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Abstract. We present a detailed investigation of the dynamical behavior of mimetic gravity
with a general potential for the mimetic scalar field. Performing a phase-space and stability
analysis, we show that the scenario at hand can successfully describe the thermal history
of the universe, namely the successive sequence of radiation, matter, and dark-energy eras.
Additionally, at late times the universe can either approach a de Sitter solution, or a scaling
accelerated attractor where the dark-matter and dark-energy density parameters are of the
same order, thus offering an alleviation of the cosmic coincidence problem. Applying our general analysis to various specific potential choices, including the power-law and the exponential
ones, we show that mimetic gravity can be brought into good agreement with the observed
behavior of the universe. Moreover, with an inverse square potential we find that mimetic
gravity offers an appealing unified cosmological scenario where both dark energy and dark
matter are characterized by a single scalar field, and where the cosmic coincidence problem
is alleviated.
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1

Introduction

The dark universe picture, astonishingly confirmed by a variety of experiments and surveys in
the past years [1–3], paints a rather peculiar picture of the universe we live in. In particular,
observations indicate that around 25% of the energy budget of the universe corresponds to
the dark matter sector, while around 70% constitutes the dark energy one [4], with both
sectors being relatively unknown for the moment. Concerning dark matter, there have been
numerous attempts to attribute it to specific candidates [5], such as a weakly interacting
massive particle [6], while several theories instead posit the existence of additional particles
and forces beyond those of the Standard Model (e.g. [7–10]).
On the other hand, the description of dark energy is more uncertain, since if it does not
correspond to the simplest choice of a cosmological constant (which nonetheless is problematic
from a theoretical point of view [11, 12]), then there are essentially two ways to explain
it. Firstly, assuming that general relativity correctly describes gravity on both galactic and
cosmological scales, one can attribute dark energy to various fields or exotic matter and energy
components (for reviews see [13, 14]). However, a second intriguing possibility is that general
relativity might not in fact be the correct theory of gravity on all scales, thus paving the road
for the wide plethora of modified gravity theories (for reviews see [15–20]). Modified theories
of gravity are theoretically and observationally appealing, and ever-increasingly sensitive and
precise upcoming surveys provide the exciting possibility of robustly testing these theories
against observational data.
One interesting class of modified gravity is the mimetic gravitational construction, which
has been proposed in 2013 [21] and has received considerable attention since then. In its
original formulation the mimetic theory of gravity can be obtained starting from general
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relativity, by isolating the conformal degree of freedom of gravity in a covariant fashion
through a re-parametrization of the physical metric in terms of an auxiliary metric and a
mimetic field. It is then shown that the resulting gravitational field equations feature an
additional term sourced by the mimetic field, which can be interpreted as the contribution of
a pressureless perfect fluid. It is furthermore shown that, on a Friedmann-Robertson-Walker
(FRW) background, this fluid behaves precisely as a dust component. Thus, the mimetic field
can mimic cold dark matter on cosmological scales, a feature that gave the theory its name.
Several extensions of the basic mimetic gravity have been proposed and studied in detail in the literature (for a review see [22]). The earliest extension proposed, motivated by
possible caustic instabilities, was based on a Proca-like vector field [23]. Motivated instead
by possible ghost instabilities, a mimetic tensor-vector-scalar theory was presented in [24].
Another interesting generalization envisions the addition of a potential V (φ) for the mimetic
scalar field [25]. It was shown that in such a way it is possible to mimic any given cosmological background evolution by a suitable choice of the potential. Other extensions have
been carried out adding higher-order curvature invariants, motivated by the fact that such
terms usually appear in the low-energy effective gravitational action when quantum or stringy
corrections are taken into account. The example par excellence in this sense is mimetic F (R)
gravity [26, 27], where the same procedure leading to mimetic gravity from general relativity
is applied to the F (R) gravitational framework. In the same spirit, other modifications to the
curvature sector of mimetic action have led to different proposed extensions, such as mimetic
f (R, T ) [28], mimetic f (G) [29], mimetic f (R, φ) [30], mimetic covariant Hořava-like gravity [31, 32], mimetic Horndeski gravity [32, 33], mimetic Galileon gravity [34, 35], non-local
mimetic F (R) gravity [36], unimodular-mimetic F (R) gravity [37], and mimetic Born-Infeld
gravity [38, 39]. The impact of higher-derivative terms in the mimetic gravity action was then
studied in [40, 41], as well as in [42–44], and motivated by instability issues in the recent works
[45–49]. Other extensions of mimetic gravity include bi-scalar mimetic models [50], vectortensor mimetic gravity [51], braneworld mimetic gravity [52], and extensions implementing
the limiting curvature hypothesis and hence constructed to resolve cosmological singularity
issues [53, 54]. Finally, models in which the mimetic field is non-minimally coupled to matter [55] and baryon number [56] currents (in the latter case in order to enable baryogenesis)
have been also studied.
Apart from the basic construction of a mimetic model one may analyze the perturbations and the stability of the theory [25, 28, 32, 40–49, 57–62]. Several recent works have
pointed out that mimetic gravity might suffer from ghost instabilities (although not of the
type associated to higher derivative instability, such as the Ostrogradsky ghost), as well as
gradient instabilities, in the scalar and/or tensor sectors [23, 24, 45–49, 58–68]. Although
currently a lack of consensus regarding these issues persists, it is worth pointing out that if
mimetic gravity does indeed suffer from instabilities then there are ways to rescue the theory,
e.g. by directly coupling higher derivatives of the mimetic field to curvature.
Mimetic gravity can have interesting cosmological applications. Numerous works have
investigated in detail the cosmological phenomenology of the above constructions, such as
inflation, late-time acceleration, and unified universe evolution including the intermediate
radiation and matter eras [25–38, 44–57, 69–73]. Additionally, in the above framework one
can study black hole solutions [74–76], compact “stellar” objects which solve the TolmanOppenheimer-Volkoff equations [77], quark and neutron stars [78], wormholes [79], modifications to the local gravitational potential which can potentially explain the flatness of rotation
curves [55, 79], and gravitational focusing of mimetic matter [80]. Finally, confronting the
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theory with observations, one can use data from large-scale structure [81] and gravitational
waves [82, 83] surveys.
It has also been realized that mimetic gravity is intimately connected to a number of
other well-known theories of modified gravity. Perhaps the most remarkable connection is the
one which considers mimetic gravity to appear in the infrared limit of the projectable version
of Hořava-Lifshitz gravity. This correspondence has been formally proven in [58] and shows
that mimetic gravity can be viewed as the low-energy limit of a (Lorentz-violating) theory
of quantum gravity. Intimate relations between mimetic gravity and other theories include
connections to the scalar Einstein-Aether theory [34, 84], Hořava-like theories with dynamical diffeomorphism invariance breaking [31], degenerate higher-order scalar-tensor theories
beyond Horndeski [63], singular Brans-Dicke theory [71], non-commutative geometry [85], effective implementations of the limiting curvature criterion [49, 53, 54, 59, 86], as well as to
other more exotic theories of gravity [44, 87–91].
In the present work we are interested in performing a complete dynamical analysis of
the cosmological evolution in mimetic gravity, since although mimetic cosmology has been extensively studied, the dynamical behaviour of these solutions has not been explored in detail
(apart from the sub-class of mimetic F (R) gravity [27]). Dynamical systems analysis provides a very powerful tool in the study of the asymptotic behaviour as well as of the complete
cosmological dynamics of a given cosmological model [92–95]. This phase-space and stability
examination allows to bypass the non-linearities of the cosmological equations, and obtain a
description of the global dynamics independently of the initial conditions of the universe, connecting critical points to epochs of the evolutionary history which are of particular relevance.
In particular, a late-time period of accelerated expansion would typically correspond to a
late-time attractor, whereas epochs of radiation and matter domination typically correspond
to saddle points. With the full machinery of dynamical systems is indeed possible to investigate the complete dynamics of any cosmological model, provided suitable dynamical variables
can be identified. Hence, these powerful methods have been extensively applied to analyse
the evolution of several cosmological models, including many modified gravity scenarios (see
e.g. [96–114] for some recent works).
This paper is organized as follows: In section 2 we provide a review of mimetic gravity,
and we apply it within a cosmological framework. In section 3 we perform a detailed phasespace and stability analysis of mimetic cosmology for a general potential, and then we specify
the investigation in the case of various specific potentials, amongst others for the power-law
and the exponential ones. In section 4 we discuss the cosmological implications of the obtained
results. Finally, section 5 is devoted to the conclusions.

