γ+a315

αβ24γβ15
∗
γα+λ915

αβ24γβ24
δ
γ15

∗
δα+λ1015

αβ24γβ15
∗
γδ24

δ
α,

• V(5H ,15H )=λ115∗α5
α15∗βγ15

βγ + a45
∗
α5

∗
β15

αβ + a∗45
α5β15∗αβ + λ125

∗
α15

αβ15∗βγ5
γ .

The Yukawa interactions of this SU(5) extension read as,

− LY = Y1 5̄ 10 15H + Y2 10 10 5Hǫ5 + Yν 5̄ 5̄ 15H , (III.31)

whereǫ5 refers to the Levi-Civita tensor in 5 dimensions.

The relevant interactions for the type-II seesaw mechanismare thus given by

Lseesaw= −M2
∆T

Tr{∆†
T∆T} − Yνℓ

T
LC∆T ℓL + a4Φ

T∆†
TΦ+ h.c. (III.32)

Here,

Φ ∼ 5αH =

(
H+

H0

)

and∆T ∼ 15αβH =

(
∆++ −∆+/

√
2

−∆+/
√
2 ∆0

)

(III.33)

whereα andβ are SU(2) indices, i.e.α, β = 4, 5 (notice that in SU(5)ℓL ∼
(
e
−ν

)

sinceℓL ⊃ 5̄α).
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Once the triplet under SU(2) contained in15H acquires a vev, the SM symmetry is spontaneously broken
so that neutrinos get a Majorana mass through the following interaction:

Φ

Φ

∆T

νCL

νL

⇒Mν ∼ a4 Yν
〈Φ〉2
M2

∆T

. (III.34)

The addition of the15H is an attractive extension of the minimal SU(5) theory sinceit has enough power
to recover unification, as it is studied in detail in Refs. [14, 23, 24]. However, in contrast to the45H
representation, the relation between the charged lepton and down-type quark masses cannot be corrected
only by15H . Nevertheless, non-renormalizable interactions can solve this problem.

C. Type-III seesaw

The simplest version of the seesaw type-III [25] consists in adding a hyperchargeless triplet of fermions
(ρ) to the SM for each fermion family.

ρ =
1

2

(
ρ0/

√
2 ρ+

ρ− −ρ0/
√
2

)

∼ (3, 1, 0). (III.35)

One always have to put special attention to the addition of new fermions since they may spoil the hopeful
anomaly cancellation taking place in the SM. In this case, there is nothing to worry about since adjoint
representations do not influence into anomalies (see Table II).

The most general renormalizable Lagrangian that can be written by taking into account this new triplet
of fermions is given by,

L = LSM + LBeyond, whereLBeyond= Tr{ρ̄i /Dρ} − 1

2
MρTr{ρCρ} −

√
2Yρℓ̄ρφ̃+ h.c. (III.36)

whereφ̃ refers to the charge conjugate of the SM Higgs field. The first term inLBeyond is the kinetic term
which mixes the new fermions with the gauge bosons. Notice that for the new fermions one has explicitly
in the Lagrangian a Majorana mass term, due to the fact that they are hyperchargeless (otherwise it would
violateU(1)Y ) and are triplets underSU(2)L which is the adjoint representation, i.e. they transform as
Σ → U †ΣU . The Yukawa interaction is the responsible to give a Majorana mass to the neutrinos after the
spontaneous symmetry breaking (SSB) through the followinginteraction:

ℓ ℓ

H0H0

ρ0

→ mν = Y T
ρ

1

Mρ
Yρv

2. (III.37)

Hence, here one finds again the same structure than in type-I seesaw, where the mass of the neutrino
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is inversely proportional to the mass of the new fermion inserted (Here theρ0 plays the role of the
right-handed neutrino in the seesaw type-I).

Moreover this seesaw is very characteristic for its rich phenomenology. The new fermions will interact
with the gauge bosons through the kinetic term in the Lagrangian ρ±ρ±Z andρ0ρ±W∓, and will mix with
the ordinary charged leptons of the SM through the new Yukawainteractions. It is remarkable that this
mixing is much easier to see than the mixing of neutral neutrinos induced in seesaw type-I.

Realization of type-III seesaw in SU(5)

A simple and realistic extension of the minimal SU(5)-GG model can be obtained by adding to the
usual particle content a 24 fermion representation (noticethat the addition of new fermion content in the
adjoint representation does not spoil chiral anomaly cancellations). The minimal type-III mechanism The
triplet contained in the 24 representation can generate neutrino masses through the type-III seesaw. It
is remarkable that, since a fermion singlet is also includedin 24, type-I seesaw is obtained as a bonus.
This model predicts, as the minimal SU(5) does, equal massesfor the up type quarks and charged lepton
masses. In order to correct this relation, higher dimensional operators must be included, loosing then the
renormalizability of the theory.

The new Yukawa interactions read as,

LY ⊃ yi05̄
i
F 24F 5H +

1

Λ
5̄iF
[
yi124F 24H + yi224H24F + yi3Tr(24F 24H)

]
+O(Λ−2) (III.38)

where the indexi accounts for the number of generations of ordinary fermions(i=1,2,3 according to exper-
imental evidence). After the SU(5) breaking to the SM, i.e〈24H〉 6= 0, the relevant Yukawa interactions
responsible for the neutrino masses are given by,

Lseesaw-III⊃ Li(y
i
TTF + yiSSF )H − mS

2
SFSF − mT

2
TFTF + h.c. (III.39)

whereyT andyS are linear combinations of theyi0 andyiav24/Λ (a = 1, 2, 3) above and the mass term of
the fermion singletSF and the tripletTF come from the termmFTr{242F } in the scalar potential. The mass
therefore is given by

mij
ν = v2

(

yiTy
j
T

mT
+
yiSy

j
S

mS

)

. (III.40)

Since only one generation of new fermions is introduced, thetheory predicts one massless neutrino. This
can be easily understood by noticing that the Yukawas in thiscase are simply vectors (here, only one
generation of new fermions is added, so that there is only onefamily index involved in the Yukawas).
The triplet and singlet Yukawas define a plane in the 3-dim family space. One can rotate this plane in
Eq. (III.39) such that one of the neutrinos does not couple toboth the triplet and singlet new fermions.
Therefore, it is straightforward to see that, in Eq. (III.40), one of the eigenvalues of the neutrino mass
matrix is zero (the determinant of a matrix is an invariant sothat it does not depend on the basis chosen).

About the masses of the extra fermion content, they are highly constrained by the unification constraints.
The contribution of the fields from the 24 fermion representation to unification is shown in Table (III). As
one can see from the beta functions above, the fermion triplet in 24, TF , is the only field which helps to
increase the unification ratio, i.e. helps to achieve unification. Since, as we have already shown, the particle
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TABLE III: Contributions to theBij coefficients from the24F .

24F
Bij TF SF OF Σ(3,2)F Σ(3̄,2)F

B12 −4
3rTF

0 0 2
3rΣ(3,2)F

2
3rΣ(3̄,2)F

B23
4
3rTF

0 −2rOF
1
3rΣ(3,2)F

1
3rΣ(3̄,2)F

Does it help? X × × × ×
Proton decay × × × X X

content of SU(5)-GG is not enough to ensure unification of thecouplings, a splitting in the24F needs to be
introduced. The unification constraints set therefore an upper bound to the mass of the fermion triplet (for
the Planck scale cutoff):

mT ≤ 102.1TeV. (III.41)

A detailed study on bounds coming from unification constraints and proton decay in the24F can be found
in reference [27]. The prediction of a triplet of extra fermions below TeV is remarkable in the sense that it
is likely to be found at LHC, which shows the predictive powerof this SU(5) extension.

D. Zee mechanism

The Zee model is a mechanism proposed by Antony Zee in 1980 [8] that gives mass to neutrinos through
first order radiative corrections. In the Zee mechanism for neutrino masses two extra Higgses are needed to
generate neutrino masses at one-loop level: a charged scalar singlet under SU(2) and a second Higgs doublet
(the standard model one is already counted). Fig. 18 shows the topology of the process in the unbroken
phase. We are using the following notation:Ha ∼ (1, 2,−1/2) wherea = 1, 2 andδ+ ∼ (1, 1, 1). The

eLk νLjeRl

H0
a

H0
c

H+
bδ+

νLi

FIG. 11: Zee model generating 1-loop radiative mass to neutrinos in the unbroken phase [8].

relevant interactions are given by (assuming a general effective theory with the usual SM field content plus
the extra charged singlet mentioned above),

VZee ⊃ lLλlLδ
+ + lLYaHaeR + µHaHbδ

− + h.c. (III.42)
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where ℓL ∼ (1, 2,−1/2), eR ∼ (1, 1,−1), λ is an antisymmetric matrix in the flavor space (due to
Fermi statistics), andYa are the Yukawa matrices for the two Higgses present in the theory. Notice that
here the global B-L symmetry is broken due to the simultaneous presence of the Yukawa interaction
proportional toλ and the scalar potential term proportional toµ. Non of these terms alone would break
the symmetry since the B-L number of the new charged singletδ could be in principle defined such that
theU(1)B−L symmetry holds. Nevertheless the co-presence of the other term forces this symmetry to break.

Explicitly in the SU(2) space, the above interactions read as

VZee ⊃ lL(Y1H1 + Y2H2)eR + λ lCL iσ2lLδ
+ + µ H1iσ2H2δ

− + h.c. (III.43)

Although one could compute the mass correction coming from the loop shown in Fig. 18 in the unbroken
phase by using the dimension five Weinberg operator in an effective theory context, since we do not know
how heavy the Higgses running inside the loop are, we are computing the mass assuming the symmetry
is already broken (broken phase). Indeed, the heavier are the Higgses, the better is the approximation in
the unbroken phase. However the computation in the broken phase gives us the exact expression for the
radiative mass.

After the symmetry breaking, the doublets read as

H1 =





H+
1

1√
2
(H0

1 + v1 + iA0
1)



 , H2 =





H+
2

1√
2
(H0

2 + v2 + iA0
2)



 ,

whereH0
1 andH0

2 correspond to the CP-even Higgses, andA0
1 andA0

2 to the CP-odd ones. Expanding the
terms of equation (III.43) as a function of the fields contained in the doublets,

VZee ⊃ νL(Y1H
+
1 + Y2H

+
2 )eR +

1√
2
eL
(
Y1[H

0
1 + v1 + iA0

1] + Y2[H
0
2 + v2 + iA0

2]
)
eR + 2λ νcLeLδ

+ +

+ µ
{
H+

1 (H0
2 + v2 + iA0

2)− (H0
1 + v1 + iA0

1)H
+
2

}
δ− (III.44)

But these Higgses are not physical since they do not have a diagonal mass; their masses are mixed by the
scalar potential terms listed below, which is the most general renormalizable potential that can be written as
a function of the mentioned fields,

V (H1,H2, δ
+) = V (H1) + V (H2) + V (δ+) + V (H1,H2) + V (H1,H2, δ

+), (III.45)

where

• V (H1)=m2
1H

†
1H1 + λ1(H

†
1H1)

2,

• V (H2)=m2
2H

†
2H2 + λ2(H

†
2H1)

2,

• V (δ+)=m2
δδ

∗δ + λδ(δ
∗δ)2,

• V (H1,H2)=m2
12(H

†
1H2+h.c.)+a1(H

†
1H1)(H

†
2H2)+a2(H

†
1H2)(H

†
2H1)+

a3
2

(

(H†
1H2)

2 + h.c.
)

,

• V (H1, δ)=b1H
†
1H1δ

∗δ,

• V (H2, δ)=b2H
†
2H2δ

∗δ,

• V (H1,H2, δ) = b3(H
†
1H2 + h.c.) + µH†

1 iσ2H
∗
2δ

∗ + h.c.
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which minimum conditions are,

∂ 〈V 〉
∂v1

= m2
1v1 + λ1v

3
1 +m2

12v2 +
1

2
(a1 + a2 + a3) v1v

2
2

!
= 0, (III.46)

∂ 〈V 〉
∂v2

= m2
12v1 +m2

2v2 +
1

2
(a1 + a2 + a3) v

2
1v2 + λ2v

3
2

!
= 0. (III.47)

The mass matrix for the charged Higgs doublets is given by,





H−
1

H−
2





T 



m2
1 + λ1v

2
1 +

a1
2 v

2
2 m2

12 + a3v1v2 +
a2
2 v1v2

m2
12 + a3v1v2 +

a2
2 v1v2 m2

2 + λ2v
2
2 +

a1
2 v

2
1









H+
1

H+
2



 , (III.48)

which, when applying the minimum conditions (III.46) and (III.47), can be rewritten as





H−
1

H−
2





T 



−v2
v1
A A

A −v1
v2
A









H+
1

H+
2



 , (III.49)

whereA ≡ m2
12 +

(
a2
2 + a3

)
v1v2. The eigensystem of the mass matrix is thus given by,

m2
G± = 0, G± = (sin βH±

1 + cos βH±
2 )T , (III.50)

mH± = − 2A

sin 2β
, H± = (cos βH±

1 − sin βH±
2 )T . (III.51)

The mixing angleβ is defined astan β = v1/v2 by the diagonalization of the mass matrix for theH+
1 and

H+
2 . Herev1 andv2 are the vacuum expectation values of the neutral componentsof the HiggsesH1 and

H2 respectively, satisfying the relationv21 + v22 = v2, wherev = 246 GeV. In the above equationG± are
the Goldstone bosons which will be eaten up by the gauge bosons in the unitary gauge.

It turns out that the rotation matrix that rotates the CP-oddHiggses to the physical basis is the same that
diagonalizes the charged Higgses above:

(
A0

1

A0
2

)

=

(
cos β sinβ
− sinβ cos β

)(
A0

G0

)

(III.52)

The diagonalization of the neutral HiggsesH0
1 andH0

2 gives rise to two physical Higgses: one heavy,H,
and one light,h:

(
H0

1

H0
2

)

=

(
cosα sinα
− sinα cosα

)(
H
h

)

. (III.53)

Hence, we are left with three Goldstones which we can get rid off them by going to the unitary gauge. By
applying the above rotations one can express the relevant interactions in (III.43) as a function of the new
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fields,

VZee ⊃ νL(Y1 cos β − Y2 sin β)H
+eR +

1√
2
ieL(Y1 cos β − Y2 sinβ)A

0 eR + ēLMe eR +

+
1√
2
eL(Y1 cosα− Y2 sinα)HeR +

1√
2
eL(Y1 sinα+ Y2 cosα)h eR + Goldstone terms+

+ 2 λ νcL eL δ
+ + µ v H+δ− + µ cosβ

(
v1
v2
v2 − v1

)

δ−G+ + higher order int., (III.54)

whereMe = 1√
2
v(Y1 cos β + Y2 sin β) is the mass of the electron. In the above equation only the second

order interactions are written explicitly since are the ones of our interest. Notice that the new fields written
above are not all physical yet. We still expect mixing between the two new charged Higgses,G± and
H±, with the charged singletδ±, which we did not consider yet. However, as the above expression shows,
the charged Goldston,G+, decouples from theδ+ so that only the mixing betweenδ+ andH+ has to be
considered. Definingθ+ as the mixing between theH+ and the singletδ+, these fields can be written as a
linear combination of the now physical charged Higgsesh±1 andh±2 in the following way:

δ± = cos θ+h
±
1 + sin θ+h

±
2 , (III.55)

H± = − sin θ+h
±
1 + cos θ+h

±
2 . (III.56)

Thus, we can finally write the potential as a function of the physical Higgses, which in the unitary gauge
reads as

L ⊃ ν̄L (Y1 cos β − Y2 sin β)(cos θ+ h
+
2 − sin θ+ h

+
1 ) eR +

1√
2
ēL (Y1 cosα− Y2 sinα) H eR +

+
1√
2
ēL (Y1 sinα+ Y2 cosα) h eR +

i√
2
ēL (Y1 cos β − Y2 sin β) A

0 eR +

+ 2 λ ν̄cL (cos θ+ h
+
1 + sin θ+ h

+
2 ) eL. (III.57)

Fig. 12 shows the topology of the Zee mechanism in the unbroken phase. Two different diagrams are
contributing to the 1-loop radiative correction to the neutrino masses (h1 andh2). The Feynman rules of the

h+
a

νi ej νk

FIG. 12: Zee model generating 1-loop radiative mass to neutrinos in the broken phase, wherea = 1, 2.

interactions taking place in the Zee-mechanism are:

ν̄ci

h+
a

ej

: Γa =

{
a = 1 : λijΓ1, whereΓ1 = 2i cos θ+PL,
a = 2 : λijΓ2, whereΓ2 = 2i sin θ+PL,

(III.58)
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h+
a

νi

ej

: Γ̃a =

{
a = 1 : −(Y1ij cos β − Y2ij sin β) sin θ+PR,
a = 2 : (Y1ij cos β − Y2ij sin β) cos θ+PR,

(III.59)

⇒

h−
a

νi

ej
: Γ̃a

†
. (III.60)

Therefore, the 1-loop correction is given by,

=

∫
d4k

(2π)4
λijΓaPL

/k +mej

k2 −m2
ej

PLΓ̃
†jk
a

1

k2 −m2
ha

= λijΓaPLmej Γ̃
†jk
a

∫
d4k

(2π)4
1

k2 −m2
ha

1

k2 −m2
ej

.

(III.61)

The above integral can be computed through the dimensional regularization method by introducing the
so-called Feynman parameters, so that

∫
d4k

(2π)4
1

k2 −m2
a

1

k2 −m2
b

=

∫
d4k

(2π)4

∫ 1

0
dx

1

[x(k2 −m2
a) + (1− x)(k2 −m2

b)]
2

=

∫
d4k

(2π)4

∫ 1

0
dx

1

(k2 −∆)2
,

(III.62)

where∆ ≡ x m2
a + (1 − x)m2

b . By Wick-rotating the limits of integration and moving to the Euclidean
space, momenta can be integrated assumingd dimensions (see appendix for more details) so that,

∫
d4k

(2π)4

∫ 1

0
dx

1

(k2 −∆)2
=

i

(4π)2

∫ 1

0
dx

(
2

ǫ
− Log(x m2

a + (1− x)m2
b)− γ + Log(4π) +O(ǫ)

)

µ−ǫ
R ,

(III.63)
whereµR refers to the renormalization scale. By integrating the feynman parameter,

∫ 1

0
Log

(
x m2

a + (1− x)m2
b

)
dx = 1 + Log(m2

a) +
m2

bLog
(
m2

a

m2
b

)

m2
a −m2

b

, (III.64)

the integral in Eq. (III.63) reads,

=
i

(4π)2




2

ǫ
− 1− γ + Log

(
4πµ2R
m2

a

)

+
m2

bLog
(
m2

a

m2
b

)

m2
b −m2

a



µ−ǫ
R , (III.65)

which has been computed by using dimensional regularization. Here,ǫ comes from performing the integral
in d = 4 − ǫ dimensions. Notice that in the limitd → 4, ǫ → 0 and the above integral diverges. The
implementation of the dimensional regularization is nothing else than a mathematical trick to parametrize
the divergences. But divergences are unphysical (we do not observe them in the physical measurements) so
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that one expects they do not show up in the final result. Explicitly, by adding the 1-loop correction of each
of the two diagrams contributing to the radiative mass one can see how divergences do cancel, as expected
(notice the imaginary unit can be absorbed by the free Majorana phase of the neutrinos).

The total radiative correction reads as

=
1

16π2
λijµ−ǫ

R PLmej






Γ1Γ̃

†ij
1






· · · +

m2
h1

Log

(
m2

ej

m2
h1

)

m2
h1

−m2
ej

+ . . .






+ Γ2Γ̃2

†jk






· · · +

m2
h2

Log

(
m2

ej

m2
h2

)

m2
h2

−m2
ej

+ . . .












.

(III.66)
Notice that the renormalizable scale “corrects” the dimensions of the couplingλ in the sense that̃λ = λµ−ǫ

R

is dimensionless at any dimensiond. Here, we are interested in the limitd → 4, i.e. ǫ → 0, and thus the
renormalization scaleµR disappear as one would expect since it is completely unphysical. By assuming
m2

ej ≪ m2
ha

,

=
1

16π2
λijmej (Y

†jk
1 cos β − Y †jk

2 sin β)
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
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

Log

(
m2

h2

m2
h1

)

16π2
sin(2θ+)






PL. (III.67)

Therefore, the Majorana mass matrix for the neutrinos readsas (notice the factor of two coming from the
fact that the mass is Majorana),

Mν =
1

8π2

(

λMe(Y
†
1 cos β − Y †

2 sin β) + (Y ∗
1 cos β − Y ∗

2 sin β)MT
e λ

T
)

sin 2θ+Log





m2
h+2

m2
h+1



 .

