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Probing the Fluctuations of Optical Properties in Time-Resolved Spectroscopy
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We show that, in optical pump-probe experiments on bulk samples, the statistical distribution of the
intensity of ultrashort light pulses after interaction with a nonequilibrium complex material can be used to
measure the time-dependent noise of the current in the system. We illustrate the general arguments for a
photoexcited Peierls material. The transient noise spectroscopy allows us to measure to what extent electronic
degrees of freedom dynamically obey the fluctuation-dissipation theorem, and how well they thermalize
during the coherent lattice vibrations. The proposed statistical measurement developed here provides a new
general framework to retrieve dynamical information on the excited distributions in nonequilibrium
experiments, which could be extended to other degrees of freedom of magnetic or vibrational origin.
DOI: 10.1103/PhysRevLett.119.187403

Pump-probe experiments are the primary way to study
condensed matter out of its equilibrium state on time scales
of femto- and picoseconds. In optical pump-probe experiments, ultrashort pulses are used in pairs. The pump
triggers the dynamical response and the probe is used to
detect changes in the optical properties of the sample. By
and large, the experiments performed to date measure the
intensity variation of probe pulses after their interaction
with the sample for each pump-probe delay, following the
protocol of averaging over many stroboscopically repeated
experiments [1]. Little attention has been given to the
accurate measurement of the fluctuation of the intensity of
reflected (or transmitted) probe pulses.
In the basic implementation of a “statistical” pump-probe
setup, the intensity of every single probe pulse is separately
acquired with low-electronic-noise detectors, for every
pump-probe delay. This allows us to measure both the
average of the intensity, which gives the usual pump-probe
signal [e.g., the relative variation of the reflectivity
ΔR=Rðtp Þ as a function of pump-probe delay tp ], and its
statistical distribution to all orders. Recent technological
advances enabled experiments delivering such full statistical
information on intensity fluctuations [2–5], thereby providing an experimental benchmark to address the following
interesting, yet largely unexplored, question: What is the
spectroscopic information carried by the fluctuations of the
intensity of ultrashort light pulses reflected (or transmitted)
by complex materials out of equilibrium?
It is known that the photon counting noise in the
radiation emitted by nanoscopic emitters contains valuable
information on their steady-state transport properties [6,7],
0031-9007=17=119(18)=187403(5)

but for pump-probe measurements in bulk samples it is still
unclear how to connect the fluctuations of a measurement
which is spatially averaged over the optical beam section to
microscopic properties of the material. Proof-of-principle
experiments in this direction have shown that, for transparent materials, i.e., materials where a large optical gap
freezes the electronic degrees of freedom and an effective
photon-phonon Raman coupling is the leading interaction,
the statistical fluctuations of the probe intensity can be used
to map the temporal evolution of vibrational observables
[2,3,8,9]. Nevertheless, in the more general setting of
pump-probe experiments on complex absorbing materials,
where the photoexcitation can trigger a dynamical response
in the electronic system, a formalism capable of linking the
intensity fluctuations of the probe pulses to the microscopic
properties of the material is still unavailable. In this Letter
we provide such formalism and show how the knowledge
of the fluctuations of the optical properties of a system can
give access to the spectrum of current fluctuations, which is
not accessible via the average intensity in a pump-probe
experiment. The general theoretical result will be illustrated
with numerical simulations and experimental data for
photoinduced coherent lattice vibrations in a charge-density
wave system.
Intensity fluctuations.—A pump-probe experiment measures the number m of photocounts in a detector, during a
detection time window that is very large compared to the
probe-pulse duration (in general, larger by at least 3 orders
of magnitude). In the statistical pump-probe experiment
one obtains in addition the variance ðΔmÞ2 ¼ σ½I þ hmi,
which can be written as the sum of a shot-noise contribution
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hmi proportional to the intensity itself, and a sampledependent contribution σ½I. Because the induced fields at
the detector are linearly related to their sources, i.e., the
current density j in the sample, the probability distribution
PðmÞ can be written in terms of the time-ordered current
correlation functions [10]. In the following, we show that
the nonequilibrium current fluctuations generated by the
pump give rise to a contribution σ bulk to σ½I which can be
identified by the statistical pump-probe experiment on a
bulk sample, since it is of leading order in the sample
volume. Because Maxwell’s equations relate the current
density jð1Þ
R at one space-time point 1 to the induced fields
Eind ð2Þ ¼ d1gð2; 1Þjð1Þ at a point 2 via a linear kernel
gð2; 1Þ, the result can be stated in the form (1 ≡ ðr1 ; t1 Þ;
2 ≡ ðr2 ; t2 Þ; …)
σ bulk ¼

