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Abstract
We review how the muon anomalous magnetic moment (g − 2) and the quest
for lepton flavor violation are intimately correlated. Indeed the decay µ →
eγ is induced by the same amplitude for different choices of in- and outgoing
leptons. In this work, we try to address some intriguing questions such as:Which
hierarchy in the charged lepton sector one should have in order to reconcile
possible signals coming simultaneously from g − 2 and lepton flavor violation?
What can we learn if the g − 2 anomaly is confirmed by the upcoming flagship
experiments at FERMILAB and J-PARC, and no signal is seen in the decay
µ → eγ in the foreseeable future? On the other hand, if the µ → eγ decay is seen
in the upcoming years, do we need to necessarily observe a signal also in g − 2?.
In this attempt, we generally study the correlation between these observables
in a detailed analysis of simplified models. We derive master integrals and
fully analytical and exact expressions for both phenomena, and adress other
flavor violating signals. We investigate under which conditions the observations
can be made compatible and discuss their implications. Lastly, we discuss in
this context several extensions of the SM, such as the Minimal Supersymmetric
Standard Model, Left-Right symmetric model, B − L model, scotogenic model,
two Higgs doublet model, Zee-Babu model, 331 model, and Lµ − Lτ , dark
photon, seesaw models type I, II and III, and also address the interplay with
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µ → eee decay and µ − e conversion.
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1. Introduction
The muon anomalous magnetic moment (g − 2) is a prime example of the
success of quantum field theory [1]. Its precise measurement is paramount to understanding the effects of higher order corrections arising in perturbation theory.
Furthermore, it potentially indicates the existence of new physics since there is
a long standing deviation between the Standard Model (SM) prediction and the
measurement, which raised much interest in the past [2]. On the other hand,
lepton flavor violation (LFV) has been observed via neutrino oscillations since
the late 90’s [3, 4], but has thus far not been detected among charged leptons.
Typically, new physics models that accommodate g − 2 advocate the existence
of new particles with masses around or below the TeV scale and face serious
problems when confronted with constraints from LFV, which tend to force these
particle to be rather heavy as illustrated in Fig. 1. Possibly, the ongoing g − 2
experiments may reach a 5σ deviation from the SM in the foreseeable future,
constituting an augury for new physics. Can such a signal be reconciled with
limits from LFV? Is there room for signals in both observables? A new era in
particle physics may be ahead of us and this review plans to pave the way. We
outline what sort of models can accommodate signals and constraints once both
data sets are accounted for in a systematic way. To do so, we structured the
manuscript as follows:
(i) in Sec. 1.1 we review the theoretical aspects of the g − 2;
(ii) in Sec. 1.2 we discuss the experimental apparatus for g − 2;
(iii) in Sec. 1.3 we review the call for new physics in the g − 2;
(iv) in Sec. 1.4 we give a brief introduction to LFV;
(v) in Sec. 1.5 we provide the experimental status;
(vi) in Sec. 2 we describe the foundation of the relation between g − 2 and
µ → eγ;
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Figure 1: Muon anomalous magnetic moment points to new physics at relatively low
scale, whereas lepton flavor violating processes typically push new physics
to high scales. How are they connected? Can signals in both observables
be reconciled? In this review we address these questions.

(vii) in Sec. 4, we investigate how one can reconcile possible signal seen in g − 2
and µ → eγ and the implications in several simplified models guarding
SU (2)L invariance;
(viii) in Sec. 5 we discuss the correlation between g −2 and µ → eγ, µ → 3e, and
µ − e conversion in several UV complete models: the MSSM, U (1)B−L ,
Left-Right symmetry, two Higgs doublets, Zee-Babu, scotogenic, the 331
model and Lµ − Lτ , dark photon and seesaw models, to show that our
findings are applicable to a multitude of popular particle physics models;
(ix) in Sec. 6 we finally draw our conclusions.

1.1. Muon Anomalous Magnetic Moment
In quantum mechanics we have learned that any charged particle has a mag−
−
netic dipole moment (→
µ ) which is aligned with its spin (→
s ) and linked through
the equation,
→
−
µ =g

 q 
→
−
s,
2m
5

(1)

Figure 2: Lowest-order SM corrections to aµ . From left to right: QED , weak and
hadronic.

where g is the gyromagnetic ratio, q = ±e is the electric charge of a given
charged particle, and m its mass. In classical quantum mechanics, g = 2.
However, loop corrections calculable in quantum field theories, such as the SM,
yield small corrections to this number, as shown in Fig. 2. These corrections are
parametrized in terms of aµ = (gµ − 2)/2, referred as the anomalous magnetic
moment which has been calculated since the 1950s [1]. Ever since, a great deal
of effort has been put forth to determine the SM prediction including higher
orders of perturbation theory [5–13]. Considering SM contributions up to three
orders in the electromagnetic constant, one finds:
aSM
µ

= 116591802(2)(42)(26) × 10−11 [2] ,

aSM
µ

= 116591828(2)(43)(26) × 10−11 [14] .

(2)

The different central values are due to different results found for the hadronic
vacuum polarization contributions. The three errors in parenthesis account for
electroweak, lowest-order hadronic, and higher-order hadronic contributions,
respectively [15].
Moreover, there is an ongoing aspiration to reduce the theoretical errors [16–
50]; however, calculating the SM contribution to aµ is still burdensome with
large uncertainties arising [51, 52] most prominently from hadronic light-light
corrections [45, 53–59].
Since the SM prediction to the muon anomalous magnetic moment is proportional to the electromagnetic constant, it is also important to measure the
latter to a high precision. Up to now the electromagnetic constant is obtained
through measurements of the electron magnetic moment [60–68]. In other words,
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the electron magnetic moment serves as input to determine the muon anomalous magnetic moment in the SM. Ideally, one could independently measure the
electromagnetic constant and then compare with the measured electron magnetic moment. Albeit, the electron magnetic moment is not as sensitive to new
physics effects due to the small electron mass. Indeed, its relative sensitivity to
new physics is reduced by a factor of m2µ /m2e ∼ 40000. Nevertheless, there are
specific cases in which the electron magnetic moment plays a complementary
role to probe new physics [69, 70]. As for the tau magnetic moment [71, 72],
which would, in principle, be an excellent probe for new physics, it is measured
< 0.013 at 95% C.L. (also quoted
with very poor precision, −0.052 < aexp
τ

= −0.018(17) [73]) due to its very short lifetime (∼ 10−13 s). The
as aexp
τ
quoted limit is the one adopted by the PDG [73], but there are many competing
bounds in the literature [74–79]. Some are actually more stringent than the
< 0.005 [80, 81], using data
PDG one, lying in the range of −0.007 < aexp
τ
on tau lepton production at LEP1, SLC, and LEP2. The SM prediction is
0.0117721(5) [71, 82], showing that even using this more restrictive limit we are
still several orders of magnitude away from probing new physics using the tau
magnetic moment.
Now that we have understood what is the muon anomalous magnetic moment, discussed the SM prediction to aµ and the theoretical uncertainties, we
shall have a look at the measurement procedure.
1.2. Measuring the Muon Anomalous Magnetic Moment
A multitude of experiments have measured the muon anomalous magnetic
moment through the principle of Larmor precession, whose frequency is proportional to the magnetic field which the charged particle is subject to. The
measurement of the muon anomalous magnetic moment is illustrated in Fig. 3.
After protons hit a target, charged pions are produced which then decay into
polarized muons which are used by an injector which injects muons into the
→
−
storage ring to which a uniform magnetic field ( B ) perpendicular to muon spin
and orbit plane is applied. Using a vertically focused quadrupole electric field
7

Figure 3: Illustrative figure showing how experiments measure the muon anomalous
magnetic moment, using a beam of polarized muons and Larmor precession
physics.

→
−
E , one can find the frequency difference between the spin precession (−
w−→
aµ ) and
the the cyclotron motion [99],




→
−
→
−
e
1
→
−
−
−
→
v ×E ,
waµ =
aµ B − aµ − 2
mµ
γ −1

(3)

where γ = (1 − v 2 )−1/2 , with v being the muon velocity. The fundamental
idea concerning the measurement of aµ consist of tuning the muon velocity such
that γ = 29.3, removing the dependence on the electric field. This particular
value is known as “magic γ” [100]. Next, one needs to measure the frequency
−
w−→ with high precision and extract a . In Tab. 1 we present a comprehensive
aµ

µ

historic perspective of aµ measurements going back to the first measurement in
1957. Interestingly, two Nobel prize winners (Leon Lederman, 1988 and Georges
Charpak, 1992) were at some point involved in the measurement of the muon
anomalous magnetic moment. In Fig. 4 one can easily see how the sensitivity
has improved with time.
The most recent measurement comes from BNL (2006) data which found
aexp
µ

= (116592089±63)×10−11 , i.e. δaexp
= 63×10−11 , reaching unprecedented
µ

sensitivity. The Muon g − 2 Experiment at Fermilab (FNAL) aims to improve
8

Determination

Beam

SM [2]

aµ
0.00116 591 803(1)(42)(26)

Columbia-Nevis(1957) [83]

µ+

Columbia-Nevis(1959) [84]

+

µ

0.001 13−(12)

CERN (1961) [85, 86]

µ+

0.001 145(22)

+

0.00 ± 0.05

+(16)

CERN (1962) [87]

µ

0.001 162(5)

CERN (1968) [88]

µ±

0.001 166 16(31)

CERN (1975) [89]

±

µ

0.001 165 895(27)

CERN (1979) [90]

µ±

0.001 165 911(11)

BNL E821 (2000) [91]

+

µ

0.001 165 919 1(59)

BNL E821 (2001) [92]

µ+

0.001 165 920 2(16)

BNL E821 (2002) [93]

+

µ

0.001 165 920 3(8)

BNL E821 (2004) [94]

µ−

0.001 165 921 4(8)(3)

BNL E821 (2006) [95]

±

µ

0.001 165 920 89(63)
∆aµ = 287(80) × 10−11

Current Discrepancy [96]

∆aµ = 261(78) × 10−11
∆aµ = 288(34) · 10−11

Future sensitivity [97]

Table 1: Historic overview of the measurements of the muon anomalous magnetic
SM
moment aµ , along with current and future sensitivity of ∆aµ = aexp
µ − aµ .

The errors in the SM values are due to electroweak corrections, leading and
next-to-leading order hadronic corrections, respectively. Throughout this
work we will adopt ∆aµ = 287(80) × 10−11 as used by the PDG [98]. For
recent theoretical reviews see e.g. [96, 99].

the statistical error by a factor of four, reaching a precision of ±0.14 ppm, which

translates into δaexp
= 16 × 10−11 [101–104]. The FNAL functioning is similar
µ
to that illustrated in Fig. 3 since the FNAL experiment uses the BNL ring,
which was brought to the FERMILAB site. In other words, FNAL is a more
sophisticated version of the BNL experiment.
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If everything goes smoothly, the first results are expected to be announced
around the beginning of 2019 [105], which will be followed by two other publications, in the course of a few years, aiming to reduce the systematic uncertainties
by a factor of three and possibly achieve a ±0.1 ppm statistical precision [105].
An important cross-check will be performed by the J-PARC experiment, located
in Tokai, Japan, which initially plans to reach a statistical precision of 0.37 ppm,
and should start taking data around 2020-2022. Its final goal is similar to FNAL,
i.e. to reduce the statistical uncertainty down to a 0.1 ppm precision, as well
as the systematics by a factor of three. We highlight that J-PARC experiment
features a different setup though [106–110], because it uses incident muons with
much lower energies compared to FNAL [106, 111], a stronger magnetic field,
and it does not adopt the “magic γ” approach. Rather, it will run with with
zero electric field. Consequently, its systematic errors are also distinct [112–114].
In the foreseeable future these two flagship experiments will play an important
role in particle physics regardless which direction their measurement will point
to, but if indeed the central value remains roughly the same, the significance
of the anomaly will be around or over 5σ, constituting a strong call for new
physics [2], which is the focus of the following section.
1.3. An Augury for New Physics: The Muon Anomalous Magnetic Moment
Comparing the SM prediction with the recent measurement from Brookhaven
National Lab we find two values for the discrepancies depending on the value
used for the hadronic vacuum polarization [2],
SM
∆aµ = aexp
= (287 ± 80) × 10−11 (3.6σ),
µ − aµ

(4)

SM
∆aµ = aexp
= (261 ± 78) × 10−11 (3.3σ),
µ − aµ

which stands for the 3.6σ and 3.3σ deviations from the SM predictions, respectively. The significance of the excess can, however, be dwindled with the use
of τ data in the hadronic contributions to 2.4σ [98]. Conversely, using recent
results on the lowest-order hadronic evaluation, the difference between the SM
prediction and the experimental value becomes larger yielding a significance
10
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Figure 4: Historic development of the experimental sensitivities.

of over 4σ [115, 116]. Unfortunately, the hadronic corrections, which are the
main source of error in the SM prediction, result in uncertainties that mask the
impact of the deviation.
Anyhow, the muon anomalous magnetic moment has triggered various interpretations in terms of new physics effects. Fortunately, we are currently at
a very special moment because both experiment, FNAL and J-PARC are expected to reach unprecedented sensitivity and report results in the upcoming
years. If the current anomaly is confirmed, the beginning of a new era might
be ahead of us. Therefore, it is timely sensitive to discuss models which could
possibly accommodate the deviation and their implications in a broad sense.
(see [2, 70, 117–129] for reviews on g − 2 with different focus and [130] for
a discussion in the context of Lorentz symmetry breaking). However, in the
attempt to address the muon anomalous magnetic moment in the context of
new physics, there are often stones encountered on the way, namely constraints
stemming from LFV probes. Therefore, in the next section, we put the muon
anomalous magnetic moment into perspective with LFV.
11

Historic overview of constraints on µ → eγ.

Determination

Beam

BR(µ → eγ) <
10−55

SM [131]
AFFLM (1959) [132]

µ+

PAR (1964) [133]

µ+

NaI (1977) [134]

µ+

SIN (1977) [135]

µ+

Clinton Anderson (1979) [136]

µ+

SIN (1980) [137]

µ+

NaI (1982) [138]

µ+

TRIUMF (1983) [139]

µ+

NaI-2 (1986) [140]

µ+

Crystal Box (1988) [141]

µ+

MEGA (1999) [142]

µ+

MEG (2008) [143]

µ+

MEG (2009) [144]

µ+

MEG (2011) [145]

µ+

MEG (2013) [146]

µ+

MEG (2016) [147]

µ+

1.2 × 10−6
2.2 × 10−8
3.6 × 10−9
1.1 × 10−9

1.9 × 10−10
1 × 10−9

1.7 × 10−10
1 × 10−9

4.9 × 10−11
4.9 × 10−11
1.2 × 10−11
2.8 × 10−11
1.5 × 10−11
2.4 × 10−12
5.7 × 10−13
4.2 × 10−13
BR(µ → eγ) < 4.2 × 10−13

Current Bound [147]

BR(µ → eγ) < 4 × 10−14

Projected Sensitivity [148]

Table 2: Comprehensive overview of constraints on the decay µ → eγ.

1.4. Lepton Flavor Violation
Lepton flavor violation is known today as a canonical search for new physics.
However, its history goes far beyond simply LFV and has led us to a much
better understanding of the fundamental laws of nature. The first search for
the radiative decay of the muon was conducted in 1948 [166]. Since it was known
at the time that muon had a mass of about 200 times of the electron, then one

12

Complete overview of constraints on the τ → Xγ decay, X = e, µ.
Determination

Bound

MARK-II (1982) [149, 150]

BR(τ → µγ) < 5.5 × 10−4
BR(τ → eγ) < 6.4 × 10−4

MARK-II (1982) [149, 150]
CRYSTAL BALL (1988) [151]

BR(τ → eγ) < 2 × 10−4

BR(τ → µγ) < 3.4 × 10−5

ARGUS (1992) [152]

BR(τ → eγ) < 1.2 × 10−4

ARGUS (1992) [152]

BR(τ → µγ) < 4.2 × 10−6

CLEO-II (1993)[153]

BR(τ → µγ) < 6.2 × 10−5

DELPHI (1995)[154]

BR(τ → eγ) < 1.1 × 10−4

DELPHI (1995)[154]

BR(τ → µγ) < 3 × 10−6

CLEO-II (1997)[155]

BR(τ → eγ) < 2.7 × 10−6

CLEO-II (1997)[155]

BR(τ → eγ) < 1.1 × 10−6

CLEO-II (2000)[156]

BR(τ → µγ) < 2 × 10−6

BaBar (2002) [157]

BR(τ → µγ) < 6 × 10−7

Belle (2002) [158]

BR(τ → µγ) < 3.1 × 10−7

Belle (2004) [159]

BR(τ → eγ) < 3.9 × 10−7

Belle (2005) [160]

BR(τ → µγ) < 6.8 × 10−8

BaBar (2005) [161]

BR(τ → eγ) < 1.1 × 10−7

BaBar (2006) [162]

BR(τ → µγ) < 4.5 × 10−8

Belle (2008) [163]

BR(τ → eγ) < 1.2 × 10−7

Belle (2008) [163]

BR(τ → µγ) < 4.4 × 10−8

BaBar (2010) [164]

BR(τ → eγ) < 3.3 × 10−8

BaBar (2010) [164]

BR(τ → µγ) < 4.4 × 10−8

Current Bound [164]

BR(τ → eγ) < 3.3 × 10−8

BR(τ → µγ) < 4.4 × 10−9

Projected Sensitivity [165]

BR(τ → eγ) < 3.3 × 10−9

Table 3: Comprehensive overview of constraints on the decay τ → eγ. The projected
sensitivity comes from superKEKB/Belle II which is expected to improve
existing limits by a factor of 10 [165].
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could imagine that the muon could decay into an electron and a neutral particle.
This is a landmark event in the search for LFV. Shortly after the search for µ−e
conversion were also conducted. In particular, the first upper limit obtained in
1955 read Brµ → eγ < 10−5 [167].4 .As for the µ − e conversion the first bound

obtained in 1955 read CR(µ Cu → e Cu) < 5 × 10−4 [168].

Therefore, instead of reviewing the muon anomalous magnetic moment individually, it is perhaps more important to review its connection to the quest
for LFV, such as the decay µ → eγ [169–180]. In the SM, lepton flavor is a conserved quantity since neutrinos are massless. However, we know that neutrinos
do have masses and that they experience flavor oscillations [3, 4]. Though we
have experimental confirmation of LFV from neutrino oscillations, we have not
yet observed such violation in processes involving charged leptons.5 Nevertheless, if LFV occurs among neutrino flavors, it is arguably natural to expect that
this violation also happens among charged leptons. From now on LFV will be
regarded in the context of charged leptons.
In Fig. 1 we illustrate in a nutshell the effects that LFV and g −2 observables
bring to new physics. While the non-observation of LFV typically pushes new
physics to high energy scales, as indicated in Fig. 1, the g − 2 anomaly favors
lower energy scales. Thus, one may wonder whether the same new physics can
still plausibly accommodate signals in both fronts.
Keep in mind though that, converse to the muon magnetic moment, an observation of LFV would undoubtedly confirm the existence of new physics with
tremendous implications. Many new physics models can accommodate LFV
processes. Several LFV processes other than µ → eγ have been experimentally

searched for, such as τ → eγ, τ → µγ, µ+ → e+ e+ e− and τ → µµµ, and since
no signal was observed stringent limits were derived [164] (See a sensitivity per4 This

bound supposedly obtained in 1955 was presented in a talk, but there is no

manuscript available [167] and for this reason this result was removed from Tab. 2
5 Notice that LFV does not imply that neutrinos oscillate, since there are models where
LFV occurs but neutrinos remain massless [177, 181].
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spective in Fig. 4). In particular the τ decays, which are intimately connected
to our reasoning in the context of g − 2, yield much weaker limits. For completeness, we provide in Tab. 3 a complete overview of all existing limits on
this LFV decay mode. Eventually, we will discuss SU (2)L invariant simplified
models, and when we do we will have the limits on the BR(τ → Xγ) in mind,
but it is clear that they will impose no further constraints on the model in the
light of the loose constraints stemming from this decay.
In summary, in this review we will focus on LFV involving the charged
leptons. Since we are also investigating the interplay with g − 2, the µ → eγ
decay will be the primary focus, but we will also approach other LFV observables
such as µ+ → e+ e+ e− and µ − e conversion, specially when we address UV
complete models. We start with the LFV muon decays.
1.5. The Decays µ → eγ and µ → 3e
The well known normal muon decay µ → eν e νµ , also known the Michel
decay, where the muon decays into a muon-neutrino plus an electron accompanied by a electron-anti-neutrino is a purely leptonic processes governed by weak
interactions and for this reason is subject to precise measurements with high
statistics. In fact, the precise measurements on the muon decay were crucial
to our understanding of the Standard Model. For instance, the Fermi coupling
constant, which is one of the most precisely measured quantities in nature, is
extracted from muon lifetime (τµ ) that reads
!
 2


G2F m5µ
3m2µ
me
αem (mµ ) 25
2
τµ =
F
1
+
1
+
−
π
,
192π 3
m2µ
5m2W
2π
4

(5)

where F (x) = 1 − 8x + 8x3 − x4 − 12x2 ln(x).
By measuring the muon mass using a muonium atom with QED corrections [182] and knowing the electromagnetic fine-structure constant, αem , at the
muon mass scale one can derive GF [183]. The precise determination of GF is
key to perform high precision test to the Standard Model.
The Michel decay of the muon is the dominant muon decay mode and accounts for nearly 100% of the branching ratio. The second most relevant muon
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Historic overview of constraints on µ+ → e+ e+ e− .

Determination

Location (Year)

Ref. [184]

JINR (1976)

Crystal Box [185]

LANR (1984)

SINDRUM [186]

PSI (1984)

SINDRUM [187]

PSI (1985)

Crystal Box [141]

LANR (1988)

SINDRUM [188]

PSI (1988)

Ref. [189]

JINR (1991)

BR(µ+ → e+ e+ e− )
< 1.9 · 10−9

< 1.3 × 10−10
< 1.6 × 10−10
< 2.4 × 10−12
< 3.5 × 10−11
< 1.0 × 10−12
< 3.6 × 10−11
BR(µ → 3e) < 1.0 × 10−12

Current Bound [188]

BR(µ → 3e) . 1 × 10−16

Projected Sensitivity [190]

Table 4: Comprehensive overview of constraints on the decay µ+ → e+ e+ e− γ.

decay is the µ → eν¯e νµ γ final state which is around 1%. Therefore, the muon
decay is a great laboratory to test news physics effects, in particular LFV.
Several searches for LFV have been performed, mostly based on the positively charged muon decay since it provides a unique opportunity to search for
LFV compared with other channels.67 This is due to the large number of muons
available for experimental searches [173]. A positively charged muon decays at
rest producing collinearly a e+ γ pair with energies equal to half of the muon
mass. The signal is clean, and since no excess events has been observed thus
far, stringent limits were placed on the branching ratio for the decay µ → eγ
[BR(µ → eγ)]. See Tab. 2 for a comprehensive overview of all existing bounds.
Nevertheless, we know that in the SM with massless neutrinos this flavor violating decay is non-existent. Moreover, this decay is still extremely suppressed
with the neutrino masses and mixing angles in agreement with atmospheric and
6A
7µ

negative muon it is captured by a nucleus when it is stopped in material [173].
→ e conversion provides a complementary probe to LFV, and, if a great improvement

in the bounds occurs, it may give rise to leading constraints for some new physics models.
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solar-neutrino data [191]. Even in the popular canonical type I seesaw mechanism with heavy right-handed (RH) neutrinos, the branching ratio of the decay
µ → eγ is many orders of magnitude below current sensitivity limits [192].
Hence, the observation of LFV in the foreseeable future would be a paramount
event since it conclusively confirms the presence of new physics, beyond the
type I seesaw mechanism.
Another important LFV observable is the µ+ → e+ e+ e− decay, which also

naturally appears in models where µ → e occurs. The µ+ → e+ e+ e− decay

– different from the µ+ → e+ γ decay – can receive contributions from off-shell
photons, Z-penguins, and box diagrams, in addition to the photonic penguin
diagram that gives rise to µ+ e+ γ decay. Hence, the direct connection to µ+ →

e+ γ and g − 2 is lost in a general setup. Since one of the primary focus on this

review is the muon magnetic moment, we will address the interplay between
g-2, µ+ → e+ e+ e− and µ+ → e+ γ only when we have a complete model under
investigation.
1.6. µ − e Conversion
While the decay µ → eγ currently provides the strongest constraints and
is particularly interesting due to its relation with the g − 2, one should have
in mind that µ− − e− conversion in nuclei might in some cases give rise to
stronger bounds. We will check some concrete realizations when we investigate
UV complete models. See [193] for a recent discussion at next-leading order.
The µ− − e− process refers to the the process where a negative muon is
stopped in some material and trapped, forming a muonic atom. After the muon
cascades down to the ground state, the muon either experiences its Michel decay,
µ → eν¯e νµ , or it is captured by a nucleus of atomic mass A and atomic number
Z, thus,
µ− + Nucleus(A, Z) → νµ + Nucleus(A, Z − 1).

(6)

Albeit, in the context of LFV, we should also expect the µ− − e− transition,
µ− + Nucleus(A, Z) → e− + Nucleus(A, Z)
17

(7)

Historic overview of constraints on µ− − e− conversion.