(III.68)

Notice that the mixing angleθ+ is proportional to theµ parameter. Hence, the neutrino mass matrix, accord-
ing to the above expression, is also proportional toµ, which as we have already discussed, is responsible
for the breaking of the global B-L symmetry. Whenµ → 0 , the B-L symmetry is recovered. Then, loop
corrections to this parameter must be proportional toµ itself, which means that, ifµ is small, loop cor-
rections toµ cannot be large. In this sense, it is said that theµ parameter is protected by the symmetry.
Notice that the Zee-Wolfenstein model [8, 28] requires only one Higgs coupled with the fermions, which
leads to a resulting mass matrix with zero diagonal entries.This particular model has been ruled out by the
experiments [29, 30]. However, in the general scenario for the Zee mechanism where two different Higgs
doublets with different couplings to the fermions are involved, one has enough freedom to reproduce the
values for neutrino mixings and masses. See for instance [31] for a recent study of the Zee model.
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IV. REALISTIC RENORMALIZABLE SU(5) MODEL

From the first section of this report, we can summarize the “weak points” of the simplestSU(5) gauge
unified theory in three main problems:

(i) Ye = Yd is not satisfied according to experimental data at the GUT scale, i.e. fermion masses predicted
by the SU(5) model are wrong.

(ii) The SM-couplings do not unify at any energy scale.

(iii) The model predicts massless neutrinos.

Those are the main aspects for which the SU(5) model has been ruled out. So now one could ask, “What is
the simplest realistic renormalizable model based on SU(5)?”.

The “easiest” way (in the sense of adding the least possible number of particles), to fix problem (i) by
keeping the renormalizability of the Lagrangian is by introducing a45H representation (see appendix for
its field content), i.e. 45 scalars [32]. Problem (ii) can be solved by introducing new representations whose
beta functions contribute positively to achieve the unification constraints imposed by Eqs. (II.56,II.57). We
will show that the addition of the45H is enough to solve problem (i) and (ii) simultaneously. In order
to give mass to neutrinos, i.e. tackle problem (iii), SU(5) can be extended by adding an extra singlet
representation (seesaw type-I) [33], a symmetric15H representation (seesaw type-II) [34] or a 24 matter
representation (seesaw type-I and type-III) [35, 36], since the adjoint representation is the only one whose
addition does not spoil the beautiful anomaly cancellationof SU(5).

Apart from the seesaws, there are other ways to give mass to the neutrinos, as we have already reviewed
in last section. By restricting ourselves to the fermion fields that exist in the standard model, the light
neutrino massmν comes from a dimension 5 operator which may be generated at tree-level by the
seesaw mechanism, or at the n-loop level with an extra suppression factor of(1/16π2)n, along with the
suppression of new coupling constants which appear in the loop diagram. These new Yukawa matrices can
be constrained by the structure of neutrino mass matrix which is determined by the neutrino oscillation data.

As it is shown in table IV, the realistic model which requiresthe least number of extra fields and could
solve the presented problems would be the type-I seesaw SU(5) model, where one has at least two singlets
7, right-handed neutrinos, and the extra45H Higgses. However, as we have already discussed in the section
of neutrino masses, the introduction of a singlet implies a new scale in the theory: one naively expects the
fermion singlets to get mass from above the GUT scale since their masses are not protected by the SU(5)
gauge symmetry.

Thus, the next candidate would be the Zee-SU(5) model. We betfor this option under the motivation
of building the most economic renormalizable unified theorybeing able to solve, one by one, the main
problems of the original SU(5) (without the addition of extra singlets).

7 one neutrino could be massless since we in principle only know mass differences between the three generations of them.
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TABLE IV: Possible renormalizable extensions of SU(5)-GG.By “extra field content” is understood any extra repre-
sentation apart from the field content of SU(5)-GG +45H .

Ye 6= Y T
d mν 6= 0 Unification Extra field contentnumber of new d.o.f.

45H

type-I seesaw X 1F , 1F 47
type-II seesaw X 15H 60
type-III seesaw X 24F 69

Zee model X 10F 55
Colored seesaw X 24F 69

A. Theoretical framework

In the Zee model, in order for the neutrinos to get mass, a charged scalar, which is a singlet under
SU(2) and SU(3), and a second Higgs doublet are needed, whichare contained in10H and45H respectively.

The simplest extension of the SU(5) model consists on the basic fields composing SU(5)-GG (see first
section of this report) plus a45H and10H representations. We address the field content of these represen-
tations, their quantum numbers and the Lagrangian of the model in detail in the appendix. In the context of
this Zee-SU(5) unified model (SU(5)-GG +45H + 10H ) the Yukawa Lagrangian reads as,

LY = 5̄ 10 (Y1 5
∗
H + Y2 45

∗
H) + 10 10 (Y3 5H + Y4 45H)ǫ5 + Y5 5̄ 5̄ 10Hǫ2 + h.c. (IV.1)

whereǫ2 andǫ5 refer to the Levi-Civita symbol with 2 and 5 Lorentz indices,respectively. Explicitly written
in the flavor (a,b) and color (i,j,k) spaces,

LY =Y ab
1 5̄i a10

ij
b 5

∗
H j + Y ab

2 10ija 5̄k b45
∗
H

k
ij + Y ab

3 10ija 10
kl
b 5mHǫijkml + Y ab

4 10ija 10
kn
b 45H

lm
n ǫijklm

Y ab
5 5̄i a 5̄j b10

ij
H + h.c.

(IV.2)

From the above expression it is straight forward to realize thatY5 is antisymmetric due to Fermi statistics,
which constraint the degrees of freedom of the matrices: it only has three d.o.f. (as long as we consider
three families of fermions in Nature).

The Yukawa Lagrangian gives mass to the fermions of our theory once the symmetries are spontaneously
broken and the Higgses get a vev. Therefore, the mass matrices of the different fermions can be written as
a function of the Yukawa couplings. By looking at each term ofthe Yukawa Lagrangian is straight forward
to see that,

Md =Md(Y1, Y2),

Mu =Mu(Y3, Y4),

Me =Me(Y1, Y2).

(IV.3)

All Yukawa interactions can be found explicitly written in the appendix, but here we will obtain step by
step the fermion masses in order to illustrate the process.
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Fermions get mass onceH0
1 andH0

2 get their corresponding vevs. These fields live in

Hα
1 ∼ 5H

α,

Hα
2 ∼ 45H

jα
i δ

i
j −

1

3
ǫβγǫ

δα45H
βγ
δ ,

(IV.4)

where the roman letters refer to color indices,i, j, k = 1, ..., 3, and the greek ones to theSU(2) indices,
α, β = 4, 5. To the down-type quarks mass and the electron mass contributes the first term in Eq. (IV.2), i.e.

LY ⊃ Y1(5̄i10
iα + 5̄β10

βα)5∗Hα + 2Y25̄i10
jα(45∗H)ijα + Y25̄α10

βγ(45H)αβγ + h.c. (IV.5)

where the factor of two comes from the contraction of the10H and the two lower indices of the45∗H , which
are both antisymmetric. In terms of the fields,

LY ⊃ Y1{dCi qiα + ℓβǫ
βαeC}H∗

1α + 2Y2d
C
i q

jαH2αδ
i
j + Y2ℓαe

Cǫβγ(−3)ǫβγǫ
αδHδ + h.c. (IV.6)

Taking into account only the neutral component of the Higgs doublets, i.e.α = 5 andδ = 5, which is
responsible for the fermion masses, we have

LY ⊃ Y1{dCi di + e eC}H0
1 + 2 Y2 d

C
i d

i H0
2 − 6 Y2 e e

C H0
2 + h.c. (IV.7)

Therefore, after the spontaneous symmetry breaking,

LY ⊃ dCi d
i

(

Y1
v∗1√
2
+ 2Y2

v∗2√
2

)

+ eC e

(

Y T
1

v∗1√
2
− 6Y T

2

v∗2√
2

)

+ h.c. (IV.8)

where we have written explicitly the transpose of thee eC term since our convention for the mass term
definition isM2

f f
Cf .

On the other hand, for the up-type quark masses, terms leadedby Y3 andY4 are the ones that matter. All
possible combinations contributing to the quarks mass can be written as follows,

LY ⊃Y3(10ij10kα + 10iα10jk)5βǫijkαβ + Y4(10
iα10jk(45H)lβk

− 10ij10αk(45H)lβk )ǫijlαβ + Y410
ij10kα(45H)βγα ǫijkβγ.

(IV.9)

Now, by splitting the Levi-Civita tensor in its SU(2) and SU(3) indicesǫijkαβ = ǫijkǫαβ and taking into
account the possible miscounting in the mixing between weakisospin and color indices as we have already
commented in last section, we have

LY ⊃ 2 Y3(10
ij10kα + 10iα10jk)5βǫijkǫαβ + Y4(4 10iα10jk − 2 10ij10αk)(45H )lβk ǫijlǫαβ

+ Y410
ij10kα(45H)βγα ǫijkǫβγ .

(IV.10)

By writing it in terms of the fields,

LY ⊃2 Y3(u
C
l ǫ

ijlqkα + qiαuCmǫ
jkm)Hβ

1 ǫijkǫαβ + Y4(4 q
iαǫjkmuCm − 2 ǫijnuCn q

αk)δlkH
β
2 ǫijlǫαβ

− 3 Y4ǫ
ijmuCmq

kαǫβγǫαδH
δǫijkǫβγ + h.c.

(IV.11)

and using the following contractions:ǫabǫab = 2 andǫijaǫijb = 2δba, we have

LY ⊃ 4 Y3(u
C
l q

lα + qiαuCi )H
β
1 ǫαβ + Y4(8 q

iαuCi − 4 uCl q
αl)ǫαβH

β
2 − 12Y4u

C
k q

kαǫαδH
δ

= 4(Y3 + Y T
3 )uCi q

iαǫαβH
β
1 − 8(Y4 − Y T

4 )uCi q
iαǫαβH

β
2 + h.c.

(IV.12)
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Focusing onβ = δ = 5, after the spontaneous symmetry breaking, the above expression reads as

LY ⊃ 4(Y3 + Y T
3 )uCi u

i v1√
2
− 8(Y4 − Y T

4 )uCi u
i v2√

2
. (IV.13)

Therefore, altogether, the dependence of the mass matriceswith the Yukawa couplings is explicitly given
by:

Md = Y1
v∗5√
2
+ 2Y2

v∗45√
2

Me = Y T
1

v∗5√
2
− 6Y T

2

v∗45√
2

Mu = 4(Y3 + Y T
3 )

v5√
2
− 8(Y4 − Y T

4 )
v45√
2

(IV.14)

In contrast with the predictionY T
e = Yd from SU(5)-GG, here there is enough freedom to reproduce the

measured fermion masses at the EW scale, so that problem (i) can be solved within the proposed extension
of the SU(5). However, the Yukawa Lagrangian does not allow neutrinos to get mass at tree level. As we
have already mentioned, we can give mass to the neutrinos through the Zee model (radiative corrections),
by using the “new”10H introduced and the second Higgs doublet contained in45H . We will refer in detail
to the generation of neutrino masses in the upcoming sections but first we will focus in the study of the
unification of the Zee-SU(5) model.

B. Unification and proton decay

In this section we study the consistency of the theory by showing that unification can be achieved in the
context of the Zee-SU(5) model and we constraint the available parameter space for the mass scales of the
new fields by imposing experimental bounds (proton decay lifetimes and collider bounds), which will give
rise to interesting predictions.

Unification constraints

As we have shown, in the original SU(5)-GG couplings do not unify at any energy. In order to satisfy
the unification constraints new representations must be added. Each of the fields living in the extra
representations may or may not help to satisfy the unification constraints (II.56,II.57), and the strength
(or relevance) in which they contribute to unification is weighted by the mass scale of each field (see
Eq. II.53). In this subsection we analyze which are the contributions of the extra fields considered in the
proposed model and we study the possibility of unification according to the mass scale of these fields and
the experimental constraints coming from the LHC or from theproton decay lifetimes of different channels.

In the proposed extension of SU(5), we consider an extra45H representation, able to correct the relation
between charged fermion masses in a renormalizable way, anda 10H representation, which contains the
charged singlet able to give mass to neutrinos through the Zee mechanism. The contribution of these new
fields to the beta functions is listed in Table V. As we can see,from the45H representation, only the fields
Φ3 andH2 can help to achieve unification. Even thoughtΦ1 strictly does not help to satisfy the unification
constraints sinceB23 > 0, due to the negative value of itsB12 (see Eq. (II.57)) it may help to increase the
GUT scale and thus suppress proton decay. Apart from the doublet-triplet splitting problem in5H , which
was needed to satisfy proton decay experimental constraints, here in the45H we have the same fine-tuning
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TABLE V: Contributions to theBij coefficients of the extra fields in Zee-SU(5) model.

45H 10H
Bij Φ1 Φ2 Φ3 Φ4 Φ5 Φ6 H2 δ+ δ(3,2) δT
B12 − 8

15rΦ1
2
15rΦ2 −9

5rΦ3
17
15rΦ4

1
15rΦ5

16
15rΦ6 − 1

15rH2
1
5rδ+ − 7

15r∆(3,2)

4
15rT̄

B23 −2
3rΦ1 −5

6rΦ2
3
2rΦ3

1
6rΦ4 −1

6rΦ5 −1
6rΦ6

1
6rH2 0 1

6r∆(3,2)
−1

6rT̄
Does it help? × × X × × × X × X ×
Proton decay × × X × X X X × X a ×

aThrough the termλ395
∗
i 10

iα(45∗)iiα, the proton can decay via the tree-level process shown in Fig. 13 after the electroweak
symmetry is spontaneously broken.

problem, becauseH2 must be light in order to have a large expectation value to correct the fermion masses
relations whereas other fields sitting in45H need to be heavy since they mediate proton decay (see next
subsection).

In the10H representation, however, onlyδ(3,2) could help to unification, but one has to be careful with

this field sinceδ(3,2) couples to fermions through the termλ 5̄ 5̄ 10H in the following wayλǫαβdcℓαδ
β
(3,2),

whereδ(3,2) = (δ
2/3
(3,2), δ

−1/3
(3,2) ) in theSU(2)L space. Hence,δ(3,2) alone cannot mediate proton decay. How-

ever, the term2µT ∗
i H2

∗
αδ

iα
(3,2) ∈ µ5∗H45∗H10H in the scalar potential together with the above interaction

may contribute to proton decay through the process shown in Fig. 13.

u d

dc ν

T

δ
−1/3
(3,2)

< H0
2 >

FIG. 13: B-L violating proton decay contribution.

A qualitative study on the bounds of the delta mass scale can be performed by considering the effective
coupling of the process shown in Fig. 1, which is given by

Leff ⊃ Y3
λµ v2

M2
δ(3,2)

M2
T

udν̄d̄c. (IV.15)

In order to satisfy the bounds on proton decay,µλ v2/M
2
δ(3,2)

M2
T . 1/(1012GeV)2 as in the usual Higgs

mediatedd = 6 proton decay contribution. Notice that, due to the presenceof the triplet mass squared
in the denominator, the mass ofδ(3,2) is not necessarily required to be heavy (the parametersλ andµ
are constrained to be small since they appear in the neutrinomass matrix). In this way the B-L violating
contribution to proton decay mediated byδ(3,2) can be understood. Therefore, in principle it could be
relatively light and it would still be in agreement with proton decay bounds.

In spit of this, as we will show, there is no need to assume any particular mass scale for the fields sitting
in 10H , i.e. a degenerate mass scale for the representation can be assumed. The unification constraints
allow us to keep the mass scale of the10H unfixed. It is enough to consider the splitting in the45H

44



IV REALISTIC RENORMALIZABLE SU(5) MODEL

to achieve unification. Therefore, for simplicity and proceeding in the most natural way, we will not
assume any splitting in the10H neither in the24H . In Fig. 14 we show the region where unification of

FIG. 14: Dependence of the scaleMφ1
with MGUT dictated by the unification constrains (blue line) whenMH2

= 1
TeV. The dashed green line shows the naive LHC bound on the colored octet mass,MΦ1

> 3.1 TeV [37]. The
red dashed line shows the limit on the GUT scale from the current experimental value on proton decay lifetime,
τp(p → π0e+) > 1.29 × 1034 years [20]. The orange dashed line shows the projected limit on the proton decay
lifetime from the Hyper-Kamiokande collaboration,τp(p → π0e+) > 1.3 × 1035 years [38]. The mass of theΦ3

(implicit) is in the range108.6 − 108.9 GeV from left to right.

the gauge couplings at 1-loop is satisfied (see Eqs. (II.56,II.57)). The red shadowed region is ruled out
by the current experimental bounds on proton decay,τp(p → π0e+) > 1.29 × 1034 years [20], and the
green shadowed region is dismissed due to LHC bounds on the colored octet mass,MΦ1 ≥ 3.1 TeV [37].
We also show the limit projected (orange line) by the Hyper-Kamiokande collaboration on proton decay
bounds,τp(p → π0e+) > 1.3 × 1035 years [38]. The mass ofΦ3 ∼ (3, 3,−1/3) is implicit in the plot,
and it changes from108.6 to 108.9 GeV. One may argue thatMΦ3 cannot be set arbitrarily light sinceΦ3

potentially contributes to the proton decay through the Yukawa Lagrangian (see appendix), and indeed the
mass scale must be thus far limited, but as we are showing in next section, the constraint can be relaxed due
to the freedom of having a product of two Yukawa couplings, one of them (Y4) not being restricted by the
fermion masses, so that the range ofMΦ3 used in Fig. 14 is justified.MH2 has been assumed to be light in
order to avoid fine tunning in Eq.(IV.14), concretely we tookMH2 = 1 TeV.

The allowed parameter space fixes the upper and lower bounds for the fieldΦ1 (notice that this is
only true in the case where the mass scale of the fields in10H is either degenerate or very heavy),φ1 ∼
[103.5, 105.1] GeV. Hence, the model predicts a light colored Higgs with large cross sections through QCD
interactions, as one can see from the Yukawa Lagrangian (seeappendix for more details):

LY ⊃ 2 dcY2Φ
†
1qL + 4 uc(Y4 − Y T

4 )qLΦ1 + h.c. (IV.16)

It is remarkable that, due to the antisymmetry of the second coupling above, decays ofφ1 into two
top-quarks would not be observed. Therefore one could have exotic signatures such as signals with one
top quark and three light jets (gluons can produce a pair ofφ1 colored scalars which may decay into a pair
of quarks from different families. From all possible decays, the pattern top plus three light quarks -which
will hadronize into three light jets- is of special relevance since this signal is not predicted by the SM).
Moreover, ifMΦ1 is close to the TeV, one might see these signals at the LHC. Thephenomenology of
colored octets has been investigated in the literatures [39–57]. The existence of this light colored octet is
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one of the main predictions of the model.

So far we have shown that, in the context of this model, unification can be achieved in agreement with
experimental bounds and, moreover, we come out with a prediction of a colored light Higgs whose exotic
phenomenology could be found in the LHC.

Proton decay

In the Zee-SU(5) model there are several fields contributingto proton decay. In the first place, one has
the leptoquark gauge bosons predicted by theSU(5) theory,Xµ ∼ (3, 2,−5/6) andY µ ∼ (3̄, 2, 5/6),
which sit in the adjoint representation. These bosons couple to leptons and quarks through the kinetic terms
in the Lagrangian, as we have already discussed in last chapter. As we know, in the SU(5)-GG model, one
also has the colored tripletT , sitting in 5H , which couples to both leptons and quarks and, hence, also
mediates proton decay. In the45H representation, from the Yukawa interactions (see appendix) one can
see thatΦ3 andΦ5 are also proton decay candidates. The fieldΦ6 may also mediate proton decay but its
two body decay at tree level is killed by the antisymmetry in the flavor space of the effective Yukawa (see
Table VI) [58]. However, one cannot dismiss the contribution of the three-body decay although it is higher
suppressed. In the10H representation at first sight there is no mediator of proton decay, at least at tree
level, but there is one field in this representation, theδ(3,2), which could mediate proton decay through the
process shown in Fig. 13. However, as we have shown in last section, this process is quite suppressed by
the mass of the triplet squared. In last section we already showed that unification constraints require, from
the extra Higgses, onlyH2 andΦ1 to be light, which do not contribute to proton decay, so that the safety of
the theory is in principle guaranteed.

