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Abstract
We propose a new approach to solve conformal field theories and apply it to ChernSimons Matter theories and three-dimensional bosonization duality. All three-point
correlation functions of single-trace operators are obtained in the large-N as a simple
application. The idea is to construct, as an effective theory, a nonlinear realization of
the conformal algebra in terms of physical, gauge-invariant, operators. The efficiency of
the method is also in the use of an analog of the light-cone gauge and of the momentumspace on the CFT side. AdS/CFT is used as a convenient regulator and as a source of
the canonical bracket. The uniqueness of the nonlinear realization manifests the threedimensional bosonization duality at this order. We also find two more non-unitary
solutions which should be analogous to the fishnet theories. The results can also be
viewed as an explicit realization of the slightly-broken higher spin symmetry.
As a by-product, the cubic action of the Higher Spin Gravity in AdS4 is constructed.
While generic Higher Spin Gravities are obstructed at higher orders by nonlocality, we
point out the existence of two especially simple and well-defined theories: chiral and
anti-chiral whose three-point functions correspond to the two new solutions. These two
theories are supposed to give a quantum complete and local example of gravitational
bulk duals.

Introduction and Main Results
In the paper we propose a new approach to bootstrap nontrivial conformal field theories. It
is based on the light-front approach to field and string theories [1–5] and, in few words, allows
one to construct a nonlinear realization of the conformal algebra in terms of primary operators. Our main interest are three-dimensional conformal field theories of O(N) vector-model
type, in particular, in Chern-Simons matter theories, see e.g. [6–9], and closely related ones.
These CFT’s have recently been conjectured to exhibit a number of remarkable dualities
[6–8, 10–12], including the three-dimensional bosonization duality. We show that the lightfront bootstrap immediately gives all three-point correlation functions of single-trace operators. This manifests the three-dimensional bosonization duality to this order by showing
the solution for the correlators to be unique up to an expected number of phenomenological
parameters. The nonlinear realization of the conformal algebra provides thereby an explicit
algebraic implementation of the slightly-broken higher spin symmetry [7]. In addition we
also find two more degenerate solutions, which should be 3d analogs of the fishnet theories
[13, 14].
The AdS/CF T correspondence for CFT’s with matter in vectorial representations is
very much different from the usual AdS/CF T [15–17] in that the spectrum of single-trace
operators is not sparse and the gravitational dual description should be given by hypothetical
Higher Spin Gravities. The case of AdS4 /CF T3 vectorial duality [6, 18–21] is even more
special in that the vector models can be generalized as to form families of CFT’s, the ChernSimons Matter theories. There are four most basic theories of this type, obtained by coupling
free/critical boson/fermion CFT’s to Chern-Simons action. For these theories, at least in
the large-N limit, the single-trace operator spectrum includes an infinite number of (almost)
conserved tensors. In the free limit these are the old Zilch currents of type Js = φ∂...∂φ + ...,
or the higher spin currents in modern terminology. It is clear that free CFT’s have infinite
dimensional symmetries. The algebra of symmetries is generated by the Zilch currents. Any
nontrivial interaction breaks the conservation of these currents, see e.g. [22–26] for various
contexts. Therefore, in general the infinite-dimensional symmetries are broken and may be
of little use.
In vector models the breaking of the conservation turns out to be of a very special type,
the non-conservation operator is built out of the higher spin currents themselves:
∂ · J = g [JJ] ,
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where the coupling g is of order 1/N. The non-conservation is an exact quantum nonperturbative equation of motion, in principle. It describes how a short multiplet of higher
spin currents recombines with a long multiplet of double-trace operators [JJ] as to form an
even longer multiplet of anomalous currents. In practice, it is not easy to extract the CFT
data. One approach is to directly use one or another (thanks to the dualities) microscopical
realization of these CFT’s via Chern-Simons Matter theories. However, even the leading
order computations are quite challenging [6, 8, 9, 27, 28], which is in contrast with the
simplicity of the physical observables. Despite the significant progress in formulating and
checking the dualities, even the three-point functions of the single-trace operators are not
fully known in the large-N limit [7, 29], which is the gap we bridge in the paper.
Another approach1 is to investigate the non-conservation equation, the main advantage
being in that we avoid working with the fundamental constituents, bosons or fermions, that
are not observable. At the very least it can be used to fix the form of the correlation functions
and to extract the leading anomalous dimensions of the higher spin currents [7, 29, 31–38].
Algebraically, the non-conservation equation determines the deformation of the free CFT’s
infinite dimensional symmetries, which is called slightly-broken higher spin symmetry [7].
In order to solve the models we suggest to isolate the subsector of single-trace operators and attempt to construct an effective theory that computes the correlation functions
in this subsector. The only requirement is that the operator-dependent generators form the
conformal algebra. In the free approximation the generators are quadratic in the operators.
Three-point correlators amount to cubic corrections to the generators and so on. Therefore,
we simply construct a nonlinear realization of the conformal algebra. This nonlinear realization is a direct implementation of the idea of the slightly-broken higher spin symmetry, see
also [39] for a more abstract approach.
The AdS/CFT correspondence [15–17] offers one more advantage — the conformal algebra can be realized by bulk fields where there is a canonical Poisson bracket. Therefore,
when extended to the bulk, the analysis can also be viewed as bootstrap of Higher Spin
Gravities. These theories are defined as duals of the vector models and Chern-Simons Matter theories [6, 18–21]. It is worth stressing that the bulk interpretation of the results is
an additional bonus, but the whole procedure of constructing a nonlinear realization can be
implemented directly on the CFT side. This is important in view of the fact that higher spin
theories do not seem to exist as field theories due to severe non-localities [40–42], which is
1

