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Abstract

Linearized supergravity in arbitrary dimension is reformulated into a first
order formalism which treats the graviton and its dual on the same footing
at the level of the action. This generalizes previous work by other authors
in two directions: (1) we work in arbitrary space-time dimension, and (2)
the gravitino field and supersymmetry are also considered. This requires the
construction of conformally invariant curvatures (the Cotton fields) for a
family of mixed symmetry tensors and tensor-spinors, whose properties we
prove (invariance; completeness; conformal Poincaré lemma). We use these
geometric tools to solve the Hamiltonian constraints of the graviton and
gravitino through the introduction of prepotentials (two tensor fields for the
graviton, one tensor-spinor for the gravitino) enjoying (linearized) conformal
invariance. The action and equations of motion take a geometrically simple
form in terms of the Cotton tensor(-spinors) of the prepotentials. In particular,
the equations of motion of the graviton are equivalent to twisted self-duality
conditions. We express the supersymmetric transformations of the graviton
and gravitino into each other in terms of the prepotentials. We also reproduce
the dimensional reduction of supergravity within the prepotential formalism.
Finally, our formulas in dimension five are recovered from the dimensional
reduction of the already known prepotential formulation of the 6D N = (4, 0)
maximally supersymmetric theory.
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Original content from this work may be used under the terms of the Creative
Commons Attribution 3.0 licence. Any further distribution of this work must maintain
attribution to the author(s) and the title of the work, journal citation and DOI.
1361-6382/19/045012+40$33.00 © 2019 IOP Publishing Ltd Printed in the UK

1

V Lekeu and A Leonard

Class. Quantum Grav. 36 (2019) 045012

Contents
1. Introduction
2
2. Conformal geometry
4
		
2.1. Bosonic (d – 2, 1)-field
5
		
2.2. Bosonic (d – 2, d – 2)-field
7
		
2.3. Fermionic (d – 2)-form
8
3. Graviton
9
		
3.1. Hamiltonian action
9
		
3.2. Hamiltonian constraint
10
		
3.3. Momentum constraint
11
		
3.4. Prepotential action
11
		
3.5. Equations of motion
12
4. Gravitino
12
		
4.1. Hamiltonian action
12
		
4.2. Solving the constraint
13
		
4.3. Prepotential action
13
		
4.4. Equations of motion
14
5. Supersymmetry transformations
15
		
5.1. Variation of the first bosonic prepotential f16
		
5.2. Variations of the fermionic prepotential
17
		
5.3. Variation of the second bosonic prepotential P18
6. Conclusions
19
Acknowledgments19
Appendix A. Properties of the Cotton tensors
20
A.1. Gauge and Weyl invariance
20
A.2. Conformal Poincaré lemma
21
Appendix B. Lower-spin fields
23
		
B.1. Scalar field
23
		
B.2. Dirac field
23
		
B.3. Vector field
23
Appendix C. Dimensional reduction for the graviton and gravitino
25
		
C.1. Graviton
25
		
C.2. Gravitino
28
Appendix D. Dimensional reduction of self-dual fields in 6D
31
		
D.1. The exotic graviton
32
		
D.2. The exotic gravitino
34
		
D.3. The chiral two-form
36
Appendix E. Gamma matrices
37
References38

1. Introduction
Electric-magnetic duality of vector and p -form fields has been the object of growing interest,
as it appears in a large variety of theories. Initially observed at the level of the equations of
motion and Bianchi identities, the field and its dual can be made to appear on an equal footing
at the level of the action [1–9] by going to the first order formalism in terms of unconstrained
Hamiltonian variables. This rewriting of the action entails a loss of explicit space-time covariance, which could be complementary to duality [10]. The action is nevertheless covariant.
A similar duality arises for linearized gravity [11–17]. In space-time dimension D, the
‘dual graviton’ is a tensor of mixed Young symmetry type (D − 3, 1) (see [18] for early work
on mixed symmetry gauge fields). Gravitational duality invariance is involved in the infinitedimensional Kac–Moody algebras E11 [14] or E10 [19] which are conjectured to be the fundamental symmetries of supergravity and (for E10) the zero tension limit of string theory [20].
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Understanding the role played by the dual of the graviton could be a step toward unravelling
of these ‘hidden’ infinite-dimensional symmetries. It can also be understood geometrically
from the dimensional reduction on a torus of the exotic 6D models of [11, 13]. Unfortunately,
this duality is so far only understood at the linearized level [21]. Moreover, no-go theorems
exists for local self-interactions of the dual graviton, see [22, 23]. We therefore only consider
the linearized theory in this paper.
Generally speaking, a formalism which treats the fields and their dual on the same footing
is the rewriting of the equations of motion as twisted self-duality conditions [24–27] which, in
the case of electromagnetism, equate the electric field of the potential vector to the magnetic
field of its dual, and reciprocally (up to a sign)3.
As in the case of electromagnetism, duality invariance can be realized at the level of the
action by going to the first order formalism and working with unconstrained Hamiltonian variables: these are the prepotentials, which appear in pair. Linearized gravity has been brought to
this form in dimension four and five in [28–30]. In this paper, we generalize this reformulation
to arbitrary dimension and give it a systematic geometric base.
As was observed before, the prepotentials are always found to enjoy a larger gauge invariance than the corresponding covariant fields used in second order formalism: their gauge
transformations include both linearized diffeomorphisms and local Weyl rescalings. This
observation leads us to investigate the associated conformal geometry and the construction of
a complete set of invariant conformal curvatures, which are the Cotton tensors, whose properties we establish (invariance, completeness, conformal Poincaré lemma). The Hamiltonian
analysis and the rewriting of the equations of motion as twisted self-duality conditions are
greatly clarified by the use of these conformal techniques. Our treatment gives a formulation
of linearized gravity that treats the graviton and its dual on an equal footing in arbitrary dimension. In particular, this can be applied to 11D supergravity, where it could help exhibiting the
infinite-dimensional symmetry this theory is speculated to enjoy.
We also apply this treatment to the gravitino, for which the appropriate conformal geometry is built in arbitrary dimension. This allows us to write its first order action and equations of
motion in terms of a prepotential enjoying Weyl invariance—as usual, at the cost of explicit
space-time covariance. Finally, we express the supersymmetry transformations of the graviton
and the gravitino in linearized supergravity using these prepotential variables, generalizing the
work of [31]4. Of course, in dimensions different than four, these variations do not satisfy the
supersymmetry algebra due to the mismatch of the bosonic and fermionic degrees of freedom.
The inclusion of the necessary other fields in this first-order formalism poses no difficulty,
however, and we therefore focus only on the graviton-gravitino sector (see appendix E of [33]
for the explicit example of maximal supergravity in 5D).
As far as supergravity is concerned, a covariant action principle is available for the nonlinear theory. However, this is not the case for the intriguing N = (4, 0) maximally supersymmetric theory in 6D [11, 13], whose 6D action was only recently obtained and involves
prepotentials [34, 35]. We show that it reduces in 5D to the actions obtained in this paper for
linearized supergravity.
This paper is organized as follows. We begin, in section 2, by developing our conformal
tools. We consider tensor and tensor-spinor fields of specific types of mixed symmetry which
are endowed with an invariance under both generalized gauge transformations (linearized
3

It is to be observed that in dimension greater than four the field and its dual no longer share the same symmetry
type, so that the invariance under SO(2) duality rotations is absent in higher dimensions, where only the twisted
self-duality subsists.
4
A similar reformulation was already carried out for the 4D linearized ‘hypergravity’ (a supermultiplet combining
the graviton and a spin 5/2 field), without systematic use of conformal tools, in [32].
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diffeomorphisms) and local Weyl transformations, and build a complete set of curvatures
invariant under these transformations.
This geometric apparatus is then used to carry out the Hamiltonian analysis of linearized
supergravity in arbitrary dimension: section 3 treats the bosonic field and section 4 the fermionic field. In both cases, the Hamiltonian constraints are obtained from the space-time
break-up of the covariant action (enjoying a diffeomorphism invariance), and their resolution is shown to be expressed with the fields whose conformal geometry was analysed in
section 2: these are the prepotentials, indeed found to enjoy a gauge invariance combining
diffeomorphism and Weyl transformations. Two prepotentials naturally appear in the bosonic case, associated to the field and its conjugate momentum, and only one in the fermionic
case.
We then turn, in section 5, to the supersymmetric invariance. We begin with the
covariant form of the supersymmetry transformations and rewrite them in terms of the
prepotentials.
The appendices contain a series of additional details. Appendix A gathers the proofs of the
key properties of the Cotton tensor(-spinor). In appendix B, we review the analogous treatment of the scalar, Dirac and vector fields. This is used in appendix C, in which we perform
the Kaluza–Klein dimensional reduction (from D  +  1 to D dimensions) of linearized supergravity in our formalism, reproducing the well-known results. Appendix D derives the dimensional reduction of 6D self-dual fields appearing in the N = (4, 0) maximally supersymmetric
theory of [11, 13]. Finally, appendix E contains conventions and useful identities involving
gamma matrices in arbitrary dimension.
2. Conformal geometry
The goal of this section is to analyse the properties of certain conformal fields in d Euclidean
dimensions. In addition to their gauge transformations, those fields also enjoy local Weyl
symmetries (hence the name ‘conformal’ by abuse of teminology). The geometric tensors for
those symmetries are systematically constructed.
The cases we analyse here are those relevant for the prepotentials of the graviton and gravitino in D  =  d  +  1 spacetime dimensions. The pattern is by now well established and follows
references [29, 30, 34–37]. The main feature of these cases is that the analogue of the Weyl
tensor (the traceless part of the curvature tensors) identically vanishes: one must therefore
construct the analogue of the Cotton tensor of 3D gravity. These generalized Cotton tensors
satisfy two important properties:
1.	They completely control Weyl invariance: the Cotton tensor is zero if and only if the field
can be written as a the sum of a gauge and a Weyl transformation.
2.	They are divergenceless and also obey some appropriate trace condition. Conversely, any
traceless, divergenceless tensor with the symmetries of the Cotton tensor can be written
as the Cotton tensor of some field. (The ambiguities in determining this field are precisely
the gauge and Weyl transformations that we consider.)
The first of these properties is equivalent to the fact that any function of the fields that is invariant under gauge and Weyl transformations can be written as a function of the Cotton tensor
only. The second property is the one that allows us to solve the constraints appearing in the
Hamiltonian formulation of linearized supergravity. The proofs of those two properties are
presented in appendix A. They strongly rely on the generalized Poincaré lemmas of [38–41]
for tensors of mixed Young symmetry.
4
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2.1. Bosonic (d − 2, 1)-field

We first consider a bosonic field φi1 ...id−2 j with the symmetries of the two-column (d − 2, 1)
Young tableau5, i.e.
φi1 ...id−2 j = φ[i1 ...id−2 ] j , φ[i1 ...id−2 j] = 0,
(2.1)

with the local gauge and Weyl symmetries
i ...i

i ...i

i ...i

δφ 1 d−2 j = ∂ [i1 M 2 d−2 j + ∂j Ai1 ...id−2 + ∂ [i1 Aj 2 d−2 + δj 1 Bi2 ...id−2 ] ,
(2.2)
]

]

[i

where M has the (d − 3, 1) mixed symmetry and A, B are totally antisymmetric. The tensors
M and A are the usual gauge parameters for a mixed symmetry field while B is the parameter
for the local Weyl transformations of φ.
2.1.1. Einstein tensor. The Einstein tensor is obtained by taking a curl of φ on both groups of

indices,
i ...i

G 1 d−2 j [φ] = ∂ k ∂m φl1 ...ld−2 n εmni1 ...id−2 εjkl1 ...ld−2 .
(2.3)

It is invariant under the gauge symmetries parametrized by M and A. It is identically divergenceless (on both groups of indices) and also has the (d − 2, 1) Young symmetry. The converse of these properties is also true and is easily proven using the generalized Poincaré lemma
of [41] for mixed symmetry fields:
•	The condition G[φ] = 0 implies that the field is pure gauge,
i ...id−2

G1


j [φ]

=0

⇔

i ...id−2

φ1

j

i ...id−2 ]
j

= ∂ [i1 M 2

i ...id−2 ]

+ ∂j Ai1 ...id−2 + ∂ [i1 Aj 2

(2.4)

		for some A and M with the appropriate symmetry.
•	Any divergenceless tensor of (d − 2, 1) symmetry is the Einstein tensor of some (d − 2, 1)
field,
i ...i

1
d−2
∂
⇔ T = G[φ] for some φ.
(2.5)
i1 T
j =0

		 (The divergencelessness of T in the j index follows from the cyclic identity T[i1 ...id−2 j] = 0.)
2.1.2. Schouten tensor. The Einstein tensor is not invariant under the Weyl symmetries
parametrized by B, under which it transforms as
i ...id−2

δG 1

j [φ]

mi ...i

d−2
= (2.6)
∂ k ∂m Bl2 ...ld−2 εmni1 ...id−2 εjknl2 ...ld−2 = −(d − 1)!∂ k ∂m Bl2 ...ld−2 δjkl21...ld−2
.