In Table VI are shown the mediators of proton decay and the correspondent naive estimation of the
decay rate from dim-6 effective operators, which are listedin the appendix. The case ofΦ3 is slightly more

TABLE VI: List of tree level exchange (d=6) operators in Zee-SU(5) which contribute to proton decay. The relevant
coefficients are shown in the last column.Ỹ4 represents the effective Yukawa coupling, which is antisymmetric. The
effective Lagrangian leading to proton decay is written in detail in the appendix.

field Lp.d
d=6 ∼ 1

m2 qqql decay channel decay width

Xµ, Yµ A p→ e+(µ+)π0 Γ ∼ α2
s
m5

p

M4
X

T LT ⊃ 1
m2

T

{
(lα Y1 q

α)(qβ Y3 qγ)ǫ
βγ) + (dc Y1 u

c)(uc Y3 e
c)
}

p→ π0 e+(µ+) Γ ∼ (Y1 Y3)
2 m5

p

m4
T

p→ ν̄ π+

Φ3 LΦ3 ⊃ 1
m2

Φ3

(lα Y2 qβ)(qα Ỹ4 qγ)ǫ
βγ p→ ν̄ K+ Γ ∼ (Y2 Ỹ4)

2 m5
p

m4
Φ3

p→ e+ π0

Φ5 LΦ5 ⊃ 1
m2

Φ5

(dc Y2 u
c)(uc Ỹ4 e

c) p→ π0µ+(τ+) Γ ∼ (Y2Ỹ4)
2 m5

p

m4
Φ5

Φ6 LΦ6 ⊃ 1
m2

Φ6

(dc Y2 e
c)(uc Ỹ4 u

c) p→ π0e+(µ+)(τ+) Γ ∼ (Y2 Ỹ4)
2 m5

p

m4
Φ6

delicate. The unification constraints requireMΦ3 ∼ 108.6 − 108.9 GeV but this field is a proton decay
mediator. From the above table, we have

Γ ∼ (Y2Ỹ4)
2 M

5
p

M4
Φ3

.
~

1034(yr)
. (IV.17)
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whereτ(p→ K0e+) = 5.9 × 1033 yr [59].

Entering in this equation the proton massMp = 0.938 GeV, the lowest possible value ofMΦ3 allowed
by the unification constraints, i.eMΦ3 ∼ 108.6, and assuming that the couplingY2 ∼ 10−3 (it is constrained
by the fermion masses), one gets that

Ỹ4 = Y4 − Y T
4 ∼ 10−12. (IV.18)

The smallness of the coupling may startle the reader (or may not), so that we stress a couple of points in
order to make clear that this number is perfectly consistent.

(a) In contrast to the YukawasY1 = f(Me,Md) andY2 = f(Me,Md), which are constrained by the
charged leptons and down-type quark masses (see Eq. (IV.3) and therefore cannot be arbitrarily small
(unless fine-tuning was assumed), the YukawasY3 andY4 are only constrained by the up-type quark
mass. Hence, the model fixes a combination of both Yukawas (see Eq. (IV.3)) so that one degree of
freedom is left, which can be used to setY4 arbitrarily to any value (always regarding perturbation
constraints). This shows the consistency of the coupling.

(b) Moreover, just as a comment regarding the “aesthetics, the Ỹ4 coupling is a combinatioñY4 =
Y4 − Y T

4 which means that, if theY4 matrix is almost symmetric,̃Y4 will be very suppressed in a
natural way.

From table VI, one can see that the main contribution to proton decay comes from the new gauge bosons
(the rest of the candidates are suppressed by the product of Yukawa couplings).

In order to estimate the proton decay rate in a more rigorous way, we will appeal to an effective operator
theory. We assume that the proton and the positron play the role of chiral fermions, whereas the meson is
a scalar field. Under this assumptions, the proton decay can be represented roughly through the process
shown in Fig. 15. We assumeΛ to be the coupling of the feynman rule of this interaction.

N(p1)

ℓ(p2)

P (p3)

FIG. 15: Decay processNL(p1) → ℓ̄(p2) P (p3)

The partial decay width of the process above with an initial nucleon state (N ) and a final state containing
a pseudo-scalar meson (P ) and anti-lepton (̄ℓ) reads as,

Γ(N → P ℓ̄) =
mN

32π

(

1−
(
mP

mN

)2
)2

|
〈

π0
∣
∣
∣OB−L

I

∣
∣
∣p
〉

|2. (IV.19)

whereOB−L
I are the effective operators involved in the process. By using the effective operator approach,

the possible dimension-six (three quarks and one lepton, obtained by integrating out the heavy gauge fields
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Xµ andY µ) operators which areSU(3)c color singlets andSU(2)L × UY (1) invariant are:

OB−L
i = k21 ǫijk ǫαβ u

C
iαγ

µQjαae
C
b γµQkβb, (IV.20)

OB−L
ii = k21 ǫijk ǫαβ u

C
iaγ

µQjαadCkbγµLβb. (IV.21)

whereQ = (u, d), L = (ν, e); i, j and k= 1, 2, 3, are the color indices, a and b= 1, 2, 3 are the family
indices, andα, β = 1, 2 are theSU(2) indices. From the above, one can write down the effective operators
for each decay channel in the physical basis [60]:

O(ecα, dβ) = C(eCα , dβ)ǫijku
C
i γ

µujeCαγµdkβ, (IV.22)

O(eα, d
C
β ) = C(eα, d

C
β )ǫijku

C
i γ

µujdCkβγµeα, (IV.23)

O(νl, dα, d
C
β ) = C(vl, dα, d

C
β )ǫijku

C
i γ

µdjαdCkβγµνl. (IV.24)

TheCI are the perturbative estimate of Wilson coefficients in GUT models, and concretely in SU(5) they
are given byCI = k21c

I wherek1 = gGUT /
√
2MX,Y and thecI have the following form [61],

c(ecα, dβ) = V 11
1 V αβ

2 + (V1VUD)
1β(V2V

†
UD)

α1, (IV.25)

c(eα, d
c
β) = V 11

1 V βα
3 , (IV.26)

c(νl, dα, d
c
β) = (V1VUD)

1α(V3VEN )βl. (IV.27)

Here, theV ’s are mixing matrices defined as

V1 = U †
CU, V2 = E†

CD, V3 = D†
CE,

VUD = U †D andVEN = E†N.
(IV.28)

The matricesU ,E,D andN define the Yukawa couplings diagonalization, so that

UT
CYuU = Y diag

u , DT
CYdD = Y

diag
d ,

ET
CYeE = Y diag

e , NTYνN = Y diag
ν .

(IV.29)

By using the identityΨTCγµǫ = (ΨTCγµǫ)T = −ǫTCγµΨ, the above effective operators can be rewritten
in a more suitable way:

O(ecα, dβ) = −2 C(eCα , dβ) ǫijk u
T
jLCγ

µuiR e
T
αRCγµdkβL, (IV.30)

O(eα, d
C
β ) = −2 C(eα, d

C
β ) ǫijk ujL

TCγmuuiiR dTkβRCγµeαL, (IV.31)

O(νl, dα, d
C
β ) = −2 C(vl, dα, d

C
β ) ǫijk d

T
jαLCγ

µuiR d
T
kβRCγµνlL, (IV.32)

regarding the application of the following Fierz identity [62], whereh refers to a certain chirality and−h
to the opposite one,

(AT
hCγ

µB−h)(C
T
−hCγµDh) = −2(AT

hCDh)(C
T
−hCB−h). (IV.33)

This identity allows us to eliminate the dependence of the effective operators on the Dirac matrices, so that
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the rearranged expression gains a global factor of2:

O(ecα, dβ) = 2 C(eCα , dβ) ǫijk (u
T
jLCdkβL)(e

T
αRCuiR), (IV.34)

O(eα, d
C
β ) = 2 C(eα, d

C
β ) ǫijk (u

T
jLCeαL)(d

T
kβRCuiR), (IV.35)

O(νl, dα, d
C
β ) = 2 C(vl, dα, d

C
β ) ǫijk (d

T
jαLCνlL)(d

T
kβRCuiR). (IV.36)

By defining the product(x, y)R/L = xTC PR/L y as introduced by reference [63] we can rewrite them as
follows:

O(ecα, dβ) = 2 C(eCα , dβ) ǫijk (ujdkβ)L(eαui)R, (IV.37)

O(eα, d
C
β ) = 2 C(eα, d

C
β ) ǫijk (ujeα)L(dkβui)R (IV.38)

O(νl, dα, d
C
β ) = 2 C(vl, dα, d

C
β ) ǫijk (djανl)L(dkβui)R. (IV.39)

Hence, the proton decay width in the context of the effectiveoperator approach reads as,

Γ(N → P ℓ̄) = A
mN

8π

(

1−
(
mP

mN

)2
)2 ∣∣
∣
∣
∣

∑

I

CIW I
0 (N → P )

∣
∣
∣
∣
∣

2

, (IV.40)

whereW I
0 (N → P ) corresponds to the matrix element of the three-quarks

〈

N
∣
∣
∣ (q1q2)L/R q3L/R

∣
∣
∣P
〉

and

A refers to the running of the operators, which must also be considered, defined as

A = AQCDASR =

(
α3(mb)

α3(MZ)

)6/23( α3(Q)

α3(mb)

)6/25 ( α3(MZ)

α3(MGUT )

)2/7

. (IV.41)

Here,AQCD ≈ 1.2 corresponds to the running from theMZ to theQ ≈ 2.3 GeV scale, whileASR ≈ 1.5
defines the running from the GUT scale to the electroweak scale [61].

Particularly, for the most relevant channels,

Γ(p→ π0e+β ) =
mp

8π
A2k41 |

〈
π0
∣
∣ (ud)RuL

∣
∣p
〉
|2
(

|c(ec, d)|2 + |c(e, dc)|2
)

, (IV.42)

Γ(p→ K+ν̄) =
mp

8π

(

1− m2
K+

m2
p

)2

A2k41
∑

i

∣
∣c(νi, d, s

c)
〈
K+
∣
∣ (us)RdL

∣
∣p
〉
+

+ c(νi, s, d
c)
〈
K+
∣
∣ (ud)RsL

∣
∣p
〉∣
∣2 . (IV.43)

where it has been taken into account that
〈
π0
∣
∣ (ud)LuR

∣
∣p
〉 P
=
〈
π0
∣
∣ (ud)RuL

∣
∣p
〉
, i.e. the matrix elements

are invariant under parity transformations.

In general the Wilson coefficients cannot be predicted sincethe above matrices are unknown. In
our analysis we have assumed the most conservative scenario(in the sense of less optimistic case in
which the diagonal entries of the mixing matrices products are equal to the unity) in whichc(e, dc) = 1,
and c(ec, d) = 2 for p → π0e+ and, in the case ofp → K+ν̄, we usec(νl, d, sc) = (V3VEN )2l and
c(νl, s, d

c) = V 12
CKM(V3VEN)1l.

The quantities
〈
π0
∣
∣ (ud)RuL

∣
∣p
〉
, 〈K+| (us)RdL |p〉 and〈K+| (ud)RsL |p〉 entering in the decay ampli-

tude are the different matrix elements computed in lattice calculations. Here we use the values reported in
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Ref. [64]:

〈
π0
∣
∣ (ud)RuL

∣
∣p
〉

= −0.103,
〈
K+
∣
∣ (us)RdL

∣
∣p
〉

= −0.054, (IV.44)
〈
K+
∣
∣ (ud)RsL

∣
∣p
〉

= −0.093.

In Fig. 16 we show the conservative predictions for the proton decay lifetime and the current experimental
bounds,τp(p → π0e+) > 1.29 × 1034 years [20] and τp(p → K+ν̄) > 5.9 × 1033 years [59]. As one
can see, the proton decay predictions are not far from the reach of the Hyperkamiokande experiment so that
proton decay could be found according to this model (however, since we have taken the most conservative
bounds, it cannot strictly speaking completely ruled out).We have shown that unification can be achieved
in this model in agreement with the experimental bounds on proton decay lifetime.

FIG. 16: Predictions for the proton decay lifetimes. The blue line shows the predictions for the decayp → π0e+,
while the purple line shows the predictions for the decayp → K+ν̄. The horizontal red dashed line shows the
current experimental value on proton decay lifetime,τp(p → π0e+) > 1.29 × 1034 years [20] from the Super-
Kamiokande collaboration. The orange dashed line shows theprojected limit on the proton decay lifetime from the
Hyper-Kamiokande collaboration,τp(p → π0e+) > 1.3 × 1035 years [38]. The green vertical line represents the
LHC bound,MΦ1

≥ 3.1 TeV [37], on the colored octet mass.

C. Neutrino masses

The mass expression (III.68), along with the argumentationfollowed to compute it, is a completely
general result which could be valid in principle for many scenarios as long as they have as an effective
field theory the Zee potential we started with. The key point of this work is that we embed this model in a
unified theory which allows us to establish certain interesting and powerful relations between the fermions
inside the model. The Zee model can be realized in a grand unified theory based onSU(5): the extra
charged singlet scalar needed,δ+ [8], is embedded in the antisymmetric representation10H , and the other
field required, a second Higgs doubled (as we have discussed above) lives in the45H . It is remarkable that
this second Higgs doublet is already contained in any realistic and renormalizable SU(5) model, since the
45H representation is the simplest addition needed to correct the mass relation between the charged leptons
and the down-type quarks without loosing the renormalizability of the model. Thus, there is no need to add
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IV REALISTIC RENORMALIZABLE SU(5) MODEL

a new Higgs doublet, which shows the simplicity of the model.

In theSU(5) language the needed interactions for the Zee mechanism readas

VSU(5) ⊃ λ5̄ 5̄ 10H + 5̄ 10

(

Y ∗
1 5

∗
H − 1

6
Y ∗
2 45

∗
H

)

− 1

6
µ 5H45H10∗H + h.c. (IV.45)

where the couplings in the SU(5) theory has been redefined in order to match theVZee potential defined
before in Eq. (III.43) with the SU(5) potential. Therefore,Y1 ≡ (Y

SU(5)
1 )∗ , Y2 ≡ −6(Y

SU(5)
2 )∗ and

µ ≡ −6 µSU(5).

Using the relation between the charged fermion masses and the Yukawa couplings, taking into account
that the definition of the mass of a fermionf that we have introduced for the fermion masses in SU(5)-Zee
wasf cTLCMffL whether in the section of the generation of neutrino masses through the Zee model the
mass is defined as̄fLMffR, and writing it in terms of the redefined couplings we have

√
2Md = Y T

1 v5 −
1

3
Y T
2 v45, (IV.46)

√
2Me = Y1v5 + Y2v45. (IV.47)

Here,v5 ≡ v1 andv45 ≡ v2. Thus, the Yukawa couplings read as

Y1 =
1

2
√
2v5

(Me + 3MT
d ), (IV.48)

Y2 =
3

2
√
2v45

(Me −MT
d ). (IV.49)

and therefore the neutrino mass matrix can be written as a function of the charged lepton masses and down-
type quarks:

Mν = λMe

(

ceM
†
e + 3cdM

∗
d

)

+
(

ceM
∗
e + 3cdM

†
d

)

MT
e λ

T , (IV.50)

where the coefficientsce andcd are given by

ce =
(1− 4 sin2 β)

8π2
√
2v

sin 2θ+
sin 2β

Log





m2
h+2

m2
h+1



 , (IV.51)

cd =
1

8π2
√
2v

sin 2θ+
sin 2β

Log





m2
h+2

m2
h+1



 . (IV.52)

according to Eq. (III.68). Clearly one can see that, sinceY1 andY2 cannot be simultaneously diagonalized,
the diagonal elements of the neutrino mass matrix are not zero even ifλ is antisymmetric. Therefore, the
model has enough freedom to be consistent with the experimental values for neutrino masses and mixings.

This relation between the masses of the neutrinos and the charged fermions is quite interesting since
one would not expect any connection like this in the context of SU(5)-GG. Notice that the antisymmetric
matrixλ which enters in Eq. (IV.50) has only three free parameters.

Due to the explicit dependence of the fermion masses on the Yukawa couplings (see Eq. (IV.3)),Mu and
Md cannot be simultaneously diagonalized. Therefore, by working in the basis in whichMe andMu are
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diagonal, the down-type quark mass matrix adopts the following form: Md = D∗
cM

diag
d V †

CKM , whereDc

corresponds to the rotation matrix which diagonalizes thedC quarks. Notice that it has only three degrees
of freedom in the real case (symmetric matrix). In this context one finds

Mν = λMdiag
e

(

ceM
diag
e + 3cdDcM

diag
d V T

CKM

)

+
(

ceM
diag
e + 3cdVCKMM

diag
d DT

c

)

Mdiag
e λT ,

(IV.53)
where all phases have been neglected for simplicity. As it isshown in Eq. (IV.53), the model has enough
degrees of freedom to reproduce consistently the experimental values of neutrino masses and mixing angles.
We remark that this freedom also refuses the prediction of the ratio between the fermion masses but one
can constrain the unknown parameters of Eq. (IV.53) by imposing experimental bounds regarding neutrino
masses and mixings. We stress the beauty of this outcome in the sense that the above relation is an intrinsic
prediction of the unified model and it comes out in a natural way.
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V. LR-SYMMETRIC THEORIES

Left-right (LR) symmetric models are regarded as appealingextensions of the Standard Model, since
they present a more symmetric structure in the representations of the fermion sector along with the fact that
they give an explanation about the parity violation (left-chiral preferred structure) at the electroweak scale
and predict massive neutrinos as a natural outcome.

The simplest LR symmetric theories are based in the following gauge symmetry group [3–6]:

G = SU(3)c ⊗ SU(2)L ⊗ SU(2)R ⊗ U(1)B−L. (V.1)

The main difference of LR symmetric models with respect to the SM is the prediction of a right handed
neutrino which allows neutrinos to have a Dirac mass. Noticethat in this model there is a total of seven
generators:22 − 1 for each SU(2), i.e.T a

L,R wherea = 1, .., 3 which obey the Lie algebra

[T a
L,R, T

b
L,R] = iǫabcT

c
L,R (V.2)

and one for U(1),αI, so that, apart from the SM gauge bosons, three extra massivegauge bosons are
expected (W±

R andZ
′
) after the LR symmetry is spontaneously broken toU(1)em. In this section we

summarize the main features of these models by first introducing the basic field content and then discussing
the masses of the fields after the gauge symmetry is spontaneously and how this breaking occurs.

A. Field content

LR symmetric models enjoy sixteen Weyl degrees of freedom, so that they can accommodate sixteen
chiral fields, i.e. one more than the SM. The matter content isgiven by fermion multiplets. Fermions are
embedded in doublets ofSU(2)L andSU(2)R and are completely symmetric underL↔ R,

QL =

(
uL
dL

)

∼ (1, 2, 1, 1/3), QR =

(
uR
dR

)

∼ (1, 1, 2, 1/3)

for quarks, and for leptons

ℓL =

(
νL
eL

)

∼ (1, 2, 1,−1), ℓR =

(
νR
eR

)

∼ (1, 1, 2,−1),

where the third quantum number corresponds to the charge of the abelian groupU(1)B−L which is defined
by the breaking of the LR-model to the Standard Model in such away that the electromagnetic charge is
recovered after the breaking. The hypercharge operator is defined by the unbroken gauge symmetry in the
processSU(2)R ⊗ U(1)B−L → U(1)Y . The explicit form of the charge operator depends on the breaking
pattern to theU(1)em, as we have already mentioned in the context of SU(5). By taking an infinitesimal
SU(2)R ⊗ U(1)B−L transformation and imposing that it leaves the vacuum stateinvariant (taking into
account thatΦ transforms asΦ → ΦeiT

aca, beingT a the generators andca the corresponding phases),

δφ =
i

2
(ξ · σ + Iρ)φ

!
= 0, (V.3)
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we find thatξ1 = ξ2 = 0 andξ3 = ρ, so thatY = TR
3 + B−L

2 , where the normalization factor is chosen to
recover the already known electric charges in the SM. After the breaking of the SM toU(1)em, the charge
operator is defined as

Q = TL
3 + Y = TL

3 + TR
3 +

B − L

2
︸ ︷︷ ︸

Y

(V.4)

It is straightforward to realize that the chargeB − L corresponds to the difference between the baryon and
lepton number of the field involved, which justifies the labelof the charge. Notice that, in the context of LR
symmetric theories, the hypercharge has a physical meaning, in contrast with the Standard Model, where it
is introduced ad-hoc. Here, the LR symmetry is deeply connected with the baryon-lepton symmetry [13].
Every doublet has a flavor index in addition. The complete setof fermion generations requires three copies
of the above multiplets to cover them, as in SU(5) theories. The scalar sector of the theory is discussed in
the next section since it depends on the way chosen to break the LR-symmetry to the SM one.

B. LR Symmetry breaking and Dirac neutrinos

SinceMWR
≫MWL

according to experiment, the LR symmetry must be broken at some point. A scalar
sector is needed in order to first break the LR gauge symmetry to the SM and then give mass to the fermions
in the model by keepingU(1)em unbroken. For the last propose, we are lead to introduce a doublet under
bothSU(2)L andSU(2)R, Φ, which we will call ”bi-doublet“ and it transforms as,

Φ̃ =

SU(2)R−−−−−−−−−→
(
Φ0
1 Φ+

2

Φ−
1 Φ0

2

) 


y

SU(2)L ∼ (1, 2, 2, 0) ,

along with the following Yukawa interactions

L ⊃ Q̄L

(

Y1Φ+ Y2Φ̃
)

QR + ℓ̄L

(

Y3Φ+ Y4Φ̃
)

ℓR + h.c., (V.5)

whereΦ̃ is defined asσ2Φ∗σ2, i.e.

