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Introduction

Higher-spin theories in three space-time dimensions have generated a lot of interests in

recent years.

The obstructions to minimal gravitational interaction of massless higher-

spin fields [1-7] disappear in three dimensions where the Weyl tensor vanishes. In 3D flat



space one can write down, among other things, a consistent theory of a spin-5/2 gauge
field minimally coupled to gravity—the well-known hypergravity theory of Aragone and
Deser [8]. In itself a higher-spin generalization of 3D supergravity, this theory is dictated
by an extension of the Poincaré group—the hyper-Poincaré group—that includes spin-3/2
fermionic generators. This however does not contradict the Haag-Lopuszanski-Sohnius
theorem [9] that applies only to D > 4. Indeed, one can reformulate hypergravity in a
way that incorporates the hyper-Poincaré group as local gauge symmetry [10]. To be more
specific, hypergravity can be described by the Chern-Simons action of a hyper-Poincaré-
valued gauge field. These constructions can be generalized to an arbitrary-spin massless
fermion with an arbitrary number of flavors, minimally coupled to General Relativity.

In this article we investigate the uniqueness of (generalized) hypergravity as a consis-
tent interacting gauge theory of a higher-spin fermion and gravity. For this purpose we
use the BRST-cohomological techniques based on antifield formalism [11, 12] under the
assumptions of locality, parity and Poincaré invariance. The same techniques have been
employed in proving under certain reasonable assumptions the uniqueness of a number of
physical theories: Yang-Mills theory [13], General Relativity [14] and supergravity theories
in D=4 [15, 16]. Along this line, we start in three space-time dimensions with the free
system of a massless arbitrary-spin Majorana fermion and a spin-2 gauge field. Nontrivial
cubic and higher-order deformations compatible with the gauge symmetries of this system
can then be derived systematically. The question we seek to answer is whether the set of
consistent deformations of the free theory leads uniquely to generalized hypergravity. Our
approach assumes neither general covariance nor local hypersymmetry to begin with; they
instead would follow automatically as a possibility, if not the unique one.

The organization of the article is as follows. The remaining of this section presents our
main results and conventions. Section 2 is a brief exposition of generalized hypergravity.
Section 3 introduces the much-needed machinery of the BRST deformation scheme for ir-
reducible gauge theories [11, 12]. Sections 4 and 5 constitute the bulk of this paper; they
use the metric-like formulation of higher spins to investigate respectively the uniqueness of
Aragone-Deser hypergravity with a spin-5/2 Majorana fermion and that of its generaliza-
tions to an arbitrary-spin fermion with flavors. The consequences of a cosmological term
are studied in section 6, which sheds light on the nature of (generalized) hypergravity in
(Anti-)de Sitter space. Some remarks appear in section 7. Three appendices are added in
order to provide the reader with some useful details.

Results

e Assuming locality, parity and Poincaré invariance, consistent interactions of a spin-2
and a spin-5/2 Majorana gauge fields lead uniquely to Aragone-Deser hypergravity.

e The uniqueness continues to hold for arbitrary fermion spin s = n + 3/2. As a
byproduct, the uniqueness of three-dimensional supergravity is proven for n = 0.

e Generalized hypergravity is consistent for an arbitrary number of fermion flavors.



e Local hypersymmetry and its higher-spin counterparts follow automatically as the
unique consistent deformations of the gauge transformations.

e Another byproduct is the explicit demonstration that the cohomological obstruction
to minimal gravitational coupling of higher-spin fermions disappears in D = 3.

e There is no consistent local gauge theory of a higher-spin Majorana fermion and grav-
ity in the presence of a cosmological term. Non-locality and/or additional (higher-
spin) fields are required in (Anti-)de Sitter space.

Conventions & notations. We adopt the conventions of ref. [17], and work exclusively
in D = 3 with metric signature (— + +). Fiber indices and world indices are denoted
with lower case Roman letters and Greek letters respectively. The y-matrices satisfy the
Clifford algebra: {y?,~4°} = 4+27%, and v*t = %42, Totally antisymmetric product of

a1ar = ylai~a2 6] have a unit weight, where [aq - - - a,] denotes a totally

antisymmetric expression in the indices ai,...,a, with a normalization factor % The

y-matrices,

totally symmetric expression (ap - --a,) carries the same normalization. The Levi-Civita
symbol is normalized as eg12 = +1.

We exclusively deal with Majorana spinors. A Majorana spinor y obeys: x¢ = fx,
where the “phase” 5 is +1 (—1) for a real (imaginary) spinor. Majorana spinors x;, i = 1,2,
with “phase” f3; and Grassmann parity e;, follow the bilinear identity:

T = ()9 (B1) b X,

where a “bar” denotes Majorana conjugation, and ¢, = +1(—1) for r = 0,3 (1, 2).
A “slash” denotes a contraction with y-matrix, e.g., A = y*A,, whereas a “prime”

denotes a trace w.r.t. Minkowski metric, e.g., b’ = n*"h,,,, = h",. Finally, the symbol “=
stands for equality of expressions up to a total derivative.

2 Generalized hypergravity

This section gives a brief account of generalized hypergravity. First, the frame-like version
of the theory is presented. Then the metric-like version of the theory is obtained by solving
for the spin-connection equations of motion and plugging them back into the action.

2.1 Frame-like version

Generalized hypergravity is the theory of a massless Majorana fermion 1, ", of spin
s = n + 3/2, minimally coupled of General Relativity. The fermion field is a dreibein-like
gauge fermion—completely symmetric and 7-traceless in the frame-like indices [8, 18-20].
Here we adopt the notation of [21] to use the short-hand symbol { ua(”) for it.

We consider a straightforward generalization of the theory presented in [10] by includ-
ing a flavor index I to the fermion, where I = 1,2,..., N. The Chern-Simons generalized
hypergravity action can be written, up to a boundary term, as:

2 a T, a(n), I
S = =5 | (2€aR” = Pogu), 1 DY) (21)



where e = e}, dz"" is the dreibein 1-form, and R* the dualized curvature 2-form:
a a a 1 abc
R* = Dw® = dw" + 5 Whwe, (2.2)

with w® = %6abcwubc dz* the dualized spin connection 1-form, while P! =) ua(")’l dxt

is the 1-form corresponding to the fermion, with its covariant-derivative 2-form given by:
Dll)a(n)’I _ dlba(n),[ + <n+ 1> Wb’)/bll)a(n)’l - nwb,ya.q)a(nfl)b,l (23)
2 )

where repeated indices with the same name are symmetrized with the minimum number
of terms and carry unit normalization.

The action (2.1) is invariant under the following gauge transformations that involve
three 0-form gauge parameters A%, ¢ and e*(™-1 [10]:

1
de® = DN — e e, + (n + 2) €o(ny, 17 VI,
dw® = Do*, (2.4)

1
s I = peat) I _ (n + 2> oy P T pgyytpa(n b

where the parameter e®(™):/

is completely symmetric and v-traceless in the frame indices.

Modulo difference in conventions and the flavor index, the action (2.1) is formally the
same as that of Aragone and Deser [8]. The two, however, differ in local structure. The
local hypersymmetry transformations given in [8] have: A* = ¢® = 0 and €1 = 0; but
they agree with those of [10] only on shell.

If we forgo the language of differential forms, the action (2.1) takes the form:
3 2 ab WU L~ nvp a(n), I
Sg= [ d’ze = R,,"(w)eley — 3 Yuam), 1 Y Dty , (2.5)

where e = det e}, and y*"* = yabceffelfeg = —e lerP while @ZJH“(”)J =251 lbua(”)J is the

(rescaled) fermion field. The generalized hypersymmetry transformations now read:

1 1
56;); = Z <n + 2> H2 gb(n),I’Yawub(n)’Iv 5¢ua(n)’1 _ D#Ea(n)’l, (26)

where the rescaled transformation parameter is given by: €,(,) 1 = 2k 1 €a(n), I -

2.2 Metric-like version

In this section, we reformulate the frame-like theory of section 2.1 in the metric-like lan-
guage. With this end in view, we switch to the so-called second-order formulation. In
the first-order formulation the equations of motion (EoM) for the spin connection wuab
can be solved to obtain a connection with torsion. This result can then be substituted in

the action (2.5) to derive the physically equivalent second-order form of the theory with



torsion-free connection and explicit 4-fermion contact terms, exactly as in supergravity [17].
The second-order action for generalized hypergravity looks:

2 1 -
Sy = /dgx\/—g [/@'2 R(g) — B ¢,4a(n)71y””vawp“(">7f + 4-fermion terms, (2.7)

where we have used D[H@ZJV]“(”)’I = V[lﬂby]a(”)’I for torsion-free connection, and vy, = yq€j,.

The generalized hypersymmetry transformations are encoded in eqs. (2.6). In particular,

a

note that the transformation rule of the metric tensor, g,, = €f e,q, is given by:

i
S5q. — 1 +1 2¢ ¥ a(n), I (2.8)
G =5\ T 5 | B Ca(n), 1Y (u¥v) : :
Now we will expand the second-order theory around Minkowski background:
1
G = Ty + Khyw, el =én+ inhua +O(h?), (2.9)
where € is the flat-space dreibein: €€, = 1. The fiber indices of the fluctuations, hq
and wua(")’l , are converted into world indices with the help of the flat-space dreibein e,
and its inverse €4'. The metric-like fluctuations include the graviton:

h’lW = h(#aéy)a, (2.10)

which is a rank-2 symmetric tensor, and the higher-spin Majorana gauge fermion:
wua(n)J = w“al“'an71 eot i (2.11)

which is symmetric and ~v-traceless in the a-indices. Explicitly, the latter condition reads:

50‘(”_1)’ I — 0

’}/ﬁ’(ﬁﬂ s ’Y@ = ’yaég. (212)

Note that the covariant 1-curl of the fermion appearing in the action (2.7) is given by:

— 1 C aln
Vi = 0,10, + nwp, 2T 4 1 e wi, P, (2.13)

where wuab = wuab(e) is the torsion-free spin connection, whose expansion yields:

1
Whab = =55 (Dalib = Oohya) + O(h?). (2.14)
The following expressions, with the notation Ji,, = v*hyq = 7"hyu, are also necessary:
1 1
V=g = 14 gul + O,y =F 4 Skl + O(2), (2.15)
1
YRR = P 3" (lfi[“'y”'yp] + 7[# %va] + ,y[u,yv W]) + O(h2). (2.16)

Upon using the expressions (2.9)—(2.16) in the second-order action (2.7), one finds that
the desired metric-like theory takes the following form:

SH = /d3$ [»Cfree + ['cubic + Ehigher—order] . (2-17)