For the trace Gi2 ...id−2 [φ] ≡ G

ji2 ...id−2

j [φ],

this implies
mi ...i

d−2
k
δGi2 ...id−2 [φ] = ∂(2.7)
∂m Bl2 ...ld−2 εmnji2 ...id−2 εjknl2 ...ld−2 = 2(d − 2)!∂ k ∂m Bl2 ...ld−2 δkl22...ld−2
.

From the Einstein tensor and its trace, one can define the Schouten tensor
d − 2 [i1 i2 ...id−2 ]
i ...i
i ...i
S 1 d−2 j [φ] = G 1 d−2 j [φ] −
δj G
[φ]
(2.8)
2

which has the important property of transforming simply as
5

In our conventions, the integers ( p, q) indicate the heights of the columns.
5
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i ...i

δS 1 d−2 j [φ] = −(d − 2)! ∂j ∂ [i1 Bi2 ...id−2 ]
(2.9)

under a Weyl transformation, as follows from (2.6) and (2.7).
The relation between the Einstein and the Schouten can be inverted to
i ...i

i ...i

G 1 d−2 j [φ] = S 1 d−2 j [φ] − (d − 2) δj 1 Si2 ...id−2 ] [φ],
(2.10)

where Si2 ...id−2 [φ] ≡ S
is then equivalent to

ji2 ...id−2

j

[i

is the trace of the Schouten tensor. The divergencelessness of G

i ...i

1
d−2
i2 ...id−2
∂
= 0.
(2.11)
i1 S
j [φ] − ∂j S

It also implies the identity
i ...i

∂ j S 1 d−2 j [φ] − (d − 2)∂ [i1 Si2 ...id−2 ] = 0
(2.12)

because G is divergenceless on its last index.
2.1.3. Cotton tensor. The Cotton tensor is defined as
j ...j

(2.13)
Di1 ...id−2 j1 ...jd−2 [φ] = εi1 ...id−2 kl ∂k S 1 d−2 l [φ].
Because of the transformation law (2.9) of the Schouten tensor, it is invariant under the full
gauge and Weyl transformations (2.2). Moreover, D[φ] = 0 implies that the field takes the
form (2.2) (see appendix A). It also satisfies the following properties:
•	It has the (d − 2, d − 2) Young symmetry,

D[i1 ...id−2 j1 ] j2 ...jd−2 [φ] = 0,
(2.14)

•	It is divergenceless,
∂ i1 Di1 ...id−2 j1 ...jd−2 [φ] = 0,
(2.15)

•	Its complete trace vanishes,
i ...i

D 1 d−2 i1 ...id−2 [φ] = 0.
(2.16)

The first of these properties is equivalent to the identity (2.11). The second is evident from
the definition of D; divergencelessness on the second group of indices then follows from the
cyclic identity (2.14). The last property follows from the cyclic identity for the Schouten tensor. Conversely, any tensor that satisfies these three properties must be the Cotton tensor of
some (d − 2, 1) field.
Note that the transformation property (2.9) of the Schouten implies that the tensor
l ...l

Dij [φ] = εikl1 ...ld−2 ∂ k S 1 d−2 j [φ]
(2.17)

is also invariant under Weyl transformations of φ. (With respect to definition (2.13), D is
obtained by taking the curl of S on the other group of indices.) Therefore, it must be a function
of the Cotton tensor. Indeed, using the cyclic identity S[i1 ...id−2 |j] = 0 , one finds
ik ...k

Dij [φ] = (d − 2)D 2 d−2 jk2 ...kd−2 [φ].
(2.18)

6

V Lekeu and A Leonard

Class. Quantum Grav. 36 (2019) 045012

2.2. Bosonic (d − 2, d − 2)-field

We consider now a bosonic field Pi1 ...id−2 j1 ...jd−2 with the symmetries of the (d − 2, d − 2)
Young tableau, i.e.
Pi1 ...id−2 j1 ...jd−2 = P[i1 ...id−2 ] [ j1 ...jd−2 ] , P[i1 ...id−2 j1 ] j2 ...jd−2 = 0.
(2.19)

This field has the gauge symmetries
i ...id−2

δP 1


j1 ...jd−2

i ...id−2

= α1

[ j1 ...jd−3 ,jd−2 ]

+ αj1 ...jd−2

i ...i

d−2
ξ,
+ δj11...jd−2

[i1 ...id−3 ,id−2 ]

(2.20)

where α has the (d − 2, d − 3) Young symmetry and the comma denotes the derivative. The
α transformations are the usual gauge tranformations for a (d − 2, d − 2) mixed symmetry
field, while the ξ transformations are the local Weyl symmetries in this case.
2.2.1. Einstein tensor. The Einstein tensor of P is defined as
k l m1 ...md−2 n1 ...nd−2
G
.
(2.21)
ij [P] = εikm1 ...md−2 εjln1 ...nd−2 ∂ ∂ P

It is invariant under the α gauge symmetries. It is also symmetric and divergenceless.
Conversely, the condition Gij[P]  =  0 implies that P is pure gauge, and any symmetric divergenceless tensor is the Einstein tensor of some field P with the (d − 2, d − 2) symmetry. These
two theorems are easily proven using the Poincaré lemma of [39, 40] for rectangular Young
tableaux.
2.2.2. Schouten tensor. Under a Weyl transformation, we have

δG
(2.22)
ij [P] = (d − 2)!(δij ∆ξ − ∂i ∂j ξ)

and δG[P] = (d − 1)! ∆ξ for the trace G[P] ≡ Gii [P]. The Schouten tensor is then defined as

1
S(2.23)
δij G[P].
ij [P] = Gij [P] −
d−1

It transforms in a simple way under Weyl transformations,

δS
(2.24)
ij [P] = −(d − 2)! ∂i ∂j ξ.

It is also symmetric. One can invert the relation between the Schouten and the Einstein as
Gij = Sij − δij S . Therefore, the Schouten tensor satisfies

i
∂
Sij = ∂j S
(2.25)

because Gij is divergenceless.
2.2.3. Cotton tensor. The Cotton tensor is then defined as

Di1 ...id−2 j [P] = εi1 ...id−2 kl ∂ k Slj [P].
(2.26)

It is invariant under all the gauge symmetries (2.20) as a consequence of (2.24), and the condition D[P]  =  0 implies that P is of the form (2.20). It is a tensor of (d − 2, 1) mixed symmetry,
Di1 ...id−2 j = D[i1 ...id−2 ] j , D[i1 ...id−2 j] = 0.
(2.27)

The second of these equations is equivalent to (2.25). Moreover, because the Schouten is symmmetric, the Cotton is traceless,
7
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D ji2 ...id−2 j = 0.
(2.28)

Lastly, the Cotton is also identically divergenceless on the first group of indices,
i1
∂
Di1 ...id−2 j = 0.
(2.29)

The divergencelessness on the last index, ∂ j Di1 ...id−2 j = 0, is then a consequence of this and
the second of (2.27). Conversely, any (d − 2, 1) field that is traceless and divergenceless is the
Cotton tensor of some P.
2.3. Fermionic (d − 2)-form

We consider now an antisymmetric tensor-spinor χi1 ...id−2, with the gauge and Weyl
transformations
δχ
i1 ...id−2 = (d − 2)∂[i1 ηi2 ...id−2 ] + γi1 ...id−2 ρ
(2.30)

where ηi1 ...id−3 and ρ are spinor fields (see appendix E for our gamma matrix conventions).
2.3.1. Einstein tensor. The invariant tensor for the η transformations is of course the curl

Gi [χ] = εijk1 ...kd−2 ∂ j χk1 ...kd−2 ,
(2.31)

which we also call ‘Einstein tensor’ by analogy with the previous cases. It satisfies the following properties, which are easily proved using the usual Poincaré lemma with a spectator
spinor index:
•	It is invariant under the η gauge transformations. Conversely, Gi [χ] = 0 implies that
χi1 ...id−2 is pure gauge,
Gi [χ] = 0 ⇔ χi1 ...id−2 = (d − 2)∂[i1 ηi2 ...id−2 ] for some η.
(2.32)

•	It is identically divergenceless, ∂ i Gi = 0. Conversely, any divergenceless vector-spinor is
the Einstein tensor of some antisymmetric tensor-spinor χi1 ...id−2,

i
∂(2.33)
Ti = 0 ⇔ Ti = Gi [χ] for some χ.

2.3.2. Schouten tensor. The Einstein tensor is not invariant under Weyl transformations. We

have
i
δG
[χ] = εijl1 ...ld−2 γl1 ...l2 ∂j ρ = im+1 (d − 2)! γ ij γ0 γ̂ ∂j ρ
(2.34)

where m = (d + 1)/2 and the dimension-dependent matrix γ̂ is defined in appendix E.
The Schouten tensor is then defined as

1
Si [χ] =
(γij − (d − 2)δij ) G j [χ].
(2.35)
d−1

Using the gamma matrix identity (E.4), one can see that it transforms simply as a total derivative under Weyl rescalings,
δSi [χ] = ∂i ν,
ν = im+1 (d − 2)!γ0 γ̂ ρ.
(2.36)

The Einstein can be written in terms of the Schouten as

8
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Gi [χ] = γij S j [χ],
(2.37)

which implies that the Schouten identically satisfies
γij ∂ i S j [χ] = 0.
(2.38)
2.3.3. Cotton tensor. The invariant tensor for Weyl transformations is the Cotton tensor

Di1 ...id−2 [χ] = εi1 ...id−2 jk ∂ j Sk [χ].
(2.39)

It is identically divergenceless. Its complete gamma-trace also vanishes,
γ i1 ...id−2 Di1 ...id−2 = 0,
(2.40)

as follows from (2.38) and identity (E.11). Conversely, D[χ] = 0 implies that χ takes the
form (2.30), and any divergenceless, rank d  −  2 antisymmetric tensor-spinor satisfying the
complete gamma-tracelessness condition (2.40) is the Cotton tensor of some χ. The proof of
those properties is done in appendix A.
3. Graviton
The results of the previous sections allow us to solve the constraints appearing in the Hamiltonian
formulation of linearized gravity. In doing so, the dynamical variables are expressed in terms
of two fields φi1 ...id−2 j and Pi1 ...id−2 j1 ...jd−2 of respective (d − 2, 1) and (d − 2, d − 2) Young
symmetry, called ‘prepotentials’. This generalizes to arbitrary dimension the work of [28, 29]
and [30], to which our results reduce in D  =  4 and 5 respectively. A further improvement over
that previous work is the complete rewriting of the action in terms of the relevant Cotton tensors, which makes its gauge and Weyl invariance manifest6.
3.1. Hamiltonian action

The Pauli–Fierz Lagrangian for linearized gravity is
1
1
1
1
LPF = − ∂µ hνρ ∂ µ hνρ + ∂µ hµν ∂ ρ hρν − ∂µ hµν ∂ν hρρ + ∂µ hν ν ∂ µ hρρ .
4
2
2
4

It can also be written as

(3.1)

3 µνρ
LPF = − δαβσ
∂ µ h ν γ ∂ α hβ ρ
(3.2)
2

and is invariant under the gauge transformations
δhµν = ∂(µ ξν) .
(3.3)

The conjugate momenta are given by

∂LPF
1  ij
− ∂(i nj) + δij ∂k nk .
π
=
=
−
δ
ḣ
ḣ
(3.4)
ij
ij
2
∂ ḣij

The momenta conjugate to ni = h0i and N  =  h00 vanish identically. The trace π = π ii is


k
−
π = d−1
n
ḣ
+
2∂
, where d is the space dimension. From this, the relation (3.4) can be
k
2
inverted to get
6

