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We consider a closed region R of 3d quantum space modeled by SU (2) spin-networks. Using the
concentration of measure phenomenon we prove that, whenever the ratio between the boundary
∂R and the bulk edges of the graph overcomes a finite threshold, the state of the boundary is
always thermal, with an entropy proportional to its area. The emergence of a thermal state of
the boundary can be traced back to a large amount of entanglement between boundary and bulk
degrees of freedom. Using the dual geometric interpretation provided by loop quantum gravity, we
interprete such phenomenon as a pre-geometric analogue of Thorne’s “Hoop conjecture”, at the core
of the formation of a horizon in General Relativity.

INTRODUCTION

In statistical mechanics, small systems weakly coupled
to a large bath are described by canonical ensembles
when the composite system (system + bath) is in a
microcanonical state[1–3]. When we deal with a closed
many-body quantum systems, the reduced density
matrix of a small part of the system can be proven to
be almost canonical, even if the state of the overall
system is pure [4]. Such Gibbs-like behaviour emerges
locally, in closed systems, as a direct consequence of the
concentration of measure phenomenon. Its application
to quantum statistical mechanics goes under the name
of “Canonical typicality”[5–10]. It is a purely kinematic
analysis on the Hilbert space of the system and it can be
proven in full generality by means of Levy’s Lemma[11].
A brief summary of canonical typicality and of Levy’s
lemma can be found in Appendix and .
In a recent paper[12], the authors showed that typicality arguments can be fruitfully applied to the Hilbert
space of the spin-network states. In this context, typicality provides a remarkable tool to study the local behaviour of a quantum geometry, in a fully kinematic approach, hence consistently with the general covariant nature of the spin-network description.
In this letter we propose a radical shift of setting
where the role of “system” and “bath” is played by
the boundary and bulk degrees of freedom of a generic
ball of 3D quantum space. We prove that, whenever
the Hilbert space of the boundary is much smaller than
the bulk space, the reduced state of the boundary is
always a thermal state, regardless what is the specific
pure state of the whole region. In a series of recent
works, such thermal states of the boundary have been
interpreted as the pre-geometric equivalent of black
hole configurations[13–15]. Our general argument then
comes in strong support to this vision, suggesting an
information-theoretical origin for such proto-black-hole
states.

There is more. We find that the typical character of such thermal state of the boundary is regulated
by a threshold condition which reproduces, at the pregeometric level, the famous threshold mechanism of
Thorne’s Hoop Conjecture [16, 17]. We are then led to
read this behaviour as an indirect proof of the Hoop Conjecture, in a purely quantum information-theoretic fashion.

A 3-BALL OF QUANTUM SPACE

In many background-independent approaches to
quantum gravity, Loop Quantum Gravity[18–20],
Spinfoams[21], Group Field Theory[22], the microscopic
quantum structure of space-time is described by purely
combinatorial and algebraic variables, in terms of nongeometric structures realised by spin-networks[23–28].
They are generic graphs Γ, made by vertices (or nodes)
v which are connected by edges e. The edges are
coloured with irreducible representations of the local
gauge group of the theory. In this case the Lorentz
group, gauge-fixed to SU(2). Therefore to each e ∈ Γ one
associates an SU (2) irreducible representation (irrep)
labelled by a half-integer je ∈ N/2 called spin. The
representation (Hilbert) space is denoted Vje and has
dimension dje = 2je + 1. To each node of the graph v one
attaches an intertwiner iv . This is an SU (2)-invariant
map between the representation spaces Vje associated to
all the edges e meeting at the vertex v,
iv : ⊗e∈v Vje → V0

(1)

