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ABSTRACT
Slow feature analysis is used to extract driving forces from the monthly mean anomaly time series of the
precipitation in the southwestern United States (1895–2015). Four major spectral scales pass the 95% confidence test after wavelet analysis of the derived driving forces. Further harmonic analysis indicates that only two
fundamental frequencies are dominant in the spectral domain. The frequencies represent the influence of the
Pacific decadal oscillation (PDO) and solar activity on the precipitation from the southwestern United States. In
addition, solar activity has exerted a greater effect than the PDO on the precipitation in the southwestern
United States over the past 120 years. By comparing the trend of droughts with the two fundamental frequencies, it is found that both the droughts in the 1900s and in the twenty-first century were affected by the PDO
and solar activity, whereas the droughts from the 1950s to the 1970s were mainly affected by solar activity.

1. Introduction
Instrumental records and paleoclimatic evidence show
that the southwestern United States has suffered from
several severe droughts in recent years (Cook et al. 2011,
2013, 2014, 2016; Cook et al. 1999, 2004, 2007, 2010;
Woodhouse et al. 2010; Touchan et al. 2011; Fawcett et al.
2011; Oglesby et al. 2012; Chylek et al. 2014). Therefore,
studies of the causes of the droughts are important. Previous studies analyzed the reasons for droughts in the
southwestern United States by using statistical methods
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(correlation and regression analyses) and numerical
modeling experiments (Cook et al. 2011, 2013, 2016).
Recent research suggests that these droughts are related
to El Niño–Southern Oscillation (Douglas and Englehart
1981; Kiladis and Diaz 1989; Touchan et al. 2011), the
Pacific decadal oscillation (PDO; Mantua et al. 1997;
Gershunov and Barnett 1998; Oglesby et al. 2012; Chylek
et al. 2014), the Atlantic multidecadal oscillation (Enfield
et al. 2001; McCabe et al. 2004; Curtis 2008; Feng et al.
2011; Chylek et al. 2014), and land surface forcing (Cook
et al. 2013, 2014). However, uncertainties in the physical,
chemical, and biological processes remain in the model
simulations, making them unable to describe the real
world sufficiently. For statistical methods, correlation
does not mean causality, and correlation analysis alone
cannot confirm whether causality exists. However, it is
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noteworthy that, in recent years, physics and economics
studies have increasingly focused on the development of
techniques to reconstruct driving forces based on nonlinear and nonstationary dynamics (Eckmann et al. 1987;
Casdagli 1997; Verdes et al. 2001; Wiskott 2003). 1) The
earliest method to estimate driving forces for systems
with unknown dynamics dates back to recurrence plots
(Eckmann et al. 1987; Casdagli 1997). Although partial
information about driving forces can be obtained, their
character can only be depicted approximately by recurrence plots. 2) Another relatively accurate method is
based on cross-prediction errors from two intervals of a
time series (Verdes et al. 2001). The prediction error is
calculated by a radial basis function network for predicting the overlapping intervals of the time series.
However, the performance of the technique depends
heavily on the number of samples that do not overlap
between two consecutive intervals. Thus, it cannot be
applied to steady or relatively stationary time series. 3)
To solve the deficiencies of the methods, Wiskott (2003)
developed slow feature analysis (SFA), which originated
in the field of theoretical neurobiology, to evaluate the
driving forces of a nonstationary time series. Konen
(2009) modified SFA based on singular value decomposition. The method works for slowly and rarely
varying driving forces and is fairly robust to noise.
These three methods reconstruct driving forces directly from the observation data, and they do not need a
mathematical model to describe unknown dynamical
systems. Therefore, the results of these methods could
avoid discrepancies owing to the uncertainty of models.
Recently, Yang et al. (2016) successfully applied SFA to
analyze the causality of global warming. Wang et al.
(2016) derived the driving force from ozone data by using
SFA. Their results show that SFA is a powerful tool for
analyzing causality within the climate system. However, to
the best of our knowledge, the cause of the change in
precipitation has not been investigated by SFA.
In this paper, the driving forces of the precipitation time
series from January 1895 to December 2015 in the southwestern United States are retrieved by SFA. In addition,
wavelet analysis is also used for the time-scale structure
analysis of the derived driving forces. In section 2, we briefly
describe the data source and the principles of SFA. Moreover, the accuracy of the SFA algorithm is tested by using
idealized experiments. The results are presented in section
3. Finally, the results are discussed in section 4.