The free part of the Lagrangian Lgee reads:
1 1-
Lfree = §huygw/ _ 5wua(n)’1731104(11),1, (2.18)

where G and RHYM) 1 are “the left hand sides” of the free EoMs:

G = Oy — 20,0y, + 001 — 1y, (TN — 3P0 h,pg)

Rue(n), I — ,y;wpay¢pa(n),]' (2.19)

The cubic Lagrangian L.ypie consists of two different kind of vertices: hhh-type gravita-
tional self coupling and hy-type cross coupling:

Leubic = Luhh + Ly - (2.20)

The graviton cubic self coupling is well known; it is given by (see, for example, [14]):
Lyhh = k(WPRY?0,0,hpe — WM hP70,0,hpe + " 0phue0”hy — %h“”@uhpa&,h””
—h" 9P Ry, 0,0 — %h“phzauayh’ - %h’@“h”pf)uhyp + " 0P hy,, 0,k
—h"0,h 0 by, + %h‘“’h'auayh' + %h'ﬁuh“payhz + %h’(‘)“h’@uh’). (2.21)

The cubic cross couplings, on the other hand, derive from the fermion-bilinear term in (2.7).
As we see in appendix A, the 1-curl of the fermion, J},1,jq(n), 1, itself is proportional to the
free EoMs. Then the couplings arising from the first term in the covariant 1-curl (2.13) are
trivial in that they can be field redefined away. The nontrivial cubic couplings therefore
come only from the spin-connection terms in the covariant 1-curl (2.13). They amount to:

1 - 1 _
Ly = 1" Yuam), 1 7" <m70)‘|a5 + 470A770‘5> Pt LISYIPE: (2.22)

where by, = Oohrp — Orhop is the graviton 1-curl, and noNes = % (77(’0‘77’\5 — 77‘7577’\0‘).
On account of the identity (C.1) the tensor structure inside the parentheses in eq. (2.22)
can then be simplified, thanks to the v-trace condition (2.12). The final result is:

1 1 -
Ehd”l’ = 7§ (n + 2) /flr[},u,a(n),l ,y/u/p,yo)\ wya(n),[ bg')\” p- (223)

The higher-order couplings Lhigher-order i the action (2.17) do not stop at any finite
order, but they are unique and can also be worked out in principle. This article, however,
does not require any explicit knowledge of these terms. It is important to note that given
the cubic couplings, there exists at least one fully nonlinear consistent theory, namely the
generalized hypergravity that we are considering in this section.

Finally, starting from eq. (2.6) we would like to write down the generalized hypersym-
metry transformations of the metric-like fluctuations defined in egs. (2.9) and (2.11). It is
follows that the graviton transforms as:

1

1
O = 5 (” i 2> b agn), 1 Y(utbn ™ + O(K7), (224)



while the fermion transformation rule is:

1 1 _
6¢“a(n),[ _ auﬁa(n)’l - ZRhPUH/L |:<n_|_ 2) ,ypaea(n)yl _ nfyﬁpa,yaea(n 1,1 + O(/{Q).

(2.25)

This ends our brief exposition of generalized hypergravity. In the above discussion,

when the flavor index I is removed, the theory reduces to N/ = 1 supergravity and the
spin-5/2 Aragone-Deser hypergravity [8] respectively for the cases of n =0 and n = 1.

3 BRST deformation scheme

In this section we explain the BRST deformation scheme—our main analytical tool to study
the uniqueness of hypergravity. What follows is an almost verbatim repetition of the same
discussions appearing in [22, 23]. As pointed out in [11, 12], it is possible reformulate
the classical problem of introducing consistent interactions in a gauge theory in terms of
the BRST differential and the BRST cohomology. The advantage of this cohomological
approach is that it systematizes the search for all possible consistent interactions. It also
relates the obstructions to deforming a gauge-invariant action to precise cohomological
classes of the BRST differential.

Fields and antifields. Let there be an irreducible gauge theory of a set of fields {¢'},
with m gauge symmetries: J.¢' = R % a = 1,2,...,m. Then one introduces a ghost field
C® corresponding to each gauge parameter €%; they have the same algebraic symmetries
but opposite Grassmann parity (¢). The original fields and ghosts are collectively called
fields, denoted by ®4. One further introduces, for each field and ghost, an antifield &7 that
has the same algebraic symmetries (in the multi-index A) but opposite Grassmann parity.

Gradings. Two gradings are introduced in the algebra generated by the fields and an-
tifields: the pure ghost number (pgh) and the antighost number (agh). The former is
non-zero only for the ghost fields. For irreducible gauge theories, in particular, one has:
pgh(C*) = 1, while pgh(¢') = 0 for any original field. On the other hand, the antighost
number is non-zero only for the antifields ®%, i.e., agh(®%) = pgh(®4) 4+ 1, agh(®4) =
0 = pgh(®%). Another grading is the ghost number (gh), defined as gh = pgh — agh.

Antibracket. On the space of fields and antifields, one then defines an odd symplectic
structure:

SBX sty sRXx oLy
§DA §B% 0% DA
This is called the antibracket that satisfies the graded Jacobi identity. It follows that
(<I>A, @E) = 5]‘;‘,, which is real. But a field and its antifield have opposite Grassmann parity.

(X,Y) = (3.1)

Therefore, if ®4 is purely real (imaginary), % will be purely imaginary (real).

Master action. Let S [#'] be the gauge-invariant action in terms of the original fields.
One extends it to the master action, S[®4, ®7%], that includes terms involving ghosts and
antifields:

S[@4, @3] = SO + ¢rRICY + ... . (3.2)



By virtue of the Noether identities and the higher-order gauge-structure equations, it sat-
isfies the classical master equation:

(Sv S) =0. (3.3)

The master action S incorporates compactly all the consistency conditions pertaining to
the gauge transformations through the master equation (3.3).

BRST differential. The master action is also the generator of the BRST differential s,
defined as:
sX = (5, X). (3.4)

It follows, as a simple consequence of the master equation, that S is BRST-closed. From
the properties of the antibracket, it is easy to show that s is nilpotent,

52 = 0. (3.5)

The master action S, therefore, belongs to the cohomology of s in the space of local
functionals of the fields, antifields, and their finite number of derivatives.

Deformed master action. The existence of the master action S as a solution of the
master equation is completely equivalent to the gauge invariance of the original action
S(0) [#]. Therefore, it is possible to reformulate the problem of introducing consistent
interactions in a gauge theory as that of deforming the solution S of the master equation.
Let S be the solution of the deformed master equation: (5,5) = 0. This must be a
deformation of the solution Sy of the master equation of the free gauge theory:

S = S0+ gS1 + g*S2 + O(g*), (3.6)
in some deformation parameter g. The master equation for S splits, up to O(g?), into
(S0, 50) = 0, (3.7)
(50751) = 07 (38)
(S1,51) = —2(Sp, S2). (3.9)

Eq. (3.7) simply reflects the gauge invariance of the free theory; it also means that Sp is
the generator of the BRST differential s of the free theory. Then, eq. (3.8) translates to

sS1 =0, (3.10)
i.e., the first-order deformation of the master action, S7, is BRST-closed.

First-order deformations. Let the first-order local deformations be given by S1 = [ a,
where a is a top-form of ghost number 0. Then eq. (3.10) gives rise to the cocycle condition:

sa = 0. (3.11)

Nontrivial deformations therefore belong to H°(s|d)—the cohomology of the free BRST
differential s, modulo d-exact terms, at ghost number 0. One can write [14, 24-28]:

a=ag+ ai + as, agh(a;) =i = pgh(a;), (3.12)

i.e., the antighost-number expansion of the local form a stops at agh = 2. The result is
actually more general, and holds for higher-order deformations as well [14, 25-28].



Consistency cascade. In terms of the aforementioned gradings, the free BRST differ-
ential s splits into the Koszul-Tate differential, A, and the longitudinal derivative along
the gauge orbits, I', as

s=A+T. (3.13)

The operator A implements the equations of motion by acting only on the antifields. It
decreases the antighost number by unity, but keeps the pure ghost number unchanged. On
the other hand, I' produces the gauge transformations by acting only on the original fields.
It increases the pure ghost number by unity without changing the antighost number. Thus,
gh(A) = gh(T') = gh(s) = 1. Note that A and I" are nilpotent and anticommuting,

I?=A%*=0, TA+AI'=0. (3.14)

Given the expansion (3.12) and the splitting (3.13), the cocycle condition (3.11) gives
rise to the following cascade of relations consistent first-order deformations must obey:

T'as = 0, (3.15)
Aas +Ta; =0, (3.16)
Aaq +Tag = 0. (3.17)

The set of conditions (3.15)—(3.17) is dubbed the consistency cascade. Note that one can
always choose ay to be I'-closed, instead of I'-closed modulo d [25-28].

More on first-order deformations. The various terms in the expansion (3.12) of the
first-order deformations have the following significance. The term ag gives the deformation
of the Lagrangian, while a; and ay capture the deformations of the gauge transformations
and the gauge algebra respectively [11, 12]. Indeed, a nontrivial ag implies the deformation
of the gauge algebra into a non-Abelian one. Note that as will be trivial iff it can be removed
by adding s-exact modulo d-exact terms: sm-+dn. Expanding m and n in antighost number
and considering the fact that m and n also stop at agh = 2, one concludes that as is trivial
iff as = I'mo + dns. Thus, the cohomology of I' modulo d plays an important role. The
gauge algebra will be deformed if and only if as is a nontrivial element of the cohomology
of I' modulo d.

On the other hand, if as is trivial, the algebra remains Abelian up to first-order defor-
mations. In this case, one can always choose ag = 0, and T'a; = 0 [25-28]. A non-trivial
a1 then implies that the gauge transformations are deformed while the algebra remains
Abelian. Again, a; is trivial if it is A-exact modulo d, a1 = Amso + dn;. In this case,
a1 can be removed, so that one can choose ag to be I'-closed modulo d: the action is
deformed but the gauge transformations remain undeformed. Lagrangian deformations ag
are (non)trivial iff they are (non)trivial elements in the cohomology H?(A|d). Therefore,
two vertices are equivalent iff they differ only by A-exact modulo d terms.

Second-order deformations. The second-order consistency condition (3.9) requires
that (S1,51) be s-exact,?
(Sl, Sl) = —QSSQ. (3.18)

1(Sy,81) is BRST-closed automatically; it follows from the graded Jacobi identity for the antibracket.