Determination

Location (Year)

µ− + Cu → e− + Cu [168]
µ− + Cu → e− + Co [194]

µ− + 32 S → e− + 32 S [195]
µ− + Ti → e− + Ti [196]
µ− + Ti → e− + Ti [197]
µ− + Ti → e− + Ti [198]
µ− + Ti → e− + Ti [199]

µ− + Pb → e− + Pb [197]
µ− + Pb → e− + Pb [200]

µ− + Au → e− + Au [201]

(1955)
SREL (1972)
SIN (1982)
TRIUMF (1985)
TRIUMF (1988)
PSI (1993)
PSI (1998)
TRIUMF (1988)
PSI (1996)
PSI (2006)

CR(µ− + N → e− + N)
< 5 × 10−4

< 1.6 × 10−8
< 7 × 10−11

< 1.6 × 10−11
< 4.6 × 10−12
< 4.3 × 10−12
< 6.1 × 10−13
< 4.9 × 10−10
< 4.6 × 10−11
< 7.0 × 10−13
CR(µ− Ti → e− Ti) < 6.1 × 10−13

Current Bound [199]

CR(µ− Al → e− Al) . 10−17

Projected Sensitivity [167]

Table 5: Comprehensive overview of constraints on the µ− − e− conversion.

which violates both electron and muon lepton flavors.
In this way, the branching ratio of the µ− − e− conversion is found to be,
CR(µ − e) =

Γ(µ− + Nucleus(A, Z) → e− + Nucleus(A, Z))
.
Γ(µ− + Nucleus(A, Z) → νµ + Nucleus(A, Z − 1))

(8)

The bounds on this branching ratio strongly depends on the nucleus under
consideration. For instance, for the Titanium nucleus, this branching ratio
should be smaller than 6.1 × 10−13 . This current bounds is not very restrictive,
specially having in mind the bound the µ → eγ decay. However, there is an
experimental effort under way to improve this bound in four to five orders of
magnitude (see Table 5 for a historic perspective)

8

. In this projected scenario

µ − e conversion becomes a powerful tool in the quest for LFV. Furthermore,
8 We

adoted the projected limit of 10−17 but there are old proposals that feature a sensi-

tivity of 10−18 [167, 202, 203].
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we will put the µ − e observable into perspective with the other observables
addressed in this review.
Before we turn to our analysis, we shall now describe the foundation of the
complementarity between the g − 2 and LFV observables in more detail.
2. General Framework
It is instructive to first take an effective field theory (EFT) viewpoint since
it highlights the intimate relation of LFV decays and the anomalous magnetic
moments of the leptons.
Assuming only conservation of charge and Lorentz invariance, the effective
operators relevant for the on-shell transition µ → eγ and the g − 2 are
on-shell
Lphotonic,
=
eff

µE
µM
ij
ij
`i σ µν `j Fµν +
`i iγ 5 σ µν `j Fµν ,
2
2

(9)

where the diagonal elements in the transition magnetic moment µM generate the
anomalous magnetic dipole moments ∆a = 21 (g − 2) of the leptons. Similarly,

the flavor-diagonal part of µE gives contributions to the electric dipole moments,
which we disregard in the present work. The off-diagonal elements, on the other
hand, contribute to LFV decays such as µ → eγ. If mi  mj , it is convenient to
define the dipole form factors AM and AE such that, neglecting contributions
M/E

proportional to mj , one may write µij

≡ emi AM/E /2. Notice that AM and

AE refer to parity conserving and non-conversing operators, respectively. With
this definition, one obtains the following expressions for the anomalous magnetic
moment and the branching ratio of the LFV decay:
2
∆a`i = AM
ii mi (no sum),

3(4π)3 αem  M 2
2
BR (`i → `j γ) =
Aji + AE
BR (`i → `j νi νj ) .
ji
2
4GF
|
{z
}

(10a)
(10b)

≈1 for µ → eγ

Here, GF is Fermi’s constant of weak interactions and αem is the electromagnetic fine-structure constant.
Naturally, any flavor non-diagonal coupling will activate LFV decays and at
the same time yield contributions to the anomalous magnetic moments of the
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leptons. This interesting observation is the foundation of our present work in
which we give fully general and yet compact expressions for the evaluation of
LFV decays as well as the contributions to g − 2. This should enable the readership to easily apply our results to any model. We point out that this approach is
complementary to the effective field theory approach of Ref. [180]. Furthermore,
using the simplified model description guarding SU (2)L invariance, we believe
that the results become more intuitive, motivating our work from a practical
point of view.
Be aware that there is a multitude of collider and electroweak precision
limits that can be applied to many of the models we describe here. Since they
are rather model dependent and our aim is to describe the correlation between
the g − 2 and µ → eγ in a simplified framework, we have decided to leave those
out of our discussion. Rather, we emphasize that, depending on the context
in which the simplified models are embedded, the region of parameter space
where one can accommodate g − 2 and/or µ → eγ might be actually ruled out.
See [127] for a recent discussion in reference to LEP bounds.
As discussed in the previous section, the LFV processes µN → eN and
µ → 3e also involve off-shell contributions from photon exchange, and it is
instructive to consider the form of the amplitude for a generic photon leg Aµ (q),
where q ≡ pj − pi [173]:
Aphotonic = −eA∗µ (q)u`j (pj )



/qq µ
ji
ji
2
µ
fE0
(q 2 ) + γ5 fM
(q
)
γ
−
+
0
q2

 iσ µν q 
ν
ji
ji
2
2
u`i (pi ) .
+ fM
(q
)
+
γ
f
(q
)
5 E1
1
mi
(11)



The form factors fE0 and fM 0 account for the off-shell photon and do not
correspond to real photon emission. Hence, they should vanish when q 2 → 0,
and in this low momentum limit we can recover the on-shell photon contributions
with the identifications AE = −im2i fE1 (0) and AM = m2i fM 1 (0).
In a scenario where the fE/M 1 are dominating over the fE/M 0 , one can derive
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the following relations between µ → eγ and the other LFV transitions [173]:
1
BR(µ → eγ)
200
1
BR(µ → eγ)
CR(µ Al → e Al) '
350
1
BR(µ → 3e) '
BR(µ → eγ) .
160

CR(µ Ti → e Ti) '

(12a)
(12b)
(12c)

We emphasize that such relations serve merely to have an idea up to an order
of magnitude correction of the correlation between these observables. Some
setups that we will discuss further predict branching ratios of the same order
of magnitude. Moreover, we highlight the next generation of experiments such
as Mu2e and COMET will use Aluminum as target aiming at a sensitivity of
∼ 10−17 on µ − e conversion [167]. However, there is an old proposal that uses
Titanium instead, potentially being capable of reaching a projected bound of
∼ 10−18 [202]. In this work, we will use the former, since it is up-to-date.
These relations will not hold in general and therefore no such relation exists
for a generic set-up. For the former transition, one expects a simple result if
the photonic, long-range contributions dominate [204]:
CR(µ N → e N ) =

4
5
mµ Zeff
ZFp2 2
8αem
Ξparticle ,
Γcapture

(13)

where the effective atomic charge and the nuclear matrix element have to be
determined from nuclear physics. The particle physics contribution factorizes
and reads
Ξ2particle = fE0 (m2µ ) + fM 1 (m2µ )

2

+ fE1 (m2µ ) + fM 0 (m2µ )

2

.

(14)

We now turn to the calculation of the contributions from individual fields,
focusing for brevity on the on-shell photonic form factors.

3. New Physics Contributions
In this section we derive the new physics contributions to g − 2 and µ → eγ.
We focus for now on individual and multiple field corrections without imposing
SU (2)L invariance to keep the results general and model independent, such that
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one can apply the results to a broader context. Only in Sec. 4 we will put them
into perspective preserving SU (2)L invariance in the context of simplified SM
extensions.
For now, we consider the most generic couplings that are allowed by the
conservation of electric charge and Lorentz invariance. We start by addressing
scalar mediators.
3.1. Scalar Mediators
3.1.1. Neutral Scalar
If additional electrically neutral scalar fields are present in a model, they
will induce a shift in the leptonic magnetic moments and mediate LFV decays
via the following interactions:
Lint = gsij1 φ `i `j + igpij1 φ `i γ 5 `j ,

(15)

where both terms are manifestly hermitian. Notice that this sort of Lagrangian
arises in many models. For instance, in U (1)X extensions of the SM, a scalar
is usually needed to break the additional gauge symmetry spontaneously. If
SM particles are charged under U (1)X , interactions between the SM fermions
and the new scalar arise, including the ones above. Moreover, in models where
there is an inert scalar or the new neutral scalar mixes with the SM Higgs, this
interaction Lagrangian also appears. In the latter case, however, the interaction strength is proportional to the (small) ratio mf /v, where v is the vacuum
expectation value (VEV) of the Higgs and mf the fermion mass.
Decomposing the amplitude depicted in Fig. 5 as
−iM = uj (p2 ) (−ieΓµ ) ui (p1 )εµ (k),
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(16)

we obtain for the dipole part of the vertex function9
Γµ1 =

i

iσ µν kν mi X h f j f i + +
fj fi + −
fj fi − −
fj fi − +
5
I
I
g
I
g
+
g
I
g
g
g
−
g
g
.
+iγ
p 1 p 1 f, 1
s 1 s 1 f, 1
s 1 p 1 f, 1
p 1 s 1 f, 1
8π 2 2
|
{z
}
|
{z
}
f
≡(4π)2 AM
ji

≡(4π)2 AE
ji

(17)
E
Note that we have identified the form factors AM
ji and Aji in Eq. (17), where

1
(4π)2
1
AE
ji =
(4π)2

AM
ji =





fj fi + −
++
gsf j1 gsf i1 If,
,
1 + gp 1 gp 1 If, 1
(18)


fj fi − −
−+
gpf j1 gsf i1 If,
−
g
g
I
.
s 1 p 1 f, 1
1

±±
The exact loop integral If,
1 is given in the appendix and for the special case

of µ → eγ it may be approximated as
(±) (±)2

If, 1 1

'

Z

1

Z
dx

dz

0

m

xz + (±)2 (1 − x) mµf

1−x

0
1

−xzm2i + xm2φ + (1 − x)m2f
1

(1 − x)y + (±)2 f
(1 − x)(1 − xyλ2 ) + x2f λ2
0
0



1 1
3
= 2
+ (∓)2 f
+ log(2f λ2 ) , for mφ → ∞.
mφ 6
2
=

1
m2φ

Z

Z

dy x2

dx

(19)

Here, we work to leading order in mj /mi  1 and simplify the integration
by defining z ≡ (1 − x)y. Finally, we have used that the resulting integral is
invariant under x → (1 − x), and defined f ≡

mf
mµ

and λ ≡

mµ
mφ .

E
With the form factors AM
ji and Aji , we can use Eq. (10) to obtain the cor-

rections to g − 2 (i = j) and µ → eγ (i 6= j).
1
(g − 2) ≡ ∆aµ (φ) =
2

1 m2µ
8π 2 m2φ

Z

1

dx
0


2

2
fµ
fµ
+
−
X gs 1 P1 (x) + gp 1 P1 (x)
f

(1 − x)(1 − xλ2 ) + x 2f λ2

(20a)

where
P1± (x) = x2 (1 − x ± f ) .
9 This

(20b)

corresponds to the finite part of the amplitude proportional to σ µν kν . Note that all

other contributions, especially those where the photon line is attached to the external leptons,
yields non-dipole contributions (∝ γ µ ). These are irrelevant for both µ → eγ and g − 2.
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`j

Figure 5: Diagrammatic representation of amplitude for the process `i → `j γ in the
presence of a new neutral scalar φ.

Note that Eq. (20b) can be obtained from the second line of Eq. (19) by setting
y = 1 in the integrand and omitting the y-integration. For the case of a heavy
mediator, mφ  mµ , mf , the expression for ∆aµ can be approximated as




1 m2µ X  f µ 2 1
3
g
∆aµ (φ) '
−

+
log(
λ)
+
f
f
s1
4π 2 m2φ
6
4
f
(21)



2  1
3
fµ
+ gp 1
+ f
+ log(f λ)
.
6
4
Our results agree with those found in Refs. [127, 129]. For the related LFV
decay we find
BR(µ → eγ) ≈


3(4π)3 αem
2
E 2
|AM
,
eµ | + |Aeµ |
2
4GF

(22)

E
with AM
eµ and Aeµ given in Eq. (18). In the limit where mφ  mµ , mf , we can

approximate this expression using the last line in Eq. (19):


X  fe fµ  1
1
3
2 2
AM
=
−

+
log(
λ
)
+
g
g
f
eµ
f
s1 s1
16π 2 m2φ
6
2
f



1
3
+gpf e1 gpf µ1
+ f
+ log(2f λ2 )
,
6
2

AE
eµ =



X  fe fµ  1
1
3
2 2
g
g
−

+
log(
λ
)
−
f
f
p1 s1
16π 2 m2φ
6
2
f



3
fe fµ 1
2 2
−gs 1 gp 1
+ f
+ log(f λ )
.
6
2

(23a)

(23b)

In summary, Eq. (21) and Eq. (22) determine the prediction for g−2 and µ → eγ
for a scalar particle which interacts with a charged lepton according to Eq. (15).
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γ
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φ−
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φ−

p1

p2
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`j

Figure 6: Process `i → `j γ mediated by a charged scalar.

3.1.2. Singly Charged Scalar
Singly charged scalars are a clear signature of additional scalar doublets.
They appear in the Zee-Babu model as well as in models with much richer
scalar sectors such as multi-Higgs doublet models or scalar triplet models. For
example, Left-Right models usually feature such triplet scalars which encompass
singly charged scalars. The relevant interaction terms for the contribution of a
scalar with unit charge to the amplitude M are given by
Lint = gsij2 φ+ νi `j + gpij2 φ+ νi γ 5 `j + h.c.

(24)

In what follows the νfi do not have to be the SM neutrinos, but they can be
any sort of (exotic) neutral leptons with arbitrary mass. Since we will provide a
fully general result the reader is welcome to use it. Conversely, we will also give
simplified results taking the scalar to be much heavier than all other particles
involved in the processes. It is worth emphasizing that if lepton number is
explicitly violated in the given model, one might also find operators of the form
φ+ ν C `. For the present analysis this will not change the calculation, hence we
do not consider these operators explicitly.
From Fig. 6 the vertex function can be computed as
∗
iσ µν kν mi X h f j ∗ f i + +
+−
Γµ2 = −
gs 2 gp 2 If, 2 + gpf j2 gpf i2 If,
2 −
2
8π
2
|
{z
}
f
≡−(4π)2 AM
ji

i
∗
fj ∗ fi − −
−+
I
+
g
g
− γ 5 gpf j2 gsf i2 If,
.
s 2 p 2 f, 2
2
|
{z
}


(25)

≡i(4π)2 AE
ji

From the full expression for the integral If, 2 given in Eq. (A-2), we obtain for
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∆aµ :
2

2

∆aµ φ


+

1 m2µ
=− 2 2
8π mφ+

Z
0

1

fµ
fµ
−
+
X gs 2 P2 (x) + gp 2 P2 (x)


dx
,
2f λ2 (1 − x) 1 − −2
f
f x +x

(26a)

mνf
,
mµ

(26b)

where
P2± (x) = x(1 − x) (x ± f ) ,

f ≡

λ≡

mµ
.
mφ+

In the limit of a heavy scalar mediator, i.e. λ → 0, this reduces to





2
2
1
1
−1 m2µ X
f
f
fµ
fµ
+
gs 2
∆aµ (φ ) '
+
+ gp 2
−
.
4π 2 m2φ+
12
4
12
4

(27)

f

E
Having identified AM
ji and Aji in Eq. (25), we can substitute them in Eq. (10)

3
αem
2
E 2
|AM
to find BR(µ → eγ) ≈ 3(4π)
eµ | + |Aeµ | , where
4G2
F


−1 X  f e ∗ f µ + +
fe ∗ fµ + −
g
g
I
+
g
g
I
,
s 2 s 2 f, 2
p 2 p 2 f, 2
(4π)2
f

−i X  f e ∗ f µ − +
fe∗ fµ − −
g
g
I
+
g
g
I
,
=
p 2 s 2 f, 2
s 2 p 2 f, 2
(4π)2

AM
eµ =
AE
eµ

(28a)
(28b)

f

which in the case of a heavy scalar (mφ+
X  fe∗ fµ  1
−1
AM
'
gs 2 gs 2
+
eµ
16π 2 m2φ+
12
f
X  fe ∗ fµ  1
−i
E
Aeµ '
gp 2 gs 2
+
16π 2 m2φ+
12
f

 mµ , mνf ), simplify to



∗
f
1
f
+ gpf e2 gpf µ2
−
,
2
12
2



f
1
f
fe∗ fµ
+ gs 2 gp 2
−
,
2
12
2

(29a)
(29b)

where we have used the approximate expression for If, 2 found in the Appendix.
3.1.3. Doubly Charged Scalar
Doubly charged scalars are key features of the type II seesaw model [205],
and they are also predicted in models based on the SU (3)C × SU (3)L × U (1)X
(331) gauge group.

Such particles were vastly used to enhance the signal

H → γγ, when a mild excess in the diphoton channel surfaced in the Higgs
discovery [206–209]. Typically, such doubly charged scalars are accompanied
by a singly charged one, however for now we will be restricted to the doubly
charged scalar contribution only. In the case of a doubly charged scalar field,
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Figure 7: Process `i → `j γ mediated by a doubly charged scalar φ++ , where two
diagrams contribute.

that might e.g. be a component of an SU (2)L triplet, the possible interactions
take the form
Lint = gsij3 φ++ `Ci `j + gpij3 φ++ `Ci γ 5 `j + h.c. ,

(30)

which violate the SM lepton number symmetry explicitly. Note that gs 3 and
gp 3 are forced to be symmetric matrices in flavor space.
Since all fields in the relevant interactions are electrically charged, there
will be two contributions as shown in Fig. 7. The corresponding expressions
can be obtained from the previous subsections with appropriate changes in the
parameters. One obtains for the sum of the two diagrams
∗
iσ µν kν mi X h f j ∗ f i + +
+−
gs 3 gs 3 If, 2 + gpf j3 gpf i3 If,
2 −
8π 2 2
f
 ∗
i
fj ∗ fi − −
−+
−γ 5 gpf j3 gsf i3 If,
2 + gs 3 gp 3 If, 2
∗
iσ µν kν mi X h f j ∗ f i + +
+−
gs 3 gs 3 If, 1 + gpf j3 gpf i3 If,
−4
1 −
8π 2 2
f
i
 ∗
fj ∗ fi − −
−+
g
I
,
−γ 5 gpf j3 gsf i3 If,
+
g
s 3 p 3 f, 1
1

Γµ3 = − 8

(31)

where it is understood that the replacements mνf → mf , mφ,φ+ → mφ++ are
±±
made in the loop functions If,
1/2 . The multiple factors of 2 are due to the

double unit charge of the scalar field and symmetry factors.
Again, we can extract the contributions to g − 2, which read – in agreement
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with Ref. [129],
2

∆aµ φ

++



8 m2µ
=− 2 2
8π mφ++

Z

4 m2µ
8π 2 m2φ++

Z

1

dx
0

f

2f λ2 (1 − x)(1 − −2
f x) + x
2

−

1

dx
0

2

fµ
fµ
−
+
X gs 3 P2 (x) + gp 3 P2 (x)

(32)

2

fµ
fµ
−
+
X gs 3 P1 (x) + gp 3 P1 (x)
f

−

(1 − x)(1 − λ2 ) + x 2f λ2

.

±
The functions P1/2
are defined in Eqs. (20b) and (26b), however for f ≡

and λ ≡

mµ
mφ++

mf
mµ

in both functions. Note the relative sign between the second line

in Eq. (32) and Eq. (20), which is due to the appearance of a charge conjugate
lepton coupling to the photon.
For the case of a heavy mediator, one finds the simple expression [129]
∆aµ φ

++








2
2
1 m2µ X
4
4
fµ
fµ
=− 2 2
gs 3
− f + gp 3
+ f
.
4π mφ++
3
3

(33)

f

We have seen that the correction to g−2 arising from a doubly charged scalar
is basically a combination of the neutral and charged scalar contributions with
some minor changes. Notice that considering only flavor diagonal couplings, i.e.
f = 1 and omitting the sum, the doubly charged scalar contribution to g − 2
is negative. However, if the τ -lepton contributes significantly then the overall
contribution might be positive, but this only true if gsτ µ 6= gpτ µ for some reason,
otherwise the f terms in Eq. (33) cancel out.
As for µ → eγ a similar treatment can be applied to find,
BR(µ → eγ) '


3(4π)3 αem
2
E 2
|AM
,
eµ | + |Aeµ |
2
4GF

(34)

where

−1 X  f e ∗ f µ + +
fe ∗ fµ + −
I
g
g
I
+
g
g
p 3 p 3 f, 21 ,
s 3 s 3 f, 21
(4π)2
f

−i X  f e ∗ f µ − +
fe∗ fµ − −
=
I
g
I
+
g
g
g
s 3 p 3 f, 21 ,
p 3 s 3 f, 21
(4π)2

AM
eµ =
AE
eµ

f

in agreement with [210], and If, 21 ≡ 4(2If, 2 + If, 1 ).
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(35a)
(35b)

In the limit mφ++  mf we get



X  fe∗ fµ  2
−1
fe ∗ fµ 2
AM
'
g
g
−

+
g
g
+

,
f
f
eµ
s3 s3
p3 p3
8π 2 m2φ++
3
3
f



X  fe ∗ fµ  2
−i
fe∗ fµ 2
AE
g
g
−

+
g
g
+

'
f
f
eµ
p3 s3
s3 p3
8π 2 m2φ++
3
3

(36)

f

√
For the important special case where we have y/ 2 = gs 3 = ±gp 3 , this expression reduces to

2

BR(µ → eγ) '

αem (y † y)eµ
.
3πG2F m4φ++

(37)

We emphasize that Eq. (37) accounts only for the doubly charged scalar contribution to BR(µ → eγ). However, as mentioned above, doubly charged scalars
usually arise in the context of Higgs triplets, so that a singly charged scalar
will also contribute. Combining our results for the singly and doubly charged
scalars we may obtain
2

BR(µ → eγ) '

27αem (y † y)eµ
,
64πG2F m4φ++

(38)

where we assumed mφ+ = mφ++ . This result matches the well-known result for
the Higgs triplet contribution derived in [211] and quoted in [212–214]. Thus,
if one needs a more general assessment of the doubly charged contribution to
g − 2 and µ → eγ, Eq. (33) and Eq. (37) should be used, respectively.
3.2. Gauge Boson Mediator
In this section we will discuss fully general interactions of neutral and charged
gauge bosons which arise in many models that augment the SM with a new
Abelian symmetry or extended electroweak gauge sectors such as SU (2)R , SU (3)L
etc. Whether we consider new gauge bosons or fermion fields, in many cases
the amplitude will involve a gauge boson propagator. In this subsection we list
the relevant expressions for M. We start with the charged gauge boson.
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3.2.1. Neutral Fermion – Charged Gauge Boson
The introduction of several neutral fermions Ni opens the following vector
and axial-vector interaction channels:
+

+

Lint = gvij1 W 0 µ N i γ µ `j + gaij1 W 0 µ N i γ µ γ 5 `j + h.c.

(39)

This expression may root in several high-energy models. For example, we could
have that the W 0 is actually the SM SU (2)L gauge boson. In that case we
would find that the coupling strength is proportional to some mixing of the Ni
with the active neutrinos of the SM. Alternatively, we could have that the W 0
is due to some extended gauge sector, e.g. SU (2)R of the Left-Right symmetric
model. Since we are not worried about SU (2)L invariance at this point, we
need to make further assumptions to carry out the relevant calculations. We
have done so by performing all calculations in unitary gauge and taking the
respective propagators for the internal W 0 s.
±±
For the diagram in Fig. 8, we obtain, with the aid of the loop function If,
3

defined in Eq. (A-5),
Γµ4 =

∗
iσ µν kν mi X h f j ∗ f i + +
+−
gv 1 gv 1 If, 3 + gaf j1 gaf i1 If,
3 +
8π 2 2
f
 ∗
i
fj ∗ fi − −
−+
+γ 5 gaf j1 gvf i1 If,
+
g
g
I
.
v 1 a 1 f, 3
3

(40)

From this we extract the relevant expressions for the g − 2:
2

−1 m2µ
∆aµ (N, W 0 ) =
8π 2 m2W 0

Z
0

1

2

fµ
fµ
+
−
X gv 1 P3 (x) + ga 1 P3 (x)


dx
,
2f λ2 (1 − x) 1 − −2
x
+
x
f
f

(41a)

with
P3± = −2x2 (1 + x ∓ 2f ) + λ2 x(1 − x)(1 ∓ f )2 (x ± f )
and f ≡

mNf
mµ

,λ≡

mµ
mW 0

(41b)

, in agreement with Ref. [215].

It is interesting to see that the rather lengthy expression for If, 3 reduces to a
much simpler one if the internal boson is assumed to be decoupled, i.e. mW 0 
mN , mf :
(±) ,(±)2

If, 3 1

'

1
m2W 0




5
(1 + (±)1 mj /mi ) − 2(±)2 mNf /mi .
6
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(42)
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Figure 8: Process `i → `j γ mediated by a neutral fermion N and a W 0 boson.

Thus, if the intermediate W 0 is heavy, i.e. λ → 0, we find the useful approximation





2
2
1 m2µ X
5
5
fµ
fµ
∆aµ (N, W ) '
gv 1
− f + ga 1
+ f
.
4π 2 m2W 0
6
6
0

(43)

f

Similarly, taking both mN ' mW 0  mf such that f λ ' 1, we find that
the contribution is independent of f if we allow the vector and axial-vector
contributions to cancel, i.e. |gv | = |ga | = |g|. We obtain
∆aµ (N, W 0 ) '

17 m2µ X f µ 2
g
.
48π 2 m2W 0

(44)

f

As we will see below, this matches a well-known result in the Left-Right model
for µ → eγ where g = gR , with gR being the gauge coupling from the SU (2)R
group. We emphasize that it is applicable only when mN ' mW 0 both being
much heavier than any charged lepton involved.
As for µ → eγ, we find

−1 X  f e ∗ f µ + +
fe ∗ fµ + −
g
g
I
+
g
g
I
,
v 1 v 1 f, 3
a 1 a 1 f, 3
(4π)2
f

i X  fe ∗ fµ − +
fe ∗ fµ − −
g
I
,
=
g
g
I
+
g
v 1 a 1 f, 3
a 1 v 1 f, 3
(4π)2

AM
eµ =
AE
eµ

(45a)
(45b)

f

±±
with If,
3 given in Eq. (A-5) in the Appendix.

Again taking the limit mW 0  mN , mf , which is often present in studies
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Figure 9: Process `i → `j γ mediated by a charged fermion E and a Z 0 boson.

involving sterile neutrinos [216], we get



X  fe ∗ fµ  5
−1
fe ∗ fµ 5
'
AM
g
g
−
2
+
g
g
+
2
,
f
f
eµ
v1 v1
a1 a1
16π 2 m2W 0
6
6
f



X  fe ∗ fµ  5
i
fe ∗ fµ 5
E
Aeµ '
− 2f + gv 1 ga 1
+ 2f
ga 1 gv 1
,
16π 2 m2W 0
6
6

(46a)
(46b)

f

However, for the regime in which mNf = mW 0  mf , this results in (|gv | =
|ga | = |g|)

E
AM
eµ = iAeµ '

17 X f e ∗ f µ
−1
g g .
2
2
16π mW 0 12

(47)

f

and thus
BR(µ → eγ) ' 6.43 × 10

−6



1 TeV
mW 0

4 X

2

g

f e∗ f µ

g

.