2. Methodology and data
a. Methodology
In this study, the SFA method is used to extract driving
forces from a quickly varying time series. The details of
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FIG. 1. (a) Time series generated by the logistic map; (b) curves
of the normalized true and reconstructed driving forces, denoted
by black and red lines, respectively.

SFA have been discussed by Wiskott (2003), Konen
(2009), Yang et al. (2016), and Wang et al. (2016). A
brief description of some of the steps of SFA is given
as follows. First, a given time series fx(t)gt5t1 ,...,tn is considered, where t is time and n is the length of the time
series. Then fx(t)gt5t1 ,...,tn is embedded into m-dimensional
state space X(t) 5 fx1 (t), x2 (t), . . . , xm (t)gt1 ,...,tN , with
N 5 n 2 m 1 1. Then, second-order polynomials are
used to generate a K-dimensional function state
space: H(t)5fx1 (t), . . . , xm (t); x21 (t), . . . , x1 (t)xm (t); ⋯ ;
x2m21 (t), xm21 (t)xm (t); x2m (t)gt5t1 , ..., tN . For simplification,
H(t) 5 fh1 (t), h2 (t), . . . , hK (t)gt5t1 ,...,tN is rewritten as
K 5 m 1 m(m 1 1)/2. The term H(t) is unified to
a sphere to construct coordinate components
H0 (t) 5 fh01 (t), h02 (t), . . . , h0K (t)gt5t1 ,...,tN with unit covariance h0j h0 Tj 5 1 and zero mean h0j 5 0, where h0j (t) 5
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K
[hj (t) 2 hj ]/S and S 5 K21 åj51 [hj (t) 2 h]2 . Next, H0 (t)
is orthogonalized into Z(t) 5fz1 (t), z2 (t), . . . , zK (t)gt5t1 , ... ,tN
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FIG. 3. Real part of the wavelet transform coefficient for the
reconstruction of the driving force extracted from the monthly
mean precipitation anomaly in the southwestern United States.

experiment, 5000 time series st are used (Fig. 1a). The
driving force ut is extracted from st by SFA with the
embedding dimension m 5 13. The original and reconstructed forces are normalized; thus, both forces are
between 0 and 1. Figure 1b compares the original and
reconstructed forces. The correlation coefficient is 0.997
between the original and reconstructed forces, demonstrating that SFA can produce highly accurate results.

b. Data
FIG. 2. (a) Monthly precipitation anomaly (in.; 1 in. ’ 2.54 cm)
time series (gray line) with the seasonal cycle removed and 5-yr
moving average (black line) in the southwestern United States.
(b) Normalized driving force generated by SFA when m 5 13
(red line).

by the Schmidt algorithm before calculating the
T
time-derivative K 3 K covariance matrix B 5 Z_ Z_
_ 5 fz_ 1 (t), z_ 2 (t), . . . , z_ K (t)g
with Z(t)
t5t1 ,. ..,tN , where its
eigenvalues are l1 # l2 # . . . #lK and the corresponding eigenvectors are W1 , . . . , WK . Using W1 , the
driving force can be written as y1 (t) 5 W1  Z(t). In addition, Wiskott (2003) and Konen (2009) show that
driving force y1 (t) reconstructed from SFA is robust
despite the variation in embedding dimension m.
Next, an experiment with time series st from a logistic
map is shown, which is a classical theory model, to demonstrate the properties of the SFA algorithm. The timevarying logistic map is st11 5 ut st (1 2 st ), where st is the
time series and ut is the driving force. A variation given by
ut 5 C cos(2pt/T1 ) exp(2t/T2 ) 1 B is considered, where
C 5 0.1, B 5 3.9, T1 5 1600, and T2 5 2000. In the

