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Abstract

A projective symplectic variety P of dimension 6, with only finite
quotient singularities, 7(P) = 0 and h(>% (P,,00in) = 1, is described
as a relative compactified Prym variety of a family of genus 4 curves
with involution. It is a Lagrangian fibration associated to a K3 surface
double cover of a generic cubic surface. It has no symplectic desingu-
larization.
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Introduction

In this paper, we work in the setting of complex projective varieties.

An irreducible symplectic manifold is a simply connected projective man-
ifold which has a unique holomorphic symplectic structure. A Lagrangian
fibration is a surjective proper morphism with connected fibers from a pro-
jective symplectic manifold onto a projective manifold such that the generic
fiber is a connected Lagrangian submanifold, which is an abelian variety
by Arnold-Liouville theorem. Lagrangian fibrations play a central role in
holomorphic symplectic geometry, as they appear in all the (few) known de-
formation classes of irreducible symplectic manifolds. Moreover a surjective
proper morphism with connected fibers from an irreducible symplectic mani-
fold onto a projective manifold of smaller positive dimension is a Lagrangian
fibration by a theorem of Matsushita [Mal, and the base of the fibration is a
projective space by a result of Hwang [Hw].

The problem of determining irreducible symplectic manifolds as (com-
pactified) families of abelian varieties over projective spaces naturally arises.
A famous example, described by Beauville in [B1], is the relative compacti-
fied Jacobian JJ of a linear system |C| on a K3 surface S with respect to
a polarization H of S. It is the moduli space of H-semistable sheaves on
S of rank zero with ¢; = [C] and x = 1 — g. Its smooth locus inherits a
symplectic structure from S described by Mukai [Mu]. The fibration is given
by the (Fitting) support map supp : J& — |C|. When the linear system
contains only integral curves, then jg is smooth and is deformation equiv-
alent to a Hilbert scheme of points on a K3 surface. This gives the so called
Beauville-Mukai integrable system. Basing on Sawon’s work [S2], it seems
plausible that all the Lagrangian fibrations which are relative compactified
Jacobians of families of curves, are Beauville-Mukai integrable systems.

In order to look for Lagrangian fibrations with more general abelian va-
rieties as fibers, the next natural candidates are families of Prym varieties.
Markushevich and Tikhomirov deal with this problem in an example [MT],
suggesting the following general construction. Consider a K3 surface S with
an involution 7 acting non-trivially on the symplectic form (a so called anti-
symplectic involution) and take a linear system of curves |C|” on S invariant
with respect to 7. There is a natural fibration over the locus of smooth
curves of |C|” given by the relative Prym variety. It can be interpreted as
an open subset of a connected component of the fixed locus of a rational
involution 7 preserving the symplectic form on jé{ . Hence it inherits the
symplectic structure of jg . When 7 extends to a regular involution on jg ,
the connected component Pg of the fixed locus is a relative compactified
Prym variety. This is the case when H = C. Unfortunately, due to the non-
generic choice of the polarization, jcc has singular points, corresponding
to strictly semistable sheaves, necessarly supported on non-integral curves
of |C|. Moreover, also P§ is singular along n-invariant strictly semistable



sheaves, necessarly supported on non-integral curves of |C|". It is natural to
ask if there exists a desingularization of 738 which is symplectic.

In [MT], Markushevich and Tikhomirov describe a relative compacti-
fied Prym variety of dimension 4 (in their notation P°, Definition 3.3 and
paragraph below [MT]). They consider as S a K3 surface double cover of a
generic Del Pezzo surface of degree 2, as 7 the corresponding involution, and
as C' a generic T-invariant curve in the linear system of the pullback of the
anticanonical divisor. They characterize the non-integral curves of |C|7: 28
reduced reducible curves of type Cy U Cy, where C,Cs are smooth rational
curves meeting transversely in 4 points (Lemma 1.1 [MT]). There are 28
n-invariant strictly semistable sheaves, supported on these 28 curves. They
describe these 28 isolated singularities of Pg using the Kuranishi model of
the relative Jacobian: their analytic type is (C*/ + 1,0) (Theorem 3.4 (i)
[MTY). As these are Q-factorial and terminal singularities, P& has no sym-
plectic desingularization.

Nevertheless, their example is still interesting for several reasons. Firstly,
the fibration in Prym surfaces is Lagrangian and its generic fiber has a po-
larization type (1,2) (Theorem 3.4 (ii) [MT]): no other example of this type
is known. Secondly, the Euler characteristic of Pg is calculated (see Remark
[(.5), which is an important topological invariant. Thirdly, 738 is simply con-
nected (Proposition 5.4 [MT]) and its smooth locus has k(39 = 1 (it follows
from Lemma 5.2 [MT]). Namikawa has proven some results in [Na] which
suggest to extend the theory of irreducible symplectic manifolds to a larger
class of singular symplectic varieties, in particular to Q-factorial projective
varieties X with terminal singularities, 7(X) = 0 and h(2:0) (Xsmooth) = 1.
The Beauville-Bogomolov form can still be defined (Theorem 8 (2) [Na]), and
the Local Torelli Theorem still holds (Theorem 8 (3) [Na]). Following this
research direction, Menet has determined in [Me] the Beauville-Bogomolov
form of the example [MT].

Due to these considerations, it is interesting to explore the relative Prym
construction in other explicit cases. In this paper, we take inspiration from
IMT] to focus on a relative compactified Prym variety of dimension 6, con-
sidering as S a K3 surface double cover of a generic Del Pezzo of degree 3
(i.e. a cubic surface), as 7 the corresponding involution, and as C' a generic
T-invariant curve in the linear system of the pullback of the anticanonical
divisor. We denote simply by P this relative compactified Prym variety of
dimension 6 and by J the corresponding relative Jacobian of dimension 8.

The main result of this paper is the following:

Theorem. Let S be a K3 surface double cover of a generic cubic surface Y,
T the corresponding involution and 7 the corresponding morphism. Let C' be
a generic curve in 7| — Ky|. Then

i) P is a singular symplectic variety of dimension 6, which does not admit
any symplectic desingularization. Its singular locus Sing(P) coincides



with the locus of n-invariant strictly semistable sheaves of J, and it is
the union of 27 singular K38 surfaces associated to the 27 lines on Y .
FEach K3 surface has 5 Ay-singularities and each singular point is in the
intersection of 3 K3 surfaces. A smooth point of Sing(P) is a singu-
larity of P of analytic type C* x (C*/+1). A singular point of Sing(P)
is a singularity of P of analytic type C8/Zy x 7o, where the action of
Zo X Zs is given by ((1,1,—1,—-1,—1,—-1),(-1,—-1,1,1,—1,—1)).