(48)

f

3.2.2. Singly charged Fermion – Neutral Gauge Boson
Exotic singly charged fermions commonly arise in 331 models [217, 218], in
two Higgs doublet models [219], and many other theories, cf. Refs. [220–222].
Charged fermions could interact with the SM leptons via both a scalar and/or
a neutral vector boson (Z 0 ), i.e. via the Lagrangian
Lint = gvij2 Zµ0 Ei γ µ `j + gaij2 Zµ0 Ei γ µ γ 5 `j + gsij4 h Ei `j + gpij4 h Ei γ 5 `j + h.c. (49)
In the case where the new charged leptons Ei couple only to vector bosons, we
ij
set gs/p
5 = 0. As a result we obtain the following expression (cf. Fig. 9):

Γµ5,v = −

∗
iσ µν kν mi X h f j ∗ f i + +
+−
gv 2 gv 2 If, 4 + gaf j2 gaf i2 If,
4 +
8π 2 2
f
 ∗
i
fj ∗ fi − −
−+
+γ 5 gaf j2 gvf i2 If,
,
4 + gv 2 ga 2 If, 4
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(50)

with If, 4 given exactly in Eq. (A-6).
We can obtain from the exact expression, for the case mi = mj = mµ , the
result found in the literature [119, 215]:
2

1 m2µ
∆aµ (E, Z ) =
8π 2 m2Z 0
0

Z

1

dx
0

2

fµ
fµ
−
+
X gv 2 P4 (x) + ga 2 P4 (x)

(1 − x) (1 − λ2 x) + 2f λ2 x

f

,

(51a)

with
P4± = 2x(1 − x)(x − 2 ± 2f ) + λ2 x2 (1 ∓ f )2 (1 − x ± f )
and f ≡

mEf
mµ

,λ≡

mµ
mZ 0

(51b)

.

Interestingly in the limit of a heavy Z 0 , i.e. when mZ 0  mE , mµ , If, 4

simplifies to
(±) ,(±)2

If, 4 1

'

1 2
[1 + (±)1 mj /mi − 3(±)2 mE /mi ] ,
m2Z 0 3

(52)

which gives us an idea of the asymptotic behavior of g − 2 and µ → eγ. Indeed,
to leading order for a heavy gauge boson, one finds





2
2
−1 m2µ X
2
2
fµ
fµ
∆aµ (E, Z 0 ) '
g
−

+

+
g
.
f
f
v2
a2
4π 2 m2Z 0
3
3

(53)

f

As for BR(µ → eγ) '

3(4π)3 αem
4G2F


2
E 2
one obtains:
|AM
eµ | + |Aeµ |


−1 X  f e ∗ f µ + +
fe ∗ fµ + −
g
g
I
+
g
g
I
v 2 v 2 f, 4
a 2 a 2 f, 4
(4π)2
f

X  fe ∗ fµ
−1
fe ∗ fµ
g
g
'
(1
−
3
)
+
g
g
(1
+
3
)
,
f
f
v2 v2
a2 a2
24π 2 m2Z 0
f

i X  fe ∗ fµ − +
fe ∗ fµ − −
g
I
+
g
g
I
=
g
a
2
a
2
v
2
v
2
f, 4
f, 4
(4π)2
f

X  fe ∗ fµ
i
fe ∗ fµ
'
g
(1
+
3
)
,
g
g
(1
−
3
)
+
g
f
f
a
2
v
2
v
2
a
2
24π 2 m2Z 0

AM
eµ =

AE
eµ

(54a)
(54b)
(54c)
(54d)

f

where we have used the approximation mi  mj  mZ 0 and mE  mZ 0 .
The case where the charged fermions Ei couple to the SM leptons via a
scalar only, the result is identical to the case of a neutral scalar. One can
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Figure 10: Process `i → `j γ mediated by a doubly charged fermion ψ and a X boson.
Since both particles are charged, there are two separate contributions.

readily obtain:
Γµ5,s =

(±) ,(±)2

with If, 5s1

∗
iσ µν kν mi X h f j ∗ f i + +
+−
gs 4 gs 4 If, 5s + gpf j4 gpf i4 If,
5s −
2
8π
2
f
 ∗
i
fj ∗ fi − −
−+
−γ 5 gpf j4 gsf i4 If,
.
5s + gs 4 gp 4 If, 5s

(55)

≡ If, 1 (mi , (±)1 mj , (±)2 mEf , mh ) as defined in Eq. (A-1). Sim-

ilarly, the g − 2 is easily generalized from Eq. (20):
2

1 m2µ
∆aµ (E, φ) =
8π 2 m2φ

Z

1

dx
0

with P1± defined above and f ≡

2

fµ
fµ
+
−
X gs 4 P1 (x) + gp 4 P1 (x)
f

mEf
mµ

(1 − x)(1 − λ2 ) + x 2f λ2

,λ≡

mµ
mφ .

,

(56)

Similarly, the case of a heavy

scalar mediator yields Eq. (21).
The corresponding BR(µ → eγ) can be found by combining the AM
ji and

AE
ji functions defined in Eq. (10) and yield an expression identical to Eqs. (22)
and (23).
3.2.3. Doubly Charged Fermion – Charged Gauge Boson
Doubly charged fermions, which appear as components of fermionic SU (2)L

triplet fields [223], exotic doublets [224], as well as in composite Higgs models
with extended isospin multiplets [225–228]. They interact with SM leptons as
follows:
Lint = gvij3 Xµ+ `i γ µ ψj + gaij3 Xµ+ `i γ µ γ 5 ψj + h.c. ,

(57)

where the fermion ψ has electric charge Qψ = −2e. Similar to the case of
a doubly charged scalar, the doubly charged fermion will contribute with two
34

diagrams to the dipole form factors as shown in Fig. 10. Both contributions are
related to the previous fermionic contributions:
∗
iσ µν kν mi X h f j ∗ f i + +
+−
gv 3 gv 3 If, 3 + gaf j3 gaf i3 If,
Γµ6 = −
3 +
2
8π
2
f
 ∗
i
fj ∗ fi − −
−+
+γ 5 gaf j3 gvf i3 If,
3 + gv 3 ga 3 If, 3
X h fj ∗ fi
iσ µν kν
fj ∗ fi + −
++
m
gv 3 gv 3 If,
−
i
4 + ga 3 ga 3 If, 4 +
8π 2
f
 ∗
i
fj ∗ fi − −
−+
+γ 5 gaf j3 gvf i3 If,
,
4 + gv 3 ga 3 If, 4

(58)

±±
with the masses mE and mN replaced with mψ in both loop functions If,
3/4
±±
and the Z mass replaced with mX in If,
4 . This yields

1 m2µ
∆aµ (ψ, X) =
8π 2 m2X

Z

2 m2µ
+ 2 2
8π mX

Z

with f ≡

mψ
mµ

and λ ≡

mµ
mX ;

1

0

2

2

2

2

fµ
fµ
+
−
X gv 3 P3 (x) + ga 3 P3 (x)


dx
+
2f λ2 (1 − x) 1 − −2
f
f x +x

1

dx
0

fµ
fµ
+
−
X gv 3 P4 (x) + ga 3 P4 (x)
f

(1 − x) (1 − λ2 x) + 2f λ2 x

,

(59)

±
P3/4
are defined in Eqs. (41b) and (51b). For a

heavy mediator (λ → 0) we get





2
2
1 m2µ X
13
13
fµ
fµ
∆aµ (ψ, X) '
g
3
−
−
g
.
3
+
f
f
v1
a1
4π 2 m2X
6
6

(60)

f

Notice that if the vector and axial-vector couplings are identical, the contribution to g − 2 is negative, and there is no dependence on the fermion mass. Keep
in mind that this result is valid only in the heavy mediator limit, i.e. when the
mediator is much heavier than all other scales in the problem, so the apparent
scaling with fermion mass is a mirage, because very heavy fermions means even
heavier mediators and thus the contribution to g − 2 is further suppressed. In
order to compute the contribution to g − 2 for arbitrary mass hierarchies one
needs to solve Eq. (59) numerically.
Regarding µ → eγ, similarly to the previous subsections we find,
BR(µ → eγ) ≈


3(4π)3 αem
2
E 2
|AM
,
eµ | + |Aeµ |
2
4GF
35

(61)


P  fe ∗ fµ + +
fe ∗ fµ + −
1
where one should insert AM
eµ = (4π)2
f gv 3 gv 3 If, 34 + ga 3 ga 3 If, 34 and

P  fe ∗ fµ − +
fe ∗ fµ − −
−i
AE
eµ = (4π)2
f ga 3 gv 3 If, 34 + gv 3 ga 3 If, 34 , according to Eq. (58), and the
short-hand notation If, 34 = If, 3 + 2If, 4 has been used. In the usual approximation mµ  mX , we obtain



X  f e ∗ f µ  13
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13
fe ∗ fµ
AM
'
g
g
−
6
+
g
g
+
6
,
f
f
eµ
v3 v3
a3 a3
16π 2 m2W 0
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X  f e ∗ f µ  13
−i
13
fe ∗ fµ
AE
'
g
g
−
6
+
g
g
+
6
.
f
f
eµ
a3 v3
v3 a3
16π 2 m2W 0
6
6

(62a)
(62b)

f

3.2.4. Charged Fermion – Doubly Charged Vector Boson
Finally, we discuss the case of a doubly charged vector boson, which again
contributes through two independent diagrams. Doubly charged gauge bosons
are a typical signature of the minimal 331 model [229]. There, the SU (2)L
gauge group is extended to a SU (3)L , with the generations in the fundamental
representation of SU (3)L . The third component in the fermion triplet has a
charged lepton with opposite electric charge, e.g. ec , and consequently in the
covariant derivative a doubly charged gauge boson arises, with a charged current
as shown below,
Lint = gvij4 Uµ++ `Ci γ µ `j + gaij4 Uµ++ `Ci γ µ γ 5 `j + h.c.

(63)

Note that, while ga 4 is symmetric in flavor space, gv 4 is anti-symmetric and
contains no diagonal entries.10 Consequently, there will be symmetry factors
in the vertex rules due to the appearance of identical fields. The two diagrams
10 If

the vector current is j µ = ψic γ µ ψj = −ψiT C −1 γ µ CC −1 ψj = ψiT γ µ T C T ψj =

ψiT γ µ T (ψjT

C)T = −ψiT γ µ T (ψjT C −1 )T = (ψjT C −1 γ µ ψi )T = −ψjc γ µ ψi , so if i = j the

vector current must vanish, where we used ψ c = C ψ̄ T and ψ¯c = −ψ T C −1 , with C being the
charged conjugation matrix.
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that contribute have topologies identical to the ones shown in Fig. 10 and give
∗
iσ µν kν mi X h f j ∗ f i + +
+−
Γµ9 = − 8
gv 4 gv 4 If, 3 + gaf j4 gaf i4 If,
3 +
8π 2 2
f
 ∗
i
fj ∗ fi − −
−+
+γ 5 gaf j4 gvf i4 If,
+
3 + gv 4 ga 4 If, 3
(64)
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g
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g
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+
v 4 v 4 f, 4
a 4 a 4 f, 4
8π 2 2
f
 ∗
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−+
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g
I
,
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4
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8 m2µ
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Z

and λ ≡
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2

2

2

fµ
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+
−
X gv 4 P3 (x) + ga 4 P3 (x)


dx
−
2f λ2 (1 − x) 1 − −2
f
f x +x

1

dx
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fµ
+
−
X gv 4 P4 (x) + ga 4 P4 (x)
f

(1 − x) (1 − λ2 x) + 2f λ2 x

,

(65)

. Note the relative sign between the second term

in Eq. (65) and Eq. (59) due to the charge conjugate lepton coupling to the
photon. In the heavy mediator limit (mU ++  mf , mµ ), one obtains


2
2

1 m2µ X
fµ
fµ
++
gv 4 [−1 + f ] − ga 4 [1 + f ] ,
∆aµ U
' 2 2
π mU

(66)

f

which vanishes for f = 1 and ga 4 = 0, in agreement with the above symmetry
argument.
Thus, if one considers only the muon in the loop (f = 1), the doubly charged
gauge boson gives rise to a negative contribution to g − 2. One can use that
information to enforce the doubly charged boson correction to g − 2 to lie below
the current and projected error bars to derive tight constraints on the scale of
symmetry breaking of the minimal 331 model since the mass of such a boson is
directly related to the latter [230].
Finally, we report the expression for BR(µ → eγ) ≈
with

3(4π)3 αem
4G2F

2
E 2
|AM
eµ | + |Aeµ |


∗
−1 X  f e ∗ f µ + +
+−
gv 4 gv 4 If, 3−4 + gaf e4 gaf µ4 If,
3−4 ,
2
(4π)
f
 ∗

X
i
fe ∗ fµ − −
−+
=
gaf e4 gvf µ4 If,
3−4 + gv 4 ga 4 If, 3−4 ,
2
(4π)

AM
eµ =
AE
eµ

f
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(67)



and If, 3−4 = −4(2If, 3 − If, 4 ) ' − (1 ∓ 2f ) /m2U for a heavy mediator and
mj  mi .
We have now concluded reviewing individual and multiple field contributions
to g−2 and µ → eγ without worrying about SU (2)L invariance. In what follows,
we keep SU (2)L invariance as a guiding principle and discuss some simplified
models.

4. SU(2) Invariant Simplified Models
In this section, we will illustrate our results by numerically analyzing some
specific simplified beyond the SM (BSM) scenarios which can be embedded in
several extensions of the SM. To this end, we choose to restore SU (2)L invariance by combining the results of the previous section. For definiteness, we also
restrict our attention to coupling matrices with a fixed flavor structure matrix
Λ multiplied by a universal coupling g. Departures from this assumption will be
addressed in the following section where we study UV complete models. In any
case, the flavor structures we consider are labeled either as strong hierarchy, in
which case we have


1



Λ =  10−5

10−8

10−5
1
10−5

10−8
−5

10

1




.


For the cases referred to as mildly hierarchical, we set


1
10−3 10−6




Λ =  10−3
1
10−3  .


10−6 10−3
1

(68)

(69)

One might question the choices made for these hierarchies, since we know that
both CKM and PMNS matrices present much weaker hierarchies. We will briefly
motivate this choices below.
In case of weak hierarchies we know from current observations that any new
physics giving rise to sizable contribution to µ → eγ should usually come from
38

scales much above 1 TeV. Since new physics contributions do not have to follow
either CKM or PMNS patterns, one might wonder:
Which hierarchy in the charged lepton sector should one have in
order to reconcile possible signals coming from g −2 and LFV? What
can we learn if the g − 2 anomaly is confirmed by the upcoming
g − 2 experiments, and no signal is seen in the µ → eγ decay in
the foreseeable future? If the µ → eγ decay is seen in the upcoming
years, do we need to necessarily observe a signal also in g − 2?
Those questions motivated the choice for the hierarchies above, in the sense that
we choose the hierarchies that give rise to scenarios where one can reconcile possible signals in g − 2 and µ → eγ and/or a signal in one of either observable can
be probed within current or future sensitivity of the experiments. In summary,
the purpose of this approach is to illustrate three different scenarios:
(i) New physics signal in aµ :
We will see that null results from LFV places stringent limits on new
physics models capable of explaining g − 2. In order to make both comparable, a strong hierarchy in the coupling is needed.
(ii) New physics signal in µ → eγ:
Assuming that the g − 2 anomaly is resolved otherwise, using the 1σ error
bar on g − 2, we can set strong limits on new physics interpretations to
µ → eγ. We will see that most possible scenarios are already ruled out by
g − 2.
(iii) New physics signal seen in both aµ and µ → eγ:
Depending on the hierarchy used, some models offer regions of parameter
space where both signals can be simultaneously accommodated.
We discuss those three scenarios for several simplified models that preserve
SU (2)L invariance below.
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4.1. Scalar Contributions
We begin the discussion of the results with simplified models describing
additional scalar fields restoring the previously disregarded SU (2)L invariance.
4.1.1. Scalar doublet
Scalar doublets, as they occur in two Higgs doublet models, and multi-Higgs
doublet models [231], may also show up in the broken phase of a 331 symmetric
model with a scalar SU (3)L sextet. We consider first the case of a scalar doublet
φ with hypercharge Y = 1/2, which couples to the SM leptons as does the SM
Higgs doublet
Lint = gL ij eiR φ† · `jL + h.c. ,

(70)

where ‘ · ’ denotes the SU (2)L invariant product. In this case the imposed

SU (2)L invariance dictates that gR = gL † such that assuming real and symmetric couplings, we find that gp = −Im gL = 0 and gs = gL for the electrically neutral component of φ.11 In contrast, for the charged field, we have
gp = −gs = −gL /2. Since the doublet φ consists of a neutral and a charged
component, the result is a sum of Eqs. (17) and (25), with SM leptons and
neutrinos running in the loops, respectively.
Since we have obtained these results already in Eqs. (17) and (25), there is
no need to reproduce them. One can simply solve the integrals numerically to
find the results shown in Fig. 11 and 12.
In Fig. 11 we assume that the g − 2 deviation persists and check whether
this is consistent with the current and project limits on BR(µ → eγ) for the two
aforementioned hierarchies. In both figures the green region represents the part
of the parameter space (in the plane g vs. mφ ), which could explain the g − 2
deviation assuming the central value to be the same. Conversely, the shaded red
region (dashed line) accounts for the current (projected) limit stemming from
µ → eγ.
11 For

the purpose of illustration, we consider here only the CP even part of φ0 . The CP

odd scalar would have gs = 0 and gp = gL .
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(a) mild hierarchy

(b) strong hierarchy

Figure 11: Results for a scalar doublet with hypercharge Y = 1/2. The green area
corresponds to the signal region for ∆aµ , while the red region is excluded
by µ → eγ at 1σ. The projected bound is shown as a dashed line.

In the left panel the result is exhibited assuming mild hierarchy and one
can see that the region of parameter space which accommodates a signal in
g − 2 is excluded by the current limits on BR(µ → eγ). Interestingly, for a
strong hierarchy (right panel), the region which explains the g −2 deviation falls
within the projected sensitivity on the µ → eγ decay. It should be noted that
the charged scalar contribution must be sub-leading because its contribution to
∆aµ is negative.
Panels 12(a) and 12(b) show the results with an orthogonal view. Assuming
that ∆aµ is not due to BSM physics, what are the constraints for µ → eγ?
In both panels the blue area shows the region of parameter space in the
plane g vs mφ which could explain a signal in µ → eγ with BR(µ → eγ) =

4.2×10−13 −4×10−14 which delimits the current and projected sensitivity. The

shaded purple region (dashed line) delimits the current (projected) exclusion
from the g − 2 which is assumed to be otherwise resolved.
In Fig. 12(a) we adopt a mild hierarchy. As one might have anticipated, the
limits from g −2 are very weak, even considering projected sensitivity. However,
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(a) mild hierarchy

(b) strong hierarchy

Figure 12: Reversing the argument. The light blue region represents the signal region
for µ → eγ between the current and the projected bound, while the violet
region is excluded by ∆aµ assuming the anomaly is resolved. Again, the
projected bound for g − 2 is shown as a dashed line.

looking at Fig. 12(b) we may conclude that for a strong hierarchy a signal on
µ → eγ has already been ruled out by the g − 2 constraint. The reason for

this behavior is that ∆aµ grows with g 2 , whereas BR(µ → eγ) grows with g 4 .
had we taken the signal in µ → eγ to occur with a different BR(µ → eγ), the
signal region for µ → eγ would shift. In particular, if one takes a signal in
µ → eγ to happen at one order of magnitude below the projected sensitivity,
i.e. BR(µ → eγ) = 4 × 10−15 , it means that the coupling in Figs. 12(a)-12(b)

would have to be smaller roughly by a factor of two, since BR(µ → eγ) goes
with g 4 , moving the signal region downwards.

Furthermore, we may observe from the results in Figs. 11 and 12 that the
signal region/bounds of ∆aµ are rather insensitive to the chosen hierarchy, while
for µ → eγ the hierarchy is very decisive, illustrating that the ∆aµ is mostly
sensitive to the flavor-diagonal couplings, while µ → eγ probes the non-diagonal
entries in Λ. Varying the hierarchies, we may naturally interpolate between
both scenarios; however, a high degree of fine-tuning in the hierarchies would
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be needed to incorporate both viable signals µ → eγ and ∆aµ in such a model.
An example where the signal region for g − 2 would have a significant change is
when the τ −lepton contribution becomes relevant for some reason.
In summary, the g − 2 anomaly favors the large coupling and low mass
regions, which are often disfavored by LFV searches cf. Fig. 1. Precisely for this
reason, mild or strong hierarchies may yield signals in either g − 2, or µ → eγ.
As a side note, keep in mind that a scalar doublet φ could also be of hypercharge Y = −1/2 such that it may be coupled to RH neutrinos in the following
way
Lint = gL ij NRi φ† · `jL + h.c.

(71)

However, glancing at Eq. (26a), one can see that ∆aµ > 0 is possible only if
we have a sizable RH neutrino mass mN and dominant pseudo-scalar coupling.
However, in an SU (2)L invariant framework this will not be possible to obtain,
and hence a hypercharge −1/2 scalar doublet cannot explain the g − 2 anomaly.
4.1.2. Scalar Triplet
We conclude the discussion of scalar contributions to `i → `j γ with a model
involving a Y = 1 scalar triplet ∆. Such a field contains a neutral, a singly and
a doubly charged scalar component field with


√
++
φ+ / 2
φ
∆=
√ .
0
φ
−φ+ / 2

(72)

Such scalar triplets are arguably a signature of a type II seesaw mechanism for
generating neutrino masses. They can naturally appear in Left-Right symmetric
models. However, they might also appear as the result of a broken scalar sextet
in 331 models. The result is in principle a sum of four diagrams, one for the
neutral and charged component each, and the two diagrams shown in Fig. 7
for the doubly charged field. Suppressing SU (2)L indices, the interaction term
reads:
i

Lint = gL `CL iσ 2 ∆`jL + h.c.
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(73)

(a) mild hierarchy

(b) strong hierarchy

Figure 13: Results for possible LFV signals induced by a scalar triplet ∆ coupling
to SM leptons.

At this point, one should remark that due to electric charge conservation, the
neutral component of ∆ only couples to neutrinos, and hence has no effect on
the charged leptons. On the other hand, we know from Sec. 3 that both the
singly and doubly charged scalars tend to yield a negative ∆aµ , which cannot
explain the observed excess.
However, assuming there is a signal in µ → eγ with BR(µ → eγ) = 4.2 ×

10

−13

− 4 × 10−14 , i.e. within future sensitivity, we can draw the regions where

such a signal is expected for a mild (strong) hierarchy as shown in the left
(right) panel of Fig. 13. We observe from Fig. 13 that there is a window for
future observation of µ → eγ if the Yukawa matrix has a mild hierarchy. In
both panels the blue area shows the region of parameter space in the plane g
vs. mφ which could explain a signal in µ → eγ and the shaded purple region
(dashed line) represents the current (projected) exclusion from the g − 2 which
is assumed to be otherwise resolved. We emphasize that if we have adopted
a signal in µ → eγ to occur at BR(µ → eγ) = 4 × 10−15 , for instance, the
signal region would shift by a factor of two downwards, and in this case, even
for the strong hierarchy case, a signal in µ → eγ would be consistent with the
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current g − 2 limit. However, one should keep in mind that collider searches
for such scenarios restrict the mass of a doubly charged scalar to be larger than
400 GeV [232], already excluding a large region of the parameter space.
4.2. Fermion Singlet Contributions
Here, we will discuss the case in which fermionic SU (2)L singlet fields, with
the electric charge equal to the field’s hypercharge, contribute to g − 2. Such
fermions can be neutral, singly charged and even doubly charged as we explore
below.
4.2.1. Neutral Fermion Singlet
Neutral fermions are present in many phenomenological studies of g − 2 and
in connection to dark matter [126]. For a new neutral fermion, we can have
two potential interactions, one of which is the scalar field which is identical
to the result already given in Eq. (71). Repeating the previous analysis but
now varying the fermion mass and fixing different scalar masses yields Figs. 14
and 15. In the upper panels of Fig. 14 we set mφ = 125 GeV with the left graph
for mild hierarchy and the right for strong hierarchy. In the bottom panels we
fix mφ = 250 GeV. In all these panels the green regions represent the parameter
space in the plane g vs. mN which could explain the g − 2 deviation assuming
the same central value, whereas the shaded red region (dashed line) accounts
for the current (projected) limit stemming from µ → eγ.
Looking at Fig. 14, one may conclude that the g − 2 anomaly favors light
mediators (both scalar and fermion need to be light in this case), or large couplings of O(1). For a mild hierarchy with mφ = (125, 250) GeV the deviation in
g − 2 is already ruled out by the µ → eγ limit, whereas for a strong hierarchy
the g − 2 signal region lies within current and future sensitivity for the µ → eγ
decay. One can take an orthogonal view to these findings as shown in Fig. 15.
Again assuming a signal in µ → eγ with BR(µ → eγ) = 4.2 × 10−13 − 4 × 10−14 ,
we learn that for LFV decays the hierarchy in flavor space is more decisive than
the masses of the particles themselves. In the upper panels of Fig. 15 again
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(a) mild hierarchy

(b) strong hierarchy

(c) mild hierarchy

(d) strong hierarchy

Figure 14: g − 2 signal region for a neutral fermion N coupling to the SM leptons
via a scalar φ for different scalar masses mφ = (125, 250) GeV.
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(a) mild hierarchy

(b) strong hierarchy

(c) mild hierarchy

(d) strong hierarchy

Figure 15: Signal region for µ → eγ for a neutral fermion singlet.
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we set mφ = 125 GeV, and in the bottom panels we keep mφ = 250 GeV. As
expected, a signal in µ → eγ has an opposite effect compared to g − 2, where the
mild hierarchy was excluded. This time for a mild hierarchy a signal in µ → eγ
is perfectly consistent with g − 2 physics, whereas for the strong hierarchy case
the scenario is widely excluded by the g − 2 limit.
The more interesting scenario is obtained if the neutral fermion couples to
a spin-1 field and the charged leptons via a RH charged current,
Lint = gR i NR γ µ eiR Wµ0 + h.c. ,

(74)

as it occurs in Left-Right models.
The fully general result has been obtained in Eq. (41b), and limiting cases
are given in Eq. (43) and Eq. (44). In what follows we simply solve Eq. (41b)
numerically and display the results in the plane g vs mN in Fig. 16, assuming
the deviation in g − 2 remains with the same central value, and overlay the
limits from µ → eγ using the same color scheme of the previous sections. In
the left (right) graphs a mild (strong) hierarchy in the charged leptonic sector
is adopted. In the upper panels of Fig. 16 we set mW 0 = 1 TeV, in the middle
ones mW 0 = 3 TeV, and in the bottom mW 0 = 5 TeV. For mW 0 = 1 TeV we
notice that the g − 2 signal is consistent with µ → eγ using strong hierarchies,
and similarly for heavier masses but larger couplings are required. All cases
with a mild hierarchy are excluded. Knowing that the coupling in Eq. (74) is a
gauge coupling, the plots exhibiting a large coupling (much larger than unity)
in Fig.16 are rather unnatural.
We emphasize that we are not taking into account the existence of collider
bounds, which are more restrictive for larger couplings. Currently they exclude
m0W masses up to 3−4 TeV [233] with a projected sensitivity of up to 6 TeV [234],
assuming g = e/sW , by sifting events with two leptons plus two jets or simply
two jets. The former is rather sensitive to the mN though, and it weakens
significantly when m0W ' mN or when m0W  mN . So our findings have to
be used with care. The latter, is not as sensitive but it does weaken when
m0W > mN since the branching ratio into jets is partially reduced.
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In the converse approach, i.e. assuming now a signal in µ → eγ with BR(µ → eγ) =

4.2 × 10−13 − 4 × 10−14 we obtain Fig. 17, where the signal regions are delimited
in blue, and the g − 2 limits in violet as before. It is visible that a mild hier-

archy and heavy W 0 are needed in order to reconcile a signal in µ → eγ with

the g − 2 bound. In particular, for m0W > 3 TeV, one can easily evade current

and projected limits on g − 2. For m0W = 2 TeV (not shown in the figure) the
signal region for µ → eγ would partially fall within the current and projected
sensitivity of g − 2 measurements.
4.2.2. Charged Fermion Singlet
As we discussed previously [cf. Eq. (49)], a charged fermion might interact
with the muon via both scalar and vector mediators. In the former case, we
consider
Lint = gL i ER φ† · `iL + h.c.