Φ̃ =

(
(Φ0

2)
∗ −Φ+

1

−Φ−
2 (Φ0

1)
∗

)

∼ (2, 2̄, 0) (V.6)

This bi-doublet field is required in order to connect left andright fermion multiplets through the Yukawa
Lagrangian. However, it turns out that it is not enough to fully break the LR-symmetry group toU(1)em as
we show right after.

The most general form of〈Φ〉 such that the electromagnetic gauge-invariance is preserved is the follow-
ing:

Φ =

(
v1 0
0 v2

)

,

Once the neutral components of the bi-doublet acquire a vev (as shown above), the symmetry is sponta-
neously broken and, therefore, fermions become massive. Notice that the condition ofΦ being an extremum
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of the scalar potential requires that

〈
∂2V

∂Φ2

〉

〈δΦ〉 = m2
ΦT

aca 〈Φ〉 !
= 0. (V.7)

due to the fact thatΦ transforms asΦ → ΦeiT
aca , beingT a the generators ofSU(2)L/R (a = 1, · · · , 6)

andca the corresponding phases. The unbroken linearly independent combinations of generators define the
breaking pattern of the process. In this case,

(T 3
L + T 3

R) 〈Φ〉 = 0, (V.8)

(B − L)1 = 0. (V.9)

Hence, the vev of the bi-doublet breaks the symmetry down toU(1) ⊗ U(1) [5]. Therefore, extra Higgs
multiplets are required to recover theU(1)em. There are many options to perform this breaking. Here we
will discuss the two simplest (in the sense of minimality regarding degrees of freedom) ways.

In order to keep the discussion as general as possible, let usintroduce first two scalars and specify their
quantum numbers later:

ϕL
P↔ ϕR (V.10)

Actually, as we will shown, only one of them is required to break the LR symmetry group down toU(1)em,
but the LR symmetry demand the parity-partner to be there. The introduction of the above scalars leads to
the following potential,

V = −µ
2

2
(ϕ2

L + ϕ2
R) +

λ

4
(ϕ4

L + ϕ4
R) +

λ
′

2
ϕ2
Lϕ

2
R, (V.11)

where linear terms do not appear since these scalars should carry quantum numbers under SU(2)8. The
above potential may be rewritten in the following way,

V = −µ
2

2
(ϕ2

L + ϕ2
R) +

λ

4
(ϕ2

L + ϕ2
R)

2 +
λ

′ − λ

2
ϕ2
Lϕ

2
R. (V.12)

Notice that the breaking pattern depends crucially on the sign of λ
′ − λ [13]. If λ

′ − λ < 0, the
minimization of the potential requires both that〈φR〉 6= 0 6= 〈φL〉. This would be a problem since LR
symmetry implies that〈φL〉 = 〈φR〉. On the other hand, ifλ

′ − λ > 0, then 〈φL〉 = 0 and 〈φR〉 6= 0 or
vice versa, which naturally induces a parity breaking. Since we are interested in breaking the LR symmetry,
i.e. SU(2)R ⊗ SU(2)L ⊗ U(1)(B−L) → SU(2)L ⊗ U(1)Y we opt for the second possibility.

Thus, as summarize, the breaking occurs in two steps:

SU(2)R ⊗ SU(2)L ⊗ U(1)(B−L)
〈φR〉→ SU(2)L ⊗ U(1)Y

〈Φ〉→ U(1)em. (V.13)

8 which will forbid them due to symmetry invariance.
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The minimal way to perform the full breaking is by introducing two Higgs doublets,

HL =

(
H−

L

H0
L

)

∼ (1, 2, 1), HR =

(
H+

R

H0
R

)

∼ (2, 1, 1). (V.14)

There is another alternative for the role ofφR andφL which leads to seesaw mechanism for the neutrino
masses, in which the candidates are triplets under SU(2), i.e. ∆L ∼ (1, 2, 2) and∆R ∼ (2, 1, 2). We will
discuss the above alternatives in more detail in the following sections.

Independently on the alternative chosen to break the LR symmetry, fermions get mass through the bi-
doublet, which is the responsible of breaking the electroweak symmetry. OnceΦ gets a vev the masses of
the fermions read as,

MU = Y1v1 + Y2v
∗
2 , (V.15)

MD = Y1v2 + Y2v
∗
1 , (V.16)

ME = Y3v2 + Y4v
∗
1 , (V.17)

MD
ν = Y3v1 + Y4v

∗
2 , (V.18)

wherev1 and v2 are the vacuum expectation values for the fieldsφ01 andφ02, respectively. Notice that
neutrinos in the context of LR theories get a Dirac mass in a natural way. By taking the limit in which
Y3 ≪ Y4 andv2 ≪ v1, one can explain the smallness of neutrino masses without introducing any fine-
tuning. In this context, the masses would be given by

ME ≈ Y4v
∗
1 , (V.19)

MD
ν = v1

(

Y3 +ME
v∗2
|v1|2

)

. (V.20)

It is important to remark that this simple model which predicts Dirac neutrinos does satisfy without any
problem any constraint coming from experiment, although itdoes not provide a ”natural“ explanation about
the smallness of the neutrino masses.

C. Majorana neutrinos

TheSU(2)R ⊗ SU(2)L ⊗ U(1)(B−L) with two Higgs doublets and one Higgs bi-doublet will be the
minimal LR symmetric model on the market till Dirac neutrinos are ruled out. However, physicists tend to
think that the smallness of neutrino masses might be an argument for their Majorana nature. We already
showed that Dirac masses for neutrinos are obtained by considering the minimal scalar content needed
to break the LR symmetry to the SM. As we show in this section, there are alternative ways to break
spontaneously the symmetry which imply different scalar contents for the theory.

Type-I seesaw realization in LR

An alternative way to break the LR symmetry down to the SM is byintroducing two Higgs triplets,∆L

and∆R [7], defined as,

∆L,R =

(
∆+/

√
2 ∆++

∆0 −∆+/
√
2

)

, ∆L ∼ (3, 1, 2), ∆R ∼ (1, 3, 2). (V.21)
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The above scalar sector comes along the following terms in the Yukawa Lagrangian:

LY ⊃ L∆ =
1

2

(
ℓTLCiτ2Y∆∆LℓL + ℓTRCiτ2Y∆∆RℓR

)
+ h.c. (V.22)

and the corresponding scalar potential,

V = −
2∑

i,j=1

µ2ijTr{Φ†
iΦj}+

2∑

i,j,k,l=1

λijklTr{Φ†
iΦj}Tr{Φ†

kΦl}+ λ
′

ijklTr{Φ†
iΦjΦ

†
kΦl} − µ2Tr{∆†

L∆L +∆†
R∆R}

+ρ1

[

Tr{∆†
L∆L}2 + Tr{∆†

R∆R}2
]

+ ρ2

(

Tr{∆†
L∆L∆

†
L∆L}+ Tr{∆†

R∆R∆
†
R∆R}

)

+ ρ3Tr{∆†
L∆L∆

†
R∆R}

+
2∑

i,j=1

αijTr{Φ†
iΦj}

(

Tr{∆†
L∆L}+ Tr{∆†

R∆R}
)

+
2∑

i,j=1

βij

(

Tr{∆†
L∆LΦiΦ

†
j}+ Tr{∆†

R∆RΦ
†
iΦj}

)

+
2∑

i,j=1

γijTr{∆†
LΦi∆RΦ

†
j}, (V.23)

whereΦ1 ≡ Φ andΦ2 ≡ Φ̃. The LR symmetry is spontaneously broken once the neutral components of
the scalar sector get a vev according to

〈∆L〉 =
(

0 0
vL 0

)

, 〈∆R〉 =
(

0 0
vR 0

)

and 〈Φ〉 =
(
v1 0
0 v2

)

. (V.24)

Notice that only〈∆R〉 is needed to breakSU(2)R ⊗ SU(2)L ⊗ U(1)B−L → SU(2)L ⊗ U(1)Y . The vevs
of the bi-doublet will be responsible, as before, of the SM breaking toU(1)em. Let us assume thatvL = 0
(this assumption is strictly speaking not correct since thevev of the bi-doublet forces∆L to get a non-zero
vev [7]. However, as we will shown in next section, this vev is of theorder ofO( 〈Φ〉2 /vR) ≪ 〈Φ〉).
Therefore, once the LR symmetry is broken, the right-handedneutrinos get a Majorana mass through the
following Yukawa Lagrangian,

LSSB
∆ =

1

2
Y∆vRν

T
RCνR + h.c.⇒MR = Y∆vR. (V.25)

Hence, we are left with an already familiar mixing of Majorana and neutrino masses,

Lν =MRν
T
RCνR +mDνLνR + h.c. (V.26)

which in a matrix form reads as,

Mν =

(
0 mD

mT
D MR

)

=

(
0 1

2(Y3v1 + Y4v
∗
2)

1
2 (Y3v1 + Y4v

∗
2) −Y∆vR

)

. (V.27)

This mixing, after diagonalizing the matrix, leads to the following neutrino masses:

MνL ∼ −mT
DM

−1
R mD =

1

4

(Y3v1 + Y4v
∗
2)

2

Y∆vR
, (V.28)

MνR ∼ MR = Y∆vR. (V.29)

From here the smallness of the left-handed neutrinos can be explained through the seesaw type-I mechanism,
i.e. the heavier the right-handed neutrino mass, the lighter the left-handed neutrino mass. The process is
shown in Fig. 17.
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v v

νL νR νR νL

MR

FIG. 17: Type-I seesaw mechanism in the context of LR-symmetric theories.

Type-II seesaw realization in LR

However, it can be shown [7] that, once the bi-doublet gets a vev, the termα∆†
LΦ∆RΦ

† in the scalar
potential implies that

〈
∆L/R

〉
cannot vanish. In the casevL 6= 0 one has to put special care since left-

handed neutrinos get also a Majorana mass, so that the mass matrix for the neutrinos is given by

Mν =

(
ML mD

mT
D MR

)

≡
(

Y∆vL
1
2(Y3v1 + Y4v

∗
2)

1
2(Y3v1 + Y4v

∗
2) −Y∆vR

)

(V.30)

which leads to the following eigenstates:

MνL ∼ ML −mT
DM

−1
R mD = Y∆vL +

1

4

(Y3v1 + Y4v
∗
2)

2

Y∆vR
, (V.31)

MνR ∼ MR = Y∆vR. (V.32)

Hence, one has to make sure thatvL ≪MR in order to apply the seesaw type-I mechanism. But, as we will
show here, this vev is actually pretty suppressed by thevR through the seesaw type-II mechanism (here we
follow the approach of Mohapatra and Senjanovı́c [7]).

After the spontaneous symmetry breaking, the scalar potential (see Eq. (V.23)) reads as,

V (∆L,∆R, v1, v2) =

− µ2(v2L + v2R) +
ρ

4
(v4L + v4R) +

ρ
′

2
v2Lv

2
R + (v2L + v2R)(α11 + α22 + β11)v

2
1

+ (α11 + α22 + β22)v
2
2 + (4α12 + 2β12)v1v2 + 2vLvR

[
(γ11 + γ22)v1v2 + γ12(v

2
1 + v22)

]

+ terms which only depend onv1 andv2,

(V.33)

whereρ ≡ 4(ρ1 + ρ2) andρ
′ ≡ 2ρ3. By assuming w.l.o.g. thatv2 ≪ v1, in order to encourage the

suppression of theWR −WL mixing [65], the above potential can be rewritten as

V (∆L,∆R, v1) ∼ −µ2(v2L + v2R) +
ρ

4
(v4L + v4R) +

ρ
′

2
v2Lv

2
R +

α

2
(v2L + v2R)v

2
1 + βvLvRv

2
1 , (V.34)

whereα ≡ 2(α11 + α22 + β11) andβ ≡ 2γ12. By computing the minimum conditions one gets,

∂V

∂vL
= −µ2vL + ρv3L + ρ

′

vLv
2
R + αv21vL + βv21vR

!
= 0, (V.35)

∂V

∂vR
= −µ2vR + ρv3R + ρ

′

vRv
2
L + αv21vR + βv21vL

!
= 0. (V.36)
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After some algebra, i.e.vR(Eq. (V.35)) -vL(Eq. (V.36)),
[

(ρ− ρ
′

)vLvR − βv21

]

(v2L − v2R) = 0. (V.37)

Two possible solutions arise from the above expression: (a)v2L = v2R and (b)(ρ − ρ
′
)vLvR − βv21 = 0.

Since we are interested in breaking the parity symmetry, we discard solution (a), so that we are left with

vLvR =
β

(ρ− ρ′)
v21 . (V.38)

Hence,

vL ∝ v21
vR
, (V.39)

where the proportionality constant is given byβ/(ρ− ρ
′
). The above expression reflects the type-II seesaw

mechanism and one can see that, as long as〈∆L〉 6= 0, one cannot avoid a combination of type-II and
type-I seesaws in the process of giving mass to the neutrinos.

Type-III seesaw realization in LR

Let us stick now into the minimal scalar content, i.e. two Higgs doublets as introduced in last section
and let us extend, on the other hand, the fermion sector. Neutrinos in LR models can get mass through
type-III seesaw mechanism by adding fermion tripletsρL (one for each family),

ρL =
1

2

(
ρ0L

√
2ρ†L√

2ρ−L −ρ0L

)

∼ (3, 1, 0) and ρR =
1

2

(
ρ0R

√
2ρ†R√

2ρ−R −ρ0R

)

∼ (1, 3, 0), (V.40)

and the minimal scalar content required to break the LR symmetry, i.e. two Higgs doubletsHL andHR.
The realization of type-III seesaw in the context of LR symmetric models was first done by Fileviez in [66].

The relevant interactions for the type-III seesaw are givenby

−LIII ⊃ Yρ(ℓ
T
LCiσ2ρLHL + lTRCiσ2ρRHR) +MρTr{ρTLCρL + ρTRCρR}+ h.c. (V.41)

Let us build ”Majorana“ 4-dim spinors as follows,

ν ≡ νL + (νL)
C ,

N ≡ NR + (NR)
C , (V.42)

ρ̃ ≡ ρR + (ρR)
C ,

so thatνC = ν, NC = N and ρ̃ = ρ̃C . Once the Higgses get a vev, the LR symmetry is spontaneously
broken sincevR 6= vL. Assuming thatvL = 0 w.l.o.g. (this limit corresponds indeed to a minimum of the
scalar potential, see reference [5]), the following mass matrix is obtained in the basis(ν,N, ρ̃):

Mν =






0 MD
ν 0

(MD
ν )T 0 − 1

2
√
2
YρvR

0 − 1
2
√
2
YρvR Mρ




 . (V.43)

Assuming the mass of the triplet is heavy, i.e.Mρ ≫ YρvR/2
√
2, the triplet can be integrated out andνR
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gets mass through the type-III seesaw mechanism (see section “Massive neutrinos”):

MνR =
v2R
8
Yρ(Mρ)

−1Y T
ρ . (V.44)

Hence, one is left with the following effective mass matrix (in the basis(ν,N)),

Mν ∼
(

0 MD
ν

(MD
ν )T MνR

)

. (V.45)

Therefore, a further type-I seesaw occurs in the process of generating neutrino masses. The masses (eigen-
values) of the neutrinos after diagonalizing the above matrix are given by

Mχ1 ∼ Mν =MD
ν M

−1
νR (MD

ν )T , (V.46)

Mχ2 ∼ MN , (V.47)

where the new eigenstatesχ1 andχ2 has been approximated toν andN , respectively, sinceMνR ≫ MD
ν .

Notice that this model [66] generates neutrino masses in the context of LR theories through a “double
seesaw” mechanism, i.e. a combination of type-III and type-I seesaws.

In next section we introduce a simple LR extension which generates neutrino masses through radiative
corrections.
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VI. SIMPLE LR-SYMMETRIC MODEL WITH MAJORANA
NEUTRINOS

We present a simple LR symmetric model with the minimal degrees of freedom that predicts Majorana
neutrinos. This model is characterized by the inclusion of acharged scalar singlet which will play
an important role in the neutrino mass generation. As opposed to the models introduced before, in this
model neutrinos get mass through the Zee mechanism. We therefore will address to this model as “Zee-LR”.

This section is organized as follows. First, we present the field content of the model and we show
that, after spontaneous symmetry breaking, the limit in which we work is indeed a minimum of the scalar
potential and therefore corresponds to a physical scenario. Then, we discuss the Zee-mechanism in the
context of our model and we show how neutrinos get Majorana masses. Next, we introduce the new gauge
bosons predicted by the Zee-LR model and study their most relevant properties. In the last part of this
section, we discuss some phenomenological aspects which are a direct consequence of this particular model.

A. Field content of the Zee-LR model

Apart of the basic field content of any LR theory (i.e. fermioncontent introduced in last section plus
the bi-doublet), the Zee-SU(5) model requires two scalar doublets to break the LR gauge symmetry (HL

andHR). Moreover, an extra scalar charged singletδ+ is included to give mass to the neutrinos through
radiative corrections, as we discuss in next section. Hence, the scalar content of our model, excluding the
bi-doublet, is composed on:

HL =

(
H+

L

H0
L

)

∼ (2, 1, 1), HR =

(
H+

R

H0
R

)

∼ (1, 2, 1), δ+ ∼ (1, 1, 2).

In the context of this model, the most general renormalizable scalar potential that can be written satisfying
LR symmetry constraints reads as

V = − µ2H(H†
LHL +H†

RHR) + λH((H†
LHL)

2 + (H†
RHR)

2) + λLR(H
†
LHL)(H

†
RHR)

− (µ2Φ)ijTr(Φ†
iΦi) + λ

(1)
ijklTr(Φ†

iΦj)Tr(Φ†
kΦl) + λ

(2)
ijklTr(Φ†

iΦjΦ
†
kΦl)

+ aij(H
†
LHL +H†

RHR)Tr(Φ†
iΦj) + bij(H

†
LΦiΦ

†
jHL +H†

RΦ
†
iΦjHR) + ci(H

†
LΦiHR +H†

RΦ
†
iHL)

− µ2δδ
−δ+ + λδ(δ

−δ+)2 + d(H†
LHL +H†

RHR)δ
−δ+ + eijTr(Φ†

iΦj)δ
−δ+

+ λi(H
T
L iσ2ΦiHRδ

− −H∗
Liσ

T
2 Φ

†
iH

†
Rδ

+) ,

where(µ2Φ)ij = (µ2Φ)ji , λ
(1)
ijkk = λ

(1)
jikk , λ

(1)
ijkl = λ

(1)
klij , λ

(1)
ijkl = λ

(1)
jilk ,

λ
(2)
ijkl = λ

(2)
jkli = λ

(2)
klij = λ

(2)
lijk , aij = aji , bij = bji , eij = eji .

In order to break the LR symmetry and getMWR
≫ MWL

, one must assumevR ≫ vL, v1, v2. In the
appendix we show that this scenario does correspond to a minimum of the above potential and it is therefore
realistic. We also derive the masses of the scalar sector as afunction of the parameters of the scalar potential
for the limit v1 = v2 = 0.
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B. Majorana neutrinos through the Zee mechanism

In the context of the Zee-LR model, neutrinos get radiative mass through the Zee mechanism. Fig. 18
shows the realization of the Zee mechanism in the unbroken phase. Here, neutrinos can get radiative mass
at 1-loop, unlike in the usual left-right symmetric models presented in literature, due to the presence of the
charged singletδ+. Notice that for 1-loop radiative neutrino masses we only need to consider the charged
scalar fieldsΦ+

a andδ+, wherea = 1, 2.

νL/R νL/Re e

δ+

H0
L H0

R

φ0
i

φ+
j

FIG. 18: Zee mechanism generating Majorana left/right-handed neutrino masses.

The relevant interactions in the Lagrangian to generate neutrino masses at the quantum level are given
by,

−LZee
unbroken⊃ ℓ̄L

(

Y3Φ+ Y4Φ̃
)

ℓR+λLℓLℓLδ
++λRℓRℓRδ

++λ1H
T
L iσ2ΦHRδ

−+λ2H
T
L iσ2Φ̃HRδ

−+h.c.

(VI.1)
Notice that hereλL 6= λR, i.e. we will assume the discrete left-right parity symmetry to hold only in the
gauge sector since we are mainly interested in the case wherethe LR symmetry scale is low and besides,
since the discrete symmetry is not spontaneously broken, domain wall problems will be avoided [67].

In the broken phase, the Higgs sector can be written explicitly as,

Φ =

(
v1 + φ01 + iA0

1 φ+2
φ−1 v2 + φ02 + iA0

2

)

, HL =

(

h+L
1√
2
(vL + h0L + iA0

L)

)

and HR =

(

h+R
1√
2
(vR + h0R + iA0

R)

)

.