2

Mimetic gravity and cosmology

In this section we briefly review the current status of mimetic gravity. For further details, we
refer the reader to the recent review [22]. In its original formulation the mimetic theory of
gravity can be obtained starting from general relativity. In particular, isolating the conformal
degree of freedom of gravity in a covariant fashion by parametrizing the physical metric gµν
in terms of an auxiliary metric g̃µν and the mimetic field φ, one can write [21]
gµν = g̃µν g̃ αβ ∂α φ∂β φ .

(2.1)

This mimetic parametrization makes it clear that the physical metric is invariant under conformal transformations of the auxiliary metric. It is easy to show that, for consistency, the
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following condition on the gradient of the mimetic field has to be satisfied [21]
g µν ∂µ φ∂ν φ = 1 .

(2.2)

The consistency condition (2.2) can be implemented at the level of the action through
a Lagrange multiplier constraint as [25]


Z
√
R
µ
(2.3)
I = d4 x −g
+
λ
(∂
φ∂
φ
−
1)
+
L
µ
m ,
2κ2
where κ2 is the gravitational constant, R is the Ricci scalar, and Lm is the usual standardmodel matter Lagrangian, and thus variation of the action with respect to the Lagrange
multiplier field λ enforces the validity of the constraint (2.2) (actions featuring Lagrangemultiplier constrained scalar fields are in general being used in the literature, see for instance
[115–117]).
As we mentioned in the Introduction, a simple extension of the original mimetic construction (2.3) is to include a potential for the mimetic field. In particular, one writes [25]


Z
λ µ
R
4 √
I = d x −g
− (∂ φ∂µ φ − 1) + V (φ) + Lm ,
(2.4)
2κ2
2
where V (φ) is the self-interacting scalar field potential, and where the factor of 1/2 in front
of the Lagrange multiplier λ is introduced for convenience. Such a model has been shown to
provide an economical way of reproducing a number of simple and well-motivated cosmological scenarios, relevant for both early- and late-time cosmology, without the need for neither
an explicit dark matter nor a dark energy fluid [25]. Moreover, one can obtain late-time
accelerating solutions, early-time inflationary states, bouncing solutions, etc. It is interesting
to mention that the above model is consistent with the latest observation of the gravitational
wave event GW170817 from a binary neutron star inspiral with an electromagnetic counterpart event [129], as the corresponding propagation speed of tensor perturbations is identically
equal to the speed of light [82, 83].
The equations of motion of the theory can be obtained by varying the action with respect
to the physical metric, however taking into account its dependence on the auxiliary metric
and the mimetic field. Hence, variation of the action (2.4) with respect to the metric gives
1
Gµν = λ∂µ φ∂ν φ + gµν V (φ) + Tµν ,
κ2

(2.5)

where Gµν is the Einstein tensor and Tµν is the standard-model matter energy-momentum
tensor. On the other hand, as we mentioned, variation with respect to the Lagrange multiplier indeed yields condition (2.2). Taking the trace of equation (2.5) we find the Lagrange
multiplier to be


G
λ=
− T − 4V ,
(2.6)
κ2
where G and T are the traces of the Einstein tensor and the matter energy-momentum tensor
respectively. Finally, variation of the action (2.4) with respect to the mimetic field φ gives
∇µ (λ∂µ φ) +
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dV
= 0,
dφ

(2.7)

an equation that can alternatively be derived taking the covariant derivative of Eq. (2.5)
and employing the Bianchi identity ∇µ Gµν = 0 together with the conservation equation
∇µ Tµν = 0.
From equations (2.5) and (2.6) it is clear that the gravitational field equations in mimetic
gravity differ from those of general relativity by the presence of an extra source term which
mimics a perfect fluid. In the original version of the theory, where the potential is absent, this
extra fluid has energy density ρf = κG2 − T , four-velocity ∂µ φ and pressure pf = 0. The fact
that pf = 0 suggests that this extra term can play the role of a pressureless fluid and hence
mimic a dust-matter component on cosmological scales. Therefore, the construction at hand
can mimic cold dark matter on cosmological scales, bypassing the need for an additional dark
matter component, that is why it is called “mimetic gravity”.
The foremost questions to be addressed is why did the seemingly innocuous reparametrization of the physical metric in Eq. (2.1) lead to different equations of motion compared to
general relativity, and whether it actually introduces an additional degree of freedom. Early
attempts to address this question identified the dark matter degree of freedom as arising from
gauging the local Weyl invariance of the theory [23], whereas other early works explained
the different equations of motion in terms of variation of the action over a restricted class of
functions which results in a broader freedom in the dynamics of the theory [118]. Nowadays
it is well understood that the reason behind the fact that the equations of motion of mimetic
gravity differ from those of general relativity, is to be sought in the fact that the former is related to the latter via a singular (i.e. non-invertible) disformal transformation. Recalling that
general relativity satisfies diffeomorphism invariance allows one to reparametrize the physical
metric in terms of an auxiliary metric and a scalar field through what is known as a disformal transformation [119]. An invertible disformal transformation returns a theory which is
equivalent to general relativity. On the other hand, a non-invertible transformation introduces
additional degrees of freedom which modify the resulting dynamics. The reparametrization of
Eq. (2.1) falls within this category, thus explaining why the equations of motion are different
from those of general relativity [33, 63, 74, 120–128].
Let us now apply mimetic gravity in a cosmological framework. We consider a flat FRW
universe (with the (+, −, −, −) convention)
ds2 = dt2 − a(t)2 (dx2 + dy 2 + dz 2 ) .