(75)

which resembles Eq. (70).
Similar interactions appear in 331 models [217, 218] and more exotic two
Higgs doublet models [219]. We have treated this case before, so here we display
only the results summarized in Figs. 18 and 19.
In Fig. 18 we assume the deviation in g−2 is confirmed with the same central
value and display in the left (right) panels the findings for a mild (strong)
hierarchy in the charged lepton sector. Setting mφ = (125, 250) GeV we see
that the g − 2 signal region has been excluded by µ → eγ, whereas for a strong
hierarchy the g − 2 signal region falls within current and projected sensitivity on
the µ → eγ decay. One may argue that we chose relatively light scalar masses,
since for larger scalar masses the bounds from µ → eγ weakens, but keep in
mind that heavier scalars require larger couplings to still accommodate a signal
in g − 2. So generally heavier scalars are plausible, but much heavier scalars
are problematic since very large couplings would be needed to accommodate a
signal in g − 2.
As usual, the picture is reversed if one is interested in addressing a potential
signal in µ → eγ as one can see in Fig. 19, since only for a mild hierarchy a
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(a) mild hierarchy

(b) strong hierarchy

Figure 16: Contribution to the g − 2 for a neutral fermion N coupling to a W 0 boson
and the SM leptons as described in Eq. (74).
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(a) mild hierarchy

(b) strong hierarchy

Figure 17: Potential µ → eγ signal induced by a neutral fermion N coupling to a
W 0 boson and the SM leptons as dictated by Eq. (74).

51

signal in µ → eγ is in agreement with g − 2 measurements.

For a vector Z 0 mediator, one obtains results which are almost identical to

the results for a neutral fermion coupling via a W 0 boson, and for this we skip
this case.
4.3. Fermion Multiplet Contributions
4.3.1. Fermion Doublet
Let us consider the case of a new SU (2)L fermion doublet ψD which interacts
with the SM charged leptons as
Lint = gL i eiR φ† · ψD .

(76)

The parameter scan for this model is shown in Fig. 20. We exhibit the parameter
space region in which a signal in g − 2 is explained with a light scalar with mass
of 125 GeV. The result for a heavier Higgs can be easily scaled knowing that
∆aµ grows as g 2 /m2φ . It is noticeable that, in the right panel of Fig. 20, a signal
in g − 2 agrees with constraints stemming from µ → eγ. A signal in µ → eγ,
on the other hand, is highly sensitive to the hierarchy as the bottom panels
highlight, concluding that a mild hierarchy should be present to accommodate
a signal in µ → eγ while evading current and projected limits from the g − 2.
4.3.2. Fermion Triplet
Fermion triplets with zero hyperchage are the key feature of the type III
seesaw mechanism that we will discuss further. For now we will focus on a
different type of triplet fermion, one that has hypercharge Y = −1, and is
therefore described by the following simplified Lagrangian,
Lint = gL i φ† ψT `iL + h.c. ,
where the triplet ψT may be written in component form as


√
ψT− / 2
ψT0
ψT = 
√ .
ψT−−
−ψT− / 2
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(77)

(78)

(a) mild hierarchy

(b) strong hierarchy

(c) mild hierarchy

(d) strong hierarchy

Figure 18: ∆aµ for a fermion with unit electric charge coupling to the SM leptons
via a scalar doublet φ according to Eq. (75).
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(a) mild hierarchy

(b) strong hierarchy

(c) mild hierarchy

(d) strong hierarchy

Figure 19: Signal region for µ → eγ for a fermion with unit electric charge coupling
to the SM leptons via a scalar doublet φ governed by Eq. (75).
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(a) mild hierarchy

(b) strong hierarchy

(c) mild hierarchy

(d) strong hierarchy

Figure 20: Results for a fermion doublet ψD .
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(a) mild hierarchy

(b) strong hierarchy

(c) mild hierarchy

(d) strong hierarchy

Figure 21: Results for a fermion triplet ψT of unit hypercharge.
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(a) mild hierarchy

(b) strong hierarchy

Figure 22: A neutral Z 0 vector boson as mediator.

In the upper panels of Fig. 21 we see that a mild hierarchy is excluded by
µ → eγ. Interestingly, though, one can see that, for a strong hierarchy and
mφ = 250 GeV, the parameter space that addresses g − 2 might be probed
by future searches for µ → eγ. Furthermore, adopting a mild hierarchy and
mφ = 250 GeV a signal in µ → eγ is consistent with current and projected
limits on the g − 2 measurement as shown in the bottom graphs. With a naive
rescaling of the µ → eγ signal region of the left-bottom panel, one can find lighter
scalars producing a signal in µ → eγ that can be probed with the upcoming
g − 2 experiments.
4.4. Vector Contributions
Finally, let us consider new vector fields with electrical charges Q = 0, 1, and 2
as mediators.
4.4.1. Neutral Vector Boson
Heavy neutral gauge bosons (Z 0 ) arise in many popular models such as B−L,
Lµ − Lτ , Left-Right models, and SU (3)c × SU (3)L × U (1)X models. Their
masses can be generated via spontaneous symmetry breaking due to a scalar
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field charged under the new gauge symmetry, or via the Stueckelberg mechanism [235–238], where the existence of such a scalar field is not needed. In the
former case, in addition to the Lagrangian we will describe below, interactions
involving a scalar field would also show up, but we have already determined
the g − 2 and µ → eγ contributions stemming from a scalar field. Thus, incorporating such interactions is straightforward by means of Eq. (15). That said,
we will restrict our attention to the Lagrangian which contains the Z 0 boson.
Moreover, such vector boson may have either vector couplings such as in the
case of the B − L model, [239, 240] axial-vector in some U (1)X models [241],
or more often both. Thus, we will keep our reasoning as general as possible by
writing the Z 0 interactions as follows,


i
Lint = gL ij `L γ µ `jL + gR ij eR i γ µ ejR Zµ0 + h.c.

(79)

However, note that these interactions can always be made family-diagonal in
case of universal couplings and consequently there cannot be any LFV involved.
Therefore, only a signal in g−2 will be considered. Adopting the same procedure
as before, in Fig. 22 we exhibit the region of parameter space which can explain
the g − 2 anomaly (using gL = gR ). We find that this would require very
light boson masses  1 TeV which are ruled out by collider searches if they
have sizable couplings to either electrons or quarks [96]. We point out that in
scenarios of non-universal couplings, LFV can be present via a Z 0 as discussed
in [242]. For such case one can easily solve our fully generic result in Eq. (51b).
4.4.2. Charged Vector Boson
The previous caveat is avoided for a charged vector boson, conventionally
called W 0 . In this case we cannot diagonalize the interaction in family space.
We assume that this new vector boson couples only to left- or RH leptons,
however, we remark that in the former case there exist other constraints from
collider searches and electroweak precision tests [243, 244] which we disregard
here. The interaction under consideration reads
Lint = gR i νR γ µ eiR Wµ0 + gL i νL γ µ eiL Wµ0 + h.c.
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(80)

(a) mild hierarchy

(b) strong hierarchy

Figure 23: Results for a doubly charged vector boson U according to Eq. (81).

The term proportional to gL is not relevant for our purposes because in this
case it has to be accompanied by some small mixing, which would require very
large couplings in order to produce a signal in g − 2 or µ → eγ. The term
proportional to gR has already been considered in Sec. 4.2.1, Eq. (74).
4.4.3. Doubly Charged Vector Boson
Doubly charged gauge bosons are a distinct signature of the minimal 331 model [229].
These particles are rather exotic, and rarely found in extensions of the SM. Such
bosons appear in the minimal 331 model simply because there is a charged
lepton with opposite electric charge in the fermion triplet of each generation.
Concretely, a doubly charged vector boson U induces interactions of the form


i
i
Lint = gL ij `CL γ µ `jL + gR ij eCR γ µ ejR Uµ++ + h.c.
(81)
Note however that, by virtue of the relation χC γ µ ψ = −ψ C γ µ ψ, the vector
coupling matrix gv is anti-symmetric and therefore contains no diagonal entries.
Since its contribution to g − 2 is negative as shown in Eq. (66), we show only
the results for BR(µ → eγ) in Fig. 23. From there we conclude that only with
a mild hierarchy in the charged leptonic sector one can reconcile a signal in
µ → eγ with constraints from g − 2. We emphasize that the constraint from
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g − 2 comes from imposing that the g − 2 correction is below the current and
future 1σ error bar. It is also visible that even TeV scale masses offer a sizable
contribution to µ → eγ with gauge couplings of order of O(0.1).
5. UV Complete Models
Our goal in this section is to revisit existing results in the literature in the
context of UV complete models and show that one can apply our findings to
well known extensions of the SM. We will discuss the Minimal Supersymmetric
SM (MSSM), the Left-Right Symmetric model, as well as two classes of B − L
models. Furthermore, we discuss the scotogenic model, the two Higgs doublet
model type III, the minimal Lµ − Lτ model, Zee-Babu model, and 331 model
with RH neutrinos, minimal dark photon photon, and seesaw models type I, II
and III. We start our discussion with the MSSM.
5.1. Minimal Supersymmetric Standard Model
Supersymmetry (SUSY) is one of the most compelling extensions of the SM
since it uniquely relates fermions and bosons in a relativistic quantum field
theory [245]. Moreover, it cancels the quadratic divergences associated with
the Higgs boson mass, stabilizing the weak scale against quantum corrections
arising from high-energy scales [246]. Furthermore, it naturally leads to grand
unification of the gauge couplings at high scales [247, 248]. We have not observed
any supersymmetric particle yet at high-energy colliders [249–251], however,
we can probe SUSY models by using precision measurements in low energy
experiments, especially those related to the muon anomalous magnetic moment
and LFV [121, 252–265].
In this section we will discuss the correlation between g −2 and µ → eγ using
the MSSM. In order to follow our reasoning it is important to briefly describe the
key features of the model. In Tab. 6 we show the particle content. One can see
that the MSSM features two Higgs doublets H1,2 along with its supersymmetric
partners called Higgsinos that are fermions, scalar SUSY partners of each chiral
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leptons

quarks

Higgs

gauge bosons

sleptons
 
νe
, eR , . . .
e L

squarks
 
u
, uR , dR , . . .
d L

Higgsinos

gauginos

 
ν̃e
, ẽR , . . .
ẽ L



|

B µ , W aµ ;
{z
γ, Z, W ± , G0,± ,

H1 , H2

Gaµ
}

h0 , H 0 , A0 , H ±


ũL
, ũR , d˜R , . . .
d˜L

B̃, W̃ a ;

H̃1 , H̃2
|

{z

χ01,2,3,4 , χ±
1,2

g̃ a
}

Table 6: Particle content of the MSSM. Only the first generation is explicitly shown.

SM fermion called sfermions f˜L,R , and fermionic SUSY partners of the U (1)Y ,
SU (2)L and SU (3)c SM gauge bosons, known respectively as bino (B̃), winos
(W̃ ±,3 ) and gluinos (g̃).
As far g − 2 and µ → eγ are concerned, two parameters play a key role in
the MSSM. The first is the ratio of the VEVs of the two Higgs doublets (H1,2 ),
defined as
tan β

=

v2
.
v1

(82)

Since the muon Yukawa coupling yµ is given by
yµ =

mµ g2
mµ
=√
,
v1
2MW cosβ

(83)

where g2 = e/sW , and the chirality-flips relevant for g − 2 and µ → eγ are
proportional to the muon mass, an enhancement to these observables might
occur for large tan β ∼ 1/ cos β.
The second is the µ term which determines the Higgsino mass term and gives
rise to the sfermions’ interactions with H1,2 through the Lagrangian,
µH̃1 H̃2 − µFH1 H2 − µFH2 H1 + h.c.,

(84)

where FH1,2 are auxiliary fields. The auxiliary fields are eliminated to generate
Yukawa interactions of the form H20 µ̃L µ̃†R for example. As we will see later on,
the µ term and its sign are relevant to determine the neutralino and chargino
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Figure 24: Diagrams contributing to the muon g − 2 in the MSSM.

contributions to g − 2 and µ → eγ since it appears in the mass matrices of both
fields.
In order to provide an insight into the MSSM contributions to g − 2 and
µ → eγ, we will first work out the g − 2 correction under some simplifying
assumptions, revisiting well known results in certain regimes and then move
to a very general approach and see whether signals in both observables can be
accommodated.
As far as g −2 is concerned there are basically two sorts of diagrams (Fig. 24)
contributing to g − 2: (i) muon-neutralino-smuon; (ii) muon-chargino-sneutrino,
which are found to be, respectively [266–282]
(
X
0
mµ
m
µ
2
N
−
(|nL |2 + |nR
∆aχµ =
im | )F1 (xim )+
16π 2 i,m
12m2µ̃m im
+
±
∆aχµ

=

mµ X
16π 2
k

(

mχ0i
3m2µ̃m

)
R
N
Re[nL
im nim ]F2 (xim )

, (85a)

)
2mχ±
mµ
L 2
R 2
C
L R
C
k
(|c | + |ck | )F1 (xk ) +
Re[ck ck ]F2 (xk ) ,
12m2ν̃µ k
3m2ν̃µ
(85b)

with i = 1, 2, 3, 4, and k = 1, 2 denoting the neutralino and chargino mass
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eigenstate indices, m = 1, 2 the smuon one, and the couplings given by
√
nR
im = 2g1 Ni1 Xm2 + yµ Ni3 Xm1 ,
1
∗
∗
nL
im = √ (g2 Ni2 + g1 Ni1 ) Xm1 − yµ Ni3 Xm2 ,
2
cR
k

(86)

=yµ Uk2 ,

cL
k = − g2 Vk1 ,
where g1 = e/cW , and yµ is the muon Yukawa coupling defined in Eq. (83). The
kinematic loop functions, which are normalized to unity for x = 1, depend on
the variables xim = m2χ0 /m2µ̃m , xk = m2χ± /m2ν̃µ and are found to be
i

k



2
1 − 6x + 3x2 + 2x3 − 6x2 ln x ,
(1 − x)4


3
F2N (x) =
1 − x2 + 2x ln x ,
3
(1 − x)


2
2 + 3x − 6x2 + x3 + 6x ln x ,
F1C (x) =
(1 − x)4


3
F2C (x) = −
3 − 4x + x2 + 2 ln x .
3
2(1 − x)
F1N (x)

(87a)

=

(87b)
(87c)
(87d)

With Eq. (85) one can compute the MSSM contribution to g − 2 knowing the

neutralino (χ0 )and chargino (χ± ) and smuon (µ̃) mass matrices which are given
by [283, 284]


M χ0

0

− cos β sin W MZ

M2

cos β cos W MZ

cos β cos W MZ

0

− sin β cosW MZ

−µ

M1




0
=

− cos β sinW MZ

sin β sinW MZ


Mχ± = √

√

ccM2
2 cos β MW

2 sin β MW
µ

sin β sin W MZ



− sin β cos W MZ 
,


−µ

0
(88a)


,

(88b)

and

Mµ̃2 = 

m2L + (s2W − 12 )m2Z cos 2β
mµ (Aµ̃ − µ∗ tan β)
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mµ (A∗µ̃ − µ tan β)

m2R − s2W m2Z cos 2β




,

(88c)

where Aµ̃ is the soft SUSY breaking parameter of the trilinear interaction µ̃L −
µ̃R -Higgs, with the muon sneutrino mass being connected to the left-handed
(LH) smuon mass parameter via
1
m2ν̃ = m2L + MZ2 cos 2β.
2

(89)

These matrices are diagonalized using four matrices N , U , V and X which
define the entries in Eqs. (86), and are determined as follows,
N ∗ M χ0 N †

=

diag(mχ01 , mχ02 , mχ03 , mχ04 ),

(90a)

U ∗ M χ± V †

=

diag(mχ± , mχ± ),

(90b)

XMµ̃2 X †

=

diag (m2µ̃1 , m2µ̃2 ).

(90c)

1

2

We have now gathered all relevant ingredients to compute the MSSM contribution to g − 2 and have a grasp of the underlying physics.
5.1.1. Simplified Results
Similar SUSY masses
The simplest analytic result to obtain from Supersymmetry is to assume
that all superpartners have the same mass MSUSY , which leads to [285]
0

∆aχµ =
±
∆aχµ

tan β m2µ
(g12 − g22 ),
2
192π 2 MSUSY

(91)

tan β m2µ
g22 ,
2
32π 2 MSUSY

=

resulting in,
∆aSUSY
=
µ

tan β m2µ
(5g22 + g12 ) = 14 tan β
2
192π 2 MSUSY



100 GeV
MSUSY

2

10−10 .

(92)

In this regime the chargino contribution dominates [285], and the effect of a
large tan β is explicitly seen in Eq. (92). In Fig. 25 we display this dependence,
where one can clearly see that relatively low masses are needed to account for
the observed g − 2 discrepancy.
This result holds true for one-loop corrections only. Albeit, two-loop effects
which are negative, lead to effects of the order of 10% [124, 286–288]:


4αem MSU SY
SU SY
SU SY
∆aµ 2−loop = ∆aµ 1−loop 1 −
ln
,
π
mµ
64

(93)

Δaμ (Similar SUSY masses)
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Figure 25: MSSM contribution to g − 2 for different values of tan β assuming all
supersymmetric particles have masses equal to MSU SY according to
Eq. (92).

thus not changing much the overall picture.
Large µ
Another important regime is obtained for large µ, i.e. µ, M2  M1 , which
implies that the diagrams with light bino and smuon are dominant. In this limit
one finds [289]
µ
aLarge
µ

=

"
#
g12 m2µ M1 Re[µ tan β − A∗µ ] F2N (x11 ) F2N (x12 )
−
, (94)
48π 2
m2µ̃2 − m2µ̃1
m2µ̃1
m2µ̃2

which for mµ̃1 ≈ mµ̃2 = 2.0M1 reduces to,
bino
alight
µ


=

18 tan β

100 GeV
mµ̃

3 

µ − Aµ cot β
1000 GeV



10−10 ,

(95)

where x1m = M12 /m2µ̃m . First, notice that both the value of the µ term and
its sign are relevant to determine whether the MSSM gives rise to a negative
or positive contribution to g − 2, along with the value for tan β. It is easy to
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see that there is plenty of room to accommodate the g − 2 for several values of
tan β, Aµ , and mµ̃ . See Refs. [260, 289] for more details.
5.1.2. Connecting g − 2 and µ → eγ
The correlation between g − 2 and µ → eγ has been investigated before in

the context of the MSSM [290, 291]12 . In order to connect g − 2 and µ → eγ we
need to keep the discussion more general, leaving explicit the sneutrino mixings
in the chargino contribution and the slepton mixings in the neutralino one [293].
We start with the chargino contribution.
Chargino contribution
To do so, we first start by assuming the mixing of the third generation to be
decoupled from the first two. One can find that the sneutrino mass eigenvalues
mν̃i and the mixing angle (θν̃ ) are determined through the diagonalization of
the sneutrino mass matrix


ν
m2 + DL
cos θν̃
sin θν̃

  L̃11
− sin θν̃ cos θν̃
m2L̃


cos θν̃
12

ν
sin θν̃
+ DL

m2L̃
m2L̃

22

12

− sin θν̃
cos θν̃


=

= diag(m2ν̃1 , m2ν̃2 ) (96)
which leads to
tan 2θν̃ =

2m2L̃
m2L̃

11

where m2L̃ , m2L̃ , m2L̃
11

22

12

− m2L̃

,

(97)

22

are the flavor-diagonal and off-diagonal soft mass pa-

12

ν
rameters with DL
being the D-term contributions to their masses.

Now we can re-obtain the chargino contribution to g − 2 leaving the dependence on θν̃ explicit as follows:
χ̃±

aµk =



m2µ
g22 |Vk1 |2 + yµ2 |Uk2 |2 sin2 θν̃ xk1 F1C (xk1 ) + cos2 θν̃ xk2 F1C (xk2 ) +
2
2
192π mχ̃±
k
|
{z
}
A



2mµ
−
g2 yµ Re[Vk1 Uk2 ] sin2 θν̃ xk1 F2C (xk1 ) + sin2 θν̃ xk2 F2C (xk2 ) . (98)
2
48π mχ̃±
k
|
{z
}
B

12 In

[292] the impact of complex phases were addressed.
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In the case of chargino dominance we find BR(µ → eγ) to be
!
m2L̃
A ∆1
12π 3 αem
12
BR(µ → eγ) =
2
2
4
C
GF mµ
mν̃1 − mν̃2
xk2 FI (xk2 ) + sin2 θν̃ ∆1
 2
B ∆2
.
+
xk2 FIC (xk2 ) + sin2 θν̃ ∆2
(99)
where ∆i ≡ xk1 FIC (xk1 )−xk2 FIC (xk2 ), with i = 1, 2, and the A and B identified
in Eq. (98). All coupling constants and functions have been defined previously.
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Neutralino contribution
To compute the neutralino-slepton contributions to g − 2 and µ → eγ we
need to work on a more general foundation for the neutralino and slepton mixings. The diagonalization procedure for the neutralino was described earlier
in Eq. (90). As for the sleptons, we follow the recipe of Ref. [293], where
the full mixing structure was considered, and the mass mixing matrix K with
KM2 K † = diag(m2`˜ , . . . , m2`˜ ) was derived. At the end one finds
1
6
(
mµ X
mµ
χ0
2
N
aµ =
−
(|nL |2 + |nR
im | )F1 (xim ) +
2
16π i,m
12m2µ̃m im
)
mχ0i
L
R
N
+ 2 Re[nim nim ]F2 (xim )
3mµ̃m

(100)

and
BR(µ → eγ)

=


12π 3 αem
|A|2 + |B|2
4
GF mµ

(101)

for the case of neutralino-slepton dominance, where
(
)
mµ R
mµ X
1
−
A =
nL∗ nR∗ xim F2N (xim ) ,
n
nR∗ xim F1N (xim ) +
16π 2 m
12m2χ̃0 µim eim
3mχ̃0i µim eim
i

(102)

B

=

(
)
mµ X
mµ L
1
−
n
nL xim F1N (xim ) +
nR nL xim F2N (xim ) ,
16π 2 m
12m2χ̃0 µ∗im eim
3mχ̃0i µim eim
i

(103)
where F1N (x) and F2N (x) are defined in Eq. (87), xim = m2χ̃0 /m2`˜ and
i

1
∗
∗
nL
`im = √ (g1 Ni1 + g2 Ni2 ) Km,` − y` Ni3 Km,`+3 ,
2
√
nR
2g1 Ni1 Km,`+3 + y` Ni3 Km,` .
`im =

m

(104)

Combining Eqs. (98,99) and Eqs. (100,101), we can explore the correlation between g − 2 and µ → eγ in the MSSM for different regimes, namely similar
SUSY masses and large µ term as follows. We will assume that squarks and
gluinos are much heavier than the sleptons, charginos and neutralinos, with
masses sufficiently large (TeV scale) to avoid LHC bounds at 13 TeV [250].
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Figure 26: Correlation between g − 2 and µ → eγ in the MSSM for two different
regimes: (i) Similar masses; (ii) Large µ regime. We overlay the 2σ band
for g − 2 and current limits on µ → eγ. Notice that there is a sweet spot
lying below the current limit on µ → eγ and in the 2σ region of g − 2,
where a signal in both observables are compatible with each other.

Similar SUSY masses
We will assume that supersymmetric particles have the same mass, varying
from 300 GeV up to 800 GeV, keeping tan β = 50, Aµ = 0. This is similar to [293], except that there the authors scanned up to masses of 600 GeV
q
only. Moreover, we adopted the hierarchies m2L̃ / m2L̃ m2L̃ = 2 × 10−5 and
12
11
22
q
2
−5
2
2
mR̃ / mR̃ mR̃ = 2 × 10 . This is similar to [293], except that there the
12

11

22

authors scanned up to masses of 600 GeV. The result is shown in Fig. 26.
Large µ Regime
n
o
In this regime the most relevant parameters are µ, tan β, M1 , m2L̃ , m2R̃ .
22

22

If tan β is relatively large, say tan β = 50, the neutralino contribution starts
dominating and growing with µ. Keeping the hierarchy µ > M2 > M1 , and
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varying M1 , m2L̃

22

and m2R̃

between 300−600 GeV we find the result in Fig. 26,
22

which agrees well with [293]. To obtain the correlation as shown in Fig. 26 we
further assumed |aµeL /aµ | ' 2/3|m2L̃ |/m2ẽL , and |aµeR /aµ | ' 2/3|m2R̃ |/m2ẽR .
12

12

For more details we refer to [124, 294].
Looking at Fig. 26 we can see that there is some degree of correlation between
g − 2 and µ → eγ in the scan performed, which was converted into regions using
an interpolation function. A large region of the parameter space in the similar
SUSY masses regime induces large contributions to aµ incompatible with the
data, whereas the large µ typically yields corrections to aµ in agreement with
data. Interestingly, in both cases one can find a sweet spot within the 2σ band
for g − 2 shown in purple and below current limit on µ → eγ where signals in
observables can be made compatible with each other. The 2σ band for g − 2
yields ∆aµ = (287 ± 160) × 10−11 .

