Topological proximity effects in a Haldane-graphene bilayer system
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We reveal a proximity effect between a topological band (Chern) insulator described by a Haldane
model and spin-polarized Dirac particles of a graphene layer. Coupling weakly the two systems
through a tunneling term in the bulk, the topological Chern insulator induces a gap and an opposite
Chern number on the Dirac particles at half-filling resulting in a sign flip of the Berry curvature at
one Dirac point. We study different aspects of the bulk-edge correspondence and present protocols
to observe the evolution of the Berry curvature as well as two counter-propagating (protected) edge
modes with different velocities. In the strong-coupling limit, the energy spectrum shows flat bands.
Therefore we build a perturbation theory and address further the bulk-edge correspondence. We
also show the occurrence of a topological insulating phase with Chern number one when only the
lowest band is filled. We generalize the effect to Haldane bilayer systems with asymmetric Semenoff
masses. We propose an alternative definition of the topological invariant on the Bloch sphere.

Topological systems have attracted a considerable attention these last decades [1, 2] as they show robust gapless edge modes which are relevant for quantum information purposes [3]. The Haldane model [4] on the honeycomb lattice, which has been realized in ultra-cold atoms
[5, 6], graphene [7], quantum materials [8], and photonic
topological systems [9–13] now appears as a paradigmatic
model in the topological classification of Bloch energy
bands. For spinless fermions, the bulk state is insulating
at half-filling and characterized by a topological invariant, the first Chern number, while the edges of the system
reveal a one-dimensional gapless chiral mode by analogy
with the quantum Hall effect [14–19]. Topological proximity effects induced by a topological band insulator [20–
22] have also started to gain interest as a generalization of
the proximity effect induced from a superconductor onto
a metallic system [23, 24]. In this Letter, we study the
proximity effect when tunnel coupling a Haldane model
with a layer of graphene [25–27]. We assume spinless
particles in both layers and the tunnel process couples
the same sublattice in the two layers. Particle-hole processes at the interface open a gap as a result of pseudospin effects, inducing an inverse topological order in the
graphene system when both layers are half-filled.
The Haldane model and graphene layers are described
through the same pseudospin-1/2 representation in momentum space, as a result of the two sublattices of the
honeycomb lattice [28], allowing us to describe the proximity effect in the same torus representation of the first

Brillouin zone and fiber bundle approach on the Bloch
sphere. We address different geometries and protocols to
describe the bulk-edge correspondence and the Berry curvatures [29] of Bloch bands which could be equivalently
probed for fermions and bosons at the one-particle level.
We draw an analogy with the Kane-Mele model [30–32]
and with the quantum spin Hall effect [33, 34], regarding
the edge structure. We also suggest implementations in
graphene bilayers, cold atoms and light systems.
We start our analysis with the Hamiltonian H =
Hg +Hh +Hr , where Hg describes the graphene layer, Hh
the topological Haldane model, and Hr the tunnel coupling between the layers with amplitude r. We emphasize here that we consider no displacement in the stack
of the two layers. We use the definitions where t1 means
nearest-neighbor hopping element on the honeycomb lattice, t2 second nearest neighbor tunneling element with
the associated phases ±Φ for sublattices A and B [35].
In wave-vector
space, the Hamiltonian takes the form
R
H = dk/(2π 2 )H(k), where


dg · σ
r·I
H(k) =
(1)
r · I dh · σ + h · I
with the pseudo-spin Pauli matrices σ acting in the
Hilbert space of sublattice A and sublattice B of each
layer g and h, respectively [28]. To make an analogy with two 1/2 spins in k-space, one could also
choose to introduce two different sets of Pauli matrices σ1 and σ2 ; the results derived below can be simplified in notations through the introduction of one
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set of Pauli matrices. The magnetic fields: dhx (k) =
P3
P3
−t1 i=1 cos(k · ai ), dhy (k) = −t1 i=1 sin(k · ai ),
P3
dhz (k) = −2t2 sin Φ i=1 sin(k · bi ). The vectors ai
and bi link nearest neighbors and next-nearest-neighbors
on the honeycomb lattice [35]. Furthermore, h =
P3
−2t2 cos Φ i=1 cos(k · bi ) and I is the 2 × 2 identity
matrix. Since we assume that the nearest-neighbor tunneling amplitudes are identical in both layers (for the
simplicity of notations but without loss of generality),
then dgx (k) = dhx (k) and dgy (k) = dhy (k), and initially for
graphene (when r = 0) the magnetic field in k-space resides in the equatorial plane dgz (k) = 0. In the numerical
calculations below, we fix the phase Φ = π/2.
Mapping the first Brillouin zone on a torus onto
the sphere S 2 , the Haldane model at r = 0
is characterized by the normalized magnetic field
d∗ = (sin θ(k) cos φ(k), sin θ(k) sin φ(k), cos θ(k)) such
that the Chern number associated with the two bands
of the topological Haldane insulator can be defined as
Z
Z
1
1
h
F± = ∓
dΩ = ∓1,
(2)
C±
=
2π S 2
4π S 2
with the relation between the Berry curvature and the
solid angle on the sphere S 2 : F± = ∓ sin θdθdφ = ∓ dΩ
2 .
In Fig. 1 top left, we show the Berry curvature associated with the lowest energy band of the Haldane model,
h
= C1 = +1. The
corresponding to the Chern number C−
Chern number of such spin-1/2 models on the sphere S 2
has been measured in circuit Quantum electrodynamics by applying a one-dimensional path on the Bloch
sphere going from north to south poles [37–39]. The
Berry curvature of the Haldane model has also been reconstructed in cold atoms [6] through momentum space
density which is obtained from time of flight images,
n(k) = f (k)[1 − sin θ(k) cos φ(k)], where f (k) corresponds to the broad envelope associated with the momentum distribution of the Wannier function [40]. To measure accurately the two angles, one can create a chemical potential offset between the two sub-lattices ∆AB ,
which then acts in the quasi-momentum representation
as a rotation (in k space), φ(k) → φ(k) + ∆AB t/~ where
~ = h/(2π) is the (reduced) Planck constant [6, 40].
Topology of the Bloch bands can also be accessed through
Wilson line measurements [41] and coupling with circularly polarized light [7, 42].
The Chern number of the graphene system is equal
g
= C2 = 0 in the absence of coupling with the
to C±
topological layer, i.e., r = 0. One can still define a Berry
phase [29] ±π associated with local pseudo-spin effects
in k-space when linearizing the band structure around
the two inequivalent Dirac points (see Fig. 1) [25]. To
show how an effective dgz magnetic field component can be
induced in the graphene layer through the presence of the
dhz term in the Haldane system, we build a path integral
approach in the small r  (t1 , t2 ) limit integrating out