References [29, 30] already contain this rewriting of the kinetic term in four and five dimensions, but not the
rewriting of the Hamiltonian.
9
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π
.
ḣ
=
2
π
+
∂
n
−
δ
(3.5)
ij
ij
ij
(i j)
d−1

The canonical Hamiltonian density is then

1
Hcan = πij ḣij − LPF = H + 2ni C i + NC,
(3.6)
2

where the Hamiltonian density is
π2
3 ijk
(3.7)
H = Hπ + Hh , Hπ = πij π ij −
, Hh = δabc
∂i hjc ∂ a hbk
d−1
2
and the constraints are
C = ∂i ∂j hij − ∆h,
(3.8)
C i = −∂j π ij .
(3.9)

Finally, the Hamiltonian action SH = dt ddx (πij ḣij − Hcan ) is



1
ij
d
ij
i
S(3.10)
[h
,
π
,
n
,
N]
=
dt
d
x
π
−
H
−
2n
C
−
NC
.
ḣ
H ij
i
ij
i
2

The dynamical variables are the space components hij and their conjugate momenta π ij. The
other components of hµν, namely ni = h0i and N  =  h00, only appear as Lagrange multipliers
for the constraints C i = 0 (momentum constraint) and C = 0 (Hamiltonian constraint).
3.2. Hamiltonian constraint

Up to a gauge transformation δhij = 2∂(i ξj), the constraint C = 0 is solved by
l ...l

hij = 2 εl1 ...ld−2 k(i ∂ k φ 1 d−2 j) ,
(3.11)

where φ is a mixed symmetry field with the symmetries of the two-column (d − 2, 1) Young
tableau7, as is easily checked by direct substitution. The prepotential φ is determined up to a
gauge and Weyl transformation of the form (2.2). Indeed, when it is plugged in equation (3.11),
the second term of (2.2) reproduces the gauge transformation of hij with gauge parameter
ξi = εl1 ...ld−2 ki ∂ k Al1 ...ld−2
(3.12)

and the other terms drop out. Remark also that the expression (3.11) is traceless because of the
symmetry of φ (the trace of the graviton is pure gauge).
Equation (3.11) implies that the spatial components of the linearized Riemann tensor are
given in terms of φ by
Rijkl [h[φ]] = ∂ [i ∂[k h

j]

l] [φ]

=−

1
1
εija1 ...ad−2 εklb1 ...bd−2 Da1 ...ad−2 b1 ...bd−2 [φ].
2 (d − 2)!2

(3.13)


Using the properties of the previous section, it is easily proved that formula (3.11) is unique
(up to overall factors and gauge transformations). Let us spell out the proof:
1.	The constraint C = 0 is equivalent to the tracelessness condition
7

Note that in D  =  5, this definition differs by a sign from [30]. The choice we make here is more convenient in
arbitrary dimension.
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Rijij = 0
(3.14)

		 on the linearized Riemann tensor of h. We can dualize this Riemann tensor on both groups
of indices to get a tensor with (d − 2, d − 2) Young symmetry (because R itself has the
(2, 2) symmetry). The constraint C = 0 is then equivalent to the complete tracelessness of
this tensor; it must therefore be equal to the Cotton tensor of some φ. Dualizing back to R
(and adjusting factors), this is equation (3.13).
2.	We have established that the relation (3.13) between the Riemann tensor of h[φ] and the
Cotton tensor of φ must hold. Because of gauge invariance, any expression hij = hij [φ] for
hij differs from (3.11) only by a gauge transformation of hij, i.e. a term of the form ∂(i ξj).
Moreover, invariance of the Cotton tensor implies that a gauge and Weyl transformation
of φ must induce a gauge variation of hij.
3.3. Momentum constraint

The resolution of the momentum constraint C i = 0 is straightforward. It gives

πij = εikm1 ...md−2 εjln1 ...nd−2 ∂ k ∂ l Pm1 ...md−2 n1 ...nd−2 ≡ Gij [P],
(3.15)

where the (d − 2 , d − 2) field P is determined up to the gauge and Weyl symmetries (2.20).
This follows from the construction of the Einstein tensor of P carried out in the previous
section.
3.4. Prepotential action

We can now plug back these solutions in the Hamiltonian action (3.10). The dynamical variables hij and π ij are expressed in terms of their prepotentials φ and P respectively. The constraints vanish identically, so the Lagrange multipliers n and N disappear from the action.
The kinetic term is
πij ḣij = 2 Gij [P] εl1 ...ld−2 ki ∂k φl1 ...ld−2 j .
(3.16)

Integrating by parts, this can be written as
πij ḣij = −2Di1 ...id−2 j [P] φ̇i1 ...id−2 j
(3.17)
= 2Di1 ...id−2 j1 ...jd−2 [φ] Ṗi1 ...id−2 j1 ...jd−2
(3.18)
=
Di1 ...id−2 j1 ...jd−2 [φ] Ṗi1 ...id−2 j1 ...jd−2 − Di1 ...id−2 j [P] φ̇i1 ...id−2 j .
(3.19)

For the Hamiltonian terms, we find

Hπ = Gij [P]Sij [P]
(3.20)
j ...j

(3.21)
= Pi1 ...id−2 j1 ...jd−2 εi1 ...id−2 kl ∂k D 1 d−2 l [P]
and
1
Hh =
Gi ...i j [φ] Si1 ...id−2 j [φ]
(3.22)
(d − 2)! 1 d−2
11
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1
i ...i
=
φi ...i j εl1 ...ld−2 jk ∂k D 1 d−2 l1 ...ld−2 [φ]
(3.23)
(d − 2)! 1 d−2

again up to total derivatives.
All in all, the action for linearized gravity becomes


S[φ, P] = dt dd x Di1 ...id−2 j1 ...jd−2 [φ] Ṗi1 ...id−2 j1 ...jd−2 − Di1 ...id−2 j [P] φ̇i1 ...id−2 j
j ...j



− Pi1 ...id−2 j1 ...jd−2 εi1 ...id−2 kl ∂k D 1 d−2 l [P]

1
i ...i
φi1 ...id−2 j εl1 ...ld−2 jk ∂k D 1 d−2 l1 ...ld−2 [φ] .
−
(d − 2)!

(3.24)

It is manifestly invariant under gauge and Weyl transformations of the prepotentials.
3.5. Equations of motion

The equations of motion coming from the variation of P are
j ...j

(3.25)
Ḋi1 ...id−2 |j1 ...jd−2 [φ] = −εi1 ...id−2 kl ∂k D 1 d−2 l [P],

while the variation of φ yields the equation

l ...l

Ḋi1 ...id−2 |j [P] = εl1 ...ld−2 jk ∂ k Di1 ...id−2 1 d−2 [φ].
(3.26)

They are equivalent to the linearized Einstein equations written in their twisted self-duality
form. The proof of this fact for D  =  4 and 5 appears in [29, 30]. It is done there already with
the ‘Cotton tensor technology’; therefore, the generalization of their proof to arbitrary D is
direct and we will not repeat it here.
4. Gravitino
In this section, we rewrite the action of the free Rarita–Schwinger field (gravitino) in terms of
an antisymmetric rank d  −  2 tensor-spinor, which we also call the ‘prepotential’ of the gravitino. This generalizes the result of [31] to dimensions different that four, with the improvement of writing the action in terms of the appropriate Cotton tensor of section 2.3. This has the
advantage of making the Weyl invariance of this action more transparent.
4.1. Hamiltonian action

The action is


S = − dDx ψ̄µ γ µνρ ∂ν ψρ ,
(4.1)
where the Dirac adjoint is ψ̄µ = iψµ† γ 0. It is invariant under the gauge transformation
δψ
(4.2)
µ = ∂µ ν

where ν is an arbitrary spinor.
This action is already in first-order (Hamiltonian) form: splitting space and time indices,
it is equal to
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†
†
d
i
D
−
D
ψ
S(4.3)
=
dt
d
x
η
−
H
−
ψ
ψ̇
0
H
i
0

where the conjugate momentum, the Hamiltonian density and the constraint are

i
η(4.4)
= −iψj† γ ji , H = ψ̄i γ ijk ∂j ψk , D = −iγ ij ∂i ψj

respectively. The momentum conjugate to ψ0 identically vanishes, and ψ0 only appears as a
Lagrange multiplier for the constraint D = 0 .
4.2. Solving the constraint

The constraint D = 0 is equivalent to
 ij 
∂(4.5)
i γ ψj = 0.
Application of the standard Poincaré lemma (with a spectator spinor index) then gives

γ ij ψj = εikl1 ...ld−2 ∂k χl1 ...ld−2
(4.6)

for some fermionic field χl1 ...ld−2 with d  −  2 antisymmetric indices. Using the gamma matrix
identity (E.4), we then get ψi as
1
ψi =
(γij − (d − 2)δij ) ε jkl1 ...ld−2 ∂k χl1 ...ld−2 ≡ Si [χ]
(4.7)
d−1

where we recognize the Schouten tensor of χ as defined in section 2.3. This expression reproduces the result of [31] for d  =  3 (we also remark that this result was already obtained for
d  =  4, albeit in a different context and in Lorentzian rather than Euclidean dimension, in the
early work [42]). Again, χ is called the ‘prepotential’ of the gravitino field. It is determined
up to the local gauge and Weyl transformations (2.30). Indeed, as discussed in section 2.3, the
transformation properties of the Schouten are exactly such that a gauge and Weyl transformation of χ produces a gauge transformation of ψ .
4.3. Prepotential action

We can now plug back the prepotential expression ψi = Si [χ] into the action (4.3). The kinetic
term is
−iSi† [χ]γ ij Ṡj [χ] = −iχ†i1 ...id−2 Ḋi1 ...id−2 [χ],
(4.8)

where Di1 ...id−2 [χ] is the Cotton tensor of χ defined in (2.39) and equality holds up to a total
derivative. The Hamiltonian is
(−i)m+1 †
S̄i [χ]γ ijk ∂j Sk [χ] = −i
G [χ] γl1 ...ld−3 γ̂ Dil1 ...ld−3 [χ]
(4.9)
(d − 3)! i
(−i)m+1 †
χ
= −i
εi1 ...id−2 jk γ l1 ...ld−3 γ̂ ∂j Dkl1 ...ld−3 [χ],
(4.10)
(d − 3)! i1 ...id−2

where m = D/2 = (d + 1)/2 and we used identity (E.12) and integration by parts. The
constraint D and its Lagrange multiplier ψ0 disappear, since now D = 0 identically. Putting
things together, the action is
13
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S[χ] = −i





(−i)m+1 i1 ...id−2 jk l1 ...ld−3
d
ε
dt d(4.11)
x χ†i1 ...id−2 Ḋi1 ...id−2 [χ] −
γ
γ̂ ∂j Dkl1 ...ld−3 [χ] .
(d − 3)!

It can also be written in a slightly more aesthetic way as



S[χ] = −i dt ddx χ†i1 ...id−2 Ḋi1 ...id−2 [χ] − εi1 ...id−2 jk ∂j D̃k [χ] ,
(4.12)
where we define D̃i [χ] as the contraction

(−i)m+1 l1 ...ld−3
γ
D̃i [χ] =
γ̂ Dil1 ...ld−3 [χ],
(4.13)
(d − 3)!

which fulfills γ i D̃i = 0 and ∂ i D̃i = 0.
4.4. Equations of motion

The equations of motion following from the action (4.12) are
Ḋi1 ...id−2 [χ] = εi1 ...id−2 jk ∂j D̃k [χ].
(4.14)

It is interesting to show explicitly the equivalence between this equation and the Rarita–
Schwinger equation, even though it was already proven in the previous sections at the level
of the action.
The Rarita–Schwinger equation is
µνρ
γ
Fνρ = 0,
(4.15)

where Fµν = 2∂[µ ψν] is the field strength of the gravitino. Taking µ = 0 and µ = i, it is is
equivalent to the two equations
ij
γ
Fij = 0, γ ijk Fjk − 2γ 0 γ ij F0j = 0.
(4.16)

The first of those is the constraint D = 0 , and the second is the dynamical equation.
On the other hand, it follows from definition (4.7) that the Cotton tensor is related to the
field strength Fij as

1
1
Di1 ...id−2 [χ] = εi1 ...id−2 jk F jk , D̃i = γ 0 γijk F jk .
(4.17)
2
2

Using these relations in (4.14), one finds that (4.14) is equivalent to the equations
Ḟij = γ 0 ∂[i γj]kl F kl , γ ij Fij = 0.
(4.18)

One must keep in mind that Fij is expressed in terms of the prepotential χ in (4.17): this is
equivalent to the constraint γ ij Fij = 0, which therefore must supplement the first of (4.18) if
we write it in terms of ψµ .
Instead of proving (4.14) ⇔ (4.15) directly, we will prove that (4.16) is equivalent to (4.18).
Notice that (4.16) contains the time components ψ0 of the field ψµ , while (4.18) does not but
has one more derivative. This is not a problem but the usual feature of the prepotential formalism: the extra components ψ0 come from (4.18) using the Poincaré lemma.
•	(4.16) ⇒ (4.18):
		Contracting the second equation with γi and using the constraint, the Rarita–Schwinger
equation also implies
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γ i F0i = 0.
(4.19)

		(Another, equivalent way to show this is by contracting the covariant equation (4.15) with
γµ: this gives 0 = γ νρ Fνρ = γ ij Fij + 2γ 0 γ i F0i , which implies (4.19) using the constraint.)
This then gives the identity
γ ij F0j = (γ i γ j − δ ij )F0j = −F0 i .
(4.20)

		Using this in the dynamical equation and multiplying by γ 0 , we get
γ 0 γ ijk Fjk = 2F0 i .
(4.21)

		This equation still contains the time component ψ0, while (4.14) does not; we can get rid
of them by taking an extra curl,
j]
(4.22)
γ 0 ∂ [i γ j]kl Fkl = 2∂ [i F0 .