1) supp : P — |C|" is a Lagrangian fibration with as the generic fiber an
abelian 3-fold with polarization type (1,1,2).

iii) P is simply connected and h(2:0) (Psmootn) = 1.
iv) x(P) = 2283.
Proof. i) Corollary B4], Theorem [3.3, Theorem B.6] Corollary [3.7]
1) Theorem
iii) Corollary .6l and Theorem

iv) Theorem [5.4]
O

In Section 1 we describe the K3 surface double cover of the generic cu-
bic surface, and we determine the non-integral curves of the pullback of the
anticanonical linear system. In Section 2 we define the relative compactified
Prym variety P associated to the anticanonical linear system of the generic
cubic surface. In Section 3 we characterise the singular locus and the sin-
gularities of P, using the Kuranishi map. We show that P has terminal
Q-factorial singularities, which implies that it does not admit any symplec-
tic resolution. In Section 4 we prove that P is simply connected and the
H®0) of its smooth locus is generated by the symplectic form, essentially
constructing a rational double cover map from S to P. In Section 5 we
compute the Euler characteristic of P, using the fibration structure.
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1 K3 surface double cover of a generic cubic surface

In this section we describe the K3 surface S double cover of the generic
cubic surface Y, and we determine the non-integral curves of 7*| — Ky-|, the
pullback of the anticanonical linear system of Y.

Lemma 1.1. Let S be a K3 surface double cover of a generic cubic surface
Y, 7 the corresponding involution and w the corresponding morphism.
Then m (—Ky) embeds S in P* as the intersection of a quadric 3-fold

Zo: Fy = .%'421 + fz =0 with fz e C[xo,xl,xg,xg]g (1)
and a cubic cone with vertez py = (0,0,0,0,1)
Zs : F3 =0 with I3 € (C[xo,ﬁﬂl,xg,xg]g. (2)

Moreover T is given by x4 — —xy4, T 18 the restriction of the projection from
the point py onto the hyperplane Hy : x4 =0 and Y = Zs N Hy.

Proof. By the general theory of K3 surfaces with antisymplectic involutions,
the moduli space of K3 surfaces double cover of Del Pezzo surfaces of degree 3
has dimension 13 (see Section 4 or Subsection 5.6 [M]). Hence a K3 surface
intersection of (Il) and () represents a generic point of the moduli space,
because

dim |Ops3 (2)| + dim |Ops (3)| — dim PGL(4) = 13.
O

Lemma 1.2. Let S be a K3 surface double cover of a generic cubic surface
Y. Then the non-integral curves of ©*| — Ky| are parametrized by the 27
lines dual to the 27 lines on Y. The points lying on only one dual line
represent reduced curves of type C1UCy, where C; are smooth curves of genus
respectively 0 and 1 intersecting transversely in 4 points. The remaining 45
points represent reduced curves of type CY'UC?UC?3, where C* smooth rational
curves, intersecting transversely in pairs in 2 points.

Proof. The non-integral curves of | — Ky| are parametrized by the 27 lines
dual to the 27 lines on Y. The points lying on only one dual line represent
curves which are unions of a conic and a line. The remaining points, which
are 45 by the configuration of the 27 lines (see V.4 [Hal), are unions of 3 lines.
The description of the corresponding curves of 7*|— Ky | follows immediately.

It remains to exclude the existence of other non-integral curves in 7*| —
Ky|. If C" is an irreducible curve of | — Ky | such that the corresponding
curve C' in 7*| — Ky| is reducible, then C’ is cut by a hyperplane H totally
tangent to the branch locus B of w. Since the arithmetic genus of C' is 4,



C' is the union of two smooth curves of genus 1 meeting in 3 points. But
C = SN {(H,py) C ZoN(H,pg), the latter intersection being a quadric in P3.
A smooth genus 1 curve is in the linear system |O(2)| on a quadric surface,
while C' belongs to |O(3)], absurd.

O

2 Construction of P

In this section we define the main subject of the paper: the relative com-
pactified Prym variety P associated to the anticanonical linear system of the
generic cubic surface.

We start by recalling the notion of Prym variety.

Definition 2.1. Let TCC—>C” be a double cover of smooth curves
C,C" of genus g,g" respectively. The Prym variety P(C,7) of the double
cover is the connected component Fix’(—1*) C J(C) of the fived locus of —1*
containing zero. It inherits a natural polarization from J(C'), the restriction

Of @C-

From now on we fix a K3 surface S double cover of a generic cubic surface
Y, with corresponding involution 7, and a generic curve C' in 7*| — Ky |. Let
J = jg be the relative compactified Jacobian of |C|, which is the moduli
space of C-semistable sheaves of rank 0, first Chern class [C] € H?(S,Z) and
Euler characteristic —3.

In order to define P, we introduce the relative version of the involutions
—1 and 7*.

Lemma 2.2. 7 induces a reqular involution 7™ on J.

Proof. This follows directly from the fact that the polarization C is 7-
invariant. U

Lemma 2.3. Let j be the involution of J defined by
J(F) = Eaty(F, 0s(=0)).
Then
i) j coincides with —1 fiberwise over the locus of smooth curves of 7| — Ky |;

1) j is a reqular involution.

Proof. i) Since C' is generic, —1 is defined as Homg(_,O¢) on J(C),
which is the fiber of supp over the point C.

We prove that Exti(_,0g(—C)) = Homs(_,Oc¢).



Let {V;} be an open covering of S such that local isomorphisms F|y; =
Ocly, hold. Applying the functor Homg( ,Ogs(—C)) to the short
exact sequence

0— Og(—C) — Os = Oc — 0,
we get, from the definition of £xt!, the canonical isomorphisms
Homs(Oclv;, Oclv;) = Exts(Ocly;, Os(=O)|v;)-
We conclude by gluing together these isomorphisms.

i1) First we observe that ¢1(j(F)) = [C] and x(j(F)) = —3 forany F € J.