FIG. 1. Berry curvature in the Brillouin zone for the Haldane
and graphene layers at r = 0 and small r, showing the Berry
phase jump effect [35]. Here, t1 = 1 and t2 = 1/3.

degrees of freedom of the Haldane model. Assuming that
the r tunneling term couples mostly the same sublattice
of the different layers (leading to H(k) in Eq. (1)) then
the partition function of the graphene layer becomes:
Z
Z β Z 2

d k
Zg = Dζg (k)Dζ̄g (k) exp −
dτ
ζ̄g (k) ∂τ (3)
2
2π
0


r2
(1 − e−τ )dh (k)σ (ζg (k))T ,
+ dg (k)σ −
2
|dh (k)|
with ζg (k) = (cgA (k), cgB (k)) describing an electron annihilation operator in the graphene layer, at sublattice
A and B respectively, and  an energy scale close to t2 .
At long time scales τ  1 or low energy compared to
the Haldane gap we find that the proximity effect here
results in the induction of a finite magnetic field in the
graphene layer along the z direction. Such an effective
term in the Hamiltonian agrees with second-order perturbation theory in the tunnel coupling r [21], and appears
independently of the statistics of particles or fields. It
can also be seen as an analogue of an antiferromagnetic
Ising term between two 1/2 spins in k-space.
We build an effective low-energy model close to the
Dirac points of graphene √(dx = dy ∼ 0), approximating dhz (k ∼ ±K) = ±3 3t2 sin Φ where the proximity effect is more important at small r. The induced
term ∼ −r2 /(27t22 sin2 Φ)dhz (k)σz opens a gap at the two
Dirac points and builds an analogy with the Haldane
model. This now ensures that the low-energy band of
the graphene layer satisfies the following condition on
g
the Chern number C−
= C2 = −1.
To understand this key point, we use the form of the
eigenstates close to a given Dirac point in graphene [25]


1
1
√
(4)
iφ(q)
2 ±e
where q corresponds to a small deviation from a Dirac
point such that tan φ = qy /qx . The ± signs refer to
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FIG. 3. Berry curvature for the two lowest energy bands at
strong coupling r = 0.7 (t1 = 1 and t2 = 1/3).

FIG. 2. Band structures for t1 = 1 and t2 = 1/3 in the weak
and strong-coupling limits for a cylinder geometry [1]; the
lattice spacing is a = 1. On the left, we zoom on the two lowenergy graphene bulk bands. In the green region of 60 unit
cells, the total Chern number of the two lowest bands is zero
and in the grey region (of 14 unit cells) the system is a Haldane
model. We observe two counter-propagating edge modes with
different velocities at zero energy until r ∼ t2 . For very strong
couplings, at zero energy, the counter-propagating edge modes
are only linked to properties of the Haldane region.

positive energy and negative energy bands respectively
meeting at the Dirac point; these two bands are related
through φ ↔ φ + π. It is constructive to introduce the
mass (gap) m = −r2 /(27 sin2 Φt22 )dhz (k) which changes
of sign at the two Dirac points in the graphene layer.
In the Supplementary Material, we provide the forms of
the eigenstates as a function of vF |q| and m [35]. We
check that eigenstates converge to those of Eq. (4) in
the limit |m|  vF |q|, where vF = 3t1 a/2 is the Fermi
velocity and a the lattice spacing. The two Dirac points
K and K0 are now related through a mass m → −m
inversion corresponding to change φ → φ0 = −φ+π. The
operation φ → −φ corresponds to change K in K0 and
the additional π phase corresponds to invert the upper
and lower bands. We find that the Berry phases at the
two Dirac points become equal [35]
I
1
∇φ(k) · dk = −π.
(5)
γK = γK 0 = −
2
The integration follows a closed path around a Dirac
point. We numerically check [36] that a −π Berry phase
occurs at both Dirac points of graphene (see Fig. 1), similarly to the Haldane model when t2  t1 . We also check
g
h
that for the upper band of graphene, C+
= +1 = −C+
or γK = γK 0 = π (this is equivalent to change m → −m
at a Dirac point or dhz → −dhz ; see also Eq. (19) of
the Supplementary Material in Ref. [35]). This effective
model could be perhaps realized in a bilayer graphene by
applying circularly polarized light, then opening a Haldane gap in one layer [7]. If this gap is larger than the
tunnel coupling, then one could re-write the effective tunnel coupling at the Dirac points justifying this low-energy
model. Below, we shall address a generalized bilayer Haldane model which can be realized in cold atoms.
The Berry phases could be directly measured [6, 41].