Let us consider the following expansions in antighost number:

52 = /(bo + b1 + b2), (Sl, 51) = —2/(00 +c1+ 02), (3.19)

where the b;’s incorporate the second-order deformations, and the ¢;’s are given by:

f= 4 (o )
oo (fofo) A (fofo).
for=~(fofo)

In view of egs. (3.18)—(3.19) and the splitting (3.13), we obtain the following set of
relations that consistent second-order deformations must fulfill:

Co = Fbg, (323)
c1 = Aby +1T'bq, (3.24)
co = Aby + I'by. (3.25)

These conditions determine whether or not, in a local theory, a consistent first-order defor-
mations get obstructed at the second order. Such higher-order obstructions are controlled
by the local BRST cohomology group H'(s|d) [25-28].

4 Uniqueness of spin-5/2 hypergravity

In this section we take recourse to the metric-like formulation of higher spins, and con-
sider consistent interactions of a spin-2 and a Majorana spin-5/2 gauge fields in flat space.
We employ the BRST deformation scheme outlined in the previous section under the as-
sumptions of locality, parity and Poincaré invariance. Nontrivial interaction terms of the
gauge fields are restricted by the requirement that gauge symmetries be preserved mod-
ulo possible deformations. We would however postpone until section 6 the consideration
of a (linearized) cosmological term that appears naturally as a tadpole in the first-order
Lagrangian deformation [14].

4.1 The free theory

Our starting point is the free theory, which is a special case of egs. (2.18)—(2.19) with n = 1
and the omission of the flavor index:

1 1-
Liree = §h/uxg'wj - §¢ua R,ua’ (41)

where GM is the linearized Einstein tensor defined in eq. (2.19), and R** = P01 ,“.
Here, the spin-2 gauge field hy, is a symmetric rank-2 tensor, whereas the spin-5/2 Majo-
rana gauge fermion v, has no symmetry in its tensor indices p and «, but is vy-traceless
w.r.t. the second index:

Y Yua = 0. (4.2)

,10,



The Lagrangian (4.1) enjoys the following Abelian gauge symmetries:
5/\h/u/ = 28@)\1/)7 5e¢ua = 8u€ou (4'3)

where )\, is a vector parameter, and €, is a -traceless Majorana vector-spinor: ¢ = 0.

Because 1), is not symmetric in the tensor indices, it is clearly not a Fronsdal tensor-
spinor. It is actually a “dreibein-like fermion” with covariant indices. However, the two
are connected by the simple relation [20]:

1
Y = Yy + 29 W) = 57 ¥, (44)

where ¥, = ¥, is a Fronsdal field. It is easy to see that the relation (4.4)—compatible
with the constraint (4.2)—maps the fermionic part of the Lagrangian (4.1) into the well-
known spin-5/2 Fang-Fronsdal Lagrangian (see [20, 21| for recent reviews):

Lrp = —S TPV —F, 9P+ VDV 4§, 00— TOY. (45)

The two descriptions are in fact completely equivalent [20]. It is well known that the
Fang-Fronsdal spin-5/2 system (4.5), with its own gauge invariance, has zero degrees of
freedom in D = 3 (see, for example, [21]). To see that this count remains the same for our
“dreibein-like field” [20], let us first choose the covariant gauge:

g&l) = ’Y”%a - 07 (4.6)

by making use of the freedom of the gauge parameter €,. Then, by virtue of identities (C.2)—
(C.4), the Euler-Lagrange equations of motion: R** = 0, and its vy-trace: v, RM* = 0, yield
the Dirac equation plus the divergence constraint:

DYpa =0, M) = 0. (4.7)

The gauge fixing (4.6), however, is not complete. The residual gauge freedom can be
exhausted by further choosing:

G = 4hg, = 0. (4.8)

The count of local physical degrees of freedom is now immediate. The system of equa-
tions (4.7) describes (3 — 1) x 2 = 4 dynamical variables. However, each of the gauge
choices (4.6) and (4.8) removes 2 degrees of freedom. Therefore, the total number of phys-
ical degrees of freedom is (4 — 2 —2) = 0, as it should be.

Having at hand the gauge-invariant action of the original fields,

1 1-
SO [h el = / d*z <2hwg’” = 5¥ua R“‘“) : (4.9)

we will now construct the free master action. With this end in view, we introduce the

Grassmann-odd bosonic ghost C), for the Grassmann-even bosonic gauge parameter A,.
Likewise, corresponding to the Grassmann-odd real Majorana-spinor gauge parameter €.,
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z  T(2) A(Z)  pgh(Z) agh(Z) gh(Z) €(Z) pB(Z)
haw  200,Cy) 0 0 0 0 0 -
Cy 0 0 1 0 1 -
h*Hv 0 GH 0 1 —1 1 -
C* 0 —20, h*H 0 2 —2 0 -
Yua  Ouéa 0 0 0 0 1 +1
£y 0 0 1 0 0 +1

e 0 —Rpe 0 1 10 -1
£ 0 Dy bre 0 2 -2 1 -1

Table 1. Properties of the Fields & Antifields (s = 5/2).

we have the Grassmann-even Majorana-spinor ghost &, which is of course 7-traceless.
Thereby, the set of fields is augmented to

(I)A = {h,uwcmw,uaafa}- (4'10)

For each of these fields, we introduce an antifield with the same algebraic symmetries in
its indices, but opposite Grassmann parity and opposite phase in the Majorana condition
for spinors (we choose 3 =1 for fields, and 5 = —1 for antifields). The set of antifields is

Bty = (B, O 0, (4.11)

In table 1, we enumerate the various fields and antifields along with the actions of
I' and A on them, spell out their gradings, Grassmann parity €, and the phase 5 in the
Majorana condition (for spinors).

The free master action Sy is an extension of the original gauge-invariant action (4.9)
by terms involving ghosts and antifields. Explicitly,

1 1- -
So = / d3x<2hwg“” = 5V RM + 20770, C), — w*wauga) (4.12)
Notice that the antifields source the gauge variations, with gauge parameters replaced by
corresponding ghosts. It is easy to see that Sy satisfies the master equation: (Sp, Sp) = 0.

4.2 First-order deformations

We are now ready to study the deformations of the master action that are first order in
the infinitesimal parameter g. Apart from locality and Poincaré invariance, we will assume
that the deformed theory preserves parity, which is a symmetry of the free theory (4.12).
First, we will consider deformations that correspond to non-Abelian vertices in the theory.
Then we will study Abelian vertices, and show that in D = 3 such vertices cease to exist.
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4.2.1 Non-Abelian vertices

Non-Abelian vertices deform the gauge algebra, and correspond to deformations of the
master action with as being a nontrivial element in H (I'|d). Note that as is a Grassmann-
even, Hermitian and parity-invariant (by assumption) Lorentz scalar with a vanishing ghost
number: gh(ag) = 0. By invoking the same logic as that appearing in ref. [14], it is easy to
see that an as will consist of a single antighost and two ghost fields. Non-Abelian first-order
deformations will therefore give rise to cubic vertices in the theory.

Two ao’s are equivalent if and only is they differ by I'-exact terms modulo d. Then,
without loss of generality, we can choose the antighost appearing in as to be undifferenti-
ated. We see from appendix B that any derivative acting on the bosonic ghost field C), can
be realized as a 1-curl €, up to irrelevant I'-exact terms. On the other hand, derivatives
of the fermionic ghost &, are always trivial in the cohomology of I'. The possible types of
non-Abelian vertices are twofold: graviton self coupling and cross coupling.

Graviton self coupling. Because any derivative of the ghost-curl €, is I'-exact, non-
trivial ag’s for graviton self coupling may contain only up to 2 derivatives. Parity and
Poincaré invariance, however, leave us with the unique possibility [14]:

az = \CLC,MC, (4.13)

where A is a coupling constant. Upon using the second equation (3.16) of the consistency
cascade, after a straightforward calculation one arrives at [14]:

a1 = AR5, Cp (PR — OMRYP — OV RMP) + G, (4.14)

where the ambiguity term a; is a nontrivial element in H(I') with agh(a;) = 1 and
gh(ay) = 0. As shown in appendix B, one must have a; = A-exact. Given the cocycle
condition (3.17), such an @; has no bearing whatsoever in the vertex ag, and therefore can
be set to zero without any loss of generality. This is in contrast with the case of D > 3 [14],
where there exist nontrivial ambiguity terms that may give rise to higher-derivative cubic
couplings unless restriction on the number of derivatives is assumed.

Then, from the third equation (3.17) of the consistency cascade one arrives at [14]:

ag = A (/{_lﬁhhh) , (4.15)

where Ly, has been given in eq. (2.21). Therefore, up to an overall coupling constant, the
graviton cubic self coupling is the same that appears in General Relativity. Moreover, this
is the off-shell form of the only parity-preserving vertex that one would expect in D = 3
from the classification of cubic vertices of bosonic gauge fields [29, 31].

Cross coupling. Nontrivial as’s for cross coupling, on the other hand, cannot contain
more than 1 derivative. The most general gauge-algebra deformation reads:

az = BO ga,yugzcu + /81 ga,yugacz + /82 garyuyf*a@/w‘ (4'16)

At this point, it is important to take note of the y-matrix identities (C.1) and (C.2). In
D = 3, in view of the ~-tracelessness of the fermionic (anti)ghost, one finds that bilinears
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containing 0 or 1 y-matrix are equivalent those containing respectively 2 or 3 y-matrices,
e.g., 5_[“ EZ} = %éa%,, £ and £,yHEY = —§a7“a655 etc. It is therefore clear that the ao
given in eq. (4.16) did not miss any linearly independent terms.