As for the other LFV observables such as µ → eee and µ − e conversion,
we will not address them here, because they are highly non-trivial to interplay
with g-2, and leave this task for future works beyond the scope of this review.
Existing Limits
There is a multitude of limits applicable to the MSSM, but instead of addressing each one in particular, we will simply assume that the squarks and
gluinos are much heavier than the sleptons, charginos and neutralinos, with
masses sufficiently large (TeV scale). This naive assumption is sufficient to
avoid LHC bounds at 13 TeV [250].
5.2. Left-Right Symmetry
Left-Right symmetric models are based on the gauge group SU (2)L ×SU (2)R ×
U (1)B−L which under the addition of Left-Right parity means that the SU (2)L
and SU (2)R couplings are identical, i.e. gL = gR = g, where gL = e/sW .
These models may successfully be embedded in GUT theories, provide a natural environment for the seesaw mechanism [295–299], and directly address parity
violation at the weak scale [300, 301]. The fermion and scalar content of the
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model reads

QL = 

lL = 

φ=

φ01

φ+
1

φ−
2

φ02



uL
dL
νL
eL





uR

 , QR = 




 , lR = 


 , ∆L,R = 

dR

NR
eR

√
+
δL,R
/ 2
0
δL,R


,

(105a)


,
++
δL,R

(105b)


√ ,
+
−δL,R
/ 2

(105c)

with the fields transforming under parity and charge conjugation as follows, P :
QL ↔ QR , φ ↔ φ† , ∆L ↔ ∆R ; and C: QL ↔ QcR , φ ↔ φT , ∆L,R ↔ ∆∗R,L .
Here φ is a bi-doublet scalar not charged under B − L, whereas ∆L,R are scalar
triplets with B − L = 2 [295, 298, 302]. The scalar sector of the model can take
different forms, but with little impact on our reasoning. The VEVs follow the
pattern below

hφi =



√
κ1 / 2
0



0
0
√  , h∆L,R i = 
κ2 / 2
vL,R

0
0


.

(106)

There are two important scales relevant for our purposes, one is the electroweak scale, with κ ∼ κ1 ∼ κ2 ∼ 246 GeV, and the scale vR at which the
symmetries SU (2)R and U (1)B−L are spontaneously broken. After spontaneous
symmetry breaking one finds

√
MZR
2gR /gL
,
=p
MWR
(gR /gL )2 − tan2 θW

(107)

with MWR = gR vR . Remember that we will be assuming gL = gR throughout,
which implies that MZR ' 1.7MWR , unless stated otherwise.
The existence of new gauge bosons is a consequence of the extended gauge
symmetry. They lead to the neutral current involving the Z 0 gauge boson,


gL
f 5
p
f γµ gVf − gA
γ f Z 0µ ,
(108)
1 − δ tan2 θW

with the couplings determined by


i
 f
1 h
f
δ tan2 θW T3L
− Qf
+ T3R
− δ tan2 θW Qf ,
gVf =
2


i
 f
1 h
f
f
gA =
δ tan2 θW T3L
− Qf
− T3R
− δ tan2 θW Qf ,
2
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f
where T3L,3R
= ±1/2 for

up
down -fermions,

2
2
δ = gL
/gR
, and Qf being the corre-

sponding electric charges. Moreover, the charged current is found to be,

gL 
0
/ L lL
/ L Q0L + h.c. +
L = √ ¯lL UL† W
+ Q̄L VL† W
2
(109)

gR 
0
/ R lR
/ R Q0R + h.c.,
+ √ ¯lR UR† W
+ Q̄R VR† W
2
where UL/R represent the PMNS mixing matrix for the LH and RH leptons and
VL/R is the Cabibbo-Kobayashi-Maskawa matrix for the LH and RH quarks.
Now that we have briefly reviewed the model, we compute the Left-Right
contribution to the observables of interest.
5.2.1. Results in the Left-Right Model
We will focus our discussion on the RH charged current, simply because the
0

Z contribution is dwindled, the scalar corrections are relatively small compared
to the WR mediated ones [280], and on top of that are sensitive to the scalar
content of the model which can vary. Thus, in order to draw general conclusions
we compute the one-loop processes that involve the WR gauge boson and heavy
RH neutrinos (NR ). We compute their contribution for two different regimes.
(i) MWR  MNR
The charged current of the Left-Right model is identical to our simplified
model with a gauge boson and a neutral fermion discussed in Sec. 4.2.1. Thus,
we only need to adapt our findings knowing that gv and ga in Sec. 4.2.1, are
√
now related as gv = ga = gR / 2 UR , where UR is the PMNS matrix for the RH
leptons. Thus, in this regime we find
 2 
2
gR
1 TeV X
−11
∆aµ (N, WR ) = 2.2 × 10
|URµN |2 ,
gL
MWR

(110a)

N

and
BR(µ → eγ) ' 5 × 10

−8



gR
gL

4 

1 TeV
MWR

4
×

X
N

∗
|UReN
URµN |2 ,

(110b)

where the sum in N runs over the three RH neutrino species.
Notice that in order to explain g − 2 the WR mass would have to lie below
1 TeV, but such low masses are excluded by the LHC.
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∗
Moreover, the current limit on BR(µ → eγ) enforces the product |UReN
URµN |

to be less than 5 × 10−3 for MWR masses at the TeV scale. Thus, one cannot
reconcile possible signals in g − 2 and µ → eγ.
(ii) MWR ' MNR

In this limit the results in a more general setting were derived in Eq. (44)
and Eq. (47). After computing the coupling constants and matching the vector
and axial-vector couplings to the Left-Right charged current, as done above, we
obtain,
∆aµ (N, WR ) ' 2.1 × 10−11



gR
gL

2 

1 TeV
MWR

2 X

|URµN |2 ,

(111a)

∗
|UReN
URµN |2 ,

(111b)

N

and
BR(µ → eγ) ' 2 × 10−7



gR
gL

4 

1 TeV
MWR

4
×

X
N

which agrees well with the result in [280].
The conclusion is similar to the previous regime, however BR(µ → eγ) is
about one order of magnitude larger, yielding tighter constraints on the WR
mass.
As for the other LFV observables within the mass regime we get,

CR(µ − e) = 2 × 10

−7



gR
gL

4

1 TeV
Mδ++

!4

"
×

R

X
N

∗
|UReN
URµN |2

log

Mδ2++

!#2

R

m2µ
(112)

with,

BR(µ → 3e) ' 300 × CR(µ − e)

(113)

for the Aluminum nucleus, where Mδ++ is the mass of the doubly charged scalar.
R

From the equations above, if Mδ++ ∼ MWR it is clear the µ − e conversion
R

and µ → eγ feature similar rates. So what really dictates which observable offers
the best probe is the experimental limit, which currently favors µ → eγ. For
other interesting discussions of LFV in Left-Right models focused on collider
features see [303, 304].
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Existing Limits
There are several bounds applicable to the minimal Left-Right model. The
most important ones arise for searches at the LHC for a RH current mediated
by the WR gauge boson. Using the dijet plus dilepton data lower mass, bounds
on the WR mass were obtained and those lie at the 3−4 TeV scale depending on
the RH neutrino mass. Moreover, there are others stemming from the exclusive
use of either dilepton or dijet data which are not as restrictive as the former,
but are rather insensitive to the RH neutrino mass, providing complementary
limits. There are also competitive limits arising from meson oscillation studies.
All these bounds can be found in [233, 305–318]. Projected limits using the Large
Hadron Electron Collider provide a complementary and very promising probe
to the Left-Right symmetry for RH neutrino masses between 500 − 1 TeV [234,
319, 320]. These rule out the possibility of explaining g − 2 but perfectly allow
a signal in LFV observables in the near future.
5.3. Two Higgs Doublet Model
The addition of a scalar doublet is perfectly possible since it does not disturb
the parameter ρ determined in electroweak precision tests. In an SU (2)L ×
U (1)Y gauge theory with N scalar multiplets φi , the ρ parameter at tree-level
is found to be [321]
n
X

Ii (Ii + 1) −

ρ=

1
4

i=1

n
X


Yi2 vi
,

1
2

(114)

Yi2 vi

i=1

where Ii is the weak isospin, Yi the weak hypercharge, and vi are the VEVs of
the neural fields. Since ρ is measured to be nearly one [183], we conclude that
SU (2)L doublets with Y = ±1 along with singlets with Y = 0 do not alter the
value of ρ, knowing that I (I + 1) =

3
4

Y 2.

Thus, enlarging the SM with a scalar doublet is a natural framework, which
is known as Two Higgs Doublet Model (2HDM) [322]. The 2HDM has a rich
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phenomenology and possesses several nice features such as links to Supersymmetry [283], axion models [323–326], baryogenesis [327–338] and even furnishes
an environment for dark matter [339–343], among others [344, 345]. In what
follows, we will be restricted to the non-supersymmetric 2HDM, see [346] for
an extensive discussion. Generally speaking, there are several types of 2HDMs
(see [120] for an excellent review). However, here we will focus on the type III
since there is a window for LFV [347–349]. In what follows, we will be assuming
the Higgs potential to be CP invariant. That said, the two Higgs doublets are




G+
H+
Φ1 = 
Φ2 = 
(115)
 ,
 ,
0
0
0
√1
√1
v
+
H
H
+
iG
+
iA
1
2
2
2
where the fields G± , G0 are Goldstone bosons, A is a CP-odd scalar, H ± charged
scalars, and finally we have v = 246 GeV. These doublets lead to a scalar
potential which is found to be [350, 351]
V

=

2
2
M11
Φ†1 Φ1 + M 2 Φ†2 Φ2 − [M12
Φ†1 Φ2 + h.c.]

+1/2Λ1 (Φ†1 Φ1 )2 + 1/2Λ2 (Φ†2 Φ2 )2 + Λ3 (Φ†1 Φ1 )(Φ†2 Φ2 ) + Λ4 (Φ†1 Φ2 )(Φ†2 Φ1 )
n
o


+ 1/2Λ5 (Φ†1 Φ2 )2 + Λ6 (Φ†1 Φ1 ) + Λ7 (Φ†2 Φ2 ) Φ†1 Φ2 + h.c. .

(116)

This scalar potential, with the symmetry breaking pattern of the two scalar
doublets in Eq. (115), leads to a mixing between the neutral components which
reads
h =
H

=

H10 sβ−α + H20 cβ−α ,
H10 cβ−α − H20 sβ−α ,

(117)

with cosβ−α ≡ cos[(β − α)] and sinβ−α ≡ sin[(β − α)], where [350]
sin2(β−α)

=
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−2Λ6 v 2
.
m2H − m2h

(118)

Moreover, the scalar potential gives rise to the scalar masses
m2H ± = M 2 +

v2
Λ3 ,
2

(119a)

v2
(Λ5 − Λ4 ),
2

(119b)

m2H + m2h − m2A = +v 2 (Λ1 + Λ5 ),

(119c)

m2A − m2H ± = −

(m2H − m2h )2 = [m2A + (Λ5 − Λ1 )v 2 ]2 + 4Λ26 v 4 .

(119d)

The Yuwaka Lagrangian of the 2HDM hosts the key information for the g − 2
and µ → eγ observables and it is found to be
LY

∗ u
e 1 Kij
yi uRi + Qi Φ1 yid dRi + Li Φ1 yie eRi
= Qj Φ

e 2 [K † wu ]ij uRj + Qi Φ2 [wd ]ij dRj + Li Φ2 [we ]ij eRj + h.c. ,
+Qi Φ
(120)
e i = iσ2 Φ∗ , Q, L are the quark and lepton SU (2)L doublets, K is the
where Φ
i
CKM matrix, y and w are the Yukawa couplings, and i, j = 1, 2, 3 run through
the fermion generations. As in the SM, y is flavor conserving with
yij =

√

2mf /vδij ,

(121)

where mf is the fermion mass, but w can have non-zero flavor changing entries
relevant for µ → eγ. From Eq. (120) we get,
i
1 h
LY ⊃ ē √ y e (PR + PL )sβ−α + (we PR + we † PL )cβ−α e h +
2
i
1 h
+ē √ y e (PR + PL )cβ−α − (we PR + we † PL )sβ−α e H +
2

†
i  e
+ √ ē w PR − we PL e A +
2
+ν̄ (we PR ) e H + + h.c.
(122)
Eq. (122) gathers all the information needed to compute ∆aµ and µ → eγ in
the 2HDM type III at the one-loop level.
5.3.1. Results
The Feynman diagrams that lead to corrections to g − 2 and BR(µ → eγ)
are displayed in Fig. 27. The g − 2 contribution has already been obtained in
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Figure 27: Feynman diagrams contributing to g − 2 and µ → eγ at one-loop level.

Eq. (21), and with a straightforward replacement of the (real) scalar couplings
one finds




 1
1 m2µ X
3
H 2
y2i
∆aµ (H + A) '
− f
+ log(f λH )
+
4π 2 m2φ i
6
4



1
3
A 2
+ |y2i |
+ f
+ log(i λA )
,
6
4

(123)

where i = 1, 2, 3 generally runs through all generations of charged leptons of
mass mf if one consider non-vanishing flavor violating mixings. Here, f =
mf /mµ , λφ = mµ /mφ (φ = H, A) and,

1
e
e
H
cosβ−α −wij
sinβ−α ,
yij
≡ √ yij
2
e
w
ij
A
yij
≡ i√ ,
2

(124)

which are easily identified from Eq. (122). Keeping in mind that in our notation
e
yij
is the Yukawa coupling appearing in front of the e¯i ej H interaction, whereas
e
wij
refers to the Yukawas of the interactions e¯i ej A.

Eq. (123) encompasses the one-loop contributions of neutral scalars in the
2HDM type III. Since the singly charged scalar correction is negative and rather
suppressed, Eq. (123) represents basically the overall prediction of the model.
Moreover, the Higgs may also correct g − 2 differently than in the SM. Such a

h
correction can easily be extracted from the first term in Eq. (122), with yij
≡
√ e
e
H
1/ 2(yij sinβ−α +wij cosβ−α ), when plugged in Eq. (123) along with the yij

term. However, notice that in the decoupling limit, i.e. sinβ−α ∼ 1 and cosβ−α ∼

−Λ6 v 2 /M 2 + O(v 4 /M 4 ), the Higgs contribution is negligible since it will scale
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e
with the Yukawa coupling y22
, which is proportional to mµ /v. Thus, the leading

corrections stem from H and A. That said one gets
∆aµ (H + A) = 4.7 × 10−11



e
w2j
0.1

2

100GeV
m2φ

!2
.

(125)

As for the BR(µ → eγ) we find,
Br(µ → eγ) ≈


3(4π)3 αem
2
E 2
|AM
,
eµ | + |Aeµ |
2
4GF

(126)

where,
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=
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(128)

and
AE
eµ =

In summary, Eqs. (126-128) represent the exact results for the µ → eγ contribution in the 2HDM type III at the one-loop level. Our results are more general
than those presented in [181] which focused on the decoupling limit, i.e. when
sinβ−α → 1. Discussions of µ → eγ and g − 2 were also presented in [352, 353].
It is clear that the degree of complementarity between g − 2 and µ → eγ is
rather arbitrary since they depend on the values used for the Yukawa couplings.
In Fig. 28 we show that the 2HDM type III can accommodate a signal in the
µ → eγ decay, delimited by the blue region, while avoiding g − 2 constraints for
two different choices of couplings. One can easily see that for these choices ∆aµ
is very small using Eq. (125).
As for the other LFV observables such as µ → 3e and µ − e conversion, the
rule of thumb relations are expected to be valid in this case, with CR(µ Al −
e Al) ∼ 1/350 BR(µ → eγ), and BR(µ → 3e) ∼ 1/160 BR(µ → eγ). Therefore,
µ → eγ decay is indeed the most effective way to probe the model, with nuclear
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Figure 28: Region of parameter space in which the 2HDM type III could address
a signal in µ → eγ with BR(µ → eγ) = 4.2 × 10−13 − 4 × 10−14 for a
e
e
specific set of couplings with w22
= w11
= 0.1 in the left panel, and
e
e
w22
= w11
= 0.01.

µ − e conversion taking lead far in the future when a sensitivity of 10−17 − 10−18
is reached for the conversion rate.
There are caveats in our reasoning which are worth pointing out: There
are two-loop diagrams which also yield sizable contributions for some regions of
the parameter space involving quarks and gauge bosons, as already pointed out
in [354–356] and discussed further in [181, 357–359] which may affect our results;
There are arguments concerning vacuum stability which might be relevant to
constrain the set up we just described, see [360–365],
Existing Limits
LEP limits the charged scalar to be heavier than 78 GeV [98]. There are
bounds stemming from the kaon mass difference system which can rule out the
charged scalar mass up to 100 − 500 GeV [366]. There are also limits based
on searches for a heavy Higgs in this model which, depending on the Yukawa
couplings, may excluded heavy Higgs masses up to 200 GeV [367]. All these
limits are not very restrictive and do not have an impact on the possibility of
observing a signal in µ → eγ in the near future.
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5.4. Scotogenic Model
The scotogenic model is a scenario proposed in [368, 369], in which neutrinos
acquire masses via their interactions with dark matter at the one-loop level.
One simply extends the SM by a number of singlet fermions, conventionally
dubbed RH neutrinos NRi , and a second scalar SU (2)L doublet η. In addition,
a discrete Z2 symmetry is imposed under which the SM fields are even and both
types of new fields are odd. This symmetry guarantees a number of important
facts to hold true in the model: First, the new doublet does not acquire a VEV
and consequently no tree-level neutrino masses arise. Second, there is no mixing
between the new scalar particles and the SM Higgs. Lastly, the lightest particles
charged under Z2 is either a fermion or a neutral scalar, making it stable.13 The
Lagrangian of the model is given by,
1
i
L ⊃ − Mi NRc NRi − yiα NRi ηe† Lα
L + h.c. − V (φ, η),
2

(129)

where the scalar potential is


λ1 † 2 λ2 † 2
φ φ +
η η + λ 3 φ† φ η † η
2
2
 †  λ 5 h † 2
2 i
†
φ η η φ +
φ η + η† φ
.
2

V (φ, η) =m2φ φ† φ + m2η η † η +
+ λ4

(130)

Indeed, we observe that unless η develops a VEV, neutrinos are massless at treelevel. Upon electroweak symmetry breaking, the scalar sector contains, besides
a Higgs boson shifted by its VEV v, four scalar degrees of freedom ηR , ηI , and
η ± with masses

13 See

m2± = m2η + v 2 λ3 ,

(131a)

m2R = m2η + v 2 (λ3 + λ4 + λ5 ),

(131b)

m2I = m2η + v 2 (λ3 + λ4 − λ5 ).

(131c)

[370–374] for some recent studies.
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One may calculate the one-loop correction to the neutrino masses, which amounts
to [368, 375]
(ν)
Mαβ

=


3
X
ykα ykβ Mk
k=1

32π 2

m2R
log
2
mR − Mk2



m2R
Mk2



m2
− 2 R 2 log
mI − M k



m2I
Mk2


.
(132)

Note that, in order to have at least two massive light neutrinos, we need at least
two neutral fermions NRi .
The Yukawa interaction in Eq. (129) comprises an interaction of the form
∗ α − i
yiα
`L η NR , very similar to our Eq. (24). Thus, the model gives rise to both

LFV decays and a correction to g −2, the latter is however negative, as discussed
below. The decay µ → eγ is conventionally parametrized as [373]
BR (`α → `β γ) =

3(4π)3 αem
|AD, βα |2 Br (`α → `β να νβ ) ,
4G2F

(133)

with the amplitude
AD, βα =

3
∗
X
ykβ
ykα 1
F2 (xi ) ,
2(4π)2 m2±

(134)

k=1
2
/m2η± .
and xi = MN
i

Starting from our exact expression (28) for the charged scalar, using gp =
−gs , and approximating me  mµ  mη+ /N , one finds,
F2 (x) =

1 − 6x + 3x2 + 2x3 − 6x2 log x
,
6(1 − x)4

(135)

in agreement with Refs. [372, 376]. For the contribution to g −2, we may consult
Eq. (27) to observe that the contribution is negative. Let us therefore focus on
LFV in the scotogenic model.
Existing Limits
Owing to the Z2 symmetry and the resulting absence of mixing between the
scalar doublet and the SM Higgs, it has been argued in the literature that the
strongest constraints on the model are indeed due to LFV. Following Ref. [373],
we find that it is the decay µ → 3e and not µ → eγ that will probe most of the
available parameter space in the near future. For completeness, we also consider
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the conversion of a muon to an electron in a nucleus. The relevant expressions
for this decay read:





16
mα
22
3(4π)3 αem
2
2
|AN D, βα | + |AD, βα |
log
−
+
BR `α → `β `β `β =
8G2F
3
mβ
3

1
1
+ |B|2 + −2AN D, βα A∗D, βα + AN D, βα B ∗ −
6
3

2
− AD, βα B ∗ + c.c. × Br (`i → `β νi νj ) ,
(136a)
3
3
4
pβ Eβ m3α G2F αem
Zeff
Fp2 n
(0)
(0)
CR (`α N → `β N ) =
(Z + N )(gLV + gLS )+
8π 2 ZΓcapt

2
(1)
(1)
+ (Z − N )(gLV + gLS ) + (L ↔ R) .


(136b)
with
AN D, βα =

3
∗
X
ykβ
ykα 1
G2 (xi ),
6(4π)2 m2±

(137a)

k=1

e2 B =


3 
X
1
1
√
∗ ∗
∗ ∗ ∗
D
(x
,
x
)y
y
x
x
D
(x
,
x
)y
y
y
+
y
y
y
1 i
j jβ jβ iβ iα
i j 2 i
j jβ jβ iβ iα .
(4π)2 m± i,j=1 2
(137b)

We do not reproduce the numerical input values required for the nuclear matrix
element involved in the µ − e conversion rate. The values of and details on the
(i)

quantities Zeff , Fp , Γcapt , and the gL/R S/V can be found in Refs. [373, 377].
The additional loop functions are given by
1 − 9x + 18x2 − 11x3 + 6x3 log x
,
6(1 − x)4
x2 log(x)
y 2 log(y)
−1
D1 (x, y) =
−
−
,
2
(1 − x)(1 − y) (1 − x) (x − y) (1 − y)2 (y − x)
−1
x log(x)
y log(y)
D2 (x, y) =
−
−
.
(1 − x)(1 − y) (1 − x)2 (x − y) (1 − y)2 (y − x)
G2 (x) =

(138a)
(138b)
(138c)

We have combined all these results and, by means of an adapted Casas-Ibarra
parametrization for the Yukawa couplings [378], we can scan over the remaining
free parameters. Confining the RH neutrino and inert scalar masses to a range
[100 GeV, 100 TeV] and the coupling λ5 < 10−8 , we obtain Fig. 29.
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Figure 29: Results and bounds for the scotogenic model for different LFV violation
processes in normal as well as inverted neutrino mass ordering. Note that
the projected limit employs a different nucleus (Al) than the current limit
(Ti) on µ N → e N ; however, we only show the results for one nucleus
(Ti) since they deviate only marginally for the different nuclei.

We observe that first of all the current limits on µ → eγ and µ → 3e give very
tight constraints on the available parameter space since most points lie above the
current limits. Note in particular that generally BR(µ → 3e) > BR(µ → eγ),
and the approximation (12c) fails. This fact becomes obvious when observing
that AD and AN D , as defined in Eq. (134) and (137a), are of the same order
of magnitude and enter Eq. (136a) with the same order prefactors. Thus, we
cannot expect the photonic dipole contribution to dominate, which is necessary
for the approximation (12c) to hold.
Simultaneously, the conversion µ → e in a (Ti-) nucleus gives hardly any
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constraints at all with the current sensitivity.14 As a rule of thumb, we can
estimate the conversion rate from the BR(µ → eγ) as
CR(µ Ti → e Ti) & 10−3 BR(µ → eγ),

(139)

in very rough agreement with Eq. (12a).
In spite of the weak constrains at present, the right panels of Fig. 29 tell
us that this will change significantly with the projected sensitivities that allow
one to probe a large fraction of the scotogenic model’s viable parameter space.
Returning to the left panels, Figs. 29(a) and 29(c), we see that the next generation experiments searching for the decay µ → 3e will probe the remaining
viable parameter space entirely, while µ → eγ will give only a slight improvement. Similarly, the next generation experiments searching the nuclear reaction
µ− Al → e− Al are not as restrictive as µ → 3e.
Thus, we conclude that the next generation LFV experiments will either
detect LFV or, in case of a null result, rule out most, if not all of the scotogenic
model’s parameter space.
5.5. Zee-Babu Model
The Zee-Babu model [379–381] is yet another scenario which realizes neutrino masses at the loop-level. However, in this particular scenario, neutrinos
remain massless up to two-loop order, where the singly and doubly charged
scalars added to the SM field content induce a small Majorana mass. The
Lagrangian of the model reads
α

α

L ⊃ fαβ `cL a ab `cL βb h+ + gαβ ecR eR β k ++ + h.c. ,

(140)

where g is symmetric and f is anti-symmetric under the exchange of i ↔ j,
and ψ c denotes the charge conjugate spinor. While the above interaction can

be made invariant under lepton number transformations if one assigns lepton
14 We

do not display the process with a different nucleus since the conversion rates turn out

almost identical.