		The right-hand side is equal to 2∂ [i ψ̇ j] = Ḟ ij , which then proves (4.18).
•	(4.18) ⇒ (4.16):
		Using Ḟ ij = 2∂ [i ψ̇ j], the first equation of (4.18) becomes
0
kl
∂
(4.23)
[i (2ψ̇j] ) = ∂[i (γ γj]kl F ).

		The usual Poincaré lemma then implies that 2ψ̇j = γ 0 γjkl F kl + 2∂j λ for some spinor λ
that we are free to call ψ0. This gives
2F0j = γ 0 γjkl F kl .
(4.24)

		Now, contracting this equation with γ j and using the constraint, we get γ j F0j = 0; this in
turn implies
F0j = (δij − γj γi )F0 i = γij F0 i .
(4.25)

		We then recover (4.16) by putting this back in (4.24) and multiplying by γ 0 .
5. Supersymmetry transformations

The sum of the actions (3.1) and (4.1) is invariant under the rigid supersymmetry transformations
1
1
1
δhµν = ¯ γ(µ ψν) + h.c. = ¯ γ(µ ψν) − ψ̄(µ γν) ,
(5.1)
2
2
2
1
δψµ = ∂ρ hµν γ νρ ,
(5.2)
4

where  is a constant spinor parameter. In this section, we prove that the corresponding variations of the prepotentials are


1
δφl1 ...ld−2 j = P(d−2,1) ¯γj χl1 ...ld−2 + h.c.
(5.3)
4
15
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im+1
P(d−2,d−2) ¯ γ̂ γjd−2 ...j1 χi1 ...id−2 + h.c.
δPi1 ...id−2 j1 ...jd−2 = −
(5.4)
4(d − 2)!

for the bosonic prepotentials and δχ = δφ χ + δP χ, with
δφ χi1 ...id−2 = −


(−i)m+1
εjkl1 ...ld−2 ∂ j φi1 ...id−2 k γ l1 ...ld−2
2(d − 2)!


(d − 2)(d − 3)
k ...k
+
ε[i1 |jk1 ...kd−2 | ∂ j φ 1 d−2 i2 γi3 ...id−2 ] γ̂γ 0 
2

(5.5)

and
1 p
q1 ...qd−2
εjpq1 ...qd−2 γ j γ 0 
δ(5.6)
P χi1 ...id−2 = − ∂ Pi1 ...id−2
2

for the fermionic one. This is the generalization of the transformations found in [31] for d  =  3
to arbitrary dimension. (Note that the second line of (5.5) is absent in d  =  3.)
5.1. Variation of the first bosonic prepotential φ

The spatial components of the covariant expression give
1
δhij = ¯γ(i ψj) + h.c..
(5.7)
2

By expressing ψi in terms of its prepotential, one gets
1
δh
¯γ(i ψj) + h.c.
(5.8)
ij = 
2


1
=
¯γ(i γj)k − (d − 2)δj)k εkml1 ...ld−2 ∂m χl1 ...ld−2 + h.c.
(5.9)
2(d − 1)


1
=
¯ δij γk − (d − 1)δk( j γi) εkml1 ...ld−2 ∂m χl1 ...ld−2 + h.c.
(5.10)
2(d − 1)
=



1
ml ...l
¯∂m δij γk εkml1 ...ld−2 χl1 ...ld−2 − (d − 1)γ(i εj) 1 d−2 χl1 ...ld−2 + h.c..
2(d − 1)

(5.11)
By noting that a full antisymmetrization over all the indices of the  and the j of the δ vanishes
identically, we can rewrite the first term as
¯∂ m δij γ k εkml1 ...ld−2 χl1 ...ld−2 = ¯∂ m δik γ k εjml1 ...ld−2 χl1 ...ld−2



+ ¯∂ m δim γ k εkjl1 ...ld−2 χl1 ...ld−2
+ (d − 2) ¯∂ m δil1 γ k εkmjl2 ...ld−2 χl1 ...ld−2

(5.12)

= ¯∂ m γi εjml1 ...ld−2 χl1 ...ld−2

 + ¯∂i γ k εkjl1 ...ld−2 χl1 ...ld−2
l ...ld−2

+ (d − 2) ¯∂ m γ k εkmjl2 ...ld−2 χi 2
16

.

(5.13)
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Since this expression is already symmetric in ij, we can explicitly symmetrize it again. The
second term then appears as a gauge variation of hij and can be discarded. We then obtain up
to a gauge transformation


d−2
kml ...l
ml ...l
(5.14)
¯∂m γk ε(i 2 d−2 χj)l2 ...ld−2 − γ(i εj) 1 d−2 χl1 ...ld−2 + h.c..
δhij =
2(d − 1)

On the other hand, carrying out the projection in (5.3),


1
P(d−2,1) ¯γj χl1 ...ld−2 + h.c.
4

1
=
¯γj χl1 ...ld−2 − ¯γ[ j χl1 ...ld−2 ] + h.c.
4

d−2 
¯γj χl1 ...ld−2 + ¯γ[l1 χ| j|l2 ...ld−2 ] + h.c.,
=
4(d − 1)

δφl1 ...ld−2 | j =



our ansatz gives
l ...ld−2

∂ k δφl1 ...ld−2 | j)


d−2
l ...l
m
kl ...l
m
¯∂m ε 1 d−2 (i| γ| j) χl1 ...ld−2 + ε 2 d−2 (i| γk χ| j)l2 ...ld−2 ,
=
2(d − 1)

which is the same expression as (5.14).

δhij = 2 ε 1

(5.15)

k(i|

(5.16)

5.2. Variations of the fermionic prepotential

Splitting time and space, one has δψi = δh ψi + δπ ψi for the spatial components of the
gravitino, with
1
jk
δ(5.17)
h ψi = ∂k hij γ ,
4


1
π
δπ ψi =
πij − δij
γ j γ 0 .
(5.18)
2
d−1

Expressing this in terms of prepotentials, it follows that the variation δχ = δφ χ + δP χ of the
fermionic prepotential must be such that

1
1
Si [δφ χ] = ∂k hij [φ]γ jk , Si [δP χ] = Sij [P]γ j γ 0 .
(5.19)
4
2

5.2.1. Variation δφ χ containing the first prepotential. First, it follows from (5.19) that the
variation of the Cotton tensor of χ is

1
Di1 ...id−2 [δφ χ] = − εi1 ...id−2 kl Rklpq [h[φ]]γ pq 
(5.20)
4
1
j1 ...jd−2
D
[φ]εj1 ...jd−2 pq γ pq ,
=
(5.21)
4(d − 2)! i1 ...id−2
17
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where we used the relation (3.13) between the Riemann of h[φ] and the Cotton of φ. Writing
both sides as the curl of the respective Schouten tensors, this gives
1
j ...j
S 1 d−2 i [φ]εj1 ...jd−2 kl γ kl 
Si [δφ χ] =
(5.22)
4(d − 2)!

up to a total derivative that can cancelled by adding the appropriate Weyl transformation to
δφ χ. (This is more convenient than (5.19) because it involves directly the Schouten tensors on
both sides.) We now write this in terms of the Einstein tensors: this gives
(−i)m+1
Gi [δφ χ] = −
2(d − 2)!



Gj1 ...jd−2 i [φ]γ

j1 ...jd−2

(d − 2)(d − 3)
+
Gkij3 ...jd−2 k [φ]γ j3 ...jd−2
2



γ̂γ 0 .

(5.23)
The computation uses relations (2.37), (2.8) and the gamma matrix identity (E.5). From there,
the variation δφ χ is found by writing the right-hand side as a curl: this yields expression (5.5).
5.2.2. Variation δP χ containing the second prepotential. Using the identity γij S j [χ] = Gi [χ],

we must have for the Einstein tensor

1 j
k 0
G
(5.24)
i [δP χ] = S k [P]γij γ γ .
2

The variations δP χ can the be identified up to a gauge transformation by writing the righthand sides as a curl. Using the identity γij γ k = γij k + γi δjk − γj δik and the fact that Sij[P] is
symmetric, we get
1
1
1 j
S k [P]γij γ k γ 0  = − (Sij [P] − δij Skk [P])γ j γ 0  = − Gij [P]γ j γ 0 
(5.25)
2
2
2



1
p l1 ...ld−2 q1 ...qd−2 j 0
= εikl1 ...kd−2 ∂ − εjpq1 ...qd−2 ∂ P
γ γ 
2
(5.26)
from which we deduce the expression (5.6).
k

5.3. Variation of the second bosonic prepotential P

We now determine the variation of P from the invariance of the kinetic term of the prepotential
action. Equation (5.21) implies for the hermitian conjugate
im
j ...j
(Di1 ...id−2 [δφ χ])† = −
¯ γ̂γjd−2 ...j1 Di1 ...id−2 1 d−2 [φ],
2(d − 2)!
(5.27)
where we used the gamma matrix identity (E.11). The variation of the kinetic term of χ is then
readily computed. It cancels with the variation of the bosonic kinetic term (more conveniently
written in the form ‘ P Ḋ[φ]’, see (3.18)) provided the variation of P is given by (5.4).
Checking directly that (5.4) reproduces the supersymmetry variation of the momentum
πij is cumbersome because of the many terms contained in the projection. However, it is not
necessary since, if the variations of the other fields are known, the variation of πij is uniquely
determined by the invariance of the kinetic term in the Hamiltonian action.
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6. Conclusions
We have obtained a formulation of linearized gravity in terms of prepotentials valid in arbitrary
dimension, based on a systematic use of conformal geometry, whose appropriate tools we have
developed for the relevant fields. The action principle and the equations of motion of the graviton and gravitino and the supersymmetry variations rotating them into each other have been
rewritten in terms of our new variables in a geometrically transparent way. The dimensional
reduction has also been reproduced using the prepotentials and the consistency with the similar
treatment of the maximally supersymmetric N = (4, 0) 6D theory has been confirmed.
A natural extension of these results would be to consider the interacting case. However, there is
no clear path to the resolution of the non linear constraints and, as mentioned in the Introduction, the
persistence of duality invariance is excluded for fully interacting gravitation [21] and no-go theorems exist for local self-interactions of the dual graviton (Curtright) field [22, 23]. Notwithstanding
these difficulties, see [43] for an introduction of sources and [44–47] for the inclusion of a cosmological constant. Let us also mention that duality was clarified for the massless, massive and
‘partially-massless’ gravitons in the recent paper [48], including arbitrary dimension and cosmological constant. The actions they use include both the graviton and dual graviton fields in a manifestly Lorentz-invariant manner, but they are not on the same footing (see also [17, 49]): it would
be interesting to understand how they relate to the actions of the present paper8.
Duality is also closely related to E10, which was argued [19] to be the infinite-dimensional
symmetry of the tensionless limit of string theory. This limit contains an infinite tower of
massless higher spin modes. The manifestly duality invariant rewriting of higher spin gauge
fields is therefore of closely related interest and has already been the object of extensive invest
igation [17, 36, 37, 54, 55]. In the bosonic case, the free theory has been expressed in terms
of prepotentials which enjoy the usual conformal invariance, the equations of motion being
again equivalent to twisted self-duality conditions. With a view toward obtaining a manifestly
duality invariant form of higher spin supermultiplets, an upcoming paper [56] will extend
our findings to fermionic higher spins (construction of conformal curvatures, resolution of
Hamiltonian constraints and rewriting of the action and equations of motion).
Four-dimensional gravitational duality arises geometrically from toroidal reduction of the
6D models of [11, 13]. The construction of a self-contained action principle is a first step
towards a better understanding of these exotic theories and relies on the introduction of prepotentials. This was done for the (2, 2) chiral tensor and its N = (4, 0) supersymmetric extension in [34, 35]; the upcoming paper [33] will extend these results to the chiral (2, 1) tensor
appearing in the N = (3, 1) maximally supersymmetric theory.
Finally, the prepotential formalism for the gravitino field developed in this paper should
provide an avenue for exploring the dual formulations of supergravity alluded to in [18]. It is
planned to return to this question in the future.
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Appendix A. Properties of the Cotton tensors
In this appendix, we prove the two important properties of the Cotton tensors presented in
section 2.
A.1. Gauge and Weyl invariance

The first property is that the Cotton tensor completely captures gauge and Weyl invariance.
A.1.1. Bosonic(d – 2, 1) field. We want to prove the implication
i ...i

Di1 ...id−2 j1 ...jd−2 [φ] = 0 ⇒ φ 1 d−2 j = (gauge) + δj 1 Bi2 ...id−2 ] for some B.