Information on Berry phases could also be reconstructed
from quantum Hall conductivity [18] quantum circular
dichroism by shining with light [42], scanning probe [43,
44] and Klein paradox [45, 46] measurements.
In the Haldane layer with t2 ∼ t1 , the pseudo-spin 1/2
is polarized close to the Dirac point, and the structure
of the Berry curvature is strongly modified: its dominant contribution occurs close to the highly-symmetric
M points now [35]. Results in the Haldane layer remain
almost unchanged from r = 0 to r = 0.4 (see Fig. 1).
Now, we study in more detail the edge properties. For
two layers of equal size, for r 6= 0, we find the formation
of a gap at the edges at half-filling, resulting from the
hybridization of the zig-zag edge mode of graphene —
present at r = 0 — with the topological edge mode (see
black edge modes in Fig. 2 left corresponding to the right
boundary of the green cylinder). This is also consistent
with the Kane-Mele model [47], where the r coupling at
the edges corresponds to a spin flip process which breaks
the Z2 symmetry and opens a gap similar to the effect
of the Mott transition [48, 49]. To confirm that a chiral edge state has now appeared in the graphene layer at
half-filling moving in opposite direction as the edge state
g
h
−C−
) = 2 in
in the Haldane layer, in agreement with (C−
the bulk for r 6= 0 [50], we suggest to suppress smoothly
the r tunnel coupling at the left edge. In the numerics,
we check that for more than 10 unit cells in the grey
region, results are stable: Fig. 2 then shows two counterpropagating edge modes with different velocities, due to
the different gaps in the two layers, crossing the chemical potential at half-filling (or energy zero). One could
build a slightly smaller layer and observe two counterpropagating edge modes, one in each layer.
To address the strong-coupling limit r  (t1√
, t2 ) analytically, we define the field operators ψ± = 1/ 2(cgA ±
chA ) hybridizing
the sublattices A of the two layers and
√
χ± = 1/ 2(cgB ± chB ) hybridizing the sublattices B of
the two layers. Similarly to the graphene layer in Eq.
(3), c†hA and c†hB represent creation operators at sublattice A and B in the Haldane layer. To show that the
strong-coupling description is very general we introduce
the magnetic fields d1 and d2 associated with the two layers, that we shall rewrite in the hybridized basis. To find
the effective Hamiltonian in the basis [ψ− , χ− , ψ+ , χ+ ],
we can equivalently perform a unitary transformation on
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in Eq. (6) in the sub-space [ψ− , χ− ] and similarly for the
sub-space [ψ+ , χ+ ]. For asymmetric masses, we find two
transitions showing a jump of Berry phase at one Dirac
point only, namely the K0 and then the K point, and the
bands remain distinguishable in the intermediate C = 1
region (see Fig. 4) [35]. For M1 = M2 , a band touching
effect occurs, then suppressing the C = 1 region [35].
Below, we present an alternative description of the
topological proximity effect on the Bloch sphere with polar angle θ(k) and azimuthal angle φ(k), defining the Haldane model at r = 0. From Stokes’ theorem, for r 6= 0,
we rewrite the Chern number of the different bands in
the equatorial plane for an angle θ(k) = π/2, as
FIG. 4. Numerical phase diagram for two coupled Haldane
models with d1 = d2 = dh . Evolution of the total Chern
number C for√the two lowest bands as a function of r and M2
for M1 = 1/ 3 in units of t1 = 1 and t2 = 1/3. Illustration
of Berry phase ‘jumps’ at the second phase transition.

the Hamiltonian such that the Hamiltonian becomes
!
(d1 −d2 )
2)
·σ
·σ
−rI + (d1 +d
2
2
. (6)
H̃(k) =
(d1 −d2 )
2)
·σ
rI + (d1 +d
·σ
2
2
The energy spectrum shows two pairs of bands centered
around ±r (see [35]) and described by a Haldane model
with an effective magnetic field in k space which is equivalent to (d1 + d2 ) · σ/2. The off-diagonal terms couple
band pairs of different energy which do not affect the lowenergy theory. For the Haldane-graphene bilayer with
d1 = dg and d2 = dh , Berry curvatures of the two lowest bands for r  t2 are shown in Fig. 3.
In Fig. 2, the two lowest “hybrid” bands are still described by a total Chern number zero and the bulk green
region now behaves as the vacuum. In Fig. 2, we now
observe two counter-propagating edge modes with equal
velocities at zero energy, when suppressing the tunnel
coupling at one edge in the cylinder geometry (in the
grey region). By making one layer slightly larger than
the other, the two edges modes now entirely connect to
the Haldane bulk bands of the grey region.
At quarter filling (implying that the particle density of
the two layers satisfy (ng = nh = 1/4)) only the lowest
band in Fig. 2 right should be filled, and the system
reveals a topological phase with Chern number 1. The
edge structure shows on average 1/2 particle in one layer
moving together with 1/2 particle in the other layer.
We now address the situation of a Haldane model in
each layer with d1 = d2 = dh which can be realized in
ultra-cold atoms through a shaking protocol, then resulting in t2  t1 [35]. We predict an evolution from a phase
with total Chern number C = 2 to a phase with total
Chern number 0, when increasing r [35]. This demonstrates that the topological proximity effect subsists in
the case of two coupled insulators [22]. We now discuss
the effect of Semenoff masses M1 and M2 in the two layers
[51]. This results in an additional term (M1 + M2 )σz /2