Indeed, c¢1(Exty(F,Og)) = c1(j(F)), because tensoring by a line bun-
dle does not change the first Chern class of a 1-dimensional sheaf, and
c1(Exty(F, Og)) = c1(F).

Moreover
J(F)=F ®@0s(-C)®@Ngys, Neys=05(0)lc =we  (3)
thus by the Hirzebruch-Riemann-Roch theorem,

X((F)) = —x(F) = C-ar(F) (4)

and we conclude.
Then we show that j preserves the C-semistability.

Applying j to the exact sequence 0 — G — F, we obtain j(F) —
j(G) — 0. Hence there is a 1-1 correspondence between subsheaves of
F and quotient sheaves of j(F). Moreover, by (B and () applied to
G instead of F, we get

x(i(9))

ne(j(9)) = (@) -C —nc(9) = 1. (5)

Thus ue(i(F)) < ueli(9)) is equivalent to ue(9) < e (F).

Definition 2.4. The relative Prym variety associated to C is
P:=Fix’(n) c J,
the connected component, containing the zero section, of the fixed locus of
n:=jo T*C J

where j is defined in Lemma 2.3 and 7 in Lemma 2.2



The reason why we consider K3 surfaces is that the stable locus of J is
symplectic by a result of Mukai.

Theorem 2.5 (Theorem 0.1 [Mul). The stable locus of J is smooth and has
a symplectic form, given pointwise at a stable sheaf F by

./U

Ext!(F, F) x Ext! (F, F) =— Ext*(F, F) -~ H*(0) =——C.  (6)

The fact that S is a double cover of Y implies that also the stable locus
of P is symplectic:

Theorem 2.6. i) The stable locus of P has a symplectic form, induced
by (@) by restriction.

ii) supp : P — P3 is a Lagrangian fibration and the generic fiber is an
abelian 3-fold with polarization type (1,1,2).

Proof. i) It suffices to prove that n preserves the symplectic form o, i.e.
n*o = 0. We show that 70 = —¢ and jo = —o.

In the definition of the symplectic structure (@), all the identifications
are intrinsic except for the last one
2 /o
HA(F) —C, (7)
so the action of 7 on H(20)(75!ble) is the same of the action of 7 on

H®20)(S), and for a K3 surface double over of a cubic surface 7% = —o.

The action of j on H®0)(75tble) is described in the proof of Proposi-
tion 3.11 of J[ASFE] (the same argument applies in this case).

1) The fact that supp is a Lagrangian fibration is proven in the 2nd case
of Section 6 [Mar]. The generic fiber is the Prym variety of a double
cover of an elliptic curve by a curve of genus 4, hence the polarization
type is (1,1,2) by Section 3 [Mum).

O

3 Singularities of P

In this section we describe the singular locus and the singularities of P, and
we deduce that it does not admit any symplectic desingularisation.

By Theorem [Z5] the singular locus of J is contained in the locus of
strictly semistable sheaves. As a torsion free sheaf on an integral curve is
stable with respect to any polarization, a strictly semistable sheaf of 7 is
supported on a non-integral curve of |7*(—Ky)|.



Hence the singular locus Sing(P) of P is contained in the locus of 7-
invariant strictly semistable sheaves in J, which are supported on non-
integral curves of 7*| — Ky|.

Lemma 3.1. The locus of n-invariant strictly semistable sheaves of J is the
union of the 27 singular K3 surfaces given by Fc of the 27 elliptic pencils
associated to the 27 lines on Y. Fach K8 surface has 5 Ay-singularities, and
each of these singular points is an intersection point of 3 K3 surfaces.

A smooth point represents a polystable sheaf of type

F=0c(-2)@F, FelC), (8)

where Cy is a smooth rational curve, Cy a curve of arithmetic genus 1.
A singular point represents a polystable sheaf of type

F=001(-2) ® 002(~2) ® Ocs(~2), (9)

where C* are smooth rational curves, intersecting transversely in pairs in 2
points.

Proof. Firstly, we determine the strictly semistable sheaves supported on a
curve of 7| — Ky|. A polystable non-stable sheaf F of J with supp(F) €
7| — Ky | has as support a non-integral curve, hence a curve of type C7 UCy
or C1UC? U C? as described in Lemma

In the case of C7 U Cy, F = Fy & Fo, where F; is a pure 1-dimensional
sheaf on C; of degree d; and puc(Fi) = pc(Fa). Since

- x(F)  l—gi+di  1—gi+d;
G C CP4CCy 29, —24C-Cy)

pe(Fi)

we get 2d; + 2 = da. Moreover x(F) = x(F1) + x(F2) implies —4 = d; + ds.
Hence d; = dy = —2, and F is as in (§).
In the case of C' U C? U C3, there are two possibilities:

- Fis as in (8), where C] is one of the 3 rational curves and Cs is the
union of the remaining 2.

- F = F1 ® Fy ® F3, where F; is a pure 1-dimensional sheaf on C; of
degree d; and puc(Fi) = po(F2) = po(Fs), ie. dp = dy = dz. Since
X(F) = x(F1) + x(F2) + x(F3), we have dy = dy = d3 = —2 and F is
as in ().

Secondly, we show that all the polystable sheaves supported on curves of
7*| — Ky | are n-invariant. Both in (§]) and in (@), n acts separetely on the
addendi of F, which are points of Prym varieties of double covers of rational
curves. As the hyperelliptic involution of a hyperelliptic curve induces the
involution —1 on the Jacobian, the corresponding Prym variety coincides
with the Jacobian. So F is n-invariant.



Thirdly, we describe the locus of n-invariant strictly semistable sheaves
using the support map. To this aim, we observe that each dual line LV gives
a pencil of conics on Y, and its pullback is a pencil of elliptic curves on S. In
the notation of Lemma [[.2] the double cover in S of the line L is one of the
27 rational curves C1, and the elliptic pencil is |C5| (which contains reducible

curves of type C* U (7). The relative compactified Jacobian Fc of each
elliptic pencil gives the sheaves F, in () (and their degenerations Ogi(—2)®
Oci(—2) in [@)). It is jg;’*Q, hence a K3 surface. The elliptic fibration map
is the support map restricted to the polystable sheaves corresponding to C'.
Since |Cy| contains 5 reducible fibers with two simple nodes, and x(5) = 24,
S — |Cs| has 14 irreducible singular members with a simple node. Hence the

—F=C
elliptic fibration J=2~ has exactly 19 irreducible singular fibers and y = 19,
so it is singular.