We discuss analytical approaches, but it would be very interesting to extend the numerical bootstrap
[30] to Chern-Simons Matter theories.
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an immediate consequence of the degeneracy of the single-trace operators’ spectrum taking
place in vector-models.2
Concerning the three-dimensional bosonization conjecture, our approach is insensitive to
the actual microscopical constituents of the higher spin currents. Therefore, we investigate
the consequence of the slightly-broken higher spin symmetry [7]. We find the expected
solution for three-point correlation functions with two phenomenological parameters, Ñ and
θ, which are related to the microscopical number of fields N and Chern-Simons level k:

hJs1 Js2 Js3 i = Ñ cos2 θhJs1 Js2 Js3 iF.B. + sin θ cos θhJs1 Js2 Js3 iOdd + sin2 θhJs1 Js2 Js3 iF.F ,

where F.B. means as computed in the free boson CFT, F.F. the free fermion CFT and
Odd is one more structure specific to three dimensions [46]. This simple structure is in
contrast with the technical difficulties of computations in Chern-Simons Matter Theories
[6, 8, 9, 27, 28]. One of our goals is to extend [7] to all spins and to give explicit expressions
for all the structures, in particular for the odd one. The even ones, which arise from free
CFT’s, can also be understood as invariants of the higher spin symmetries [44, 47–50]. We
also find two new isolated solutions for the three-point functions, which are non-unitary and
should be close to the fishnet theory [13, 14].
Technically, an analog of the light-cone gauge that we employ on the CFT side reduces
conserved tensors Js to just two scalars that are helicity eigen-states. This considerably
simplifies computations and also removes the redundancy present in longitudinal components
of conserved currents. The light-cone gauge would also be especially favorable in the AdS
dual description of Chern-Simons Matter theories. The conservation of higher spin currents
is dual to the gauge symmetry of bulk fields, which, of course, is just a redundancy of
description. For this reason it is natural to remove the redundancy by working directly
with the physical degrees of freedom, the two bulk helicity eigen states. The latter are dual
to particular two conformal operators that solve the conservation law, the ones we use to
construct the nonlinear realization of the conformal algebra. The AdS dual description can
be thought of as a particular way to achieve the same goal of constructing the nonlinear
realization.
The light-cone gauge has always been very close to the spinor-helicity formalism in flat
space. In particular, there is a one-to-one correspondence between three-point spinor-helicity
2

There is no problem to ’simply’ reconstruct any AdS dual, e.g. higher spin theories, from the CFT
correlation functions [40, 43, 44], provided that the correlators are already known. For the vector models a
non-perturbative reconstruction seems possible [45].
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amplitudes [51, 52] and cubic vertices in the light-cone gauge [3, 53]. As it has been just
shown [5], each of the flat-space cubic vertices has a unique AdS4 uplift. It is this uplift that
we use to compute the three-point functions. Therefore, our work also establishes a dictionary between flat-space spinor-helicity amplitudes, cubic vertices in AdS4 and correlation
functions of conserved tensors in CF T3 , see also [54, 55]. It turns out that there are slightly
more independent three-point structures that was previously seen via manifestly covariant
methods [6].
Since we bootstrap Chern-Simons Matter theories with the help of the bulk representation
of the correlation functions, we are able to fix the cubic action of their Higher Spin Gravity
duals. The two new non-unitary solutions correspond to the (anti)-chiral Higher Spin Gravities. The latter are the AdS4 -uplifts of the Chiral Higher Spin Gravities discovered recently
in flat space [3, 56–59].
Lastly, let us point out that there are at least three seemingly different realization of the
slightly-broken higher spin symmetry. The first one is via the non-conservation equation,
broken Ward identities and it leads to [7]. The second one is via A∞ -algebra constructed in
[39] that can be viewed as a deformation of the infinite-dimensional symmetries associated
with higher spin currents Js . The A∞ -algebra of [39] is closely related to the deformation
quantization and to the formality theorem [60] and, thereby, to topological string theory.
The third one, in the present paper, is via non-linear realization of the conformal algebra in
terms of the same higher spin currents in the light-cone gauge. While the equivariant map
from the second, more covariant, realization to the third one is yet to be understood, it is
already clear, as our results show, that they are consistent with each other in the sense of
having the same number of free parameters and featuring the same special limits.
To summarize, our results are as follows.
• Using the light-front version of AdS4 /CF T3 -correspondence all possible structures for
three-point correlation functions of conserved tensors hJs1 Js2 Js3 i are obtained in mo-

mentum space. They are in one-to-one correspondence with the spinor-helicity ampli-

tudes of three massless fields in 4d flat space and, hence, there are slightly more of
them then it has been previously observed, e.g. in [7, 46];
• We bootstrap the three-point functions in Chern-Simons Matter theories by constructing the nonlinear realization of the conformal algebra so(3, 2) in terms of the singletrace primaries, i.e. higher spin currents;
5

• The uniqueness of the three-point functions manifests the three-dimensional bosonization duality to this order and can be viewed as an explicit realization of the slightlybroken higher spin symmetry. Interestingly, the parity breaking parameter θ results
from electromagnetic duality transformations in the bulk;
• As compared to the slightly-broken higher spin symmetry analysis of [7], we find two

additional (non-unitary) solutions that should be close to the fishnet theories [13, 14];

• The conformal algebra generators are constructed via AdS4 , which gives the complete

cubic action of the Higher Spin Gravity dual. In particular the two additional solutions
correspond to the AdS4 uplift of the Chiral Higher Spin Gravity [3, 56–59];

The outline of the paper is as follows. The light-front approach to massless fields in
AdS4 is discussed in section 1 together with the review of the important recent results of
[5]. The three-point functions in Chern-Simons Matter theories are bootstrapped in section
2 together with the dual Higher Spin Gravities.