Cj =

1
2π

Z
0

2π



∂ j
∂
j
dφ hψN
|i |ψN
i − hψSj |i |ψSj i , (7)
∂φ
∂φ

j
where |ψN
i = |ψj (θ(k), φ(k), N )i and |ψSj i =
|ψj (θ(k), φ(k), S)i are eigenstates corresponding to the
band j defined in the north (N) or south (S) hemisphere
[35]. Going from north to south pole is equivalent to
modify the vectors ai → −ai and bi → −bi in real
space (if we fix k). This is also equivalent to change
the role of sublattices A and B in each layer. We check
that for the lowest energy band corresponding to the valence band of the Haldane model in weak coupling, then
h
= +1. The two lowest bands (and also the two
C1 = C−
upper energy bands) acquire opposite winding phases due
to the relative phase fixing argument at the north pole
g
when r 6= 0, i.e. C2 = C−
= −1, encoding the mass inversion effects between bands. We justify the equivalence
between Eqs. (2) and (7) in Ref. [35].
To summarize, we have presented a proximity effect
from a topological Chern insulator on a graphene layer.
Particle-hole processes at the interface induce a gap in the
graphene layer: the two lowest filled energy bands show
inverse quantized Chern numbers +1 and −1. We have
illustrated the bulk-edge correspondence in relation with
the Kane-Mele model [30, 50], and with general bulkedge correspondence in the ultra strong-coupling limit.
The effective model built in k-space close to the Dirac
points could be realized in graphene bilayers through circularly polarized light coupling to one layer more prominently [7]. We have generalized the Berry phase jump
phenomenon to bilayer Haldane models. In the Supplementary Material, we discuss implementations in cold
atom and light systems thoroughly. Interaction effects
leading to Mott transition [48, 49, 52, 53] and fractional
quantum Hall phases will be studied further [54].
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[17] M. Büttiker, Phys. Rev. B 38, 9375 (1988).
[18] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M.
den Nijs, Phys. Rev. Lett. 49, 405 (1982).
[19] M. Kohmoto Annals of Physics, Annals of Physics 160,
343-354 (1985).
[20] T. Shoman, A. Takayama, T. Sato, S. Souma, T. Takahashi, T. Oguchi, Kouji Segawa and Yoichi Ando, Nature
Communications volume 6, Article number: 6547 (2015).
[21] Timothy H. Hsieh, Hiroaki Ishizuka, Leon Balents, Taylor L. Hughes, Phys. Rev. Lett. 116, 086802 (2016).
[22] Jun-Hui Zheng and Walter Hofstetter, Phys. Rev. B 97,

195434 (2018).
[23] Karyn Le Hur, Phys. Rev. B 64, R060502 (2001); K. Le
Hur and T. M. Rice, Annals of Physics 324 (2009) 1452.
[24] Karyn Le Hur, Smitha Vishveshwara, Cristina Bena,
Phys. Rev B 77, 041406(R) (2008).
[25] A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S.
Novoselov, A. K. Geim, Rev. Mod. Phys. 81, 109 (2009).
[26] Parvis Soltan-Panahi, Dirk-Sren Lühmann, Julian
Struck, Patrick Windpassinger and Klaus Sengstock, Nature Physics 8, pages 71-75 (2012).
[27] Leticia Tarruell, Daniel Greif, Thomas Uehlinger, Gregor
Jotzu, Tilman Esslinger, Nature 483, 302-305 (2012).
[28] J. Cayssol, Comptes Rendus Physique, Volume 14, Issue
9, p. 760-778 (2013).
[29] M. V. Berry, Proceedings of the Royal Society A. 392
(1802): 45-57 (1984).
[30] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801
(2005).
[31] B. A. Bernevig and S.C. Zhang, Phys. Rev. Lett. 96,
106802 (2006).
[32] S. Murakami, Phys. Rev. Lett. 97, 236805 (2006).
[33] M. König et al., Science 318, 766 (2007).
[34] S. Wu, V. Fatemi, Q. D. Gibson, K. Watanabe, T.
Taniguchi, R. J. Cava, and P. Jarillo-Herrero, Science
359, 76 (2018).
[35] See Supplementary Material.
[36] T. Fukui, Y. Hatsugai and H. Suzuki, J. Phys. Soc. Jpn.
74 pp. 1674-1677 (2005).
[37] P. Roushan, C. Neill et al. Nature volume 515, pages
241-244 (2014).
[38] M. D. Schroer, M. H. Kolodrubetz, W. F. Kindel, M.
Sandberg, J. Gao, M. R. Vissers, D. P. Pappas, Anatoli Polkovnikov, K. W. Lehnert, Phys. Rev. Lett. 113,
050402 (2014).
[39] Loı̈c Henriet, Antonio Sclocchi, Peter P. Orth, Karyn Le
Hur, Phys. Rev. B 95, 054307 (2017). Karyn Le Hur, Loı̈c
Henriet, Loı̈c Herviou, Kirill Plekhanov, Alexandru Petrescu, Tal Goren, Marco Schiro, Christophe Mora, Peter
P. Orth, Comptes Rendus of Académie des Sciences 19,
Pages 451-483 (2018).
[40] Philipp Hauke, Maciej Lewenstein, André Eckardt, Phys.
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[53] Kirill Plekhanov, Ivana Vasić, Alexandru Petrescu, Rajbir Nirwan, Guillaume Roux, Walter Hofstetter, Karyn
Le Hur, Phys. Rev. Lett. 120, 157201 (2018).
[54] S. Sorn, Phys. Rev. B 98, 125145 (2018).