Once the symmetry is spontaneously broken, one has five charged scalar fields,φ±1 , φ±2 , h±R, h±L , andδ±,
four CP-even neutral scalar fields,h0L, h0R, φ01 andφ02 and four CP-odd neutral scalar fieldsA0

L,A0
R,A0

1 and
A0

2. The Higgses get mixed and one needs to define a basis in which fields are physical, i.e. the mass is
well-defined. We assume there exists a unitary matrixV which rotates the charged scalar fields from the
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interaction basis to the physical basis with properly defined mass. This change of basis is defined as









Φ+
1

Φ+
2

H+
L

H+
R

δ+









= V









h+1
h+2
h+3
h+4
h+5









, (VI.2)

and thus we findΦ+
a = Vai h

+
i andδ+ = V5i h

+
i wherei = 1, ..., 5 anda = 1, 2. In the broken phase,

the Feynman rules for the physical fields are obtained from the following Lagrangian (see appendix for the
Feynman rules),

LZee
broken =ē

[

(Y †
3 PL − Y4PR)V

∗
2i + (Y3PR − Y †

4 PL)V
∗
1i

]

h−i ν + 2 ν̄c(λLPL + λRPR)V5ih
+
i e+ h.c.

+ extra terms,
(VI.3)

where the fields have been rotated to the physical basis. The “extra terms” refers to the rest of interactions
which do not participate directly in the process bellow. We are not writing them here explicitly since
our interest resides in the amputated amplitude shown in Fig. 19 which, in the broken phase, will give
us the radiative left/right-handed neutrino Majorana mass(of course the rest of the terms are participating
implicitly through the definition of the components of the mixing matrix of the charged Higgses, which in
turn defines the components of the rotation matrix V). Let us first calculate the left-handed neutrino radiative

h−
i

νL/Rα eβ νL/Rγ

+ α ↔ γ

FIG. 19: Zee model generating Majorana left/right-handed neutrino masses.

mass. By using the feynman rules in the broken phase, the 1-loop correction reads as,

=
∑

i

∫
d4k

(2π)4
2λαβL V5iPL

/k +meβ

k2 −m2
eβ

[

(Y †
3 )

βγV ∗
2i − (Y †

4 )
βγV ∗

1i

] 1

k2 −M2
hi

=

= 2λαβL PLmeβ

∑

i

V5i

[

(Y †
3 )

βγV ∗
2i − (Y †

4 )
βγV ∗

1i

] ∫ d4k

(2π)4
1

k2 −m2
eβ

1

k2 −M2
hi

. (VI.4)

The above integral can be computed through the dimensional regularization method proceeding as in section
“Zee mechanism” (see the mentioned section for the detailedcalculation of the integral at issue).

∫
d4k

(2π)4
1

k2 −m2
e

1

k2 −M2
hi

=
i

(4π)2







2

ǫ
− 1− γ + Log

(
4πµ2R
m2

e

)

+

M2
hi

Log

(

m2
e

M2
hi

)

M2
hi

−m2
e






µ−ǫ
R , (VI.5)

and thus one gets a solution which may be split in two terms: one that depends oni (on the charged Higgs
that is running over the loop) and the other one which does not. This last term will be killed by the unitarity
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of theV matrix after we sum over all possible charged Higgses contributing in the 1-loop correction to the
mass, i.e. the divergence will cancel along with the unphysical renormalization scale (by takingǫ → 0),
which shows explicitly the consistency of the theory. Putting everything together9,

=
i

8π2
λαβL PLmeβ

∑

i

V5iµ
−ǫ
R






1 +

1

ǫ
+ log

(

µ2R
m4

eβ

)

+

M2
hi

Log

(
m2

eβ

M2
hi

)

M2
hi

−m2
eβ







[

(Y †
3 )

βγV ∗
2i − (Y †

4 )
βγV ∗

1i

]

.

(VI.6)
AssumingM2

hi
≫ m2

eβ
,

=
i

8π2
λαβL PLmeβ

[(

1 +
1

ǫ
+ Log

(

µR2

m4
eβ

))
(

(Y †
3 )

βγδ52 − (Y †
4 )

βγδ51

)

−
∑

i

Log

(

M2
hi

m2
eβ

)

V5i

(

(Y †
3 )

βγV ∗
2i − (Y †

4 )
βγV ∗

1i

)
]

µ−ǫ . (VI.7)

Indeed, the unitarity kills the divergence (i.e.δ51 = 0 = δ52) andµR disappears when takingǫ → 0.
Therefore, the Majorana mass matrix of the neutrinos acquired through the Zee mechanism reads as

(ML
ν )

αγ =
1

4π2
λαβL meβ

∑

i

Log

(

M2
hi

m2
eβ

)

V5i

[

(Y †
3 )

βγV ∗
2i − (Y †

4 )
βγV ∗

1i

]

+ α↔ γ , (VI.8)

and proceeding analogously for the right-handed neutrino,its Majorana mass matrix reads as

(MR
ν )αγ =

1

4π2
λαβR meβ

∑

i

Log

(

M2
hi

m2
eβ

)

V5i

[

(Y3)
βγV ∗

1i − (Y4)
βγV ∗

2i

]

+ α↔ γ . (VI.9)

We therefore find that the neutrino mass matrix in the basis(ν, νC)L is given by

Mν =

(
ML

ν mD
ν

mD
ν MR

ν

)

. (VI.10)

One-loop corrections to the Dirac mass matrix vanish, so that we only need to consider its tree-level contri-
bution which is given by

mD
ν
αγ

= (Y3)
αγv1 + (Y4)

αγv∗2 . (VI.11)

Notice that, from Eq. (VI.8),ML
ν vanishes when, for alli, Y3V ∗

2i = Y4V
∗
1i holds, which imply that

Y3 = Y4 = 0 and thus the complete mass matrixMν vanishes.

Regarding the above expressions for the Dirac and Majorana neutrino masses, two different scenarios
may take place, which are discussed in the following.

9 Notice that this renormalization scale corrects the dimensions of the couplingλ in such a way that̃λ ≡ λµ−ǫ
R is dimensionless

for all d.
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Pseudo-Dirac neutrinos

In the limit where the Majorana masses are small in comparison with the Dirac mass, i.e.MR
ν ,M

L
ν ≫

MD
ν , a pair of almost degenerate eigenstates with a tiny mass difference will appear. The mixing angle is

almost maximal,

tan θ =
2MD

ν

MR
ν −ML

ν

⇒ θ ∼ π

2
rad, (VI.12)

and the sum of both Majorana masses is the responsible of the slightly breaking of the mass degeneracy.

Neutrinos in this context are called Pseudo-Dirac or quasi-Dirac neutrinos [68]. This scenario predicts
(almost) maximal mixing solution of neutrino oscillationsinto a sterile state which is encouraged by some
experiments and disfavored by others [69]. Although their current status is not encouraged, they arenot
ruled out (yet).

Low-scale seesaw mechanism

In the limit wherev2 ≪ v1, the lepton mass reads as

mαγ
e ≃ Y αγ

4 v∗1 . (VI.13)

Considering this limit in the neutrino mass terms, we have

mD
ν
αγ

= (Y3)
αγv1 +mαγ

e

v∗2
v∗1
, (VI.14)

ML
ν
αγ

=
1

4π2
λαβL meβ

∑

i

Log

(

M2
hi

m2
eβ

)

V5i

[

(Y †
3 )

βγV ∗
2i −

m†
e
βγ

v1
V ∗
1i

]

, (VI.15)

MR
ν

αγ
=

1

4π2
λαβR meβ

∑

i

Log

(

M2
hi

m2
eβ

)

V5i

[

(Y3)
βγV ∗

1i −
mβγ

e

v∗1
V ∗
2i

]

. (VI.16)

Notice that forY3 ≪ Y4, as we have already discussed, Dirac masses are suppressed and are naturally small.
In this context, the neutrino mass matrix in the basis

(
νL (νR)

c
)

reads as,







1
4π2λLme

∑

i Log

(
M2

hi
m2

e

)

V5i

[

Y †
3 V

∗
2i − m†

e
v1
V ∗
1i

]

Y3v1 +me
v∗2
v∗1

Y T
3 v1 +me

v∗2
v∗1

1
4π2λRme

∑

i Log

(
M2

hi
m2

e

)

V5i

[

Y3V
∗
1i − me

v∗1
V ∗
2i

]






.

(VI.17)
Assuming that the parity breaking couplings fulfillλL ≪ λR,

ML
ν ∼ 0, (VI.18)

and thus it can be neglected in front ofMR
ν . Therefore, in the limit whereλL ≪ λR andMD

ν ≪MR
ν a low

scale seesaw takes place, i.e.

(M1)
αγ ≃ − [(MD

ν )αγ ]2

(MR
ν )αγ

+ α↔ γ , (VI.19)

(M2)
αγ ≃ (MR

ν )αγ + α↔ γ . (VI.20)
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For this model (Zee-LR) to be consistent one must check that the limit v2 ≪ v1 we are dealing with
corresponds to a physical scenario by studying the scalar potential. In the appendix we show that this limit
is indeed realistic since it minimizes the potential. The name of ”low-scale” seesaw refers to the lightness
of right-handed neutrinos, which we justify in the following.

We may wonder about the mass scale of the right-handed neutrinos. Notice that the sum over the charged
Higgs masses weighted by the combination of mixing matricesand Yukawa couplings is strongly constrain-
ing the scale of the neutrino masses due to the unitarity of the mixing matrices. It is straightforward to see
that there is no lower bound for the right-handed neutrino mass since it turns to be zero when the charged
Higgs masses are degenerated. However, we can infer some upper bounds by assuming a conservative sce-
nario where the entries ofλR andY4 are of order∼ 1 and the mass of the lepton appearing in Eq.(VI.16)
corresponds to the tau mass,mτ ∼ 1.78 GeV. Due to the unitarity of the mixing matrices, the highestvalue
that the logarithm could reach is roughly twice the number corresponding to the highest difference between
the order of magnitude of the charged Higgs masses. Assumingthe extreme case in which one charged
Higgs is sitting at 100 GeV and another one at the Plank scale (assuming optimistically that our QFT is
valid until 1019 GeV), the upper theoretical bound for the right-handed neutrino mass would be

MR
ν < 150 GeV (VI.21)

However, more realistically one would expect the mass of thecharged Higgses to be around the TeV scale.
Assuming the lightest scalar field to have a mass of the order of 100 GeV, we find

mR
ν ∼ 0.4 GeV, (VI.22)

which give us an idea about how light right handed neutrinos are expected to be in the context of this model.

C. New gauge bosons

Some of the gauge bosons of the theory get mass once they “eat”the Goldstone modes (by going to the
unitary gauge, so that the gauge gets fixed) generated after the following breaking pattern:

SU(2)R ⊗ SU(2)L ⊗ U(1)B−L → U(1)em. (VI.23)

After the spontaneous symmetry breaking, they get mass through the coupling with the Higgses whose
neutral components get a vev in the kinetic term of the Lagrangian,

Lkinetic = Tr{(Dµφ)
†(Dµφ)} + (DµHL)

†(DµHL) + (DµHR)
†(DµHR), (VI.24)

where the covariant derivatives are defined as,

Dµφ = ∂µφ+ igLW
a
µLTLaφ− igRφW

a
µRTRa, (VI.25)

DµHL,R = {∂µ + igL,RW
a
µL,RTL,Ra + ig(B−L)

(B − L)

2
Z0
BLµ1}HL,R. (VI.26)

For the calculation of the gauge boson mass matrices, the following normalizations have been assumed:

T a
L,R =

σaL,R
2

, W a
µTL,Ra =

(
1
2W

3
µ

1√
2
W+

µ
1√
2
W−

µ −1
2W

3
µ

)

≡
(

1
2W

0
µ

1√
2
W+

µ
1√
2
W−

µ −1
2W

0
µ

)

(VI.27)
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where in the last step we have renamed the gauge bosonsWµ
3
L/R → W 0

µL/R
due to their neutral charge

nature. In the above, the mass matrices are assumed to be in the following basis,

LM =
(
W−

L W−
R

)
Mcharged

(
W+

L

W+
R

)

+
1

2

(
W 0

L W 0
R Z0

BL

)
Mneutral





W 0
L

W 0
R

Z0
BL



 . (VI.28)

The mass matrix for the charged gauge bosons reads as

Mcharged=

(
g2L
2 (12v

2
L + v2) −gLgRv1v2

−gLgRv1v2 g2R
2 (12v

2
R + v2)

)

, (VI.29)

Here, the mixing angle betweenW+ andW− is given bytan 2θLR ≈ 8 gL
gR
ǫ12, whereǫ12 = v1v2/v

2
R

10.
In the limit wherevR ≫ v1, v2, vL, the charged gauge bosons basically do not mix with each other, i.e.
θLR ∼ 0, so we can ignore it and assumeW+

R andW+
L to be (approximately) physical states. Therefore,

theWR mass is given by

M2
WR

≃ g2R
4
v2R. (VI.30)

For the neutral gauge bosons, the mass matrix reads as

Mneutral=






g2L
2 (12v

2
L + v2) − gLgR

2 v2 − gLgBL
4 v2L

− gLgR
2 v2

g2R
2 (12v

2
R + v2) − gRgBL

4 v2R
− gLgBL

4 v2L − gRgBL
4 v2R

g2BL
4 (v2R + v2L)




 . (VI.31)

In general, due to the breaking patternSU(2)R⊗SU(2)L⊗U(1)B−L → U(1)em we expect on one hand a
total of six massive gauge bosons and, on the other hand, one massless gauge boson, which will correspond
to the photon. Hence, the above matrix should contain a zero eigenvalue. In general, the neutral gauge boson
mass matrix may be diagonalized by a general rotation matrixV with three Euler angles(V ∈ O(3)), but it
turns out that performing the following rotation:

W 0
L = cos θWZL + sin θWA ,

W 0
R = cos θRZR − sin θW sin θRZL + cos θW sin θRA , (VI.32)

Z0
BL = − sin θRZR − sin θW cos θRZL + cos θW cos θRA ,

the photon decouples automatically and one only needs two angles to rotate the gauge bosons to
the physical basis. Here,θW corresponds to the Weinberg angle, i.e.tan θW = gY /gL where

gY = gBLgR/
√

g2BL + g2R, andθR is defined astan θR = gBL/gR.

The rotation (VI.32), calledR, decomposes in two:R = R2(θW )R1(θR). ThegY is defined by the
breaking of the LR model to the SM, i.e.SU(2)R ⊗ U(1)B−L → U(1)Y , which corresponds to the first
rotation, which rotatesW 0

R andZBL to a heavy gauge boson plus the hypercharge operator in the SM, B,

10 for a 2x2 matrix, the angle which describes the rotation to the physical basis satisfies thattan(2θ) = A12+A21

A11−A22

, whereAij are
the entries of the given 2x2 matrix.
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leaving theW 0
L invariant, i.e.

(
Z ′

B

)

=

(
cos θR − sin θR
sin θR cos θR

)(
W 0

R

ZBL

)

. (VI.33)

Hence,

W 0
R = cos θRZ

′

+ sin θRB, (VI.34)

ZBL = − sin θRZ
′

+ cos θRB. (VI.35)

On the other hand, from the kinetic terms on the formΨ̄ /DΨ we know that the terms proportional to the
hypercharge operatorB (after rotationR(θR)) are

Ψ̄ /DΨ ⊃
(
(B − L)

2
gBL cos θR + gRT

R
3 sin θR

)

/B. (VI.36)

Taking into account the definition of the hypercharge,B−L
2 = Y − TR

3 , and substituting it in the above
equation we have,

Ψ̄ /DΨ ⊃ Y gBL cos θR /B − T3(−gBL cos θR + gR sin θR) /B. (VI.37)

Hence, sincecos θR = gR√
g2R+g2BL

, the hypercharge coupling is identified as

gY =
gBLgR

√

g2R + g2BL

. (VI.38)

The second rotation is related with the breaking of the SM down toU(1)em. It rotatesW 0
L andB toA

andZ, leavingZ ′ invariant.

The kinetic part of the Lagrangian involving fermion-gaugeboson interactions reads as

L ∈ gR,L

2
√
2

(

ūγµ(1± γ5)W
+
R,Lµd+ ν̄γµ(1± γ5)W

+
R,Lµe+ h.c.

)

+
gR,L

4

(
ūγµ(1± γ5)W

3
R,Lµu− d̄γµ(1± γ5)W

3
R,Lµd+ ν̄γµ(1± γ5)W

3
R,Lµν − ēγµ(1± γ5)W

3
R,Lµe

)

+
gBL

2

(
1

3
ūγµZBLµu+

1

3
d̄γµZBLµd− ν̄γµZBLµν − ēγµZBLµe

)

. (VI.39)

And after rotating the fields to the physical basis (applyingrotation (VI.32)) we can easily compute from
there the Feynman rules, which are listed in the appendix. Weshow here an explicit example of how this
rotation has enough freedom to fully reproduce the SM in a consistent way:

We know that the interaction of the photon with leptons is proportional to their electric charge and that,
since neutrinos are chargeless, they must not couple to the photon. We are showing that this is indeed
accomplished in the context of LR symmetric theories. From the kinetic term̄ℓLDℓL + ℓ̄RDℓR, taking into
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account only the neutral gauge boson interactions,

ℓ̄L /DℓL + ℓ̄R /DℓR ⊃ 1

2

(
νL eL

)

(

gL /W
0
L − gBL /ZBL 0

0 − /W
0
L − gBL /ZBL

)(
νL
eL

)

+
(
νR eR

)

(

gR /W
0
R − gBL /ZBL 0

0 −gR /W
0
R − gBL /ZBL

)(
νR
eR

)

=
1

4
ν̄
[

gL /W
0
L(1− γ5) + gR /W

0
R(1 + γ5)− 2gBL /ZBL

]

ν

+
1

4
ē
[

−gL /W 0
L(1− γ5)− gR /W

0
R(1 + γ5)− 2gBL /ZBL

]

e.

Rotating the gauge bosons according to (VI.32) and considering only the interactions with the photon, for
neutrinos we have (vγ for the vector coupling andaγ for the axial one)

vγ =
1

4
(gL sin θW + gR cos θW sin θR − 2gBL cos θW cos θR)

=
1

4
cos θW cos θR (gBL + gR tan θR − 2gBL) = 0. (VI.40)

aγ =
1

4
(gL sin θW + gR cos θW sin θR − 2gBL cos θW cos θR)

=
1

4
cos θW cos θR (gBL + gR tan θR − 2gBL) = 0. (VI.41)

from where we effectively see that there is no coupling with the photon, as expected. On the other hand, for
the charged leptons,

vγ = −1

4
(gL sin θW + gR cos θW sin θR + 2gBL cos θW cos θR)

= −1

4
cos θW cos θR (gBL + 2gBL + gR tan θR) = −gBL cos θR cos θW . (VI.42)

aγ = −1

4
(gL sin θW − gR cos θW sin θR) = −1

4
cos θW cos θR (gBL − gR tan θW ) = 0. (VI.43)

and thus, one has the expected vector coupling with the photon proportional to the electric charge of the
lepton, defined ase = gL sin θW = gBL cos θR cos θW and no axial coupling, as predicted by the SM. The
rest of the Feynman rules can be found in the appendix.

Once the photon decouples, we are left with the still mixed massive Z-Z’ gauge bosons,

M2
Z−Z

′ =

(
M2

RR M2
LR

M2
LR M2

LL

)

, (VI.44)
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where the entries of the mass matrix are

M2
RR =

v2R
4

(
g2BL + g2R

)
+ ǫ

g4Rv
2
R

2(g2BL + g2R)
, (VI.45)

M2
LR = −ǫ

g2Rv
2
R

√

g2Lg
2
R + g2BL(g

2
L + g2R)

2(g2BL + g2R)
, (VI.46)

M2
LL = ǫ v2R

g2Lg
2
R + g2BL(g

2
L + g2R)

2(g2BL + g2R)
, (VI.47)

with ǫ = (v21 + v22)/v
2
R. Hence, the mixing angle betweenZ − Z

′
is given by

tan 2ξ ≈ ǫ
−4g2R

√

g2Lg
2
R + g2BL(g

2
L + g2R)

(g2BL + g2R)
2

, (VI.48)

Notice that this angle is of the order ofǫ so that it is highly suppressed in the limitvR ≫ v1, v2, as one
would expect from the electroweak precision constraints. Furthermore, forvL → 0, the mass term of theZ

andW±
L gauge bosons,MZ ∼ v2

g2Lg
2
R+g2BL(g

2
L+g2R)

2(g2BL+g2R)
andMWL

∼ 1
2v

2g2L respectively, are related as

M2
WL

= cos2 θWM
2
Z (VI.49)

wherecos θW = gL√
g2Y +g2L

according to the definition ofθW above. This is a beautiful result that shows the

consistency of this model with the standard theory when one takes the limitMWR
→ ∞.

In the limit vR >> v1, v2, vL, the masses of the new gauge bosons are given by

MWR
≃ 1

2
gRvR , (VI.50)

MZ′ ≃ 1

4
v2R(g

2
BL + g2R) =

√

g2BL + g2R

gR
MWR

. (VI.51)

By assuming that the LR symmetry is respected in the gauge sector (as we have already mentioned it, we
assume the parity symmetry is not broken in the gauge sector in order to enjoy a low scale LR symmetry
and avoid domain wall problems [67]) , i.e. gL = gR, then

MZ′

gL=gR≃ 1.2MWR
. (VI.52)

Through the relation of the masses (VI.52) we can establish alower bound on theZ
′

mass from collider
boundsMW > 3 TeV [70]:

MZ′ > 3.6TeV. (VI.53)

D. New Phenomenological Aspects

In this section we discuss the most relevant phenomenology characterizing the Zee-LR model, i.e. the
new predictions of this particular model w.r.t. other already studied LR theories. These new features are
the decay widths of the gauge bosons and the lepton family flavor number violation processes due to the
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presence of the charged singletδ+.