(2.8)

Assuming the scalar field to be spatially homogeneous, i.e. φ(t), the constraint (2.2) yields
φ̇2 = 1 ,

(2.9)

which, choosing φ̇ > 0, upon integration implies
φ = t,

(2.10)

where the integration constant has been set to zero for convenience. The cosmological equations (2.5) and (2.7) will then read
3H 2 = κ2 (ρ + λ + V ) ,
2

2

3H + 2Ḣ = −κ (p − V ) ,
dV
λ̇ + 3Hλ +
= 0,
dφ
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(2.11)
(2.12)
(2.13)

with H = ȧ/a the Hubble function and with over-dots denoting differentiation with respect
to t. In the above equations we have considered as usual that the standard-model matter
energy-momentum tensor corresponds to a perfect fluid of energy density ρ and pressure p.
In what follows we will assume a linear equation of state (EoS) for the matter fluid, namely
p = wρ. Thus, the equations close by the consideration of the matter conservation equation
ρ̇ + 3H (ρ + p) = 0 .

(2.14)

Lastly, note that due to (2.10) the potential V (φ) can be considered as a function of t, namely
V (t).
We close this section by mentioning that in the case where the potential is absent,
equations (2.11) and (2.12) are nothing but the usual cosmological equations with a new
non-relativistic matter component given by the Lagrange multiplier λ, which can indeed be
used to model dark matter. In particular, from (2.13) we can clearly see that within an
FRW background, the energy density of the extra fluid decays with the scale factor as a−3 ,
precisely as expected for a dust component. Therefore, the construction at hand can mimic
cold dark matter on cosmological scales, bypassing the need for an additional dark matter
component, that is why it is called “mimetic gravity”. The addition of the potential term V (φ)
is considered in order to have a mechanism to additionally describe the late-time accelerated
expansion (since without a potential this cannot be achieved).
In summary, in the scenario considered in this work, we have the following sectors: the
scalar-field sector which is responsible for dark energy, the mimetic-matter sector which is
responsible for dark matter, and the usual standard-model matter which can be either dust
matter (in the case of w = 0) or radiation (in the case of w = 1/3). The various density
parameters are defined as usual as
κ2 V
,
3H 2
κ2 λ
Ωdm = Ωλ ≡
,
3H 2
κ2 ρ
Ωm ≡
.
3H 2

Ωde = Ωφ ≡

(2.15)
(2.16)
(2.17)

Furthermore, we can define the effective (total) energy density and pressure of the universe
as
ρeff = ρ + λ + V,

(2.18)

peff = p − V,

(2.19)

and then the effective equation-of-state parameter as
weff =

p−V
,
ρ+λ+V

(2.20)

which is a very useful quantity since it is straightforwardly related to the deceleration parameter q through
Ḣ
1 + 3weff
q ≡ −1 − 2 =
.
(2.21)
H
2
Thus, weff < −1/3 implies that the universe is accelerating.
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3

Dynamical system analysis

In the previous section we presented the cosmological equations of mimetic gravity, in the case
of a flat FRW geometry. In this section we are interested in performing the full phase-space
analysis, for which one usually introduces suitable dimensionless variables in order to re-write
the cosmological equations as an autonomous dynamical system [92–95]. Hence, in order to
transform (2.11)–(2.13) into an autonomous system we define
√
√
κ ρ
κ2 λ
κ V
1 dV
σ=√
, x=
, y=√
, z = − 3/2
.
(3.1)
2
3H
dφ
κV
3H
3H
Note that y and σ cannot be negative, while the sign of x depends on the sign of λ. Using
these variables the Friedmann equation (2.11) yields the simple constraint
1 = x + y2 + σ2 ,

(3.2)

which can in fact be used to replace σ in terms of x and y in the equations that follow,
reducing the dimensionality of the autonomous system. Using these auxiliary variables the
equations become

 √
x0 = −3wx2 − 3x (w + 1)y 2 − w + 3y 3 z ,
(3.3)
h
i
√
1
y 0 = − y 3wx + 3(w + 1)y 2 − 3(w + 1) + 3yz ,
(3.4)
2


√
3
z 0 = − 3yz 2 Γ −
,
(3.5)
2
where primes denote differentiation with respect to N = ln a. Moreover, we have defined
Γ=

V Vφφ
V V̈
=
,
2
Vφ2
V̇

(3.6)

where the subscript φ denotes differentiation with respect to φ, and the last equality arises
from (2.10), namely from the fact that φ = t. Lastly, the three dimensional phase space of
the system (3.3)-(3.5) is given by

Ψ = (x, y) ∈ R2 | − ∞ < x ≤ 1 − y 2 , −∞ < y < ∞ × {z ∈ R} .
(3.7)
In terms of the auxiliary variables, the various density parameters (2.15)-(2.17) can be
expressed as
Ωm = 1 − x − y 2 , Ωφ = y 2 , Ωλ = x ,
(3.8)
while the effective equation-of-state parameter (2.20) becomes
weff =w(1 − x − y 2 ) − y 2 ,

(3.9)

with w = p/ρ the matter equation-of-state parameter.
In order to perform the dynamical analysis we first need to extract the critical points of
the system by setting the left hand side of equations (3.3)-(3.5) to zero. Then we perturb the
system around these critical points, and thus the type and stability of each point is determined
by the eigenvalues of the involved perturbation matrix [92–95]. Since in our model we have
the presence of the potential V (φ), in the following subsections we analyze various cases
separately.
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3.1

Mimetic gravity with a general scalar field potential

We start our dynamical analysis keeping the potential general. Observing the definition
of z in (3.1), as well as (3.6), a general potential simply implies that Γ can be written as
a function of z, namely Γ(z). This encompasses a large variety of scalar field potentials,
including the examples analyzed in the next subsections. In the following we use z∗ to denote
the solution of the equation Γ(z) − 32 = 0 and Γz (z) to denote the derivative dΓ(z)/dz. Note
that whenever y 6= 0, the condition z = 0 is not sufficient for making the z 0 equation, namely
Eq. (3.5), vanish, since a specific scalar field potential could actually induce the expression
0
z 2 Γ(z)
 6= 0 for3 z = 0. Hence the two general conditions for attaining z = 0 are either y = 0
2
or z Γ(z) − 2 = 0.
The physical critical points and curves of critical points for the system of equations
(3.3)-(3.5) for a general scalar field potentials are given in Table 1, along with their existence
conditions. Additionally, in the same Table we have added the corresponding values of the
various density parameters from (3.8), as well as the value of the effective equation-of-state
parameter from (3.9). According to y-definition in (3.1), points with y > 0 correspond
to H > 0, i.e. to expanding universes, while points with y < 0 correspond to H < 0, i.e. to
contracting universes, and thus we respectively add the subscripts + or − to the corresponding
points. Furthermore, for each critical point in Table 2 we present the eigenvalues of its involved
Jacobian (perturbation) matrix, and the corresponding stability conditions.
Point
A1

x
1

y
0

z
z

Existence
Always

Ωφ
0

Ωλ
1

Ωm
0

weff
0

A2

0

0

z

Always

0

0

1

w

A3+

0

1

0

z 2 Γ(z) = 0 for z = 0

1

0

0

−1

A3−

0

−1

0

z 2 Γ(z) = 0 for z = 0

1

0

0

−1

A4

−

3(1+w)3
wz∗2

A5+

1−

2
y+
12

A5−

1−

2
y−
12

√

3(w+1)
z∗
√
3y+
6
√
3y−
6

3(w+1)2

3(1+w)3

3(w+1)2

z∗

z∗ 6= 0, w 6= 0

z∗

Always

2
y+
12

1−

2
y+
12

0

− 12+

z∗

Always

2
y−
12

1−

2
y−
12

0

− 12−

z∗2

−

wz∗2

1+

wz∗2

w
y2

y2

Table 1. The physical critical points and curves of critical points of the system (3.3)-(3.5), for the
case of general potential, and their existence conditions. Additionally, we present the corresponding
values of the various density parameters from (3.8), as well
p as the value of the effective equation-ofstate parameter from (3.9). We have defined y± = −z∗ ± z∗2 + 12, with z∗ denoting the solution of
the equation Γ(z) − 32 = 0.