DEFINITIONS AND NOTATIONS

We give brief information on the definitions used in this work. The lattice vectors, see Fig. 5, are given by
u1 =

1 √ 
3, 3
2

u2 =

√ 
1
3, − 3 .
2

u3 = (0, 0)

(8)

where we set the bond length to one. Furthermore, we denote nearest neighbor displacements by
a1 =

1 √ 
1, 3
2

a2 =

√ 
1
1, − 3
2

a3 =

1
(−1, 0) .
2

(9)

The next nearest neighbour displacements in a basis of the ai are then expressed as bi = aj − ak , where (i, j, k) is a
cyclic permutation of (1, 2, 3). However, note that using an ai basis does not yield a Hamiltonian in Bloch form. In
practice, we therefore employ a basis given by the lattice vectors ui (which corresponds to a gauge transforming the
Hamiltonian to the new basis) and define next nearest neighbour displacements bi accordingly in terms of the ui .
Finally, the high symmetry Dirac points of the Brillouin zone are located at




1
2π
1
2π
K=
1, √
K0 =
1, − √
,
(10)
3
3
3
3
and the lattice spacing is fixed to unity, in real space.

FIG. 5. Graphene lattice, lattice vectors, and (next) nearest neighbor displacements. Center: Brillouin zone, reciprocal lattice
vectors and high symmetry points. Right: Reconstruction of the Brillouin zone for the Berry curvature plot using the C3
symmetry of the Haldane model. For each plot, the result of the Berry curvature is normalised to one, i.e. each data set is
divided by the maximum absolute Berry curvature value contained in the data set.

The numerical figures of the Berry curvatures are obtained with the reconstruction of the Brillouin zone [36], as
in Fig. 5. We observe a C3 symmetry in the Berry curvature profiles of the Haldane layer, related to Fig. 1 in the
Letter. The introduction of the flux Φ in the t2 term leads to a breaking of the C6 symmetry, and all M points are
not equivalent.

BERRY PHASE SHIFT AND EIGENSTATES

Upon coupling the Haldane layer to the graphene layer with finite inter-layer hopping constant r, we showed that
an effective diagonal term −r2 /(27 sin2 [Φ]t22 )dhz (k) σ z is induced in the graphene layer, close to the Dirac points.
In order to study the Berry phase shift of 2π that occurs in this scenario at one Dirac point, we investigate the
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low energy version ofPthe effective graphene Hamiltonian in more detail. To this end, we first expand the term
dhz (k) = −2t2 sin (Φ) j sin (k · bj ) around K and K0 to first order for small q = (qx , qy ). We obtain
√
(11)
dhz (±K + q) ≈ ±3 3t2 sin (Φ) ,
√
where the positive sign corresponds to K and the negative sign to K0 . We define ±r2 3/(9 sin Φt2 ) ≡ ±m which has
different signs at the two Dirac points.
Expanding the off-diagonal terms dgx (k) and dgy (k) around K and K0 respectively yields the corresponding low
energy Hamiltonians




m
vF (−iqx + qy )
−m
vF (−iqx − qy )
HK (q) =
,
HK0 (q) =
,
(12)
vF (iqx + qy )
−m
vF (iqx − qy )
m
with vF = 3t1 /2 the Fermi velocity. Remember that in the case of pure graphene (m = 0) diagonalization results the
normalized eigenstates (in the Letter, φ(q) = φq )




1
1
1
1
g
√
,
Ψ
(φ
)
=
,
(13)
Ψg±,K (φq ) = √
q
iφ
−iφ
±,K0
2 ±e q
2 ±e q
where iqx + qy = q · eiφq and q = |q|. Note that φq → −φq relates the Dirac points K and K0 for the same energy
band (denoted + or −) as
Ψg±,K (φq ) = Ψg±,K0 (−φq ) .

(14)

A straightforward diagonlization of the matrices equation (12) yields the normalized eigenstates


1
vF q
Ψ̃±,K (φq ) = q
,
eiφq (E± (q) − m)
2
vF2 q 2 + (E± (q) − m)


1
vF q
Ψ̃±,K0 (φq ) = q
,
−e−iφq (E± (q) + m)
2
vF2 q 2 + (E± (q) + m)

(15)

(16)

p
where the corresponding energy eigenvalues are E± (q) = ± vF2 q 2 + m2 .
The wavefunctions Ψ̃−,K and Ψ̃+,K0 are well defined in the limit q → 0. Crucially however, Ψ̃+,K and Ψ̃−,K0
q→0

become singular as E± (q) −−−→ ±m. Hence, the wavefunction Ψ̃+,· has a singularity in K and the wavefunction
Ψ̃−,· has a singularity in K0 . The emergence of these singularities in the wavefunctions signals that the coupling
to the Haldane layer induced some non-trivial topology in the graphene layer. Non-trivial topolgy arises when no
global phase convention can be determined in the Brillouin zone causing the wavefunction to develop singularities
[19]. However, the singularities can be avoided.
First, note that the wavefunctions equations (15) and (16) fulfill the following identities
Ψ̃±,K (φq ) = Ψ̃∓,K0 (−φq ) .