1

Light-Cone Gauge in AdS

Any local description of a QFT in flat space can be understood as a convenient way to
construct the conserved charges of the Poincare algebra in terms of classical and, then,
quantum operators. This leads to a Poincare invariant S-matrix. Unless we attempt to
directly bootstrap the S-matrix, the light-front approach offers a lot of flexibility, see e.g. [1–
5]. The main advantage is in that the light-cone gauge is complete and there is no redundancy
left that usually accompanies massless fields. Therefore, in the light-front approach one
attempts to build the charges of the space-time symmetry algebra directly in terms of physical
degrees of freedom. Nontrivial constraints on dynamics come from the need to maintain
the algebra whose charges receive nonlinear corrections. The same idea can, of course, be
applied to the cases where the relevant symmetry is conformal symmetry. There are two
such situations: field theories in (anti)-de Sitter space and conformal field theories. Thanks
to AdS/CFT duality these two are not completely independent.
We review the light-cone approach to massless fields in AdS4 [61, 62] and, importantly, the
results of [5], the main goal being a base of all possible cubic interaction vertices (amplitudes)
for massless fields of any spin. Here AdS/CFT is utilized as a convenient way to encode
CFT correlation functions. Indeed, there is a one-to-one correspondence between the CFT
6

and AdS kinematics. For example, any conformally-invariant CFT three-point function
hO1 O2 O3 i corresponds to a cubic vertex V3 in AdS such that the holographic correlation

function obtained from V3 is exactly hO1 O2 O3 i. Other way round, the CFT three-point

functions in momentum space admit a rather useful representation as triple K-integrals
[63] that can be recognized as evaluation of the holographic correlation function. Another
advantage of using the AdS language as to encode CFT correlation functions is that in the
process of bootstrapping a CFT, at the same time, we learn about its AdS-dual. Lastly, the
AdS-description of a CFT comes automatically equipped with the canonical Poisson bracket,
which is then employed to construct the nonlinear realization of the conformal algebra in
section 2. The conformal (anti-de Sitter) algebra commutation relations are chosen to be
[D, P a ] = −P a ,

[Lab , P c ] = P a η bc − P b η ac ,

(1.1a)

[D, K ] = +K ,

[L , K ] = K η − K η ,

(1.1b)

a

a

ab

[P a , K b ] = −Lab + η ab D ,

1.1

c

a bc

b ac

[Lab , Lcd ] = Lad η bc + three more .

(1.1c)

Free Action

On the CFT side we have conserved higher spin tensors Ja1 ...as . They are dual to massless
fields in AdS4 . In the covariant language, a massless spin-s field is usually described by a
Fronsdal field Φµ1 ...µs . The free equations of motion in AdSd with cosmological constant Λ
read:
1
✷Φµ1 ...µs − ∇µ1 ∇ν Φνµ2 ...µs + ∇µ1 ∇µ2 Φν νµ3 ..µs − Ms2 Φµ1 ...µs + 2Λgµ1 µ2 Φµ3 ...µsν ν = 0 , (1.2)
2
where symmetrization over the µ indices is implied. The mass-like term Ms2 = −Λ((d + s −

2)(s − 2) − s) is fixed by gauge invariance under

δΦµ1 ...µs = ∇µ1 ǫµ2 ...µs + permutations .

(1.3)

The Fronsdal field and the gauge parameter obey certain algebraic constraints:
ǫν νµ4 ...µs ≡ 0 .

Φνλ νλµ5 ...µs ≡ 0 ,
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(1.4)

Now, with the idea that gauge symmetry is just redundancy of description, we would like to
impose the light-cone gauge. It is convenient to choose the Poincare coordinates
i
1h
1
+
−
2
2
µ
ν
ds = 2 ηµν dx dx = 2 2dx dx + dx1 + dz .
z
z
2

(1.5)

Each massless spin-s > 0 field has two degrees of freedom both in flat and (anti)-de Sitter
spaces. Therefore, without having to impose the light-cone gauge directly in the covariant
formulation, it is clear that we will end up with two complex conjugate fields that are helicity
eigen-states:
(Φ+s )† = Φ−s .

Φ±s (x, z) ≡ Φ±s (x+ , x− , x1 , z),

(1.6)

It is convenient to Fourier-transform with respect to all coordinates but z:3
1
Φ(p; z) =
(2π)3/2

Z

dx− dx1 dx+ e−ipx Φ(x+ , x− , x1 ; z) .

(1.7)

The conjugation rules for the Fourier transformed fields are
Φλp,z ≡ Φλ (p; z),

(Φλp,z )† = Φ−λ
−p,z .

(1.8)

It is sometimes useful to assume that the bulk fields are matrix-valued, which corresponds
to ’gauging’ some Yang-Mills groups4 Φλp,z ≡ Φλ (p; z)I J and we will use the trace Tr[...] to

make singlets. One can show, see e.g. [61, 62], that the free action for all massless fields
looks like the one in flat space5
1X
S2 =
2 λ

Z

dx+ dx− dx1 dz Tr[Φ†λ (x; z)(2∂+ ∂− + ∂12 + ∂z2 )Φλ (x; z)] .