84

numbers L(h+ , k ++ ) = 2, the scalar potential contains a coupling µ h+ h+ k −− ,
which explicitly violates this symmetry by two units and induces Majorana
neutrino masses. The expression for the neutrino mass matrix is
(ν)

∗
Mαβ = 16 µ fαk mk gkl
Iln mn fnβ , where Iln '

δln
π2
× O(1)
2
2
(16π) M 3

(141)

and the factor of O(1) is due to a two-loop integral which must be evaluated
numerically [382]. Furthermore, mn are the charged lepton masses and M =
max(mh , mk ). Using the fact that f is anti-symmetric, one can derive the
following relations: [383–385]
s12 c23
s13 s23 −iδ
feτ
=
+
e ,
fµτ
c12 c13
c13

feµ
s12 s23
s13 c23 −iδ
=
+
e
fµτ
c12 c13
c13

for normal ordering,
(142a)

feτ
s23 c13 −iδ
=−
e ,
fµτ
s13

feµ
c23 c23 −iδ
=
e
fµτ
s13

for inverted ordering,

(142b)

which imply that feµ ≈ feτ ≈ fµτ /2 (NO) or |feµ | ≈ |feτ | and |fµτ | ≈ |feτ | ss13
23
(IO).
Combining our results in Eqs. (21), (27), and (32), we may obtain an expression for the Zee-Babu fields’ contribution to the g − 2, as well as µ → eγ:15

 †
m2µ
(g † g)µµ
(f f )µµ
∆aµ (h+ , k ++ ) = −
+
4
,
(143)
24π 2
m2h
m2k
!
2
2
(f † f )eµ
αem
(g † g)eµ
BR(µ → eγ) =
+ 16
,
(144)
48πG2F
m2h
m2k
valid in the limit mh,k  mµ,e . This is in agreement with the results found in
the literature [383–394]. Note that the Zee-Babu setting provides no explanation
for the g −2 anomaly since the contribution is negative, nevertheless we may use
it to derive constraints on the the parameter space by enforcing its contribution
to be below the error bars.
Existing Limits
15 Note

that there is an extra factor of 2 coming with each insertion of f and a factor of 1/2

coming with each projector PL/R .
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current limit

resulting bound

Lepton Flavor Violation
BR(µ → e+ e− e− ) < 1 · 10−12

∗
|geµ gee
| < 2.3 · 10−5 (mk / TeV)2

BR(τ → e+ e− e− ) < 2.7 · 10−8

∗
|geτ gee
| < 9 · 10−3 (mk / TeV)2

BR(τ → e+ e− µ− ) < 1.8 · 10−8

∗
|geτ geµ
| < 5 · 103 (mk / TeV)2

BR(τ → e+ µ− µ− ) < 1.7 · 10−8

∗
|geτ gµµ
| < 7 · 10−3 (mk / TeV)2

BR(τ → µ+ e− µ− ) < 2.7 · 10−8

∗
|gµτ geµ
| < 6 · 10−3 (mk / TeV)2

BR(τ → µ+ e− e− ) < 1.5 · 10−8

BR(τ → µ+ µ− µ− ) < 2.1 · 10−8
BR(µ → eγ) < 4.2 · 10−13
BR(τ → eγ) < 3.3 · 10−8
BR(τ → µγ) < 4.5 · 10−8

∗
|gµτ gee
| < 7 · 10−3 (mk / TeV)2

m2k
m2h

∗
feτ
fµτ

2

∗
| < 8 · 10−3 (mk / TeV)2
|gµτ gµµ

+ 16 (g † g)eµ

m2k ∗
f f
m2h eµ µτ
m2k ∗
f f
m2h eµ eτ

2
2

2

< 1.1 · 10−6 (mk / TeV)4

+ 16 (g † g)eτ

2

< 0.52 (mk / TeV)4

+ 16 (g † g)µτ

2

< 0.71 (mk / TeV)4

CR(µ Ti → e Ti) < 6.1 · 10−13

See Eqs. (146)

Universality bounds
P
2
q=u,d,s |Vuq | = 0.9999 ± 0.0006
Gτ µ
Gτ e
Gτ e
Gµe
Gτ µ
Gτ e

|feµ |2 < 0.014(mh / TeV)2

|fµτ |2 − |feτ |2 < 0.05(mh / TeV)2

= 1.0001 ± 0.0020

|feτ |2 − |feµ |2 < 0.06(mh / TeV)2

= 1.0004 ± 0.0022

|fµτ |2 − |feµ |2 < 0.06(mh / TeV)2

= 1.0004 ± 0.0023

Table 7: Existing limits on the parameter space of the Zee-Babu model.

See

Refs. [388, 389] for further details.

As far as other limits are concerned, the most important ones are again due
to LFV, since the models extends only the leptonic sector of the SM. Therefore,
the collider constraints are rather mild, mk,h & O(100 GeV) [389]. Note that
the doubly charged scalar can mediate tree-level decays of leptons into 3-body
+ − −
final states, i.e. `−
α → `β `γ ` . The corresponding branching ratio reads [388]



+ − −
BR `−
=
α → `β `γ `

∗
gαβ gγ
1
2(1 + δγ, ) GF m2k

2

× BR(` → `νν),

(145)

∗
which results in a limit |geµ gee
| < 2.3 · 10−5 (mk / TeV)2 with current and
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Figure 30: Results and bounds for the Zee-Babu model for different LFV violation
processes in normal as well as inverted neutrino mass ordering. Note that
the projected limit employs a different nucleus (Al) than the current limit
(Ti) on µ N → e N ; however, we only show the results for one nucleus
(Ti) since they deviate only marginally for the different nuclei.

∗
|geµ gee
| < 2.3 · 10−7 (mk / TeV)2 with future sensitivity on µ → 3e. One can

always choose the relevant couplings gαβ small enough to evade these bounds.
However, by virtue of the neutrino mass relation (141), the entries of f would
have to grow correspondingly. These will then be constrained via the µ → eγ

process, as (f † f )eµ < 1.1 · 10−3 (3.3 · 10−4 )(mh / TeV)2 . Another important
constraint arises due to µ − e conversion. The relevant expressions read (in the
conventions of Refs. [388, 395, 396])

2e2 G2F
CR(µ N → e N ) =
AhR D + eAhL V (p)
Γcapt

2

+

AkR D

+

eAkL V (p)

2



(146a)
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with

f † f eµ
√
,
=−
768 2π 2 GF m2h

f † f eµ
h
√
AL = −
,
144 2π 2 GF m2h

AhR

AkR

=−

AkL = −

g† g



eµ
√
,
48 2π 2 GF m2k

X
a=eµτ

(g ∗ g )
√ ae aµ 2 F
6 2π 2 GF mk

(146b)


q 2 m2a
,
m2k m2k


,
(146c)

where

r
√
√ 
4y
2y
4y
x + 4y + x
√
F (x, y) ≡
+ log(y) + 1 −
1+
log √
.
x
x
x
x + 4y − x

(146d)

The nuclear form factors can be found in Tab. 9. We have summarized the
relevant constraints on the model parameter space in Table 7. Finally, in Fig. 30,
we show the results of a parameter scan for values of the parameters gαβ , fαβ ∈
[10−5 , 10−1 ] and masses 300 GeV < mh,k < 50 TeV, in agreement with collider

bounds. Notice that neither µ → eγ, nor µ → 3e can probe a significant part
of the parameter space, while µ− N → e− N has the potential to rule out much

of the currently viable parameter space in the near future, where the nucleus in
use will be Aluminum. This result is in a sense complementary to that of the
scotogenic model in the previous section, where it was µ → 3e that will probe
the available parameter space with the next generation experiments. Another
important difference is that in the previous section all of the parameter space
can be probed, while in the Zee-Babu model, one can always go to smaller
couplings/larger masses to evade the bounds.
5.6. B-L Model
Since both baryon and lepton numbers are global symmetries in the SM, a
natural and well motivated extension of the SM is the gauge group SU (3)C ×
SU (2)L × U (1)Y × U (1)B−L , which requires the addition of three RH neutrinos

to cancel the triangle anomalies.16
16 In

fact, only the linear combination B − L is anomaly-free, while B + L is broken non-

perturbatively. [397–401]
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In the B − L model, the Z 0 possesses purely vectorial couplings to the
fermions with
L ⊃ gBL

3
X


`¯i γ µ `i + ν̄i γ µ νi Zµ0 .

(147)

i=1

The Z 0 gauge bosons gain mass either through a Stueckelberg mechanism [236]
or a spontaneous symmetry breaking governed by a singlet scalar charged under
B − L [402–405]. In the former case the B − L symmetry remains unbroken.

Either way, there is no Z − Z 0 mass mixing at tree-level, and one can set the
kinetic mixing to zero. That said, such vectorial interactions with charged
leptons yield a contribution to g − 2 but none to µ → eγ. The g − 2 correction
has been generally determined in Eq. (51). Since there is no mixing among
lepton flavors, one can straightforwardly solve Eq. (51) to find the 2σ region for
g − 2 as drawn in Fig. 31. Notice that we have scanned over several orders of

magnitude in the Z 0 mass and gBL coupling, reaching 10 MeV mass. We point
out that this result is applicable to any purely-vectorial Z 0 boson since the term
in the Lagrangian Eq. (147) is rather general. Although, for sub-GeV masses
one-loop corrections may induce a Z − Z 0 kinetic mixing which could shift the
favored g − 2 region upwards.
Existing Limits
The model described above cannot explain g − 2 for heavy Z 0 masses, say

above 100 GeV, due to existing collider limits on the Z 0 based on dilepton resonance searches which impose the Z 0 to lie above several TeV already [405]. As
for light Z 0 , say below the Z mass, contraints from neutrino-electron scattering
also exclude the g − 2 favored region [406]. Therefore, one cannot address the
g − 2 anomaly in this model, which features non LFV observable. Nevertheless,
one can extend this minimal B − L scenario to accommodate a signal in µ → eγ
as we describe now.
5.7. B-L Model with Inverse seesaw
In the previous B − L model a signal in g − 2 could not be addressed in

the light of existing constraints on the Z 0 mass. However, the canonical seesaw
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Figure 31: 2σ favored region for g −2 for a neutral vector boson with purely vectorial
couplings to leptons.

particle

Q

uR

dR

L

eR

νR

χ1

χ2

φ

s

Z0

spin

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
2

0

0

1

YB−L

1/3

1/3

1/3

−1

−1

−1

−2

+2

0

−1

0

Table 8: Particle content and quantum numbers under B − L symmetry.

type I with heavy RH neutrinos, which is naturally incorporated in the minimal
B − L model, gives rise to marginal contributions to g − 2, and none to µ → eγ.
Albeit, there is an alternative solution to accommodate a possible signal in
µ → eγ via a different type of seesaw mechanism known as inverse or low-scale
seesaw where the mixing between the RH and active neutrinos is not so small.
Thus, larger corrections to µ → eγ are possible [407]. For some recent studies
of a supersymmetric version of this model see also [408].
A possible realization of the inverse seesaw within the B−L symmetry occurs
by adding two singlet fermions χ1,2 per generation. The B − L symmetry is
broken spontaneously by introducing an SU (2)L singlet scalar with hypercharge
YB−L = −1, which generates a mass for the new gauge boson, Z 0 , associated
with the U (1)B−L gauge group. The particle content is summarized in Tab. 8
for clarity. In addition to the B − L symmetry, ones needs to impose upon the
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three singlet fermions represented by χ1 a discrete Z2 symmetry to avoid mass
terms such as mχ1 χ2 .
The relevant part of the Lagrangian in this model is given by


LB−L ⊃ − λe LL φeR + λν LL φ̃νR + λχ ν cR sχ2 + h.c. −
−

1
1 c †4
χ s χ1 − 3 χc2 s4 χ2 − V (φ, s),
Λ3 1
Λ

(148)

with
V (φ, s) = m21 φ† φ + m22 s† s + λ1 (φ† φ)2 + λ2 (s† s)2 + λ3 (s† s)(φ† φ),

(149)

0
= ∂µ Zν0 − ∂ν Zµ0 being the field strength of the U (1)B−L gauge boson,
and Fµν

which is minimally coupled via the covariant derivative
Dµ = ∂µ − igs T a Gaµ − ig

τi i
W − ig 0 Y Bµ − igBL YBL Zµ0 .
2 µ

(150)

The last two terms in LB−L are non-renormalizable terms, which are allowed
by the symmetries and relevant for generating a TeV-scale mass for χ1 and χ2 ,
as well as being required for the inverse seesaw mechanism. The scale Λ in these
terms is a cut-off for the validity of the B − L model.
As for neutrino masses, they are generated after spontaneous symmetry
breaking via the Lagrangian
c
χ2 + h.c.) ,
Lνm = µs χc2 χ2 + (mD ν̄L νR + MN ν̄R
√1 λν v and MN
2
ψ = (νLc , νR , χ2 ),

where mD =
Writing
with

=

√1 λS vs ,
2

with µs =

(151)

vs4
4Λ3 .

we can recast the Lagrangian above as ψ c Mν ψ


0

mD



M(ν) =  mTD

0

0
T
MN

0





MN  .

µs

(152)

Diagonalizing, this gives approximate mass matrices
T

−1
−1
mν, light ≈ mD MN
µs MN
mD T
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and mν, heavy ≈ MN ± µs .

(153)

For a cut-off Λ around 107 GeV, neutrino masses of the order eV can be achieved
with Yukawa couplings of order one, µs ∼ 10−9 GeV, and TeV scale MN .17
Therefore, the Yukawa coupling λν is no longer required to be tiny, which would
preclude any experimental test of the scenario.
Note that, while the full 9 × 9 mass matrix in Eq. (152) is diagonalized by
(ν)

a unitary matrix U according to Mdiag = U † M(ν) U ∗ , the light neutrino mass
matrix in Eq. (153) is only a 3×3 sub-matrix that is not necessarily diagonalized
in that way [410]. Thus, the model predicts that in general the leptonic mixing
matrix UPMNS is non-unitary. Most generally, we have


V3×3 V3×6
,
U =
V6×3 V6×6

(154)


where one conventionally parametrizes V3×3 = 1 − 12 F F † UPMNS such that
−1
the non-unitarity is measured exclusively by F ' mD MN
instead of UPMNS

itself [411, 412]. Furthermore, the mixing of light and heavy states is given
by V3×6 ' (I3×3 , F )V6×6 . Finally, V6×6 is the matrix that diagonalizes the
(νR , χ2 ) subspace. As for the scalar sector, the Higgs boson h becomes a linear
combination of φ and s [413].
We have assembled the basic building blocks of the model to compute g − 2
and µ → eγ in the model. The g−2 contribution stems from: (i) the W exchange

via ν − νR mixing; (ii) the B − L gauge boson Z 0 ; (iii) the heavy Higgs, the

latter of which is suppressed. The Z 0 contribution has been computed before,
and the W exchange has been generally given in Eq. (43).

We have seen before that one cannot explain g − 2 via a Z 0 in the context
of B − L due the existing collider bounds at high masses and neutrino-electron
scattering at low masses.
As for µ → eγ the contribution to this decay is via W exchange, induced by
the ν − νR mixing. Again this calculation has been performed in Eq. (46), and
17 Even

without such a large cut-off, one may argue that µs is naturally small in ’t Hooft’s

sense [409], since in the limit µs → 0 a global U (1) lepton number symmetry can be defined.
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after adapting the couplings to this specific model, one gets,
X

VµN VeN . 10−5 ,

(155)

N
1
2
3
where N = νR
, νR
, νR
.

This is the strongest bound on the model. The other LFV observables such
as µ → 3e and µ − e conversion are, as it turns out, not very constraining.
5.8. SU (3)c × SU (3)L × U (1)X Model
This class of models represents electroweak extensions of the SM based on
the gauge group SU (3)c × SU (3)L × U (1)X , shortly referred as 331 models. Due
to the enlarged gauge symmetry, the fermionic generations are accommodated
in the fundamental representation of SU (3)L , i.e triplets. Since the SM spectrum should be reproduced, the triplet must contain the SM doublet, but the
arbitrariness of the third component leads to a multitude of models based on
this gauge symmetry [206, 229, 230, 414–432].
Generally speaking, 331 models send the appealing message of solving the
puzzle of why there are three generations of fermions in Nature. The models are
only self-consistent if there exist exactly three generations of fermions as a result
of the triangle gauge anomalies and QCD asymptotic freedom [229, 414, 433].
Moreover, they can host a dark matter candidate [230, 423, 429–431, 434–445],
generate neutrino masses [295–299, 446, 447], among other things [448–456].
Since we are focussing on g −2 and LFV we will adopt a model known as 331
model with right handed neutrinos, 331r.h.n. for short [417], where the third
component of the fermion triplet is a RH neutrino as follows,


νla




fLa =  eal  ∼ (1, 3, −1/3), eaR ∼ (1, 1, −1),


c a
(νR
)

(156)

where a = 1, 2, 3.
We will set the hadronic sector aside since it is irrelevant for our purposes
(see [417] for a more detailed discussion). In order to successfully generate
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masses for the fermions, one needs to invoke the presence of three scalar triplets
and a sextet as follows



η0
χ01
 1





χ =  χ−
 , η =  η2−

 2 
η30
χ03





ρ+
1





 , ρ =  ρ02


ρ+
3





−
S12

0
S11



 −

 , S =  S12


0
S13

−−
S22
−
S23

0
S13




− .

S23

0
S33
(157)

They have the following quantum numbers under the gauge group: χ ∼ (1, 3, −1/3),
η ∼ (1, 3, −1/3), ρ ∼ (1, 3, 2/3), S ∼ (1, 6, −2/3). The spontaneous symmetry
breaking pattern of the model proceeds via the triplet χ developing a non-trivial
VEV, breaking SU(3)L × U(1)X → SU(2)L × U(1)Y . This is followed by the
breaking SU(2)L × U(1)Y → U (1)QED via the VEVs of ρ and η, as indicated
below:



hχi = 



√ 
√
u0 / 2
u/ 2




 , hηi = 
0
0


√
√
w/ 2
w0 / 2

and



vs1



hSi =  0

vs3

0
0
0





0
√









 , hρi =  v 2  ,



0

vs3

(158)





0 .

Λ

(159)

The role of the sextet is to give masses to the neutrinos, and in order to keep
the symmetry breaking consistent, some conditions have to be satisfied, namely
Λ, w  vs3 , v, u  vs1 u0 , along with w  w0 . In this way the SM gauge boson
masses are correctly obtained, the ρ parameter remains close to unity, and the
fermions acquire masses through the Yukawa Lagrangian which is divided into
pieces, one where lepton flavor is conserved (LFC) and other where it is violated
(LFV):
LLFC

c
ψbL ρ + h.c. ,
⊃ hlab ψ̄aL ρlbR + hνab ψ̄aL

(160a)

LLFV

ν
c
⊃ fab
(ψ̄aL
)m (ψbL )n (S ∗ )mn + h.c. ,

(160b)

where a, b = 1, 2, 3 account for the three generations, m, n = 1, 2, 3 indicate the
entries of the sextet, and fab is symmetric. The last term in Eq. (160a) gives
94

rise to LFV interactions:
f12 (eL )c µL S ++ =

f12 c
f12 c
e µ S ++ −
e γ5 µ S ++ ,
2
2

(161)

which contributes to µ → eγ via the presence of the doubly charged scalar in

++
the sextet in Eq. (157) with S ++ ≡ S22
. One can construct a similar term but

proportional to f22 correcting g − 2. Keep in mind that other charged leptons
might run in the loop for g − 2 and µ → eγ, and therefore the overall corrections
in the 331r.h.n model have to be summed over all charged lepton flavors in
general. We have computed both observables already in Eq. (32). Applying the
results to the 331r.h.n under study we get






4
4
1 m2µ X
2
2
++
|f2b /2|
− b + |f2b /2|
+ b .
∆aµ S
=− 2 2
4π mS ++
3
3
b
(162)
where b ≡

mb
mµ ,

and the sum runs over all charged leptons of mass mb in the

loop, remembering that b is a fermion generation index. If one considers no
mixing between the charged leptons, then mb ≡ mµ and  = 1 (without the
sum). In general, however, there might be a mixing with other charged leptons,
and in that case one needs to sum over all fermion masses. This sum is only
relevant in case there is mixing with the τ lepton.
We highlight that there are other diagrams that contribute to g−2, one mediated by a W 0 gauge boson and another through a Z 0 vector. Their contribution
to g − 2 are of the same order but with opposite signs. The W 0 contribution
arises from the charged current whereas the Z 0 one from the neutral current as

follows
g c µ
L ⊃ √ νµR
γ (1 − γ5 )µ Wµ0 ,
2 2

L ⊃ µ̄γ µ (gV + gA γ5 )µ Z 0 ,

(163)

−g
1
p
.
4cW 3 − 4s2W

(164)

where
gV =

g 1 − 4s2W
p
,
4cW 3 − 4s2W

gA =

Their contribution to g − 2 can be straightforwardly computed using Eq. (43)
and Eq. (53). In this model, the masses of these gauge bosons are directly tied to
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the scale of symmetry breaking of the model, w. Indeed, they read mZ 0 = 0.4w
and mW 0 = 0.3w. Hence, their contributions to g − 2 are directly governed by
the scale of symmetry breaking of the model. It is easy to show that in order
to get a contribution to g − 2 of order of 10−9 one needs w ∼ 2 TeV. That,
in turn, implies that mZ 0 ∼ 800 GeV and mW 0 ∼ 600 GeV [230]. We will see
further below that such low masses for the gauge bosons is prohibited due to
the existing flavor and collider limits.
Therefore, in what follows, we concentrate on the doubly charged scalar and
its interplay with LFV. The doubly charged scalar gives a negative contribution
to g − 2, making it impossible to accommodate the g − 2 anomaly since it
constitutes a positive excess over the SM expectation.
That said, looking at Eq. (162) one can see that the doubly charged contribution to g − 2 can be in principle large enough to explain the g − 2 anomaly,
bu, as we emphasized above, its contribution to g − 2 has the opposite sign,
and is thus irrelevant. Setting f22 ∼ 2 and the other off-diagonal couplings
to be very small, g − 2 imposes a lower mass bound on the charged scalar of

m++
∼ 500 GeV. Lets check if this scenario is consistent with LFV probes.
S

Regarding lepton flavor violation observables we start our discussion with
the µ → eγ decay. In this model, we get
2

BR(µ → eγ) '

∗
αem |(f1a
f2a )eµ |
.
3πG2F m4S ++

(165)

Ignoring the tau-flavor, notice that the decay µ → eγ is proportional to (f11 f21 +

2
2
f12 f22 )2 whereas g−2 goes with f21
+f22
. Knowing that the bounds on BR(µ →

eγ) forces a hierarchy between the diagonal and off-diagonal couplings; lets
suppress f12 while keeping f22 sufficiently large for now. It so happens that
keeping f22 ∼ 2 and m++
∼ 500 GeV, as adopted above, and f12 = f21 =
S

10−6 , f11 = 10−3 we obtain BR(µ → eγ) ∼ 3 × 10−16 , which is below current
limits. See [457–459] for further discussions. Therefore, the presence of the
scalar sextet, which is crucial to generate neutrino masses in the 331 model in
a successful way, also gives rise to an interesting possibility to have a doubly
charged scalar below the TeV scale while being consistent with bounds from
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g − 2 and µ → eγ.
Regarding other LFV signals such as µ → 3e and µ − e conversion, a rule of
thumb relation that gives a rough estimate on the size and correlation between
µ → 3e, µ − e conversion and µ → eγ reads
1
BR(µ → eγ),
350
1
BR(µ → eγ).
BR(µ → 3e) '
160

CR(µ Al → e Al) '

(166a)
(166b)

With Eq. (166) at hand, we conclude that for µ − e conversion to be more
sensitive than the µ → eγ decay as far as 331r.h.n model is concerned, the
bound on µ − e conversion has to be rouhgly two orders of magnitude more
restrictive. This will not be conceivable in the near future. However, in the long
run, the bound on CR(µ Al − e Al) will be significantly improved reaching an
expected bound on the order of 10−17 using Aluminum (see Table 5), while no
further improvement is expected for µ → eγ beyond BR(µ → eγ) < 4 × 10−14 .
Therefore, µ − e conversion will be more sensitive than µ → eγ. In the

benchmark model we chose BR(µ → eγ) ∼ 3 × 10−16 which yields CR(µ Al −

e Al) ∼ 3 × 10−18 , falling below projected sensitivity. Therefore, this model
can accommodate a signal in µ → eγ while predicting no signal in the next
generation of experiments in the search for µ − e conversion. Albeit, if Mu2e

and COMET experiments are capable of further reducing their sensitivity to
10−18 [167, 203] then the µ − e probe nicely this scenario. This UV complete
model constitutes a compelling case for these experiments since it shows that
one can have new physics effects taking place below the TeV scale while being
consistent with flavor bounds.
Another way to look at these observables is to assume that no new physics
effects take place. In this case one can use LFV to place strong limits on the
mass of the doubly charged scalar. The bounds we derive strongly depend on
the coupling choices. For example, assuming f11 = f22 = 0.1 and f21 = f12 =
10−3 the non observation of µ − e conversion with a sensitivity of 10−1 on

the branching ratio yields a lower mass bound of m++
> 5 TeV, whereas if
S
f11 = f22 = 1 and f21 = f12 = 10−3 we get m++
> 15 TeV. The latter lower
S
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mass bound is stronger than any constraint arising from current and planned
particle colliders. Hence, µ − e conversion provides a unique opportunity to
probe new physics models beyond accelerator capabilities.
Obviously, the bound is rather dependent on the couplings we assume, but
the same would happen for collider searches for doubly charged scalars since
the production cross section also depends on how strongly the doudbly charged
scalar couples to fermions. The couplings that enter in these two probes are
different though. The key difference between collider and LFV probes is that
for the latter to exist we need non-zero off-diagonal couplings between lepton
flavors. In principle, one can simply set these off-diagonal couplings to zero and
be subject to only collider bounds, rendering the interplay between g − 2 and
LFV irrelevant.
Existing Limits
There are several bounds applicable to the 331r.h.n. model. The most relevant ones arise from the non-observation of signal related to the presence of
exotic gauge bosons that are necessarily present in these models due to the
enlarged gauge sector. Since the masses of these gauge bosons are directly connected to the scale of symmetry breaking of the model, a lower mass bound on
the mass of a given gauge boson translates into a lower mass bound on the entire
mass spectrum of the model. All 331 models feature the presence of a W 0 and
Z 0 gauge boson. The former cannot be singly produced at the LHC because its
interactions with SM quarks are accompanied by the exotic quarks. Therefore
they need to be pair produced. Hence, the most efficient way to test the 331
symmetry is by looking at observables connected to the Z 0 gauge boson. That
said, the most promising observables come from flavor changing neutral current
effects and from collider probes. The bounds from electroweak precision tests
are weak [438]. The most relevant flavor bounds in this model arise due to the
LFV character of the Z 0 gauge boson. [460] Because the three generations of
quarks do not transform in the same way under SU (3)L , the Z 0 interactions with
SM fermions are not flavor diagonal. In particular, the meson system Bd0 − B̄d0

gives to tight constraints on this model since the Z 0 gauge boson leads to the
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d − b transition. That said, it has been found that [461]
√
4
4 2GF CW
m2Z
2 2
∆mBd −
|(VL )ast
31 (VL )33 | fBd BBd ηBd mBd
2
3 − 4SW mZ 0 2

