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Abstract. The present knowledge of Lamb shift, fine-, and hyperfine structure of the 2S and 2P states in
muonic helium-3 ions is reviewed in anticipation of the results of a first measurement of several 2S → 2P
transition frequencies in the muonic helium-3 ion, µ3 He+ . This ion is the bound state of a single negative
muon µ− and a bare helium-3 nucleus (helion), 3 He++ .
A term-by-term comparison of all available sources, including new, updated, and so far unpublished
calculations, reveals reliable values and uncertainties of the QED and nuclear structure-dependent contributions to the Lamb shift and the hyperfine splitting. These values are essential for the determination of
the helion rms charge radius and the nuclear structure effects to the hyperfine splitting in µ3 He+ . With this
review we continue our series of theory summaries in light muonic atoms [see A. Antognini et al., Ann. Phys.
331, 127 (2013); J.J. Krauth et al., Ann. Phys. 366, 168 (2016); and M. Diepold et al. arXiv:1606.05231
(2016)].

rp (CODATA0 14) = 0.87510(610) fm

1 Introduction
Laser spectroscopy of light muonic atoms and ions, where
a single negative muon orbits a bare nucleus, holds the
promise for a vastly improved determination of nuclear
parameters, compared to the more traditional methods of
elastic electron scattering and precision laser spectroscopy
of regular electronic atoms.
The CREMA collaboration has so far determined the
charge radii of the proton and the deuteron, by measuring several transitions in muonic hydrogen (µp) [1–3]
and muonic deuterium (µd) [4,5]. Interestingly, both values differ by as much as six standard deviations from the
respective CODATA-2014 values [6], which contain data
from laser spectroscopy in atomic hydrogen/deuterium
and electron scattering. This discrepancy has been coined
“proton radius puzzle” [7–9]. However, the discrepancy
exists for the deuteron, too. Interestingly, for the proton
and the deuteron, the muonic isotope shift is compatible
with the electronic one from the 1S–2S transition in H and
D [10,11]. The respective radii are
rp (µp) = 0.84087(26)exp (29)th
= 0.84087(39) fm
a
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[1,2]

(1)

rd (µd) = 2.12562(13)exp (77)th
= 2.12562(78) fm
0

rd (CODATA 14) = 2.14130(250) fm.

[6]

(2)

[4]

(3)

[6]

(4)

Very recently, the CREMA collaboration has measured
a total of five transitions in muonic helium-3 and -4 ions
[12], which have been analyzed now.
These measurements will help to improve our understanding of nuclear model theories [13,14] and shed more
light on the proton radius puzzle. Several ideas exist to
solve the puzzle [15], some within the standard model
[16,17] and others proposing muon specific forces beyond
the standard model [18–21]. These ideas lead to predictions which can be tested with precise charge radius
determinations in muonic helium ions.
The measurement of the charge radius in both, helium3 and helium-4 ions will in addition help understand the
discrepancy between several measurements of the helium
isotope shift in electronic helium [22–26] which yield the
difference of the squared charge radii (see Fig. 1).
Several other experiments are on the way to contribute
to the puzzle in the future [15] by precision spectroscopy
measurements in electronic hydrogen [28–30] and He+
[31,32], as well as by electron scattering at very low Q2
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Fig. 1. Difference of squared helion-to-alpha particle charge radii as obtained from laser spectroscopy of transitions in regular,
electronic helium-3 and helium-4 atoms [22–24] when combined with accurate theory (*[26], **[25]). A 4 σ discrepancy persists.
2
Also shown are the individual theory uncertainties which enter rh2 − rα
(µ4 He+ : [27], µ3 He+ : this work), as well as the expected
uncertainty from our laser spectroscopy of the Lamb shift in muonic helium ions. Note that the combination of the two theoretical
uncertainties should contain correlations which will partly cancel in the total uncertainty.

[33,34] and muon-scattering [35]. The He+ spectroscopy,
in combination with our measurement in muonic helium
ions, will be able to determine the Rydberg constant
independently from hydrogen and deuterium. This is particularly interesting as the proton charge radius and the
Rydberg constant are highly correlated which means that
a change in the Rydberg constant could also resolve the
puzzle [29].
The determination of the helion charge radius from
muonic helium spectroscopy requires accurate knowledge
of the corresponding theory. Similar to muonic hydrogen
[3], deuterium [5], and helium-4 ions [27], we feel therefore obliged to summarize the current knowledge on the
state of theory contributions to the Lamb shift, fine-, and
hyperfine structure in muonic helium-3 ions.
The accuracy to be expected from the experiment will
be on the order of 20 GHz, which corresponds to ∼
0.08 meV.1 In order to exploit the experimental precision,
theory should, ideally, be accurate to a level of
σtheory ∼ O(0.01 meV).

(5)

This would result in a nearly hundred-fold better accuracy
in the helion rms charge radius rh compared to the value
from electron scattering of
rh = 1.973(14) fm,

(6)

deduced by Sick [36].
A more precise value has been given by Angeli et al. [37],
which should be discarded. Their value is based on a
charge radius extraction from µ4 He+ by Carboni et al. [38]
and on the isotope shift measurement from Shiner et
al. [22]. The Carboni measurement has however shown
to be wrong [39], and the more recent measurement of the
electronic isotope shift by van Rooij et al. [23] disagrees
by 4 σ from the Shiner one [22], see Figure 1.
We anticipate here that the total uncertainty in the theoretical calculation of the Lamb shift transition amounts
to 0.52 meV (corresponding to a relative uncertainty of
∼0.03%), neglecting the charge radius contribution to be
1

1 meV =
b 241.799 GHz.

extracted from the µ3 He+ measurement. This value is
completely dominated by the two-photon exchange contributions which are difficult to calculate but have seen
wonderful progress in recent years [14,40,41]. The total
uncertainty of the pure QED contributions (without the
two-photon exchange) amounts to 0.04 meV and is thus in
the desired order of magnitude. Note that while the theory
uncertainty from the two-photon exchange in rp is of similar size as the experimental uncertainty (Eq. (1)), already
for µd the theory uncertainty is vastly dominant (Eq. (3)).
Experiments with muonic atoms are thus a sensitive tool
to determine the two-photon exchange contributions.

2 Overview
The n = 2 energy levels of the muonic helium-3 ion are
sketched in Figure 2. The helion has nuclear spin I = 1/2,
just as the proton. Hence the level scheme is very similar to
the one of muonic hydrogen. However, the helion magnetic
moment g = −2.127 625 308(25) [6] (here given in units
of the nuclear magneton) is negative, which swaps the
ordering of the hyperfine levels.
A note on the sign convention of the Lamb shift contributions used in this article: The 2S level is shifted below
the 2P levels due to the Lamb shift. This means that, fundamentally, the 2S Lamb shift should be given a negative
sign.
However, following long-established conventions we
assign the measured 2S1/2 → 2P1/2 energy difference a
positive sign, i.e. E(2P) – E(2S) > 0. This is in accord with
almost all publications we review here and we will mention explicitly when we have inverted the sign with respect
to the original publications where the authors calculated
level shifts.
Moreover, we obey the traditional definition of the
Lamb shift as the terms beyond the Dirac equation and
the leading order recoil corrections, i.e. excluding effects of
the hyperfine structure. In particular, this means that the
mixing of the hyperfine levels (Sect. 5) does not influence
the Lamb shift.
The Lamb shift is dependent on the rms charge radius of
the nucleus and is treated in Section 3. We split the Lamb
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Fig. 2. The 2S and 2P energy levels in the muonic helium-3 ion. The inset on the right displays the shift ∆ of the 2P levels
due to the mixing of levels with same quantum number F , as described in Section 5. The figure is not to scale.

shift contributions into nuclear structure-independent contributions and nuclear structure-dependent ones. The
latter are composed out of one-photon exchange diagrams which represent the finite size effect and two-photon
exchange diagrams which contain the polarizability contributions.
In Section 4, we treat the 2S hyperfine structure, which
depends on the Zemach radius. It also has two-photon
exchange contributions. However, these have not been
calculated yet and can only be estimated with a large
uncertainty.
In Section 5, we compile the 2P level structure which
includes fine- and hyperfine splitting, and the mixing of
the hyperfine levels [42].
For the theory compilation presented here, we use the
calculations from many sources mentioned in the following. The names of the authors of the respective groups are
ordered alphabetically.
The first source is E. Borie who was one of the first to
publish detailed calculations of many terms involved in
the Lamb shift of muonic atoms. Her most recent calculations for µp, µd, µ4 He+ , and µ3 He+ are all found in her
reference [43]. Several updated versions of this paper are
available on the arXiv. In this work we always refer to [44]
which is version-7, the most recent one at the time of this
writing.
The second source is the group of Elekina, Faustov, Krutov, and Martynenko et al. (termed “Martynenko group”
in here for simplicity). The calculations we use in here are
found in Krutov et al. [45] for the Lamb shift, in Martynenko et al. [46,47] and Faustov et al. [48] for the 2S
hyperfine structure, and Elekina et al. [49] for the 2P fineand hyperfine structure.
Jentschura and Wundt calculated some Lamb shift contributions in their references [50,51]. They are referred to
as “Jentschura” for simplicity.
The group of Ivanov, Karshenboim, Korzinin, and Shelyuto is referred to “Karshenboim group” for simplicity.
Their calculations are found in Korzinin et al. [52] and in
Karshenboim et al. [53] for Lamb shift and fine structure
contributions.

The group of Bacca, Barnea, Hernandez, Ji, and Nevo
Dinur, situated at TRIUMF and Hebrew University, has
performed ab initio calculations on two-photon exchange
contributions of the Lamb shift. Their calculations are
found in Nevo Dinur et al. [14] and Hernandez et al. [40].
For simplicity we refer to them as “TRIUMF-Hebrew
group”.
A recent calculation of the two-photon exchange using
scattering data and dispersion relations has been performed by Carlson, Gorchtein, and Vanderhaeghen [41].
Item numbers # in our tables follow the nomenclature
in references [3,5]. In the tables, we usually identify the
“source” of all values entering “our choice” by the first
letter of the (group of) authors given in adjacent columns
(e.g. “B” for Borie). We denote as average “avg.” in the
tables the center of the band covered by all values vi under
consideration, with an uncertainty of half the spread, i.e.

avg. =


1
MAX(vi ) + MIN(vi )
2

1
±
MAX(vi ) − MIN(vi ) .
2

(7)

If individual uncertainties are provided by the authors we
add these in quadrature. We would like to point out that
uncertainties due to uncalculated higher order terms are
often not indicated explicitly by the authors. In the case
some number is given, we include it in our sum. But in general our method cannot account for uncertainty estimates
of uncalculated higher order terms.
Throughout the paper, Z denotes the nuclear charge
with Z = 2 for the helion and alpha particle, α is
the fine structure constant, mr = 199 me is the reduced
mass of the muon-nucleon system. “VP” is short for
“vacuum polarization”, “SE” is “self-energy”, “RC” is
“recoil correction”. “Perturbation theory” is abbreviated
as “PT”, and SOPT and TOPT denote 2nd and 3rd order
perturbation theory, respectively.
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Fig. 3. Item #1, the leading order 1-loop electron vacuum
polarization (eVP), also called Uehling term.