3

(1.9)

As to avoid clumsy notation we sometimes use β ≡ p+ , ρ ≡ p1 and γ ≡ p− , i.e. p = (p+ , p− , p1 ) ≡
(β, γ, ρ).
4
In the most general case the dual CFT can have certain global symmetries, e.g. U (M ). In the gravitational dual description these global symmetries need to be gauged.
5
Note that the helicity fields Φλ are related to certain components of the Fronsdal field Φµ1 ...µs rescaled
by a factor of z (d−1)/2 . It is worth stressing that the miracle is thanks to masslessness, AdS4 and light-cone
gauge. In particular, it is not true in AdSd+1 , d > 3. The real reason for the disappearance of the mass-like
term and for having just a flat space  in the action is that the massless higher spin fields are conformally
invariant in four dimensions. This is true for the on-shell states as representations of so(3, 2) that extend to
so(4, 2) [64, 65], but is not true for the gauge potentials Φµ1 ...µs except for s = 0, 1. Therefore, the action in
the light-cone gauge can easily be guessed to have ΦΦ-form thanks to conformal symmetry.
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The small difference with the flat space is that we integrate over z > 0. The momentum
space analog is
1X
S2 =
2 λ

Z

dz d3 p Tr[Φ†λ (p; z)(∂z2 − p2 )Φλ (p; z)] .

(1.10)

The interaction vertices, in particular the cubic ones, are specified by their kernels
Vn=

Z

dΓ3n Tr

"
Y

#

Φ†a V (pa ; ∂za ; z) δz ,

a

where the vertex depends on n fields Φ†a ≡ Φ†λa (pa ; za ) and
dΓ3n ≡ δ 3 (

X

pa )

Y

d3 pa dza dz ,

δz ≡

Y

δ(z − za ) .

The kernel V can depend on all three-momenta pa , radial coordinate z and derivatives ∂za
that, upon integration by parts, start acting on Φa ’s. The important feature of the light-cone
gauge is that the vertices do not depend on p− , i.e. they do not contain any explicit time
dependence on the light-cone time x+ .

1.2

Conformal Algebra: Quadratic Generators

So far we have free massless fields in AdS4 . One can construct the generators of the conformal, i.e. AdS-algebra. The canonical treatment of the free action (1.10) with x+ chosen to
be the time coordinate leads to the following classical (Dirac) Poisson bracket (p ≡ (p+ , p1 )):
[Φλ (p, z, x+ ), Φµ (p′ , z ′ , x+ )] = δ λ,−µ

δ 2 (p + p′ )δ(z − z ′ )
.
2β

(1.11)

This is an ingredient that we do not have a priori on the CFT side if we start off with the
subsector of higher spin currents without assuming any microscopical realization. The free
field realization of the so(3, 2) charges Qξ is obtained in a canonical way
Qξ =

Z

+
λ
β d2 p dz Tr[Φ−λ
−p Oξ (x , p, ∂p , z, ∂z )Φp ] ,
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(1.12)

where the kernels Oξ for the kinematical generators are
P̂ + = β ,

P̂ 1 = ρ ,

(1.13a)

Jˆ+1 = ix+ ρ + ∂ρ β ,

(1.13b)

Jˆ+− = ix+ P − + ∂β β ,

1
2ix+ ∂β + z 2 − ∂ρ2 β + ix+ D̂ ,
K̂ + =
2

1
∂z
K̂ 1 =
2ix+ ∂β + z 2 − ∂ρ2 ρ − ∂ρ D̂ + λz + ix+ λ ,
2
β

(1.13c)

D̂ = ix+ P̂ − − ∂β β − ∂ρ ρ + z∂z + 1 ,

(1.13d)
(1.13e)
(1.13f)

and for the dynamical are
∂2
ρρ
+ z ,
2β 2β
∂
∂z
∂ −
P −ρ
−λ ,
Jˆ−1 =
∂ρ
∂β
β
1
λ
λ2
−
+
2
2
−
K̂ = (2ix ∂β + z − ∂ρ )P − ∂β D̂ + (∂z ∂ρ − zρ) −
.
2
β
β
P̂ − = −

(1.14a)
(1.14b)
(1.14c)

It is worth noting here that the cosmological constant does not enter any of the free generators
and will not show up in the interacting parts of the generators. Therefore, we will find only
dimensionless parameters to enter the nonlinear realization, which has to be the case for a
CFT interpretation to make sense.

1.3

Conformal Algebra: Cubic Deformations

The main result of [5] is the classification of three-point interaction vertices in the lightcone gauge. The 10 generators of so(3, 2) can further be split into kinematical, which stay
quadratic in the fields and are not deformed by interactions, and dynamical, which contain
interactions via terms nonlinear in the fields. By choosing the Cauchy surface appropriately
one can minimize the number of dynamical generators. It turns out that there are three
dynamical generators in the light-cone gauge
H ≡ P− ,

J ≡ J 1− ,
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K ≡ K− ,

(1.15)

which is exactly like in flat space. The dynamical generators H, J , K are corrected by
interactions. A convenient basis to represent higher order correction is6
Fn =

Z

dΓn Tr

"

Y

#

Φ†a F (pa ; ∂za ; z) δz ,

a

where the generator depends on n fields Φ†a ≡ Φ† (pa , za , λa ) = Φ(−pa , za , −λa ) and
dΓn ≡ δ 2 (

X

pa )

Y

d2 pa dza dz ,

δz ≡

Another type of a structure that also appears is
X{F n } =

Y

δ(z − za ) .


hY i
1X
dΓn −
∂ρa Tr
Φ†a F ′ (pa ; ∂za ; z) δz .
n

Z

Interacting parts of the dynamical generators have the following form
H=

X

Hn ,

(1.16a)

(J n + X{H n }) ,

(1.16b)

1
(K n − X{J n } − X{X{H n }}) .
2

(1.16c)

n

J=

X
n

K=

X
n

Once the Hamiltonian is known, the corresponding action reads
S = S2 +

X

Vn,

Vn=

n>2

Z

dx+ H n .