Let us summarize the dynamical analysis results for this general potential case.
• A1 is a curve of critical points (each one is obtained by a different value of z) which
always exists, independently of the potential choice. In these points we have Ωλ = 1, and
thus A1 corresponds to a mimetic matter dominated universe, with effective equation of
state weff = 0 and thus non-accelerating. Since the points of this critical curve behave
in general as saddle (see Appendix A) they cannot attract the universe at late times,
however the universe can remain in this state for a long period at intermediate times.
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Point
A1

λ1
0

λ2

λ3
−3w

3
2

Stability
non-hyperbolic, behaves as saddle point for w 6= 0
behaves as unstable node for w = 0

A2

0

A3+

0

3
2 (1

+ w)

3w

−3

non-hyperbolic, behaves as unstable node

−3(1 + w)

non-hyperbolic, behaves as saddle point for Γ(0) 6=
behaves as stable for Γ(0) =

A3−

0

−3

−3(1 + w)

η+

η−

A5+

µ+

µ−

A5−

ν+

ν−

and Γz (0) > 0

non-hyperbolic, behaves as saddle point for Γ(0) 6=
behaves as stable for Γ(0) =

A4

3
2

−3(w + 1) z∗ Γz (z∗ )
p

−2
z∗2 + 12 − z∗ Γz (z∗ )

p
z∗2
z∗2 + 12 + z∗ Γz (z∗ )
2
z∗2

3
2

3
2

3
2

and Γz (0) < 0

saddle point
stable for Γz (z∗ ) > 0
stable for Γz (z∗ ) < 0

Table 2. The eigenvalues of the perturbation matrix and the implied stability conditions, for the critical points and curves of p
critical points of the system (3.3)-(3.5), for the case of general potential. We
have defined y± = −z∗ ± z∗2 + 12, with z∗ denoting the solution of the equation Γ(z)− 23 = 0 and with
q
h
i
2
24(1+w)3
+
(3
w
+
1)
Γz (z) denoting dΓ(z)/dz. Additionally, we have defined η± = 34 (w − 1) ±
,
2
z∗
√ p
2
3
3
3
3
µ± = 8 z∗ y+ − 2 (w + 6) ± 8 (z∗2 + 12w)(6 − z∗ y+ ) − 72w(1 − w), and ν± = 8 z∗ y− − 2 (w + 6) ±
√ p
2
(z∗2 + 12w)(6 − z∗ y− ) − 72w(1 − w).
8

Thus, critical curve A1 can very efficiently describe the transient matter-dominated era
of the universe history.
• A2 is a curve of critical points, it always exists, independently of the potential choice,
and in these states we have Ωm = 1. Hence, they correspond to a universe dominated
by the standard-model matter sector, i.e. by dust matter in the case of w = 0 or by
radiation in the case where w = 1/3. Since weff = w, in both cases the universe is
non-accelerating. Finally, these points behave as unstable nodes (see Appendix A).
• Critical point A3+ exists for z = 0 and z 2 Γ(z) = 0, condition which depends
heavily

3
2
on the potential choice (note that since z = 0 the condition z Γ(z) − 2 = 0 reduces
to z 2 Γ(z) = 0). It corresponds to a scalar-field (i.e. dark-energy) dominated, expanding
de Sitter universe. Since it is non-hyperbolic, with all non vanishing eigenvalues having
negative real part, its stability must be determined using the center manifold methods
[93]. The relevant analysis of the dynamics near the center manifold is provided in
Appendix B and in Table 2 we summarize the results. In particular, point A3+ behaves
as saddle for potentials where Γ(0) 6= 32 , while in the cases where Γ(0) = 32 it behaves
as stable when Γz (0) > 0. The fact that it is dark-energy dominated and stable makes
this point a very good candidate for the description of late-time universe.
• Critical point A3− is the contracting counterpart of A3+ . It corresponds to a scalar-field
dominated, contracted universe, which behaves as saddle for potentials where Γ(0) 6= 23 ,
and as stable in the cases where Γ(0) = 32 with Γz (0) < 0.
• Critical point A4 exists for z∗ 6= 0 and w 6= 0, and its features depend on the specific
potential form. It has the interesting property that it can alleviate the cosmic coinci-
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dence problem, since in these scaling solutions the dark-energy and dark-matter density
parameters can be comparable in magnitude. However since weff = w the universe is
non-accelerating for radiation or dust matter fluids. Additionally, since η+ > 0 and
η− < 0 its eigenvalues are always of different sign and thus this point behaves always
as saddle.
• Critical point A5+ exists always, its features depend on the specific potential form, and
it corresponds to an expanding universe (actually point A3+ is a special case of A5+ ,
namely for potentials that have z∗ = 0). It can alleviate the coincidence problem, since
the dark-energy and dark-matter density parameters can be of the same order, and
furthermore for particular values of z∗ , i.e. of the potential form, the universe can be
accelerating. Since the eigenvalues µ± for 0 ≤ w ≤ 1 are always negative (as can been
easily confirmed), its stability depends upon the signature of the eigenvalue λ3 , and thus
point A5+ is stable for potentials with Γz (z∗ ) > 0. For the general case −1 ≤ w ≤ 1,
and with Γz (z∗ ) > 0, the stability region of point A5+ in the (w, z∗ ) plane is depicted
in the left graph of Fig. 1. The fact that this point can be stable and with features in
agreement with observations, makes it a very good candidate for the description of the
late-time universe.
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• Critical point A5− is the contracting counterpart of A5+ (again, A3− is a special case
of A5− , for potentials that have z∗ = 0). For 0 ≤ w ≤ 1 it is stable when Γz (z∗ ) < 0,
while for the general case −1 ≤ w ≤ 1, and with Γz (z∗ ) < 0, its stability region in the
(w, z∗ ) plane is depicted in the right graph of Fig. 1.
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Figure 1. Left graph: The shaded regions mark the stability region of point A5+ in the (w, z∗ ) plane,
when Γz (z∗ ) > 0. Right graph: The stability region of point A5− in the (w, z∗ ) plane, when Γz (z∗ ) < 0.