O

To determine the singularities of P, we describe the tangent cone C|z(P)
to P at the strictly semistable sheaves. To this aim, we use the following
local analytic model of J (see Section 2.6 and 2.7 [KLS]).

Theorem 3.2. There exists a linear map k : Exty(F,F) — Ext%(F,F),
called Kuranishi map, satisfying the following properties:

1) its image is contained in the kernel of the trace map
tr: Ext%(F,F) — H*(Og) = C,
denoted by Ext%(F, F)o;

2) k is equivariant with respect to the natural conjugation action of G =
PAut(F) on Exty(F,F) and Ext:(F,F);

3) k has an expansion at 0
k = k‘Q + k‘3 =+ ...

starting from a quadratic term which is the cup product

1
kjg(g) = §g U g;

4) (k71(0)//G,0) is a local analytic model of (J,F) and (ky'(0)//G,0)
is a local analytic model of Cpr(J).

Theorem 3.3. At a polystable sheaf F = F1 © F2 as in (8), Cix(P) is
locally analytically equivalent to C? x (C*/ % 1).

10



Proof. At the infinitesimal level, 1 induces an involution n* on Ext}(F, F).
By Theorem [B.2] there is a natural sequence of inclusions

Cir(P) = Ci(T") € Ci(T)" C (Ext§(F, F)//G)T . (10)

To deduce the thesis, we show that (I0) is a sequence of identities in the
following two steps:

i

i)

Exty(F, F)//G = C? x Im(02.), (11)

where Ir@) is the affine cone over the Segre embedding g5 : P? x
P3 — PP,

(Ext}(F,F)//G)T =C? x (C*/ £1). (12)

Set

Uy := Ext(F1, Fi), Uz :=Extl(Fa,Fa),

W = Ext§(Fi, Fo), W' = Extg(Fa, F1).
By Serre duality W' is the dual of W with respect to the pairing
tr(_o_). Asthe supports of F; and F are transversal, we get W = C*.
Since Cy is a rational curve, Uy = HY(Ng, /g) @ Ext, (Fi, F1) = 0.
Since C5 has genus 1, F5 can be deformed either as a sheaf in J _2(02)

or by varying its support, the two possibilities corresponding to the
two summands in Uy = HY(N,/5) @ Extg, (F2, F2) = C2. So

Ext}(F,F) =Uy x Uy x W x W* = C!°, (13)

Choosing coordinates x1,...,z4 in W such that 7 exchanges =1 < x2
and 3 <> x4, let y1, ..., y4 be the dual coordinates in W*. Let 21, 29 be
coordinates in Us.

Aut(F) = Aut(F;) x Aut(F,) = C*2 by the stability of F;, hence
G = C*. Moreover G acts trivially on Uy, while on W x W*

(A, A2) - (2, y) = (WAt AT M Aay) for (A, A2) € Aut(F),

so its action on Exti(F, F) is

A (z,2,9) = (2, Az, A y), where A = Ay /o (14)
By ([I4) and (I3)
Exty(F,F)//G = Uy x (W x W*)//G. (15)

11



i)

The algebra of invariants of the action of G on P(W x W*) is generated
by the quadratic monomials

Uij = LYy, (16)
and the generating relations are the quadratic ones
Ui U = U Uil - (17)
So ([I3)) gives (III).
Since Cj is T-invariant for ¢ = 1,2, we have by (I3
(Exty(F, F)//G)" = U x Uy x (W x W*)//G)".  (18)
Considering Pc,, we get the natural identification
Ul = Ciz)(Pe,) = Tizy (Pey), (19)

because F; is a stable and hence smooth point of P¢,. It remains to
study the last term of (I8). The involution j exchanges z; < y;, thus
the action of n* on W x W* is

?7*(%&) = (Y2, Y1, Y4, Y3, T2, T1, Tq, T3).
Its fixed locus is then
T = Yo, T2 = Y1,T3 = Y4, T4 = Y3 (20)

Since
(A (z,y) = %n*(g, ), (21)

n* induces a well-defined involution on (W x W*)//G. From (2II), we
see that n* is not G-invariant, hence its fixed locus on the quotient
cannot be described as the quotient of its fixed locus. To characterize
it, we observe that in the G-invariant coordinates u;; of (), (20)
becomes

Ul = U2, U3y = Udd, U3 = U4, Ul4 = U2, U23 = U], U4 = U31. (22)

The quadratic relations (IT), combined with ([22)), give the equations
of the image of the Veronese embedding v, : P3 — PY. Thus

(W x W*)//G)"" = Tm(vs) (23)
where Im) is the affine cone over Im(v9). Moreover

Tm(vg) = C*/ £ 1. (24)

12



Indeed, choosing coordinates wi, ...,ws on C* with the action of —1
given by w; — —wj;, the algebra of invariant functions has generators

v;j = wiw; for 7 < g,

and relations
ViVl = Vg5Vl

o —

which describe exactly Im(vg).

Thus combining ([I8]), [23]) and @24), we obtain ([I2]).

Corollary 3.4. P does not admit any symplectic desingularization.

Proof. By Theorem B3] P is locally analytically isomorphic to C2 x (C*/=+1)
around a polystable sheaf F = F;®F,. The singularity C*/41 is Q-factorial,
so it has no small resolutions, and terminal, that is the canonical sheaf of any
resolution of singularities contains all the exceptional divisors with strictly
positive coefficients. Thus none of the resolutions has trivial canonical class,
and none of them is symplectic. O

Remark 3.5. 1t is interesting to note that J admits a symplectic resolution
while P does not.

Theorem 3.6. At a polystable sheaf F = Oci(—2) & Og2(—2) & Ops(—2)
as in ([(3), C%}-} (P) is locally analytically equivalent to C®/Zy x Zsy, where the
action on C® is given by

Zo x Ty =< (1,1,—-1,-1,-1,—1),(=1,-1,1,1,-1,—1) > . (25)

Proof. To deduce the thesis, we show that (I0) is a sequence of identities in
the following two steps

i)
Exty(F,F)//G = Z, (26)

where Z is the affine cone over the variety described by the equations

i)
(ExtL(F,F)//G)" = C8/Zy x 7y, (27)

where the action is as in (25]).