Gauge Boson Decays

In this model the new heavy gauge bosons can decay into all theSM fermions plus, since the model
predicts light sterile neutrinos, one has extra decay channels involving those.

W+
µR,L(p̄1)

f2(p2)

f̄3(p3)

Z
′

(p1)

f(p2)

f̄(p3)

Z
′

(p1)

δ−(p3)

δ+(p2)

TheWR decays are

W+
R → d̄iui, ēiνi, ēiNi. (VI.54)

HereN refers to the heavy Majorana neutrinos present in the theory. Therefore, the branching ratio for the
lepton decays of the new gauge bosons will be larger than in the LR models with Higgs triplets where the
right-handed neutrinos are very heavy.

The partial widths ofW±
R in the center of mass frame are given by (see appendix for moredetails):

• Massless fermions:Γ(W+
R → eν̄) = Γ(W+

R → eN̄ ) = Γmq=0(W
+
R → ud̄) =

1

6π
MW

(
1

8
g2R

)

,

• Top quark involved:Γ(W+
R → tb̄) =

1

12πM3
W

(

2M2
W −m2

t −
m4

t

m2
W

)(
1

8
g2R

)

(M2
W −m2

t ),

where all fermion masses have been neglected except the top quark mass. The total decay width is thus
defined as

Γtotal = 3Γ(W+
R → eν̄) + 3Γ(W+

R → eN̄ ) + 3
(
2Γmq=0(W

+
R → ud̄) + Γ(W+

R → tb̄)
)
, (VI.55)

where the color of the quarks has been considered. Thus, the branching ratios of the above channels read as

BR(W+
R → q̄dqu) ≃ 60% , BR(W+

R → ēν) ≃ 20% , BR(W+
R → ēN) ≃ 20% .

On the other hand, one has the decay modes of theZ ′ boson.

Z
′ → q̄q, l̄l, δ−δ+. (VI.56)

In the broken phase, both theZBL andW 0
R gauge bosons contribute to this decay since they can be written

as a linear combination of the gauge bosonsA, ZR andZL, according to rotation (VI.32). The reader may
notice thatZR andZL are still not the physical fields due to some mixing in the massmatrix, but since the
mixing angle is small (suppressed by the limit we are considering, as discussed above), we can assume that
they do correspond to the physical massive gauge bosons, so thatZR ∼ Z

′
andZL ∼ Z. The Feynman

rules of the interactionsZ
′
f̄ f can be found in the appendix. The partial decay widths ofZ

′
are thus given

by (see appendix for more details):
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• Γmq=0(Z
′ → ūu) =

1

48π
cos2 θR

(
1

2
g2R +

1

9

g4BL

g2R
− 1

3
g2BL

)

MZ′ ,

• Γmq=0(Z
′ → d̄d) =

1

48π
cos2 θR

(
1

2
g2R +

1

9

g4BL

g2R
+

1

3
g2BL

)

MZ′ ,

• Γ(Z
′ → t̄t) =

1

48πM2
Z′

cos2 θR

[

(M2
Z

′ + 3m2
t )

(
1

2
gR − 1

3

g2Bl

gR

)

+ (M2
Z

′ − 5m2
t )
1

4
g2R

]√

M2
Z′ − 4m2

t ,

• Γme=0(Z
′ → ēe) =

1

48π
cos2 θR

(
1

2
g2R +

g4BL

g2R
− gBL

)

,

• Γ(Z
′ → ν̄ν) = Γ(Z

′ → N̄N) =
1

48π

g2R
cos

θR

(
gR
2

− g2BL

gR

)2

MZ′ ,

• Γ(Z
′ → δ+δ−) =

1

48πM2
Z′

g2Bl sin
2 θR(4m

2
δ −M2

Z′ )3/2 ,

in the limit where the final state masses are neglected but thetop quark one. We thus find for the branching

BR(Z
′ → ūu) ≃ 32.89% , BR(Z

′ → d̄d) ≃ 58.02% , BR(Z
′ → ēe) ≃ 7.42% ,

BR(Z
′ → inv.) ≃ 0.28% , BR(Z

′ → δ+δ−) ≃ 1.38% .

where we have assumed thatgL = gR, i.e. the left-right symmetric gauge symmetry holds in the gauge
sector, so that

gBL =

(
tan2 θW

1− tan2 θW

)1/2

gR. (VI.57)

The branching ratio of the invisible width as a function ofMZBL
is shown in Fig 20. For the plots shown

in Fig 20 a mass ofMδ ∼ 1 TeV has been assumed, since the model allows it to be relatively light. On the
other hand, the heavier the charged singlet is, the closer are the branching ratios to the usual L-R symmetric
models, as one would expect.
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FIG. 20: Branching ratios of the differentZ
′

decays. AMδ ∼ 1 TeV has been assumed for the plots. As it is shown,
the branching ratios are characterize by their increasing independence on theZ

′

mass as long as it grows.
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Lepton number violation at the LHC

Another special feature of the introduced model is the family lepton-number violating processes that it
may induce at the LHC. The extra singlet charged Higgs,δ+, couples to fermions through the Majorana
termsλLℓCLℓδ

+ andλRℓCRℓδ
+, which violate lepton number and therefore may generate lepton-number

violating signals at the LHC, as we are showing in the following.

The δ+δ− at the colliders is produced through the following Drell-Yan process, which afterwards can
decay into leptons according to

pp→ γ, Z,Z
′ → δ+δ− → e+i e

−
j E

miss
T , (VI.58)

which in general induces signatures with two leptons of different flavors and missing energy,Emiss
T . The

number of events of these channels can be estimated by convoluting the combinatorics of the different
channels participating in the process such that,

N(e+i e
−
j E

miss
T ) = L × σ(pp→ δ+δ−)× BR(δ+ → e+i ν)× BR(δ− → ν̄e−j ) , (VI.59)

whereL is the luminosity in fb andσ(pp → δ+δ−) is the partonic production cross-section of the charged
singlet, which is given by

σ(pp→ δ+δ−)(s) =
∫ 1

τ0

dτ
dLpp

qq̄

dτ
σ(qq̄ → δ+δ−)(ŝ) , (VI.60)

whereŝ = sτ is the partonic center of mass energy, beingτ the fraction of the proton center of mass energy

carried by the quarks andτ0 = 4M2
δ /s its threshold. The parton luminosity,

dLqq̄

dτ
is given by the parton

distribution functions which are empirical distribution functions that model the topology of the proton. They
are shaped from experiment. Here we will use the last update of the PDFs [71]. The parton luminosity is
defined as,

dLpp
qq̄

dτ
=

∫ 1

τ0

dx

x

[

fq/p (x, µ) fq̄/p

(τ

x
, µ
)

+ fq/p

(τ

x
, µ
)

fq̄/p (x, µ)
]

, (VI.61)

whereµ refers to the normalization scale andf estimates the probability of finding the quarkq inside the
proton with energyx.

The differential cross-section of the quarks is given by,

σ(qq̄ → δ+δ−) =
1

16π2ŝ

|pf |cm
|pi|cm

∫
∑

|M(qq̄ → δ+δ−)|2dΣcm, (VI.62)

whereM(qq̄ → δ+δ−) refers to the amplitude of the scattering process. The collisionqq̄ → δ+δ− can be
mediated only by the gauge bosonZBL in the unbroken phase through the kinetic term(Dµδ

−)(Dµδ+).
Once the symmetry is broken, theZBL gauge boson becomes a linear combination of the three physical
gauge bosonsZ, Z

′
andγ, whose feynman rules with respect to quarks andδ are listed in the appendix.

The process before and after symmetry breaking is shown in Fig. 21. The matrix element of this process
can be generally expressed as

iM = v̄(p̄2)[Vµν +Aµνγ
5]γµ(p3 − p4)

νu(p̄1), (VI.63)

where the coefficientsVµν andAµν refer to the vector and axial coupling of the interaction, respectively,
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q

q̄

δ+

δ−

Z
µ
BL

q

q̄

δ+

δ−

γµ, Zµ, Z
′µ

SSB→

FIG. 21: Drel-Yan process in the unbroken (left) and broken (right) phase.

which are symmetric and depend on each physical neutral gauge boson in the following way

• Bosonγ:

V γ
µν =

e2Qq

ŝ
gµν , (VI.64)

Aγ
µν = 0. (VI.65)

• BosonZ:

V Z
µν =

V q
ZaZ

ŝ−MZ′ + iMZ′Γ

(

gµν −
kµkν
M2

Z′

)

, (VI.66)

AZ
µν =

Aq
ZaZ

ŝ−MZ′ + iMZ′Γ

(

gµν −
kµkν
M2

Z′

)

. (VI.67)

• BosonZ ′:

V Z
′

µν =
V q
Z′aZ′

ŝ−MZ′ + iMZ′Γ

(

gµν −
kµkν
M2

Z′

)

, (VI.68)

AZ
′

µν =
Aq

Z′aZ′

ŝ−MZ′ + iMZ′Γ

(

gµν −
kµkν
M2

Z′

)

. (VI.69)

The probability amplitude for this process in the center of mass frame reads as

∑

spins

|M|2 = (V 2 +A2)
1

2

[
−(t− u)2 + (s− 2m2

q)(s− 4M2
δ )
]
+ (V 2 −A2)m2

q(s− 4M2
δ ), (VI.70)

where it has been used thatVµν = V gµν andAµν = Agµν , beingV andA the scalar part of the expressions
defined above. Notice that, since the process takes place in the s-channel, the longitudinal component of
the propagator does not contribute to the amplitude. By neglecting the mass of the quarks, the amplitude
simplifies to the following expression,

∑

spins

|M|2 = 2(t u−M4
δ )
(
(V q)2 + (Aq)2

)
, (VI.71)

which is a good limit, since all the quarks participating in the process are light. The scattering we are
interested in involves protons and therefore the above process with top quarks is quite suppressed by the
parton distribution functions [71], which justifies our assumption.
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Thus, applying Eq. (VI.60), the partonic production cross-section of the charged scalar singlet is given
by

σ(qq̄ → δ+δ−)(ŝ) =
NC(ŝ − 4M2

δ )
3
2

12π
√
ŝ

(
|V q|2 + |Aq|2

)
, (VI.72)

with

V q =
e2Qq

ŝ
+

V q
ZaZ

ŝ−M2
Z + iΓZMZ

+
V q

Z′aZ′

ŝ−M2
Z′ + iΓZ′MZ′

, (VI.73)

andAq =
Aq

ZaZ

ŝ−M2
Z + iΓZMZ

+
Aq

Z
′aZ′

ŝ−M2
Z′ + iΓZ′MZ′

. (VI.74)

beingNC the number of colors. In the above formula, since the gauge bosons are unstable particles, one
needs to consider that the full propagator will in general have an imaginary part, which will reflect into a
Breit-Wigner distribution. Recalling that by the optical theorem

Γtot =
1

mP
ImΣ(m2

P ) + · · · (VI.75)

wheremP is the pole mass,iΣ(p2) is defined as the sum of 1PI self-energy diagrams and the· · · refer to
non-1PI diagrams, one can see that, assumingΓtot ≪ mP (weakly coupled theory), ImΣ(m2

P ) = mPΓtot.
Notice that the imaginary part of the 1PI resummation is non-zero for unstable particles. Therefore, in order
to keep the mass real, one needs to modify the definition of thepole mass [72], so that

m2
P −m2

R + ReΣ(m2
P ) = 0, (VI.76)

wheremR refers to the renormalized mass, and hence the propagator reads as

i

p2 −m2
P + imPΓtot

. (VI.77)

From experiment,Γtotal
Z ∼ 2.5 [18] whereas the total decay width ofZ

′
is given by,

Γtotal
Z

′ = 3 · 2Γ(Z ′ → ūu) + 3Γ(Z
′ → t̄t) + 3 · 3Γ(Z ′ → d̄d)+

3Γ(Z
′ → ēe) + 3Γ(Z

′ → ν̄ν) + 3Γ(Z
′ → N̄N) + Γ(Z

′ → δ+δ−).
(VI.78)

Notice the extra factor of three for the quarks due to color (which to detectors are blind). We considered all
quarks and leptons massless except for the top quark.

In Fig. 22 we show the production cross-section ofδ+δ− as a function ofMδ for different values
of the Z

′
mass for a center of mass energy of 13 TeV [10]. For the calculations, the PDFs from the

reference [71] has been used. As it can be seen, the effect of the resonance is of relevant importance since
it increases considerably the cross-section of such event w.r.t the SM predictions. For instance, notice that
the production cross section reaches above 1 fb when theδ mass is below 650 GeV.

For computing the cross-section, the mixing angle in the charged scalar sector has been neglected11.

11 the mixing among the charged scalars can modify the rates computed. However, due to the huge amount of freedom in the
mixing matrix, one could not compute any rate without makingthis assumption.
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FIG. 22: Drell-Yan production cross-section for charged scalar singletsδ+δ− as a function ofMδ in the present
model. The dashed line corresponds to the SM prediction, whereas the solid lines show the results for different values
of ZBL. For the calculations, thegL = gR scenario and a center of mass energys =

√
13 TeV has been assumed.

Notice that a small mixing angle between the charged scalar singlet and the charged scalars living in the bi-
doublet would indicate thatδ+ decays mainly into leptons. Since the term which induces thecoupling ofδ+

to quarks is also the responsible of generating neutrino masses (see Fig. 18), the decay of the charged sin-
glet to quarks is generally suppressed, which encourages our assumption thatδ+ decays mainly into leptons.

In Fig. 22 (top) we show curves of constant number of events, where the cross sections forZBL at
13 TeV shown in Fig. 22 has been used, and a luminosity ofL = 3 fb−1 and a center of mass energy
of s =

√
13 TeV has been assumed. In the plot, two different values of theZ

′
mass are shown. Notice

that, for instance, one would expect more than 10 events for avalues ofMZdelta
below 500 GeV and

BR(δ+ → e+i νj) above0.6.

In Fig. 22 (bottom), the prediction for the number of events assumingL = 25 fb ands = 14 TeV is
shown. As it would be expected, the number of events increases considerably with the luminosity.

One has to be careful with the noise of other signals. The dominant SM backgrounds of these processes
at the LHC are the W and Z pair production. The ZZ channel will never produce two charged leptons
with different flavor. However, the WW channel may fake the signatures. To discriminate between this
background and the signal processes, one may look into the charged lepton transverse mass, which is defined
as (for one isolated lepton and several jets):

mT =

√

2pℓTE
miss
T (1− cos∆φ(~ℓ), ~pmiss

T . (VI.79)

HerepℓT is the lepton transverse momentum and∆φ(~ℓ, ~pmiss
T ) is the azimuthal angle between the lepton

and the missing transverse momentum directions [73]. It is straightforward to see that a distribution ofMT

has an end-point at the true mother mass. Therefore, the background due to the W pair production can be
reduced by requiring the transverse mass to be above the boson mass. This will make things easier when
regarding the search of these signatures at the LHC, so that the present model could be tested in the near
future.
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FIG. 23: Contours of expected number of events for 3 fb−1 at
√
s = 13 TeV (top) and for 25 fb−1 at

√
s = 14 TeV

(bottom) inMδ-BR(δ+ → e+i νj) plane.
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VII. SUMMARY

As we have already discussed, experimental evidence encourages us to interpret the SM as an effective
field theory which describes pretty well the low energy experimental observables but does not provide an
explanation to other phenomena such as neutrino oscillations, parity violation on the electroweak sector and
so on, not even mentioning gravity. Under the powerful effective field theory perspective, one may wonder
about new theories (UV-completions of the Standard Model) which are able to explain some features not
contemplated by its low energy (electroweak scale) realization.

In this thesis we have proposed two simple and realistic extensions of the Standard Model which
improve it at a some extent. Both theories have in common thatneutrino masses are generated at the
quantum level through the Zee mechanism, so that both approaches include a scalar charged singletδ+

and a second higgs doublet in their field content. This mechanism is an economic way to give mass to the
neutrinos which naturally explains the smallness of their mass compared with the other leptons.

In the first scenario, a renormalizable and realistic grand unified theory based on SU(5) is introduced.
The field content of the theory consists in the usual 5 and 10 fermion representations and the5H , 24H , 45H
and10H conforming the scalar sector, being the charged scalar singlet δ+ embedded in the antisymmetric
representation and a complex scalar doublet living in45H the crucial fields for the implementation of
the Zee mechanism to give mass to the neutrinos. We study the testability of the theory by showing that
constraints coming from unification and proton decay boundscan be satisfied, which in turn establishes the
range of the parameter space of its fields in which the theory is realistic: for the parameter space shown
in Fig. 14 unification is reached and proton decay bounds are satisfied. It is remarkable that, in despite
of the fact thatΦ1 does not help to unification, it does help to increase the GUT scale and thus suppress
proton decay. One of the main predictions coming from imposing unification and proton decay constraints
is the existence of a light colored octet,Φ1, which mass scale ranges fromΦ1 ∼ [103.5, 105.1] GeV. This
light field could give rise to exotic signals at the LHC such asone top and three light jets, due to the
antisymmetry of its Yukawa coupling with quarks in the flavorspace. The Zee mechanism is implemented
in order to give mass to the neutrinos through radiative corrections at 1-loop level. As an outcome of the
theory, a beautiful relation between the neutrino masses and the charged fermion masses, given by Eq.
(IV.53), appears in a natural way, which shows the power of having the Zee model embedded in a grand
unified theory.

In the second scenario, the left-right symmetric model ableto predict Majorana neutrinos with the least
degrees of freedom is introduced: one has the minimal Higgs sector to break the LR symmetry, i.e. two
complex doublet scalarsHR andHL, and a charged singlet Higgsδ+. This simple model predicts light
sterile Majorana neutrinos which play a crucial role in the low energy phenomenology. We study two
phenomenological aspects which are characteristic of thisparticular theory: the branching ratios of the new
gauge bosons decaying to fermions and the lepton number violation signature in which two charged leptons
of different family plus missing energy are predicted to be produced. The decay of the heavy gauge bosons
predicted by the Zee-LR is interesting in the sense that it might be different of the predictions coming from
other LR-models due to the fact that this theory predicts a light sterile neutrino in which the heavy bosons
can decay, whereas in other LR-theories which predict heavysterile neutrinos this decay is kinematically
forbidden. The branching ratios of the new gauge bosonsWR andZ

′
are studied. We hope that the induced

modifications by the light sterile neutrino can be tested at the LHC. On the other hand, the presence of
the charged singlet predicts lepton number violation signatures,qq̄ → δ+δ− → eiejE

miss
T , in which two
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charged leptons of different family lepton number and missing energy may be produced at energies in the
available range of the LHC. The upcoming improvement on the lepton number violation experiments such
as the upgrade of MEG, called MEG2, or the experiment Mu2e, which will be available in 2017-2018,
motivates the testability of the Zee-LR model.

We stress the beauty of these two BSM-theories: the Zee-SU(5), although it has still too much freedom
in their parameters, it has all the advantages of a grand unified theory, such as the quantization of the elec-
tric charge, fermion mass relations, baryon and lepton number violation, strong and weak forces merged
together, etc. This theory also predicts some interesting outcomes, named above, which are exclusive for
this theory, i.e. not contemplated by other GUTs. The Zee-LRmodel, on the other hand, has a strongly
predictive power due to its proximity regarding energy scales. We hope to study in more detail the phe-
nomenology of these models, particularly lepton number violation processes, which could be tested at the
LHC in a really near future. Both theories are so far the minimal renormalizable theories which predict
majorana massive neutrinos (without adding extra fermion singlets) that can be found on the market. They
have been introduced and studied in the following publications:

• P. Fileviez Perez and C. Murgui, ‘Renormalizable SU(5) Unification,” Phys. Rev. D94 (2016) no.7,
075014 doi:10.1103/PhysRevD.94.075014 [arXiv:1604.03377 [hep-ph]].