The above general dynamical analysis reveals that, irrespectively of the form of the scalar
field potential, the cosmological behavior of mimetic gravity will always admit both matter
dominated solutions (curves A1 and A2 ) and dark-energy dominated solutions mimicking a
cosmological constant behaviour (points A3+ ). Moreover, the phase space presents scaling
solutions (points A4 and A5+ ) too, in which the matter and dark-energy density parameters
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are of the same order and thus they can offer an alleviation to the coincidence problem, where
the exact behavior of the accelerating expansion depends on the specific potential form.
In order to proceed from the above general examination to a more precise analysis we
need to specify the potential V (φ). In the following three subsections we investigate some
well-known scalar field potentials separately.
3.2

Mimetic gravity with an inverse square potential

Let us start with the study of the inverse square scalar-field potential, namely we consider
V (φ) = αφ−2 ,

(3.10)

with α > 0 the potential parameter. This potential form has the special property that,
through (3.6), it yields Γ = 3/2 and consequently z 0 = 0 from Eq. (3.5). This implies that z∗
in Tab. 1 can be treated as an arbitrary constant. From the definition of z in Eq. (3.1), we
deduce that
2
z= √ ,
(3.11)
κ α
and thus z∗ is actually related to α. The fact that the variable z has a constant value
implies that in this special potential case the autonomous system (3.3)–(3.5) becomes twodimensional.
The critical points of the system and their properties for this potential case can be
extracted from the general Tables 1 and 2, through the replacement z∗ = κ√2 α . Hence, in
Table 3 we present the physical critical points of the system (3.3)-(3.5), the corresponding
values of the various density parameters from (3.8), as well as the value of the effective
equation-of-state parameter from (3.9). Additionally, in Table 4 we list the eigenvalues of the
perturbation matrix and the implied stability conditions.
x
1

Point
A1
A2
A4

0
−

3κ2 α(1+w)3
4w

A5+

1−

2
y+
12

A5−

1−

2
y−
12

√

y
0

Existence
Always

0

Always

3α κ (w+1)
2
√
3y+
6
√
3y−
6

w 6= 0

Ωφ
0

Ωλ
1

0
3κ2 α(1+w)2
4

0
−

3κ2 α(1+w)3
4w

1+

Ωm
0

weff
0

1

w

3κ2 α(1+w)2
4w

w

α 6= 0

2
y+
12

1−

2
y+
12

0

− 12+

y2

α 6= 0

2
y−
12

1−

2
y−
12

0

− 12−

y2

Table 3. The physical critical points of the system (3.3)-(3.5), for the case of inverse square scalarfield potential V = αφ−2 , and their existence conditions. Additionally, we present the corresponding
values of the various density parameters from (3.8), as well q
as the value of the effective equation-of2
state parameter from (3.9). We have defined y± = − κ√
±
α

4
κ2 α

+ 12.

The critical curves A1 and A2 of the general case have now become individual critical
points. Point A1 corresponds to a mimetic matter dominated, non-accelerating universe,
which is a saddle and thus can describe the matter-dominated era of the universe history at
intermediate times. Point A2 corresponds to a non-accelerating universe dominated by the
standard-model matter sector (by dust matter in the case of w = 0 or by radiation in the case
where w = 1/3), and is unstable. Moreover, the critical points A3± of the general case do
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Point
A1
A2

λ1
3
2
3
2 (1

+ w)

λ2
−3w

Stability
saddle

3w

unstable

A4

η+

η−

saddle

A5+

µ+

µ−

stable for orbits with y > 0

A5−

ν+

ν−

stable for orbits with y < 0

Table 4. The eigenvalues of the perturbation matrix and the implied stability conditions, for the
critical points of the system (3.3)-(3.5), for the case of inverse
potential V = αφ−2.
 square scalar-field
q
q
2
2
± κ24α + 12, η± = 34 (w − 1) ± 12κ2 α(1 + w)3 + (3 w + 1) ,
We have defined y± = − κ√
α
q
µ± = 34 κy√+α − 23 (w + 6) ± 12 ( κ21α + 3w)(3 − κy√+α ) − 9w(1 − w), ν± = 43 κy√−α − 32 (w + 6) ±
q
1
( κ21α + 3w)(3 − κy√−α ) − 9w(1 − w).
2

not exist for this specific potential, since they require z = 0. Furthermore, critical point A4
exists for w 6= 0, it is always saddle, and it corresponds to a non-accelerating universe with
scaling behavior, which can alleviate the coincidence problem.
Critical point A5+ corresponds to a universe with scaling behavior, and thus can aly2

leviate the coincidence problem. Additionally, since weff = − 12+ we deduce that we obtain
2 /12 < −1/3, i.e. for κ2 α > 1. Since the eigenvalues µ for 0 ≤ w ≤ 1
acceleration for −y+
±
are always negative (as can be easily confirmed), this point is always stable and therefore can
correspond the late-time evolution of the universe. It is the most interesting solution of the
scenario at hand. Finally, point A5− is its contracting counterpart. Let us mention here that
for a given potential parameter both A5+ and A5− are stable, however since y = 0 separates
the phase space to two disconnected parts, orbits with y > 0 initially, i.e. expanding universes,
will always remain in the upper half of the phase space and thus they will be attracted by
A5+ at late times, while orbits with y < 0 initially, i.e. contracting universes, will always
remain in the lower part of the phase space and thus they will be attracted by A5− .
In order to present the above features in a more transparent way, we evolve the autonomous system numerically and in Fig. 2 we depict the resulting two-dimensional phasespace behavior for two choices of w, namely for dust matter with w = 0 (left graph) and for
radiation with w = 1/3 (right graph).
For the dust matter case of the left graph of Fig. 2, we remind that Ωm characterizes
the non-relativistic baryonic component, while Ωλ constitutes the dark matter sector and
Ωφ the dark energy sector. Note that as we discuss in Appendix A, for w = 0 the whole
x-axis becomes a critical line. As we observe, we do verify the theoretical prediction that
y = 0 separates the phase space to two disconnected parts, i.e. to y > 0, which corresponds
to expanding universe, and to y < 0, which corresponds to contracting universe. Hence,
given any choice of parameters and initial conditions, an expanding universe evolves from a
matter dominated universe (line A1 or A2 ) towards the scaling universe A5+ , which for the
specific choice α = 9/κ2 of the figure it is also accelerating. This cosmological behavior is in
agreement with observations. On the other hand, an initially contracting universe will result
to the contracting late-time attractor A5− .
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Figure 2.
The phase-space behavior of the system (3.3)-(3.4), for the case of inverse square
scalar-field potential V = αφ−2 , with the choice α = 9/κ2 , for w = 0 (left graph) and w = 1/3 (right
graph), respectively. As we explain in the text, orbits with y > 0 initially, i.e. expanding universes,
will result to the (accelerating for this α value) scaling solution A5+ , while orbits with y < 0 initially,
i.e. contracting universes, will result to the contracting counterpart A5− .