(17)

Hence, contrary to equation (14) for pure graphene and in agreement with the reasoning in the Letter, substituting
φq → −φq relates the wavefunction of the positive (negative) energy band at K with the wavefunction of the negative
(positive) energy band at K0 . In line with this, we can conclude that in the pure graphene limit m → 0 we regain:
m→0

Ψ̃±,K (φq ) −−−→ Ψg±,K (φq ) ,

m→0

Ψ̃±,K0 (φq ) −−−→ Ψg∓,K0 (φq ) .

(18)

We now follow the method outlined in [19] and divide the Brillouin zone into two sectors S and S 0 , where sector S
contains K and sector S 0 contains K0 . We focus on the negative energy band. Ψ̃−,· is well defined in S, but becomes
singular in S 0 . As Ψ̃−,K (φq ) = Ψ̃+,K0 (−φq ) we can identify Ψ̃+,K0 (−φq ) as a well defined wavefunction in S 0 of the
negative energy band. This indicates that for K0 the positive and negative energy bands exchanged their nature upon
coupling the graphene and Haldane layers. In fact, it is suggestive to redefine the wavefunctions as follows where the
new wavefunction Ψ±,· is valid in each respective sector and energy band
Ψ+,K (φq ) ≡ Ψ̃−,K (−φq ) ,

Ψ+,K0 (φq ) ≡ Ψ̃+,K0 (φq ) ,

Ψ−,K (φq ) ≡ Ψ̃−,K (φq ) ,

Ψ−,K0 (φq ) ≡ Ψ̃+,K0 (−φq ) .
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Writing these wavefunctions explicitly yields
Ψ±,K/K0 (φq ) = q



1
2

vF2 q 2 + (E± (q) ± m)

vF q
∓iφq
∓e
(E± (q) ± m)


.

(19)

This “patching” of wavefunctions in sectors is allowed as long as the wavefunctions are connected by a smooth gauge
transformation at the boundary between the sectors [19]. Note that Ψ±,· is of the same form in S and S 0 . Therefore,
the gauge transition function between S and S 0 is the identity. This means that K and K0 have the same Berry phase.
Thus, by imposing finite coupling r the wavefunction becomes singular in one sector. The singularity can be lifted
upon exchanging positive and negative energy bands in this sector. Therefore, the Berry phase jumps by 2π at only
one Dirac point. This proof gives another justification to equation (5) in the Letter.
TOPOLOGICAL INVARIANT AND EIGENSTATES’ EVOLUTION

Here, we suggest a formulation of the topological invariant in the equatorial plane. We fix dhx = dgx = dx and
= dgy = dy . In the equatorial plane, dhz = dgz = 0, and assuming the same nearest-neighbor hopping amplitude in
the two layers, the Hamiltonian takes the form:


0
dx − idy
r
0
 dx + idy

0
0
r

Hequator = 
(20)

r
0
0
dx − idy 
0
r
dx + idy
0
dhy

The four eigenstates take the form (with energies E1 < E2 < E3 < E4 )
 d −id 
− √x 2 y2
dx +dy 

q


1

with energy
E1 = −r − d2x + d2y .
|φ1 i = 
dx −idy

 √


2
2

(21)

dx +dy

−1
d −idy
dx +d2y





1
|φ2 i = 
dx −idy
 −√

d2x +d2y
1









− √x 2



1

with energy

E2 = r −

q

d2x + d2y .

(22)

q
d2x + d2y .

(23)



dx +idy
 √

d2x +d2y

|φ3 i = 
 d−1
−id
− √x 2 y2











with energy

E3 = −r +

with energy

E4 = r +

dx +dy

1

dx +idy
 √
 d2x +d2y

|φ4 i = 
1
 d −id
√x 2 y2







q

d2x + d2y .

(24)

dx +dy

Now, we fix precisely the gauge between these different eigenstates by taking a path at fixed angle φ and going to the
north pole where dx = dy = 0 and the coupled layers are described through the r coupling and the dhz field for the
Haldane model. This is equivalent to go exactly to a Dirac point in the first Brillouin zone. We then find the four
eigen-energies


q
1
h
h
2
2
−dz ∓ (dz ) + 4r
(25)
E1,3 =
2


q
1
E2,4 =
dhz ∓ (dhz )2 + 4r2 .
2
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The four associated eigenstates at the north pole take the form
 
 
 
0
0
1
0
1
0
0
0
0





|φ2 i =  
|φ3 i =  
|φ1 i =  
0
0
0
1
0
0




0
0

|φ4 i0 = 
 1 .
0

(26)

These states could be redefined modulo a general global phase, but independent of φ which is not well defined at the
north pole, In agreement with the path-integral argument in the Letter and the weak-coupling argument, in the limit
of small r we find the four eigen-energies (and assume here dhz > 0):
E1,4 ≈ ∓dhz
E2,3 ≈ ∓

r2
.
dhz

(27)