(1.17)

At the first nontrivial, cubic, order the problem of constructing H reduces to analyzing
various relations of type [K, D3 ] = 0, [K, D3 ] = D3 and [D2 , D3 ] = D3 , where K are the
kinematical generators, D2 and D3 are the free and cubic parts of the dynamical ones. The
analysis is rather involved. A long chain of ingenious transformations and simplifications
employed in [5] leads to the following three structures that can contribute to the Hamiltonian
6

As always, one can study deformations at x+ = 0 and then evolve the generators with the help of H.
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density and the vertices were found to have the form

V λ1 ,λ2 ,λ3



z −1 ,
λi = 0 ,





(z PR )λ1 +λ2 +λ3

, Λ > 0,
UR VR0 , VR0 =
λ1 λ2 λ3
=
z
β
β
β
1
2
3




(z PL )−λ1 −λ2 −λ3

0
0

, Λ < 0.
 UL VL , VL =
z β1−λ1 β2−λ2 β3−λ3

(1.18)

where Λ = λ1 + λ2 + λ3 and the holomorphic momenta
1
PL = √ (P + Pz ) ,
2

1
PR = √ (P − Pz ) ,
2

(1.19)

are built out of7
P=

1X
β̆a p1a ,
3 a

Pz =

1X
β̆a ∂za .
3 a

(1.20a)

Eq. (1.18) is the complete base of all possible cubic deformations. In the actual theories
they should enter with certain coupling constants, so that the full cubic deformation is
P
V3 = λi C λ1 ,λ2 ,λ3 V λ1 ,λ2 ,λ3 . The first term in (1.18) is the cubic vertex of the scalar field
and C 0,0,0 is its coupling. The other two terms represent (anti)holomorphic vertices with
their coupling constants C λ1 ,λ2 ,λ3 . The helicities are constrained to be Λ > 0 for VR and

Λ < 0 for VL . Various combinations from + + + to − − − are in principle allowed. In fact

there is one-to-one relation between the light-cone vertices in AdS4 and in flat space [3, 53],
where the classification is identical to that in the spinor-helicity formalism [51]
VRλ1 ,λ2 ,λ3

flat limit

∼ [12]λ1 +λ2 −λ3 [23]λ2 +λ3 −λ1 [13]λ1 +λ3 −λ2 ,

(1.21)

and likewise for VR and hiji’s. Another important ingredient is the dressing map U:
UR,L = T exp

hZ

0

1

dτ uR,L
τ ],

1
τ ∆β 2
uR
Y NPR ,
τ = √ (N + M)YR −
18 R
2
1
τ ∆β 2
Y NPL ,
uLτ = √ (−N + M)YL −
18 L
2
7

(1.22a)
(1.22b)
(1.22c)

It can be convenient to define β̆i = βi+1 − βi−1 modulo 3, i.e. β̆i = {(β2 − β3 ), (β3 − β1 ), (β1 − β2 )}.

12

YR =

1
∂z ∂PR ,
Nz + 2

YL =

1
∂z ∂PL ,
Nz + 2

(1.22d)

and a bit of new notation again
N=

1X
β̆a βa ∂βa ,
3 a

and, for last, Nz = z∂z , etc., ∆β =

P

i

M=

1X
β̆a λa ,
3 a

(1.23a)

βi2 .

The most striking feature of the result (1.18) is that it looks exactly like the one in
flat space up to the U-map and z-factors. Therefore, there is a one-to-one correspondence
between vertices in flat space and AdS4 . These vertices deform the dynamical generators
of so(3, 2) algebra. From the conformal point of view, after the computation of the Witten
diagram, they describe all possible three-point functions that are consistent with conformal
symmetry. There is no yet any nontrivial input that would fix the coupling constants.
U is a dressing map whose job is to complete the leading part of the vertex, V 0 , with a
tail of lower derivative terms that makes it consistent. This is easy to understand in the usual
covariant language: naive uplift of any given vertex from flat space to AdS (by covariantizing
all the derivatives) ceases to be gauge invariant due to the appearance of commutators. A
nontrivial statement is that the gauge invariance can be restored by adding terms with less
and less derivatives.
Clearly, one novelty of the cubic deformations of the conformal algebra as compared to
those of the Poincare algebra is the U-map. On expanding the U-map one can see that the
vertex has the following general form (say, for UL ):
Λ−1

V

λ1 ,λ2 ,λ3

1 X (PL z)Λ−n
QΛ,n ,
= UL V =
z n=0 β1+λ1 β2+λ2 β3+λ3
0

Λ > 0.

(1.24)

There is a number of interesting properties: (i) it is polynomial in z and, for this reason,
there is no term of order P0 , the expansion stops exactly at P1 ; (ii) QΛ,n are polynomials
in β ′ s that depend on four combinations thereof: VI = {M, ∆β , β̆, M = βM};8 (iii) QΛ,n

has degree n in β’s, QΛ,0 = 1; (iv) coefficients of QΛ,n depend only on Λ and not on λ1,2,3

individually. The last property implies that all vertices with the same total helicity have
exactly the same form (up to the overall β’s).
8

More notation: β = β1 β2 β3 , β̆ = β̆1 β̆2 β̆3 , M =

P

λi /βi .
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2

Bootstrapping Three-Point Functions

We have all the prerequisites to bootstrap the three-point correlation functions in CFT’s
of Chern-Simons Matter type, i.e. in the three-dimensional CFT’s with infinite number of
(almost) conserved higher spin tensors. Since we decided to encode the building blocks of
three-point correlators in cubic vertices of the bulk dual fields, we will also learn something
about Higher Spin Gravities.
In order to determine the three-point functions we first discuss propagators and establish
the dictionary between the bulk helicity fields Φλ (p; z) and the boundary conserved tensors.
Next, we study the closure of the conformal algebra, which fixes the form of the cubic
deformation. Lastly, the three-point functions are easily computed thanks to the simplicity
of the propagators and vertices in the light-cone gauge.