ϵ2

Z

Z

d1d10    dndn0 D1;10    Dn;n0

× thT τ̄ ½jð1Þ    jðnÞT τ ½jð10 Þ    jðn0 Þiret :

2

Z

dtdt0 hδJðtret ÞδJðt0ret ÞiE_ þ ðtÞE_ − ðt0 Þ;

ð3Þ

ð1Þ

R
where hjð1Þjð2Þiret ≡ d1̄d2̄gð1; 1̄Þgð2; 2̄Þhjð1̄Þjð2̄Þi is
the expectation value of the currents propagated to spacetime points 1; 2; …, R is the location of the detector, ϵ is
proportional to the detection efficiency, and Eþ is the
positive frequency component ∼e−iωt . To lowest order in
the probe amplitude, the correlation function in Eq. (1) can
be evaluated without the effect of the probe. Hence, Eq. (1)
shows how the probe pulse can act as a filter to measure the
transient current noise in the nonequilibrium state in a
specific time window.
To prove Eq. (1) we start from Ref. [10], which gives
the factorial moments I 1 ¼ hmi, I 2 ¼ hmðm − 1Þi of the
photocount distribution P in terms of the sources,
In ¼

hjð1Þihδjð2Þδjð3Þihjð4Þi (first and zeroth order terms vanish by construction). Since hjðR; tÞiret ≡ EðtÞ is just the
classical reflected field at the detector, and the contraction
with the detector function R selects the positive and
negative
parts,
d10 D1;10 hjð10 Þiret ≡ Eþ ðt1 Þ
R 0 frequency
0
and d1 D10 ;1 hjð1 Þiret ≡ E− ðt1 Þ, one arrives at Eq. (1)
[13] (see Supplemental Material [14]).
While Eq. (1) holds for an arbitrary geometry, to obtain
specific results we adopt the standard setup and neglect
propagation effects in the sample, so that Eind ðt; RÞ ¼
R
_
−AðtÞ
with AðtÞ ∝ sample d3 rjðr; tret Þ, where tret ¼ t − Δt
is shifted by the propagation time Δt from the sample to the
detector. This gives
σ bulk ∝ ϵ

dtdt0 Eþ ðtÞE− ðt0 Þhδjðt; RÞδjðt0 ; RÞiret ;
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ð2Þ

Here T τ (T τ̄ ) is the time-ordering (anti-time-ordering)
operator acting on the sources, and D1;10 is the detector
response function. For a small and wide-band detector at site
R, which absorbs at all positive frequencies,
the latter
R
0
is simply D1;10 ¼ ϵδðr1 − RÞδðr1 0 − RÞ 0∞ dωe−iωðt1 −t1 Þ.
Differently from the standard quantum theory of photodetection [11,12], Eq. (2) is not obtained within the rotating
wave approximation, and is thus applicable down to ultrashort (possibly single-cycle) pulses [10]. The variance of the
photocount is ðΔmÞ2 ¼ hm2 i − hmi2 ¼ I 2 − I 21 þ hmi, so
that σ½I ¼ I 2 − I 21 . To evaluate σ½I, we shift the operators
jðtÞ ¼ hjðtÞi þ δjðtÞ, and expand
σ½I in the fluctuations. In
R
a bulk sample, terms like d3 r1 d3 r2    hδjðr1 Þδjðr2 Þ   i
are proportional to the volume V, since they are obtained as
the derivative of the extensive free energy with respect to an
external vector potential. Hence, the dominant contribution
(∼V 3 ) to σ½I is given by the second order terms like