For the radiation case depicted in the right graph of Fig. 2, we remind that since w = 1/3
then Ωm characterizes the radiation component, while Ωλ constitutes the dark matter sector
and Ωφ the dark energy sector. In this case, points A1 or A2 are isolated critical points,
with the first corresponding to dark-matter domination (since Ωλ = 1) while the second to
radiation domination (since Ωm = 1). This scenario exhibits a very interesting behavior:
the universe may start from the unstable point A2 , come close to the saddle point A1 and
remain around it for sufficiently long time, and finally result to the scaling (and accelerating
for α = 9/κ2 ) universe A5+ . Thus, we obtain the required thermal history of the universe,
namely the successive sequence of radiation, matter and acceleration eras.
The above features are alternatively evident in Fig. 3, where we plot the evolutions of
the various density parameters, as well as of the effective equation-of-state parameter weff .
For convenience, as independent variable we use the redshift z = a0 /a − 1 (with a0 = 1 the
present scale factor), and thus as usual z = 0 corresponds to the present time while z → −1
corresponds to the infinite future.
For the dust case in the left graph of Fig. 3 we do observe the aforementioned behavior,
namely the universe transits from a matter to an acceleration era at late times, and moreover
the dark matter and dark energy density parameters remain, respectively, around 0.3 and 0.7
for ever after, therefore offering an alleviation to the coincidence problem.
For the radiation case of the right graph of Fig. 3 we can see that at early times the
universe is radiation dominated, then it transits to dark matter domination, and finally it
results to dark energy domination. As before, the universe results in a scaling accelerating
solution, where the dark matter and dark energy density parameters remain around 0.3 and
0.7 respectively for ever, offering an alleviation to the coincidence problem. Furthermore, the
early-time behavior is in agreement with observations, since the past attractor is described
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Figure 3. The evolution of the density parameters Ωm , Ωφ , Ωλ , as well as of the effective equationof-state parameter weff , as functions of the redshift, for the case of inverse square scalar-field potential
V = αφ−2 , with the choice α = 9/κ2 , for w = 0 (left graph) and w = 1/3 (right graph), respectively.

by a radiation dominated solution. We stress that this is not the case for simpler scalar-field
models of dark energy, notably quintessence, since in those models the past attractor of the
system is always a stiff-matter solution dominated by the kinetic energy of the scalar field
[96, 130].
In summary, as we can see, mimetic gravity with an inverse square potential can describe
very efficiently the expansion history of the universe, starting from early radiation domination,
transiting to the matter era at intermediate times, and resulting to late-time acceleration,
offering also an alleviation to the coincidence problem.
3.3

Mimetic gravity with a power-law or exponential potential

In this subsection we investigate the cosmology of mimetic gravity with a power-law or an
exponential scalar-field potential, namely we consider
V (φ) ∝ φn ,

(3.12)

with n 6= −2 (the case n = 2 was analyzed in the previous subsection), or
V (φ) ∝ eαφ ,

(3.13)

with α the model parameter. For both these potential cases Γ is constant, and in particular
Γ = (n − 1)/n for the power-law potential, while Γ = 1 for the exponential potential. Hence
in the following we perform a general analysis of Eqs. (3.3)-(3.5) considering Γ = const. 6= 3/2
(actually Γ = 3/2 only for the inverse square potential case, and that is why we analyzed it
separately in the previous subsection).
The critical points and their features will arise from the results of the general potential
case of Tables 1 and 2, substituting Γ = const. 6= 3/2. In this case the equation Γ(z) − 23 = 0
does not have any solution z∗ , and thus critical points A4 and A5± do not exist.
Since the curves of critical points A1 and A2 are independent from the choice of the
potential, their cosmological properties that were discussed in the general potential case
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of subsection 3.1 will hold here too. In particular, saddle points A1 correspond to a nonaccelerating mimetic matter dominated universe, while unstable points A2 correspond to a
non-accelerating universe dominated by the standard-model matter sector, i.e. by dust matter
in the case of w = 0 or by radiation in the case where w = 1/3.
Wm
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1

0
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-4

-2
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ln H1+ zL

Figure 4. The evolution of the density parameters Ωm , Ωφ , Ωλ , as well as of the effective equationof-state parameter weff , as functions of the redshift, for the case of power-law scalar-field potential
V (φ) ∝ φn , with the choice n = 3, for w = 0.
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Figure 5. The phase-space behavior of the system (3.3)-(3.4) projected on the x = 0 plane, for the
case of power-law scalar-field potential V (φ) ∝ φn , with the choice n = 3 and for w = 0. The universe
starts from the matter-dominated critical line A2 , resulting in the dark-energy dominated saddle de
Sitter point A3+ .

Furthermore, since now the system (3.3)-(3.5) is invariant under the transformation
(y, z) → (−y, −z), the stability features of points A3+ and A3− are the same. Since Γ =
const. 6= 3/2, from the analysis performed in Sec. 3.1, and by employing center manifold
techniques, we conclude that in the present case both critical points A3± are saddle. A3+
corresponds to a dark-energy dominated, expanding de Sitter universe, while A3− is its contracting counterpart.
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Hence, for these particular choices of V (φ) there is no late time attractor in the finite
regime. The attractor exists at infinity, and its exact investigation requires to apply the
Poincaré central projection method [93]. However, since this analytical investigation lies beyond the scope of the present work, we examine the cosmological behavior numerically. In
Fig. 4 we depict the evolutions of the various density parameters, as well as the effective
equation-of-state parameter weff , as functions of the redshift. As we observe, the universe
starts evolving from a matter dominated phase, and then it transits to the dark-energy dominated phase, resulting finally to the de Sitter point A3+ . Nevertheless, since the de Sitter
phase is not stable but saddle, the universe will remain close to that for a finite time interval. In order to see this behavior more transparently, in Fig. 5 we present the corresponding
phase-space behavior projected on the x = 0 plane, where we also see that the universe starts
from the matter-dominated critical line A2 , resulting in the dark-energy dominated de Sitter
point A3+ .
Note that in Fig. 4 the relative energy densities Ωm and Ωλ are not constrained in the
interval [−1, 1], as one would expect. This feature usually arises in cosmological models where
an interaction between the matter component sourcing the cosmological equations is present
(see e.g. [131]) and it is related to a certain ambiguity in defining the relative energy densities
that is present in this class of models [132]. Since in our mimetic model the fields φ and λ can
be interpreted as effectively interacting quantities (cf. Eq. (2.13)), then it is not surprising
that the relative energy densities Ωm and Ωλ can acquire values outside the range [−1, 1].
3.4

Mimetic gravity with V (φ) ∝ (1 + βφ2 )−2

In this subsection we consider the scalar potential [25]
V (φ) = α(1 + βφ2 )−2 ,

(3.14)

where α and β are two parameters of suitable dimensions. For this potential the variable z
defined in (3.1) becomes
4βφ
z=√ ,
(3.15)
ακ
implying that Γ in (3.6) can be written as
5
Γ=
4



ξ
1+ 2 ,
5z

where we have defined

(3.16)

16β
.
(3.17)
ακ2
The critical points and their features will arise from the results of the general potential
case of Tables 1 and 2, substituting Γ(z) from (3.16). In this case, Eq. (3.5) becomes
√