13



i) We set

Wi = Exth(Opn (=2), 0c2(~2)),  War = Exth(Op2(~2), Oca (=2)),
Wis = EX‘C}g(OCq (=2),003(-2)), W3y = EX‘C}g(OC?,(—Q), Oc1(-2)),
Was = Exth(Op2(—2), 0ps(=2)),  Wan = Exth(Ops (—2), Oz (~2)).

By Serre duality, W;; = W}. Since the supports of Oci(—2) and
Oci(—2) are transversal for i # j, we get W;; = CcCC* = 2. So

EXt‘lsv(]:, ]:) = Wig x Wiz x Wag X W1*2 X Wf3 X W2*3 =2,

: : 0 .1 ; > 0y _ .1 0 1
Choosing coordinates 5, ;; in Wij such that T(xij) = x;;, let y;%, y;;

be the dual ones in WZ;

By the stability of F;, Aut(F) = C**, hence G := PAut(F) = C*?.
Setting € := )\1/)\2,62 = )\2/)\3 for ()\1,)\2,)\3) S Aut(}"), its action
on ExtL(F, F) is

ko k k k k-1 k —1 -1k —1 k
(61762)'(%‘3‘7%]’) = (€127, €162713, €293, €1 Yio, €1 € Y13, €5 Yo3)-

The algebra of invariants of the action of G on P(Extk(F,F)) is gen-
erated by the 12 quadratic monomials

Kl ._

g} = xijgj i<, (28)

and by the 16 cubic monomials

= $If3yl121127%, wh™ = yfg,xluxgé. (29)
Its generating relations are the 3 equations in ufjl
u%ou%jl = ugjluzl](-] , (30)
the 18 equations in v¥7%, w7k
,Ulclmvk’l’m’ _ vk’lmvkl/m/ _ ,Ulcl/mvk’lm’ _ vklm’vk’l/m’ (31)
wklmwk/l/m/ _ wk/lmwkl’m’ _ wkl/mwk/lm’ _ wklm’wk/l/m, (32)
and the 64 cubic equations
pRtma WU — g KB U (33)

Hence we deduce (20]).
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1) The action of j is xfj “ yfj, so that

sk ky_¢1 .0 1 .0 1 .0 ,1 .0 .1 .0 .1 _0
n (xij’yij) = (Y12, Yi2> Y135 Y13 Y23 Y935 T125 T125 T135 T135 T35 T3)-

Its fixed locus is then
1 _0 .0 _.1 .1 _.0 .0 _ .1 1 _ .0 .0 _ 1
Y12 = T12, Y12 = T12, Y13 = T13, Yi3 = T13,Yo3 = Ta3, Yo3 = Tog. (34)

Since

e (o) = (00 ) el
€1 €9
n* induces a well defined involution on Extk(F,F)//G. As n* is not
G-invariant, its fixed locus on the quotient cannot be expressed as
quotient of its fixed locus. We can describe it using the invariant
coordinates u¥!, v*m k™  Substituing (34) in @8) and 29), we see

15

that the fixed locus of n* is

00 11
vklm — wl—k,l—l,l—m. (36)

So the function algebra of (Ext}(F,F)//G)"" has the 9 coordinate

functions u%o ,u%l,uzlj(-) and the 8 coordinate functions v*™ as genera-

tors. Using (B5) and (B6), the relations ([B0) give the 3 equations

(u?jo)z - u?}“’}f? (37)

the relations (B3] give the 36 equations

kim_ KUm' _  k1-k' 1,1-I' m,1—m’
v = Uiz Ujy  Upg ) (38)

while ([BI) and 32]) follow from (B7) and (38]).

These equations describe the quotient (27)). Indeed choosing coordi-
nates 79, 71,79, ra, rg, r%, in which the action is given by (23]), the alge-
bra of invariant functions is generated by the 9 quadratic monomials

gk . J.k
s; =TTy

and by the 8 cubic monomials

igk . i J ok
t% = 55583,

with the 3 quadratic relations

and the 36 cubic ones

ijkyd’ 'k i G5 kK
A =S| Sy S3 .
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O
Corollary 3.7. The singular locus of P coincides with the locus of n-invariant

strictly semistable sheaves and consists only of quotient singularities.

Proof. The identification of the singular locus with the strictly C-semistable
sheaves and the analysis of the type of singularities follow from Theorem
and Theorem O

4 Simple connectedness and irreducibility of P

In this section we prove that P is simply connected and the HZ9 of its
smooth locus is generated by the symplectic form. We deduce this describ-
ing a birational model of P as a quotient of SB) by an involution.

Lemma 4.1. There exists a rational map

¢ :SB s P
= (1=7)¢
Proof. For a generic & € SBI, Ce = (&, po) N S is a generic element of
7| — Ky| and Cf == (m(£)) NY is a generic member of | — Ky|. Indeed, a

T-invariant hyperplane contains pg, so it is given by py and 3 other points.
Hence generically & € J3(C¢), and & — 7(§) € P(Ce, ). O

Remark 4.2. The indeterminacy locus of 1) is given by £ such that dim(¢) < 3,
ie. (§) is a line. A line meeting S in 3 points, meets also Z5 in 3 points, so
it lies on Z5. Vice versa, a line on Zs clearly meets Z3 in 3 points, so it also
meets S in these 3 points. Hence

Indet(¢)) = {lines in Zy} = P3.
Lemma 4.3 (Proposition 4.1 [O4]). The involution
0SB - G (39)
= (O NS)—¢.
is antisymplectic.
Remark 4.4. 11 has the same indeterminacy locus of 1)
Indet(z;) = {lines in Zy} = P3.

Thus ¢1 induces a regular involution on the blowup BI(S [3]) of Sl along the
P? given by the locus of lines in Zs.

If we consider a generic ¢ € Indet(s1), then (£,po) = P? meets S in 6
points, respectively ¢ and 7(§), and 7(§) € Indet(s1). So also 7 extends to
an involution on BI(S?).
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Theorem 4.5. Y is a rational double cover with involution ts, where 1o is
the involution induced by t1 o T on the blowup BI(S[?’]) of SBI along the locus
of lines in Zo. Hence M := BI(SP) /1y is birational to P.