where J is the current integrated over the sample volume.
Hence, σ bulk is determined by the current fluctuations
Cðt; t0 Þ ¼ hJðt0 ÞJðtÞi ¼ hδJðt0 ÞδJðtÞi, while the reflectivity
is ultimately related, via the Kubo formula, to the timeresolved response function χ R ðt; t0 Þ ¼ iθðt − t0 Þh½JðtÞ;
0
Jðt0 Þi [15]. To analyze Cðt; t0 Þ and χ R ðt;
we introduce
R t Þ, iωs
the Wigner transform fðtp ;ωÞ¼ð1=2πÞ dse fðtp þs=2;
tp −s=2Þ. In a thermal state, Cðtp ; ωÞ and χ R ðtp ; ωÞ are
related by a fluctuation-dissipation theorem (FDT) [16],
Cðtp ; ωÞ ¼ 2bðω; βÞImχ R ðtp ; ωÞ;

ð4Þ

where bðω; βÞ ¼ ðeβω − 1Þ−1 is the Bose function with
inverse temperature β. A measurement with E_  ðtÞ ∼ e∓iωt
in Eq. (3) would then give σ bulk ∝ CðωÞ; i.e., σ bulk is
negligible at room temperature for probe photon energies in
the visible and infrared spectral range, and only the shot
noise is relevant, as it is usually assumed in quantum optics
for the reflection of light by a mirror. (Note that the sample
can modify the shot noise, like an “imperfect reflector,” but
this corresponds to contributions to σ½I which are subleading in the volume compared to σ bulk .) When the sample
is out of equilibrium, instead, hJðtÞJðt0 Þi can significantly
contribute to the total fluctuation of the intensity, and its
measurement can therefore give information on the nonequilibrium state.
To illustrate such approach both from the theoretical and
experimental point of view, we concentrate on a Peierls
charge-density wave (CDW) system. A prototypical realization is bismuth [17], where an impulsive excitation
generates coherent vibrations of the A1g phonon, which
modulates the out-of-equilibrium reflectivity [4]. A minimal theoretical model for the Peierls system is the Holstein
model, which describes free electrons coupled to a dispersionless vibrational mode (Einstein phonon). At half
filling, the Hamiltonian is
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i.e., a coherent oscillation which is increasingly damped
H ¼ −t0 c†iσ cjσ þ ω0 b†j bj þ g 2 Xj ðnj − 1Þ; ð5Þ
and softened for larger excitation density. A good observj
j
hijiσ
able to study this dynamics is the displacement hXi of the
†
atoms
from the translationally invariant positions of the
where t0 is the nearest-neighbor hopping, cjσ creates an
high-temperature
phase (hXi takes opposite values on
electron at lattice site j (spin σ), bj and b†j are the bosonic
the two sublattices of the bipartite lattice). As shown in
operators of a phonon mode at frequency ω0, and g is the
Fig. 1(a), for δh below a critical value δhc ≃ 1.7, hXðtÞi
coupling constant between the electronic density nj ¼
coherently oscillates around a new nonzero position.
nj↑ þ nj↓ and the phonon coordinate Xj ¼ ðb†j þ bj Þ.
(δhc ≃ 1.7 corresponds to a pump-induced conduction
band population nex ¼ 0.05). As the excitation density
Below a critical temperature, the system is in an insulating
increases, the oscillations are damped more quickly, and the
and symmetry-broken phase, with a staggered charge
frequency ω becomes lower; i.e. the vibrational mode is
disproportionation on neighboring sites and a gap at the
softened [see Fig. 1(b)]. For δh > δhc, the melting of the
Fermi level. We have numerically studied the outCDW
phase is induced, with oscillations around the
of-equilibrium dynamics of the Holstein model using
undistorted
atomic position hXi ¼ 0 [Fig. 1(a)]. While
the nonequilibrium dynamical mean-field theory [18]
the
melting
of the CDW phase has been observed in
within the self-consistent Migdal approximation [19], on
experiment
[20],
we will report measurements below the
a bipartite lattice (see Supplemental Material [14]). We