In other words, iv is an invariant tensor, or a singlet
state, between the representations attached to all the
edges linked to the considered vertex. Once the je ’s are
fixed, the intertwiners atN
the vertex v actually form a
Hilbert space Hv ≡ Intv [ e Vje ]. A spin network state
|Γ, {je }, {iv }i is defined then as the assignment of rep-
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resentation labels {je } to each edge and the choice of a
vector |{iv }i ∈ ⊗v Hv for the vertices.
Therefore, for a given graph Γ, upon choosing a basis of intertwiners for every assignment of representations je , the spin networks provide a basis for the space
of square-integrable wave-functional, endowed with the
natural scalar product induced by the Haar measure on
SU (2)
MO
HΓ = L2 [SU (2)E /SU (2)V ] =
Hv .
(2)
{je }

v

From a geometrical point of view, given a cellular
decomposition of a three-dimensional manifold, a spinnetwork graph with a node in each cell and edges connecting nodes in neighbouring cells is said to be dual to
this cellular decomposition. Therefore, each edge of the
graph is dual to a surface patch intersecting the edge and
the area of such patch is proportional to the representation je . Analogously, vertices of a spin network can be
dually thought of as chunks of volume (see [29] for the
geometric interpretation of spin-networks states as collection of polyhedra). See Figure (1) for an example.
a)

the gauge-invariant space defined on a different graph
FR . Such graph consists of a single vertex intertwining
the external edges of ΓR together with a certain number
of loops L which depends on the internal structure of
ΓR . The number of loops is L = ER − VR + 1, where VR
and ER are, respectively, the number of nodes and edges
inside ΓR . If L = 0 there are no loops and ΓR has trivial
topology. Such graph is usually called Flower graph 1
Such gauge reduction isomorphism does not produce any
coarse graining, nevertheless the correspondence between
the original graph and its flower is many-to-one, due to
the fact that the procedure discards the combinatorial
information about the internal subgraph. An example is
given in Figure (2)–(a-c).
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Figure 1. A generic 4-valent closed spin network graph. b)
Geometric interpretation of a single node as chunk of space.
The links are dual to patches of surface whose area is proportional to the spin ji . A node is dual to a chunk of space, with
the shape of a polyhedron with a number of faces equal to the
number of links around the node.

In particular, a bounded region R, dual to a subregion
of a generic spin network graph Γ, includes a finite set of
vertices (VR ) and the edges connecting them (ER ). We
define a boundary ∂R as the set of edges which have only
one end vertex laying in R. Their number is called E.
Consistently, bulk edges are paths connecting vertices in
R. We can picture R as a 3-ball and ∂R as its boundary
2-sphere punctured by the boundary edges.
Thanks to the gauge invariance at each node inside R, we can gauge-fix this space and simplify the
structure of bulk, without loosing any information
[14, 15, 30, 31]. Remarkably, the gauge-invariant Hilbert
space associated the original graph ΓR is isomorphic to
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Figure 2. a) Simple example of open graph reduced to a
single intertwiner with two petals and three edges (c). b)
One (out of six different) way to chose the set of holonomies
comprising the maximal tree T . d) Graphic representation of
the unfolding of the single vertex graph, with virtual link in
red.

The Hilbert space of FR provides us with the most
synthetic description for a region of quantum space with
non-trivial internal degrees of freedom.

SEPARATING BOUNDARY AND BULK

In order to make our argument transparent we consider
a simplifed set-up by working with graphs with fixed spin
representations j0 . This means that the gauge-invariant
Hilbert space of our idealised 3-ball region is given by

1

To be precise, a flower graph is usually one that has only loops
(the petals of a flower). However, we will use this convenient
nomenclature to indicate a more generic graph with a certain
number of loops and of external legs (the stems of a flower).

3
TYPICALITY OF THE BOUNDARY

HFR

h
i
⊗(E+2L)
= InvSU (2) Vj0

(3)

Within FR we identify the boundary and bulk degrees
of freedom of the 3-ball respectively with open edges and
internal loops. The separation is motivated by the different geometric information they carry. Loops are due to
the presence of topological defects of the graph and carry
localised “curvature excitations” at the vertices [14, 15].
On the other hand, the irreps carried by the open edges
are dual to patches of the boundary surface.
Starting from such separation of degrees of freedom,
we can think of HFR as a bipartite quantum mechanical
system, with boundary and bulk subspaces weakly coupled by the constraint of SU (2) gauge invariance at the
vertex. In these terms our constrained space HFR can be
seen as embedded in a tensor product space
HFR ⊆ H ≡ H∂R ⊗ HR ,

(4)

where we define the (unconstrained) boundary and bulk
Hilbert spaces, respectively, as