3 Lamb shift in muonic helium-3
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Fig. 4. Item #4, the two-loop eVP (Källen-Sabry) contribution. This is Figures 1b–1d from the Martynenko group [45].
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3.1 Nuclear structure-independent contributions
Nuclear structure-independent contributions have been
calculated by Borie, Martynenko group, Karshenboim
group, and Jentschura. The contributions are listed in
Table 1, labeled with #i. The leading contribution is
the one-loop electron vacuum polarization (eVP) of
order α(Zα)2 , the so-called Uehling term (see Fig. 3). It
accounts for 99.5% of the radius-independent part of the
Lamb shift, so it is very important that this contribution
is well understood. There are two different approaches to
calculate this term.
Borie [44] (p. 4, Tab.) and the Karshenboim group [52]
(Tab. I) use relativistic Dirac wavefunctions to calculate
a relativistic Uehling term (item #3). A relativistic recoil
correction (item #19) has to be added to allow comparison
to nonrelativistic calculations (see below). Borie provides
the value of this correction explicitly in [44] Table 6,
whereas the Karshenboim group only gives the total
value which includes the correction, thus corresponding
to (#3 + #19).
Nonrelativistic calculations of the Uehling term (item
#1) exist from the Martynenko group [45] (No. 1, Tab. 1)
and Jentschura [51], which are in very good agreement.
Additionally, a relativistic correction (item #2) has to
be applied. This relativistic correction already accounts
for relativistic recoil effects (item #19). Item #2 has
been calculated by the Martynenko group [45] (No. 7+10,
Tab. 1), Borie [44] (Tab. 1), Jentschura [50,51] (Eq. 17),
and Karshenboim et al. [53], which agree well within all
four groups, however do not have to be included in Borie’s
and Korzinin et al.’s value because their relativistic Dirac
wavefunction approach already accounts for relativistic
recoil effects.
Both approaches agree well within the required uncertainty. As our choice for the Uehling term with relativistic
correction (#1 + #2) or (#3 + #19) we take the average
∆E(Uehling + rel. corr.) = 1642.3962 ± 0.0018 meV.
(8)
Item #4, the second largest contribution in this section, is the two-loop eVP of order α2 (Zα)2 , the so-called
Källén-Sabry term [54] (see Fig. 4). It has been calculated
by Borie [44] (p. 4, Tab.) and the Martynenko group [45]
(No. 2, Tab. 1) which agree within 0.0037 meV. As our
choice we take the average.

h

e

h
Fig. 5. Item #5, the one-loop eVP in 2-Coulomb lines.

Item #5 is the one-loop eVP in two Coulomb lines of
order α2 (Zα)2 (see Fig. 5). It has been calculated by Borie
[44] (Tab. 6), the Martynenko group [45] (No. 9, Tab. 1),
and Jentschura [50] (Eq. 13) of whom the latter two obtain
the same result, which differs from Borie by 0.0033 meV.
As our choice we adopt the average.
The Karshenboim group [52] (Tab. I) has calculated the
sum of item #4 and #5, the two-loop eVP (Källén-Sabry)
and one-loop eVP in two Coulomb lines (Figs. 4 and 5).
Good agreement between all groups is observed.
Item #6+7 is the third order eVP of order α3 (Zα)2 . It
has been calculated by the Martynenko group [45] (No. 4 +
11 + 12, Tab. 1) and the Karshenboim group [52] (Tab. I).
Borie [44] (p. 4) adopts the value from Karshenboim et
al., Martynenko et al. and Karshenboim et al. differ by
0.004 meV, which is in agreement considering the uncertainty of 0.003 meV given by the Martynenko group. As
our choice we adopt the average and obtain an uncertainty
of 0.0036 meV via Gaussian propagation of uncertainty.
Item #29 is the second order eVP of order α2 (Zα)4 . It
has been calculated by the Martynenko group [45] (No. 8 +
13, Tab. 1) and the Karshenboim group [52] (Tab. VIII).
Their values did agree in the case of µd, however for µ3 He+
they differ by 0.004 meV. This difference is twice as large
as the value from Martynenko et al. but this contribution is small, so the uncertainty is not at all dominating.
We reflect the difference by adopting the average as our
choice.
Items #9, #10, and #9a are the terms of the Light-bylight (LbL) scattering contribution (see Fig. 6). The sum
of the LbL terms is calculated by the Karshenboim group
[52] (Tab. I). Borie [44] also lists the value from Karshenboim et al. Item #9 is the Wichmann-Kroll term, or “1:3”
LbL, which is of order α(Zα)4 . This item has also been calculated by Borie [44] (p. 4) and the Martynenko group [45]
(No. 5, Tab. 1) who obtain the same result. Item #10 is the
virtual Delbrück or “2:2” LbL, which is of order α2 (Zα)3 .
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Fig. 6. The three contributions to Light-by-light scattering: (a) Wichmann-Kroll or “1:3” term, item #9, (b) Virtual
Delbrück or “2:2” term, item #10, and (c) inverted WichmannKroll or “3:1” term, item #9a† .
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Fig. 8. Item #11, muon self-energy corrections to the electron vacuum polarization α2 (Zα)4 . This figure is Figure 2
from Jentschura [55]. It corresponds to Figure 6(a) from
Karshenboim [52].
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Fig. 7. Item #20, the muon-self energy (a) and the muon
vacuum polarization (b), α(Zα)4 .

Item #9a is the inverted Wichmann-Kroll term, or “3:1”
LbL, which is of order α3 (Zα)2 . The sum of the latter
two is also given by the Martynenko group [45] (No. 6,
Tab. 1). As our choice we use the one from Karshenboim et
al., who are the first and only group to calculate all three
LbL contributions. The groups are in agreement when taking into account the uncertainty of 0.0006 meV given by
Karshenboim et al.
Item #20 is the contribution from muon self-energy
(µSE) and muon vacuum polarization (µVP) of order
α(Zα)4 (see Fig. 7). This item constitutes the third largest
term in this section.2 This item has been calculated by
Borie [44] (Tabs. 2 and 6) and the Martynenko group [45]
(No. 24, Tab. 1). They differ by 0.001 meV. As our choice
we adopt the average.
Items #11, #12, #30, #13, and #31 are all corrections
to VP or µSE and of order α2 (Zα)4 .
Item #11 is the µSE correction to eVP (see Fig. 8).
It has been calculated by all four groups. Martynenko et
al. calculate this term (Eq. 99) in [45], however in their
table (No. 28) they use the more exact calculation from
Jentschura. Jentschura [50] (Eq. 29), and the Karshenboim
group [52] (Tab. VIII a) are in excellent agreement. Borie
[44] (Tab. 16) differs significantly because she only calculates a part of this contribution in her App. C. This value
does not enter her sum and thus is also not considered in
here. On p. 12 of [44] she states that this value should be
considered as an uncertainty. As our choice we adopt the
number from Jentschura and Karshenboim et al.
2 In ordinary hydrogen-like atoms this term is the leading order
Lamb shift contribution: The leptons in the loop are the same as
the orbiting lepton. This term can thus be rescaled from well-known
results in hydrogen.

h
Fig. 9. Item #12, eVP loop in SE are radiative corrections
with VP effects. This is Figure 11(b) from a publication by
the Martynenko group [45] which is the same as Figure 4 in
Pachucki [56]. It is Karshenboim’s Figure 6(d) in reference [52].

h

µ

h
Fig. 10. Item #30, hadronic VP in SE contribution, corresponds to Figure 6(e) in Karshenboim et al.’s [52].

Item #12 is the eVP in µSE (see Fig. 9). This item has
been calculated by the Martynenko group [45] (No. 27,
Tab. 1) and the Karshenboim group [52] (Tab. VIII d),
which are in perfect agreement. On p. 10 of [44] Borie mentions that she included the “fourth order electron loops”
in “muon Lamb shift, higher order” term, which is our
item #21. As we include item #21 from Borie, we will
not on top include item #12.
Item #30 is the hadronic vacuum polarization (hVP) in
µSE (see Fig. 10). This item has only been calculated by
the Karshenboim group [52] (Tab. VIII e) which we adopt
as our choice.
Item #13 is the mixed eVP + µVP (see Fig. 11).
The calculations from Borie [44] (p. 4) and the Martynenko group [45] (No. 3, Tab. 1) roughly agree, whereas
the value from the Karshenboim group [52] (Tab. VIII b)
is 0.002 meV larger. As our choice we take the average.

Page 6 of 22

Eur. Phys. J. D (2017) 71: 341

(a)

(b)

µ

µ
e

e

µ

µ
h

h

Fig. 11. Item #13, the mixed eVP-µVP contribution.

(a)

(b)

µ

µ
e

e

h

h
h

h

Fig. 12. Item #31, the mixed eVP- and hadronic VP contribution, comes from the Uehling correction to the hadronic VP
correction. See Figure 6(c) in Karshenboim et al.’s [52].
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Fig. 13. Item #32, muon VP in SE contribution, is automatically included in a rescaled electronic 3 He+ QED value of
higher order SE contributions (see text).

Item #31 is the mixed eVP + hVP (see Fig. 12) which
has only been calculated by the Karshenboim group [52]
(Tab. VIII c). We adopt their value as our choice.
Item #32, the muon VP in SE correction shown in Figure 13 is not included as a separate item in our Table 1.
It should already be automatically included in the QED
contribution which has been rescaled from the QED of
electronic 3 He+ by a simple mass replacement me → mµ
[57]. This is the case only for QED contributions where
the particle in the loop is the same as the bound particle like in this case, a muon VP correction in a muonic atom.
The size of this item #32 can be estimated from the relationship found by Borie [58], that the ratio of hadronic to
muonic VP is 0.66. With the Karshenboim group’s value
of item #30 [52] one would obtain a value for item #32 of
−0.0004/0.66 meV = −0.0006 meV. This contribution is
contained in our item #21, together with the dominating
item #12 (see also p. 10 of Ref. [44]).
Item #21 is a higher-order correction to µSE and µVP
of order α2 (Zα)4 and α2 (Zα)6 . This item has only been
calculated by Borie [44] (Tabs. 2 and 6). On p. 10 she