Now, taking the A-variation of eq. (4.16), one arrives at the following form:

1
Aay = 550 EaYH ™€, + I-exact. (4.17)

The first term proportional to g is nontrivial in the cohomology of I' modulo d. In order
for the second equation (3.16) of the consistency cascade to be fulfilled, we must set:

fo = 0. (4.18)
This choice reduces eq. (4.17) to the desired form:
Aay = 481 €07 sy, — Bo (a0 P 0y + Dplat 7€) (4.19)
where the right-hand side is manifestly I'-exact. Thus, we arrive at:
a1 = —4B1 EM PN, + B2 (™ VP Do + Vpa ) (4.20)

where again we have dropped the ambiguity term a; € H(I'). The reasoning behind this
is already given in the study of graviton self coupling.
Taking again a A-variation and using Ay*P® = RP = —ePTA 1)\, we get:

Aal = 461 ga,yuwl/aguy - /82 8,00')\ (gafyuyaaw)\ab,uy\\p - &pofywjaawx\ac:p,y) . (421)

By virtue of the relation: g™ = 1e™e 7R, ., the first term in eq. (4.21) can be written
in terms of the linearized Riemann tensor. On the other hand, for Majorana spinors one
can write: 5/’“/\2/_),)&7“” Oyh\® = %ep")‘ag (zzpafy“”d),\a), which simplifies the last term. Up
to total derivatives therefore we can write:

1 _
Aal = - <ﬂ1 + 262) Epa)\ga'yuyw)\aRuupa + I'-exact. (422)

The first term in the above equation is nontrivial in the cohomology of I' modulo d, and
so its coefficient must be set to zero in order that eq. (3.17) be fulfilled:

1
P =P =5 (4.23)
Then, the right hand side of eq. (4.22) is left with the desired I'-exact piece:

Aal = _B 5pcr)\ (Zapgoz'yﬂy¢)\ah,uu||a + '&paryuyd)kaaaeuu) ) (4'24)

so that in accordance with eq. (3.17) we finally obtain the cubic cross coupling:

agp = 3 &ua ,Y;wp,ya/\ (U ha)\H P (4‘25)

Note that this is a parity-preserving 1-derivative vertex, and as such it qualifies as the
minimal coupling of a massless spin-5/2 field to a spin-2 gauge field.
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4.2.2 Absence of Abelian vertices

We will now show that there are no Abelian verices? for the system under consideration.
Abelian vertices are those that do not deform the gauge algebra, and correspond to trivial
ag’s. Then, it is always possible to choose an a; that is I'-closed [25-28]:

Fa1 = 0, (4.26)

and relates to the Abelian vertex ag through the cocycle condition (3.17). However, it
follows from appendix B that a; = A-exact. In view of the cocycle condition (3.17), a
A-exact ap does not affect the vertex ag. Therefore, without any loss of generality, a; can
be set to zero. The cocycle condition (3.17) then reduces to the following form:

I'ag =0, (4.27)
from which it follows that the vertex cannot be nontrivial, i.e., ag must be of the form:
ap = A-exact. (4.28)

To see this, let us note that it is always possible to rewrite a vertex as one of the fields
{hyw,ua} contracted respectively with one of the currents {TH”, O}

h,,TH, gravitons appear
ag=4 B pp (4.29)
Y OF%, otherwise.
Then, inserting this form of ag into eq. (4.27) we respectively arrive at:
B TTH —2C,0,T* =0, o TOM +£,0,0M = 0. (4.30)

Note that the ghost fields appear in I'T*” and I'©*“ only with derivatives. A functional
derivative of eq. (4.30) w.r.t. an undifferentiated ghost then yields:

0,T" =0, 0,0" = 0. (4.31)
In order for the currents to be identically conserved, they must take the form:

TH = 8,0, X Wllval - gra — g, ylle, (4.32)

Here X has the symmetry of the window diagram Bﬂ, i.e., that of the Riemann tensor.
While the antisymmetry of X#1?] in the indices (u, p) and (v, o) is required by the iden-
tical conservation of the current, symmetry in the indices (p, o) is imposed the derivatives
in front, which in turn demands symmetry in (u,r). On the other hand, ylle js an-
tisymmetric in the indices (p,r) and 7-traceless in the index a. Plugging the required
forms (4.32) of the currents into eq. (4.29), and the integrating by parts, we arrive at:

1 v||po :
ap = { ZRW/JUX[M llpal, gravitons appear (4.33)

—G[MQEV}QY[W]O‘, otherwise.

*We are interested in vertices that are at least cubic in the fields. In other words, we are not considering
tadpole terms, which however will be taken into account in section 6.
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Because the curvatures { R, p0, 0,0y} are A-exact (see appendix A), it follows that an
Abelian vertex ap must be A-exact modulo d as claimed.?

4.2.3 Summary at first order

Let us make a summary of the results obtained in this section. The complete set of first-
order deformations of the master action is given by:

Gy = ACEC,0MCY + B (2ar €€, — Ear"E7CT) (4.34)
a1 = Ao, Cp (DPRH — OPHYP — 6" i)

+28 (YooY P Cp + 260" Wy, 4 Ea D ) 5 (4.35)
ao = A (K" Lann) + BUua 7P U box| p » (4.36)

where A and (8 are two yet-arbitrary coupling constants, and Ly, is given by eq. (2.21).

4.3 Consistency at second order

We will now study the consistency requirements at second-order in the deformation pa-
rameter g. First, we would like to compute the quantity co given through eq. (3.20) by the
antibracket of f ao with itself. Because f as is Grassmann even, we can write:

for ()l fe) o

Schematically, co can be written as a sum of terms proportional to a2, o and (%

co = )\208‘)‘) + A5 cgw) + 52056’8), (4.38)

(88)

g)‘)‘), ng\ﬁ ) and ¢y are Lorentz scalars having the same gradings as ca. While com-

where ¢
puting these quantities, it is important thing to keep in mind that a functional derivative
w.r.t. the fermionic (anti)ghost must be 7-traceless. A straightforward calculation yields:

Y = [0"(CiC) + CronC,] Cpo e, (4:39)
S = Z[0(C5C) + CLPCL) Ear € + 40, (Ean™E) C,0,CP,  (4.40)
Céﬁﬁ) =—4 (f_;'ylwc:;w + ga'YMC;),y_t (,ypcrga@pg)’y_t ’ (4'41)

where the subscript “v-t” stands for the y-traceless part of the term under consideration.

The second-order deformations ought to fulfill the consistency conditions (3.23)-(3.25).
Then, it is necessary that cg, given in eqs. (4.38)—(4.41), be trivial in the cohomology
HY(T'|d). In other words, we would like to find a quantity be, with agh(by) = 2 and
gh(b2) = 0, such that coa = I'by. The requirement that such a b exist poses nontrivial
constrains on the cubic couplings A and (3, as we will see.

3Because we did not assume parity invariance of 7", it follows as a byproduct of our analysis that the
parity non-invariant 3-derivative cubic self coupling of gravitons, reported in [31], must be non-Abelian.
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Now, the consistency of General Relativity as a gauge theory ensures that cg/\/\) itself

belongs to H!(T|d). It is not difficult to reconfirm this. Indeed, one can rewrite eq. (4.39)
in terms of an undifferentiated antighost, as:

SN = O (-C0"CL07CP — €, 00197 CP + 9T, C,0" CP)
= G [-26,C,0"0"C?) + 201 €7 P9, Cy) | (4.42)
where in the last line we have used that fact that C), is Grassmann odd. This gives:
SV =meeN M = o (9t erhy, — €007 1) . (4.43)
(AB)

Next we consider eq. (4.40), and rewrite ¢;”  in terms of undifferentiated antighosts,
modulo total derivatives. Then, on account of egs. (B.2) and (B.5), we arrive at:

_ 1 —
G = G TP SOEE Y + Trexact (1.44)

The first two terms appearing on the right side of in eq. (4.44) are nontrivial elements in
HY(T'|d). Such terms must be eliminated in order for the theory to be consistent beyond
first order in the deformation parameter. The only way this may happen, if at all, is

through the mutual cancellation of similar terms arising possibly from Céﬁ f).

To see if the offending terms in C;)\B ) can be eliminated, we need to compute céﬁ ) from
eq. (4.41). The technical steps of the explicit computation are relegated to appendix C.2.

The result turns out to be exactly of the form we have hoped for. To be explicit,
16 [/ - 1 . -
céﬁﬂ) =3 (f}y””faﬁﬁp@y” - 20;5(17,,5&6“”) + I'-exact. (4.45)

In view of the expressions (4.43)—(4.45), we conclude from eq. (4.38) that the resulting
c2 will be a trivial element in H'(T'|d) if and only if the couplings A and 3 satisfy:

3 ()\ + 1365) = 0. (4.46)

Therefore, the absence of obstructions at O(g?) necessarily requires that the number of
independent coupling constants appearing at O(g) reduces to a single one. The quadratic
constraint (4.46) gives rise to the following two branches of solutions:

3 . .
— =\, fermion coupled to gravit
5:{ 16 P sravity (4.47)

0, free fermion plus gravity.
We would be interested in the first branch, which corresponds to a non-vanishing § and
therefore to a nontrivial coupling to gravity of the spin-5/2 fermion at O(g).
One can explicitly work out the remaining O(g?)-consistency conditions (3.24)—(3.25)

to find that they pose no additional constraints. It is however easy to be convinced of this
fact even without doing this exercise. To see this, let us make the identification:

k= g\+ O(g%), (4.48)
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and write down the first-order deformations of the master action. At agh = 0, the result
obtained from eq. (4.34) coincides with the cubic vertices of the Aragone-Deser spin-5/2
hypergravity [8]. The latter theory does exist and is consistent up to all orders. It follows
that the cubic couplings of our deformed theory cannot be constrained any further.

Note that the identification (4.48) reproduces not only the cubic vertices but also the
hypersymmetry transformations of the theory. Indeed, one can collect the agh = 1 terms
in the master action at the zeroth order (4.12) and at the first order (4.35), and take
functional derivatives w.r.t. the antifields h*** and 1)**® respectively, and obtain:

3
5eh,u,u = ZK' Ea’Y(uwu)a +0 (52) ) (449)
3 2
detb® = Ope = Ch by (vf’”éz - 3w”‘wa) @ +0 (1) (4.50)

This is exactly the hypersymmetry transformations (2.24)—(2.25) for n = 1 without flavor
multiplicity. In writing the above, we have omitted the gauge variations involving the ghost
C\, because they just comprise transformations under diffeomorphism.

4.4 Uniqueness to all orders

Now we are going to show that our results exclusively reproduce the spin-5/2 Aragone-
Deser hypergravity [8] in the metric-like version. In the context of our theory, we will
essentially repeat the arguments presented in [14, 16]. Because the Aragone-Deser theory
has already been reproduced up to O(g), the deformed master action (3.6) reduces to:

S=So+gST\) + ¢*Sa + ¢°S3 + -+ -, (4.51)

where the superscript “H” pertains to the Aragone-Deser theory, and A= {\, B} col-

lectively denotes the coupling constants obtained at the first order in the deformation

parameter g, subject to the constraint (4.46) imposed by second-order consistency.
Because the functional Sy obeys eq. (3.18), it must be of the form:

Sy = SH(A%) +8,,  with sSh=0. (4.52)

In other words, the second-order deformation of the master action may differ with that
of the Aragone-Deser theory only by a term which belongs to the cohomology of s. Note
that in deriving the first-order deformations S7; we did not assume anything more than
locality, parity and Poincaré invariance. Therefore, given eq. (3.10), it is clear that under
the assumptions stated above any nontrivial element in H(s) must be the same as Si,
modulo coupling constants. In particular, we will have

Sh = SH(\), with some X = {X, '} (4.53)
Next, we consider the third-order consistency condition, which reads

(S0,83) == (S2,S{'(V) = 85 == (71002, 87 (Y)) = (ST W), ST (V)) . (459)
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Then, S3 must be of the form:
S3=SH(3) + 8, with sSj=— (s{f V), s (&)) . (4.55)
In view of eq. (3.18), it is easy to see that the general solution for S5 will be:
S =2SHOAN)+ 84, with sSY =0, (4.56)
where one will again have:
S = SH, with some X’ = {\", 5"}, (4.57)
Plugging eqgs. (4.52)—(4.57) into the deformation expansion (4.51) one then obtains:
S = S0+ gSHA+ gN + ¢®N") + ¢2SH (A2 + 29\ + ¢*SH(A3) + O(g*). (4.58)

Now it is clear from the discussion of section 4.3 that, to the relevant order in g,
the first-order deformed coupling constants M= A+ gj\’ will be subject to the same
second-order consistency condition as the undeformed ones A = {\, 8}, namely eq. (4.46).
Continuing to higher orders in this way, we obtain the general solution for the all-order
deformed master action:

S=S+> ¢"SF(AL),  with A =A+gV+g"V 4. (4.59)

n=1

Again, the all-order deformed coupling constants Moo = {Aoo; Bo} are subject to the con-

—13—6)\00 in order for the

fermion to couple to gravity. Given eq. (4.59), then the identification:

straint (4.46). In accordance with eq. (4.47), one must have [, =

K = gAoo, (4.60)

proves the uniqueness of the spin-5/2 Aragone-Deser hypergravity [8] up to all orders.