As far as an observer external to the region R is
concerned, the geometry of the region R is described
by the information measured on the boundary of such
region ∂R. Such information is given by the reduced
density matrix obtained by taking the partial trace
of the whole state |ϕΓR ihϕΓR | over the non-trivial
holonomies around the loops (bulk degrees of freedom)
ρ∂R ≡ TrL [|ϕΓR ihϕΓR |].
Starting from the description of a region of quantum
space given before, we focus on the state of the boundary.
Using the typicality tools (summarised in Appendix ) we
prove that whenever the dimension of the bulk Hilbert
space exceeds the dimension of the boundary space, the
reduced boundary state is always extremely close to the
canonical state on the boundary Ω∂R , regardless what is
the global state of the whole region.
The canonical state of the boundary Ω∂R is defined in
the following way. First we need IFR , the microcanonical
state over HFR :
IFR ≡

.
HR ≡ Vj⊗2L
0

H∂R ≡ Vj⊗E
0

(5)

The coupling induced by the request of gauge invariance translates into correlations between boundary and
bulk.
Within HFR , a consistent reorganisation of boundary
and bulk degrees of freedom is realised by considering the
unfolding of the single vertex flower graph in a graph with
two vertices, recoupling edges and loops irreps, linked by
a virtual edge. An example is given in Figure (2)–(d) and
it corresponds to the following re-writing of the gaugeinvariant space

HFR =

M

(k)

(k)

HE ⊗ H L

dFR

1FR =

1
dFR

PFR ,

(7)

where PFR projects the states defined on H∂R ⊗ HR onto
the SU (2) gauge invariant subspace HFR , while dFR =
j0 E+2L
d0
is the trace of PFR . Ω∂R is the partial trace of
IFR over the bulk degrees of freedom:
Ω∂R ≡ TrL IFR

(8)

The quantity which we are interested in is the tracedistance[32, 33] between a generic reduced state ρ∂R and
Ω∂R : D(ρ∂R , Ω∂R ). Using the prescription developed
in [4, 5] and summarised in Appendix , it is possible
to show that its average over the global Hilbert space
E [D(ρ∂R , Ω∂R )] satisfies
d∂R
0 ≤ E [D(ρ∂R , Ω∂R )] ≤ p
dFR

(6)

k

where k runs over the irreps of the virtual link. More(k)
(E)
(k)
(L)
over, HE = Vk ·DkE and HL = Vk ·Dk2L and DkE ,Dk2L
counts the degeneracies of the space Vk in the boundary and in the bulk recoupling. The details of the way
in which such decomposition is done can be found in
the supplementary material, along with the information
(k)
(k)
about the dimensions of HE and HL . Here we only
need to fix the notation.
If we write a generic decompoL
sition as ⊗n Vj = k Vk j Fkn , we call j dnk ≡ dim j Fkn . All
the dimensions needed in this paper can be written using j dnk . More details can be found in the supplementary
material.

1

(9)

Moreover, it can be proven that the fraction of states
which are  > 0 away from this average is incredibly small
Vol [φ ∈ HFR | D(ρ∂R (φ), Ω∂R ) ≥ η]
≤ η0
Vol [φ ∈ HFR ]

(10)

where


2
2
η = 4 Exp − 3 dFR ε
9π
0

η <ε+

1 d∂R
p
,
2 dFR

(11)

Therefore, whenever the right-hand side of Eq.(9) is
much smaller than one, it will be concretely impossible to
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distinguish the actual reduced state ρ∂R from Ω∂R . The
goal is then to evaluate this bound and find the regime
where the distance is effectively pushed to zero.
Evaluation of the bound

constrained space given in Eq.(6), a convenient basis in
either of the two subspaces is labeled by three numbers,
respectively |k, m, ak i and |k, m, bk i, with ak , bk running
over the degeneracy of the irrep Vk at fixed value of k[12,
14].
A basis for the single intertwiner space is then written
as

Building on the technical results derived in [14, 15],
we work in the regime E, 2L  1, which goes along with
our statistical approach. Using the expression derived in
[14, 15] we obtain
E
d
p ∂R ∼ (2j0 + 1) 2 −L [(j0 (j0 + 1))(E + 2L)]3/4 (12)
dFR