points out that this contribution includes the “fourth
order electron loops”, which is our item #12. It also
contains our item #32. We adopt her value as our choice.
Item #14 is the hadronic VP of order α(Zα)4 . It has
been calculated by Borie [44] (Tab. 6) and the Martynenko
group [45] (No. 29, Tab. 1). Borie assigns a 5% uncertainty
to their value. However, in her reference [44] there are two
different values of item #14, the first on p. 5 (0.219 meV)
and the second in Table 6 on p. 16 (0.221 meV). Regarding
the given uncertainty this difference is not of interest. In
our Table 1, we report the larger value which is further
from that of the Martynenko group in order to conservatively reflect the scatter. Martynenko et al. did not assign
an uncertainty to their value. However, for µd [59] they
estimated an uncertainty of 5%. As our choice we take
the average of their values and adopt the uncertainty of
5% (0.011 meV).
Item #17 is the Barker-Glover correction [60]. It is a
recoil correction of order (Zα)4 m3r /M 2 and includes the
nuclear Darwin-Foldy term that arises due to the Zitterbewegung of the nucleus. As already discussed in App. A
of [5], we follow the atomic physics convention [61], which
is also adopted by CODATA in their report from 2010
[62] and 2014 [6]. This convention implies that item #17
is considered as a recoil correction to the energy levels
and not as a part of the rms charge radius. This term has
been calculated by Borie [44] (Tab. 6), the Martynenko
group [45] (No. 21, Tab. 1), and Jentschura [51] and [50]
(Eq. A.3). As our choice we use the number given by Borie
and Jentschura as they give one more digit.
Item #18 is the term called “recoil, finite size” by Borie.
It is of order (Zα)5 hri(2) /M and is linear in the first
Zemach moment. It has first been calculated by Friar [63]
(see Eq. F5 in App. F) for hydrogen and has later been
given by Borie [44] for µd, µ4 He+ , and µ3 He+ . We discard item #18 because it is considered to be included in
the elastic TPE [64,65]. It has also been discarded in µp
[3], µd [5], and µ4 He+ [27]. For the muonic helium-3 ion,
item #18 in [44] (Tab. 6) amounts to 0.4040 meV, which
is five times larger than the experimental uncertainty of
about 0.08 meV (see Eq. 5), so it is important that the
treatment of this contribution is well understood.
Item #22 and #23 are relativistic recoil corrections of
order (Zα)5 and (Zα)6 , respectively. Item #22 has been
calculated by Borie [44] (Tab. 6), the Martynenko group
[45] (No. 22, Tab. 1), and Jentschura [50] (Eq. 32). They
agree perfectly. Item #23 has only been calculated by the
Martynenko group [45] (No. 23, Tab. 1) whose value we
adopt as our choice.
Item #24 are higher order radiative recoil corrections
of order α(Zα)5 and (Z 2 α)(Zα)4 . This item has been calculated by Borie [44] (Tab. 6) and the Martynenko group
[45] (No. 25, Tab. 1). Their values differ by 0.015 meV. As
our choice we adopt the average.
Item #28 is the radiative (only eVP) recoil of order
α(Zα)5 . It consists of three terms which have been calculated by Jentschura and Wundt [50] (Eq. 46). We adopt
their value as our choice. Note that a second value
(0.0072 meV) is found in [51]. However, this value is just
one of the three terms, namely the seagull term, and is
already included in #28 (see [50], Eq. 46).
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The total sum of the QED contributions without
explicit nuclear structure dependence is summarized in
Table 1 and amounts to
LS
∆Er−indep.
= 1644.3466 ± 0.0146 meV.

µ

(9)
h

Note that Borie, on p. 15 in reference [44] attributes an
uncertainty of 0.6 meV to her total sum. The origin of
this number remains unclear [66]. Its order of magnitude
is neither congruent with the other uncertainties given in
reference [44] nor with other uncertainties collected in our
summary. Thus it will not be taken into account.
3.2 Nuclear structure contributions
Terms that depend on the nuclear structure are separated
into one-photon exchange (OPE) contributions and twophoton exchange (TPE) contributions.
The OPE terms (also called radius-dependent contributions) represent the finite size effect which is by far
the largest part of the nuclear structure contributions and
are discussed in Section 3.2.1. They are parameterizable
with a coefficient times the rms charge radius squared.
These contributions are QED interactions with nuclear
form factor insertions.
The TPE terms can be written as a sum of elastic and
inelastic terms, where the latter describe the polarizability
of the nucleus. These involve contributions from strong
interaction and therefore are much more complicated to
evaluate, which explains why the dominant uncertainty
originates from the TPE part. The TPE contributions are
discussed in more detail in Section 3.2.2.
The main nuclear structure corrections to the nS states
have been given up to order (Zα)6 by Friar [63] (see
Eq. (43a) therein)
2πZα
∆Efin.size =
|Ψ (0)|2
3


Zαmr 3
× hr2 i −
hr i(2) + (Zα)2 (FREL + m2r FNREL ) ,
2
(10)
where Ψ (0) is the muon wave function at the origin, hr2 i
is the second moment of the charge distribution of the
2
nucleus, i.e. the square of the rms charge radius, rE
.
3
3
hr i(2) is the Friar moment, and FREL and FNREL contain various moments of the nuclear charge distribution
(see Eq. (43b) and (43c) in Ref. [63]). Analytic expressions
for some simple model charge distributions are listed in
App. E of reference [63].
As the Schrödinger wavefunction at the origin Ψ (0) is
nonzero only for S states, it is in leading order only the S
states which are affected by the finite size. However, using
the Dirac wavefunction a nonzero contribution appears for
the 2P1/2 level [68]. This contribution affects the values
3 hr 3 i
(2) has been called “third Zemach moment” in [63]. To avoid
confusion with the Zemach radius rZ in the 2S hyperfine structure we adopt the term “Friar moment”, as recently suggested by
Karshenboim et al. [67].

Fig. 14. Item #r1, the leading nuclear finite size correction
stems from a one-photon interaction with a helion form factor
insertion, indicated by the thick dot.

for the Lamb shift and the fine structure and is taken into
account in the section below.
The Friar moment hr3 i(2) has not been included in
µd [5] because of a cancellation [69–71] with a part
of the inelastic nuclear polarizability contributions. The
TRIUMF-Hebrew group pointed out [14,40], that in the
case of µ3 He+ however, a smaller uncertainty might be
achieved treating each term separately. This discussion is
not finished yet and we will therefore continue with the
more conservative treatment as before. See Section 3.2.2.
3.2.1 One-photon exchange contributions (finite size
effect)
Finite size contributions have been calculated by Borie
([44] Tab. 14), the Martynenko group ([45] Tab. 1), and
the Karshenboim group ([53] Tab. III). All of these contributions are listed in Table 2, labeled with #ri.
Most of the terms, given in Table 2, can be parameterized as c · rE 2 with coefficients c in units of meV fm−2 .
Borie and Karshenboim et al. have provided the contributions in this parameterization, whereas Martynenko et
al. provide the total value in units of energy. However,
the value of their coefficients can be obtained by dividing
their numbers by rE 2 . The value they used for the charge
radius rE is 1.9660 fm4 [73]. In this way the numbers from
Martynenko et al. can be compared with the ones from
the other groups.
Item #r1, the leading term of equation (10), is the onephoton exchange with a helion form factor (FF) insertion
(see Fig. 14). Item #r1 is of order (Zα)4 m3r and accounts
for 99% of the OPE contributions. Borie ([44] Tab. 14,
ba ), the Martynenko group ([45] No. 14), and the Karshen(0)
boim group ([53] Tab. III, ∆F N S ) obtain the same result
which we adopt as our choice. This contribution is much
larger than the following terms, but its absolute precision
is worse, which we indicate by introducing an uncertainty.
For that we take the value from Borie which is given with
one more digit than the values of the other authors and
attribute an uncertainty of 0.0005 meV, which may arise
from rounding.
Item #r2 and #r2’ are the radiative correction of order
α(Zα)5 . The equation used for the calculation of item #r2
is given in equation (10) of [74]. It has been calculated by
Borie [44] (Tab. 14, bb ) and the Martynenko group [45]
(No. 26, only Eq. (92)). Note that the value from the Martynenko group was published with a wrong sign.
4 This value has been introduced by Borie [44] as an average of
several previous measurements [23,24,72].

NR one-loop electron VP (eVP)

Rel. corr. (Breit-Pauli)

Rel. one-loop eVP

Rel. RC to eVP, α(Zα)4

1

2

3

19

One-loop eVP in 2-Coulomb lines α2 (Zα)2

5

Light-by-light “1:3”: Wichmann-Kroll

Virtual Delbrück, “2:2” LbL

9

10

p. 4

p. 4

4+5

Tab. 6

Tab. p. 4

3+19

Tab. 1+6

Tab. p. 4

Tab. 2+6
13+21

−0.033749
−0.031749

Hadronic VP loop in self-energy α2 (Zα)4 m

Mixed eVP + µVP

Mixed eVP + hadronic VP

Higher-order corr. to µSE and µVP

Sum of 12, 30, 13, 31, and 21

30

13

31

21

Rel. RC (Zα)5

Rel. RC (Zα)6

Higher order radiative recoil corr.

22

23

24

Sum

1644.3916

e

p.9+Tab. 6

p.9+Tab. 6
#25

#23

#22

#21

#29

12+13

#3

#27

#28

#24

9+10+9a

#6

#5

#8+#13

#4+#12+#11

4+5

#9

#2

1+2

1644.3431

−0.0656

0.0051

−0.5581

0.1265

0.2170

−0.0277

0.0022

−0.0299

−0.0627

−10.8286

−0.0133

−0.0197

0.0064

0.0018

0.0689

13.0843

1.6773

11.4070

1642.3955

#7+#10

#1

[51]

1+2

[50](A.3) [51](15)

[50](29)

0.004941

−0.558107 [50](32)

0.12654

−0.06269

1.677290 [50](13)

1642.3943

0.509344 [50](17), [51]

1641.885

[52] Tab. VIII “eVP2”

[52] Tab. I

[52] Tab. I

[52] Tab. I

[52] Tab. VIII (d)

[52] Tab. VIII (a)

[52] Tab. VIII (b)

−0.0241(2) 12+30+13+31

0.0024(2) [52] Tab. VIII (c)

0.00383

−0.00040(4) [52] Tab. VIII (e)

−0.02992

−0.06269

−0.0134(6) [52] Tab. I

0.00558

0.073(3)

13.0843

1642.3954

(0.509340) [53] Tab. IV

Korzinin et al. [52]

Jentschura [51]

Karshenboim group (K)
Karshenboim et al. [53]

Jentschura (J)
Jentschura, Wundt [50]

Our choice

K

± 0.011

1644.3466 ± 0.0146

0.004941

−0.0733 ± 0.0077

0.0051

−0.558107

0.12654

0.219

−0.0288

J

avg.

M

J

B, J

avg.

sum

B

avg

0.0029 ± 0.0009
0.0024 ± 0.0002
−0.033749

K

B

J, K

avg.

K

avg

avg.

avg.

−0.00040 ± 0.00004

incl. in 21

−0.06269

−10.8280 ± 0.0006

−0.0134 ± 0.0006

0.0037 ± 0.0019

0.0710 ± 0.0036

(13.0846)b

1.6757 ± 0.0017

avg
avg.

11.4089 ± 0.0019

12

11

10

9

8

7

6c

6b

6a

5

4

3

Source Fig.

1642.3962 ± 0.0018

Value

Does not contribute to the sum in Borie’s approach.
b
Sum of our choice of item #4 and #5, written down for comparison with the Karshenboim group.
c
In App. C of [44], incomplete. Does not contribute to the sum in Borie’s approach, see text.
d
Is not included, because it is a part of the TPE, see text.
e
Including item #18 and #r3’ yields 1644.9169 meV, which is Borie’s value from reference [44] page 15. On that page she attributes an uncertainty of 0.6 meV to that
value. This number is far too large to be correct, so we ignore it.

a

−0.08102

−0.55811

Recoil, finite size

18

28† Rad. (only eVP) RC α(Zα)5

0.12654
(0.4040(10))d

2
Recoil corr. (Zα)4 m3
r /M (Barker-Glover)

17
Tab. 6

0.221(11) Tab. 6

Hadronic VP

p. 4

14

0.00200

incl. in 21

eVP loop in self-energy α2 (Zα)4

12

Tab. 2+6

(−0.1277)c

Muon SE corr. to eVP α2 (Zα)4
Tab. 16

−10.827368

µSE and µVP

11

−0.0134(6) p. 5+Tab. 6

−0.01969

0.073(3)

13.0847

1.674

11.4107

1642.3980

−0.0140

1642.412

0.5093

1641.8862

Krutov et al. [45]

[44]

(0.50934)a Tab. 1

Martynenko group (M)

Borie (B)

20

Sum: Total light-by-light scatt.