5 Uniqueness of generalized hypergravity

Now we will generalize the analysis of section 4 to an arbitrary-spin fermion with an
arbitrary number of flavors. In the metric-like formulation, we will consider consistent
flat-space interactions of a spin-2 gauge field and a massless Majorana fermion of spin
s = n+3/2, under the assumptions of locality, parity and Poincaré invariance. The analysis
of this section can be copied almost verbatim from section 4. We will therefore present
only the main results, skipping the detailed computations unless otherwise required.

The free theory. We start with the free theory defined by egs. (2.18)—(2.19), which
consists of a spin-2 gauge field hy,, and a massless Majorana fermion (), 1 with spin
s = n+ 3/2 and N flavors denoted by the index I = 1,2,..., N. The set of fields and
antifields are:

q)A = {h,ulu C,LU wua(n), I fa(n), I}v q)jzl = {h*l“” C*Mv &*,ua(n), Ia g*oc(n), I}- (51)
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Z I'(Z) A(Z)  pgh(Z) agh(Z) gh(Z) €(Z) B(Z)
b 200,Cy 0 0 0 0 0 -
C, 0 0 1 0 1 1 -
st 0 G 0 1 ~1 1 -
CH 0 —20, h* 0 2 —2 0 -

Vuat)  Ouan) 0 0 0 0 1 +1

Ea(n) 0 0 1 0 1 0+l
grre(n) 0 —RHam) 0 1 ~1 0 —1
gron) 0 Oyprren) 0 2 -2 1 ~1

Table 2. Properties of the Fields & Antifields (s =n + 3/2).

The fermionic (anti)field and (anti)ghost are symmetric and y-traceless in the a-indices.

The fermionic gauge field ¢,4(,), 7 as such is not a Fronsdal tensor-spinor, but a “dreibein-

like fermion” with covariant indices (a-indices descend from the frame indices through

contractions with flat-space dreibein). The two descriptions are however equivalent [20].
The free master action Sy is given by:

1 1- -
SO = /d3$ <2huyg’“/ - §¢Ma(n)71RMa(n)71 + Qh*ﬂuaucl/ - ¢*ua(n)718u£a(n),f>> (52)

which satisfies the free master equation: (Sp,Sp) = 0, given the properties of the various
fields and antifields summarized in table 2 (with fermion flavor index suppressed).

First-order deformations. Let us note that the free master action (5.2) enjoys an O(N)
global symmetry in the flavor space. In addition to locality, parity and Poincaré invariance,
we will make the assumption that the O(N) symmetry is preserved by the interactions.
The complete set of first-order deformations of the master action then turns out to be:

12— ACLLH+ 3y 5 oy G, (53
a; = )\h;“wcp (6Ph;w — OFRpYP — 8thp) + 26&;)04(71),Ifylww*pa(n)’le;uy

+24 [2€a(n),17#wya(n)7lh2y + ga(n),I’Y’uy¢*pa(n),lhuy”p] ) (54)
a0 = A (5™ Lann) + B Vuatn), 1 ey, S T Do o (5.5)

where X\ and ( are two yet-arbitrary coupling constants, and Ly, is given by eq. (2.21).

Given the spin-5/2 results of section 4.2, it is easy to be convinced of egs. (5.3)—
(5.5) that hold for an arbitrary-spin fermion with flavor. The two theories differ only in
the fermion sector, and up to O(g) they map to each other by the straightforward index
replacement: « <> {«(n),I}. This mapping becomes clear upon a comparison between the
respective free master actions (4.12) and (5.2), and the property tables: table 1 and table
2. Now that the first-order deformations are given by the cohomology of the free BRST
differential s, in accordance with eq. (3.10), clearly the mapping would continue to hold
up to O(g) under the assumptions stated above.

— 20 —



Consistency at second order. At the second order in the deformation parameter g,
we compute the quantity ¢y given through eq. (3.20), and cast it into the schematic ex-
pression (4.38). The term cg’\)‘) will again be given by eqgs. (4.39) and (4.42)—(4.43). The
other terms in c¢s can also be computed easily. One of these terms is 695 ), which reads:

) = = [09(ChC) + CL"C) Eaguy 177 €° T 440, €y, €T €0,
_ 1 _
= & Y e e — 5Cian), e Ler | Texact, (5.6)

where the second line has been derived by rewriting the first one in terms of undifferentiated
antighosts modulo total derivatives, and then using eqs. (B.2) and (B.5). Last but not the
least, we need to compute céﬂ g ); the result is:

8 — 4 [g;(n)ﬂwew + Eam),mucz] » [")/pafa(n),fc:pff} -t (5.7)

16 K vealn 1 %5 aln v
B <2n+ 1) [ga(n)vﬂu £ )’]Quptvp_ §CM§a(n),1%§ (), I gn } + I'-exact,

where the subscript “y-t” stands for the y-traceless part of the term under consideration,
and the detailed technical steps leading to the second line is given in appendix C.2.

The resulting ¢ will be a trivial element in H!(I'|d) and thereby fulfill eq. (3.23) if
and only if the couplings A and [ satisfy:

3 {)\ + <2nli 1) /3} 0. (5.8)

The absence of obstructions at O(g?) therefore necessarily requires that the number of

independent coupling constants appearing at O(g) be a single one. The quadratic con-
straint (5.8) gives rise to the following branches of solutions:

5= { —% (n + %) A, fermion coupled to gravity (5.9)

0, free fermion plus gravity.

As before, we would be interested in the first branch, which corresponds to a non-vanishing
§ and therefore to a nontrivial coupling to gravity of the higher-spin fermion at O(g).
The remaining O(g?)-consistency conditions (3.24)—(3.25) would pose no more con-
straints on the first-order couplings for reasons already explained in section 4.3. Indeed,
the identification. (4.48) would reproduce the cubic vertices (2.20)-(2.23) as well as the
hypersymmetry transformations (2.24)—(2.25) of generalized hypergravity of section 2.2.

Uniqueness to all orders. Because the generalized hypergravity theory of section 2.2
has already been reproduced up to O(g), the deformed master action (3.6) reduces to the
form:

S =Sy + gSFHN) + g2y + ¢3S 4 - -, (5.10)

where the superscript “GH” pertains to generalized hypergravity, and A= {\, B} col-
lectively denotes the coupling constants obtained at the first order in the deformation
parameter g, subject to the constraint (5.8) imposed by second-order consistency.
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One can repeat the logical steps of section 4.4 to obtain the general solution for the
all-order deformed master action:

S:SO—I—Zg”SSH(S\ZO), with Ao = A+ gN + 2N + -+, (5.11)

n=1

where the all-order deformed coupling constants Moo = {Aoo; Boo} are subject to the con-
straint (5.8). In accordance with eq. (5.9), one must have B, = —% (n+ ) As in order
for the higher-spin fermion to couple to gravity. Given eq. (5.11), then the identification:

K = gAoo, (5.12)

proves the all-order uniqueness of the generalized hypergravity theory of section 2.2.

6 Hypergravity with cosmological deformation

In this section we study the consequences of a cosmological term in order to shed light
on the nature of (generalized) hypergravity in (Anti-)de Sitter space. Let us recall that,
in sections 4 and 5, while solving for the cohomology of the free BRST differential s at
zero ghost number, we restricted ourselves to local functionals that are at least cubic in the
fields. Relaxing this requirement would invoke tadpole terms in the theory. However, when
viewed as a theory of an interacting spin-2 gauge field around flat space, General Relativity
with(out) a cosmological constant does (not) contain tadpole terms [14]. Therefore, in order
to admit a cosmological term we must relax the aforementioned requirement.

6.1 Obstruction of spin-5/2 hypergravity

We start with the free system of section 4.1, namely that of a spin-2 and a Majorana spin-
5/2 gauge fields in flat space. In this case, the first order deformations would contain those
of section 4.2 plus all possible tadpole terms. The latter kind of terms may be present
as ambiguities in the gauge symmetry deformations corresponding to non-Abelian vertices
and/or in the form of Abelian vertices. Because the consistency of the non-Abelian vertices
constructed in section 4.2.1 does not require ambiguities @, it suffices to reconsider the
(non-)existence of Abelian vertices discussed in section 4.2.2.

As alluded in appendix B, under the weaker assumptions of this section, eq. (4.26)
may admit nontrivial solutions: a; # A-exact. In this case, a; will be a quadratic term
with one antifield and one ghost. The only possibility of this type is:

ay = —p &Y, (6.1)

where p is an arbitrary coupling constant. Note that the bosonic pair {hfw, Cu} does not
contribute here, since it is impossible to construct out of them a nontrivial Lorentz scalar.
It is easy to see that the gauge symmetry deformation (6.1) has a lift to an Abelian vertex

through eq. (3.17). The result is a mass deformation of the fermion Lagrangian [15]:

1 n v «
a6 = _§M %oﬁ“ 1/]1/ . (62)
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It remains to consider Abelian vertices that do not deform the gauge transformations
and satisfy eq. (4.27). The unique possibility is the linearized cosmological term [14]:

ay = —2ah,n, (6.3)

where « is yet another coupling constant. Along the line of discussion of section 4.2.2, this
“vertex” can be understood as a graviton field contracted with the current: T’ = —2an*,
which is actually a constant and therefore conserved. This current bypasses the no-go
result of section 4.2.2 in that the general solution reported in eq. (4.32) assumes that TH”
is space-time dependent. No fermionic current ©#% of this kind exists.*

Having obtained all the possible tadpole terms, we are not ready to summarize the
first-order deformations of the master action. They are given by the results (6.1)—(6.3)
added to the deformations (4.34)—(4.36) that exclude tadpole terms. That is,

. 1 -
az = G§I7 a1 = a{I - M€a¢a’ ap = QOH - 5/1 ¢ua7“y¢ua - QOéhWWW, (64)

where the superscript “H” refers to the corresponding quantity in the absence of tadpole
terms. In particular, a¥, aff and all are given by eqs. (4.34)—(4.36) respectively.

