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Gravitational wave detection is eagerly expected as one of the major discoveries of the
next decade. A worldwide eﬀort is currently underway, building ever-more-sensitive
detectors and developing more powerful data-analysis tools. Continuous gravitational
waves (CWs) are a promising class of signals for advanced detectors, and a particularly interesting type of CW sources are neutron stars in low-mass X-ray binaries, with
Scorpius X-1 being the most remarkable representative. We describe the details of a
project aimed to perform directed searches for CWs from binary systems. We use a
search algorithm based on coherently computing a maximum likelihood statistic for a
bank of signal templates, and then incoherently summing this statistic over the segments
in which the entire data set has been previously split. The current strategy strongly relies on the derivation of precise analytic expressions for the (coherent and semicoherent)
phase metrics of CW sources in low-eccentricity binary systems, for the two regimes
of long and short segments compared to the orbital period. As an application of the
metric template expressions, we estimate the optimal achievable sensitivity of an Einstein@Home directed search for Scorpius X-1, under the assumption of suﬃciently small
spin wandering, and using data from the upcoming advanced detectors. We ﬁnd that
such a search would be able to beat the torque-balance level up to a frequency of 500–600
Hz, if orbital eccentricity is well-constrained, and up to a frequency of ∼160–200 Hz for
more conservative assumptions about the uncertainty on orbital eccentricity.

1. Introduction
Continuous gravitational waves (CWs) are a promising class of signals for the advanced detectors currently under construction. 1,2 These signals would be emitted
from spinning neutron stars (NSs) with non-axisymmetric deformations. 3 A particularly interesting type of searches for CW signals are those directed to Scorpius X-1.
To this purpose, several new pipelines have been developed and compared. 4
A coherent strategy for extracting faint CW signals buried in noisy data using
standard matched-ﬁltering techniques was derived in Ref. 5. The resulting detection
statistic is the so-called F -statistic. In order to increase sensitivity beyond existent
methods, and to be able to eﬀectively absorb large amounts of computing power
(such as those provided by Einstein@Home 6 ), it is necessary to consider general
long-segment semicoherent methods, by stacking coherent F -statistic segments 7
and extending such methods to the search for CWs from binary systems.
Key ingredients required for building a semicoherent “StackSlide” search are the
coherent and semicoherent parameter-space metrics. 8,9
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2. Detection Statistic and Metric Mismatch
As shown in Ref. 5, matched-ﬁltering the data x(t) against a template h(t; A, λ),
and analytically maximizing over the unknown amplitude parameters Aa , results in
the coherent statistic F"(x; λ). Using the F -statistic means that we need to search
explicitly only over the phase-evolution parameters λb .
We focus on one particular semicoherent approach, referred to as StackSlide,
which consists of dividing the total amount of data Tobs into N segments of duration
ΔT , such that Tobs = N ΔT (in the ideal case of gapless data). The coherent
statistic is then computed over all segments  = 1 . . . N , and combined incoherently
N
2
"
by summing F1(x; λ) ≡
=1 F (x; λ). This statistic follows a (non-central) χ 2
distribution with 4N degrees of freedom and a non-centrality parameter ρ1 (A, λs ; λ),
N
which is given by ρ12 = =1 ρ"2 in terms of the per-segment coherent SNRs ρ" c .
In order to systematically search a parameter space P using the F -statistic,
we need to select a ﬁnite sampling {λt } ⊂ P of the parameter space, commonly
referred to as a template bank, and compute the statistic over this set of templates.
A signal with parameters λs ∈ P will generally not fall on an exact template, and
we therefore need to characterize the loss of detection statistic F as a function of
the oﬀset δλ = λ − λs from a signal. This is generally quantiﬁed using the expected
statistic E[2F ], namely as the relative loss in the non-centrality ρ2 :
μ0 ≡

ρ2 (A, λs ; λs ) − ρ2 (A, λs ; λ)
,
ρ2 (A, λs ; λs )

(1)

which deﬁnes the measured F -statistic mismatch function. By Taylor-expanding
this up to second order in small oﬀsets δλ, and neglecting the dependence on the
amplitude parameters A, we obtain
μ0 (A, λs ; λ) ≈ μ(λs ; λ) ≡ gij (λs ) δλi δλj ,