9a† “3:1” LbL

Second-order eVP contribution α2 (Zα)4 m

29

6+7 Third order VP

Sum of 4 and 5

Two-loop eVP (Källén-Sabry)

4

Sum of the above

Contribution

#

Table 1. All known nuclear structure-independent contributions to the Lamb shift in µ3 He+ . Values are in meV. Item numbers “#” in the 1st
column follow the nomenclature of references [3,5], which in turn follow the supplement of reference [1]. Items “#“ with a dagger † were labeled “New”
in reference [3], but we introduced numbers in reference [5] for definiteness. For Borie [44] we refer to the most recent arXiv version-7 which contains
several corrections to the published paper [43] (available online 6 Dec. 2011). For the Martynenko group, numbers #1 to #29 refer to rows in Table I of
reference [45]. Numbers in parentheses refer to equations in the respective paper.
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Very recently the Martynenko group updated their calculation of higher-order finite size corrections [75] using
more realistic, measured nuclear form factors. The results
contain a coefficient (in our work termed item #r2) which
agrees with the old value, and an additional, previously
unkown term which cannot be parametrized with rh2 and
therefore is given as a constant. This constant is found in
our Table 2 as item #r2’. In reference [75] the values are
given for the 1S state but can easily be transferred to the
2S state via the 1/n3 scaling. For the 2S state this results
in
1/8 × ( − 0.6109) meV
= 1/8 × (−0.1946 rh2 − 0.1412) meV
= −

0.0243 meV/ fm2 rh2

(11)

− 0.0177 meV.

Borie and Martynenko get the same result for item #r2,
which we adopt as our choice. Additionally we adopt the
constant term from Martynenko as item #r2’.
Item #r3 and #r3’ are the finite size corrections of order
(Zα)6 . They have first been calculated in reference [63].
Item #r3 and #r3’ consider third-order perturbation theory in the finite size potential correction and relativistic
corrections of the Schrödinger wave functions. There are
also corrections in the TPE of the same order (Zα)6 ,
but these are of different origin. Borie [44] (Tab. 14, bc
and Tab. 6) and the Martynenko group [45] (Eq. (91)) follow the procedure in reference [63] and then separate their
terms into a part with an explicit rE 2 dependence (item
#r3) and another one which is usually evaluated with an
exponential charge distribution, since a model independent calculation of this term is prohibitively difficult [44].
Differences in sorting the single terms have already been
noticed in the µd case [5], where we mentioned that e.g.
the term hr2 ihln(µr)i in FREL of equation 10 is attributed
to #r3 and #r3’ by Martynenko et al. and Borie, respectively. The difference in this case amounts to 0.007 meV
for #r3’. Note that in equation (91) from the Martynenko
group [45], the charge radius has to be inserted in units
of GeV−1 , with rE = 1.966 fm =
b 9.963 GeV−1 .
Item #r4 is the one-loop eVP correction (Uehling) of
order α(Zα)4 . It has been calculated by all three groups,
Borie [44] (Tab. 14, bd ), Martynenko et al. [45] (No. 16,
(2)
Eq. (69)), and Karshenboim et al. [53] (Tab. III, ∆EF N S ).
On p. 31 of [44], Borie notes that she included the correction arising from the Källén-Sabry potential in her bd . This
means that her value already contains item #r6, which
is the two-loop eVP correction of order α2 (Zα)4 . Item
#r6 has been given explicitly only by the Martynenko
group [45] (No. 18, Eq. 73). The sum of Martynenko et
al.’s #r4 and #r6 differs by 0.016 meV/fm2 from Borie’s
result. Using a charge radius of 1.9660 fm this corresponds
to roughly 0.06 meV and, hence, causes the largest uncertainty in the radius-dependent OPE part. The origin of
this difference is not clear [66,76]. A clarification of this
difference is desired but does not limit the extraction of
the charge radius. As our choice we take the average of
the sum (#r4+#r6) of these two groups. The resulting
average does also reflect the value for #r4 provided by
Karshenboim et al. [53].

Item #r5 is the one-loop eVP correction (Uehling)
in second order perturbation theory (SOPT) of order
α(Zα)4 . It has been calculated by all three groups, Borie
[44] (Tab. 14, be ), the Martynenko group [45] (No. 17,
Eq. 70), and the Karshenboim group [53] (Tab. III,
(1)
∆EF N S ). On p. 31 of [44], Borie notes that she included
the two-loop corrections to V P 2 in her be . This means
that her value already contains item #r7, which is the
two-loop eVP in SOPT of order α2 (Zα)4 . Item #r7 has
only been given explicitly by the Martynenko group [45]
(No. 19). The sum of Martynenko et al.’s #r5+#r7 differs
by 0.003 meV from Borie’s result. As our choice we take
the average of the sum (#r5+#r7) of these two groups.
Again here, our choice reflects the value for #r5 provided
by Karshenboim et al. [53], too.
Item #r8 is the finite size correction to the 2P1/2 level
of order (Zα)6 . It has only been calculated by Borie [44]
(Tab. 14, b(2p1/2 ). This correction is the smallest in this
section and is the only term which affects the 2P1/2 level.
In consequence, the effect on the Lamb shift is inverse,
i.e. if the 2P level is lifted “upwards”, the Lamb shift gets
larger. Thus, in contrast to Borie, we include this correction with a positive sign. At the same time this term
decreases the fine structure (2P3/2 − 2P1/2 energy difference) and is hence listed in Table 4 as item #f10 with a
negative sign.
The total sum of the QED contributions with an explicit
dependence of rE 2 is summarized in Table 2 and amounts
to
LS
∆Er−dep.
(rE 2 )

= −103.5184(98) meV fm−2 rE 2
+0.1354(33) meV.

(12)

3.2.2 Two-photon exchange contributions to the Lamb
shift
Historically, the two-photon exchange (TPE) contribution
to the Lamb shift (LS) in muonic atoms has been considered the sum of the two parts displayed in Figures 15a,b
and 15c,d, respectively:
LS
LS
LS
∆ETPE
= ∆EFriar
+ ∆Einelastic

(13)

LS 5
with the elastic “Friar moment” contribution ∆EFriar
LS
and the inelastic part ∆Einelastic , frequently termed
“polarizability”.
LS
The elastic part, ∆EFriar
is shown in Figures 15a and
15b. It is sensitive to the shape of the nuclear charge distribution, beyond the leading hr2 i dependence discussed
in Section 3.2.1. This part is traditionally parameterized
as being proportional to the third power of the rms charge
radius and it already appeared in equation (10) as the second term proportional to hr3 i(2) . The coefficient depends
on the assumed radial charge distribution.
5 formerly known as “third Zemach moment”, see footnote3 on
p. 7 for disambiguation.

Sum

Rad. corr. α(Zα)5 [meV]g
Remaining order (Zα)6 [meV]h
Tab. 6

−103.507 rh 2 + 0.121 meV

0.121 meV

−103.507(5)e

be
b(2p1/2 )

bd

−0.3176

−0.5217
0.00409d

ba
bb
bc

−102.520
−0.0243a
−0.1275

Borie (B)
Borie [44] Tab. 14
(61)
(92)
(91)
(69)
(73)

[75]
(91)

#17, (70)
#19c

#14,
#26,
#26,
#16,
#18,

−103.5339 rh 2 + 0.1322 meV

0.0177 meV
0.11445 meV

−103.5339

−102.52
−0.0243b
−0.1301
−0.3310
−0.0026
−0.3336
−0.5196
−0.0063
−0.5259

Martynenko group (M)
Krutov et al. [45]
Faustov et al. [75]

−103.37 rh 2

−103.37

−0.520

−0.323

−102.52

∆EF N S

(1)

∆EF N S

∆EF N S

(2)

(0)
∆EF N S

Karshenboim group (K)
Karshenboim et al. [53]

±0.0098f

±0.0021

±0.0080

±0.0013

±0.0010

M
avg.

avg.
B

avg.

B,M,K
B,M
avg.

Source

2 + 0.1354(33) meV
–103.5184(98) rh

0.0177 meV
0.1177 meV ±0.0033

−103.5184

−0.5238
0.00409

−0.3256

−102.520
−0.0243
−0.1288

Value

Our choice

b

Borie uses equation (10) of [74] to calculate this term. For further explanations, see text.
The value in equation 92 of [45] was published with a wrong sign.
c
This term is represented by Figure 9(a,b,c,d) from the Martynenko group [45]. This figure includes equation (76) therein.
d
The sign is explained in the text.
e
The summed coefficient is given in reference [44] on p. 15, where Borie indicates the uncertainty of 0.005 meV.
f
This uncertainty is the one obtained from averaging the above values (0.0084 meV) and the one given by Borie in her sum of (0.005 meV) added in quadrature.
g
Belongs to #r2. Not parametrizable with rh2 .
h
Belongs to #r3. Depends on the charge distribution in a non-trivial way, see text.

a

r2’
r3’

Sum of coefficients

Leading fin. size corr.,
Radiative corr., α(Zα)5
Finite size corr. order (Zα)6
Uehling corr. (+KS), α(Zα)4
Two-loop VP corr., α2 (Zα)4
r4+r6
One-loop VP in SOPT, α(Zα)4
Two-loop VP in SOPT, α2 (Zα)4
r5+r7
Corr. to the 2P1/2 level

r1
r2
r3
r4
r6
sum
r5
r7
sum
r8

(Zα)4

Contribution

#

Table 2. Coefficients of the nuclear structure-dependent one-photon exchange (OPE) contributions to the Lamb shift of µ3 He+ . The values from the
Martynenko group shown here are the published ones divided by (1.9660 fm)2 , which is the radius they used. The numbers #i from the Martynenko group
refer to rows in Table 1 of reference [45] and numbers in parenthesis to equations therein. KS: Källén-Sabry, VP: vacuum polarization, SOPT: second-order
perturbation theory. Values are in meV/fm2 , except for #r2’ and #r3’.
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(a)

(c)

µ

µ

h

h
(b)

µ

h

(d)
µ

h
LS
∆EFriar
,

Fig. 15. (a)+(b) Elastic
and (c)+(d) inelastic
LS
∆Einelastic
two-photon exchange (TPE) contribution. The
thick dots in (a) indicate helion form factor insertions. The
blob in (c) and (d) represents all possible excitations of the
nucleus.
LS
The inelastic part, ∆Einelastic
is shown in Figures 15c
and 15d. It stems from virtual excitations of the nucleus.
The inelastic contributions are notoriously the least wellknown theory contributions and limit the extraction of the
charge radius from laser spectroscopy of the Lamb shift.
Equation (13) is valid for the nuclear contributions as
well as for the nucleon contributions. This means that
elastic and inelastic parts have to be evaluated for both,
respectively.
LS
A
The nuclear parts of ∆ETPE
are then given as δEFriar
A
and δEinelastic
for a nucleus with A nucleons, and the
N
N
nucleon parts as δEFriar
and δEinelastic
.
With that, the total (nuclear and nucleon) TPE is given
as6
LS
A
N
A
N
∆ETPE
= δEFriar
+ δEFriar
+ δEinelastic
+ δEinelastic
. (14)

We refer here to two calculations of the TPE contributions. The first stems from the TRIUMF-Hebrew group,
who perform ab initio calculations using two different
nuclear potentials. They have published two papers on
the TPE in muonic helium-3 ions: Detailed calculations
are given in Nevo Dinur et al. [14], and updated results
are found in Hernandez et al. [40]. The second calculation
has been performed by Carlson et al. [41], who obtain
the TPE from inelastic structure functions via dispersion
relations.
The two calculations are very different, so that comparisons of any but the total value may be inexact [41].
An attempt to compare the different approaches is given
in Table II of reference [41]. Here, we want to refer to this
table only and later compare the total values as suggested.
Note that we proceed differently to our previous compilation for µd [5] (Tab. 3), where we listed and compared 16
6 Compared to the notation of the TRIUMF-Hebrew group [14],
A , δ N , δ A , and δ N ,
the terms in equation (14) correspond to δZem
Zem
pol
pol
respectively.