Next, we would like to explore the consistency conditions (3.23)—(3.25) required at the
second order in the deformation parameter. With this end in view, we would like to compute
the quantities cg, ¢; and ¢y from the first-order deformations (6.4) through the defining
equations (3.20)—(3.22). The details of these technically-rather-involved computations are
given in appendix C.3. The final results are:

64 — 2 _
co = bl o ~cdl + 3 i 8(Mwy)5’ft ¢e, co~ el + <3u2 — 8aﬁ> &Y, (6.5)
where the symbol “~” means equality up to I'-exact terms modulo A-exact terms modulo
total derivatives, and the subscript “s-t” stands for a symmetric-traceless projection. The
explicit terms 8(;1775;) B @€” and £,4” appearing in eqs. (6.5) are nontrivial elements in
HY(T'|A|d). The second-order consistency conditions (3.23)—(3.25) then require that:

where the first relation results from requiring that co = ¢! be T'-exact modulo d, and so
it is identical to eq. (4.46). The terms ci! and cf may also contain nontrivial elements of
H!(T'|Ald), but they require no additional relations as already explained in section 4.3.

A cosmological term in the theory sets a # 0, in which case a non-vanishing coupling
of the fermion to gravity (5 # 0) would lead us to the following relations:

B=—DXA0, uB=0, P =1208#0, (6.7)

This set of mutually-incompatible relations admits no solutions for the first-order coupling
constants, and signals a cohomological obstruction. The conclusion is that a and 8 cannot

“The only possibility ©** = " 4 2p"“ is ruled out by the assumption of Poincaré invariance of the
undeformed theory. (The inclusion of cosmological deformation deforms Poicaré to AdS isometry.)
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be simultaneously nonzero under the assumptions of our analysis. In other words, in the
presence of a cosmological deformation there is no consistent parity and Poincaré invariant
interacting local theory of a spin-2 and a Majorana spin-5/2 gauge fields.

6.2 Obstruction of generalized hypergravity

Now we will generalize the results of the previous section to a fermion with arbitrary spin
s =mn+ 3/2 and an arbitrary number of flavors. We have the free system of section 5 and
the corresponding first-order deformations (5.3)—(5.5). When tadpole terms are included,
the result is a straightforward generalization of egs. (6.4), namely

¢ * I - v n v
ay = a5, ay =af" —Mﬁa(”)’jlﬁa(n),p ao = ag" - §M%a(n),ﬂ“ T —2ah

(6.8)
where the superscript “GH” refers to the corresponding quantity in generalized hypergrav-
ity with tadpole terms excluded.

To check the second-order consistency conditions (3.23)—(3.25), we need to compute
2, ¢1 and ¢g from the first-order deformations (6.8) through egs. (3.20)—(3.22). With the
details given in appendix C.3, the computations lead us to the results:

64n - 2u? -

G ~ .G s 1 ~ .G 1% i

02:02 H, ClNC1H+(2n+1),U:,88(M¢V)5_t ¢'£V[, CONCOH+<2H+1_8045> €a71¢a s
(6.9)

where again “~” corresponds to equality up to I'-exact terms modulo A-exact terms modulo

total derivatives, and the subscript “s-t” means a symmetric-traceless projection. Then,
the second-order consistency conditions (3.23)—(3.25) demand that:
B{A—i—( 16 )B}:() nufB =0 u2—8<n+1)a6:0 (6.10)
2n+1 ’ ’ 2 ’

where the rank n = s — 3/2 takes the values 0,1,2, ..., cc.

Aragone-Deser hypergravity and its higher-spin generalizations correspond to n > 0,
for which there is a cohomological obstruction if o £ 0 and 8 # 0. In this case, the system
of equations (6.10) reduces to the following form:

B:—;<n+;>k#0, up =0, u2:8<n+;>a6#0, (6.11)

which admits no solutions. The conclusion is that in the presence of a cosmological defor-
mation there is no consistent parity- and Poincaré-invariant interacting local theory of a
spin-2 gauge field and a massless Majorana fermion with spin s > 5/2.

As a byproduct of our analysis it follows that the second-order obstruction disappears
for extended supergravity theories in D = 3. To see this, note that supergravity corresponds
to n = 0, which admits the following solution of the system of equations (6.10):

= A#0, P =daf £ 0. (6.12)

These requirements are indeed mutually compatible. This is hardly a surprise given that
three-dimensional extended Anti-de Sitter supergravity does exist as a consistent theory
of a spin-2 and a number of spin-3/2 gauge fields [32]. It is however reassuring that our
analysis is in agreement with this well-known fact.
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7 Remarks

In this article we have studied consistent interactions of a spin-2 gauge field and a higher-
spin massless Majorana fermion in 3D flat space. Under the assumptions of locality, parity
and Poincaré invariance, we have found in the metric-like formulation that the interacting
theory is unique: Aragone-Deser hypergravity [8] or a higher-spin generalization thereof.
Local hypersymmetry and its higher-spin counterparts follow automatically as the only
consistent deformations of the gauge transformations. We also showed that an extension
of (generalized) hypergravity to an arbitrary number of fermion flavors does not change
these features. In the presence of a cosmological constant, however, there is no consistent
theory of a higher-spin fermionic gauge field coupled to gravity under those assumptions.

One possible way to generalize our analysis is to relax the assumption of parity [30].
After all, parity-odd cubic vertices do exist in D = 3, at least for bosons [31]. This would
give rise to an additional graviton self coupling at the cubic level. On the other hand, our
results for cubic fermion-graviton-fermion cross couplings—non-Abelian or Abelian—did
not rely on parity. Therefore, our analysis excludes the possibility of parity-odd cubic
vertices (of the type 2 — s — s) between a graviton and a higher-spin Majorana fermion.
However, it could still be possible to construct such vertices by endowing the graviton with
a Chan-Paton factor as in colored gravity [33, 34].

We would like to emphasize that our no-go results for cosmological hypergravity and its
higher-spin generalizations no longer hold if locality is given up. Non-locality, if necessary,
might be intrinsic and/or result from having integrated out additional degrees of freedom
in the consistent interacting theory. Indeed, it is the second possibility that gives way to
the yes-go results of [35], where it was shown that in Anti-de Sitter space the inclusion
of a massless spin-4 field makes hypergravity consistent (see also [36]). For a fermion of
arbitrary spin s = n + 3/2, the yes-go works with the even spins 2,4,...,2n + 2. In the
context of our analysis, it would be interesting to see how the inclusion of these additional
fields in the spectrum remove the otherwise-present cohomological obstructions.

The coupling of hypergravity to matter could be interesting. In flat space, supergravity
and generalized hypergravity are analogous in that they both contain only two gauge fields:
a graviton and a Majorana fermion. This is in contrast with 3D bosonic higher-spin gauge
theories, where starting from spin 2 one usually needs all the (even) integer spins up to
some higher value. It is however expected that matter coupling of a bosonic theory would
necessarily call for an infinite tower of higher-spin fields. For generalized hypergravity,
it is plausible that coupling to a suitable matter multiplet is consistent without invoking
extra higher-spin gauge fields. This expectation arises from the matter coupling of D =3
supergravity [37]. One could also study models with spontaneously broken hypersymmetry
(see, for example, [38]). We leave these as future work.
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A Curvatures, identities & EoMs

In this appendix we discuss some important properties of the curvatures and curls of the
different fields under consideration. We also write down the various forms of the equations
of motion (EoM) in terms of these objects, which would help us identify A-exact terms.

Spin-2 gauge field. The spin-2 graviton field is denoted by h,,, while its 1-curl by a
Fraktur letter: f,,,. The l-curl is antisymmetric in its first two indices, and obeys the

Bianchi identities:

1
Diwlle) =0 & D) = —5uplls Tbugljo = 0. (A1)

The 2-curl of the graviton is simply the linearized Riemann tensor: R, "7 = 48[M8[phy] ol Tt

has the symmetry properties: R p0 = Rj) R,s,, and obeys the Bianchi identities:

po] =

R[;wp]a =0, a[uRVp]a,B =0. (A.Q)

The linearized Ricci tensor is defined as R,, = R,,”, whose trace in turn gives the
linearized Ricci scalar R = R),. It is clear that the quantity G,, appearing in eq. (4.1) is
nothing but the linearized Einstein tensor. The Euler-Lagrange EoMs are reflected in:

1
g;w = R;w - §nuuR = Ah:l/ (A3)
In D = 3, however, the Weyl tensor vanishes identically. One can write:
_ af nyo_ 1 paf _vpo A4
Ruvpo = €uvatpep9™”, gt = 1c e Rogpo- (A.4)
It follows immediately that, in D = 3, the Riemann tensor itself is A-exact:
Ruvpoe = EqvatpopAR*P. (A.5)
Taking traces of the above equation, one can further write:
R, =A (h,*w — nyyh*’) ) R = —2AhY, (A.6)

where a “prime” denotes a trace, h* = h*/,. One can take a divergence of the second
relation in eq. (A.4), and use the first Bianchi in eq. (A.2) to write:

1
G = Zs“aﬁs”’”@uRaﬂpg =0. (A7)

For the free spin-2 system, note that A? vanishes trivially on the fields and antifields
expect when it acts on the antighost C**. Now, one can write from table 1 that

A?C*H = A (=20,h*") = —20,G", (A.8)

which vanishes identically because of eq. (A.7), in accordance with the nilpotency of A.
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Higher-spin fermion. A massless Majorana fermion of spin s = n + 3/2 is denoted by
the tensor-spinor ¥y, ..a,, OF Yua(n) as a short-hand notation. The field is symmetric and
v-traceless w.r.t. the a-indices: V,4,..a, = wu(al_.an), and Y"1 4.0, = 0. For example,
a spin-5/2 field that corresponds to n = 1 is denoted by the tensor-spinor v, which is
v-traceless w.r.t. the second index: y*¢,q = 0.