(167)

where mZ is the SM Z mass,fB , BBd and ηBd are the called bag parameters
with, fB2 d BBd = 43264 MeV2 , and ηB = 0.55 and mB = 5279.5 MeV being
the Bd mass. The matrix VL is the mixing matrix that related the flavor and
mass-eigenstate basis of the d, s, b quarks. This matrix is not well constrained,
since the only requirement it has to obey is that UL† VL = VCKM , where UL
is the mixing matrix for the u, c, t quarks. As long as the product of these
matrices reproduce the measured CKM matrix the individual entries are in
principle arbitrary. Different parametrization for these matrices might lead
to very different outcomes. Knowing that the current measurement implies
∆mBd = 3.33 × 10−10 MeV, one can find either a conservative or optimistic

bound on the Z 0 mass using Eq. (167) that reads mZ 0 > 3 TeV and mZ 0 > 4 TeV,
respectively. No further improvement is expected on these bounds.
As for the collider bounds, searches for bumps in the invariant mass of
dilepton final states are the golden channel for spotting Z 0 gauge bosons. In
the context of the 331r.h.n, it has been shown that LHC with 13 TeV of centerof-mass energy and 3.2f b−1 of integrated luminosity impose mZ 0 > 3 TeV.
This result is now outdated since LHC has collected already about 36f b−1 of
data. To keep our conclusions up-to-date and give a prospect for the future,
we implemented the Z 0 interactions in MadGraph5 [462]. Using the CTEQ6L
parton distribution function [463] and DELPHES [464] to account for detector
effects we performed the same analysis using the signal selection cuts
ET (e1 ) > 30GeV, ET (e2) > 30GeV, |ηe | < 2.5 ,

(168)

pT (µ1 ) > 30GeV, pT (µ2 ) > 30GeV, |ηµ | < 2.5 ,
with the dilepton invariant mass in the 500 GeV-6000 GeV mass range as recommended by ATLAS [465–467]. We were able to reproduce the same lower
mass bound on the Z 0 mass of 3 TeV with 3.2f b−1 . Using 36.1f b−1 of data,
we improve this limit to mZ 0 > 4 TeV. We emphasize that we have combined
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the dielectron and dimuon channels. Moreover, with a center-of-mass energy
upgrade to 14 TeV we expect mZ 0 > 4.8 TeV (for 100f b−1 ) and 5.9 TeV (for
1000f b−1 ) and mZ 0 > 6.4 TeV (for 3000f b−1 ) under the assumption of null
results.
Having these bounds in mind, we decisively rule out the possibility of explaining g − 2 in the 331r.h.n. model via gauge bosons, their masses would have
to be lighter than 1 TeV in direct contradiction with collider and flavor probes.
Perhaps with the addition of more scalars in the model one could possibly
change this picture.
5.9. Lµ − Lτ
Lepton number is an accidental global symmetry of the SM, which is however
broken by quantum corrections. It has been noted, however, that gauging any
difference between two lepton family numbers with an Abelian group leads to
an anomaly free theory [468, 469, 469, 470]. Lµ − Lτ is an explicit example
which has been investigated in detail in [471–481]. The gauge group SU (3)c ×
SU (2)L × U (1)Y × U (1)Lµ −Lτ implies that only the second and third lepton
generations are charged under the new Abelian gauge symmetry, under which
they carry opposite charges. As usual, the new Abelian gauge group leads to the
existence of a new massive gauge bosons, Z 0 , which can acquire a mass either
via spontaneous symmetry breaking governed by a new scalar field, or through
the Stueckelberg mechanism [235, 236]. Either way, the new boson couples to
the SM lepton doublets via the term L̄γ α Dα L, where the covariant derivative
is Dα = ∂α + ig 0 q Zα0 , with g 0 being the new gauge coupling of the U (1)Lµ −Lτ
symmetry and q the corresponding charge (qµ,νµ = 1,qτ,ντ = −1). Writing down
explicitly this term we get
Lfermions ⊃ g 0 (µ̄γα µ − τ̄ γα τ + ν¯µ γα PL νµ − ν¯τ γα PL ντ ) Z 0α .
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(169)

The first term in Eq. (169) gives rise to a contribution to g − 2, which we find
to be [cf. Eq. (51)]
g 0 2 m2µ
∆aµ (Z ) =
8π 2 m2Z 0
0

where

P4+

1

P4+ (x)
,
(1 − x) (1 − λ2 x) + 2f λ2 x
0
mf
mµ
, f ≡
= 2x2 (1 − x), with λ ≡
,
mZ 0
mµ
Z

dx

(170)

in agreement with [119, 215].
Approximating to leading order for a Z 0 much heavier than the muon, one
finds
∆aµ (Z 0 ) =

g 0 2 m2µ
' 4 × 10−9
12π 2 m2Z 0



304 GeV
m2Z 0

2 

g0
0.5

2
,

(171)

which can potentially address the g − 2 measurement within 2σ. We emphasize
that the result in Eq. (170) is completely general and applicable to any model
with a gauge boson with purely vectorial couplings to muons. A more general result, including both vector and axial-vector couplings, as well as possible
charged lepton mixings, was obtained in Eq. (51b).
Existing Limits
From the result found in Eq. (171) in the context of heavy vector mediators,
one is led to the conclusion that Z 0 gauge bosons can explain the g − 2 anomaly;
however, it has been noted that in the context of the Lµ − Lτ model this is not
the case due to the existence of collider bounds based on the neutrino-trident
production and the measurement of the Z decay width into four leptons, as
outlined below.
Assuming the Z 0 mass is generated through the VEV of a singlet scalar vφ ,
its mass is found to be mZ 0 g 0 vφ . The bound arising from the neutrino-trident
production imposes mZ 0 /g 0 > 750 GeV, whereas the limit from the measurement
of the Z decay width into four leptons required mZ 0 & 40 GeV. These constraints
decisively rule out the Lµ − Lτ model as a possible explanation for the g − 2
anomaly in this minimal setup for mZ 0 masses larger than 300 MeV. However,
when the Z 0 becomes sufficiently light the neutrino-trident production bound
loosens leaving a window for Lµ − Lτ model to explain the g − 2 anomaly. These
findings are clearly exhibited in Fig. 32. A more detail discussion of these limits
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Figure 32: Summary plot for the Lµ −Lτ model. In the left plot we are concentrated
on the large Z 0 mass regime showing that the existing constraints rule
out the possibility to explain the g − 2 anomaly in this model. In the
right-panel we extend our findings to lower Z 0 masses showing that a
small region of the parameter space is still alive for mZ 0 < 300 MeV and
g 0 ∼ 4 × 10−3 .

can be found in [474, 482, 483].
5.10. Dark Photon
Dark photon models refer to an Abelian extension (U (1)X ) of the SM where
the kinetic mixing dictates the observables [484–489]. In the minimal setup the
model only contains a new vector boson which interacts with the SM particles
via kinetic mixing as follows
1
1 0 0µν  0 µν 1 2 0 0µ
L = − Bµν B µν − Fµν
F
+ Fµν B + mA0 Aµ A ,
4
4
2
2

(172)

0
where Fµν
and Bµν are the field strengths of the U (1)X and U (1)Y gauge groups,

respectively;  is the kinetic mixing parameter. Note that the mass term breaks
U (1)X explicitly.
The kinetic mixing is the key input of the model and it governs the strength
of the dark photon coupling with the SM particles. Such kinetic mixing is often
taken to be zero, but it is generated via loops if there are new particles charged
under U (1)X . Changing to the basis of mass eigenstates, the U (1)X gauge
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1,000

boson, A0 , is much lighter than the SM Z boson. For   1 we get,
L = 0 e Qf¯γ µ f A0 ,

(173)

where 0 = /cW and Q is electric charge of the fermion f .
Notice this interaction is identical to the QED Lagrangian except for the
presence of the kinetic mixing parameter 0 . In this model, all interactions are
flavor diagonal, and for this reason we have no LFV observables. If one embeds
the dark photon model into two-Higgs doublet models, LFV processes might
arise [490].
As far as the muon magnetic moment is concerned, the purely vectorial
couplings to charged leptons have already been investigated before in the context
of the B − L and Lµ − Lτ models. Therefore, the same results apply here.
Altough, keep in mind that dark photon models typically are studied in the
regime in which the new gauge boson is much lighter than the Z boson, with
masses at the MeV scale. For this reason the integration of Eq. (51) ought to be
handled numerically. In Fig. 33 we show the result for the dark photon which
agrees well with the results presented in [491] and we also overlay with current
collider and accelerator probes described below:
Existing Limits
Electron-Beam-Dump Experiments
In 1987, an electron-beam-dump search reported null results in the search
for neutral particles with masses in the range 1 to 15 MeV [492]. As any other
electron-beam-dump experiment, the electron beam energy, the target, and the
decay length are some of the key parameters. The particle, in this case the dark
photon, needs to decay inside the detector. The decay width in the dark photon
model, for instance, is found to be [489]
ΓDP


s
m2l
αem 2 0
ml
=
mA 1 + 2 02
1 − 4 02
.
3
mA
mA

(174)

Taking into account the geometry of the detector, the decay length, the dark
photon mass, and differential production cross section of the dark photon that
features a dependence on the target atomic mass and number and energy of the
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electron beam, one finds the exclusion limit in Fig. 33. Other electron-beamdump experiments are dictated by the same physics and for this reason the
exclusion limits look alike in shape. The dark photon mass reach is dictated by
the beam energy, but falls rapidly with mass.
Electron-Positron Colliders
Low energy electron-positron colliders may produce dark photons via the
mode e− e+ → A0 γ. This search provides a very efficient probe for both visible
and potential invisible decay modes of the dark photon. The mass reach is
determined by the center of mass energy. Experiments such as KLOE and
BaBar fall into this category.
Meson Decays
Rare meson decays such K → πA0 and π 0 γA0 are great laboratories to probe
dark photon models. These mesons are produced in an enormous amount in accelerators and beam-dump experiments. A clear example is the Super Proton
Synchrotron accelerator at the LHC which produces about 1011 charged kaons
in the fiducial volume [493]. In this case the dark photon mass is set by the
parent meson particle.

In summary, from Fig. 33 one can conclude that the original dark photon
model can no longer address the g − 2 anomaly in light of recent bounds. If one
departs from the canonical dark photon, and adds invisible decays, one might
alleviate the experimental bounds and find a small room to explain the g − 2
anomaly [494]. In this model, no LFV observables arise.
5.11. Type I Seesaw
The type I seesaw offers a plausible explanation for the lightness of the
neutrino masses by making their masses inversely proportional to the masses of
RH neutrinos supposibly heavy [295, 296, 299, 447].
We will briefly revise this mechanism and then provide the general expressions for the charged and neutral currents as well as the Yukawa terms involving the Higgs boson, since these are the ingredients for our phenomenological
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Figure 33: Parameter space of the dark photon model in the kinetic mixing vs dark
photon mass plane. The 2 2σ favored region to explain the muon anomalous magnetic moment is also shown.

agenda.
In the type I seesaw mechanism, one adds three RH neutrinos (NR ) to the
SM spectrum [295, 296, 299, 447]. In this case the relevant Lagrangian is


1
c
†
/ R − yN NR H̃ `L + MR NR NR + h.c. ,
L = LSM + iNR ∂N
(175)
2
where H is the SM Higgs doublet and H̃ the isospin transformation of the Higgs
doublet,

H=

φ
√1
2

−

v + h + iφ3


 ,

(176)

where H̃ = iτ2 H ∗ with v = 246 GeV.
The presence of RH neutrinos will induce a mass mixing with the active
neutrinos. Keeping the charged lepton mass matrix diagonal, without loss of
generality, we can transform the neutrino fields into the basis where the mass
matrix is diagonal via a unitary mixing matrix of size (3 + k) × (3 + k), where
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Figure 34: Feynmann diagrams contributing to µ − e conversion in the type I seesaw
model. These five diagrams are known respectively as (i) photon penguin,
(ii) Z penguin, (iii) Z penguin, (iv) W box diagram, (v) W box diagram.

k is number of RH neutrinos added in Eq. (175),
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(177)

where PL = (1 − γ5 )/2 is the LH projection operator.
Notice that n in Eq. (177) is a vector containing all neutrino mass-eigenstates.
Since these neutrinos mix with each other, they are automatically Majorana
fermions, i.e. n = nc . This mixing changes the charged and neutral currents,
and this change is proportional to the mixing matrix.
To make our expressions more compact in what follows, we will define the
product of the mixing matrix as
Cij ≡

3
X

†
Uiα
Uαj .

(178)

α=1

Under the assumption that yN v/mN is much smaller than unit, the mixing
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matrix U can written as


Uνν

U =
UN ν

UνN
UN N


,

(179)

with

Uνν =(1 − )UPMNS ,
2
v
UN ν = − M −1 yN √ Uνν ,
2

v
†
UνN = yN
(M )−1 √ ,
2

(180a)

UN N = (1 − 0 /2),

(180b)

where UPMNS is the usual PMNS 3 × 3 mixing matrix appearing in the charged

current, and  and 0 account for second order corrections of the order of
(yN v/mN )2 , and are found to be respectively,
≡

v 2 † −2
y M yN ,
2 N

0 ≡

v 2 −1
†
M YN yN
M −1 .
2

(181)

Now that we have defined the mixing matrices, there is one thing left for us to do
before presenting the Lagrangians in the flavor basis relevant for the observables
we will investigate, that is, the mass matrix defined as
mn = Diag (mni ) = Diag(mν1 , mν2 , mν3 , mN1 , ..., mNk , )

(182)

where the first three entries of the mass matrix, mn , represent the light neutrino
masses, while the others that carry index k, the heavy masses. In particular,
the active neutrino mass matrix are given by
mν = −

v2 T 1
y
yN .
2 NM

(183)

With these at hand, one can write the Yukawa Lagrangian and currents in the
unitary gauge
g
= √ Wµ− lα γ µ Uαi PL ni + h.c. ,
(184a)
2


g
g
∗
LZ =
Zµ ni γ µ Cij PL nj =
Zµ ni γ µ Cij PL − Cij
PR n j ,
(184b)
2cW
4cW

g
Lh = −
h ni Cij mni PL + mnj PR nj ,
(184c)
2mW



g
∗
=−
h ni Cij mni PL + mnj PR + Cij
mni PR + mnj PL nj ,
4mW

LW

±
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where cW is the cosine of the weak mixing angle, α, β runs through the three
flavors, and i, j through the 3 + k mass eigenstates.
The Lagrangian above captures all relevant information needed to discuss
the g − 2, the muon decays µ → eγ, µ → 3e and µ − e conversion.
Lepton Flavor Violating Muon decays
The lepton flavor violating muon decay processes arise at one loop level as
shown in the first three Feynman diagram in Fig. 34 (please ignore the bottom
Feynman diagrams which are only relevant for µ − e conversion). These five
diagrams are known respectively as (i) photon penguin, (ii) Z penguin, (iii) Z
penguin, (iv) W box diagram, (v) W box-crossed diagram.
We shall start with the µ → eγ decay whose amplitude is
iM =

h
i
2
iegW
µ
0
µe 2
ν µe

(q)u
(p
)
F
(q
γ
−6
q
q
)P
−iσ
q
G
(m
P
+m
P
)
uµ (p) ,
e
µ
µ
L
µν
e
L
µ
R
γ
γ
2 λ
2(4π)2 MW
(185)

where q = p − p0 is the photon momentum.
The amplitude has the usual form where one term is proportional to the
monopole F µe and other proportional to the electric dipole moment Gµe , with
the former accounting for the off-shell photon emission. For the µ → eγ decay,
the on-shell contribution is the relevant one and it leads to [192, 295],
BR(µ → eγ) =

3 2 m4
αW
sW µ mµ µe 2
G
,
256π 2 m4W Γµ γ

(186)

where αW = g 2 /4π, and
Gµe
γ =

3+k
X

∗
Uei Uµi
Gγ (xi ) =

i=1

k
X

∗
UeNi UµN
Gγ (xNi ),
i

(187)

i=1

with xNi = m2Ni /m2W and
Gγ (x) = −

3x3
x(2x2 + 5x − 1)
−
ln(x).
3
4(1 − x)
2(1 − x)4
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(188)

Nucleus A
ZN

V (p)

V (n)

D

Zeff

|Fp (−m2µ )|

Γcapt (106 s−1 )

27
13 Al

0.0161

0.0173

0.0362

11.5

0.64

0.7054

48
22 Ti

0.0396

0.0468

0.0864

17.6

0.54

2.59

197
79 Au

0.0974

0.146

0.189

33.5

0.16

13.07

208
82 Pb

0.0834

0.128

0.161

34.0

0.15

13.45

Table 9: Nuclear form factors and capture rates as presented in [395, 495].

Hence, in the limiting cases x  1 and x  1, we get
Gµe
γ (xNi ) =

k
X

∗
UeNi UµN
Gγ (xNi )
i

i=1

Gµe
γ (xNi ) =

k
X

xNi
for , x  1,
4

∗
UeNi UµN
Gγ (xNi )
i

i=1

1
for , x  .1
2
(189)

As for the µ − e conversion, we have both the monopole and the dipole moment
terms. The relevant quantity is the branching ratio defined in Eq. (8) and it is
found to be
CR(µ−e) =

2




m5µ
2G2F αW
4V (p) 2F̃uµe + F̃dµe + 4V (n) F̃uµe + 2F̃dµe + s2w Gµe
γ D/(2e)
2
(4π) Γcapt
(190)

with
F̃qµe

=

Qq s2W Fγµe

+

FZµe

Iq3
− Qq s2W
2

!

1 µeqq
+ Fbox
,
4

2

(191)

where q = u, d, Qq is the quark electric charge (Qu = 2/3, Qd = −1/3), Iq3

is the weak isospin (Iu3 = 1/2 , Id3 = −1/2). The nuclear form factors are
given in Table 9, and other form factors appearing in Eq. (191) arise from loop
calculations and are defined as
Fγµe =

3+k
X

∗
Uei Uµi
Fγ (xi ) =

i=1

FZµe

=

3+k
X

k
X

∗
UeNi UµN
F (xNi ) ,
i γ

(192a)

i=1



∗
∗
Uei Uµj
δij FZ (xi ) + Cij GZ (xi , xj ) + Cij
HZ (xi , xj ) ,

i,j=1
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(192b)

FZµe

k
X

=

h
∗
δNi Nj (FZ (xNi ) + 2GZ (0, xNi )) +
UeNi UµN
j

(192c)

i,j=1

i

∗
+CNi Nj GZ (xNi , xNj ) − GZ (0, xNi ) − GZ (0, xNj ) + CN
H
(x
,
x
)
,
Z
N
N
N
i
j
i j
µeuu
FBox

3+k
X

=

X

i=1 di =d,s,b
k
X

=

i=1

µedd
FBox

3+k
X

=

=

i=1

µeee
FBox

X

i,j=1

=

−2
+

∗
Uei Uµi
FBox (xi , 0)

i=1

∗
∗
Uei Uµi
Vdui Vdu
F
(xi , xui ) '
i XBox

(192d)

3+k
X

∗
Uei Uµi
FXBox (xi , 0)

i=1

∗
UeNi UµN
[FXBox (xNi , 0) − FXBox (0, 0)] ,
i

3+k
X

=

3+k
X

∗
UeNi UµN
[FBox (xNi , 0) − FBox (0, 0)] ,
i

i=1 ui =u,c,t
k
X

∗
∗
Uei Uµi
F
(xi , xdi ) '
Vudi Vud
i Box

(192e)



∗
∗
∗
Uei Uµj
Uei Uej
GBox (xi , xj ) − 2 Uei
Uej FXBox (xi , xj )

k
X
i=1

k
X
i,j=1

(192f)

∗
UeNi UµN
[FXBox (xNi , 0) − FXBox (0, 0)]
i

n

∗
∗
∗
UeNi UµN
UeNi UeN
GBox (xNi , xNj ) − 2 UeN
UeNj FXBox (xNi , xNj )
j
j
i

−FXBox (0, xNj ) − FXBox (xNi , 0) + FXBox (0, 0)

o
,

(192g)

where xi is a vector that encompasses three active neutrinos and k heavy
neutrinos. That said, x1,2,3 ≡ xν1,2,3 ≡ m2ν1,2,3 /m2W , x4,...,3+k ≡ xN1,...,k =
m2N1,...,k /m2W , xq ≡ m2q /m2W , with U being the neutrino mass mixing matrix

defined in Eq. (179) and V the CKM matrix. The remaining functions are
identified as
x(7x2 − x − 12) x2 (x2 − 10x + 12)
−
ln x ,
12(1 − x)3
6(1 − x)4
5x
5x2
FZ (x) = −
−
ln x ,
2(1 − x) 2(1 − x)2
 2

1
x (1 − y)
y 2 (1 − x)
GZ (x, y) = −
ln x −
ln y ,
2(x − y)
1−x
1−y
Fγ (x)

=

110

(193a)
(193b)
(193c)

√

 2

xy
x − 4x
y 2 − 4y
ln x −
ln y ,
(193d)
4(x − y) 1 − x
1−y


xy 
1
1
1 n
x2
y2
ln
x
−
ln
y
4+
FBox (x, y) =
+
−
x−y
4
1 − x (1 − x)2
1 − y (1 − y)2

o
1
1
x
y
−2xy
ln
x
−
ln
y
, (193e)
+
−
1 − x (1 − x)2
1 − y (1 − y)2


−1 n 
xy 
1
1
x2
y2
FXBox (x, y) =
1+
ln x −
ln y
+
−
x−y
4
1 − x (1 − x)2
1 − y (1 − y)2

o
1
1
x
y
−2xy
ln x −
ln y
, (193f)
+
−
1 − x (1 − x)2
1 − y (1 − y)2


√ n
− xy
1
x
1
y
GBox (x, y) =
(4 + xy)
+
ln
x
−
−
ln
y
x−y
1 − x (1 − x)2
1 − y (1 − y)2

o
1
x2
y2
1
−2
+
−
ln x −
ln y
.
(193g)
1 − x (1 − x)2
1 − y (1 − y)2
HZ (x, y)

=

One can already see how much more complicated the µ − e conversion is compared to the µ → eγ decay. There are several form factors related to nuclear
dependence and more Feynmann diagrams that are relevant for a rigorous computation of this LFV observable. If one is interested in asymptotic behavior to
simplify quite a bit the calculation, the limiting cases x  1 and x  1 are of
interest. In these cases the functions read
GZ (0, x) = −

FBox (0, x) =

x
ln x ,
2(1 − x)

HZ (0, x) = GBox (0, x) = 0
(194a)

4x
4
+
ln x ,
1 − x (1 − x)2

Fγ (x) −−−→ −x ,

FXBox (0, x) = −

1
x
−
ln x ,
1 − x (1 − x)2
(194b)

Fγ (x) −−−→ −

x1

x1

x
,
4
5x
FZ (x) −−−→ − ,
x1
2
1
GZ (0, x) −−−→ − x ln x ,
x1
2

7
1
− ln x ,
12 6
(194c)

1
(194d)
2
5 5
FZ (x) −−−→ − ln x , (194e)
x1 2
2
1
GZ (0, x) −−−→ ln x ,
(194f)
x1 2

Gγ (x) −−−→

Gγ (x) −−−→

x1

x1

FBox (0, x) −−−→ 4 (1 + x (1 + ln x)) ,
x1
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FBox (0, x) −−−→ 0 ,
x1

(194g)

FXBox (0, x) −−−→ −1 − x (1 + ln x) ,
x1

FXBox (0, x) −−−→ 0 .

(194h)

x1

Indeed, it is more intuitive to consider a limiting case so we can understand the
key features of the µ − e conversion process. For a light nucleus of atomic mass
and number equal to A and Z respectively, and assuming that the RH neutrinos
have the same mass, mN , we find
k
2
4
X
G2F αW
α3 m5µ Zeff
2
∗
CR(µ − e) =
F J(A, Z)
UeNi UµN
i
8π 4 Γcapt
Z p
i=1

2

,

(195)

where
2

J(A, Z) = [(A + Z)Fu (xN ) + (2A − Z)Fd (xN )] ,

(196)

with
Fu (x) =

(32 log(x) − 62)s2W
(3 + 3 log(x))
−
,
36
8

(197)

Fd (x) =

(3 − 3 log(x))
(16 log(x) − 31)s2W
−
,
36
8

(198)

which should be compared with the µ → eγ decay under the same assumptions:
k
X
α3 s2 m4µ mµ 2
∗
BR(µ → eγ) = W W2 4
UeNi UµN
Gγ (xN )
i
256π mW Γµ
i=1

2

.

(199)

As expected µ − e conversion and the µ → eγ decay depend on the same
mixing matrices, i.e. the same neutrino physics. The effective atomic number, Zeff , the nuclear form factor Fp , and the capture rate Γcapt appearing in
√
Eq. (196) are given in Tab. 9. The first two are related since V (p) / Z =
2
(4π)−1 Zeff
Fp α3/2 [395, 495].

Having Eq. (195) and Eq. (199) at hand, we conclude that the ratio CR(µ →
e)/BR(µ → eγ) is determined up to the RH neutrino mass for a given nucleus.
For heavy nuclei we cannot use these equations though. We actually need to
go back to the general and more complex expressions. Once one computes the
ratio between these two observables, the dependence on the mixing matrices
disappears. Therefore, one can draw this ratio as a function of the RH neutrino
mass as shown Fig. 36, where one can notice several features:
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• Light RH neutrinos: One can see that for RH neutrino masses below
100 GeV the µ − e conversion rate is larger than the µ → eγ branching
ratio;
• Heavy RH Neutrinos: For RH neutrinos heavier than 100 TeV again the
µ − e conversion rate is larger than the µ → eγ branching ratio;
• Cancellation Mechanism: For every single nucleus there is a RH neutrino
mass where the µ−e conversion rate vanishes explaining the behavior seen
in the figure. This occurs because F̃uµe and F̃uµe in Eq. (190) have opposite
signs, and for a given RH neutrino mass they cancel each other. From
Eq. (190) it is hard to see this effect. However looking at the Eq. (196)
which is valid for light nuclei, one can easily see that this cancellation
happens for
Fu
2A − Z
.
=−
Fd
A+Z

(200)

For heavy nuclei, the relation is more complicated and a more general
treatment is needed. Generally for light or heavy nuclei the µ−e conversion
the rate vanishes if

m2N

0

2
= MW
exp 



37s2
s2W
+ 12W V (p) − 16e
D
.
 2

4sW
3 (n)
3
(p)
V
+
−
V
8
3
8

9 (n)
8V

+



9
8

(201)

Eq. (201) explicitly shows that different nuclei lead to a cancellation
at different RH neutrino masses in agreement with [496]. Nevertheless,
Eq. (201) is not so robust because there are uncertainties of the order of
10% surrounding the form factors and these have a direct impact on which
RH neutrino mass leads to a vanishing µ − e conversion rate.
• Overall Sensitivity: In order to assess the overall sensitivity of µ − e
conversion or µ → eγ in the type I seesaw mechanism, one needs to
have in mind the experimental bounds on the individual branching ratios. We have seen above that depending on the RH neutrino mass the
ratio CR(µ − e)/BR(µ → eγ) varies a lot, but since the current experimental limit on the µ → eγ is much more restrictive than the one on
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Figure 35: Ratio CR(µ − e)/BR(µ → eγ) as a function of the RH neutrino mass
scale under the assumption that all RH neutrino have the same mass for
three different nuclei: Al (blue), Pb (red) and Ti (black).