individual terms (labeled #p1...16) which together yield
the sum of the four terms of equation (14).
The nuclear Friar moment contribution is calcuA
lated by the TRIUMF-Hebrew group to be δEFriar
=
10.49(24) meV [14,40]. Previous values have been given
by Borie [44] (10.258(305) meV) and Krutov et al.,[45]
(10.50(10) meV)7 using a Gaussian charge distribution
and assuming an rms radius of 1.966(10) fm. These uncertainties do not include the (rather large) dependence of the
calculation on the charge distribution [36,45]. This type of
uncertainty is gauged within the ab-initio calculation of
[14] by using two different state-of-the-art nuclear potentials. We therefore use the more recent value provided by
the TRIUMF-Hebrew group. Their value also agrees with
a value of 10.87(27) meV which is obtained in [14] from the
third Zemach moment hr3 i(2) = 28.15(70) fm3 that was
extracted from electrons scattering off 3 He by Sick [36].
The nuclear polarizability contribution from the
A
TRIUMF-Hebrew group is δEinelastic
= 4.16(17) meV [14,
40]. The first calculation of the nuclear polarizability contribution in µ3 He+ has been published in 1961 [77]. The
recent value from the TRIUMF-Hebrew group replaces a
former one of 4.9 meV from Rinker [78] which has been
used for more than 40 years now.
As mentioned before, the total TPE contribution has
a nuclear part and a nucleon part. The nucleon Friar
moment contribution from the TRIUMF-Hebrew group
N
= 0.52(3) meV. They obtain this
amounts to δEFriar
N
value using δEFriar (µp) = 0.0247(13) meV from µp and
scale it according to equation (17) in reference [14]. This
N
(µp)
procedure has also been done in [5] for µd.8 δEFriar
is a sum of the elastic term (0.0295(13) meV) and the
non-pole term (−0.0048 meV) which have been obtained
by Carlson et al. in reference [79].
The nucleon polarizability contribution from the
N
TRIUMF-Hebrew group amounts to δEinelastic
=
0.28(12) meV. It is obtained using the proton polarizability contribution from µp and scaling it with the
number of protons and neutrons,9 as well as with the
wavefunction overlap, according to equation (19) of
reference [14]. Furthermore it is corrected for estimated
medium effects and possible nucleon-nucleon interferences. The proton polarizability contribution used here
amounts to 0.0093(11) meV and is the sum of an inelastic
term (0.00135 meV [81]) and the proton subtraction term
p
δsubtraction
= −0.0042(10) meV which has been calculated
for muonic hydrogen in reference [82].

7 Sum of 10.28(10) meV and 0.2214(22) meV, which correspond
to line 15 and 20 from Table 1 in reference [45], respectively.
8 In equation (12) of reference [5], we used a scaling of the nucleon
TPE contribution by the reduced mass ratio to the third power,
N
N
which is only correct for δEinelastic
. δEFriar
should be scaled with
the fourth power [14,71]. This is due to an additional mr scaling
factor compared to the proton polarizability term. This mistake has
no consequences for µd yet, as the nuclear uncertainty is much larger,
but the correct scaling is relevant for µ3 He+ and µ4 He+ .
9 Assuming isospin symmetry, the value of the neutron polarizability contribution used in [14] is the same as the one of the proton,
but an additional uncertainty of 20% is added, motivated by studies
of the nucleon polarizabilities [80].
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Summing up all nuclear and nucleon contributions evaluated by the TRIUMF-Hebrew group [14,40] yields a total
LS
value of the ∆ETPE
of [14,40]
LS
∆ETPE
(nuclear potentials)

(15)

A
N
A
N
= δEFriar
+ δEFriar
+ δEinelastic
+ δEinelastic

= 15.46(39) meV.10
Recently, Carlson et al. [41] have also calculated the
TPE in µ3 He+ . Their result of
LS
∆ETPE
(dispersion relations) = 15.14(49) meV

(16)

is in agreement with the one from the TRIUMF-Hebrew
group. As our choice we take the average of equations (15)
and (16) and remain with
LS
∆ETPE
= 15.30(52) meV.

(There is also the more recent paper [46] from Martynenko
et al., but it is less detailed and reproduces all numbers
from [47], with one exception to be discussed for #h27.)
The values are summarized in Table 3 and labeled with
#hi.
We also adapted the ordering according to increasing
order/complexity of the terms and grouped them thematically as: Fermi energy with anomalous magnetic moment
and relativistic corrections discussed in Section 4.1, vacuum polarization and vertex corrections in Section 4.2,
nuclear structure contributions and corrections listed in
Section 4.3, and the weak interaction contribution in
Section 4.4.
4.1 Fermi energy with muon anomalous magnetic
moment and Breit corrections
4.1.1 h1 and h4 Fermi energy and muon AMM correction

(17)

As conservative uncertainty we use the larger one (from
Eq. (16)) and add in quadrature half the spread. A
weighted average of the two values (Eqs. (15) and (16))
which would reduce the total uncertainty is not adequate
as certain contributions are effectively fixed by the same
data [83].
3.3 Total Lamb shift in µ3 He+
Collecting the radius-independent (mostly) QED contributions listed in Table 1 and summarized in equation (9),
the radius-dependent contributions listed in Table 2 and
summarized in equation (12), and the complete TPE conLS
tribution ∆ETPE
from equation (17), we obtain for the
2S → 2P energy difference in µ3 He+
∆E(2S1/2 → 2P1/2 ) = 1644.3466(146) meV
+ 0.1354(33) meV − 103.5184(98)rh2 meV/fm2
+ 15.3000(5200) meV
= 1659.78(52) meV − 103.518(10)rh2 meV/fm2 , (18)
where in the last step we have rounded the values to
reasonable accuracies.
One should note that the uncertainty of 0.52 meV from
LS
the nuclear structure corrections ∆ETPE
, equation (17),
is about 30 times larger than the combined uncertainty of
all radius-independent terms summarized in Table 1, and
13 times larger than the uncertainty in the coefficient of
the rh2 -dependent term (which amounts to 0.038 meV for
rh = 1.966 fm). A further improvement of the two-photon
exchange contributions in light muonic atoms is therefore
strongly desirable.

4 2S hyperfine splitting
The 2S hyperfine splitting (HFS) in muonic helium-3 ions
has been calculated by Borie [44] and Martynenko [47].
10 As explained in the introduction, we use a different sign
convention, which explains the minus sign in references [14,40].

Item #h1 is the Fermi energy ∆EFermi which defines
the main splitting of the 2S hyperfine levels. Borie and
the Martynenko group have both calculated the Fermi
energy, however, their values disagree by 0.055 meV (see
Tab. 3). For the calculation Borie uses equation (13) in
her reference [44]. Martynenko uses equation (6) in his
reference [47]. The Fermi energy is calculated using fundamental constants only. Thus we repeated the calculation
for both equations, the one from Borie and the one
from Martynenko which resulted to be the same: Both
equations yield the same result, as they should, which is
∆EFermi =

8(α4 Z 3 )m3r
µh = −171.3508 meV,
3n3 mµ mp

(19)

where mµ is the muon mass, mp is the proton mass, mr is
the reduced mass, and µh is the helion magnetic moment
to nuclear magneton ratio of µh = −2.127 625 308(25) [6].
We use the value in equation (19) as our choice. This value
agrees neither with Borie’s value (−171.3964 meV) nor
with the one from the Martynenko group (−171.341 meV).
The value for the Fermi energy corrected for the muon
anomalous magnetic moment (AMM) aµ is then also
updated to
∆EFermi,AMM = ∆EFermi · (1 + aµ ) = −171.5506 meV
(20)
with a correction of −0.1998 meV.
All further corrections from Borie given as coefficients
, are applied to this value analogous to
∆EFermi,AMM · (1 + ).

(21)

Note, that in Table 3, for the contributions given by Borie,
we use her coefficients but apply them to our value of the
Fermi Energy given in equation (20). The value for the
Fermi Energy in equation (20) is evaluated to a precision
of 0.0001 meV. If the number of significant digits from
Borie’s coefficients is too small to yield this precision we
attribute a corresponding uncertainty. For example item
#h28* has the coefficient 2γ = 0.0013; here the coefficient
is only precise up to a level of 0.00005, which we include
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as uncertainty. This uncertainty is propagated upon multiplication with the Fermi energy (Eq. (20)) and then yields
0.0086 meV.
4.1.2 h2 Relativistic Breit correction
Item #h2 is the relativistic Breit correction of order
(Zα)6 . It is given congruently by both authors as
B
M
∆EF,rel
= −0.0775 meV and ∆EF,rel
= −0.078 meV,
respectively. We take the number from Borie as our choice,
which is given with one more digit and attribute an
uncertainty of 0.0001 meV due to the precision in her
coefficient.
4.2 Vacuum polarization and vertex corrections
4.2.1 h8 and h9: Electron vacuum polarization in a
one-photon one-loop interaction (h8) and in a one-photon
two-loop interaction (h9)
The Feynman diagrams corresponding to #h8 and #h9
are analogous to those shown in Figures 3 and 4, respectively, and constitute the analogs to the Uehling- and
Källén-Sabry contributions in the Lamb shift. #h8 is of
order α(Zα)4 , #h9 is of order α2 (Zα)4 .
Borie calculates the main electron VP contribution (“by
modification of the magnetic interaction between muon
and nucleus”), which is a one-photon one-loop interaction. It amounts to a correction V P 1 = 0.00315, which
results in an energy shift of −0.5405 meV (#h8). She also
gives V P 1 = 2.511 · 10−5 for one-photon two-loop interactions, resulting in −0.0043 meV (#h9). These terms
are evaluated on p. 21 of her document [44], using her
equation (16).
Martynenko calculates these contributions to be
−0.540 meV and −0.004 meV, respectively. These values
are found in the table in reference [47].
Martynenko mentions that his value for our item #h9
consists of his equations (15,16). The numerical result
from equation (15) corresponds to two separate loops (see
our Fig. 4a) and is given as −0.002 meV, whereas equation (16) describes the two nested two-loop processes
where an additional photon is exchanged within the electron VP loop (see our Figs. 4b and 4c). One can conclude
that its numerical value is also −0.002 meV.
Both authors give congruent results within their precisions, as our choice we write down the numbers by Borie
which are given with one more digit. We attribute an
uncertainty to item #h8 due to the precision in Borie’s
coefficient.
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taken into account in our #h25 and #h26). The uncertainty in item #h5 originates from the precision of
V P 2 .
The corresponding values from Martynenko are
−0.869 meV (#h5) and −0.010 meV (#h7).
Due to slight differences between the two authors, as
our choice we take the average of items #h5 and #h7,
respectively. The uncertainty of item #h5 is the above
uncertainty and half the spread between both authors
added in quadrature.
4.2.3 h13 and h14: Vertex correction (=
ˆ self energy
happening at the muon-photon vertex)
Item #h13 is the muon self-energy contribution of order
α(Zα)5 (it is the analogue to a part of item #20 in the
Lamb shift, see Fig. 7a). It has only been calculated by
Borie as


vertex

5
= α(Zα) ln 2 −
2



= −0.9622 · 10−4 · Z. (22)

Its numerical value is thus 0.0330 meV, however this
includes a muon VP contribution of −0.0069 meV (#h12,
see Sect. 4.2.4). For our item #h13, we use the value from
Borie as our choice. We therefore should not include #h12,
which is discussed later.
Borie also cites a higher order correction of Brodsky and Erickson [84] which results in a correction of
−0.211 · 10−4 =
ˆ − 0.0036 meV (#h14). Very probably the
sign of the energy shift is not correct because the coefficient is negative, but the Fermi energy of helium-3 also
has a negative sign, thus the energy shift should be positive. (The analogous contributions in muonic hydrogen
and deuterium are negative, which is a further hint to a
wrong sign since the helium-3 Fermi energy is negative,
contrary to hydrogen and deuterium.)
4.2.4 h12: Muon VP and muon VP SOPT
Item #h12 is the one-loop muon vacuum polarization.
Borie on p. 19 (below the equation of vertex ) of reference [44] gives the coefficient as 0.3994 · 10−4 · Z. In combination with the Fermi energy this yields −0.0069 meV.
Martynenko obtains a value of −0.007 meV which is congruent to Borie’s value. However, Borie’s value of this
contribution is already included in our item #h13, which
has been discussed in the previous section. Hence, we do
not include it separately in ‘our choice’.