3
0
z =
y z2 − ξ ,
(3.18)
4
√
and thus we have two solutions z∗ = ± ξ. Hence, for this potential, points A3± do not exist,
while points A4 , A5± exist for ξ > 0. Critical point A4 is saddle, since the eigenvalues
η+
√
and η− are of opposite signs. Additionally, since there are two solutions z∗ = ± ξ, there are
then two copies for each of the points A5± . We denote √
these points as√A±
5± , with the upper
sign corresponding to one of the two solutions z∗ = ± ξ. For z∗ = ξ critical point A+
5−
ξ=−
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√
√
is stable, but point A+
On
the
other
hand,
for
z
=
−
ξ point
∗
5+ is saddle (as Γz ( ξ) < 0).
√
−
−
A5+ is stable, while point A5− is saddle (as Γz (− ξ) > 0). Finally, for ξ < 0 only the critical
lines A1 and A2 exist and hence there is no finite late-time attractor in this case.
Point A−
5+ corresponds to a phantom dark-energy dominated expanding solution, while
point A+
describes
a scaling solution that can be accelerating. In particular, the effective
5+
+
equation-of-state parameter for A−
5+ always satisfies weff < −1, while for A5+ it always satisfies
−1 < weff < 0, which provides accelerated expansion as long as weff < −1/3.
In Fig. 6 we present the three-dimensional phase space of the system (3.3)-(3.5), for the
potential (3.14) (with ξ > 0). Here the selected trajectories start evolving from a matter
domination solution corresponding to the critical plane A2 towards the accelerating phantom
scaling solution A−
5+ , and in some cases they pass also through the intermediate long lasting
accelerating scaling solution A+
5+ . Additionally, one may also have a similar behavior in the
contracting counterparts, namely the contracting universe starts from the matter dominated
solution, evolving towards A−
5− , and in some case passing also through the intermediate long
lasting scaling solution A+
.
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Figure 6. Selected phase trajectories of the system (3.3)-(3.4) for the potential V (φ) = α(1 + βφ2 )−2 ,
16β
with ξ = − ακ
2 = 0.3 and for w = 0. The expanding universe starts from a matter domination solution
corresponding to the critical plane A2 , moving towards the accelerating phantom scaling solution A−
5+ ,
and in some cases it also passes through the intermediate long lasting accelerating scaling solution
A+
5+ . Additionally, one may also have a similar behavior in the contracting counterparts, namely the
contracting universe starts from the matter dominated solution, evolving towards A−
5− , and in some
case passing also through the intermediate long lasting scaling solution A+
.
5−

In order to see these features in an alternative way, in Fig. 7 we depict the evolution of
the various density parameters, as well as of the effective equation-of-state parameter weff , as
functions of the redshift, for two choices of the initial conditions. Qualitatively there are thus
two possible cosmic evolutions. The first one is depicted in the left panel of Fig. 7, where a
transition from matter domination to phantom behaviour is achieved. This is provided by
trajectories directly connecting the critical plane A2 with point A−
5+ . The second evolution
class is depicted in the right panel of Fig. 7, where after matter domination a long lasting finite
period of quintessence-like acceleration is attained before a transition to the final phantom
domination happens. This scenario is very interesting because the unstable accelerating
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Figure 7. The evolution of the density parameters Ωm , Ωφ , Ωλ , as well as of the effective equation-ofstate parameter weff , as functions of the redshift, for the case of ppotential V (φ) = α(1 + βφ2 )−2 , with
16β
ξ = − ακ
2 = 0.3 and for w = 0. The left and right graphs correspond to different initial conditions.

scaling solution can be used to alleviate the cosmic coincidence problem. The future destiny
of the universe is however a phantom dominated solution, which could lead to a Big Rip
singularity in a finite time. Note also that in Fig. 7 the relative energy densities are again not
constrained in the interval [−1, 1]. As mentioned above this is an issue related to cosmological
models where an effective interaction between the components sourcing the field equations is
present [131, 132].

4

Cosmological implications

In the previous section we performed a detailed phase-space and stability analysis for the
scenario of mimetic gravity with the inclusion of a scalar-field potential. In this section we
discuss the physical implications of the analysis. The cosmological dynamics of the mimetic
gravity exhibits a very rich phenomenology, including for example matter to dark energy
transitions, phantom behaviour and accelerated scaling solutions. Apart from being in agreement with observations, these solutions can be in fact used to alleviate some of the problems
afflicting modern cosmology, such as the cosmic coincidence problem.
In the case of a general potential, and irrespectively of its form, the cosmological behavior of mimetic gravity will always admit both matter dominated solutions, and dark-energy
dominated solutions mimicking a cosmological constant, or quintessence-like, or phantom-like
behaviour. Furthermore, the phase space presents scaling solutions too, in which the matter and dark-energy density parameters are of the same order and thus they can offer an
alleviation to the coincidence problem. Hence, one can easily describe the universe history
in agreement with observations, namely the successive sequence of radiation, matter, and
dark-energy eras.
Specifying the potential to the case of an inverse square form, not only yields accelerating
scaling solutions, which can be used to solve the cosmic coincidence problem, but it also
provides an early time matter-dominated state, which in the case of w = 1/3 can be used to
well characterize the radiation era, while for w = 0 it corresponds to the dust matter epoch.
In fact, choosing proper initial conditions of the universe, the cosmic dynamics of mimetic
gravity with this potential, and with suitable parameter choices, will lead to a universe which
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starts from a radiation phase, it enters into a matter-dominated epoch, and then it transits to
a scaling solution with weff ' −0.7, in agreement with observations. This scenario is thus not
only mathematically simple to be analyzed (it yields a two-dimensional dynamical system),
but it is also phenomenologically very powerful.
The cosmological scenario is different for mimetic gravity with an exponential or powerlaw potential. In this case there is no accelerating scaling solution and there is no finite final
attractor in the phase space. The observed transition from matter to dark energy domination
can still however be correctly described since a finite period of cosmological constant behaviour
can still be attained after a long-lasting matter solution. An expansion history similar to
ΛCDM cosmology can thus still be achieved, although in the far future the universe may be
lead to a sudden Big Rip singularity.
In the case of the potential V (φ) = α(1 + βφ2 )−2 , we found two possible qualitative
cosmic evolutions. In the first one we obtained a matter-dominated early time solution,
followed by a phantom-like late-time accelerated phase. In the second class of cosmic evolutions we found that between the early-time matter domination and the future phantom
behaviour, there is a long lasting finite period described by an accelerating scaling solution,
which can actually be used to alleviate the cosmic coincidence problem. Choosing suitable
model parameters one can also obtain weff ' −0.7 during the scaling regime, in agreement
with observations [4]. This model can thus both alleviate the cosmic coincidence problem
and provide a well-behaved early-time dynamics, similarly to the inverse square potential. It
nevertheless leads to a different cosmological scenario where the present state of the universe
is described by an accelerating scaling solution, but in the future a transition to a phantom
regime will happen and the universe may approach a Big Rip singularity.