• P. Fileviez Perez, C. Murgui and S. Ohmer, “Simple Left-Right Theory: Lepton Number Vi-
olation at the LHC,” Phys. Rev. D94 (2016) no.5, 051701 doi:10.1103/PhysRevD.94.051701
[arXiv:1607.00246 [hep-ph]].

which are the pillars of this master thesis.
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VIII. A PPENDIX

A. SU(5) generators

The following form for the SU(5) generators is chosen [75], gi = 1
2λi, i = 1, · · · , 24, where

λi =









0 0
λi 0 0

0 0
0 0 0 0 0
0 0 0 0 0









, i = 1, · · · , 8,

λ9 =









1 0
0 0
0 0

1 0 0
0 0 0









, λ10 =









−i 0
0 0
0 0

i 0 0
0 0 0









,

λ11 =









0 1
0 0
0 0

0 0 0
1 0 0









, λ12 =









0 −i
0 0
0 0

0 0 0
i 0 0









,

λ13 =









0 0
1 0
0 0

0 1 0
0 0 0









, λ14 =









0 0
−i 0
0 0

0 i 0
0 0 0









,

λ15 =









0 0
0 1
0 0

0 0 0
0 1 0









, λ16 =









0 0
0 −i
0 0

0 0 0
0 i 0









,

λ17 =









0 0
0 0
1 0

0 0 1
0 0 0









, λ18 =









0 0
0 0
−i 0

0 0 i
0 0 0









,

λ19 =









0 0
0 0
0 1

0 0 0
0 0 1









, λ20 =









0 0
0 0
0 −i

0 0 0
0 0 i









,

λ20+j =









0 0
0 0
0 0

0 0 0
σi0 0 0









, j = 1, 2, 3, λ24 =
2

15









1
1

1
−3/2

−3/2









.
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B. Field content and interactions of Zee-SU(5)

Representations if the Zee-SU(5) from the SM point of view:

5̄ ∼ (1, 2̄,−1/2)
︸ ︷︷ ︸

lL

⊕ (3̄, 1, 1/3)
︸ ︷︷ ︸

(dc)L

10 ∼ (3̄, 1,−2/3)
︸ ︷︷ ︸

(uc)L

⊕ (3, 2, 1/6)
︸ ︷︷ ︸

qL

⊕ (1, 1, 1)
︸ ︷︷ ︸

(ec)L

V24 ∼ (8, 1, 0)
︸ ︷︷ ︸

Gµ

⊕ (1, 3, 0)
︸ ︷︷ ︸

Wµ

⊕ (3, 2,−5/6)
︸ ︷︷ ︸

Xµ

⊕ (3̄, 2, 5/6)
︸ ︷︷ ︸

Yµ

⊕ (1, 1, 0)
︸ ︷︷ ︸

γµ

5H ∼ (1, 2, 1/2)
︸ ︷︷ ︸

H1

⊕ (3, 1,−1/3)
︸ ︷︷ ︸

T

24H ∼ (8, 1, 0)
︸ ︷︷ ︸

Σ8

⊕ (1, 3, 0)
︸ ︷︷ ︸

Σ3

⊕ (3, 2,−5/6)
︸ ︷︷ ︸

Σ(3,2)

⊕ (3̄, 2, 5/6)
︸ ︷︷ ︸

Σ(3̄,2)

⊕ (1, 1, 0)
︸ ︷︷ ︸

Σ24

45H ∼ (8, 2, 1/2)
︸ ︷︷ ︸

Φ1

⊕ (6̄, 1,−1/3)
︸ ︷︷ ︸

Φ2

⊕ (3, 3,−1/3)
︸ ︷︷ ︸

Φ3

⊕ (3̄, 2,−7/6)
︸ ︷︷ ︸

Φ4

⊕ (3, 1,−1/3)
︸ ︷︷ ︸

Φ5

⊕ (3̄, 1, 4/3)
︸ ︷︷ ︸

Φ6

⊕ (1, 2, 1/2)
︸ ︷︷ ︸

H2

10H = (1, 1, 1)
︸ ︷︷ ︸

δ+

⊕ (3, 2, 1/6)
︸ ︷︷ ︸

δ(3,2)

⊕ (3̄, 1,−2/3)
︸ ︷︷ ︸

δT

Location of the fields inside the representations (from now on i, j, k = 1..3 will refer to color indices and
α, β, γ = 4, 5 to weak isospin indices):

Matter representations

5̄ =









dc1
dc2
dc3
e
−ν









, 10 =
1√
2









0 uc3 −uc2 u1 d1
−uc3 0 uc1 u2 d2
uc2 −uc1 0 u3 d3
−u1 −u2 −u3 0 e+

−d1 −d2 −d3 −e+ 0









. (VIII.1)

5H representation

5̄ =









T 1

T 2

T 3

H+
1

H0
1









.
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10H representation

(10H)ij ∼ δijT 3 d.o.f.

(10H)αi ∼ δαi(3,2) 6 d.o.f.

(10H)αβ ∼ ǫαβδ+ 1 d.o.f.

45H representation

(45H)jki ∼ f{Φ2,Φ5} = ǫjklΦ2li + ǫjklǫlimΦ5
m 9 - 3 (trace) = 6 d.o.f

Φ2il = Φ2li andΦ5il = −Φ5li 6 + 3

(45H)jαi ∼ f{Φ1,H2} = [λa]ji Φ1
α
a + δjiH

α
2 16 + 2 = 18 d.o.f

(45H)ijα ∼ ǫijkΦ4αk 6 d.o.f.

(45H)iβα ∼ f{Φ3 ≡ (∆1,∆2,∆3),Φ5} = 1√
2
Φ3

a[σa]βα + δβαΦ5
i 12 d.o.f.

45i45 ∼ (∆1
i + i∆2

i)/
√
2 ≡ (φ3

+ 2
3 )i 3

45i54 ∼ (∆1
i − i∆2

i)/
√
2 ≡ (φ3

− 4
3 )i 3

45i44 ∼ ∆3
i/
√
2 + Φ5

i ≡ (φ3
− 1

3 )i/
√
2 + Φ5

i 3

45i55 ∼ −∆3
i/
√
2 + Φ5

i ≡ −(φ3
− 1

3 )i/
√
2 + Φ5

i 3

(45H)αβi ∼ ǫαβΦ6i 3 d.o.f.

(45H)βγα ∼ −3ǫβγH2
δǫαδ 2 d.o.f.

where the following explicit form for the triplet in SU(2) (TSU(2)) and in SU(3) (OSU(3)) is used:

TSU(2) : σ
a∆a =

(
1√
2
∆0 ∆+

∆− − 1√
2
∆0

)

,

OSU(3) : λ
aΩa =





Ω3 + Y/2 T− V −

T+ −Ω3 + Y/2 U−

V + U+ −Y



 .
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C. Yukawa interactions

LY ukawa = 5̄ 10{Y15∗H + Y2(45
∗
H)}+ 1010(Y35H + Y445H) + Y55̄ 5̄ 10H

- 45H representation -

• Interactions ofΦ1 ∼ (8, 2, 1/2) ≡ (φ1
+
a , φ1

0
a), wherea = 1...8:

LY ⊃ Y2 qLΦ†
1 (d

C)L + Y4 qLΦ1 (u
C)L

LY ⊃ 2Y2 5̄i10
jα(45∗H)ijα + 4Y4 10

iα10jk(45H)mβ
k ǫijmǫαβ − 2Y ab

4 10ij10αk(45H )lβk ǫijlǫαβ

LY ⊃ 2Y ab
2 {(dca)idbj(φ01)

†
e + (dCa )iub

j(φ+1 )
†
e}[λe]ij + 4(Y ab

4 − Y ba
4 ){(uCa )iubjφ01e −

(uCa )idb
jφ+1 e}[λe]ij

LΦ1
d=6 ∼

1

m2
Φ1

Y ab
2 (Y cd

4 − Y dc
4 )
{
(dCa )idb

j(uCc )jud
i − (dCa )iub

j(uCc )jdd
i
}

• Interactions ofΦ2 ∼ (6̄, 1,−1/3) ≡ (Φ2)ij , where(Φ2)ij = (Φ2)ji:

LY ⊃ Y2 (d
C)L Φ†

2 (u
C)L + Y4 qLΦ2 qL

LY ⊃ Y2 5̄i10
jk(45∗H)ijk + Y4{4 10iα10βj + 10αβ10ij}(45H )klj ǫαβǫikl

LY ⊃ 2Y ab
2 (dCa )i(u

C
b )j(Φ

†
2)

ij + 8 (Y ab
4 − Y ba

4 )da
iub

jΦ2ij

LΦ2
d=6 ∼

1

m2
Φ2

Y ab
2 (Y cd

4 − Y dc
4 ) (dCa )i(u

C
b )jd

i
cu

j
d

• Interactions ofΦ3 ∼ (3, 3,−1/3) ≡ {(φ+
2
3

3 )i, (φ
− 1

3
3 )i, (φ

− 4
3

3 )i}:

LY ⊃ Y2 qLΦ†
3 lL + Y4 qLΦ3 qL

LY ⊃ 2Y2 5̄α10
iβ(45∗H)αiβ + 8Y4 10

iα10jβ(45H )kγβ ǫijkǫαγ

LY ⊃ 2Y ab
2 {eadbi(φ

− 4
3

3 )†i − νaub
i(φ

+ 2
3

3 )†i}+
√
2Y ab

2 {eaubi + νadb
i}(φ−

1
3

3 )†i+

+4(Y ab
4 − Y ba

4 ){uaiubj(φ
− 4

3
3 )kǫijk − da

idb
j(φ

+ 2
3

3 )kǫijk}+ 4
√
2(Y ab

4 − Y ba
4 )da

iub
j(φ

− 1
3

3 )kǫijk

LΦ3
d=6 ∼

1

m2
Φ3

Y ab
2 (Y cd

4 −Y dc
4 )
(

eadb
iuc

jud
k + νaub

i
dc

j
dd

k + eaub
i
dc

j
ud

k + νadb
i
dc

j
ud

k
)

ǫijk
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• Interactions ofΦ4 ∼ (3̄, 2,−7/6) ≡ (φ
− 5

3
4 i, φ

− 2
3

4 i):

LY ⊃ Y2 (u
C)LΦ†

4 lL + Y4 (qL)Φ4 (e
C)L

LY ⊃ Y2 5̄α10
ij(45∗H )αij + Y4 {10αβ10iγ45jkγ ǫαβǫijk + 210iα10βγ45jkγ ǫijkǫαβ}

LY ⊃ 2Y ab
2 {ea(uCb )i(φ

− 5
3

4 )i† − νa(u
C
b )i(φ

− 2
3

4 )i†}+ 4(Y ab
4 − Y ba

4 ){eCa ubi(φ
− 5

3
4 )i + eCa db

i(φ
− 2

3
4 )i}

LΦ4
d=6 ∼

1

m2
Φ4

Y ab
2 (Y cd

4 − Y dc
4 )

{
ea (u

C
b )i e

C
c ud

i − νa (u
C
b )i e

C
c dd

i
}

• Interactions ofΦ5 = (3, 1,−1/3) ≡ Φ5
i:

LY ⊃ Y2 {qLΦ†
5lL + (dC)LΦ†

5 (u
C)L}+ Y4 {qLΦ5 qL + (uC)L Φ5 (e

C)L}

LY ⊃ Y2{5̄i10jk(45∗H)ijk + 2 5̄α10
iβ(45∗H)αiβ}+ Y4{4 10iα10βj + 10αβ10ij}(45H )klj ǫiklǫαβ

−Y4{2 10ij10αβ + 810iα10jβ}(45H )kγβ ǫijkǫαγ

LY ⊃ −2Y ab
2 (dCa )i(u

C
b )jΦ

†
5kǫ

ijk + 2Y ab
2

(

eaub
iΦ†

5i − νadb
iΦ†

5i

)

+ 8(Y ab
4 − Y ba

4 )eCa (u
C
b )iΦ

i
5

LΦ5
d=6 ∼

1

m2
Φ5

Y ab
2 (Y cd

4 − Y dc
4 )
(

{eaubi − νadb
i}eCc (uCd )i − (dC

a )i(u
C
b )je

C
c (u

C
d )kǫ

ijk
)

• Interactions ofΦ6 ∼ (3̄, 1, 4/3) ≡ Φ6i:

LY ⊃ Y2 (d
C)L Φ†

6 (e
C)L + Y4 (u

C)L Φ6 (u
C)L

LY ⊃ Y2 5̄i10
αβ(45∗H )iαβ + 2Y4 10

ij10kl(45H )αβl ǫijkǫαβ

LY ⊃ 2Y ab
2 (dCa )ie

C
b Φ

†
6

i − 4(Y ab
4 − Y ba

4 )(uCa )i(u
C
b )jΦ6kǫ

ijk

LΦ6
d=6 ∼

1

m2
Φ6

Y ab
2 (Y cd

4 − Y dc
4 ) (dC

a )i e
C
b (uC

c )j (u
C
d )kǫ

ijk

• Interactions ofH2 ∼ (1, 2, 1/2) ≡ (H+
2 ,H

0
2 ):

LY ⊃ Y1{(dC)H†
2 q + l H†

2 e
C}+ Y3 (u

C)H2 q

LY ⊃ 2Y2 5̄i10
jα(45∗H)ijα + Y2 5̄α10

βγ(45∗H )αβγ + 4Y410
iα10kj(45H)mβ

i ǫikmǫαβ −
2Y4 10

ij10αk(45H )lβk ǫijlǫαβ + Y4 10
ij10kα(45H)βγα ǫijkǫβγ

LY ⊃ 2Y ab
2 {(dCa )iubi(H+

2 )† + (dCa )db
i(H0

2 )
†} − 6Y ab

2 {eaeCb (H0
2 )

† + νae
C
b (H

+
2 )†}

−8(Y ab
4 − Y ba

4 ){(uCa )iubiH0
2 − (uCa )idb

iH+
2 }
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- 10H representation -

• Interactions ofδ+ ∼ (1, 1, 1):

LY ⊃ Y5 lL δ
+ lL

LY ⊃ 2Y5 5̄α5̄β10
αβ

LY ⊃ 2(Y ab
5 − Y ba

5 )νaebδ
+

• Interactions ofδ(3,2) ∼ (3, 2, 1/6) ≡ (∆i
+ 2

3
,∆i

− 1
3
):

LY ⊃ Y5 (d
C)L δ(3,2) lL

LY ⊃ Y5 5̄α5̄i10
αi + Y5 5̄i5̄α10

iα

LY ⊃ (Y ab
5 − Y ba

5 )
{

(dCa )ieb∆
i
+ 2

3

− (dCa )iνb∆
i
− 1

3

}

• Interactions ofδT ∼ (3̄, 1,−2/3):

LY ⊃ Y5 (d
C)L δT (dC)L

LY ⊃ 2Y5 5̄i5̄j10
ij

LY ⊃ (Y ab
5 − Y ba

5 )(dCa )i(d
C
b )jδTkǫ

ijk

- 5H representation -

• Interactions ofT ∼ (3, 1,−1/3) ≡ T i:

LY ⊃ Y1{qL T † lL + (dC)T † (uC)}+ Y3{qL T qL + (uC)T (eC)}

LY ⊃ Y1{5̄α10αi5∗i + 5i10
ij5∗j}+ Y3

{
−4 10iα10jβT k + 10αβ10ijT k + 10ij10αβT k

}
ǫijkǫαβ

LY ⊃ Y ab
1 {(νadib − eau

i
b)T

†
i − (dCa )i(u

C
b )jT

†
k ǫ

ijk} − 4(Y ab
3 + Y ba

3 ){2uiadjbT kǫijk − eCa (u
C
b )kT

k

LT
d=6 ∼

1

m2
T

Y ab
1 (Y cd

3 +Y dc
3 )
{

νad
i
be

C
c (u

C
d )i − eau

i
be

C
c (u

C
d )i − (dC

a )i(u
C
b )je

C
c (u

C
d )kǫ

ijk + 2eau
i
bu

j
cd

k
dǫijk

−2νad
i
bu

j
cd

k
dǫijk + 2(dCa )i(u

C
b )ju

k
cd

l
d(δ

i
kδ

j
l − δilδ

j
k)ǫ

ijk
}
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• Interactions ofH1 ∼ (1, 2, 1/2) ≡ (H+
1 ,H

0
1 ):

LY ⊃ Y1{(dC)H†
1 q + l H†

1 e
C}+ Y3 (u

C)H1 q

LY ⊃ Y1{5̄i10iα5H∗
α + 5̄α10

αβ5H
∗
β}+ Y3{2 10ij10kα5βǫijkǫαβ + 210iα10jk5βǫijkǫαβ}

LY ⊃ Y ab
1

({
(dCa )iu

i
b + νae

C
b

}
(H+

1 )† +
{
eae

C
b + (dCa )id

i
b

}
(H0

1 )
†
)

+4(Y ab
3 + Y ba

3 )
{
(uCa )iu

i
bH

0
1 − (uCa )id

i
bH

+
1

}

D. Lagrangian of Zee-SU(5)

Definition of the covariant derivatives:

Dµ5 = ∂µ5 + igGUTAµ5

Dµ5̄ = ∂µ5̄− igGUTAµ5̄

Dµ10 = ∂µ10 + igGUT (Aµ10 + 10AT
µ )

Dµ24H = ∂µ24H + igGUT [Aµ, 24H ]

Dµ(45H)αβγ = ∂µ(45H )αβγ + igGUT

(

(Aµ)
α
m(45H)αmγ (AT

µ )
β
m − (AT

µ )γδ(45H )αβδ

)

Transformations of the representations involved in Zee-SU(5):

5i → U i
j5

j ,

5̄i → 5j(U
†)ji,

10ij → U i
k10

kl(UT ) j
l ,

10ij → (U∗) a
i 10ab(U

†)bj ,

24ij → U i
k24

k
l(U

†)lj ,

45ijk → U i
a45

ab
c (UT ) j

b (U
†)ck.

In general,

Ψi1i2···
j1j2··· → U i1

a1U
i2
a2 · · ·Ψ

a1a2···
b1b2··· (U

†)b1j1(U
†)b2j2 · · · .

where the superscript (subscript) refers to the fundamental (antifundamental) representation.

The Lagrangian of the minimal renormalizable extension of SU(5) is composed of the following terms:

L = Lgauge + Lfermions + Lscalars + LY ukawa, (VIII.2)

where

• Lgauge= −1

4
Tr{FµνFµν} beingFµν = ∂µAν − ∂νAµ − igGUT [Aµ, Aν ],

• Lfermions= 5̄†γ0iγµDµ5̄ +
1
2Tr{10†γ0iγµDµ10},

• LYukawa= 5̄ 10{Y15∗H + Y2(45
∗
H)}+ 1010(Y35H + Y445H) + Y55̄ 5̄ 10H ,
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• Lscalars = 1
2Tr{(Dµ24†H)(Dµ24H)} + Tr{(Dµ45†H)(Dµ45H)} + Tr{(Dµ10†H)(Dµ10H)} +

V (5H , 24H , 45H , 10H ).

(Remark: the bar in̄5 means that the fermions are in the anti-fundamental representation. The adjoint here
is written explicitly, i.e.ψ†γ0, just a question of notation), whereV is the scalar potential which explicitly
takes the following form:

V (5H , 24H , 45H , 10H ) =V (5H) + V (10H ) + V (24H ) + V (45H ) + V (5H , 10H) + V (5H , 24H )+

+ V (5H , 45H ) + V (10H , 24H ) + V (10H , 45H ) + V (24H , 45H)+

+ V (24H , 45H , 5H ) + V (45H , 10H , 5H) + V (5H , 24H , 45H , 10H )

where

V (5H) = −µ255α5∗α + λ1(5
α5∗α)

2,

V (10H ) = −µ21010αβ10∗αβ + λ2(10
αβ10∗αβ)

2 + λ310
αβ10∗βγ10

γδ10∗δα,

V (24H ) = −µ22424αβ24βα + λ4(24
α
β24

β
α)

2 + a124
α
β24

β
γ24

γ
α + λ524

α
β24

β
γ24

γ
δ24

δ
α,

V (45H ) = −µ24545αβγ 45∗γαβ + λ6(45
αβ
γ 45γαβ)

2 + λ745
αβ
γ 45∗δαβ45

κλ
δ 45∗γκλ + λ845

αβ
γ 45∗δαβ45

κγ
λ 45∗λκδ

+ λ945
αδ
β 45∗βαγ45

κγ
λ 45∗λκδ + λ1045

αγ
δ 45∗βγλ45

κδ
α 45∗λκβ + λ1145

αγ−
δ 45∗βγλ45

κλ
α 45∗δκβ+

+ λ1245
αγ
δ 45∗βγλ45

κδ
β 45∗λκα + λ1345

αγ
δ 45∗βγλ45

κλ
β 45∗δκα,

V (5H , 10H ) = λ145
∗
α5

α10∗βγ10
βγ + a55

∗
α10

αβ5∗β + a∗55
α10∗αβ5

β + λ155
∗
α10

αβ10∗βγ5
γ ,

V (5H , 24H ) = a35
∗
α24

α
β5

β + λ165
∗
α5

α24βγ24
γ
β + λ175

∗
α24

α
β24

β
γ5

γ ,

V (5H , 45H ) = λ1845
αβ
γ 4̄5γαβ5

∗
δ5

δ + λ1945
αβ
δ 5∗γ45

∗γ
αβ5

δ + λ2045
αβ
γ 45∗γαδ5

∗
β5

δ,

V (10H , 24H) = λ2110
αβ10∗αβ24

γ
δ24

δ
γ + a410

αβ24 γ
β 10∗γα + λ2210

αβ24 γ
β 24 δ

γ 10
∗
δα + λ2310

αβ24 γ
β 10∗γδ24

δ
α,

V (10H , 45H) = λ2545
αβ
γ 45∗γαβ10

∗
γδ10

γδ + λ2645
αβ
γ 10∗αβ45

∗γ
δǫ 10

δǫ+

λ2745
αβ
γ 10∗αδ10

δǫ45∗γαǫ + λ2845
αβ
γ 45∗δαβ10

γǫ10∗δǫ + λ2945
αβ
γ 10∗αδ45

∗δ
βǫ10

γǫ

V (24H , 45H) = a245
αβ
γ 24γδ4̄5

∗δ
αβ + λ30(45

αβ
γ 45∗γαβ)24

δ
ǫ24

ǫ
δ + λ3145

αβ
γ 24δα24

ǫ
β45

∗γ
δǫ + λ3245

αβ
γ 24γβ24

δ
ǫ45

∗ǫ
αδ+

λ3345
αβ
γ 24γǫ24δβ45

∗ǫ
αδ + λ3445

αβ
γ 24κα24

λ
κ45

∗γ
λβ + λ3545

αβ
γ 24γκ24κλ45

∗λ
αβ ,

V (24H , 45H , 5H ) = λ365
∗
α24

γ
β45

αβ
γ + λ375

∗
α24

γ
δ24

δ
β45

αβ
γ + λ385

∗
α24

α
β24

γ
δ45

βδ
γ + h.c.