The mass inversion phenomenon found when changing K into K0 occurs when going to the south pole, where θ → π−θ,
therefore dhz → −dhz .
Decreasing progressively the angle θ from the north pole until dhz ∼ r, to build a precise correspondence between
the |φi i states at the equator and the |φi i0 states from the north pole, then we identify precisely the dependence on r
of the different eigen-energies. We then infer the following correspondence |1i0 ↔ |1i, |3i0 ↔ |2i, |2i0 ↔ |3i, |4i0 ↔ |4i
for dhz ∼ r. We can now precisely fix the relative gauge (in terms of the φ variable) between different eigenstates in
the equatorial plane in agreement with Eqs. (26).
Then, we identify:




 −iφ 


1
1
−e−iφ
e
 1 
 −eiφ 
 1 
 eiφ 




|φ1 i = 
|φ2 i = 
|φ3 i = 
|φ4 i = 
(28)
 e−iφ 
 1 
 −e−iφ 
 1 .
−1
−eiφ
−1
eiφ
Applying the protocol of the Letter, then we can define equivalently eigenstates with angles defined at the south pole,
by changing θ → π − θ and φ → −φ and by swapping the role of sublattice A and B in each layer (to match with the
changes in the dx , dy and dhz fields), implying




1
−e−iφ
 −eiφ 
 1 
iφ
N
−iφ
N


|φ1 iS = 
|φ2 iS = 
(29)
 −1  = −e |φ1 i
 −e−iφ  = −e |φ2 i
iφ
e
1



1
 eiφ 
iφ
N

|φ3 iS = 
 −1  = e |φ3 i
−eiφ


e−iφ
 1 
−iφ
N

|φ4 iS = 
 e−iφ  = e |φ4 i .
1


(30)

The important point is that due to the identification between the states |φ2 i0 = |φ3 i and |φ3 i0 = |φ2 i, the bands 1
and 3 become defined by the same integer number


Z 2π
∂
∂
1
N
N
S
S
0
0
dφ
hφj |i |φj i − hφj |i |φj i
= +1.
(31)
C1 = C3 =
2π 0
∂φ
∂φ
In a similar manner, we identify C20 = C40 = −1. This number defined on the circle in the equatorial plane then
contains information on the topological nature of the different bands. It is important to notice that the transformation
θ → π − θ is equivalent to change the dhz → −dhz in the Haldane model, therefore modifying θ → π − θ and φ → −φ
reproduces the mass inversion effects around the two Dirac points. At weak-coupling, the lowest band can be
h
identified as the lowest Haldane band and then we identify C−
= C10 = +1. Similarly, the band 2 can be identified as
g
0
the graphene lowest band and we recover C2 = C− = −1.
j
In the Letter, we define |φj iN = |ψN
i = |ψj (θ(k), φ(k), N )i and |φj iS = |ψSj i = |ψj (θ(k), φ(k), S)i.

To justify why Cj0 can be identified as the topological Chern number of each band, now we apply the Stokes’ theorem.
Let us start with the limit r = 0. For the Haldane model, one can decompose the sphere onto two hemispheres (north
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and south), and due to different orientations of surfaces on the two hemispheres, then write the Chern number of the
upper Haldane band as
Z
1
h
dn · (∇ × AN − ∇ × AS ) ,
(32)
C+
=
2π north.hemisphere
with the Berry connections AN = A(φ, θ) and AS = A(−φ, π − θ), and n is a vector defining the surface of the north
hemisphere. Applying the Stokes’ theorem, then we also identify
Z 2π
1
h
dφ(A(φ, θ = π/2) − A(−φ, θ = π/2)) = −1.
(33)
C40 = C+
=
2π 0
We identify for this band, with the gauge fixing arguments at the north pole in Eq. (26) for the state |φ4 i0 , A(φ, θ =
π/2) = −1/2 and A(−φ, θ = π/2)) = +1/2. More precisely, for the upper band of the Haldane model at r = 0
A=−

sin2 θk
∇φk .
2

(34)

The key point now is that for r 6= 0, the north pole argument of Eq. (27) encodes the occurrence of the topological
proximity effect, therefore one can now apply the Stokes’ theorem for both bands, graphene and Haldane bands. The
graphene bands show a mass inversion compared to those of the Haldane bands which is then equivalent to invert
the definitions of the orientation of the surface for the graphene layer compared to the Haldane layer, n → −n, then
g
leading to C30 = +1 = C+
from Stokes’ theorem.
To summarize, for r 6= 0, we then conclude that Ci0 is equivalent to the Chern number of a band as a result of the
∂
|φj i,
Stokes’ theorem since dgz now also becomes non-zero. Defining the Berry connection (Berry potential) as hφj |i ∂φ
0
then for all values of r, we conclude that from Stokes’ theorem, Cj defines in Eq. (31) is equivalent to the Chern
number in Eq. (2).
For completeness, we show the evolution of the energy eigenstates as a function of r. One identifies clearly the
passage from the weak-coupling limit (r < t2 ) where the low-energy physics occurs at the Dirac points of graphene to
the strong-coupling limit (r  t2 ) giving rise to (almost) flat bands.

FIG. 6. Evolution of the four energy eigenstates for two values of the tunnel coupling element r between layers with t1 = 1
and t2 = 1/3. The bands are now coloured according to their Chern number. Blue means Chern number +1 and red Chern
number −1. The Γ, K, K 0 , M and M 0 points are defined in Fig. 5.