4.2.2 h5 and h7: Electron vacuum polarization in SOPT in
one loop (h5) and two loops (h7)

4.2.5 h18 Hadronic vacuum polarization

Items #h5 and #h7 are the SOPT contributions to items
#h8 and #h9, respectively.
Borie’s value for our item #h5 is given by the coefficient
V P 2 = 0.00506 and her value for our item #h7 by
V P 2 = 3.928 · 10−5 . This results in energy shifts of
−0.8680(9) meV and −0.0067 meV, respectively (those
values are for point nuclei; the finite size correction is

Item #h18 is the hadronic vacuum polarization. Borie
gives this contribution as hVP = 0.2666 · 10−4 · Z, which
amounts to −0.0091 meV on p. 19 of her paper. This contribution is analogous to our Figure 3, but with a hadronic
loop in the photon line. Since Martynenko does not provide a value for hadronic VP in muonic helium-3 ions, we
use Borie’s value as ‘our choice’.
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(a)

4.3 Nuclear structure and finite size corrections
Analogously to Section 3.2, we categorize the nuclear
structure contributions to the 2S HFS as one-photon
exchange (OPE) and two-photon exchange (TPE) processes, respectively. We list first the by far dominant
contribution to nuclear structure: the Zemach term,
which is an elastic TPE process. The following subsections describe the known elastic TPE corrections in the
2S HFS. So far, to our knowledge there are yet no calculations with respect to the inelastic TPE contribution to
the 2S HFS. Thus we only give a simplified estimate with
a large uncertainty. Later the section is concluded with
the one-photon exchange (OPE) corrections to nuclear
structure in the 2S HFS.
4.3.1 h20 Zemach term and h23, h23b*, h28* nuclear
recoil
Item #h20 is the elastic TPE and the main finite size correction to the 2S HFS. This correction arises due to the
extension of the magnetization density (Bohr-Weisskopf
effect) and is also called the Zemach term [85]. The
Zemach term is usually parameterized as [86]
HFS
∆EZemach
= −∆EFermi,AMM 2(Zα)mr rZ

(23)

with mr being the reduced mass and rZ the Zemach radius
of the nucleus [36]
Z
4 ∞
dq
rZ = −
(24)
[GE (q)GM (q) − 1] 2 .
π 0
q
Here, GE (q) and GM (q) are the electric and magnetic form
factors of the nucleus, respectively.
The corresponding coefficient to the Fermi energy in
equation (23) is given by Borie on p. 23 of [44] as
Zem = −2(Zα)mr rZ = −0.01506 fm−1 rZ .

(25)

With our Fermi energy from equation (20), item #h20 is
HFS
∆EZemach
= 2.5836 rZ meV/fm = 6.5312(413) meV,
(26)
where, in the second step, we inserted the most recent
Zemach radius from Sick [36] (rZ = 2.528(16) fm).
HFS
Note that Borie’s published value of ∆EZemach
differs
from the one given here, because she uses a different
Zemach radius of rZ = 2.562 fm, assuming a Gaussian
charge distribution.
Martynenko, in his reference [47], gives a value of
HFS
= 6.047 meV. This value contains a recoil con∆Estr
tribution and is thus not directly comparable with our
item #h20. However, this value has been updated [73]
HFS
and is now available as two separate values of ∆Estr
=
6.4435 meV = (6.4085 + 0.0350recoil ) meV. The first can
be compared to equation (26). The second is the recoil
correction and listed in our table as item #h23. Martynenko notes [47] that changing from a Gaussian to a dipole
parameterization results in a change of the final number
of 2%.

(b)

(c)

µ

µ

µ

h

h

h

Fig. 16. (a) Item #h15, µSE contribution to the elastic twophoton exchange; (b) item #h16 the vertex correction to the
elastic two-photon exchange, which results in two terms (the
vertex correction can take place either at one or the other
photon); and (c) item #h17, spanning photon contribution to
the elastic two-photon exchange, also referred to as jellyfish
diagram.

Regarding our item #h20, we do not consider the
respective value from Martynenko because it is modeldependent and therefore carries a large uncertainty. This
uncertainty can be avoided using the model-independent
Zemach radius from Sick and the coefficient given by Borie
as stated above.
A new contribution which hasn’t been calculated for
µp and µd is our item #h23b*. It is an additional recoil
contribution which amounts to 0.038 meV. It has only
been calculated by Martynenko and we adopt his value
as our choice. In order to account for the precision given
by Martynenko, we write 0.0380(5) meV.
Another contribution which has not been calculated for
µp and µd is item #h28*. It is a two-photon recoil correction, calculated by Borie in 1980 [87], who followed the
procedure of Grotch and Yennie [88]. This contribution
is not listed in Borie’s recent reference [44], but should
be included [89]. It is given by 2γ = 0.0013 and therefore results in −0.2230(86) meV, using our Fermi energy
from equation (20). The attributed uncertainty originates
from the number of significant digits in 2γ (the value
of the coefficient is considered to be accurate only to
±0.00005). Regarding the contributions given by Martynenko, no overlap is found, which is why we list this item
separately.
4.3.2 h24 electron VP contribution to two-photon
exchange
Item #h24, the electron VP contribution to the 2S HFS
elastic two-photon exchange in muonic helium-3 ions is
only calculated by Martynenko [47]. The corresponding
Feynman diagrams are shown in Figure 4 of his helium
2S HFS paper [47]. These are analogous to our Figure 15,
but with a VP loop in one of the exchange photons. A
numerical value of the contribution is given in his equation (38) of 0.095 meV and thus enters our choice, where
we write 0.0950(5) meV and therefore account for the
precision given by Martynenko.
4.3.3 h15, h16, h17 radiative corrections to the elastic
two-photon exchange
Items #h15, #h16, and #h17 are radiative corrections to
the elastic two-photon exchange in the 2S hyperfine structure and represented in Figure 16. They are partially given

Eur. Phys. J. D (2017) 71: 341

in Martynenko’s reference [47], but have been updated
[76] and result to be −0.0101 meV (#h15), 0.0333 meV
(#h16), and 0.0074 meV (#h17). These numbers include
recoil corrections and are based on equations (24)–(27)
from the Martynenko group [48] and use a dipole parameterization of the helion form factor, as well as rh =
1.966 fm. For the moment, we will adapt these preliminary
numbers including recoil considerations into our choice.
4.3.4 h22 inelastic two-photon exchange in the hyperfine
structure
In contrast to the Lamb shift, no calculations are available for the inelastic two-photon exchange (polarizability
contribution) in the 2S HFS. We give an estimate of this
value by calculating the ratio between the polarizability
contribution and the Zemach term in the 1S ground state
of (electronic) 3 He+ and assume the ratio to be similar for
the 2S state in µ3 He+ .
The 1S Zemach term for electronic 3 He+ is found by
using equation (23), but with the muon mass replaced by
the electron mass and n = 1. Using the Zemach radius
rZ from Friar and Payne [90] a value of 1717 kHz is
obtained. In order to obtain the total sum (polarizability + Zemach) of 1442 kHz [90], a polarizability term
of order −300 kHz is missing. The ratio is then roughly
−1/6. The Zemach term for muonic helium-3 ions (our
item h20), obtained above, yields ∆EZem ≈ 6.5 meV. The
estimate for the polarizability contribution consequently
HFS
follows with ∆Epol.
≈ −1.0 ± 1.0 meV, which includes a
conservative 100% uncertainty.
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are explicitly given as
4
1 − n2
HFS
2
∆E1γ,str
= − (Zα)2 m2r rM
· EFermi ·
3
4n2

(27)

HFS
∆Estr,SOPT
(2S)
4
2
= (Zα)2 m21 rE
· EFermi (2S) · (ln(Zα) − ln 2), [−5pt]
3
(28)

where mr is the reduced mass of the muon, m1 is the
muon mass, and rE and rM are the charge and magnetic
radii, respectively. Martynenko states to use rE ≈ rM =
1.844 ± 0.045 fm which is known to be outdated.
However, inserting Martynenko’s Fermi energy, the
radius he used, and fundamental constants into equations (27) and (28) yields a sum of 0.2251 ± 0.0001 meV
which is neither congruent with [47] nor [46].
Using Sick’s 2014 values [36] for the charge and magnetic radii yields 0.2577 ± 0.0001 meV.
In the course of some private communications with
Martynenko, he provided us his most current value of
0.2421 meV for the sum of h27 + h27b, and we use this
preliminarily as our choice.
4.4 h19 weak interaction
The contribution of the weak interaction to the 2S HFS
of helium-3 is only given by Borie. She cites Eides [91]
and provides weak = 1.5 · 10−5 =
ˆ − 0.0026 meV, which we
adopt as our choice.

4.3.5 h25 and h26 finite size correction to electron VP
Borie gives the electron VP contributions #h8 and #h5
(eVP processes in OPE, see Section 4.2) which are based
on a point nucleus. Additionally, she provides modified
contributions which include the finite size effect on electron VP. These are 0V P 1 = 0.00295 and 0V P 2 = 0.00486,
respectively. The difference between those values and
#h8 and #h5 constitute finite size corrections. Multiplied with the Fermi energy (including the AMM), these
yield 0.0343(9) meV each and we attribute them to #h25
and #h26, analogous to the previous CREMA summaries.
The uncertainty originates from the precision in Borie’s
coefficients. Note that these are OPE processes.
4.3.6 h27 and h27b nuclear structure correction in leading
order and SOPT
This correction is only given by Martynenko. The two
terms are found in Figure 5a,b of reference [47], for
leading and second order, respectively. This correction is
also an OPE process. Care has to be taken here because
this contribution is given as 0.272 meV in [47], but as
0.245 meV in a 2010 follow up paper [46] (however, this
is the only term that changed between [47] and [46]). As
compared to muonic deuterium, Martynenko only gives
the sum (h27 + h27b) and not the single contributions.
In [47] the formulas he uses to calculate h27 and h27b

4.5 Total 2S HFS contribution
In total, the 2S HFS contributions are given by
F=0
∆E HFS (2SF=1
1/2 − 2S1/2 ) = −172.7457(89) meV
HFS
+ 2.5836 meV/fm rZ + ∆Epol.