2.1

Propagators and Boundary Conditions

In order to compute the holographic three-point functions we need the boundary-to-bulk
propagators for various kinds of boundary conditions, which we discuss below. The free
equations of motion in the light-cone gauge have a remarkably simple form for a massless
field of any spin s = |λ|:
Φλ (x; z) = (2∂+ ∂− + ∂12 + ∂z2 )Φλ (x; z) = 0 ,

z > 0.

(2.1)

Therefore, the propagators for spinning fields are as easy as those for the scalar field. The
position space bulk-to-boundary propagator for scalar field that is dual to a weight-∆ scalar
operator is [66]
Γ(∆)
K∆ (x − y, z) = d/2
π Γ(∆ − d/2)



z
(x − y)2 + z 2

∆

.

(2.2)

In the case of interest we have d = 3 and ∆ = 1, 2 and the Fourier transform is9
K∆=1 (p; z) = −
9

1 −z|p|
e
,
|p|

K∆=2 (p; z) = e−z|p| .

(2.3)

d3 x eipx K(x, z). Note that we removed the factor z from K(p; z) as suggested by the covariant vs.
light-cone dictionary, see section 1 and footnote 5.
R
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As is discussed in [67, 68], there is a simple relation between the two propagators (and
another one between the bulk-to-bulk propagators),
K∆=2 (p; z) = −|p|K∆=1 (p; z) ,

(2.4)

which establishes a link between the CFT duals of the same bulk theory with two different
boundary conditions, see also [69]. This is one more advantage of the momentum space approach: changing boundary conditions costs an overall factor only (for three-point functions)
that does not participate in bulk integration. It is convenient to define
C∆=1 = −|p|−1 ,

C∆=2 = 1 ,

(2.5)

while the boundary-to-bulk propagator is K∆ = C∆ K, K = e−z|p| .

2.2

Dictionary

On AdS4 side we have the bulk helicity fields Φ±s (p; z). The CFT counterpart of imposing
the light-cone gauge in AdS is to solve the conservation law ∂ m Jma2 ...as = 0 in terms of
two functions J±s (p), which may be called light-cone primary operators, that have definite
helicity. Therefore, on the CFT side we have operators J±s (p) that are helicity eigen-states.
The bulk-to-boundary propagators serve as intertwining operators that map one realization
into the other, see e.g. [5, 61, 62]. To establish the dictionary we should take the so(3, 2)algebra generators T AB in the AdS4 -realization, (1.13), drag them through the boundaryto-bulk propagator K as to read off the action on the boundary data Oλ (p). This action
should coincide with the action of so(3, 2)-generators T AB in the CFT base:

AB
AB
TAdS
(Φλ = KOλ (p)) = K TCFT
Oλ (p) .

(2.6)

This way, the conformal algebra generators on the boundary can be found to be
P a = pa ,

(2.7a)

J +1 = p+ ∂p1 − p1 ∂p+ ,

(2.7b)

J +− = p+ ∂p− − p− ∂p+ ,

(2.7c)

D = −(2 + p1 ∂p1 + p− ∂p+ + p+ ∂p− ) ,
1
K + = − p+ ∆p − D∂p+ ,
2
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(2.7d)
(2.7e)

1
|p|
λ
K 1 = − p1 ∆p − D∂p1 + λ + ∂p+ +
,
2
p
|p|
|p|
λ p1
λ2
1
−
,
K − = − p− ∆p − D∂p− − λ + ∂p1 −
2
p
|p| p+
β
|p|
J −1 = p− ∂p1 − p1 ∂p− + λ + ,
p

(2.7f)
(2.7g)
(2.7h)

where ∆p = 2∂p− ∂p+ + ∂p1 ∂p1 . Eq. (2.7) is the action on the sources A±s (p) for the boundary
operators J±s (p). It is the correlators of J±s that will be computed.

2.3

Nonlinear Realization, Higher Spin Gravities

Section 1.3 or [5] gives all possible cubic deformations of the conformal algebra so(3, 2).
We need to fix the one that makes the algebra close at the next order, i.e. quartic in the
fields/operators. Surprisingly, this can be done almost without any computation based on
the results that are already available, but in a different context. It follows from the structure
of the anti-de Sitter algebra so(3, 2) that the only relation that needs to be checked is
[J , H] = 0

⇐⇒

[J 3 + X{H 3 }, H 3 ] = 0 .

(2.8)

Indeed, [J , K] = 0 and [H, K] = 0 will follow automatically once (2.8) is true for H and J
that satisfy the kinematical relations, which is assumed. Based on the structure of H and
J , it is not hard to see that the leading terms (highest power in z) in the commutator should
give exactly the same equations for C λ1 ,λ2 ,λ3 as in flat space. We see that every Hermitian
vertex splits into holomorphic V , made out of PL and with Λ > 0, and anti-holomorphic
V̄ vertices, made out of PR and with Λ < 0. A remarkable property observed in [3, 56] is
that the closure of the Poincare algebra at the quartic order leads to terms of type V V ,
V̄ V̄ and V V̄ , of which the first two receive no contribution from the quartic generators. In
other words, there are two sets of equations for the cubic vertices/three-point correlators
that must be satisfied irrespective of any contributions from quartic generators. Likewise,
in the so(3, 2) case for the holomorphic vertices we find
i
X h (λ1 + ω − λ2 )β1 − (λ2 + ω − λ1 )β2
λ1 ,λ2 ,ω λ3 ,λ4 ,−ω λ1 +λ2 +ω−1 λ3 +λ4 −ω
C
C
P̄12
P̄34
= 0 , (2.9)
β1 + β2
ω, perm
where the sum is over all exchanged fields/operators with spin |ω|. Here, P ≡ PL and there
is a similar equation with PR . There is an additional sum over permutations. It is over the
16

four cyclic ones if we are interested in the case when the fields/operators are matrix-valued,
i.e. there are some global symmetries on the CFT side, e.g. U(M) or O(M). It is over the
six permutations if we consider the minimal case where only even spins are present.
This equation was thoroughly analyzed in the context of the light-front formulation of
higher spin theories, [3, 56, 57]. It was shown that it has a unique solution
C λ1 ,λ2 ,λ3 =

g
,
Γ[λ1 + λ2 + λ3 ]