The EoMs of the higher-spin fermion (possibly with an implicit flavor index) are:

RO = e g0 = Agyrhem), (A.9)
For the Majorana-conjugate spinor, one obtains
B _ _ <
Aw*pa(n) — _'Rua(n) = ¢Va(n)8p’}/‘m/p. (AlO)

It is easy to see that the 1-curl of the fermion field itself is A-exact. One can simply
contract egs. (A.9) and (A.10) with €,44 to obtain

1

a(n *pa(n 7 a(n S 1 Jxpo(n
)by ) — A (25Wp¢ pe )> ’ Dl ( )6,,] =A <25Wp¢ po )) ’ (A.11)

by virtue of the relation: y#*** = —g#P . Taking ~y-traces of egs. (A.11) would lead to

~ _ —

(Wﬁ(") - aﬂgba(") =A (_'Yul/@/_)*ya(n)> ) &ua(n) (? - ¢a(n)6u =A (&wa(n)fﬂw)
(A.12)
Furthermore, double ~-traces of eqs. (A.11) give:
Sa(n) “haln) A S xa(n
Gy — gpa) — pgral) oG ety A g (A.13)
Another form of the EoMs can be obtained by taking a trace of eq. (A.11):
&/wulla(n—l) _ aﬂ,(/)la(n—l) _ 6lepAq/)>s<1/p(;v(n—1),
" ua(n—1)<_ _/az(n—l)F Txvpa(n—1) (A14)
(M 0y — 1 0 = eupAY™P .
Finally, a y-trace of the above equations gives:
aﬂg/},ua(n—l) - aw/a(n—l) _ ’YW/A@ZJ*HVOZ(R_D,
(A.15)

_ — _ b _
,5/}#0((7171)6“ _ w/a(n—l) a _ A¢*#Va(n_1)7uu-

For the free fermion, A? vanishes trivially on the fields and antifields expect when it
acts on the antighost £*("), Let us note from table 2 that

Ag*a(n) _ Iﬁ*ua(n)guj Aé‘*a(n) — auw*ﬂa(”)_ (Alﬁ)
Therefore, one can write from egs. (A.9)—(A.10),
_ _ «—
A2§*a(n) _ _R*ua(n)gw A2§*a(”) = aﬂR“a(”), (A.17)

which vanish identically, in accordance with the nilpotency of A.
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B The cohomology of T'

In this appendix we clarify and prove some important facts about the cohomology of I,
used throughout the main text. Let us recall that the action of I' is given by:

Thu = 20,Cy ) (B.1)
Fw;wc(n) = ,U«goz(n)v 1—‘wuoz(n) = 8#504(71)' (BQ)

The nontrivial elements in H(T") are those gauge-invariant objects that cannot be written
as gauge variations of some other objects. Let us enumerate and discuss briefly about the
various types of such elements, and write down some important ['-exact objects.

Curvatures. The curvatures {R.p0,0,Vyam)} and derivatives thereof are in H(I').
The I'-closure of the curvatures is easy to see. For the linearized Riemann tensor, R, s,
one can take a 2-curl of eq. (B.1) and use the commutativity of partial derivatives to find:

TR, =T (4090),h,)7) = 4010,,0,C7) + 407 8,,07C,) = 0. (B.3)
One can also take a 1-curl of the first equation of (B.2) to obtain:
T 8,10, "™ =0, (B4)

and similarly for the Majorana conjugate. The fact that the curvature 9j,1,)q(n) is I'-closed
holds good irrespective any ~-trace constraint on the fermionic ghost.

The curvatures have pgh = 0, and therefore cannot be I'-exact since the latter kind of
objects must have pgh > 0. It follows that the curvatures are nontrivial elements in the
cohomology of I'. So are the derivatives of the curvatures.

Antifields. The antifields {h**" C**, 7]}*“0‘(”),5*0‘(”)} and their derivatives are I'-closed
objects since I' does not act on the antifields. On the other hand, they cannot be I'-exact
because they have pgh = 0. These objects therefore belong to the cohomology of T.

Ghosts & ghost-curls. Because I' does not affect them, the undifferentiated ghosts
{Cy, fa(n)} are I'-closed objects. They, on the other hand, are not I'-exact terms since the
latter must contain at least one derivative of a ghost in accordance with egs. (B.1)—-(B.2).

Any derivative of the bosonic ghost C), is I'-closed. Some derivatives can be I'-exact,
e.g., symmetrized derivatives of Cy, are trivial in H(I') since by definition: 0(,Cyy = 3T A
A 1-curl of the bosonic ghost, &€, = 29;,C,), however is not I'-exact. We have:

1 1
8HCI, = 8(MCV) + 8[MCV] = §Fhw, + 5@:“1, . (B.5)

Any derivative of €, is however I'-exact. This can be seen by taking a curl of eq. (B.1)
and using the commutativity of partial derivatives, which lead us to the result:

0pC = Fhul’HP' (B.6)

On the other hand, derivatives of the fermionic ghost &,(,) are always trivial in the
cohomology of I'. This is because the gradient of £, is ['-exact, as we see from eq. (B.2).
So, we may exclude from the cohomology of I' any derivative of the fermionic ghost.
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The cohomology of I' at agh = 1 and gh = 0. Let us consider an element that
belongs to the cohomology of I' at agh = 1 and gh = 0. It contains only one of the
antifields {h** "M} and only one of the ghosts {Cus&a(n)} in accordance with the
gradings. The fields {h, ¥ya(m)} may or may not show up.

In order that the element under consideration belongs to H(I'), any nonzero number
of fields may show up only in the form of the curvatures {R,. o, O[M@by]a(n)}. However,
in D = 3 the curvatures are A-exact (see appendix A). Therefore, any element in H(I")
containing at least one of the original fields at agh = 1 and gh = 0 must be A-exact.

If none of the original fields {h,, wua(n)} are present, the element under consideration
will not necessarily be A-exact. This situation however falls outside the scope of our
analyses in sections 4 and 5. In this case the element is quadratic with one antifield and
one ghost, and as such its possible presence in the master action would invoke tadpole
terms. Such terms are taken into account in the analysis of section 6.

C Technical details

This appendix gives some technical details we omitted in the main text for the sake of read-
ability. Appendix C.1 enumerates some useful «-matrix identities, while appendices C.2
and C.3 elaborate on the technical steps leading to some of the important derivations.

C.1 Gamma matrix identities

a
“w

vielbein. Below we enumerate some useful v-matrix identities. For the sake of generality

We would like to deal with flat-space v-matrices: v, = 7,€,;, where e is the flat-space

the identities are written an in arbitrary number of space-time dimensions D. In D = 3,
some of the identities will simplify in that the antisymmetric 4-gamma y*#? or any other
antisymmetrization of more than three indices vanish.

We start with the symbol ntlof = % (n“o‘n” B By a), which is related to the anti-
symmetric 4-gamma in the following way:

1 1 1
n;w|a,8 _ i,yuunaﬁ - (704,7 A 4 ,Y/w,.ya,yﬂ> + 5,}/#11045' (C.l)

An antisymmetric 3-gamma can be expanded in two ways:

yhel = B opulang Bl — i (’70‘75 - 770“6) — 2y, (C.2)

YO = by o omPlegil = (o — ey g 4 ol (C.3)
whereas its ~y-trace is given by:

1" = (D =27 = (D = 2) (777 = ) = 729, (C.4)
The commutator of a 1-gamma and an antisymmetric 2-gamma reads:

] = anliyl, (C.5)
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The product of a pair of antisymmetric 2-gamma can be written as:
AV APT = VP 277#V|P0 + 47[%]1/] [pvo}. (C.6)
Antisymmetrization in two indices in the above identity leads to:
YPTAYHY — yPRATY = PV TH P (7["7“]” - 77”["7"’}) : (C.7)
N NV W N (’y“[l”y‘ﬂ + n“[”7“]> P (C.8)
The commutator of a 1-gamma and an antisymmetric 3-gamma reads:
[y, AP = 29HVP (C.9)

C.2 Computation of cgﬂﬁ)

First, we derive the expression (4.45) for cgﬁ 2 starting from eq. (4.41). With this end in

view, let us define the following quantities:
Ao = EANMC + EMC, B = 4M¢%¢,,,. (C.10)

Their -traces will be given by:
A ¢k 1= *
A =—4 (g av”%u + 250/7&”0”) ) E = 4'7H€a€aua (C-ll)

where we have made use of the commutator (C.5), given the -tracelessness of the fermionic
(anti)ghost. Then, we can rewrite eq. (4.41) as:

. 1 - 1 . 1 -
- <Aa -3 A’ya) (Ba — 37%) =4 (AaBa -3 AE) . (C.12)
The explicit expressions of the terms A,B® and %B are given by:

ABY = (7" P7EY) €y + O (Eat'yPEY) (C.13)
AB =16 (E*O"y“v”&B ) Coplsy —8C}, (Ea'y‘”‘“v”ﬁﬁ ) Co. (C.14)

While computing the right hand side of eq. (C.13), in the first term we use identity (C.6)
and the Grassmann oddness of the bosonic ghost-curl: €,,&,, = —€,,&,,,. In the second
term we use identity (C.2) and the vanishing of the quantity £,v**P£®. The result is:

a kY 1 * gV
AaB =4 <€a7M 5 Q:,upe:up - §CM€a7V£ Q:M > . (015)
The right hand side of eq. (C.14) is trickier to compute. By virtue of the relation:

(5*“7“”55) Conlpy =0, (C.16)
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we can cast the first term into the form: (52 na6|a/5/§5> Cop€s”, which can then be

rewritten in terms of an antisymmetric 2-gamma because of identity (C.1). The second
term on the other hand reduces, on account of identity (C.3), to the form:

C (Eava“v”fﬂ ) Cs = Ca (v“’”@%) &+ Ch (anﬂgﬁ) Cop- (C.17)

The second term on the right hand side vanishes since £*#¢8 is symmetric in (o, 3). In
the first term we can make the splitting: €7, = 20°C,, + I'exact, and consider the term
B, in which antisymmetry in (a, B) is imposed by the Majorana spinor. Since the
complete antisymmetrization: v**351C,, vanishes in D = 3, eq. (C.17) reduces to:

C (f_aya’wl’gﬁ) Cg, = [-exact — C €u (7“0‘58”01, - 7”“58“0,,) s
1 * ¢ « v
= I-exact — iCuﬁa’y,,f [ (C.18)

where the second line was obtained by using eq. (B.5) and its trace, and identity (C.2).
Therefore, we have reduced eq. (C.14) to the form:

A kU ¢ 1 .z o g v
AB=-8 <§a7“ £9¢,,¢,° — 50“50/71,5 ¢H > + I'-exact. (C.19)
Now plugging egs. (C.15) and (C.19) into eq. (C.12) gives:
1 . 1
PP = §6 <§;~WV§°¥¢W¢,,P - 2(3';5@7,,50‘@”) + T-exact, (C.20)

which is precisely eq. (4.45) that we wanted to derive.
It remains to be shown that relation (C.16) indeed holds. To see this let us write:

_ 1 /- 1=
(€996 Capan = —5 (G 1€) €ouas + 5 (€926, Capon,  (C21)

where we have used the identities: v*7 = 4P~y —nf? = vy +nP? and the ~-tracelessness of
the fermionic (anti)ghost. The bosonic ghost curls on the right hand side of eq. (C.21) im-
pose certain antisymmetry in the indices of the y-matrix products, so that identities (C.7)—
(C.8) become directly applicable. Then, it follows from the properties of the (anti)ghosts
that the two terms on the right hand side of eq. (C.21) exactly cancel each other, which
proves relation (C.16). This completes our derivation of eq. (C.20). B

Next, we find an expression for the quantity cg’B " for an arbitrary-spin fermion with
flavor, i.e., derive the second line of eq. (5.7) from the first. The derivation is quite similar to
that of the spin-5/2 case. The only subtlety is that y-traceless projections of the quantities
under consideration give rise to factors that depend on the rank n = s — 3/2. Explicitly,

the first line of eq. (5.7) yields:

(88) _ 0 o n y a(n) n a pa(n—1)
Co 4 [Aa(n) <2TL T 1> Aa(n—l) 7a:| |:B <2n T 1) Y B :|

1 a(n n a(n—
=4 |:Aa(n)B () — <2n_|_ 1> Aa(n—l) B ( 1):| ) (022)
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where we have defined:

Aoy = Er ™ Cus + L Cy B = e, (C.23)

with the flavor index I made implicit in order to avoid cumbersome notations. The com-
putation of Aa(n)Bo‘(") and Aa(n_l) Ea(nfl) goes exactly the same way as before, giving:

A ¢k vea(n 1 * & a(n v
Ay B = —4 [fa(m” ¢e,,e,0 — 5 Cra(m W () g ] : (C.24)

Aa(nfl) Ba(n_l)

_ 1
-3 [f;(n)’}’wfa(n)Cup(’:yp — 2CZ§a(n)7V§a(")CW] + I'-exact. (C.25)

These are straightforward generalizations of the spin-5/2 equations (C.15) and (C.19) re-
spectively. Now plugging egs. (C.24)—(C.25) into eq. (C.22) gives:

(65)_ 16 & vea(n 1 * a(n v
€ = <2n+1) |:£a(n)7'u €M e,,e,0 ~ 5 Cubam e mex ] + T-exact,  (C.26)

which is precisely the second line of eq. (5.7) with an implicit flavor index.

C.3 Computation of ¢;’s with tadpole terms

We start with the computation of cg, ¢1 and ¢g in section 6.1, i.e., the derivation of egs. (6.5)
from the first-order deformations (6.4) through egs. (3.20)—(3.22). While ¢y is computed
in section 4.3, in order to compute ¢; let us simplify eq. (3.21) to:

o (G o) () ) (G ) e

Note that a functional derivative w.r.t. the fermionic anti(filed) or anti(ghost) ought to be

~v-traceless in the a-index. It is easy to see that ¢; takes the form:

er = cfl + pBc?, (C.28)

with ¢! being the hypergravity contribution without tadpole terms, and cgﬂ A) given by:

A = 2 (1), (€€, = 2 (FadCup — 26, (H€), . (C29)

where the subscript “vy-t” means a y-traceless projection w.r.t. the a-index. One can follow
some steps similar to those of egs. (C.10) through (C.12) to rewrite c&“ﬁ) as:

ok v « 27* « v vp .o
P = 2 [y, AP)E, % — 3V (’Y“’y VPP — 4Py 757“) £5%up
C copk 16 Vi k
4G hY = SN, (C.30)

*
i
both vanish by virtue of the Majorana properties of the fermionic ghost &,. In the first line,

The terms containing the graviton antifield A%, in the second line of the above equation

the first term calls for the identity (C.5), whereas the second term simplifies on account
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of the same as well as the Clifford algebra, thanks to the ~-tracelessness of the fermionic
antifield and ghost. The result is:

TRV 16 kS o,V vo
o) = 8P 6aCy = U (170 + 1) 75 (C.31)

Now, by using eq. (B.5) one can rewrite the bosonic ghost-curl €,,, to arrive at:

32

i (77’“77”6 + 77“577”0‘) (0,0 &p + T-exact. (C.32)

Cg“ﬂ) — 161;*/401 (aﬂ@v) ga o 5

Finally, one can get rid of the derivative on the bosonic ghost to write:
64 —
cg“ﬂ) = ) 8(#¢z)§_t ¢ €” + I'-exact + A-exact, (C.33)

where the subscript “s-t” stands for a symmetric-traceless projection. This completes our
derivation of ¢; appearing in egs. (6.5).
Next, in order to compute ¢y we note that eq. (3.22) simplifies to:

/co = — <55;4/a0> <(;;sz/a1>. (C.34)
After a straightforward calculation, one finds a ¢y of the form:
co=cll + )\ozc(())‘a) + aﬁcéaﬁ) + ,uQC[()W) + ,uﬂc(()“ﬁ), (C.35)
where the nontrivial contributions from the tadpole terms include:
o =20, (90 = 20,"), o™ = =86y, ™ = (Vuar™) ., (WEY),4» (C.36)

plus the more complicated looking c(()” g ), given by:

C(()'uﬁ) = -2 (@Zua'yuyp’?/a)\bakﬂp) et (7u£a)7_t -2 (@Z_),ua'y'ul/),y_t [,ypcr (gabpaﬂu + ¢Va€pg)]7-t .
(C.37)
The contributions appearing in egs. (C.36) are rather easy to deal with. We find that

1
' =20, (0K —20,h") = T <h,2w - Qh’2> , (C.38)
AP = _8¢,y* € H(T|Ald). (C.39)

D)

For ¢y "’ we can follow some steps similar to those of egs. (C.10)-(C.12) and obtain:

- 1
o™ = 2PaE” — Suald™ V1 W, (C-40)

where have used of the v-trace properties of the fermionic field and its ghost. Upon using
suitable y-matrix identities in the second term on the right hand side, we arrive at:

g = 2%5“—337@5“ - %éaw € H(I|Ald). (C.41)
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We are now left with the complicated term c(()“ h) given by (C.37). To simplify this
term, again we follow the steps of egs. (C.10)—(C.12) and write the schematic expression:

P = _9 (X - ;y> , (C.42)

where the quantities X and ) are given by:

X = (&ua’}’m/p’yg)\ha)\np) (7€%) + (TZJua’Y/W) gl (fahpanu + wuae:po) )

) ) (C.43)
Y= (wuw“”’)v‘”vahaxnp) (75%56> + (Puar™ ™) Y7 (£8B 01 + v €00 ) -

The first term in X' can be simplified by using identity (C.9) and then (C.4). In the first
term in ) as well, we can use identity (C.9) to move y**? past y7*y®. Then we can write:

X = d—}#a (Y AP7 = AP7AH) gahpany + @Z_Jua’?/“y'?/pawuae:pm

_ _ C.44
Y= T/Jua [’YU)\afYa]’Yuypba/\Hp{’Yﬁa ’YV}&B + %a [’Yuuaf)/a] [’Yﬁa’)/pa] (ﬁﬁhpa”y + wuﬁepa) ) ( )

where in the second line we have made use of the v-tracelessness of the fermionic field and
ghost. These expressions simplify on account of identities (C.5) and (C.6), giving:

X = 4ua (P = 10"P7) E% po + 20pa (V077 — A1) 4710, €,

, ol C.45
Y= _8¢MG’YA’7“yp§VbU)\||p +38 (¢ - ’YV) 70 (é.phponz/ + %p%a) ) ( )

where in the first line we have dropped the term 1/_1W¢,,O‘¢W, which vanishes identically.
Because of the y-tracelessness of &, the first term in ) can be further simplified, by using
the expansion (C.3), to the form: 8,7 (Y& — ' &H) B ol

The next step is to make the graviton field i, undifferentiated. Then this derivative
hits either on the Majorana-conjugated fermion ﬁua (and its ~y-traces) or on the ghost
field £€%. It is not difficult to see that the derivative terms of &ua comprise A-exact pieces
individually in X and ), thanks to the various forms of the fermion EoMs (A.11)-(A.15).
It is a bit of an exercise to show that in the remaining terms containing h,, , the fermion
bilinears combine into I'-exact pieces. Various properties of the Majorana fermions v,
and &, play important roles in showing this. The result is:

X =4 <h;w - ;nuuh,> r ('(Z}pa’)/p#'(bya) —4 (,&pa,}/p;%bl/a) Q:;w + A-exact,
V= hpo U[(37 = 9'") 1700 — 20774, 7 + 20797 — 4, P, 7]
+ 4N T (P Pt — D) + 8 (47 — 'y") 77, € + A-exact.

(C.46)

In the above expressions we can pick up I'-exact terms at the cost of introducing a (sym-
metrized) derivative of the bosonic ghost C,,. The latter kind of terms then simplify against
the already existing terms containing the ghost-curl €,,. Then we can make the bosonic
ghost undifferentiated, which gives us the following form:

X =8C,0, X" + I'-exact + A-exact, Y =16C,0,Y" + I'-exact + A-exact (C.47)
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where XP? and )*? are the following fermion bilinears:
_ 1
X0 — o = S G,
_ _ _ _ _ 1 _ _
V7 = G T = PV — B P T = P+ T S (97 — ')

From these explicit expressions it is easy to see that the quantities 9,X?° and 0,)°% are
A-exact, thanks again to the EoMs (A.11)-(A.15). This means from eq. (C.47) that both
X and )Y are trivial elements in H(I'|A|d), so that eq. (C.42) gives:

c(()“ﬂ) = I'-exact + A-exact. (C.48)

Now, let us plug all the results (C.38), (C.39), (C.41) and (C.48) into the schematic
expression (C.35). Then we obtain the desired ¢y given in egs. (6.5):

co=cll + <§u2 — 8a6> E,9™ + T-exact + A-exact. (C.49)

Finally, we look at the computation of ¢s, ¢1 and ¢y in section 6.2. While ¢y will be
the same as that of section 5, ¢; and ¢y can be obtained by closely inspecting the steps
of derivation of their spin-5/2 counterparts. Note that the rank n plays a nontrivial role
only in defining the 7-traceless projections (compare egs. (C.12) and (C.22), for example).
Apart from straightforward proliferation of indices, the generalization s =5/2 — (n+3/2)

n
2n+1

originate solely from v-traceless projections. Examples of the latter kind are the second
and fourth terms of eq. (C.30), and the second terms in egs. (C.40) and (C.42) both.
Following the subsequent steps in the respective computations, it is easy to see that the

essentially boils down to the factor replacement: % — ( ) in front of those terms that

arbitrary-spin generalizations of egs. (6.5) will be given by egs. (6.9).
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