= −166.2145(423) − 1.0(1.0) meV
= −167.2(1.0) meV.
(29)
Here, in the first line, we separated out the Zemach contribution and the estimate of the polarizability contribution.
In the second line, the Zemach radius rZ = 2.528(16) fm
HFS
[36] is inserted and the estimated value of ∆Epol.
is
shown. The polarizability is the dominant source of uncertainty in the hyperfine structure and prevents a precise
determination of the helion Zemach radius from the measured transitions in the muonic helium-3 ion [92]. A calculation of the polarizability contribution is therefore highly
desirable. Until then a precise measurement of the 1S or
2S HFS in muonic helium-3 ions can be used to experimentally determine a value of the polarizability contribution
HFS
∆Epol.
. In essence, the measurement of the 2S HFS by the
CREMA collaboration can be used to give the total TPE
HFS
contribution to the HFS, ∆ETPE
= 2.5836 meV/fm rZ +
HFS
∆Epol. with an expected uncertainty of 0.1 meV.

Sum

Fermi splitting, (Zα)4
µAMM corr., α(Zα)4
(h1+h4)
Breit corr., (Zα)6
One-loop eVP in OPE, α(Zα)4 (VP1 )
Two-loop eVP in OPE, α2 (Zα)4 (VP1 )
One-loop eVP in OPE, SOPT, α(Zα)4 (VP2 )
Two-loop eVP in OPE, SOPT, α2 (Zα)4 (VP2 )
Vertex, α(Zα)5
Higher order corr. of (h13), part with ln(α)
one-loop µVP in 1γ int., α6
Hadronic VP, α6
Fin. size (Zemach) corr. to ∆EFermi , (Zα)5
Recoil of order (Zα)(m1 /m2 )ln(m1 /m2 )EF
Recoil of order (Zα)2 (m1 /m2 )EF
Two-photon recoil
eVP in two-photon-exchange, α6
muon self energy contribution in TPE, w/recoil
vertex correction contribution in TPE, w/recoil
jelly fish correction contribution in TPE, w/recoil
Helion polarizability, (Zα)5
Helion internal polarizability, (Zα)5
(h22a+h22b)
eVP corr. to fin. size in OPE (sim. to VP2 )
eVP corr. to fin. size in OPE (sim. to VP1 )
Nucl. struct. corr. in SOPT, α(Zα)5
Weak interact. contr.
± 0.0001

−0.0026
−166.6988g

p. 21
p. 21

± 0.0009
± 0.0009

0.0343
0.0343
p. 21

[87]

p. 19
p. 19
p. 21
p. 21
p. 21
p. 21
p. 19
p. 19
p. 19 & p. 21
p. 19
p. 23

±0.0086

(=2.5836 rZ /fm )

incl. in h13

± 0.0009

± 0.0001
± 0.0009

p. 19

−0.2230

(−171.3964)
(−0.1999)
−171.5963
−0.0775
−0.5404
−0.0043
−0.8680
−0.0067
0.0330
0.0036b
(−0.0069)
−0.0091
6.5312c

Borie (B)
Borie [44]

−165.1998h

0.2421

0.095
−0.0101
0.0333
0.0074

6.4085
0.0350
0.038

−0.007

−171.341
−0.200
(−171.541)
−0.078
−0.540
−0.004
−0.869
−0.010

(± 0.1)d

(8)
(12)
(15,16)
(24)
(29,30)

priv.comm.

#10, (38)
priv.comm.
priv.comm.
priv.comm.

priv.comm.
priv.comm.
#13, (48)

#6, (12)

#3,
#4,
#5,
#7,
#8,

#1, (6)
#2, (7)

Martynenko group (M)
Martynenko [47]

0.0001

1.0)e
0.0009
0.0009

−172.7457 ± 0.0089
2.5836 rZ /fm
−1.0
± 1.0

(−1.0
±
0.0343f ±
0.0343 ±
0.2421
−0.0026 ±

−0.0775 ± 0.0001
−0.5404 ± 0.0009
−0.0043
−0.8685 ± 0.0010
−0.0084 ± 0.0017
0.0330
0.0036
incl. in h13
−0.0091
2.5836 rZ /fm
0.0350
0.0380 ± 0.0005
−0.2230 ± 0.0086
0.0950 ± 0.0005
−0.0101
0.0333
0.0074

−171.3508a
−0.1998

Our choice
Value

B
B
M
B

B
B
B
avg.
avg.
B
B
B
B
B
M
M
B
M
M
M
M

Source

b

calculated in this work and given in equation (19).
The sign from Borie is wrong and has been corrected here, see Section 4.2.3.
c
Calculated by combining Borie’s coefficient with Sick’s rZ .
d
This uncertainty reflects the change in this contribution when moving from dipole parameterization to a Gaussian one.
e
Is a preliminary estimate, see text. It is therefore listed separately in the sum below.
f
Difference of two terms in Borie [44], see also Section 4.3.5.
g
Borie’s sum given in this table differs from her published one of −166.3745 meV [44]. This is because we used an updated value of the Fermi energy (see Sect. 4.1.1),
a different value for the Zemach radius rZ (see Sect. 4.3.1), and included item #h28* which has not been considered in reference [44].
h
Martynenko’s sum given in this table is different from the (superseded) published one of −166.615 meV [47] because several terms have been changed and added upon
private communication.

a

h1
h4
sum
h2
h8
h9
h5
h7
h13
h14
h12
h18
h20
h23
h23b*
h28*
h24
h15
h16
h17
h22a
h22b
sum
h25
h26
h27+h27b
h19

Contribution

Table 3. All contributions to the 2S hyperfine splitting (HFS). The item numbers hi in the first column follow the entries in Table 3 of reference [3].
However, the terms are now sorted by increasing complexity, analogous to their order in the text. For Martynenko, numbers #1 to #13 refer to rows in
Table I of his reference [47], whereas numbers in parentheses refer to equations therein. Borie [44] gives the values as coefficients  to be multiplied with
the sum of (h1+h4) of ’our choice’ values. We list the resulting values in meV. AMM: anomalous magnetic moment, PT: perturbation theory, VP: vacuum
polarization, SOPT: second order perturbation theory, TOPT: third order perturbation theory. All values are in meV. Values in brackets do not contribute
to the total sum.
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5 2P levels
5.1 2P fine structure
Fine structure (FS) contributions have been calculated by
Borie [44] (Tab. 7), the Martynenko group [49] (Tab. 1),
and the Karshenboim group [53] (Tab. 4) and [52] (Tab. 9).
All of these contributions are listed in Tab. 4 and labeled
with #fi.
The leading fine structure contribution of order (Zα)4
has been calculated by Borie using the Dirac wavefunctions (same as in Lamb shift). Her result (our item #f1)
has to be corrected by a recoil term (item #f2) in order to
be compared with the result from the Martynenko group.
They use a nonrelativistic approach (our item #f3) and
then add relativistic corrections (our item #f4a+b). Their
total results differ by 0.02 meV. We take the average as our
choice and remain with an uncertainty of 0.01 meV. This
is by far the dominant uncertainty in the 2P fine structure.
Item #f5a and #f5b are the one-loop eVP of order
α(Zα)4 in leading order and SOPT. Item #f13* is the
one-loop eVP contribution of order α2 (Zα)4 in SOPT.
All three items are given individually by the Martynenko
group [49] in lines 5, 7, and 9 of their Tab. 1. In Tab. 7 of
[44], Borie’s term “Uehling(VP)” presumably contains all
these three items. Karshenboim et al. [53] (Tab. 4) also calculate the sum of these items. All agree within 0.0009 meV
and we take the average as our choice which coincides with
Borie’s value.
Item #f6a and #f6b are the two-loop eVP (KällénSabry) contribution of order α2 (Zα)4 in leading order and
SOPT. These terms have been calculated by Martynenko
et al. [49] (Tab. 1, line 10+11 and 12+13, respectively).
Borie [44] and the Karshenboim group [52] (Tab. IX) only
calculated our item #f6b. We therefore adopt the value
provided by the Martynenko group for item #f6a and the
Karshenboim group’s value of #f6b as they included some
higher order terms as well.
Items #f7a, #f7d, and #f7e are of order α2 (Zα)4 and
have been calculated with high accuracy by the Karshenboim group [52] (Tab. IX). They correspond to the same
Feynman diagrams as the Lamb shift items #11, #12, and
#30, shown in Figures 8, 9, and 10, respectively. We adopt
the values from the Karshenboim group as our choice.
Item #f11* is a contribution of order α(Zα)6 which has
been calculated by Martynenko et al. [49] (Tab. 1, line 8).
Item #f12* is the one-loop µVP of order α(Zα)4 which
has been calculated by the Martynenko group as well [49]
(Tab. 1, line 6). We adopt both of these values as our
choice.
The sum of items #f8 and #f9 is the muon anomalous
magnetic moment (AMM) contribution of order (Zα)4 .
These items are labeled by Borie [44] as “second order”
and “higher orders”, respectively. Martynenko et al. [49]
(Tab. 1, line 2) provide the sum of these. Both groups
agree very well. As our choice we adopt the average.
Item #f10 is the finite size correction to the 2P1/2 level
of order (Zα)6 which has only been calculated by Borie
[44]. It is the same correction which appears in the radius
dependent part of the Lamb shift as #r8, with opposite sign and evaluated with a helion charge radius of
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1.966(10) fm [44]. We adopt Borie’s value as our choice
and add the uncertainty which we obtain from the given
charge radius.
The total sum of the FS contributions is summarized in
Table 4 and amounts to
∆EFS = 144.7993 meV ± 0.0101 meV.

(30)

It will enter the calculation of the 2P hyperfine structure
in the following section. Note, that the uncertainty originates only from differences in the treatment of Dirac term
(sum of items #f1 to #f4).
5.2 2P hyperfine structure
The 2P hyperfine splitting is described by the Breit
Hamiltonian. Off-diagonal terms appear in the matrix representation of this Hamiltonian in the basis of 2PF=1
1/2 ,
F=0
F=2
F=1
2P1/2 , 2P3/2 , and 2P3/2 . These terms lead to a mixing
of energy levels with same quantum number F (see Fig. 2).
This has first been calculated by Brodsky and Parsons [42]
for hydrogen and later has also been evaluated for muonic
hydrogen by Pachucki [56]. In previous publications [3,5],
we also discussed the mixing of hyperfine states.
The traditional way [42,56] is to calculate the FS (without perturbations from the HFS F state mixing) and then
include the so obtained FS in the evaluation of the Breit
matrix. The centroids of the diagonal elements are now
the virtual levels 2P1/2 and 2P3/2 . Afterwards the mixing
is included (via diagonalization) which means that the
actual centroid is not at the position of the virtual levels
anymore.
The 2P hyperfine structure has been calculated by Borie
[44] (Tab. 9) and Martynenko et al. [49] (Tab. 2). We also
calculated the splittings following Pachucki [56], who did
the evaluation for µp. The values which are listed in our
Table 5 are not the published values, but the values which
result when including our FS value from Section 5.1.
Borie in her Table 9 lists the energies of the four 2P
hyperfine levels relative to the 2P1/2 fine structure state
where she already included the F state mixing. We reproduced her results using equations given in her Table 9 and
then inserted our ∆EFS from our equation (30). The result
is listed in the second column of Table 5. Borie mentions,
she used the shielded helion magnetic moment, whereas
the (unshielded) magnetic moment should be used. The
change, however, appears only on the seventh digit and is
therefore negligible.
In their Table 2, Martynenko et al. provide the total
splittings of the hyperfine structure levels, and at the end
of their Section 3, they list the term ∆ = 0.173 meV originating from the mentioned F state mixing. In order to
include this term, the numbers in their Table 2 first have
to be divided according to the weight given by the number of mF states. ∆ has then to be added to the two
F = 1 states. Furthermore, for the 2P3/2 states, we add
our ∆EFS . The result is listed in the third column of our
Table 5.
Additionally, following Pachucki [56], we repeat his calculations in µp for µ3 He+ . The off-diagonal elements are

eVP corr. SOPT, α2 (Zα)4
f5+f13*

two-loop eVP corr. (KS), α2 (Zα)4

f13*
sum

f6a

0.2696 ± 0.0004

144.7993 ± 0.0101

144.8062

Finite size, (Zα)6a

Sum

f10

a

−0.0158 ± 0.0002

0.3244
−0.0158

Total AMM (f8+f9)

sum

l. 2

l. 6

0.3244

0.0000

This is item #r8, evaluated for a helion radius of 1.966(10) fm [44], see text. The uncertainty is propagated from the charge radius, but is negligible.