Proof. Let & = {p1,p2,p3} be generic. We want to determine all the divisors
& = {p},ph,p5} on C¢ such that £ — 7(§) ~ & — 7(¢). Equivalently, setting
§:=E&+7(¢) , we want to determine the solutions of 6 ~ 7(§) for £ generic.

If 6 = 7(6), then § is 7-invariant and, modulo the permutations of £ and
of £, we have only 3 possibilities:

a) p,=7(pi), ©=1,2,3, then 2§ ~ 27(§), hence { is non-generic.

b) py =7(p1), Py =7(p2), Ps=ps, then 2(p1 +p2) ~ 2(7(p1) + 7(p2)),
hence £ is non-generic.

¢) py = 7(p1), Py = p2, Pp3 = ps3, then 2p; ~ 27(p1), hence ¢ is non-
generic.

If § # 7(6), then dim |§] > 0. By the Riemann-Roch theorem we have
dim |6] = 3 + dim |K¢, — |, with deg K¢, = degd = 6.
There are 3 subcases:

d) Kg, ~ 9, so () is a plane in (C¢) = P3, and |6] = P3". Then 7(¢') is
uniquely determined as (£) NC¢ —&. So the unique non-trivial solution

is 12(§).

e) K¢, # ¢ and [d] is base point free. Then none of the possible 5-uples
of points of § lies on a plane. Now |Ops(2)| = PY, and |Oc, (2)] =
2Hc, | = P?, since C¢ C (£, po) N Zz. So there exist 6 points 6 on C¢
such that |d| consists of the residual intersection (¢ N C¢) — 9, where
q € |2Hc, — 0| = P2. Moreover, T acts linearly on (€), so ¢ € |2H, — 4|
if and only if 7(¢) € [2Hg, — 7(0)|. As d ~ 7(0), the two families
coincide. We deduce that § is 7-invariant, and hence every quadric in
2Hc, — 0] is T-invariant. Thus & = ¢, i.e. § = 7(d), absurd.

f) Kc, # 9, and [6] = PP? has a base point. Then 5 points of § span a plane
II; assume they are pi,pa,ps, 7(p}), 7(ph). Setting p the remaining
intersection point of IT with Cg, |§] is clearly given by [He, —p| = P2.
As § ~ 7(0), p is T-invariant. So £ spans a plane passing through one
of the six 7-invariant points of C¢, hence & is non-generic.

We conclude that the generic fiber of 1) consists of only two points, in-
terchanged by ¢s. O

Corollary 4.6. h(29(P) = 1.
Proof. As M admits a rational dominant map onto P by Lemma [£3] we
have h20(P) = hZO (M) = h20(SBl) = 1. O
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Lemma 4.7. Fix(t2) is the disjoint union of two smooth irreducible 4-folds
and 120 isolated points.

Proof. The fixed locus of a biregular involution on a smooth variety is
smooth.

For a generic to-invariant £, the plane () is 7-invariant, because the
planes are ¢1-invariant. Since Fix(7)= Hy4 U pg, either (£) C Hy or pg € (&)
(indeed if there exists p € (£) — Hy, then pg € (£)).

In the first case £ C S N Hy is 7-invariant, so ¢1(§) = £ Then (§) is
totally tangent to the curve S N Hy. This imposes 3 conditions in P2, hence
we expect a finite number of such £’s. These correspond to the odd theta
characteristics of the curve, which are exactly 23(2* — 1) = 120.

In the second case, we obtain the remaining part of Fix(t) as

2= {¢ e SB :py € (6)).

To describe it, we consider the natural map BI(SP!) — G(2,4) extending
the rational map & — (). It is a (g) = 20-to-1 covering. The image of ¥ is

clearly
{TT plane C P*: pg € TT} = 011 = G(1,3),

so ¥ is a 20:1 covering of a smooth quadric of P5. Since (£) is T-invariant,
€)NS={&7(&)}. The 12 triples {p;, 7(pi), pj} and {p;, 7(p;), 7(p;)} sweep
a 4-fold ¥7 c SB) which is a double covering of Y2, The other 8 triples
sweep Yo, an 8-sheeted covering of oq;. So ¥ has 2 disjoint irreducible
components, 7 and Ys. O

Remark 4.8. Considering o as a rational involution on S, it has the same
fixed locus, because a line on Zs does not lie in H4 and does not pass through

Po-
Theorem 4.9. P is simply connected.

Proof. As M is a rational double cover of P by Lemma [£5] M has the
same fundamental group as P. Since there are fixed points, M has the same
fundamental group as BI(S [3}), which has the same fundamental group of
SBl because it is a blowup along a smooth locus. U

Remark 4.10. Considering the invariant part of the action of 7, on Tp(S [3]),
it is easy to see that M has singularities of type C* x (C?/+1) on 3; and of
type C%/+1 at the isolated points. Since the singularities of M and of P are
different, they are only birational. It is interesting to determine explicitly a
birational transformation between them.

Remark 4.11. It remains an open question if P can be expressed as a quotient
of another manifold by a regular finite group action.
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5 FEuler characteristic of P

In this section we calculate the Euler characteristic of P, using the fibration
structure.

Since the Euler characteristic is additive, i.e. x(X) = x(U) + x(X —U)
for any open U C X, and multiplicative for topologically trivial fibrations,
Le. x(X xY) =x(X)x(Y), we can stratify 7*| — Ky | depending on the
fibers. Since x = 0 for any smooth abelian variety, it is enough to study the
locus of singular fibers, which we call the discriminant of the fibration and
we denote by A.

Lemma 5.1. The discriminant A C 7*| — Ky| consists of two irreducible
components: the dual Y™ of the cubic surface, of degree 12, and the dual B*
of the branch locus of ¢, of degree 18.

Proof. C'is singular if and only if C’ is singular or C’ is tangent to B.
The degrees of Y* and B* can be easily determined using Schubert cal-
culus in P3":

degY*=Y"nN J%O,O =Y"Noy10={H:1C H,H tangent to Y},
deg B* = {H :1 C H, H tangent to B},

with  a generic line in P3. Denoting P, @, R the intersection points of Y
and [, we have a natural map f : B1P7Q7R(Y) — o110 = P! such that
f(p) = (p,1). The degree of Y*, which is the number of planes tangent to ¥
and passing through [, corresponds to the number N of singular fibers of f.
Using the good properties of the Euler characteristic, we get

x(Blpo.r(Y)) = x(P' — N pts)x(smooth fiber) 4+ x(N pts)x(singular fiber),

i.e. N =12, because x(Blpgr(Y)) = x(Bloys(P?)) = x(P?) + 9 = 12 and
a smooth fiber has x equal to zero (it is an elliptic curve), while a singular
fiber has x =1 (it is a nodal plane cubic).