The details can be found in the supplementary material. This quantity has a leading exponential behaviour,
both in the number of external edges and in the number
of loops over which we trace. The exponent becomes negative as soon as E < 2L. Such fast decay is present for
any choice of j0 , even far from the “semiclassical regime”
j0  1. For example in the smallest case j0 = 12 we have
E
d
√ E ∼ 2 2 −L
dR

 3/4
3
[(E + 2L)]3/4
4

(13)

This is not exactly a threshold behaviour but it is a fast
exponential decay, which becomes faster as we approach
the semiclassical regime j0  1. In that regime the exponential decay of E [D(ρE (ϕ), ΩE )] to zero approaches
precisely a threshold behaviour, regulated by the condition
E < 2L

k
X
(−1)k−m
√
|k, −m, ak iE ⊗ |k, m, bk iL
|k, ak , bk i =
dk
m=−k

(15)
with dk = (2k + 1).2
Each basis state can be represented as a tensor product
state on three subspaces (bi-orthogonal Schmidt decomposition [34]),
|k, ak , bk i ≡ |kiV (E) ⊗V (L) ⊗ |ak iDkE ⊗ |bk iDkL

where k runs over the global angular momentum of the
boundary and of the bulk, which have to be equal; |ak i
labels a basis vector of DkE and |bk i labels a basis vector
of Dk2L .
The microcanonical state on the intertwiner space is
given by the normalised density matrix, which can be
written in the basis {|k, ak , bk i}
IFR =

1
dFR

X

|k, ak , bk i hk, ak , bk | .

(17)

k,ak ,bk

Thanks to the specific basis chosen, the computation of
the canonical state is straightforward. The partial trace
of IFR is easily computed:

(14)

Will will discuss the physical meaning of this condition
in the final section. For the time being, we note that the
left-hand side is proportional to the total area while the
right-hand side is proportional to the curvature excitations carried by the internal loops. Intuitively speaking,
since the trace of the loop holonomy is the curvature
around a path, in the semiclassical limit an increase in
the number of internal loops corresponds to an increase
of the gravitational energy density within the bounded
R region dual to ΓR . Therefore the condition (14) can
be loosely interpreted as an inequality relating the area
of a closed surface with the gravitational energy density
inside. This suggests a connection with the inequality in
the Hoop Conjecture.

(16)

k

k

Ω∂R = TrL [IFR ] =

X

j0 (2L)
dk

k

dFR (2k + 1)

1VkE ⊗ 1DkE (18)

where 1VkE and 1DkE are, respectively, the identity over
VkE and DkE .

Behaviour of the canonical coefficient
j0 (2L)
d

k
Now we study the canonical coefficient WkE ≡ dR (2k+1)
in order to understand what is the predicted behaviour
in the thermodynamic regime, which is 2L  E  1.
Using the expression given in [14, 15] we obtain

THE TYPICAL BOUNDARY STATE
2

We now focus on the explicit form of the typical state
of the boundary. Starting from the decomposition of the

Notice that in the chosen basis in (15), the flower graph can be
represented as a bivalent intertwiner, where the dependence on
the spins {jE }, {jl } is hidden in the re-coupled spin label k.
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WkE

3/2 


k+1
E
∼ (2j0 + 1)−E 1 +
2L
2k + 1

2Lk

state of the boundary is always a microcanonical thermal
state and its entropy is proportional to the area.
(19)

E
It is interesting

 to see that Wk depends on k only
k+1
through 2k+1
∈ [ 12 , 1]. This is a very mild dependence
and as k increases it fades away.
Eq.(19) holds in the regime 2L  k. However, k ∈
[0, kmax ] where kmax = j0 min(E, 2L) = j0 E. Therefore
there are two cases: j0 ∼ 1 and j0  1. In the first
case kmax = j0 E ∼ E  2L, hence (19) holds for any
possible k. In the second case j0 E might be larger than
2L and the expansion in Eq.(19) does not hold for all the
k. In this last case, we check the asymptotic behaviour
of kmax , which was studied in [14, 15]. It was shown that
√
(2j0 +1)2L
and the
in L  1, kmax ∼ 2L and j0 d2L
kmax ∼
2L
proportionality coefficient depends on j0 . Therefore for
k ∼ kmax we have