CR(µ − e), µ → eγ offers a much more effective probe to the type I seesaw
mechanism. Be that as it may, further into the future, we expect a tremendous improvement on the bounds on CR(µ−e) which will eventually invert
the picture making CR(µ − e) more constraining than µ → eγ.
Now going back to Eq. (185), one can use it to obtain the branching ratio
for the µ → eee decay after taking into account that more diagrams arise due
to the off-shell emission of a photon and Z boson to find [170]
BR(µ → eee) =

4
m4µ mµ
αw
4 Γ
24576π 3 MW
µ
(
2
1 µeee
2
× 2 FBox
+ FZµe − 2s2w (FZµe − Fγµe ) + 4s4w FZµe − Fγµe
2




1 µeee µe∗
+ 16s2w Re (FZµe + FBox
)Gγ
− 48s4w Re (FZµe − Fγµe )Gµe∗
γ
2
"
#)
m2µ
11
4
µe 2
+ 32sw |Gγ | ln 2 −
,
(202)
me
4

where all these functions have already been defined above.
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The comparison between µ − e conversion and µ → eee is no longer triv-

ial, because CR(µ − e) depends on Gµe
γ only, whereas BR(µ → eee) relies on
µeee
several functions. Although, if one looks carefully the functions FBox
, FZµe ,

and Fγµe defined in Eqs. (192), it will be visible that they all depend on the
mixing matrices UeN UµN after all, which is identified with Gµe
γ . Therefore, the
ratio CR(µ − e)/BR(µ → eee) is neither dependent on Gµe
γ , nor on the mixing
matrices, and thus the ratio varies only with the RH neutrino mass scale.
In Fig. 36 we plot this ratio as a function of the RH neutrino mass. The
same features presented before operate here to explain the behavior of the ratio
CR(µ − e)/BR(µ → eγ).
In summary, in the type I seesaw mechanism, the µ → eγ decay offers the
most restrictive bounds, however in the very long run when a huge improvement
is expected on the experimental sensitivity over µ − e conversion and µ → eee
observables, the picture changes.
An important aspect that should be highlighted is that all this information
could be used to discover the type I seesaw mechanism. This could in in principle
be done because the ratios CR(µ−e)/BR(µ → eγ) and CR(µ−e)/BR(µ → eee)
are fixed for a given RH neutrino mass scale. If RH neutrinos are discovered at
collider experiments, one can pin point what are these ratios for the type I seesaw mechanism and discriminate it from other neutrino mass generation mechanisms.
Now we have addressed LFV observables in the type I seesaw mechanism
it is a good timing to discuss the existence of several other bounds on this
mechanism to have an overall picture of this model.
Existing Limits
Naively, one expects that the mixing matrices should follow [497],
r
100GeV
−6
UlN ∼ 10
.
mN

(203)

Therefore, one could test the type I seesaw mechanism by searching for RH
neutrinos that feature mixing angles as governed by Eq. (203). However, we
will see current experiments do not have the sensitivity to test the natural scale
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Figure 36: Ratio CR(µ − e)/BR(µ → eee) as a function of the RH neutrino mass
scale under the assumption that all RH neutrino have the same mass for
three different nuclei: Al (blue), Pb (red) and Ti (black).

of the type I seesaw mechanism, but they have already ruled out a significant
region of the parameter space with large mixing angles. Future searches, on
the other hand, feature a sensitivity somewhat near the vanilla seesaw scale.
In other words, the type I seesaw mechanism is still an interesting and viable
framework to generate neutrino masses.
Existing and projected bounds on RH neutrinos in the context of low scale
seesaw mechanisms can probe RH neutrino masses up to ∼ 500 GeV. Beyond
that, the sensitivity drastically worsens. Some peculiar setups where these RH
neutrinos are not mixed with the active neutrinos, as predicted by the canonical
type I seesaw mechanism, are subject to different bounds as, e.g., in the left-right
model [234, 316, 319, 320, 498, 499]. In Fig. 37- 39 we display the existing limits
on the left-right neutrino mixing matrices UeN , UµN , and Uτ N as a function of
the RH neutrino mass scale. For a more detailed discussion we recommend [497,
500]. The bounds shown are described as follows:
BBN: In order not to spoil the light element abundances one should naively
enforce the RH neutrino lifetime to be smaller than 1 second resulting into the
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bound shown [501].
KamLAND-Zen: It is based on the non-observation of neutrinoless double
0ν 136
beta decay in Xenon which implies a bound on the half lifetime of T1/2
( Xe) >

2.6 × 1025 yr [502]. A further improvement down to 1027 yr is expected in the
long run [503]. It is already clear that neutrinoless double beta decay is the most
powerful probe for RH neutrinos that mix with electron-neutrinos. There are
cancellation mechanisms that can be used to severely weaken KamLAND-Zen
sensitivity motivating the complementary search for RH neutrinos though.
DUNE: The DUNE experiment could probe heavy-right handed neutrinos
produced from charm meson decays down to much smaller mixings using a near
detector [504].
BELLE/SHiP/LHCb: By probing rare meson decays such as the K + →

l+ l+ π − decay. In this case one of the charged leptons could have originated
from a RH neutrino decay [504, 505].

LEP/FCC-ee: The bound from LEP is based on the Z decay into νN via
neutral current. Therefore it is applicable only to RH neutrino masses below
the Z mass [506]. A huge improvement is expected in this direction with the
planned FCC-ee experiment as shown in the figures [507, 508].
5.12. Type II Seesaw
Type II seesaw mechanism refers to a framework where the active neutrino
masses are generated via the addition of an SU (2)L scalar triplet ∆ with weak
hypercharge Y∆ = 2 as follows [297, 298, 509]


√
∆+ / 2
∆++
∆ = 
√ ,
∆0
−∆+ / 2

(204)

which leads to the Lagrangian [212, 510, 511]

 
2
†
T
†
C
0
0
ψ
iτ
∆
ψ
+
µ
H
iτ
∆
H
+
h.c.
,
LII
=
−M
Tr
∆
∆
−
h
``
`L
∆
2
`L 2
seesaw
∆
(205)
where ψL is the SM SU (2)L doublet and H the Higgs doublet. Note that
T
T
(ψ`L )T ≡ (ν`L
`TL ), ψ C `L ≡ (− ν`L
C −1
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− `TL C −1 ), with C being the charge
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Figure 37: Summary of existing and projected bounds on the mixing matrix UeN as
function of the RH neutrino mass scale. See text for details.
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Figure 38: Summary of existing and projected bounds on the mixing matrix UµN as
function of the RH neutrino mass scale. See text for details.
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Figure 39: Summary of existing and projected bounds on the mixing matrix Uτ N as
function of the RH neutrino mass scale. See text for details.

conjugation matrix, and µ∆ is a parameter that accounts for the lepton charge
violation.
Neutrino masses are generated via the second term in Eq. (205) when ∆0
develops a non zero VEV. In order to generate tiny neutrino masses naturally,
at the eV scale, v∆ should be small, possibly proportional to µ∆ , which also
should be small since it accounts for the violation of lepton number. In this
context we get
(mν )``0 ≡ m``0 ' 2 h``0 v∆ ,

(206)

where,
h``0 ≡


1  ∗
†
UP M N S (m1 , m2 , m3 ) UPMNS
.
2v∆
``0

(207)

The matrix UPMNS can be identified with the Uνν matrix in the type I seesaw
mechanism defined in Eq. (179), in the regime of heavy RH neutrinos. The
explicit form of the PMNS matrix can also be found in the PDG review of
particle physics [15]. Thus, tuning v∆ , one can nicely explain the neutrino
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masses. However, the addition of a SU (2)L triplet is known to alter the ρ
parameter, with ρ = m2W /(m2Z cos2W ). Since the ρ parameter is measured to be
one with error bar at the percent level, one can use this precision to constraint
v∆ , concluding that v∆ < 5 GeV [512, 513].
The key feature of the type II seesaw mechanism as far as LFV and g − 2
observables are concerned is the presence of a singly and doubly charged scalar.
These arise from the terms ν c l∆+ and lc l∆++ . These fields cannot explain g −2
because they give a negative contribution.
The corrections to these observables stemming from a singlet and doubly
charged scalar have been computed in Eq. (27) and Eq. (29) for the singly
charged scalar, and in Eq. (33) and Eq. (37) for the doubly charged scalar.
Using these equations one can perform a more detailed study of the g − 2 and
µ → eγ quantities in the type II seesaw model. Results for this model were
already derived in Sec.4.1.2. We now simply put these results into context with
µ → 3e and µ − e conversion.
As for LFV observables we find [212]

2
BR(µ → eγ) ∼
= 384 π 2 (4π αem ) |AR |

αem
=
192 π

where
|h† heµ | < 1 × 10−6



M∆
100GeV


h† h eµ
G2F

2



2
1
8
+ 2
,
m2∆+
m∆++
(208)

2
,

(209)

1 |(h† )ee (h)µe |2
,
G2F
m4∆++

(210)

 m ++ 2
∆
.
100GeV

(211)

as extracted from Eq. (207).
Moreover, we get
BR(µ → 3e) =
which implies,
|h†ee hµe | < 1.2 × 10−7
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Furthermore, for the µ − e conversion we find
CR(µ − e) ∼
=

5
m5µ 4
αem
Z Z F 2 (−m2µ )
36 π 4 Γcapt eff

†


h h eµ



5
1
+ 2
2
24 m∆+
m∆++



2

+

1

X

m2∆++

l=e,µ,τ

h†el

hlµ F (ml , m∆++ )

,

(212)

where,

F (ml , m∆++ ) = log
m2
+ 1 − 2 2l
mµ


s

m2l
m2∆++



q
q

2 −2
m2µ m−2
m2µ m−2
m2l
∆++ +
∆++ + 4ml m∆++
.
q
1 + 4 2 log  q
mµ
2 m−2 + 4m2 m−2
m2µ m−2
−
m
++
++
++
µ
l
∆
∆
∆
(213)

All the other parameters such the capture rate Γcapt , Zeff , F 2 (−m2µ ) are given
in Tab. 9.
The bounds arising from µ − e conversion cannot be easily translated into a
limit on the couplings as we have done for µ → eγ and µ → 3e due to the presence of several form factors. The projected sensitivity using the Aluminum of
10−17 does not look promissing in this model. Even considering a very optimist
projected sensitivity of 10−18 on the µ − e conversion branching ratio, µ − e will
not be more sensitive than µ → 3e for the type II seesaw model.
Existing Limits
Existing and projected limits on the type II seesaw mechanism do not rule
out the possibility of successfully explaining neutrino masses because one can
in principle push the mass of the doubly charged scalar above the TeV scale
without prejudice. Conversely, the observation of such a doubly charged scalar
would constitute a strong case for the type II seesaw mechanism. In what follows
we introduce the main limits.
A key signature of the type II seesaw mechanism at the LHC would be the
observation of the associated production channel ∆±± ∆∓ at the LHC [514]. The
ATLAS collaboration has carried independent searches for doubly charged and
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Branching ratio

13 TeV - Bound

14 TeV - 1000f b−1

BR(∆++ → e± e± ) = 1

m±±
∆ > 800 GeV

m±±
∆ > 2.3 TeV

BR(∆++ → µ± µ± ) = 1

m±±
∆ > 850 GeV

m±±
∆ > 1.94 TeV

BR(∆++ → e± µ± ) = 1

m±±
∆ > 860 GeV

m±±
∆ > 1.96 TeV

m±±
∆ > 750 GeV

m±±
∆ > 1.75 TeV

BR(∆++ → e± e± ) = 0.3
BR(∆++ → e± µ± ) = 0.4

m±±
∆ > 2.13 TeV

BR(∆++ → µ± µ± ) = 0.3
BR(∆++ → e± τ ± ) = 1

m±±
∆ > 714 GeV

m±±
∆ > 2.13 TeV

BR(∆++ → µ± τ ± ) = 1

m±±
∆ > 643 GeV

m±±
∆ > 1.96 TeV

BR(∆++ → τ ± τ ± ) = 1

m±±
∆ > 535 GeV

m±±
∆ > 1.69 TeV

m±±
∆ > 723 GeV

m±±
∆ > 2.16 TeV

m±±
∆ > 716 GeV

m±±
∆ > 2.14 TeV

m±±
∆ > 761 GeV

m±±
∆ > 2.24 TeV

m±±
∆ > 722 GeV

m±±
∆ > 2.15 TeV

BR(∆++ → e± µ± ) = 0.01
BR(∆++ → e± τ ± ) = 0.01
BR(∆++ → µ± µ± ) = 0.3
BR(∆++ → µ± τ ± ) = 0.38
BR(∆++ → τ ± τ ± ) = 0.3
BR(∆++ → e± e± ) = 0.5
BR(∆++ → µ± µ± ) = 0.125
BR(∆++ → µ± τ ± ) = 0.25
BR(∆++ → τ ± τ ± ) = 0.125
BR(∆++ → e± e± ) = 0.33
BR(∆++ → µ± µ± ) = 0.33
BR(∆++ → τ ± τ ± ) = 0.33
BR(∆++ → e± e± ) = 0.166
BR(∆++ → e± µ± ) = 0.166
BR(∆++ → e± τ ± ) = 0.166
BR(∆++ → µ± µ± ) = 0.166
BR(∆++ → µ± τ ± ) = 0.166
BR(∆++ → τ ± τ ± ) = 0.166
Table 10: Bounds on the doubly charged scalar.

charged scalars that decays entirely into charged leptons [515], while the CMS
collaboration, besides these independent searches, has performed searches for
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the associated production channel above [516]. We have implemented the model
into MadGraph and reproduced with good agreement the results reported by the
ATLAS and CMS collaborations using the same selection cuts used in [515, 516].
Moreover, under the null result hypothesis we derived projected limits for the
high-luminosity LHC. In summary these limits are presented in Tab. 10.
5.13. Type III seesaw
The type III seesaw model refers to a mechanism in which neutrino masses
are generated via the addition of SU (2)L fermion triplets, i.e. in the adjoint
representation of SU (2)L , with zero hypercharge [517, 518]. However, only two
fermion triplets are required to successfully generate two non-vanishing neutrino
masses. That said, the Lagrangian is found to be
L ⊃ −yΣ H̃ † Σ L + h.c. ,

(214)

where

Σ=

√
Σ0 / 2
Σ−



√
Σ+
Σ0c / 2
c
√ , Σ = 
−Σ0 / 2
Σ+c


Σ−c
√ ,
−Σ0c / 2

(215)

√
T
and Σc ≡ CΣ . Taking Ψ ≡ (Σ+c + iΣ− ) 2 and expanding the Lagrangian,
we get in the unitary gauge,
L ⊃ −yΣ Σ0 νL φ0 + yΣ Ψ L φ0 + h.c. ,

(216)

where φ0 is simply the neutral component of the Higgs doublet H. In this
way, the new charged fermions (Ψ) will mix with the charged leptons, and the
neutral fermions (Σ0 ) will mix with neutrinos. Therefore, new contribution to
g − 2 and µ → eγ will arise: (i) via W exchange due to the ν − Σ0 mixing; (ii)
via Z exchange as result of the charged lepton-Ψ mixing; (iii) through Higgs
exchange again as result of charged lepton-Ψ mixing. Fully general results for
W -neutral fermion contribution, neutral vector and neutral scalar exchanges
were obtained in Sec. 4, and can be straightforwardly applied to this seesaw
model. Furthermore, in Ref. [519] the authors have discussed these observables
in more detail, while Ref. [520] derived collider bounds.
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Let us discuss the results more quantitatively now. Since the fermion triplet
contains a charged component, collider bounds are generally expected to be
strong. Therefore, we assume the limit where MΣ  mH,W,Z in order to evade
these bounds. The general expression for the branching fraction for µ → eγ in
this limit is given by [519]
BR(µ → eγ) =
with  ≡

3αem
32π

−2
v2 †
2 yΣ MΣ yΣ



2

X m2ν
13
†
i
− 6.56 eµ −
(U
)
(U
)
PMNS ei
PMNS iµ ,
3
m2W
i
(217)

being the effective low-energy coupling mixing the SM

lepton flavors once the heavy triplets are integrated out. Also, note that the second contribution is nothing but the usual massive neutrino contribution which
is usually negligible. In the same limit one can derive relations between µ → eγ
and the other LFV processes:
BR(µ → eγ) = 1.3 · 10−3 × BR(µ → eee),

(218a)

BR(τ → µγ) = 1.3 · 10−3 × BR(τ → µµµ),

(218b)

BR(τ → eγ) = 1.3 · 10−3 × BR(τ → eee).

(218c)

Moreover, for the relation with µ − e conversion reads,
BR(µ → eγ) = 3.1 · 10−4 × CR(µ Ti → e Ti),

(219)

BR(µ → eγ) = 2 · 10−4 × CR(µ Al → e Al).

(220)

Going back to Tab. 5, we see that currently and in the future the strongest
constraints come from the nuclear µ − e transition. Finally, we note that the
contribution to the muon g − 2 is obtained from Sec. 3.
Existing Limits
Compared to the previous seesaw mechanisms there are fewer existing limits
applicable to this model. Arguably the most robust bound stems from LHC
searches for the pair production of this heavy fermions. The lower mass bound
on the heavy fermions vary from 400 GeV for exclusive decays into τ leptons
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to 930 GeV to decays entirely into electrons. These bounds, regardless of the
assumptions used for the decay modes, limit the parameter space of the type III
seesaw model. Be that as it may, it remains a plausible mechanism for generating
neutrino masses. Now lets discuss in a bit more detail these limits.
A recent analysis has been conducted by the CMS collaboration [521] with
13 TeV of center-of-mass energy and 35.9f b−1 of integrated luminosity. We
have implemented the model in Madgraph and assumed that all exotic fermions
are degenerate in mass, mΣ , and feature 100% branching ratio into charged
leptons, similarly to what has been done in [521]. We simulated the events
using similar selection criteria as in [521]. Our lower mass bound on mΣ is
slightly overoptimistic compared to the one found by CMS collaboration: mΣ >
900 GeV (ours), mΣ > 840 GeV (CMS) for the benchmark model where the
charged fermions decay democratically into charged leptons. We have taken
into account detector effects using Delphes [464], whereas the CMS collaboration
used GEANT [522], perhaps explaining the difference in the lower mass bounds.
Besides this scenario we also explored different benchmark models and also
derived the projection for the high-luminosity LHC as summarized in Tab. 11.
We analysed only the Σ+ Σ− production channel with the possible decay chains
containing at least three charged leptons as enforced in [521]:
Σ± Σ∓ → (Zl± )Zl∓ ;

Σ± Σ∓ → (hl± )hl∓

(221)

with at least one of the bosons, (Z, h), decaying into charged leptons.
In Tab. 11 BRe (electron), BRµ (muon),BRτ (tau) stand for the branching
ratios of the exotic fermions into charged leptons of a given flavor. For instance,
if BRe = 1, it means that all charged leptons in Eq. (221) are electrons.
From Tab.11 we can see that LHC is expected to exclude the type III seesaw
mechanism featuring masses below the TeV scale, being able to probe masses
up to ∼ 2.2 TeV in certain cases. The potential discovery of the associated
production or pair production of these exotic fermions in the future would constitute a smoking gun signature of this model compared to the other neutrino
mass generation mechanisms.
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Branching ratio

13 TeV - Bound

14 TeV - 1000f b−1

BRe = 1, BRµ = 0, BRτ = 0

mΣ > 960 GeV

mΣ > 2.16 TeV

BRe = 0, BRµ = 1, BRτ = 0

mΣ > 1 TeV

mΣ > 2.23 TeV

BRe = 0, BRµ = 0, BRτ = 1

mΣ > 450 GeV

mΣ > 1.12 TeV

BRe = 0, BRµ = 1, BRτ = 0

mΣ > 1 TeV

mΣ > 2.23 TeV

BRe = 0, BRµ = 0.5, BRτ = 0.5

mΣ > 850 GeV

mΣ > 1.95 TeV

BRe = 0, BRµ = 0.8, BRτ = 0.2

mΣ > 930 GeV

mΣ > 2.1 TeV

BRe = 0, BRµ = 0.2, BRτ = 0.8

mΣ > 700 GeV

mΣ > 1.65 TeV

BRe = 0, BRµ = 0.6, BRτ = 0.4

mΣ > 870 GeV

mΣ > 1.98 TeV

BRe = 0, BRµ = 0.4, BRτ = 0.6

mΣ > 800 GeV

mΣ > 1.85 TeV

BRe = 0.33, BRµ = 0.33, BRτ = 0.33

mΣ > 900 GeV

mΣ > 2.04 TeV

BRe = 0.5, BRµ = 0.5, BRτ = 0

mΣ > 990 GeV

mΣ > 2.22 TeV

BRe = 0.5, BRµ = 0, BRτ = 0.5

mΣ > 820 GeV

mΣ > 1.89 TeV

BRe = 0.5, BRµ = 0.25, BRτ = 0.25

mΣ > 950 GeV

mΣ > 2.14 TeV

BRe = 0.5, BRµ = 0.1, BRτ = 0.4

mΣ > 870 GeV

mΣ > 1.98 TeV

BRe = 0.5, BRµ = 0.4, BRτ = 0.1

mΣ > 970 GeV

mΣ > 2.18 TeV

Table 11: 95% C.L. bounds on the mass of the exotic fermions in the type III seesaw
model assuming they are mass degenerate.

5.14. Inverse and Linear seesaw
There are other ways to generate neutrinos masses known as inverse [523]
and linear seesaw mechanisms [524]. In both cases the smallness of the light
neutrino masses is addressed via the combination of new heavy states and a
mass parameter which is arguably naturally small, inspired by grand unified
theories [523, 525, 526]. They typically include two singlet neutral leptons per
generation, namely νiR and Si . In the basis (νLc , νR , S), the mass matrix takes
the form,


0


1

Lm = − (νL , νRc , S c )  mTD
2

T

mD
0
MRT
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νLc



MR   ν R

µ
S




 + h.c.


(222)

Taking µ ≡ 0, we obtain to the so called linear seesaw with mν ∼ µm2D /MR2 ,
whereas if  ≡ 0, we obtain the inverse seesaw mechanism with mν ∼ mD /MR .
That said, these mechanisms can be naturally embedded in a gauged B − L
symmetry, which gives rise to the following Yukawa terms
L ⊃ −y LΦc S + yD LH c νR ,

(223)

with both contributing to g − 2 and µ → eγ. We have faced terms of this
type several times in this work and their corrections to g − 2 and µ → eγ
were summarized in Eq. (24). One can simply use the results of that section
to compute, in fully generality, the contributions to these observables. The
key aspect of these models, as far as g − 2 and µ → eγ are concerned, is
presence of non-suppressed mixing, different from the type I seesaw mechanism.
The interplay with µ − e conversion resembles the type I seesaw mechanim if
y  yD . However, the presence of the exotic field S may induces significant
changes. We leave this discusssion for future works.
Existing Limits
Since one one can generate sizable corrections to g − 2 and LFV observables
in this model, equally restrictive constraints arise from collider searches. One
way to test this mechanism is to search for RH neutrinos as presented in the
type I seesaw mechanism. Moreover, we point out that bounds stemming from
lepton universality in kaon decays most strongly limit interpretations of the g−2
deviation [527].

6. Summary and Outlook
In this article we have reviewed key observables of modern particle physics,
namely the muon anomalous magnetic moment and lepton flavor violation in
muon decays. While recent measurements of the former observable may point
towards new physics being around the corner, the latter gives rise to strong constraints on models beyond the Standard Model. We have reviewed the current
experimental status of these observables in the light of the upcoming flagship
experiments which will hopefully set a new direction in particle physics.
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In the subsequent discussion, we have derived fully general expressions that
allow the reader to compute the contribution of new physics to the rate of the
process `i → `j γ as well as the anomalous magnetic dipole moment of a given
lepton. We have studied these expressions extensively in the context of simplified
and SU (2)L invariant extensions of the Standard Model. For definiteness, we
have focused on the decay µ → eγ and the anomalous magnetic moment of
the muon. We have discovered that one may accommodate a signal in either
observable while circumventing constrains from the other. In certain scenarios
it is even feasible to address signals in both phenomena in the next generation
of experiments.
In a final step, we have applied our findings to well-known UV-completions of
the Standard Model to illustrate the broad applicability of our results to inspire
any inclined reader to use those results for phenomenological studies in their
favorite model. In the scope of UV complete models we also discussed existing
limits and the interplay with µ → eee and µ − e conversion. Moreover, in some
cases we derived the collider limits by implementing the models in collider tools
such as Madgraph while accounting for detector effects. Therefore, we could
draw conclusions having a global picture of the UV complete models.
We hope that, with this review, we have paved the road to new model
building endeavors and motivated the interest in the complementarity between
g − 2 and lepton flavor violation.
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A. Master integrals
In this appendix, we list the fully analytical loop integrals for the amplitude
`i → `j γ for the different new particle contributions. All results have been
numerically cross-checked with the Mathematica Package-X [528]. We begin
with the neutral scalar integral represented by the graph in Fig. 5. It is given
by
(±) (±)2

If, 1 1

≡ If, 1 [mi , (±)1 mj , (±)2 mf , mφ ]


m
m
Z
x y + (±)1 z mji + (±)2 (1 − x) mfi
= dxdydz δ(1−x−y−z)
.
|
{z
} −xy m2i − xz m2j + x m2φ + (1 − x)m2f
≡d3 X

(A-1)
The equivalent diagram involving a charged internal scalar yields


mν
m
Z
x y + (±)1 z mji + (±)1 mif
(±) (±)
If, 2 1 2 = d3 X
.
−xy m2i − xz m2j + (1 − x)m2φ+ + x m2νf

(A-2)

This auxiliary function may be approximated for mj  mi as
(±) (±)
If, 2 1 2

1
' 2
mφ+

Z

1

Z
dx

0

0

1

dy x(1 − x)

2f λ2 (1

xy + (±)2 f


.
− x) 1 − −2
xy
+x
f

Assuming in addition a very heavy mediator, i.e. λ → 0, we find that


1
1
f
(±) (±)
If, 2 1 2 ' 2
+ (±)2
.
mφ+ 12
2

(A-3)

(A-4)

When there is a charged vector boson propagating in the loop, the occurrence
of two gauge boson propagators complicates the calculation significantly. The
result is rather lengthy and reads:
(±) (±)2

If, 3 1



≡ If, 3 mi , (±)1 mj , (±)2 mNf , mW
"
Z
h
i−1
3
= d X −xz m2i − xy m2j + (1 − x)m2W + x m2Nf
×
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× log
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×

The expression involving a neutral vector boson in the loop is similarly complicated:
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