To determine deg B*, we can consider the 6:1 cover g : B — 01,10 = P! such
that g(p) = (p,1). The degree corresponds to the degree of the branch locus,
which is 18 by the Riemann-Hurwitz theorem. O

Remark 5.2. The degree of the discriminant locus of P is 30. For irreducible
symplectic 6-folds obtained as Beauville-Mukai integrable systems, the de-
gree is 36. General results on the degree of a Lagrangian fibration with
Jacobians of integral curves as fibers have been obtained by Sawon in [S1].

Theorem 5.3. A admits a natural stratification in singular loci (with several
irreducible components), corresponding to all the possible singular members
of ™| — Ky |, as described in the following:

Dimension 2
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a) C has a simple T-invariant node, if (C') € B* — Sing(B* UY™) (i.e.
C’ is tangent to B);

b) C has two simple nodes, interchanged by 7, if (C') € Y*—Sing(B*UY™)
(i.e. C' has a simple node);

Dimension 1

¢) C has two simple T-invariant nodes, if (C') lies in the complement
of Sing(Sing(B* UY™)) inside the irreducible component of Sing(B*)
corresponding to C' bitangent to B;

d) C has one cusp, if (C") lies in the complement of Sing(Sing(B*UY™))
inside the irreducible component of Sing(B*), which corresponds to C'
having a point of triple contact with B;

e) C has three simple nodes, one fived by T and the others interchanged
by 7, if (C') lies in the complement of Sing(Sing(B*UY™)) inside the
irreducible component of B*NY™* corresponding to C' tangent to B and
having a simple node;

f) C has a tacnode, if (C') lies in the complement of Sing(Sing(B*UY™))
inside the irreducible component of B* N'Y™* corresponding to C' with
a simple node on B, in other words C' is cut out by a plane tangent to
Y at a point of B;

g) C has two simple cusps, interchanged by 7, if (C') lies in the com-
plement of Sing(Sing(B* UY™)) inside the irreducible component of
Sing(Y™*) corresponding to C' with a cusp;

h) C has two irreducible components meeting in four points, interchanged
in pairs by T, if (C') lies in the complement of Sing(Sing(B* UY™))
inside the irreducible component of Sing(Y™*), which corresponds to C"
being a reducible plane cubic that decomposes into a conic and a line;

Dimension 0
i) C has a cusp and a simple node, if (C") is one of the points of Sing(Sing(B*))

corresponding to C" with a triple contact point with B and another sim-
ple tangency point;

j) C has a tacnode, if (C') is one of the points of Sing(Sing(B*)) corre-
sponding to C" with a quadruple contact point with B;

k) C has three simple T-invariant nodes, if (C') is one of the points of
Sing(Sing(B*)) corresponding to C' with a tritangent to B;

1) C has two simple cusps interchanged by T and a simple T-invariant
node, if C' is one of the points of B* N Sing(Y™), which corresponds
to C' being tangent to B and having a simple cusp outside B;
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m) C has an As-singularity, if (C") is one of the points of B* N Sing(Y™)
corresponding to C" with a simple cusp on B;

n) C has two irreducible components meeting in pairs in two points inter-
changed by T and a simple node only on one of the two components,
if (C") is one of the points of B* N Sing(Y™*), which corresponds to C"
being a reducible plane cubic that is the union of a line and a conic
tangent to B;

0) C has two T-invariant simple nodes and two simple nodes interchanged
by 7, if (C") is one of the points of Sing(B*)NY™* corresponding to C’
bitangent to B and having a simple node outside B;

p) C has a tacnode and a simple node, if (C') is one of the points of
Sing(B*)NY™* corresponding to C' tangent to B and having a singular
point on B;

q) C has a Dy-singularity, if (C") is one of the points of Sing(B*) NY™*
corresponding to C' tangent to B in a singular point;

r) C has two simple nodes interchanged by T and a simple T-invariant
cusp, if (C") is one of the points of Sing(B*)NY™* corresponding to C’
with a triple tangency point on B and a singular point outside B;

s) C has three irreducible components meeting in pairs in two points in-
terchanged by 7, if (C") is one of the points of Sing(Sing(Y™*)) (i.e. a
reducible plane cubic given by three lines).

Proof. To describe the singularities of C' it is enough to look at C’. If C’ has
a simple node/cusp outside B, then C' inherits two nodes/cusps interchanged
by 7. If C’ has a double/triple/quadruple tangency point with B, then C
inherits a 7-invariant simple node/cusp/tacnode. If C’ has a simple node on
B, then C has a tacnode, because locally C’ has equation u? +v? = 0, hence
C is given by t? = u,u?> +v?> =0, or t* + 02 = 0. If C’ has a simple node
on B and B is tangent to one of the two branches of the curve through it,
then C has a Dy-singularity, because locally C’ has equation uv + v> = 0,
hence C is given by t? = u, uv +v% = 0, or (2 +v?)v = 0. If C’ has a simple
cusp on B, then C has an As-singularity, because locally C’ has equation
u? +v% =0, hence C is given by 2 = u,u® +v?> =0, or t% 4 v? = 0.

O

We denote by I1, the locus of points such that the condition e) of Theorem
holds, and by P, the fiber over a point of I, (i.e. the compactified Prym
variety of a curve from II,). Then

X(P) = x(Ia)x(Pa) + ... 4+ x(IT5)x (Ps). (40)
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To calculate x(P), we follow the stratification of P, used in [MT], based
on a description of J(C) in Chapter 5 [C]. J(C) admits a stratification in
smooth strata whose codimension is equal to the index i(F) of the sheaves
F represented by points of these strata. The normalization map v : C' — C
factorizes through a partial normalization v : C' — C such that v*(F)/(tors)
is invertible, and i(F) is the minimum of length(v.(O#)/Oc). When C' is
integral, the index takes values between 0 and 6(C') = length(v«(Og)/Oc) =
pa(C) — ¢g(C). Each stratum is an extension of J(C') by an algebraic group.
Let J;(C') be the stratum of codimension i. So Jy(C) = J(C). The map F —
v*(F)/(tors), restricted to .J;(C), gives a morphism v; : J;(C) — Pic™*(C).