144.80315

0.32446

0.00001

AMM (second order)
AMM (higher orders)

f8
f9
0.3232
0.0012

one-loop µVP, α(Zα)4

f12*

l. 8

−0.00055

0.0000
−0.0006

0.0016
0.000019(2) [52] Tab. IX (e)

[52] Tab. IX (d)

0.00164

0.0024
0.0006

0.0010

α2 (Zα)4 m, like #30∗
α(Zα)6

[52] Tab. IX “eVP2”
[52] Tab. IX (a)

[53] Tab. IV

f7e
f11*

0.00242
0.000606

0.26920

α2 (Zα)4 m, like #12

l. 12 + 13

l. 10 + 11

l. 9

l. 5
l. 7

144.2159 ± 0.0100

f7d

0.00234

0.00098

0.00028
0.27009

0.12925
0.14056

l. 4

Our choice

two-loop eVP in SOPT, α (Zα)
α2 (Zα)4 m, like #11

0.0021

0.2696

144.2259

l. 1
l. 3

Karshenboim et al. [53]
Korzinin et al. [52]

Karshenboim group (K)

f6b
f7a

4

eVP corr. (Uehling), α(Zα)
eVP corr. SOPT, α(Zα)4

f5a
f5b

2

(f1+f2) or (f3+f4)

sum
4

−0.00060

Contrib. of order (Zα)6 m2 /M

f4b
144.20582

144.18648
0.01994

Contrib. of order (Zα)4
Contrib. of order (Zα)6

f3
f4a

144.4157
−0.1898

Dirac
Recoil

Elekina et al. [49] Tab. 1

Borie [44] Tab. 7

f1
f2

Martynenko group (M)

Borie (B)

Contribution

#

B

avg.

M

K
M

K

K
K

M

avg.

avg.

Table 4. Contributions to the 2P fine structure. Items # with an asterisk * denote new contributions in this compilation. The items #f7a, #f7d, and
#f7e originate from the same graphs as the Lamb shift items #11, #12, and #30, respectively. VP: vacuum polarization, AMM: anomalous magnetic
moment, KS: Källén-Sabry. All values are in meV.
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Table 5. 2P levels from fine- and hyperfine splitting. All values are in meV relative to the 2P1/2 level.
The columns labeled with Borie and Martynenko include their HFS calculations, but our value of the fine structure
(2P3/2 −2P1/2 energy splitting) ∆EFS = 144.7993(101) meV from equation (30). The column ‘following [56]’ is calculated in this work following the treatment of Pachucki for µ3 He+ , also including our value of the fine structure.
Uncertainties arise from differences between the published values and from the uncertainty in the fine structure value
∆EFS .

Borie [44]

Martynenko [49]

Following [56]

Our choice

2PF=1
1/2

−14.7877

−14.8080

−14.7990

−14.7979(102)

2PF=0
1/2

43.8458

43.9049

43.8797

43.8754(296)

2PF=2
3/2

135.7580

135.7552

135.7527

135.7554(27)(101)FS

2PF=1
3/2

160.0410

160.0459

160.0494

160.0452(42)(101)FS

1
m3r
δEHFS (2P3/2 ) = (Zα)4
(1 + κ) · 0.00008.
3
mµ mh

given by equation (85) of [56]
F=1
h 2PF=1
1/2 | V | 2P3/2 i

(35)

√ !


3
1
mµ 1 + 2κ
2
4 mr
= (Zα)
,
(1 + κ) 1 +
−
3
mµ mh
mh 1 + κ
48

They have to be added to equations (32) and (33), respectively. Diagonalizing the matrix given in equation (91) of
reference [56] with entries determined by the above equa(31) tions yields the values given as our choice in Table 5. The
diagonalization yields an F mixing of ∆ = 0.1724 meV.
where we included the correct Z scaling. mr is the reduced In the same manner as for the sections above, our choice
mass of the muonic helium-3 ion, mµ (mh ) is the mass in Table 5 takes into account the spread of values from
of the muon (helion), and κ = −4.1841511 is the helion the different authors and additionally the uncertainty of
anomalous magnetic moment. The diagonal terms are our value of the fine structure which we obtained in Section 5.1. It is astonishing that the splitting of the 2P1/2
given by equation (86) therein
states differs by as much as 0.04 meV between Borie and
Martynenko. These states do not overlap with the nucleus,
EHFS (2P1/2 )
so it should be possible to determine them to much bet

3
1 mµ 1 + 2κ
1
1 aµ
ter precision. A precise calculation of these splittings is
4 mr
+
+
= (Zα)
(1 + κ)
therefore highly welcome.
3
mµ mh
3
6
12 mh 1 + κ
(32)

6 Summary
EHFS (2P3/2 )
=

1
m3r
(Zα)4
(1 + κ)
3
mµ mh



2
aµ
1 mµ 1 + 2κ
−
+
15 30 12 mh 1 + κ


(33)

with the anomalous magnetic moment of the muon aµ =
1.165 920 89(63) × 10−3 [6].
Furthermore, Pachucki adds corrections due to vacuum
polarization in his equations (89) and (90). With correct
Z scaling these are
1
m3r
δEHFS (2P1/2 ) = (Zα)4
(1 + κ) · 0.00022
3
mµ mh

(34)

11 The helion anomalous magnetic moment is obtained using the
respective equation on p. 17 of Borie’s reference [44], where this
magnitude is denoted as κ2 .

We have compiled all available contributions necessary to
extract a charge radius of the helion from the Lamb shift
measurement in muonic helium-3 ions, performed by the
CREMA collaboration.
The total of the Lamb shift contributions are summarized in equation (18).
The nuclear structure-independent contributions of the
Lamb shift, given in Table 1, show good agreement within
the four (groups of) authors. The uncertainty is dominated by the hadronic VP (#14) and higher order
radiative recoil corrections (#24). The total uncertainty in
Table 1, however, is in the order of 0.01 meV and therefore
sufficiently good (see also Eq. (5)).
The nuclear structure-dependent part of the Lamb shift
completely dominates the theoretical uncertainties. The
one-photon exchange (finite size) contributions, where
the coefficients are given in Table 2, have an uncertainty
which corresponds to 0.04 meV, which already is above
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the “ideal” precision, mentioned in the introduction. This
uncertainty is dominated by a disagreement in the terms
#r4 and #r6. The much larger uncertainty, however,
stems from the two-photon exchange contributions (TPE),
given in equation (17). Recently, two groups have published new calculations on the TPE with a precision of
about 3% (∼0.5 meV). In terms of the helion charge radius
this uncertainty corresponds to about
σtheory (rh ) ≈ ±0.0013 fm.

(36)

The expected experimental uncertainty will be about an
order of magnitude smaller. Thus, improving the theoretical uncertainty directly improves the extraction of the
charge radius.
Isotope shift measurements generally benefit from cancellations of theory contributions that limit the absolute
charge radii [11,24]. For the present case of the muonic
helium isotope shift it will be useful to exploit possible
correlations between the nuclear and nucleon structure
contributions, which dominate the total uncertainty of the
muonic radii. The correlations could lead to a reduction
of the uncertainty of the muonic isotope shift determination and shed light on the 4 σ discrepancy in the
electronic isotope shift measurements, see Figure 1. A
further investigation of these correlations is therefore
desired.
The total of the 2S HFS contributions are given in
Table 3 and summarized in equation (29). The uncertainty
in the 2S HFS is completely dominated by the polarizability contribution, where no calculation exists. We have
given a very rough estimate. The second largest uncertainty in the 2S HFS originates from the Zemach radius
term (Bohr-Weisskopf effect). The upcoming results of the
CREMA experiment will be able to extract a value for
the TPE in the 2S hyperfine splitting (sum of polarizability and Zemach radius contribution) from measured
data. In this case the uncertainty will be limited by the
experimental uncertainty.
For the 2P levels, we collect all fine structure terms
from the various authors (Tab. 4) which are then used to
calculate the hyperfine structure by means of the Breit
matrix. The results are compared with two other groups
(Tab. 5). Here, the largest uncertainty originates from the
leading order contributions (#f1 to #f4) in the fine structure (which is still sufficiently good) and from differing
published values of the 2P3/2 splitting. A clarification of
this difference would be very welcome.
Note added in proof: After this manuscript was accepted
for publication, a paper by Karshenboim et al. [93] about
the Lamb shift theory in muonic helium and tritium was
published. They discuss the 2S-2P Lamb shift and the
2P fine- and hyperfine structure. The 2S hyperfine structure is not treated therein. The comparison of their values
with ours has to be done carefully because Karshenboim
et al. treat the mixing of the hyperfine levels (Brodsky
Parsons contribution) differently. In their work the mixing is added as a perturbation to the fine structure. The
traditional way, however, is to use the unperturbed fine
structure and add the mixing as a perturbation to the

hyperfine levels, which is what we do. Comparing the
values one therefore has to subtract/add the Brodsky
Parsons term printed in bold italic in [93]. Furthermore
Karshenboim et al. neglect some known higher order terms
and increase the uncertainty due to estimates of non-listed
higher order contributions. The comparison with the values in Ref. [93] yields the following (the numbers shown
here are adapted to the traditional treatment of the Brodsky Parsons contribution): For the radius-independent
QED Lamb shift without TPE, Karshenboim et al. obtain
a value of 1644.35(2) meV which is in very good agreement
with ours (Eq. (9)). In order to compare the radiusdependent (finite size) part we use a helion charge radius
of 1.966 fm [44]. The value of Karshenboim et al. is then
−399.69(23)theo meV which differs by 0.33(23) meV (1.4σ)
from our value of −400.02(4)theo meV. This difference is
the largest between our values and the ones from Karshenboim et al. For the 2P fine structure, Karshenboim et
al. obtain a value of 144.800(5) meV − 0.004rh2 /f m2 meV
which differs by 0.0142 meV (1.3σ) from ours. Regarding
the 2P1/2 hyperfine structure, the value from Karshenboim et al. of −58.7150(7) meV differs by 0.0417 meV
(1.3σ) and has by far the smaller uncertainty. In our
case the uncertainty arises from the huge difference
between Borie and Martynenko. The 2P3/2 splitting of
−24.2925(7) meV agrees very well with our value.
However, all these differences are considerably smaller
than the uncertainty of the two-photon contribution which
we assumed to be 0.52 meV while Karshenboim et al.
increase it to 0.86 meV. The final result for the charge
radius will therefore not be changed significantly.
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