(The opposite implication is true by construction.) The proof goes in two steps:
[i

(A.1)

1.	First, D  =  0 implies that the curl of the Schouten tensor on both groups of indices vanishes,
i ...i

i ...i

]

∂ [i1 S 2 d−1 j = 0,
∂[ j S 1 d−2 k] = 0.
(A.2)

Indeed, the second of those equations follows from the definition of the Cotton tensor,
and the first from the relation (2.18) between this curl and the trace of the Cotton. The
generalized Poincaré lemma of [41] then implies that S is itself a double curl, i.e.
i ...i

S 1 d−2 j [φ] = −(d − 2)! ∂j ∂ [i1 Bi2 ...id−2 ]
(A.3)

for some antisymmetric B. This is precisely the variation of the Schouten induced by a
Weyl transformation of φ.
2.	Then, using the inversion relations between the Einstein and Cotton tensors, this implies
that


i ...i
[i
G 1 d−2 j [φ − δB] = ∂ k ∂m φl1 ...ld−2 n − δj 1 Bi2 ...id−2 ] εmni1 ...id−2 εjkl1 ...ld−2 = 0
(A.4)

[i
where δB stands for the tensor δj 1 Bi2 ...id−2 ]. The Poincaré lemma of [41] (property (2.4)
of the Einstein tensor) now implies that φ − δB is pure gauge, which is what we wanted
to prove.
A.1.2. Bosonic (d − 2, d − 2) field. The implication to be proven is now
i ...i

i ...i

i ...i

d−2
D 1 d−2 j [P] = 0 ⇒ P 1 d−2 j1 ...jd−2 = (gauge) + δj11...jd−2
ξ for some ξ.
(A.5)

The proof goes as before:
1.	First, D  =  0 implies that the curl of Sij[P] vanishes,
∂
(A.6)
[i Sj]k = 0.
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The Poincaré lemma of [39, 40] applied to symmetric tensors implies then that
Sij [P] = −(d − 2)!∂i ∂j ξ
(A.7)

for some ξ , which is again the form induced by a Weyl transformation of ξ .
2.	Then, this implies that the Einstein tensor of P − δ d−2 ξ vanishes, where δ d−2 ξ stands for
i ...id−2
δj11...jd−2
ξ . The combination P − δ d−2 ξ is therefore pure gauge, which proves the proposition.
A.1.3. Fermionic (d − 2) field. We now should prove

Di1 ...id−2 [χ] = 0 ⇒ χi1 ...id−2 = (gauge) + γi1 ...id−2 ρ for some ρ.
(A.8)

We take the same steps:

1.	First, D  =  0 is equivalent to ∂[i Sj] [χ] = 0, which by the usual Poincaréé lemma with a
spectator spinorial index implies
S(A.9)
i [χ] = ∂i ν

for some ν that can always be written as ν = im+1 (d − 2)!γ0 γ̂ ρ . This is the form of the
Schouten induced by a Weyl transformation of χ.
2.	This implies that the Einstein tensor of χi1 ...id−2 − γi1 ...id−2 ρ is zero. That combination is
therefore pure gauge, which is what had to be proven.

A.2. Conformal Poincaré lemma

The second property is a ‘conformal version’ of the Poincaré lemma: any divergenceless tensor field with the same symmetry and trace properties as the Cotton tensor can always be written as the Cotton tensor of the appropriate field.
A.2.1. Bosonic (d − 2, 1) field. We need to prove that, for any (d − 2, d − 2) tensor

Ti1 ...id−2 j1 ...jd−2 that is divergenceless and completely traceless, there exists a (d − 2, 1) field
i ...i
φ 1 d−2 j such that T = D[φ]. Moreover, φ is determined from this condition up to gauge and
Weyl transformations of the form (2.2).

1.	First, the divergencelessness of T and the usual Poincaré lemma implies that T can be
written as the curl of some other tensor U,
j ...j

(A.10)
T i1 ...id−2 j1 ...jd−2 = εi1 ...id−2 kl ∂k U 1 d−2l .
j ...j

j ...j

The tensor U is determined up to U 1 d−2l → U 1 d−2l + ∂l V j1 ...jd−2, where V is totally
antisymmetric.
2.	At this stage, U is not of irreducible Young symmetry (d − 2, 1), but could have a
completely antisymmetric component. However, the condition that T is completely
traceless implies that this component satisfies ∂[k Uj1 ...jd−2 l] = 0 , i.e. is of the form
U[ j1 ...jd−2 l] = ∂[l Wj1 ...jd−2 ] for some antisymmetric W. Now, the ambiguity in U described
above can be used to precisely cancel this contribution. We can therefore assume the U
has the (d − 2, 1) symmetry from now on.
3.	We now use the fact that T has the (d − 2, d − 2) symmetry. This implies that
εi1 ...id−2 j1 m T i1 ...id−2 j1 ...jd−2 = 0
(A.11)
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which, using the expression (A.10), is equivalent to the differential identity
i ...i

∂i1 U 1 d−2j [φ] − ∂j U i2 ...id−2 = 0
(A.12)

on U. We now define another tensor X of (d − 2, 1) symmetry by the equation
i ...i

i ...i

[i

i ...i

]k

X 1 d−2j = U 1 d−2j − (d − 2) δj 1 U 2 d−2 k .
(A.13)

The identity (A.12) is then equivalent to the fact that X is divergenceless.
4.	We are now ready to conclude. Because X is a divergenceless (d − 2, 1) tensor, it must
be the Einstein tensor of some (d − 2, 1) field φ, X = G[φ]. The relation between U and
X then implies that U is the Schouten tensor of φ, U = S[φ], and equation (A.10) gives at
last T = D[φ], which was to be proven.
5.	The ambiguity in φ is easily determined from the first property of the Cotton tensor.
Indeed, by linearity, the condition D[φ ] = D[φ] is equivalent to D[φ − φ] = 0. The first
property of the Cotton then implies that φ − φ takes the form ‘Weyl  +  gauge transformation’.
A.2.2. Bosonic (d − 2, d − 2) field. For the (d − 2, d − 2) field, we now prove that, for
any divergenceless, traceless (d − 2, 1) tensor Ti1 ...id−2 j , there exists a (d − 2, d − 2) field
Pi1 ...id−2 j1 ...jd−2 such that T  =  D[P]. This field P is determined from this condition up to a
gauge and Weyl transformation of the form (2.20). The proof goes as before:

1.	First, the divergencelessness of T implies that it can be written as a curl,
T i1 ...id−2 j = εi1 ...id−2 kl ∂k U jl .
(A.14)

		The tensor U is determined up to U jl → U jl + ∂l V j .
2.	The tensor U is not necessarily symmetric. However, the condition that T is traceless implies that the antisymmetric component satisfies ∂[k Ujl] = 0 , i.e. is of the form
U[ jl] = ∂[l Wj] for some vector W. By using V , we can precisely cancel this contribution
and we can assume that U is symmetric.
3.	We now use the fact that T satisfies T[i1 ...id−2 j] = 0. This is equivalent to
∂ i Uij − ∂j Uk k = 0.
(A.15)

		Defining the symmetric tensor X by

Xij = Uij − δij Uk k ,
(A.16)

		that identity is equivalent to the fact that X is divergenceless.
4.	We can now conclude: because X is a symmetric divergenceless tensor, it must be the
Einstein tensor of some (d − 2, d − 2) field P, X  =  G[P]. The relation between U and
X then implies that U is the Schouten tensor of P, U  =  S[P], and equation (A.14) gives
T = D[φ].
5.	The ambiguity in P is given by the first property of the Cotton tensor. Indeed, the condition D[P ] = D[P] is equivalent to D[P − P] = 0, which shows that P and P differ by a
gauge and Weyl transformation.
A.2.3. Fermionic (d − 2) field. We fnish this appendix by proving the analogous property for

the fermionic antisymmetric field, namely: For any divergenceless, completely gamma-traceless rank d  −  2 tensor-spinor Ti1 ...id−2, there exists an antisymmetric tensor-spinor χi1 ...id−2
22

V Lekeu and A Leonard

Class. Quantum Grav. 36 (2019) 045012

such that T = D[χ]. Moreover, χ is determined from this condition up gauge and Weyl transformations of the form (2.30). We follow the same steps as before, but without the complications of Young symmetries
1.	The divergencelessness of T implies that it can be written as
(A.17)
T i1 ...id−2 = εi1 ...id−2 kl ∂k Ul ,
		where U is determined up to a total derivative ∂l V for some spinor field V .
2.	Using the gamma matrix identity (E.11), the complete gamma-tracelessness
γ i1 ...id−2 Ti1 ...id−2 = 0
(A.18)

		of T is equivalent to the differential equation γij ∂ i U j = 0 , which is in turn equivalent to
∂ i Xi = 0 if we define Xi = γij S j.
3.	Because X is a divergenceless vector-spinor, it is the Einstein tensor of some antisymmetric tensor-spinor χ, X = G[χ]. As before, the relation between U and X then implies
that U is the Schouten tensor of χ, U  =  S[P], and the relation between T and U then gives
T = D[φ].
4.	The ambiguity in χ is given by the first property of the Cotton tensor: D[χ ] = D[χ] is
equivalent to D[χ − χ] = 0 , which shows that χ and χ differ by a transformation of the
form (2.30).
Appendix B. Lower-spin fields
We recall here the Hamiltonian formulation of the free fields of spin 0, 1/2 and 1 in our notations. In the case of spin 1, the constraints associated to the gauge invariance δAµ = ∂µ λ
can be solved, yielding an action with another (d − 2)-form potential but no constraint [27].
These are the actions that naturally appear by dimensional reduction of the graviton and gravitino actions in the prepotential formalism. For completeness, we also review the dimensional
reduction of the free vector action.
B.1. Scalar field

The Hamiltonian action for a free scalar field is

1
1
SH = dt dd x (π ϕ̇ − Hs ) , Hs = π 2 + ∂i ϕ ∂ i ϕ,
(B.1)
2
2
where π = ϕ̇ is the momentum conjugate to ϕ .
B.2. Dirac field

The action for a Dirac field is alrady in first-order form. It is




D
µ
S 1 = − d x ψ̄ γ ∂µ ψ = i dt dd x ψ † ψ̇ − γ 0 γ i ∂i ψ .
(B.2)
2

B.3. Vector field

For a free vector field, the Hamiltonian action is



1
1
SH = dt ddx πi Ȧi − Hv − A0 G , Hv = πi π i + Fij F ij ,
2
4
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where Fµν = ∂µ Aν − ∂ν Aµ is the field strength and πi = F0i = Ȧi − ∂i A0 is the momentum
conjugate to Ai. The time component A0 only appears as a Lagrange multiplier for the constraint G = 0 (Gauss constraint).
Following [27], the constraint G = 0 can be solved by
1
εijk1 ...kd−2 ∂j Zk1 ...kd−2 = B i [Z],
πi =
(B.4)
(d − 2)!

where we defined the magnetic field of a (d − 2)-form Z. We define in a similar manner

1
B i1 ...id−2 [A] = εi1 ...id−2 jk Fjk = εi1 ...id−2 jk ∂j Ak .
(B.5)
2

The action (B.3) then takes the form

S = dt dd x (Kv − Hv ) ,
(B.6)
where the kinetic term Kv can be written in several different ways up to integration by parts,
Kv = Bi [Z]Ȧi
1
Bi ...i [A]Ż i1 ...id−2
=−

(d − 2)! 1 d−2


1
1
Bi [Z]Ȧi −
Bi1 ...id−2 [A]Ż i1 ...id−2 ,
=
2
(d − 2)!