We denote by P; the stratum J;(C') N P induced on P. So Py = P(C, 1),
an algebraic group of dimension 4. Moreover, T extends to an involution on
C corresponding to the double cover C'— C’, where C” is the normalization
of C'. Each stratum is an extension of P(C ,7) by an algebraic group.

Theorem 5.4. x(P) = 2283.

Proof. Similarly to Proposition 2.2 [B2], x(P,) corresponds to the number of
O-dimensional strata of P,. Hence it is non-zero only in the cases k), n), 0), s),
and it suffices to determine the cardinality of I, and the 0-dimensional strata
of P, in these cases.

k) The number of tritangents to B corresponds to the number of odd
theta characteristics. Hence we get 23(2* — 1) = 120 points.

We need to determine the zero-dimensional strata of P, which is P,
because C' is irreducible and §(C) = 3. First, we observe that P(C, 1)
is given by two points. Indeed C' has three 7-invariant nodes, p1, p2, p3.
By the Riemann-Hurwitz theorem, the induced 7 on C is base-point-
free, so 7(p}) = p!, with v 1(p;) = {pl,p/}, and 7 is a translation by
a 2-torsion point ¢ = [p} — Y] = [p} — b = [p5 — p4] € J(C) = C. So
1 has 4 fixed points on C' (the four solutions of 2p = ¢) and P(C,7)
consists of two points.

Following Cook [C], the elements of J3(C) are of the form v.(£), with
L € Pic3(C). To determine P3, we need to describe the action of 7
on J3(C):
JWs (L)) = vi((L7H)(=ph — P = ph — p5 — ph — P5)),
T(vu(L)) = v(r(L)).

Hence v, (L) € P3 if and only if £ € P(C,7), and P3 consists of two
points.

n) The number of reducible curves given by a conic tangent to B and a
line on Y does not correspond to the intersection number of h) and a),
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because the line is not generic. To calculate it, we consider the pencil
of planes of P? containing a fixed line on Y. Then B intersects the line
in 2 points, and a plane of the pencil in the same 2 points plus other 4
points. Thus we get a 4:1 cover B — P!, and the degree of the branch
locus is 14 by the Riemann-Hurwitz theorem. As there are 27 lines on
a cubic surface, the number of points of n) is 14 - 27 = 378.

The zero-dimensional stratum of P is Ps, because C has four simple
nodes. P(C’ ,T) is a point, because C and C" are rational curves. The
elements of J5(C) are of the form v, (Os(d — 1) ® Ox(—d)), for d sat-
isfying semistability conditions, i.e. d = 0,41,+2 (£1 represent the
same -equivalence class, and also £2). Ps thus consists of three points.

To determine the number of nodal curves bitangent to B, we calculate
it indirectly, determining the degree of the curve (case ¢) ) of bitangents
to B and the number (case p) ) of curves tangent to B and having
a singular point on B. Indeed, b) N¢) = 2p) + o), since b) and c)
meet transversely and p) has intersection multiplicity 2 because the
bitangents of b) can acquire a node in one of the two tangency points.

The degree of ¢) can be obtained considering a projection of B onto
a plane from a generic fixed point: the number of bitangents of B
corresponds to the number of bitangents of the image B’, which is a
plane curve with the same geometric genus and degree, i.e. ¢ =4 and
d = 6. Since the arithmetic genus of a plane sextic is 10, B’ has 6
simple nodes. By Pliicker formulas, we have

g=(d"—1)(d*—=2)/2—b—f,  d=d"(d —1)—2b—3f,

where d* is the degree of the dual curve of B’, b is the number of
bitangents, f the number of flexes. So we need to determine d*. Again
by Pliicker formulas

d*=d(d—1) -2 — 3k,
where 0 is the number of simple nodes and k the number of cusps.

Hence d* = 18 and b = 90, so ¢) has degree 90.

The degree of p) can be obtained considering the curve of the case f).
From it we can define

D :={IINB — {p} : II tangent to Y at p}pen.

It is a 4:1 cover of B with branching p). By the Riemann-Hurwitz
theorem, to calculate p), it is enough to determine the genus of D.
D can be seen as a subvariety of B x B C P3 x P3: the equation
> x;0;F(p) = 0, with ((x;), (p)) € Bx B, gives D+2Ap. Setting f; :=
B x pt, fg_:: pt X B, we get_that D ~ 12f1 + 6f2 — 2A g numerically,

23



hence Kp ~ (Kpxp+ D)D ~ (18f1 +12f —2Ap)(12f1 + 6 fo — 2Ap)
and using the intersection relations Ap - fi = Ag - fo =0, f2 = f2 =
0,A% = degNp = degTp = 2 — 2gp = —6, we have Kp ~ 132. So
g(D) = 67, and by the Riemann-Hurwitz theorem the branch locus
consists of 108 points.

In conclusion, o) consists of 90 - 12 — 2 - 108 = 864 points. The zero-
dimensional stratum of P is Py, because C'is irreducible and §(C') = 4.
P(C’ ,T) is a point, because C and C" are rational curves. Similarly to
k), the elements of J4(C') are of the form v, (Oz(—4)), and Py = P(C,T)

is a point.

s) We have 45 points, which are the intersection points of the orthogonal
lines to the 27 lines on Y.

Collecting the previous calculation, we obtain by (40)

X(P)=120-2+ 378 -3+ 864 -1+ 45 -1 = 2283.
O]

Remark 5.5. Many computations of this proof are similar to those of Propo-
sition 4.3 [MT]. In particular, we remark that at point 7v) there is a mistake:
indeed P, consists of 2 points, not 4 (and analogously in P; and Py there
are half of the copies of C* and of C* x C*). This follows from the same
considerations as in the previous proof for the item k). For this reason, the
computation of the Euler characteristic of the 4-fold from the Del Pezzo of
degree 2 (Proposition 5.1 [MT]) should be corrected as follows:

X(P)=28-2+4128-1+28-1 =212,

This computation agrees with the one done by Menet in Proposition 2.40
[Me], where he determines the Euler characteristic of the 4-fold relating it
to the quotient of a K3 surface by an involution.
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