V (45H , 10H , 5H ) = µ45αβγ 10∗αβ5
γ + h.c.

V (5H , 24H , 45H , 10H) = λ3945
αβ
γ 24γδ10

∗
αβ5

δ + λ4045
αβ
γ 5γ24δα10

∗
βδ + h.c.
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E. Scalar potential of the Zee-LR model

The most general renormalizable potential that can be constructed with the fieldsΦ1 ≡ Φ, Φ2 ≡ Φ̃,HL,
HR andδ+ which is invariant under left-right parity symmetry, whichimplies

HL ↔ HR andΦi ↔ Φ†
i , (VIII.3)

reads as

V = − µ2H(H†
LHL +H†

RHR) + λH((H†
LHL)

2 + (H†
RHR)

2) + λLR(H
†
LHL)(H

†
RHR)

− (µ2Φ)ijTr(Φ†
iΦi) + λ

(1)
ijklTr(Φ†

iΦj)Tr(Φ†
kΦl) + λ

(2)
ijklTr(Φ†

iΦjΦ
†
kΦl)

+ aij(H
†
LHL +H†

RHR)Tr(Φ†
iΦj) + bij(H

†
LΦiΦ

†
jHL +H†

RΦ
†
iΦjHR) + ci(H

†
LΦiHR +H†

RΦ
†
iHL)

− µ2δδ
−δ+ + λδ(δ

−δ+)2 + d(H†
LHL +H†

RHR)δ
−δ+ + eijTr(Φ†

iΦj)δ
−δ+

+ λi(H
T
L iσ2ΦiHRδ

− −H∗
Liσ

T
2 Φ

†
iH

†
Rδ

+) ,

where

(µ2Φ)ij = (µ2Φ)ji , λ
(1)
ijkk = λ

(1)
jikk , λ

(1)
ijkl = λ

(1)
klij , λ

(1)
ijkl = λ

(1)
jilk ,

λ
(2)
ijkl = λ

(2)
jkli = λ

(2)
klij = λ

(2)
lijk , aij = aji , bij = bji , eij = eji .

In this section we show the consistency of the theory by first showing that the limitvR ≫ vL, v1, v2 (since
we know thatMWR

≫ MWL
experimentally) is physical, i.e. minimizes the potential, and then by defo-

cussing in the limitv2 ≪ v1 since it corresponds to the scenario of the low-scale seesawwe are interested in.

For simplicity and w.l.o.g. we assume that bothv1 andv2 are negligible compared withvL andvR. In
this context a soft breaking of the symmetry in the doublets mass term should be required in order avoid the
trivial extremumv1 = v2 = vR = vL = 0. The extremum conditions lead to

∂V

∂vL
= vL(v

2
LλH +

v2R
2
λLR − µ2L)

!
= 0 ,

∂V

∂vR
= vR(v

2
RλH +

v2L
2
λLR − µ2R)

!
= 0.

We assume that the vacuum expectation values are given by theunique pair of positive solutions:

vL =

√

4λHµ
2
L − 2λLRµ

2
R

√

4λ2H − λ2LR

,

vR =

√

4λHµ2R − 2λLRµ2L
√

4λ2H − λ2LR

.

Thus, the above vevs for the Higgs doublets plusv1 = v2 = 0 extremize the potential. Now we show that,
in this context, a positive definite mass matrix for the Higgsare obtained, which in turn justifies that this
solution corresponds to a minimum of the potential.
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The CP-even Higgs masses are then given by

L ⊃ 1

2

(
h0L h0R φ01 φ02

)







M2
11 M2

12 0 0
M2

12 0 0 0
0 0 M2

33 M2
34

0 0 M2
34 M2

44













h0L
h0R
φ01
φ02






,

with

M2
11 =

4λH(2λHµ
2
L − λLRµ

2
R)

4λ2H − λ2LR
,

M2
12 =

2λLR

√

2λHµ2R − λLRµ2L

√

2λHµ2L − λLRµ2R

4λ2H − λ2LR
,

M2
33 =

2 (a11 + a22 + b22)
(
µ2L + µ2R

)

2λH + λLR
− 2

((
µ2Φ
)

11
+
(
µ2Φ
)

22

)
,

M2
34 =

2 (2a12 + b12)
(
µ2L + µ2R

)

2λH + λLR
− 4

(
µ2Φ
)

12
,

M2
44 =

2 (a11 + a22 + b11)
(
µ2L + µ2R

)

2λH + λLR
− 2

((
µ2Φ
)

11
+
(
µ2Φ
)

22

)
.

The CP-odd Higgs masses are given by

L ⊃ 1

2

(
A0

1 A0
2

)
(
M

2
33 M

2
34

M
2
34 M

2
44

)(
A0

1

A0
2

)

,

with

M
2
33 =

2 (a11 + a22 + b22)
(
µ2L + µ2R

)

2λH + λLR
− 2

((
µ2Φ
)

11
+
(
µ2Φ
)

22

)
,

M
2
34 =

2 (2a12 + b12)
(
µ2L + µ2R

)

2λH + λLR
− 4

(
µ2Φ
)

12
,

M
2
44 =

2 (a11 + a22 + b11)
(
µ2L + µ2R

)

2λH + λLR
− 2

((
µ2Φ
)

11
+
(
µ2Φ
)

22

)
,

whereA0
L andA0

R are Nambu-Goldstone bosons eaten by the gauge bosonsZ andZBL.

The charged scalar masses are given by

L ⊃
(
δ+ φ+1 φ+2

)





M
2
33 M

2
34 M

2
35

M
2
34 M

2
44 M

2
45

M
2
35 M

2
45 M

2
55









δ−

φ−1
φ−2



 ,

89



VIII APPENDIX

with

M
2
33 = +d

(
µ2L + µ2R

)

2λH + λLR
− µ2δ ,

M
2
34 =

2f2

√

2λHµ
2
R − λLRµ

2
L

√

2λHµ
2
L − λLRµ

2
R

4λ2H − λ2LR
,

M
2
35 =

−2f1

√

2λHµ2R − λLRµ2L

√

2λHµ2L − λLRµ2R

4λ2H − λ2LR
,

M
2
44 = −λLR

(
(a11 + a22 + b22)µ

2
L + (a11 + a22 + b11)µ

2
R

)
+ 2λH

(
(a11 + a22 + b11)µ

2
L + (a11 + a22 + b22)µ

2
R

)

4λ2H − λ2LR

−
((
µ2Φ
)

11
+
(
µ2Φ
)

22

)
,

M
2
45 = 2

(
µ2Φ
)

12
− (2a12 + b12)

(
µ2L + µ2R

)

2λH + λLR
,

M
2
55 = −λLR

(
(a11 + a22 + b11)µ

2
L + (a11 + a22 + b22)µ

2
R

)
+ 2λH

(
(a11 + a22 + b22)µ

2
L + (a11 + a22 + b11)µ

2
R

)

λ2H − λ2LR

−
((
µ2Φ
)

11
+
(
µ2Φ
)

22

)
,

whereh±L andh±R are the Nambu-Goldstone bosons eaten by the gauge bosonsW±
L andW±

R .

Although the limitv1, v2 ≪ vL, vR works as we can see from above, we are interested in the separation
of v1 andv2 and the parameter space wherev2 → 0 in order to enjoy small Dirac neutrino masses.

V ⊃ −(µ2Φ)ijTr(Φ†
iΦi) + bij(H

†
LΦiΦ

†
jHL +H†

RΦ
†
iΦjHR) + ci(H

†
LΦiHR +H†

RΦ
†
iHL) ,

and assume for simplicity(µ2Φ)11 = (µ2Φ)22 = (µ2Φ)12 =: µ2Φ andb12 = 0 we find

v1 = − vLvR
(
2c1µ

2
Φ + c2

(
−2µ2Φ + b11(v

2
L + v2R)

))

(v2L + v2R)
(
−2b22µ

2
Φ + b11(−2µ2Φ + b22(v

2
L + v2R))

) ,

v2 = − vLvR
(
2c2µ

2
Φ + c1

(
−2µ2Φ + b22(v

2
L + v2R)

))

(v2L + v2R)
(
−2b22µ2Φ + b11(−2µ2Φ + b22(v2L + v2R))

) .

We can infer that to separatev1 andv2 with v2 → 0 the scalar potential has to be in the regimeµ2Φ, c1 → 0
andc2 6= 0. This can be seen more easily in the limitµΦ → 0 where we find

v1 ≃ − c2vLvR
b22(v

2
L + v2R)

,

v2 ≃ − c1vLvR
b11(v2L + v2R)

,

and hence if|c2/b22| ≫ |c1/b11| thenv1 ≫ v2 and forc1 → 0 alsov2 → 0.
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F. Feynman rules of the Zee-LR model

Feynman rules involved in the Zee mechanism:

Unbroken Phase Broken Phase

ν

e

φ−
2

= Y †
3 PL − Y4PR

ν

e

h−
i

= (Y †
3 PL − Y4PR)V

∗
2i + (Y3PR − Y †

4 PL)V
∗
1i

ν

e

φ−
1

= Y3PR − Y †
4 PL

e

δ+

ν̄c = 2(λLPL + λRPR)
e

ν̄c

h+
i

= 2(λLPL + λRPR)V5i

Feynman rules involved in the scatteringqq → δ+δ−:

• q̄qγ : −ieQqγµ,

• q̄qZ : −i(V q
Z −Aq

Zγ
5)γµ,

• q̄qZ
′
: −i(V q

Z′ −Aq

Z′γ5)γµ,

• ēeZ
′
: −i(V e

Z′ −Ae
Z′γ5)γµ,

• ν̄νZ
′
: iAν

Z′γ5γµ,

• N̄NZ
′
: iAN

Z′γ5γµ,

• δ+δ−γ : −ie(p3 − p4)
µ,

• δ+δ−Z : −iaZ(p3 − p4)
µ,

• δ+δ−Z
′
: −iaZ′ (p3 − p4)

µ.

where

• V q
Z =

1

2
cos θW

(

gLT3 −
g2BL

gL
cos2 θR

(
1

3
+ T3

))

,

• Aq
Z = −T3

2
cos θW

(
g2R
gL

sin2 θR + gL

)

,

• V q

Z
′ =

1

2
cos θR

(

gRT3 −
1

3

g2BL

gR

)

,

• Aq

Z′ =
gR
2
T3 cos θR,

• V e
Z

′ =
1

2
cos θR

(
g2BL

gR
− gR

2

)

,

• Ae
Z′ = −gR

4
cos θR,
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• Aν
Z′ = AN

Z′ =
1

2
cos θR

(
gR
2

− g2BL

gR

)

,

• aZ = −gBL sin θW cos θR,

• aZ′ = −gBL sin θR.

wheree = gL sin θW = gLgRgBL√
g2Lg

2
R+g2BL(g

2
L+g2R)

andT3 is theSU(2)L/R isospin of the quark.

G. Dimensional regularization

Performing a Wick rotation , i.e.x0 → ix0, the integral can be performed in the Euclidean space,

∫
ddl

(2π)d
1

(l2 −∆)n
= (−)ni

∫
ddl

(2π)d
1

(l2 +∆)n
, (VIII.4)

and using d-dimensional generalized spherical coordinates, i.e.ddl = ld−1dldΩd,

=

∫
dΩd

(2π)d

∫ ∞

0
dl

ld−1

(l2 +∆)2
, (VIII.5)

Taking into account that
∫
dxe−x2

=
√
π,

(
√
π)d =

(∫

dxe−x2

)d

=

∫

ddxe−
∑d x2

i =

∫

dΩd

∫ ∞

0
dxxd−1e−x2

=

(∫

dΩd

)
1

2

∫ ∞

0
d(x2)(x2)

d
2
−1e−x2

(VIII.6)
where the chain’s ruled(x2) = 2xdx was used. By identifying the gamma function, which is definedas
Γ(x) =

∫∞
0 d(y2)(y2)x−1e−y2 ,

(
√
π)d =

(∫

dΩd

)
1

2
Γ(d/2), (VIII.7)

so that
∫
dΩd = 2πd/2

Γ(d/2) . Applying this result to the above integral,

∫ ∞

0

ddl

(2π)d
1

(l2 +∆)n
=

2

Γ(d/2)

1√
4πd

∫ ∞

0
dl

ld−1

(l2 +∆)n
, (VIII.8)

focusing in the remaining integral, we can do a couple of changes of variables in order to write it in an
adequate way. First, by using again the chain’s rule in variable l, i.e. dl2 = 2ldl we get

∫ ∞

0

ddl

(2π)d
1

(l2 +∆)n
=

1

2

∫ ∞

0
dl2

(l2)
d
2
−1

(l2 +∆)n
, (VIII.9)

and then performing the following change of variablesξ = ∆
(l2+∆)

,

=
1

2
∆d/2−n

∫

dξ ξn−d/2−1(1− ξ)d/2−1 (VIII.10)
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by identifying the following definition of the beta function,

∫ 1

0
dξ ξα−1(1− ξ)β−1 =

Γ(α)Γ(β)

Γ(α + β)
, (VIII.11)

we are done with the integral overξ. Putting altogether, the final result for the d-dimensionalintegral reads
as

∫
ddℓ

(2π)d
1

(ℓ2 −∆)n
=

(−1)ni

(4π)d/2
Γ(n− d

2)

Γ(n)

(
1

∆

)n− d
2

, . (VIII.12)

Proceeding analogously, the following d-dimensional integrals in Minkowski space [74] can be obtained:

∫
ddℓ

(2π)d
ℓ2

(ℓ2 −∆)n
=

(−1)n−1i

(4π)d/2
d

2

Γ(n− d
2 − 1)

Γ(n)

(
1

∆

)n− d
2
−1

, (VIII.13)

∫
ddℓ

(2π)d
ℓµℓν

(ℓ2 −∆)n
=

(−1)n−1i

(4π)d/2
gµν

2

Γ(n− d
2 − 1)

Γ(n)

(
1

∆

)n− d
2
−1

. (VIII.14)

Concretely, for Eq. (VIII.12) andn = 2, i.e.

∫
ddℓ

(2π)d
1

(ℓ2 −∆)2
=

i

(4π)d/2
Γ

(

n− d

2

)

∆d/2−2, (VIII.15)

which, by redefiningd = 4− ǫ, reads as,

=
i

(4π)2
Γ
(
ǫ
2

)

(4π)
ǫ
2

(
1

∆

) ǫ
2

. (VIII.16)

Since we are interested in the limitǫ→ 0, i.e. d→ 4, we can expand the powers onǫ by taking into account
thatχǫ = eǫLog(χ) = 1 + ǫLog(χ) +O(ǫ2) in the following way,

• Γ
( ǫ

2

)

=
2

ǫ
− γ +O(ǫ),

• (4π)
ǫ
2 = 1 +

ǫ

2
Log(4π) +O(ǫ2),

• ∆− ǫ
2 = 1− ǫ

2
Log(∆) +O(ǫ2),

whereγ is the Euler-Mascheroni constant,γ ∼ 0.5772. Applying the above expansions, the integral
(VIII.16) reads as,

=
i

(4π)2

(
2

ǫ
− Log

(
∆

4π

)

− γ +O(ǫ)

)

, (VIII.17)

where we truncated the result at orderǫ sinceǫ → 0. Notice that we have a dimensionful logarithm. We may
solve that by performing the following trick: let us add an arbitrary scale,µR, called the renormalization
scale, in the following way,

=
i

(4π)2
µ−ǫ

(
2

ǫ
− Log

(
∆

4πµ2R

)

− γ +O(ǫ)

)

, (VIII.18)

sinceµǫ = 1 + ǫ/2Log(µ2) +O(ǫ2), so that now our integral looks much nicer.
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H. Amplitudes and decay widths of the gauge boson decays in thec.o.m frame

Vµ(p1)

f2(p2)

f̄3(p3)

FIG. 24: Gauge boson decay into fermions.

The probability amplitude for the process shown in Fig. 24 tohappen is given by

∑

spins

|M|2 =
4

3

[(

(p2 · p3) +
2(p1 · p2)(p1 · p3)

M2
V

)

(|VV |2 + |AV |2)− 4m2m3(|VV |2 − |AV |2)
]

,

whereMV refers to the mass of a general spin-1 massive gauge bosonV , andm2 andm3 refers to the mass
of the fermions of momentump2 andp3, respectively (see Fig. 24). TheVV andAV refers to the vector
and axial component of the Feynman ruleV ff̄ respectively (see section of Feynman rules).

Now let us analyze the kinematics at the center of mass frame,shown by Fig. 25. In the center of mass

Aµ

f3f̄2

FIG. 25: Diagram of the decay of a heavy gauge boson into two fermions in the center of mass frame.

frame one can define the momenta according to the figure as

pµ1 = (MA, 0, 0, 0),

pµ2 = (p∗, 0, 0,−p∗),
pµ3 = (p∗, 0, 0, p∗).

After applying energy-momentum conservation,

(p2 · p3) =
1

2

(
M2

A − (m2
2 +m2

3)
)
,

(p1 · p2) = MA

√

p∗2 +m2
2,

(p1 · p3) = MA

√

p∗2 +m2
3,

where

p∗ =

√

(m2
2 −m2

3)
2 −M2

A

(
2(m2

2 +m2
3)−M2

A

)

2MA
.
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Using the above relations, the amplitude in the center of mass frame read as

∑

spins

|M|2 = 4

3

[
1

2

(

2M2
V − (m2

2 +m2
3)−

(m2
2 −m2

3)
2

M2
V

)

(|VV |2 + |AV |2) + 4m2m3(|VV |2 − |AV |2)
]

.

So, in the case of theW+
R boson, since|VV |2 = |AV |2 =, the above expression simplifies to

Γ(W+
R,Lµ → f̄2f3) =

1

12πM2
W+

R,L

(

Qf
R gR,L

)2



2M2
W+

R,L
− (m2

2 +m2
3)−

(m2
2 −m2

3)
2

M2
W+

R,L



 ,

whereQf
R = 1

2
√
2
.

For theZ
′
case we can also do some simplifications sincem2 = m3 = mf , so that

∑

spins

|M|2 = 4

3

[
(M2

V −m2
f )(|VV |2 + |AV |2) + 4m2

f (|VV |2 − |AV |2)
]
.

The decay rate for any two-body decay in the center of mass frame is given by

Γ =
p∗

32π2M2
Z

∫
∑

spins

|M|2dΩ.

Thus,

Γ(Vµ → f̄2f3) =
1

12πM3
V

[
1

2

(

2M2
V − (m2

2 +m2
3)−

(m2
2 −m2

3)
2

M2
V

)

(|VV |2 + |AV |2)+

+ 4m2m3(|VV |2 − |AV |2)
]
√

(m2
2 −m2

3)
2 −M2

V (2(m
2
2 +m2

3)−M2
V ).

Again, by considering the corresponding simplifications tothe casesWR andZ
′

mentioned above, the
decay widths read as

Γ(Z
′ → f f̄) =

1

12πM2
Z′

[

(M2
Z

′ + 3m2
f )|VZ′ |2 + (M2

Z
′ − 5m2

f )|AZ′ |2
]√

MZ′ − 4m2
f ,

Γ(W+
R,Lµ → f̄2f3) =

1

12πM2
W+

R,L

(
1

2
√
2
gR,L

)2


2M2
W+

R,L
− (m2

2 +m2
3)−

(m2
2 −m2

3)
2

M2
W+

R,L





√

(m2
2 −m2

3)
2 −M2

W+
R,L

(

2(m2
2 +m2

3)−M2
W+

R,L

)

MW+
R,L

.
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