3/2
E
WkEmax ∼ (2j0 + 1)−E [j0 (j0 + 1)]3/2 1 +
(20)
2L
This confirms what we obtained before: the canonical
coefficient WkE depends in an extremely weak way on
the topological defect k. Therefore Ω∂R is essentially a
completely mixed state of the boundary. This picture
can indeed be checked by computing the von Neumann
entropy SvN (ΩE ) = −TrΩE log ΩE :

SvN (ΩE ) ' E log(2j0 + 1) −



3
E
log 1 +
2
2L

(21)

where E log(2j0 + 1) = log d∂R is the maximum allowed entropy. This confirms that Ω∂R is almost a microcanonical state, with an entropy proportional to its
area A = j0 E:


log (2j0 + 1) 3
E
S(Ω∂R ) ' A
− log 1 +
j0
2
2L

(22)

SUMMARY AND DISCUSSION

In this letter we study the properties of the boundary
∂R of a region R of 3D quantum space. We exploited
the gauge invariant spin-network formalism to provide
a synthetic description of R in terms of a flower graph
FR . In this picture, the boundary degrees of freedom are
living on the external edges E while the bulk degrees of
freedom live on the internal loops L. By exploiting the socalled “typicality approach” we proved that, regardless
what is the state of the whole system, if the number
of internal loops exceed a certain threshold 2L > E the

Despite its simplicity, the proposed model has an intriguing physical interpretation. The density matrix ρ∂R
of the boundary describes the state seen by a generic
observer sitting outside the region. Such reduced state
is mixed and it is not gauge invariant, as tracing over
the loops holonomies necessarily breaks the closure constraint. The resulting closure defect encodes the non trivial topological defect carried by the loops in ΓR .
The presence of a closure defect implies that there is
no convex piecewise flat polyhedron dual to the coarse
intertwiner at the vertex. A dual convex polyhedron may
exist only if embedded in a (homogeneous) curved space,
the curvature radius depending on the value of the closure
defect [14, 15, 30, 31].
As far as our virtual external observer is concerned
then, a generic quantum region of space with non-trivial
internal structure is defined by a mixed quantum state
and described as a curved surface.
Interestingly, the relation between the value of the
closure defect and the curvature radius of the convex
polyhedron dual to the vertex can be interpreted as a
measure of the gravitational energy localised within the
subgraph structure [14, 15]. Intuitively, an increase in
the number of internal loops corresponds to an increase
of the gravitational energy density inside R. This would
then correspond to an increase of the boundary surface
curvature.
At the classical level, General Relativity predicts the
increase of the gravitational energy density of a region
of space to be bounded by a threshold mechanism,
responsible for the gravitational collapse which leads to
the formation of a black hole. The black hole collapse
is a universal phenomenon: it is scale invariant and
valid for all masses, due to the equivalence principle.
However, this behaviour is expected to be spoiled by
quantum effects, as a black hole’s mass smaller than its
own Compton length would not exhibit the black hole
hallmark, the event horizon.
The present work shows that something similar happens at a pre-geometric level. When the number of internal loops exceed a certain threshold, the amount of information that we can retrieve from the boundary state
vanishes. The only thing we can read-off is the sum of
the spins, which is the total area of the region.
This vision is further supported by the explicit form of
the threshold condition, 2L > E, which reproduces the
inequality at the root of Thorne’s famous “Hoop conjecture” : an horizon will form if and only if a mass M
gets compressed into a region with circumference in any
direction C proportional to its mass

6

C ≤ CHC

CHC ∼ M

(23)

in units G = c = 1.
In our information theoretic setting, when the information stored in the internal region is too much with respect to a limited set of boundary edges, this information
can not be transmitted outside the region. This suggests
an interpretation of this mechanism as an informationtheoretic collapse, which does not rely on any causal geometric structure, but only on the entanglement induced
by the gauge invariance on the Hilbert space of the graph.
Due to its extreme generality, such statistical relation
between boundary and bulk degrees of freedom may reveal interesting realisations in the tensor network analysis of the holographic geometry/entanglement correspondence [35–37], as well as in general context of complex
networks [38, 39].