(2.10)

where g is a dimensionless coupling constant.10 The same solution applies to the antiholomorphic vertices with PR after replacing λi → −λi .
It is important to discuss the assumptions that lead to (2.10). One assumes at least
one spin-s field/operator in the spectrum. Furthermore, the deformation of the algebra is
induced by adding (+s, +s, −s) self-interaction vertex. This vertex should lead to nontrivial

Ward identities on the CFT side, contrary to the (+s, +s, +s)-vertex that gives identically

conserved currents. This is the minimal assumption targeting Chern-Simons Matter Theories. Then, it can be seen that (2.9) forces to introduce fields/operators of all spins, including
the scalar and graviton/stress-tensor and the solution is (2.10).
Thanks to the holomorphic split described above, one can construct the Chiral Higher
Spin Gravities in flat space [3, 56, 57] by taking solution (2.10) for V and setting V̄ = 0
(or other way round). Then, the V V̄ -equations trivialize and we have a consistent theory.
Coming back to AdS4 , it was already stressed in [5, 57] that the Chiral Higher Spin Gravity
in flat space shares a (overwhelming) number of features with the hypothetical Higher Spin
Gravities in AdS4 and, therefore, should admit and AdS uplift. Indeed, we find the same
two solutions in AdS4 /CF T3 as well: (2.10) and (2.10) with λi → −λi . However, these two
solutions are non-unitary.

In the unitary solution, which should be some sort of V + V̄ , we ought to find one more
free parameter, which is puzzling in view of uniqueness of (2.10). This follows from the very
existence of Chern-Simons Matter Theories and from the analysis of the higher spin algebra
cohomology [39]. The full unitary solution can be obtained via electromagnetic duality
transformations. These transformations cannot be realized in terms of the Lorentz covariant
In the flat space (Poincare algebra) the coupling has to be g lPλ1l+λ2 +λ3 −1 instead of just g by dimensional
analysis, where lP l is the Planck length. In AdS the light-front generators do not depend on the cosmological
constant and the appropriate dimension of the vertices is thanks to the z-factors. Therefore, there is no need
in dimensionful constants for the conformal algebra case. This is a very convenient feature of the light-front
approach since there are no dimensionful quantities in CFT’s.
10
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bulk fields, but correspond to simple phase rotations in the light-cone gauge, Φ±s → e±iθ Φ±s .
Therefore, what looks like a change of variables in the light-cone gauge results in a completely

new action in the covariant formulation. Upon rescaling g appropriately, the full Hermitian
cubic action turns out to be
S = S2 +

 !
g e+2iθ V+++ + e+iθ V++0 + (V++− + V+00 ) + e−2iθ V+−− +
,

g e−2iθ V−−− + e−iθ V−−0 + (V−−+ + V−00 ) + e+2iθ V−−+

(2.11)

where S2 is the free part (1.10), g ∼ 1/Ñ . We have two phenomenological parameters Ñ and

θ. Here, V is the product of the base interaction vertex V λ1 ,λ2 ,λ3 and Γ(Λ)−1 or Γ(−Λ)−1 ,
depending on the sign of Λ ≡ λ1 + λ2 + λ3 . The pluses, minuses or zeros denote the type of

the (λ1 , λ2 , λ3 )-triplet in the obvious way. Upon setting θ = 0 and dropping either the first
or the second line in (2.11) we get the cubic action of the (anti)-chiral Higher Spin Theories.

Note that the Einstein-Hilbert cubic vertex is V +2,+2,−2 + V −2,−2,+2 and corresponds to
the phase-independent part of the action, as it should be. In the graviton subsector we find
a combination of the Einstein-Hilbert action, Weyl cubed term C 3 , which is parity even,
and the difference between the cubes of the (anti)-self dual components of the Weyl tensor.
Schematically, it reads
R + cos 2θ(C+3 + C−3 ) + sin 2θ(C+3 − C−3 ) ,

(2.12)

where C 3 = C+3 + C−3 . The parity-odd structure already has the right form [46], while both
R and C 3 give linear combinations of the free fermion and free boson structures, so that the
right form of the three point functions is recovered. In general, directly from the action, we
see that the holographic correlation functions have the form

hJs1 Js2 Js3 i = Ñ cos2 θhJs1 Js2 Js3 iF.B. + sin θ cos θhJs1 Js2 Js3 iOdd + sin2 θhJs1 Js2 Js3 iF.F ,
hJs1 Js2 J0 i = Ñ (cos θhJs1 Js2 J0 iF.B. + sin θhJs1 Js2 J0 iOdd ) ,