threshold
and
therefore
focus on the regime δh < δhc for
choose g ¼ 0.34, the inverse temperature β ¼ 25, and
the
following
theoretical
analysis.
ω0 ¼ 0.2. The free bandwidth W ¼ 4 sets the energy
In
addition
to
the
distortion,
we calculate the optical
and time scale (ℏ ¼ 1). The system is brought out of
R
susceptibility χ ðtp ; ωÞ and the fluctuations Cðtp ; ωÞ, as
its equilibrium state by a short modulation of the hop2
defined above Eq. (4). At equilibrium, the optical suscepping, t0 → t0 ð1 þ δhe−ðt−0.16Þ =0.32 Þ, see the dotted line in
tibility χ R ðωÞ of the CDW phase displays a gapped optical
Fig 1(a). Since we focus only on the subsequent relaxation
band [Fig. 2(a)]. After the excitation, the out-of-equilibrium
dynamics, the effect of this excitation is similar to experiImχðtp ; ωÞ oscillates between a gapped spectrum, which is
ments in which a laser pulse impulsively creates a conpartially
filled by intraband transitions due to the excited
duction band electron population. In the present case, the
conduction
band electron population [Fig. 2(a), tp ¼ 76],
excitation density is controlled by δh.
and an almost gapless spectrum when the atoms are closest to
Before discussing the nonequilibrium current fluctuatheir translationally invariant positions, hXi ¼ 0 [Fig. 2(a),
tions, we verify that this model captures the main features
tp ¼ 52]. The spectrum Cðtp ; ωÞ shows that current fluctuawhich are known from experiments on CDW systems [4],
tions exist only at low frequencies (bold black line) in
equilibrium, but extend to high frequencies when a nonthermal population is created.
It is nontrivial to understand on which time scale
correlated electrons can be considered to be in an effectively thermal state after an excitation, in particular in
systems with strongly coupled electrons and phonons,
where the phonons themselves are far from equilibrium.
Theoretically, a check of the FDT (4) provides a natural
way to access the thermal nature of a nonequilibrium state
[18,21]. The dashed lines in Fig. 2(b) show the right-hand
(a)
side of Eq. (4) for two representative pump-probe delays
(tp ¼ 52 and 76), with a best-fit inverse temperature βf ¼
7.1 and 6.3, respectively. The most pronounced violation of
the fluctuation dissipation relation is visible after one full
(b)
oscillation (yellow curve), i.e., when hXðtÞi is maximum
[see also the blue line in the inset of Fig. 2(b), which shows
a fit error between Cðtp ; ωÞ and the right-hand side of
Eq. (4)]. One can understand this behavior as follows:
FIG. 1. (a) Atomic displacement hXi as a function of time t, for
Initially, a nonthermal population is created at the top of the
different excitation strength δh above and below the critical
lower band and at the bottom of the upper band of the
excitation δhc ¼ 1.7 for melting of the CDW. The dotted line
system. As the atoms move closest to hXi ¼ 0 and the gap
shows the hopping modulation (in arbitrary units) used to

is the smallest, electrons thermalize and the occupation of
impulsively stimulate the system. (b) Oscillation frequency ω
the bands closely resembles the Fermi-Dirac distribution,
as a function of δh. The grey vertical line indicates δhc , where a
with a high electronic temperature (see Supplemental
critical slow down is observed.
187403-3
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FIG. 3. Measured reflectivity change ΔR=R and variance
ðΔmÞ2 in a bismuth crystal after optical excitation at a lower
(a) and higher (b) excitation intensity. The curves ðΔmÞ2 are
rescaled to obtain a best fit to ΔR=R. The arrow points at
enhanced fluctuations around the first oscillation period.