In this setting, given an arbitrary pure state of the
universe satisfying the constraint R, i.e. |φi ∈ HR , the
reduced state ρS (φ) ≡ TrE [|φi hφ|] will almost always be
very close to the canonical state ΩS .
Concretely, such a behaviour can be stated as a theorem [4], showing that for an arbitrary ε > 0, the distance
between the reduced density matrix of the system ρS (φ)
and the canonical state ΩS is given probabilistically by
Vol [φ ∈ HR | D(ρS (φ), ΩS ) ≥ η]
≤ η0
Vol [φ ∈ HR ]
where the trace-distance D is a metric
the density matrices [32, 33], while


2
η = 4 Exp − 3 dR ε2
9π
0

3

(26)

on the space of

1
η =ε+
2

s

dS
,
deff
E

(27)

with the effective dimension of the environment defined
as
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Typicality

deff
E ≡

1
d
h
i ≥ R.
2
dS
TrE (TrS IR )

(28)

The bound in (26) states that the fraction of the volume of the states which are far away from the canonical
state ΩS more than η decreases exponentially with the
dimension of the “allowed Hilbert space” dR = dimHR

q 2
S
. This means that, as the
and with ε2 = η − 12 ddeff
E

In this appendix we give a brief summary of the result
achieved in [4]. Suppose we have a generic closed system,
which we call “universe”, and a bipartition into “small
system” S and “large environment” E. The universe is
assumed to be in a pure state. We also assume that it is
subject to a completely arbitrary global constraint R. For
example, in the standard context of statistical mechanics
it can be the fixed energy constraint. Such constraint is
concretely imposed by restricting the allowed states to
the subspace HR of the states of the total Hilbert space
HU which satisfy the constraint R:
HR ⊆ HU = HE ⊗ HS .

(24)

HS and HE are the Hilbert spaces of the system and
environment, with dimensions dS and dE , respectively.
We also need the definition of the canonical state of the
system ΩS , obtained by tracing out the environment from
the microcanonical (maximally mixed) state IR
ΩS ≡ TrE [IR ]

IR ≡

1R
dR

(25)

where 1R is the projector on HR , and dR = dim HR .
This corresponds to assigning a priori equal probabilities to all states of the universe consistent with the constraints R.

dimension of the Hilbert space dR grows, a huge fraction
of states gets concentrated around the canonical state.
The proof of the result relies on the concentration
of measure phenomenon. The key tool to prove this
result is the Levy lemma, which we briefly report for
completeness in Appendix .

Levy’s lemma

In order to better understand typicality it is useful to
look at its most important step, which is the so-called
Levy-lemma. Take an hypersphere in d dimensions S d ,
with surface area V . Any function f of the point which
does not vary too much
f : S d 3 φ → f (φ) ∈ R

|∇f | ≤ 1

will have the property that its value on a randomly
chosen point φ will approximately be close to the mean

3

We use the definition D(ρ1 , ρ2 ) =

1
2

p
(ρ1 − ρ2 )† (ρ1 − ρ2 ).
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value.




Vol φ ∈ S d : f (φ) − hf i ≥ 
d+1 2

≤
4
Exp
−
Vol [φ ∈ S d ]
9π 3


Where Vol φ ∈ S d : f (φ) − hf i ≥  stands for “the
volume of states φ such that f (φ) − hf i ≥ ”. hf i is
the average of the function
f over the whole Hilbert

space and Vol φ ∈ S d is the total volume of the Hilbert
space. Integrals over the Hilbert space are performed
using the unique unitarily invariant Haar measure.
The Levy lemma is essentially needed to conclude that
all but an exponentially small fraction of all states are
quite close to the canonical state. This is a very specific
manifestation of a general phenomenon called “concentration of measure”, which occurs in high-dimensional
statistical spaces [11].
The effect of such result is that we can re-think
about the “a priori equal probability” principle as an
“apparently equal probability” stating that: as far as
a small system is concerned almost every state of the
universe seems similar to its average state, which is the
maximally mixed state ER = d1R 1R .
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