(B.7)

and the Hamiltonian density is


1
1
Bi1 ...id−2 [A]B i1 ...id−2 [A]
Hv =
Bi [Z]B i [Z] +
(B.8)
2
(d − 2)!


1
=
Zi1 ...id−2 εi1 ...id−2 jk ∂j Bk [Z] + Ai εijk1 ...kd−2 ∂j Bk1 ...kd−2 [A] .
(B.9)
2(d − 2)!
B.3.1. Dimensional reduction. We reduce from D  +  1  =  d  +  2 to D  =  d  +  1 dimensions and
write the extra coordinate as z. The two higher-dimensional potentials Â and Ẑ split as

ÂI → Âi , Âz , ẐI1 ...Id−1 → Ẑi1 ...id−1 , Ẑi1 ...id−2 z ,
(B.10)

with gauge transformations

δ Âi = ∂i Λ,
δ Ẑi1 ...id−1 = (d − 1)∂[i1 Λ̃i2 ...id−1 ] ,
(B.11)
δ Âz = 0,
δ Ẑi1 ...id−2 z = (d − 2)∂[i1 Λ̃i2 ...id−2 ]z .
(B.12)

The potentials Âi and Ẑi1 ...id−2 z are those of a vector field in D dimensions, and the other two
correspond to a free scalar field. We therefore write
Âi = Ai ,

Ẑi1 ...id−2 z = Zi1 ...id−2 ,

Âz = ϕ,

Ẑi1 ...id−1 = (−1)d (d − 1)! ωi1 ...id−1 .

(B.13)
The magnetic fields of Â and Ẑ then reduce as
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and

Bi1 ...id−1 [Â] = εi1 ...id−1 j ∂ j ϕ, Bi1 ...id−2 z [Â] = Bi1 ...id−2 [A]
(B.14)
Bi [Ẑ] = Bi [Z], Bz [Ẑ] = εij1 ...jd−1 ∂ i ω j1 ...jd−1 = π[ω]
(B.15)

respectively. The action then becomes
S[A, Z, ϕ, ω] =




1
1
Bi ...i [A]B i1 ...id−2 [A]
dt dd x Bi [Z]Ȧi − Bi [Z]B i [Z] −
2
2(d − 2)! 1 d−2


1
1
+ π[ω]ϕ̇ − π[ω]2 − ∂i ϕ ∂ i ϕ ,
2
2

(B.16)

which is indeed the sum of a free vector action and a free scalar action. Remark that the
momentum π is written as the curl of a rank (d − 1) antisymmetric tensor in this reduction.
This is always allowed and does not restrict π (this is also discussed in [27]).
Appendix C. Dimensional reduction for the graviton and gravitino
In this section, we perform the dimensional reduction on S1 of the actions of sections 3
and 4, recovering familiar results in the prepotential formulation. We reduce from D  +  1
dimensions to D dimensions along the last spatial coordinate, which we denote by z. Only
the massless Kaluza–Klein mode is kept, i.e. all derivatives with respect to z are set to
zero.
Just like for the reduction of the vector field recalled above, a simple counting of derivatives shows that some of the lower-dimensional fields will be written as derivatives of a more
basic quantity. It is indeed what we find and brings no loss of generality.
C.1. Graviton
C.1.1. Lagrangian formulation. We take the higher-dimensional graviton as

ĥµν = hµν + 2α ϕ ηµν , ĥµz = Aµ , ĥzz = 2β ϕ
(C.1)
for some constants α , β . This ansatz can be inverted to
α
1
h(C.2)
ĥzz ηµν , Aµ = ĥµ z , ϕ =
ĥzz .
µν = ĥµν −
β
2β

Therefore, it is a good parametrization of the higher-dimensional metric as long as β = 0 .
Then, the Lagrangian (3.1) reduces to the sum of the free Lagrangians for hµν, Aµ and ϕ :
1
1
(D+1)
(D)
L
[ĥ] = LPF [h] − Fµν F µν − ∂µ ϕ∂ µ ϕ,
(C.3)
PF
4
2
α
provided the constants , β are given by
1
2
α
=
, β = −α(D − 2).
(C.4)
2(D − 2)(D − 1)

This is of course consistent with the usual KK ansatz at the non-linear level (see for
example [25]).
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C.1.2. Hamiltonian variables. From equation (C.1), we get the reduction formulas

ĥiz = Ai ,
ĥzz = 2βϕ,
ĥij = hij + 2α ϕ δij ,
(C.5)
1
1
(π − 2α δij π ij )
π̂ ij = π ij ,
π̂ iz = π i ,
π̂ zz =
(C.6)
2
2β

with inverse relations
α
1
ĥzz ,
hij = ĥij − δij ĥzz ,
Ai = ĥi z ,
ϕ=
(C.7)
β
2β
ij
π
= π̂ ij ,
π i = 2π̂ iz ,
π = 2β π̂ zz + 2αδij π̂ ij .
(C.8)

Plugging this in the higher-dimensional Hamiltonian action (3.10), direct computation shows
that it indeed reduces to the sum of the Hamiltonian actions (B.1), (B.3) and (3.10) for a scalar
field, a vector field and linearized gravity in D  =  d  +  1 dimensions.
C.1.3. Reduction of the first prepotential. The prepotential ΦI1 ...Id−1 J splits into four pieces,

Φ
Φzi1 ...id−2 j , Φi1 ...id−1 z , Φi1 ...id−2 zz .
(C.9)
i1 ...id−1 j ,

It is convenient to do the following field redefinition:
Q
i1 ...id−1 j = Φi1 ...id−1 j − (d − 1)Φ[i1 ...id−2 |zz| δid−1 ] j ,
(C.10)
Mi1 ...id−2 j = P(d−2,1) (Φzi1 ...id−2 j ) = Φzi1 ...id−2 j − Φz[i1 ...id−2 j] ,
(C.11)
Ai1 ...id−1 = Φz[i1 ...id−1 ] ,
(C.12)
Bi1 ...id−2 = Φi1 ...id−2 zz .
(C.13)

This change of variables is invertible: explicitely, one can express the quantities in (C.9) as
Φi1 ...id−1 j = Qi1 ...id−1 j + (d − 1)B[i1 ...id−2 δid−1 ] j ,
(C.14)
Φzi1 ...id−2 j = Mi1 ...id−2 j + Ai1 ...id−2 j ,
(C.15)
Φi1 ...id−1 z = (−1)d−1 (d − 1)Ai1 ...id−1 ,
(C.16)
Φi1 ...id−2 zz = Bi1 ...id−2 ,
(C.17)

where we used the identity
(−1)d
(C.18)
Φ
Φi ...i jz ,
z[i1 ...id−2 j] =
d − 1 1 d−2
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which follows from Φ[i1 ...id−2 jz] = 0. The new variables have the irreducible Young symmetry
suggested by their indices: Q has the (d − 1, 1) symmetry, M the (d − 2, 1) symmetry, and A
and B are totally antisymmetric. Equation (C.15) corresponds to the split of Φzi1 ...id−2 j into its
irreducible components.
The reduction of the gauge symmetries of the higher-dimensional prepotential are give the
usual gauge symmetries for Q, M, A, B according to their Young symmetry. For the reduction
of the local Weyl transformations, one finds that
•	Q has no Weyl transformation (this motivates its definition);
•	M has the same Weyl symmetries (2.2) as the first prepotential of linearized gravity;
•	A has no Weyl symmetry;
•	B can be set to zero.
The link between these fields and the appropriate prepotentials for the lower-dimensional
fields is done by using equation (C.7). This gives
i ...i

1
d−2
d
k
h(C.19)
ij = 2(−1) (d − 1) εl1 ...ld−2 k(i ∂ M
j) ,

j ...j

(C.20)
Ai = εj1 ...jd−1 k ∂ k Q 1 d−1 i ,
1
(−1)d−1 (d − 1) εj1 ...jd−1 j ∂ j Ai1 ...id−1 .
ϕ=
(C.21)
2β

Therefore, we identify the lower-dimensional prepotential φ as
i ...i

i ...i

1
1
d−2
d−2
d
φ
(C.22)
j = (−1) (d − 1) M
j.

C.1.4. Reduction of the second prepotential. The prepotential PI1 ...Id−1 J1 ...Jd−1 splits into

three pieces,

Pi1 ...id−1 j1 ...jd−1 , Pi1 ...id−1 j1 ...jd−2 z , Pi1 ...id−2 zj1 ...jd−2 z .
(C.23)

As before, it is useful to introduce a combination that has no Weyl symmetry,
m ...m

T m1 ...md−1n1 ...nd−1 = Pm1 ...md−1 n1 ...nd−1 − (d − 1)δ[n11 P 2 d−1 n2 ...nd−1 ]z .
(C.24)
[m

]z

The lower-dimensional momenta are then
π ij = Gij [P]


= (d − 1)2 εikm1 ...md−2 ε jln1 ...nd−2 ∂k ∂l Pm1 ...md−2 zn1 ...nd−2 z

(C.25)

π i = 2Giz [P]


1
εikm1 ...md−2 ∂k 2(−1)d (d − 1)! εln1 ...nd−1 ∂ l Pn1 ...nd−1 m1 ...md−2 z
=
(C.26)
(d − 2)!

zz
π = 2βG [P] + 2αδij Gij [P]
(C.27)
= 2βεkm1 ...md−1 ε jn1 ...nd−1 ∂k ∂l Tm1 ...md−1 n1 ...nd−1 .

And we identify the potentials as
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Pm1 ...md−2 n1 ...nd−2 = (d − 1)2 Pm1 ...md−2 zn1 ...nd−2 z ,
(C.28)
Zm1 ...md−2 = 2(−1)d (d − 1)! εln1 ...nd−1 ∂ l Pn1 ...nd−1 m1 ...md−2 z .
(C.29)
C.2. Gravitino
C.2.1. Covariant form. It is useful to first write the reduction in covariant form. We have the

three terms
−Ψ̄µ̂ γ̂ µ̂ν̂ ρ̂ ∂ν̂ Ψρ̂ = −Ψ̄z γ̂ z γ̂ µν ∂µ Ψν − Ψ̄µ γ̂ µν γ̂ z ∂ν Ψz − Ψ̄µ γ̂ µνρ ∂ν Ψρ
(C.30)
= η̄γ̂ µν ∂µ Ψν − Ψ̄µ γ̂ µν ∂ν η − Ψ̄µ γ̂ µνρ ∂ν Ψρ ,

where in the second line we defined η = γ̂ z Ψz. (This definition implies η̄ = −Ψ̄z γ̂ z.) We now
take the ansatz
η(C.31)
= aλ, Ψµ = ψµ + bγ̂µ λ,

where a and b are constants. Requiring that the cross-terms between λ and ψ vanish first gives
a = −b(D − 2). The constant b then gives the normalization of the part containing λ: we
choose b2(D  −  1)(D  −  2)  =  1 for convenience. This gives the constants a, b as

D−2
1
,
b= 
.
a=−
(C.32)
D−1
(D − 1)(D − 2)
The action for the gravitino then reduces to



S[λ, ψ] = − dDx λ̄γ̂ µ ∂µ λ + ψ̄µ γ̂ µνρ ∂ν ψρ .
(C.33)
The ansatz above can be inverted to