The data for the precipitation records of the southwestern United States are provided by the National
Oceanic and Atmospheric Administration (NOAA)/
National Climatic Data Center (http://www.ncdc.noaa.
gov/cag/time-series/us). The data consist of 1440 months
covering January 1895–December 2015. For convenience,
the southwestern United States is considered as a region
composed of Arizona, Colorado, New Mexico, and Utah.
Figure 2a shows the monthly mean precipitation anomaly
time series (gray line) and its 5-yr moving average (black
line). The precipitation in the southwestern United States
has experienced several major fluctuations in the past
120 years with major droughts in the 1900s, from the 1950s
to the 1970s, and at the beginning of the twenty-first
century indicated by the green ellipses in Fig. 2a.

3. Results
The driving force extracted from the monthly mean
precipitation anomaly in the southwestern United States
is presented in Fig. 2b. The red line (Fig. 2b) demonstrates
the normalized driving force reconstructed by SFA with
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FIG. 4. Time-averaged power spectrum for the reconstruction of
the driving force extracted from the monthly mean precipitation
anomaly in the southwestern United States. The blue dashed line
represents the 95% confidence test. The red (blue) points represent
the max (min) values of the time-averaged power spectrum. S1–S6
represent the driving-force spectra.

the embedding dimension m 5 13, which represents a time
resolution of approximately 1 year for the driving force.
Several strong peaks in the driving force occur in accordance with the monthly precipitation anomaly. The
wavelet analysis approach is used (Gollub and Benson
1980; Zhong and Yang 1986) to investigate the variable
characteristics of the driving force. Figure 3 shows the
local wavelet power spectrum (Morlet wavelet) of the
normalized driving force to reveal the time-scale structure
of the driving force, as well as its variations in period and
amplitude. The dominating spectral scales are around 7,
11, 18, 36, 55, and 85 yr, which correspond to the maximum energy at each band. As shown in Fig. 4, the driving
force mainly consists of six spectral bands, which are
denoted as Sk (k 5 1, . . . , 6).
Table 1 shows the major parameters of each component, where Lk and fk (k 5 1, . . . , 6) represent the period
and frequency of each spectral peak, respectively. Only
L1, L2, L5, and L6 pass the confidence test (95% level),
as shown by values exceeding the blue dashed line in
Fig. 4. The following results are notable: (i) The significant

VOLUME 30

periods, L1, L2, L5, and L6, are 85.3, 55.3, 11.4, and 6.9 yr,
respectively. (ii) The other four components are in harmonic relationship with f2 and f5 (Table 1). (iii) The ratio
f5/f2 ’ 4.845 304 can be considered as an irrational number, suggesting that f2 and f5 are two independent frequencies. Consequently, f1, f3, f4, and f6 are assumed to be
harmonic components generated by the nonlinear interaction between f2 and f5. (iv) The independent periods
L2 and L5 suggest connections to a well-known oceanic
oscillation and to solar activity, respectively. The period
L5 coincides with solar activity, whereas L2 is a period
close to the cycle of the PDO that characterizes the variability of the North Pacific sea surface temperature on
decadal time scales, with a large period band from 50 to
70 yr (Minobe 1999; Wu and Liu 2003).
To investigate how these two fundamental frequencies
have influenced the precipitation in the southwestern
United States during the past 120 years, the filtered signals (black line) and the respective negative values (red
line) are illustrated in Fig. 5. (i) The amplitudes of these
filtered signals always change with time, which suggests
that the energy of the PDO and the cycle of solar activity
acting on the precipitation vary with time. (ii) The amplitude of the filtered signals of solar activity is larger than
the PDO. Therefore, solar activity has exerted a greater
influence than the PDO on the precipitation in the
southwestern United States over the past 120 years. (iii) In
general, the slopes (Fig. 5a) of the green (k1 5 8.12 3 1025)
and purple lines (k3 5 21.66 3 1024) are larger than the
slope of the smooth blue line (k2 5 2.43 3 1025). This
indicates that the amplitude S2 gradually increases from
1920 to 1950, remains steady from 1950 to 1980, and decreases remarkably after 1980. Hence, under the influence
of the PDO, the precipitation increased from 1920 to 1950,
remained unchanged or slightly increased until 1980, and
rapidly decreased after the 1980s. (iv) Under the influence
of the cycle of solar activity (Fig. 5b), the precipitation in
the southwestern United States increased from the 1900s,
then decreased substantially after the 1940s. It was not
until 1964 that precipitation increased until it dropped
again after the 1990s.
Further insight into the causal relationship between
precipitation and its driving forces is obtained from the