FIG. 2. Optical susceptibility χ R ðtp ; ωÞ (a) and current fluctuations (b) at equilibrium (black), and for different tp (δh ¼ 1.5).
Dashed lines in (b) correspond to the right-hand side of the FDT
(4), with βf ¼ 7.1 and 6.3 for tp ¼ 52 and 76, respectively. Inset:
Violation of the FDT (blue line, see text), hXðtÞi (dashed line),
and reflectivity fluctuations σ bulk [Eq. (3)] at probe frequency
ω ¼ 1.3 as a function of tp .

Material [14] for additional details). However, when the
gap revives after one period, a nonthermal distribution far
from the Fermi energy is restored, because reopening of the
gap itself prevents electronic thermalization along with the
evolution of hXi.
The measurement of the fluctuations of the intensity of the
probe pulses now allows us to obtain the fluctuations of
the current in the sample experimentally. In the present case,
the nonthermal nature of the state after one oscillation period
can be detected by probing the fluctuations at a specific high
frequency. We evaluate Eq. (3) assuming a generic pulse
2
2
_
EðtÞ
∝ sin½ωp ðt − tp Þe−ðt−tp Þ =δt with frequency ωp ¼ 1.3
larger than the gap, probe time tp , and probe pulse duration
δt ¼ 2.4 [22]. The result, shown by the black curve in the
inset of Fig. 2(b), closely resembles the error in the fit of the
FDT. These numerical predictions can be compared to
experimental results obtained in experiments on Bi single
crystals with the statistical pump-probe setup [2] (see
Supplemental Material [14]). The system is excited and
probed at a photon energy of 1.5 eV, with a probe duration of
80 fs. Figures 3(a) and 3(b) show the measured variance Δm
and ΔR=R for two different pump fluences. The pump
generates a coherent amplitude mode oscillation, which
is seen in ΔR=R ∝ hXi. Δm also mainly follows this
oscillation. This is expected because, in addition to the

contribution σ bulk from the nonequilibrium current fluctuations, Δm contains shot noise proportional to the intensity
itself. Moreover, there is a slight variation with ΔR=R,
because the measurement of Δm is calibrated to the
equilibrium reflectivity of the sample. These contributions
to Δm are quantitatively unknown, but they are proportional
to ΔR=R, and one can clearly see that a rescaled ΔR=R
cannot describe the time-dependent fluctuations Δm. In
particular, we find an enhancement of the fluctuations at
early times and, at higher fluence, after one oscillation
period, i.e., around the time when the atoms revive to their
most distorted positions. This is well in agreement with the
theoretical prediction for the fluctuation contribution σ bulk
which comes from the current noise. The experimental data
therefore show that electrons have not thermalized at each
time during the early CDW oscillations of the system. Longlived nonthermal electrons in Bi may be related to local
conduction band minima at various points in the Brillouin
zone [23]. Angular-resolved photoemission spectroscopy
can provide a direct probe of electron distributions [24], but
it is restricted to certain momenta, making the fluctuation
measurement an important complementary tool to probe the
nonequilibrium state.
In conclusion, in this Letter we have derived an expression
for the fluctuations of the intensity of light reflected by a
sample in an ultrafast pump-probe experiment. We have
shown that fluctuations of the reflectivity in addition to shotnoise contributions can measure the nonequilibrium current
noise spectrum as a function of time and frequency on the
femtosecond time scale. In a straightforward way, current
fluctuations can reveal the nonequilibrium state of the sample,
such as the effective temperature of the relevant degrees of
freedom, or whether the system can be considered to be in a
quasithermal state at all. We illustrated our general results for
the case of coherent vibrations in solids, both via numerical
calculations and statistical pump-probe experiments on bismuth single crystals. We find current fluctuations at high
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energies, which reveals that nonthermalized electronic distributions emerge as the CDW gap oscillates. An intriguing
future direction would be to also characterize the quantum
state of the low-energy mode. While the theoretical simulations predict that it does not only coherently oscillate but
also becomes squeezed, this is only indirectly reflected in the
probed response at high energies. In general, the results of this
Letter show that measuring the fluctuations in the reflectivity
opens up an independent way to characterize the nonequilibrium dynamics in bulk solids, with intriguing future applications in the characterization of transient superconducting or
nonthermal symmetry broken states.
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