D−1 z
1
(C.34)
λ=−
γ̂ Ψz , ψµ = Ψµ +
γ̂µ γ̂ z Ψz .
D−2
D−2

Note that the action (C.33) is not quite the action for a free Dirac field and a free gravitino in
D dimensions, since it still contains the higher-dimensional gamma matrices γ̂µ. To go further,
we must specify the link between gamma matrices in D  +  1 and D dimensions.
C.2.2. Choice of gamma matrices. We now set up our choice of gamma matrix representa-

tions. Starting from a given representation (that we do not need to specify) in even dimension
D  =  2m, we go up in dimensions and give representations in dimensions 2m  +  1 and 2m  +  2.
In odd dimensions D  =  2m  +  1, we can take the first 2m matrices to be exactly those in
dimension D  =  2m, and the last one to be γ∗. Indeed, because of the first two equations of
(E.8), the set
(γ̂
(C.35)
µ ) = (γ0 , γ1 , . . . , γ2m−1 , γ2m = γ∗ )

satisfies the defining property (E.1) in dimension 2m  +  1. (Note that we could also take
γ2m = −γ∗: this gives an equivalent representation.)
In dimension D  =  2m  +  2, one can take the gamma matrices in the block form
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γ̂µ = σ1 ⊗ γµ =





0
γ̂D−1 = σ2 ⊗ I =
iI


γµ
0

−iI
.
0

0
γµ

(µ = 0, . . . , D − 2),

(C.36)

The first are given in terms of the D  −  1  =  2m  +  1 gamma matrices (in particular,
γ2m = (−i)m+1 γ0 γ1 . . . γ2m−1 is the chirality matrix in D  −  2  =  2m dimensions). In this representation, the γ̂∗ matrix is diagonal,


I 0
.
γ̂∗ =
(C.37)
0 −I
C.2.3. Odd to even dimension.
Covariant formulation. The gamma matrices in D  +  1 and D dimensions have the same size,
and so do the spinors. The lower-dimensional fields are, using γ̂µ = γµ and γ̂z = γ∗,

D−1
1
(C.38)
λ
=−
γ ∗ Ψ z , ψµ = Ψ µ +
γµ γ∗ Ψz .
D−2
D−2

The action (C.33) is just the sum of the free action for a Dirac field λ and a Rarita–Schwinger
field ψµ in D dimensions. Note also that redefinitions of the fields by a phase may be required
to accommodate for (Majorana or symplectic-Majorana) reality conditions in D dimensions;
this poses no difficulty and will not be done here.
Prepotential formulation. The prepotential reduces to two pieces,

XI1 ...Id−1 → Xi1 ...id−1 , Xi1 ...id−2 z ,
(C.39)

with the associated gauge and Weyl transformations

δXi1 ...id−1 = (d − 1)∂[i1 Λi2 ...id−1 ] + γi1 ...id−1 W
(C.40)
δXi1 ...id−2 z = (d − 2)∂[i1 Λi2 ...id−2 ]z + γi1 ...id−2 γ∗ W.
(C.41)

To identify those prepotentials with those of the D-dimensional fields, one must compare with
(C.38). For that, one first needs the reduction of the Schouten tensor of X (indeed, the higherdimensional gravitino is determined by X through the equation ΨI = SI [X]). One finds
1
S(C.42)
(γij − (d − 1)δij ) G j [X] + γi γ∗ Gz [X],
i [X] =
d

1
S(C.43)
γi γ∗ Gi [X] + (d − 1)Gz [X]
z [X] = −
d

in terms of the Einstein tensor. The lower-dimensional fields are then

1
1
ψi = Si [X] +
γi γ∗ Sz [X] =
(γij − (d − 2)δij ) G j [X]
(C.44)
d−1
d−1




d
1
γ∗ Sz [X] = 
λ=−
−γi Gi [X] + (d − 1)γ∗ Gz [X] .
(C.45)
d−1
d(d − 1)
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The Einstein itself reduces as
j k1 ...kd−2 z
G
, Gz [X] = εij1 ...jd−1 ∂ i X j1 ...jd−1 .
(C.46)
i [X] = (d − 1)εijk1 ...kd−2 ∂ X

Therefore, (C.44) is exactly the formula ψi = Si [χ] relating the lower-dimensional gravitino to
its prepotential, that we identify as
χi1 ...id−2 = (d − 1)Xi1 ...id−2 z
(C.47)

(the gauge and Weyl symmetries also match, see (C.41)). For the Dirac field λ, one finds


d−1
i1 i2 ...id
λ = εi1 ...id ∂ ζ (C.48)
γ∗ Xi1 ...id−1 + γ[i1 Xi2 ...id−1 ]z .
, ζi1 ...id−1 =
d

The gauge transformation of the right-hand side is easily checked to give δλ = 0, as it should.
Note also that the change of variables from the two X’s to the pair (χ, ζ) is invertible.
This identification of the fields now implies the reduction of the action (4.11) as above.
C.2.4. Even to odd dimension.
Covariant formulation. This case is a bit more involved, since the gamma matrices in even

dimension D  +  1 now have twice the size of those in 1D below. Accordingly, we write the
higher-dimensional gravitino in the block form
 + 
Ψµ
.
Ψ
=
µ
(C.49)
Ψ−
µ
Note that a chirality condition Γ∗ Ψµ = ±Ψµ on the higher-dimensional gravitino corresponds
to keeping only the component Ψ± in this decomposition.
According to (C.34), the D-dimensional fields are then
 + 
i
ψµ
γµ Ψ ±
ψ
, ψµ± = Ψ±
µ =
(C.50)
z
µ ±
ψµ−
D−2
and


 + 
D−1 ∓
λ
±
Ψ .
, λ = ±i
λ
=
(C.51)
λ−
D−2 z

The action (C.33) then reduces to the sum of two Dirac and two gravitino actions,




S[λ± , ψ ± ] = − (C.52)
dDx λ̄+ γ µ ∂µ λ+ + λ̄− γ µ ∂µ λ− + ψ̄µ+ γ µνρ ∂ν ψρ+ + ψ̄µ− γ µνρ ∂ν ψρ− .

Again, phases can be incorporated in the various fields to accommodate for reality conditions
in D dimensions.
Prepotential formulation. We write the prepotential for Ψµ in the block form

 +

XI1 ...Id−1
XI1 ...Id−1 =
.
(C.53)
XI−1 ...Id−1

One has therefore four fields after reduction,
XI±1 ...Id−1 → Xi±1 ...id−1 , Xi±1 ...id−2 z ,
(C.54)

with the associated gauge and Weyl transformations
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±
±
∓
δX
(C.55)
i1 ...id−1 = (d − 1)∂[i1 Λi2 ...id−1 ] + γi1 ...id−1 W

∓
δXi±1 ...id−2 z = (d − 2)∂[i1 Λ±
(C.56)
i2 ...id−2 ]z ∓ iγi1 ...id−2 W ,

where Λ± and W ± are defined from the higher-dimensional parameters by a block form analogous to (C.53).
To identify those prepotentials with those of D-dimensional fields, one must compare
with equations (C.50) and (C.51). For that, one first needs the reduction of the Schouten
tensor of X (indeed, the higher-dimensional gravitino is determined by X through the equation ΨI = SI [X]). One finds
i
1
Si± [X] = (γij − (d − 1)δij ) G±j [X] ± γi G±
(C.57)
z [X],
d
d

1
∓iγi G±i [X] − (d − 1)G±
Sz± [X] =
(C.58)
z [X]
d

in terms of the Einstein tensor. The lower-dimensional fields are therefore

i
1
ψi± = Si± [X] ±
γi Sz± [X] =
(γij − (d − 2)δij ) G±j [X]
(C.59)
d−1
d−1
±



λ = ±i



d
1
Sz∓ [X] = 
−γi G∓i [X] ∓ i(d − 1)G∓
z [X] .
d−1
d(d − 1)

The Einstein itself reduces as

(C.60)

j ±k1 ...kd−2 z
i ±j1 ...jd−1
G±
, G±
.
z [X] = εij1 ...jd−1 ∂ X
i [X] = (d − 1)εijk1 ...kd−2 ∂ X
(C.61)

Therefore, (C.59) is exactly the formula ψi± = Si [χ± ] relating the lower-dimensional gravitinos to their prepotentials
±
χ±
(C.62)
i1 ...id−2 = (d − 1)Xi1 ...id−2 z

(the gauge and Weyl symmetries also match with the appropriate identifications, see (C.56)).
For the Dirac fields λ±, one finds


d−1
±
±
i1 ±i2 ...id
∓iXi∓1 ...id−1 + γ[i1 Xi∓2 ...id−1 ]z .
λ = εi1 ...id ∂ ζ
, ζi1 ...id−1 =
d
(C.63)
Appendix D. Dimensional reduction of self-dual fields in 6D
In this appendix, we derive the dimensional reduction of some 6D fields whose curvature
satisfies a self-duality condition. Those fields appear in the intriguing N = (4, 0) maximally
supersymmetric theory in 6D [11, 13]. Their 6D actions were written with prepotentials in
[34, 35] and directly reduce to the actions considered in this paper for linearized supergravity.
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D.1. The exotic graviton

The exotic graviton is a bosonic field Tµνρσ with the (2, 2) symmetry
T
T[µνρ]σ = 0.
µνρσ = T[µν]ρσ = Tµν[ρσ] ,
(D.1)

Its curvature tensor
νρ]

Rµνραβγ [T] = ∂ [µ ∂[α T βγ]
(D.2)

satisfies the self-duality equation
1
Rα1 α2 α3 β1 β2 β3 [T] = εα1 α2 α3 λ1 λ2 λ3 Rλ1 λ2 λ3 β1 β2 β3 [T].
(D.3)
3!
ν]

The gauge invariances of T are δT µνρσ = ∂ [µ αρσ + ∂[ρ αµν σ], where the gauge parameter
has the (2, 1) symmetry.
D.1.1. Prepotential formulation. The action yielding the equations of motion (D.3) was first

written in [34], and it involves prepotentials in an essential way. The prepotential is a (2, 2)
tensor ZIJKL, determined up to the local gauge and Weyl transformations
δZ
IJKL = ξIJ[K,L] + ξKL[I,J] + δ[I[K λJ]L] ,
(D.4)

where ξIJK is a (2, 1) tensor parametrizing the gauge transformations and λIJ is a symmetric
tensor parametrizing the Weyl rescalings.
The Einstein, Schouten and Cotton tensors of Z are
1
GIJ KL [Z] = 2 εIJABC εKLPQR ∂A ∂ P ZAB QR ,
(D.5)
3!
1 I J
[I J]
SIJKL [Z] = GIJ KL [Z] − 2δ[K G L] [Z] + δ[K
δL] G[Z],
(D.6)
3
1
DIJKL [Z] = εIJABC ∂ A SBCKL [Z],
(D.7)
3!

where the traces of the Einstein tensor are defined by GI J = GIK JK and G = GIJ IJ . The action
is



1
1
S[Z] =
d6x ZMNRS ḊMNRS [Z] − εMNIJK ∂K DIJ RS [Z] .
(D.8)
2
2
D.1.2. Reduction of the field and gauge transformations. The prepotential ZIJKL and its gauge

parameters split into several pieces,
ZIJKL −→ Zijkl , Zijk5 , Zi5j5 ,
(D.9)
ξ(D.10)
IJK −→ ξijk , ξi5j , ξij5 , ξi55 ,
λIJ −→ λij , λi5 , λ55 .
(D.11)
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The transformation of Zi5j5 under Weyl rescalings is
1
δZi5j5 = (λij + δij λ55 ).
(D.12)
4

Therefore, one can gauge away Zi5j5 by a Weyl transformation. We will set Zi5j5  =  0 from now
on. To preserve the condition, one must then set ξi55 = 0 and λij = −δij λ55. Also, we can split
ξi5j = −ξ5ij into its symmetric and antisymmetric parts,
ξ5ij = sij + aij ,
sij = ξ5(ij) ,
aij = ξ5[ij] .
(D.13)

The cyclic identity 3 ξ[IJK] = ξIJK + ξJKI + ξKIJ = 0 implies that the ξij5 component is not
independent: ξij5 = −2aij . The gauge transformations of the remaining fields are then

1
δZ
(D.14)
ijkl = ξij[k,l] + ξkl[i,j] − (δik δjl − δil δjk )λ55
2
1
δZijk5 = ∂k aij + ∂[i sj]k − ∂[i aj]k + δk[i λj]5 .
(D.15)
2

Those are exactly the gauge transformations (2.2) and (2.20) for the prepotentials of linearized
gravity in 5D, provided we identify the fields and gauge parameters as
Pijkl = Zijkl , φijk = Zijk5 ,
(D.16)
1
αijk = ξijk , Aij = aij , Mij = sij , ξ = −λ55 , Bi = λi5 .
(D.17)
2
D.1.3. Reduction of the curvature tensors. The Einstein, Schouten and Cotton tensors of

ZIJKL reduce as follows:
•	Einstein:
1
1
Gijkl [Z] = 0, Gijk5 [Z] = − Gijk [φ], Gi5j5 [Z] = 2 Gij [P],
(D.18)
18
3!