TABLE 1. Period and frequency of the driving force and relationship between each spectral band.
Spectrum

Band

Period (yr)

Frequency (yr21)

Relationship

S1
S2
S3
S4
S5
S6

65.9 and higher
42.7–65.8
23.3–42.6
16.5–23.2
9.8–16.4
0–9.7

L1 5 85.3
L2 5 55.3
L3 5 35.9
L4 5 18
L5 5 11.4
L6 5 6.9

f1 5 0.0117
f2 5 0.0181
f3 5 0.0279
f4 5 0.0556
f5 5 0.0877
f6 5 0.1449

6f1 ’ f5 2 f2(0.0006)
Basic frequency
5f3 ’ 2( f5 2 f2)(0.0003)
5f4 ’ 4( f5 2 f2)(0.0004)
Basic frequency
f6 ’ 8f2(0.0001)

1 JULY 2017

4895

ZHANG ET AL.

FIG. 5. Bandpass filters for the reconstruction of the driving force
extracted from the monthly mean precipitation anomaly in the
southwestern United States: (a) S2 and (b) S5. The black (red) line
is the original (negative) value of the filtered signals.

5-yr moving average of the monthly mean precipitation
anomaly time series (black line in Fig. 2a). (i) The major
droughts in the southwestern United States were in the
early 1900s, from the 1950s to the 1970s, and at the beginning of the twenty-first century. (ii) Comparing the
drought trend with the above 2 degrees of freedom in the
driving forces, the droughts in the 1900s and at the beginning of the twenty-first century were affected by both
the PDO and solar activity. However, the PDO had a
weak relationship with the droughts occurring from the
1950s to the 1970s, which were mainly affected by solar
activity.

4. Discussion and conclusions
SFA was used to extract the driving forces behind the
monthly precipitation anomaly time series in the

southwestern United States, and their scale structure
was interpreted based on wavelet analysis. The following results were obtained: (i) The driving force
consists of six main spectral bands; four of them pass
the 95% confidence level and correspond to periods of
6.9, 11.4, 55.3, and 85.3 yr. (ii) Further analysis shows
that there are only 2 degrees of freedom, which represent the cycle of solar activity and the PDO. The
amplitudes of the filtered signals of the two fundamental frequencies change with time, which further
indicates that the energy of both forces acting on precipitation varies over time. (iii) The solar activity
exerted a greater influence over the precipitation in the
southwestern United States than the PDO over the past
120 years. (iv) The droughts in the 1900s and at the
beginning of the twenty-first century were affected by
both the PDO and solar activity. However, the
droughts occurring from the 1950s to the 1970s were
mainly affected by solar activity.
In general, SFA provides another approach to investigate and solve the problem of driving forces in the
climate system and avoids discrepancies in the understanding of physical processes among scientists. The
method is completely different from climate models but
functions in parallel with them. Therefore, research on
driving forces extracted from time series may have
broad applications. Finally, the advantage of the SFA
analysis is that it avoids disputes about model uncertainty, although its disadvantage is that it does not
provide the underlying physical mechanism. Therefore,
more climate model experiments are required to understand the physical mechanisms on how the cycle of
solar activity and the PDO affect the precipitation variability in the southwestern United States.
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