5

Conclusions

Mimetic gravity has emerged as an interesting alternative to general relativity. Within this
theory, the additional degree of freedom which mimics dark matter on cosmological scales
emerges through a singular disformal transformation by means of which the conformal degree
of freedom of gravity is isolated in a covariant way. Various works have previously investigated
background cosmological solutions in mimetic gravity, finding that appropriate choices of the
potential for the mimetic field lead to appealing cosmological solutions, which can reproduce
expansion histories in agreement with observational data without the need for additional dark
matter or dark energy fluids.
In this work we have performed a dynamical-systems analysis of mimetic gravity, which
has allowed us to study the cosmological dynamics of the theory. We have focused on both
general potentials for the mimetic field, as well as on a set of well-motivated specific choices.
From the point of view of the expansionary history, our analysis suggests that the potential
whose solutions are most appealing is the inverse square potential. The corresponding solutions possess an early-time radiation phase, followed successively by matter era and late-time
accelerating scaling solution, which can alleviate the coincidence problem. We mention that
this alleviation of the coincidence problem is obtained without imposing an interaction between dark-matter and dark-energy sectors by hand, as it is the usual approach [133], but
it arises from the scenario of mimetic gravity itself. Therefore, with this choice of potential,
mimetic gravity is in agreement with observations, and it provides the correct phenomenology
at early times, as opposed to simpler scalar-field models of dark energy where a stiff-matter
dominated early-time solution is usually attained. Moreover, it should be remarked that the
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inverse square potential is also very well motivated from a high-energy ultraviolet completion
point of view, aside from being renormalizable, which lends even more to the attractiveness
of the model.
In summary, mimetic gravity with an inverse square potential yields:
• A unified description of both dark matter and dark energy with a single scalar field;
• A well behaved early-time phenomenology;
• The successive sequence of radiation, matter, and dark-energy eras, with transitions in
agreement with observations;
• Late time accelerated scaling solutions that can alleviate the cosmic coincidence problem;
• A scalar-field potential with interesting theoretical features.
In conclusion in our work we have shown that the cosmological dynamics of mimetic
gravity renders the theory a viable and interesting candidate to explain the universe’s history.
At the same time, it is important and timely to go beyond the background analysis and
analyze and understand structure formation within this scenario, as well as provide a full
Markov Chain Monte Carlo analysis, comparing the model with observational data. It will
also be important to confirm or discard the raised issues concerning instabilities, in order to
ascertain whether or not the theory of mimetic gravity is really viable. We leave these issues
to future projects.
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A

Appendix: stability analysis for A1 , A2

In this Appendix we analyze the stability of the curves of critical points A1 and A2 presented
in Table 1. As it is known a set of non-isolated critical points with N vanishing eigenvalues is
called “normally hyperbolic set of dimension N ”. The N -dimensional eigenspace spanned by
the eigenvectors corresponding to the vanishing eigenvalues (eigenvalues with vanishing real
part) determine the direction of the critical set. The stability of this set is therefore determined
by the behavior of trajectories on the eigenspace spanned by eigenvectors corresponding to
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the non-vanishing eigenvalues (eigenvalues with non-vanishing real part). Thus, the stability
depends on the signature of nonvanishing eigenvalues.
In order to properly determine the stability behavior of sets A1 and A2 , we shall examine
the w 6= 0 and w = 0 separately.
A.1

Case: w 6= 0

In this case curves A1 and A2 are normally hyperbolic sets of critical points. Hence, looking
from the signature of non-vanishing eigenvalues, we can conclude that A1 behaves as a saddle
and A2 behaves as an unstable node.
A.2

Case: w = 0

In this case the stability depends on the value of Γ(z):
• For potentials with Γ(z) = 32 , the x-axis becomes a critical line. Thus, curves A1 , A2
are replaced by a single critical line, namely the x-axis. Since the stability matrix of
the x-axis has eigenvalues ( 23 , 0) it is normally hyperbolic. Hence, the x-axis behaves
as an unstable node.
• For potential with Γ(z) 6= 32 , the plane y = 0 becomes a critical plane. Therefore,
curves A1 , A2 are replaced by this plane. The plane y = 0 is normally hyperbolic of
dimension 2, with eigenvalues ( 23 , 0, 0). Thus, the stability depends on the signature of
non-vanishing eigenvalues. Hence, the plane y = 0 is behaving as an unstable node.
We close this Appendix by mentioning that we have indeed verified that in the above
cases the center manifold is actually the critical set itself. Hence, the behavior of trajectories
on the center manifold cannot provide the stability of the critical set. Nevertheless, the
stability is completely determined by the behavior of trajectories on the eigenspace, spanned
by eigenvectors corresponding to the remaining non-vanishing eigenvalues. Thus, the stability
depends on the signature of the non-vanishing eigenvalues.
The stability results of curves A1 and A2 are summarized in Table 2.

B

Appendix: stability analysis for A3±

In this Appendix, we apply the center manifold method [93] in order to study the stability of
the non-hyperbolic points A3± presented in Table 1. We first translate the point A3+ (0, 1, 0)
to the origin via the transformation x → x, y → y + 1, z → z. We then introduce a new set
of variables (X, Y, Z), defined in terms of the original set of variables (x, y, z) as
 
  
−2 0 √13
X
x
√ 
Y =
 1 1 − 63   y  .
Z
z
0 0 1
In terms of these new set of variables, the system of equations can be re-written as
 0 
   
X
−3
0
0
X
g1
 Y 0  =  0 −3(w + 1) 0   Y  +  g2  ,
Z0
0
0
0
Z
f
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where f, g1 , g2 are polynomials of degree greater than 2 in (X, Y, Z), with
f (X, Y, Z) = −


 √
√
√
1
(2 Γ(Z) − 3) 2 3 X + 2 3 Y + 2 3 − Z Z 2
4

(B.1)

and with g1 , g2 not explicitly presented here due to their lengths. The center manifold is
locally represented by
{(X, Y ) : X = h1 (Z), Y = h2 (Z), hi (0) = 0, Dhi (0) = 0, i = 1, 2} ,

(B.2)

where h1 , h2 are approximated as
h1 (Z) = a2 Z 2 + a3 Z 3 + O(Z 4 ),
2

3

(B.3)

4

h2 (Z) = b2 Z + b3 Z + O(Z ),

(B.4)

respectively. Due to the invariant property of the center manifold the vector function

h=

h1
h2



has to satisfy a quasilinear partial differential equation given by
Dh(S) [AS + F(S, h(S))] − Bh(S) − g(S, h(S)) = 0 ,

(B.5)

with

g=

g1
g2




,

F = f,

B=

−3
0
0 −3(w + 1)


,

A = 0.

On substituting A, h, F, B, g into equation (B.5) and equate the coefficients of all powers of
Z to zero, we obtain the constants a2 , a3 , b2 , b3 as
√
√
Γ(0) 1
3
49 3
1
a2 = −
+ , a3 = −
+
Γ(0) [7 − 2Γ(0)] − Γz (0)
6
3
144
18
6
√
3
1
b2 = − ,
b3 = −
[4 Γ(0) − 7] .
(B.6)
24
144
The dynamics of the reduced system is ultimately determined by the equation
Z 0 = A Z + F(Z, h(Z)),

(B.7)

and hence
0

S =

√


 


√
3
1
3
2
3 −Γ(0) +
Z +
Γ(0) −
− 3Γz (0) Z 3 + O(Z 4 ).
2
2
2


(B.8)

Therefore, for Γ(0) 6= 23 , point C3+ is saddle. However, if Γ(0) = 23 then the next terms in
the expansion must be considered, in which case the point is stable if Γz (0) > 0.
A similar analysis for point A3− (0, −1, 0) shows that it is saddle for Γ(0) 6= 32 , however
for Γ(0) = 32 this point is stable if Γz (0) < 0.
The stability results of points A3± are summarized in Table 2.
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