•	Schouten:
1
1
1
Sijkl [Z] = − δ[i[k Sl] j] [P], Sijk5 [Z] = − Sijk [φ], Si5j5 [Z] =
Sij [P],
18
18
2.3!2
(D.19)
•	Cotton:
1
1
1
Dijkl [Z] = −
Dijkl [φ], Dijk5 [Z] = 3 Dijk [P], Di5j5 [Z] =
D k [φ],
(D.20)
3.18
3!
3.18 i jk

where the right-hand sides are given by the corresponding tensors of sections 2.1 and 2.2 for
the graviton prepotentials.
D.1.4. Reduction of the action. We can now use those formulas to reduce the 6D action (D.8).

This gives
S[φ, P] =




1
dt d5 x φijk Ḋijk [P] − Pijkl Ḋijkl [φ]
3.36



1
1
ij
5
kabc
ijab
kl
−
dt d x φijk ε ∂a Dbc + Pijkl ε [φ]∂a D b [P] .
9.6
8
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√
√
This is the action of section 3.4, up to the redefinitions Pijkl = 12 3 Pijkl and φijk = 3 3 φijk .
This result was annoucend in [34]9 but is made more transparent by using the appropriate
Cotton tensors in 5D.
D.2. The exotic gravitino

The exotic gravitino is a left-handed fermionic 2-form Ψµν ,
Ψµν = Ψ[µν] , Γ∗ Ψµν = Ψµν .
(D.22)

It satisfies the generalized Rarita–Schwinger equation
µναβγ
Γ
Hαβγ = 0,
(D.23)

where Hµνρ = 3∂[µ Ψνρ] is the field strength of Ψµν . It is invariant under the gauge transformation δΨµν = 2∂[µ λν] .
D.2.1. Prepotential formulation. In [35], it was shown that the equation of motion (D.23) is

equivalent to the self-duality equation H = H on the field strength, i.e.
1
Hµνρ = εµνρστ λ H στ λ ,
(D.24)
3!

supplemented by the purely spatial constraint
(D.25)
ΓIABC HABC = 0.
Again, this constraint can be solved by the use of prepotentials; one finds that the appropriate
prepotential is an antisymmetric left-handed spinor XIJ, i.e.
XIJ = X[IJ] , Γ∗ XIJ = XIJ ,
(D.26)

just like the spatial components ΨIJ themselves. It is determined by ΨIJ up to a gauge and
Weyl transformation
δXIJ = ∂[I ΛJ] + Γ[I WJ] ,
(D.27)

where the gauge parameters satisfy Γ∗ ΛI = ΛI and Γ∗ WI = −WI in order to preserve the
chirality condition Γ∗ XIJ = XIJ . The Einstein, Schouten and Cotton tensors of X are given by

GIJ [X] = εIJKLM ∂ K X LM ,
(D.28)


1
[K
L]
KL
S(D.29)
GKL [X],
IJ [X] = − δ[I ΓJ] + ΓIJ Γ
6
DIJ [X] = εIJKLM ∂ K SLM [X].
(D.30)

The spatial components ΨIJ are given in terms of the prepotential by ΨIJ = SIJ [X]. The action
for Ψµν can then be written as



1
S[X] = −2i dt d5x XIJ† ḊIJ [X] − εIJKLM ∂K DLM [X] .
(D.31)
2
9

The sign discrepancy with respect to the appendix C of that reference comes from the fact that the prepotential φijk
we use here differs by a sign from the one of [30] (see also footnote 7 on page X0X0).
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D.2.2. Reduction of the field and gauge transformations. For the dimensional reduction, we
use the form (C.36) of the 6D gamma matrices. In particular, the block-diagonal form of Γ∗
implies that the prepotential XIJ only has components in the first block,
 
χ̂IJ
.
X
=
(D.32)
IJ
0

The field χ̂IJ then splits into two parts, χ̂ij and χ̂i5 . From (D.27), we find their gauge
transformations

1
δ(D.33)
χ̂ij = ∂[i η̂j] + γ[i ρ̂j] , δ χ̂i5 = (∂i η̂5 + γi ρ̂5 + iρ̂i ),
2

where η̂I and ρ̂I are given from the 6D gauge parameters by the block form
 
 
η̂I
0
.
Λ
,
WI =
(D.34)
I =
0
ρ̂I

Using ρ̂i , the field χ̂i5 can be set to zero. The residual gauge transformations must satisfy
δ χ̂i5 = 0 to respect this choice; this imposes ρ̂i = i(∂i η̂5 + γi ρ̂5 ). The gauge transformations
of χ̂ij are then
1
δ χ̂ij = 2∂[i ηj] + γij ρ,
with ηj = (η̂j − iγj η̂5 ) , ρ = iρ̂5 .
(D.35)
2

They have exactly the form (2.30) of the gauge transformations of the prepotential for the 5D
gravitino.
D.2.3. Reduction of the curvature tensors. The various curvature tensors of XIJ reduce as

follows:
•	Einstein:
•	Schouten:

Ĝ
Ĝi5 = −Gi [χ̂],
(D.36)
ij = 0,
1
Ŝij = iγ[i Sj] [χ̂], Ŝi5 = Si [χ̂],
(D.37)
2

•	Cotton:
D̂ij = Dij [χ̂], D̂i5 = iγ k Dik [χ̂],
(D.38)

where the left-hand sides are defined by the block forms
 
 
 
D̂IJ
ĜIJ
ŜIJ
G
[X]
=
,
S
[X]
=
,
D
[X]
=
,
(D.39)
IJ
IJ
IJ
0
0
0
and the right-hand sides are given by the appropriate tensors of section 2.3.

D.2.4. Reduction of the action. Using the above formulas, the action (D.31) reduces to




S[χ] = −2i dt d4x χ̂†ij Ḋij [χ̂] − iεijkl γ m ∂k Dlm [χ̂] ,
(D.40)
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which is exactly the action (4.11) for the gravitino in 5D in the prepotential formalism, up to
√
the redefinition χ̂ij = χij / 2. This result was announced in [35].
D.2.5. Supersymmetry transformations. The sum of actions (D.8) and (D.31) is invariant
under a supersymmetry transformation mixing the exotic graviton and gravitino, written
explicitely in [35]. Direct reduction of that variation does not reproduce the supersymmetry
variations of section 5: this is because the formula written in [35] does not preserve the gauge
condition χ̂i5 = 0 in 5D. However, a pure gauge term may be added to the variation δXIJ in 6D
to ensure δ χ̂i5 = 0 upon reduction to 5D. Once this is done, we recover correctly the formulas
of this paper for the supersymmetry variations of the prepotentials in 5D10.
D.3. The chiral two-form

For completeness, we also review the reduction of the chiral two-form. The field is a two-form
Âµν = Â[µν], whose field strength Fµνρ = 3∂[µ Âνρ] satisfies the self-duality equation
1
F
εµνραβγ F µνρ .
(D.41)
µνρ =
3!

The field strength is invariant under the gauge transformations δ Âµν = 2∂[µ λν] .
D.3.1. Quadratic action. The action for this field was first written in [3]; it is expressed in
terms of the spatial components ÂIJ only and reads



1
˙
S[Â] =
dt d5 x ÂIJ B IJ [Â] − BIJ [Â]B IJ [Â] ,
(D.42)
2

where B IJ [Â] is the magnetic field

1
BIJ [Â] = εIJKLM ∂ K ÂLM .
(D.43)
2

D.3.2. Reduction of the field and gauge transformations. The field ÂIJ reduces to two pieces,

ÂIJ −→ Âij , Âi5 .
(D.44)

Their gauge transformations are δ Âij = 2∂[i λj] and δ Âi5 = ∂i λ5. Those are exactly the potentials and gauge transformations of the two-potential formulation of a free Maxwell field in 5D
(see [27] and appendix B.3). We therefore write
Âij = Zij , Âi5 = Ai
(D.45)

from now on.
D.3.3. Reduction of the magnetic field. The magnetic field splits as

Bij [Â] = Bij [A], Bi5 [Â] = −Bi [Z],
(D.46)

where the right-hand sides are given by the 5D magnetic fields defined in appendix B.3.

√
This procedure also allows us to fix the overall constant α1 that appears in [35] to α1 = 3 6: this gives the usual
factors of section 5 for the variation of the 5D metric and gravitino.
10
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D.3.4. Reduction of the action. The action the becomes




1
dt d4 x Żij B ij [A] − 2Ȧi B i [Z] − Bij [A]B ij [A] − 2Bi [Z]B i [Z] .
2
(D.47)
√
√
Up to the rescalings Ai = Ai / 2, Zij = −Zij / 2 , this is the two-potential action for a free
vector field.
S[A, Z] =

Appendix E. Gamma matrices
We follow the conventions of [57, 58]. Gamma matrices are defined by
µ ν
{γ
, γ } = 2η µν ,
(E.1)

where the flat metric ηµν is of ‘mostly plus’ signature, η = diag(− + · · · +). Useful identities
on the spatial gamma matrices are

γi γj = γij + δij
(E.2)
γi γ ij1 ...jn = (d − n)γ j1 ...jn
(E.3)
1
(γij − (d − 2)δij ) γ jk = δik
(E.4)
d−1
k ...k ]

[k k

k1 ...kn
γ
= γij k1 ...kn − 2n δ[i 1 γj] 2 n − n(n − 1) δij 1 2 γ k3 ...kn ] .
(E.5)
ij γ
[k

(They are of course also valid when the indices are space-time indices, provided δ is repaced
by η and d by D.) We have the hermiticity properties
µ †
(γ
) = γ0γµγ0,
(E.6)

i.e. (γ 0 )† = −γ 0 and (γ i )† = γ i . In even dimensions D  =  2m, we can introduce the chirality
matrix
γ∗ = (−i)m+1 γ0 γ1 . . . γD−1
(E.7)

which satisfies
2
(γ
{γ∗ , γµ } = 0, (γ∗ )† = γ∗ .
(E.8)
∗ ) = I,

It makes the link between rank r and rank D  −  r antisymmetric products of gamma matrices,

(−i)m+1 µr ...µ1 ν1 ...νD−r
ε
γ µ1 ...µr = −
γν1 ...νD−r γ∗
(E.9)
(D − r)!

(notice the index ordering). In odd dimensions D  =  2m  +  1, there is no γ∗ and the analogue
of this relation is
im+1 µ1 ...µD
ε
γ µ1 ...µr =
γµD ...µr+1 .
(E.10)
(D − r)!

We use the convention ε012...(D−1) = +1 = −ε012...(D−1) for the totally antisymmetric ε tensor. Using these relations, one can prove the identities
εijl1 ...ld−2 γl1 ...ld−2 = im+1 (d − 2)!γ ij γ0 γ̂,
(E.11)
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(−i)m+1 ijkl1 ...ld−3
ε
γ 0 γ ijk =
γl1 ...ld−3 γ̂,
(E.12)
(d − 3)!

where m = D/2 and where we define γ̂ to be the chirality matrix γ∗ in even space-time
dimension and the identity matrix in odd space-time dimension,

γ∗ if D is even
m = D/2 = (d + 1)/2, γ̂ =
(E.13)
I
if D is odd.
The spatial ε tensor is ε12...d = +1 = ε12...d , and spatial indices are contracted with the spatial
metric δij . With these definitions, equations (E.11) and (E.12) are valid in all dimensions. The
γ̂ matrix satisfies
†
(γ̂)
= γ̂, γ̂ 2 = I, γ̂γµ = (−1)D+1 γµ γ̂ = (−1)d γµ γ̂.
(E.14)

Using relation (E.11) and its dual, the following identity can also be proved:
1
εi1 ...id−1 j γ jk = (−1)d−1 (d − 1) δ[ik 1 εi2 ...id−1 ] pq γ pq .
(E.15)
2

It is the generalization of equation (C.22) of [35] to arbitrary dimension.
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