(2.13)

hJs1 J0 J0 i = Ñ hJs1 J0 J0 iF.B. = ÑhJs1 J0 J0 iF.F. ,
where we chose the ∆ = 1 boundary conditions and hence labels F.B., F.F.. The identification of the odd structure is unambiguous. For ∆ = 2 boundary conditions we need to swap
F.F. and F.B. labels. The F.F. and F.B. contributions can be identified from the free CFT
limits. For ∆ = 1 the odd structure in hJs1 Js2 J0 i corresponds to that in the Gross-Neveu

model. For ∆ = 2, it corresponds to the one in the critical vector model. There is a unique
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odd structure for hJs1 Js2 Js3 i.
To sum up, we have found three solutions for the cubic deformation of the conformal
algebra generators. These solutions necessarily contain fields/operators of all spins (at least
even). Two of these solutions correspond to the AdS4 -uplift of the Chiral Higher Spin
Gravities and are non-unitary, but are still interesting both as simple models and as building
blocks of the unitary theory. The third solution is unitary and contains one additional
parameter that controls parity-breaking, to be associated with the Chern-Simons level k.
Lastly, (2.11) is a complete cubic action of the AdS4 Higher Spin Gravity, which extends the
Type-A results of [44, 70] and Type-B of [32].
Let us note in passing that, based on the quantum finiteness of the chiral theories in flat
space [59], we can immediately argue that they should not suffer from UV divergences in
the interior of AdS4 as well. The properties of the chiral theories are very close to self-dual
Yang-Mills [71] and self-dual Gravity [72].11

2.4

Correlators and Bosonization

With all preparations having been made above, the computation of the three-point functions
is a one-line exercise — the momenta do not participate in integration and the z-integral
is the definition of the Γ-function. The only care is needed to properly take into account
the U-map. It is convenient to introduce sources Aλ (p) on the boundary. Then, there is an
overall factor of
λ1 λ2 λ3
δ 2 (p1 + p2 + p3 ) C∆
C∆2 C∆3 Tr[Aλ1 Aλ2 Aλ3 ]
1

(2.14)

that takes into account possible global symmetries, so that the sources Aλ can be matrixλ
valued. The difference between Dirichlet and Neumann boundary conditions is in C∆
, (2.5),

which we can make spin-dependent and mixed boundary conditions are also easy to take into
account. The latter would correspond to turning on double-trace deformations for various
λ
higher spin currents, [73]. In the simplest case we keep C∆
= C∆=1 or can change it to ∆ = 2
11

There is a close relation between chiral higher spin gravities in flat space and self-duality [58]. Therefore,
we can call them either Chiral or Self-Dual Higher Spin Gravities.
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for the scalar, λ = 0, only. The bulk integral is simply
Z

V
AdS4

λ1 ,λ2 ,λ3

=

Z

|Λ|−1

dz e

|Λ|−1

=

X
n=0

−z(p1 +p2 +p3 )

QΛn Γ(|Λ| − n)

X
n=0

1
√
3 2P

X
a

|Λ|−n

QΛn PL,R z |Λ|−n−1

β̆a (|pa | ± p1a )

!!|Λ|−n

where ± corresponds to PL and PR type of vertices and P =

P

Y
a

δ(za − z) =

(2.15)

≡ hJλ1 Jλ2 Jλ3 i ,

pi . Therefore, for +, i.e. PL ,

we have Λ > 0 and for −, i.e. PR , we have Λ < 0. Here, hJλ1 Jλ2 Jλ3 i just encodes all pos-

sible independent three-point correlation functions (modulo C∆ ). The nontrivial dynamical
information is hidden in C λ1 ,λ2 ,λ2 that stays in front of it in the full cubic vertex V.

Let us note, that the AdS4 classification of vertices is in one-to-one with that of in 4d
flat space [5]. The latter is in one-to-one with the spinor-helicity three-point amplitudes,
[51, 52]. Lastly, each AdS4 vertex leads to a possible contribution to the three-point CF T3
correlation function. Therefore, CF T3 correlation functions are in one-to-one with the threepoint amplitudes in 4d flat space, see also [54] for an earlier and [55] for the latest discussion.
Also note that for every triplet of spins si = |λi | there can be up to eight independent

three-point structures hJλ1 Jλ2 Jλ3 i corresponding to various choices from + + + to − − −,

whenever possible. On the other hand [7, 29, 46], the three-point correlation functions
of conserved tensors admit three independent structures, two parity-even coming from free
boson and free fermion CFT’s and an odd one. The resolution of the puzzle is in the unitarity
and manifest Lorentz invariance.
In particular, the chiral Higher Spin Gravities correspond to the structures only with
λ1 + λ2 + λ3 ≡ Λ > 0 or only with Λ < 0, while Hermiticity requires both the sectors. It
would be interesting to understand the microscopical realization of the chiral solutions. The

flat space studies [3, 56–59] show that the chiral theories are quite special in that they are
not obstructed by the usual non-locality problems of higher spin theories. Given the results
of [40–42], it well may be that the chiral theories are the only higher spin theories that can
be given a bulk definition that is independent of their CFT dual. Still, the spectrum of the
chiral theories is the usual one — massless fields of all spins. It is the interactions that violate
unitarity in a way that is similar to self-dual Yang-Mills and self-dual Gravity. Therefore,
the CFT dual should be of Chern-Simons Matter type, but with some non-unitary limits
taken. The fact that we have two chiral limits is very reminiscent of the fishnet theories
[13, 14].
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Summarizing our findings, the final result for the three-point functions for 3d CFT’s with
higher spin currents can be written in the form of an effective action as
W3 [A] =

X

λ1 λ2 λ3 λ1 ,λ2 ,λ3
C∆
C∆2 C∆3 C
1

λa

Z Y
i

d3 pi δ 3 (p1 + p2 + p3 )Tr[Aλ1 Aλ2 Aλ3 ]hJλ1 Jλ2 Jλ3 i ,

where the structure constants C λ1 ,λ2 ,λ3 correspond to one of the three solutions found in
section 2.3: chiral, anti-chiral and the unitary one. The latter gives all three-point functions of single-trace operators in Chern-Simons Matter theories without having to use any
microscopical realization of these theories. In particular, we do not have to make any assumption on whether the fundamental constituents are bosons or fermions. This manifests
the bosonization duality to this order. It would be interesting to extend the analysis of the
nonlinear realization to higher orders, of course.
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