(2)

with gij being the phase metric, expressible in terms of phase derivatives (see Ref. 9).
3. Numerical Tests of the Metrics
We present numerical tests performed on the parameter-space metrics derived in
Ref. 9 assuming a low-eccentricity binary orbit and focusing on two limiting regimes,
namely the long-segment limit (LS) where ΔT  P , and the short-segment limit
(SS) where ΔT  P , with P the source orbital period. These tests consist of comparing the predicted metric mismatches μ of Eq. (2) against measured F -statistic
amplitude parameters are the intrinsic signal amplitude h0 , the polarization angle ψ, the
initial phase φ0 , and cos ι, with ι being the inclination angle between the line of sight to the
neutron star and its rotation axis.
b The phase parameters are the intrinsic signal frequency, the frequency time derivatives (“spindown” terms), the source sky position, and binary orbital parameters.
c The expectations for F and F
 are E[2F (x; λ)] = 4 + ρ2 (A, λs ; λ) and E[2F(x;
 λ)] = 4N +
ρ2 (A, λs ; λ), respectively.
a The
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mismatches μ0 of Eq. (1) obtained via signal software injections. The quantity used
for this comparison is
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ε(μ0 , μ) ≡

μ0 − μ
∈ [−2, 2].
0.5 (μ0 + μ)

(3)

Phase and amplitude parameters are randomly drawn from uniform distributions according to what described in Ref. 9, and software injections and recovery
are performed using the machinery detailed in Ref. 9. In the following we highlight
the results obtained by computing the semicoherent parameter-space metric components for the LS regime. The scale for the orbital period used here is P0 = 2 h,
with segments of ﬁxed length of ΔT = 1 d and varying Tobs . In total we used 10
values of Tobs : 1 d, 10 d, and 30 d up to 100 d in steps of 10 d. The results of these
tests are shown in Fig. 1 for the total of 20 000 trials performed (2 000 trials for each
Tobs value). We see that the agreement between measurements and predictions is

Fig. 1. Results for the semicoherent LS metric tests assuming an orbital period of P0 = 2 h and
) vs eccentricity e. The dashed
ﬁxed segment length of ΔT = 1 d. Left panel: Relative error ε(
μ0 , μ
vertical line denotes the boundary between a “low-e” range e ∈ [10−5 , 0.1] and a “high-e” range
e ∈ [0.1, 0.9]. Middle and Right panels: Relative error ε vs observation time Tobs . The solid lines
in all the panels denote the median value; the error bars correspond to the 25th-75th percentiles;
the circles and the stars denote the 2.5th and 97.5th percentiles, respectively.

generally good in the low-eccentricity regime e < 10−1 (left and middle plots), while
rapidly degrading at higher eccentricites (right plot). The case Tobs = ΔT = 1 d
corresponds to the single-segment coherent case, and antenna-pattern eﬀects are expected to play a role for observation times of order a day. By performing analogous
Monte Carlo simulations for the coherent LS regime, and for both the coherent and
semicoherent SS regime, we observe that the agreement between metric mismatch
predictions and the measured relative loss in F -statistic is generally very good (typically no worse than ∼ 10 − 30%) within its range of applicability. The ﬁrst-order
small-eccentricity approximation starts to noticeably degrade only above e  0.1,
except in the coherent SS regime where it breaks down above e  5 × 10−3 .
4. Sensitivity Estimates
Applying the fast and accurate method developed in Ref. 10, and using the metric
template counts computed in Sec. VA of Ref. 9, we semi-analytically estimate the
optimal achievable StackSlide sensitivity of a directed search for Scorpius X-1.
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We ﬁnd that the predicted torque-balance 11 limit could be reachable for the
ﬁrst time with an Einstein@Home search using data from a 6-month “Mid” aLIGO
run (currently planned for 2016-2017), and should be beatable over a substantial
frequency range in “Final” aLIGO. 12 However, the frequency range over which the
torque-balance limit can be beaten depends strongly on the Scorpius X-1 parameterspace uncertainty, most notably the orbital eccentricity and the assumed characteristics of spin wandering. As an example, by employing the Fast-Fourier-Transform
resampling method 13 , assuming negligible uncertainty on e, we can beat the torquebalance level over a wide frequency range [20, 630] Hz (for ΔT ≤ 10 d) or up to
∼ 500 Hz (for ΔT ≤ 3 d), and can still beat the torque-balance limit (albeit only up
to a smaller frequency of ∼ 160 Hz − 200 Hz, depending on the constraint on ΔT )
in the case of substantial uncertainty 14 on eccentricity (Δe = 0.087).
5. Future Plans
The results presented here build on and highlight the work of Ref. 9, and show the
concrete possibility of beating the torque balance level for Scorpius X-1 by using the
computing power of Einstein@Home for several months. We are currently undertaking a new challenge, consisting of developing a novel directed search strategy for
CWs from binary systems, which exploits the peak-amplitude related statistic described in Ref. 15. This new algorithm is being conceived with the goal to overcome
the hardy limitations dictated by computing resources. In a forthcoming paper we
will validate the new method using software signal injections, and investigate its
performance compared to current pipelines. 4,9 With the advent of the advanced
detector era it becomes essential to use diﬀerent pipelines, which search for the
same class of sources, and are implemented with independent software. This allows
a robust vetting and accurate validation of results.
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