REALIZATIONS AND PREDICTIONS
Floquet protocol in optical lattices

In optical lattices, one can apply a time-dependent force F(t) = −mr̈lat (t) corresponding to a periodic shaking
protocol of the lattice. The Hamiltonian then becomes transformed into
X
Hlat = H0 +
(F(t) · ri )c†i ci .
(35)
i

Here, ci corresponds to an atom at site i with mass m on a honeycomb optical lattice and H0 corresponds to the
Hamiltonian of graphene with nearest-neighbor tunneling coupling. The additional momentum can be absorbed by
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going to the reference frame −qlat = −mṙlat (t). In this frame, the tight-binding Hamiltonian corresponding to
nearest-neighbor tunneling becomes modified as
X
0
(36)
Hlat
=
eiqlat ·rij tij c†i cj .
hi;ji
0
In the case of a periodically driven system, where Hlat
and therefore rlat (T ) are periodic functions in time, one can
then apply the Floquet theory, where an effective Hamiltonian is obtained from the unitary time-evolution operator
U (T, 0) over one period T of driving, such that

i~
log(U (T, 0)) = Hef f .
T

(37)

Using the shaking procedure for the honeycomb optical lattice, one can then realize an effective Hamiltonian in the
wave-vector space [6]


P
P
M + Pi 2tAA cos(k · bi )
2tAB e−ik·ai
i
P
H(k) =
,
(38)
ik·ai
−M + i 2tBB cos(k · bi )
i 2tAB e
acting on the Hilbert space of sublattices A and B. The offset M between A and B sites corresponds to the Semenoff
mass [51]. The hopping term tAB contributes to the nearest-neighbor graphene term t1 , whereas tAA and tBB generate
the t2 terms in the Haldane model. To realize the topological phase of the Haldane model, the key point is to use
phase factors in the time-modulation of the lattice such that tAA = −tBB and tAA = |t2 |eiΦ , where the phase Φ
corresponds to the phase introduced in Eq. (1) of the Letter.
The goal is to build, for instance, two graphene optical lattices. Then, one could apply the same time-dependent
force or Floquet modulation on the two layers, as described above, to implement the same parameters t1 and t2 in the
two layers. In the next step, laser assisted tunneling generates the coupling of atoms of one layer to those of the other
layer, such that the r tunnel coupling would couple sublattices A of the two layers on the one hand and sublattices
B of the two layers on the other hand. Another possibility would be to use one optical lattice and two species (of
synthetic dimensions). We show below how to realize the phase diagram of Fig. 4 in the Letter, through two different
off-set conditions M1 and M2 in the two layers.
Because the lattice shaking will act globally on both layers, the Haldane layer and the graphene layer have to
be distinguished by the offset M in the static system before shaking. Using the different resonance condition, one
can then engineer one layer in the C=1 regime and the other layer in the C=0 regime. A true graphene layer with
zero offset in the Floquet system can only be approximated with circular shaking. The layer-dependent offset could
be realized by using an artificial dimension in the direction of the layer, i.e. by realizing the layers as two internal
Zeeman states. Using spin dependent lattice [26], the two layers will naturally have different offsets, possibly even of
different sign. Extending state tomography schemes to such a system would yield separate signals for the two layer,
when adding a Stern-Gerlach separation during the time-of-flight expansion.

Specific Implementations with Ultra-cold atoms

To observe the jump of Berry phase as described in Fig. 4 of the Letter, we suggest to start with two different
off-sets
M1 and M2 in the two Haldane layers. In both layers, one starts with M1 and M2 smaller than |dz (k ∼ ±K)| =
√
3 3t2 sin Φ. In the absence of coupling between the two layers, then the two lowest Bloch bands are described by a
Chern number +1, producing a phase with total Chern number C = 2. We start with both layers in the topological
phase of the Haldane model.
Assuming unequal masses M1 and M2 , we observe two phase transitions by switching on the coupling parameter
r. At the two transitions, we report a jump of Berry phase at one Dirac point only by analogy to the situation of the
Haldane-graphene layers’ situation at small r. If we start with M2 > M1 (as in Fig. 7), the gap for the bands 2 at the
K0 point is (much) smaller than the gap separating the upper and lower bands 4 and 1 and therefore second-order
processes or particle-hole pair virtual processes through these bands can still affect the gap of band 2, which then
explains the gap closing at the K0 point at the first transition. We qualitatively predict by reproducing the arguments
of Eq. (3) in the Letter that the gap would close at the K0 point roughly when
√
√
3 3t2 sin Φ − M2 − r2 /(3 3 sin Φt2 − M1 ) ≈ 0.

(39)
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FIG. 7. Upper: Numerical Phase
√ diagram for two Haldane layers at half-filling (t1 = 1, t2 = 1/3, Φ = π/2) with different
Semenoff
√ masses, where M1 = 3/3 is fixed. Lower: Berry curvatures and 0band structures for increasing coupling r along
M2 = 2 3/3. At the first (second) phase transition, the bands touch at the K (K) point and the Berry curvature flips sign in
its vicinity. In the band structures, the colors refer to the Chern number of the bands: Blue means Chern number +1, black
Chern number 0, and red Chern number −1. The properties of the Bloch bands could be checked with fermions and bosons,
at a single particle level.

We check numerically that this equation reproduces the features of the first transition line. At large r, the total Chern
number of the two lowest bands must be zero in agreement with the theory (page 4 of the Letter). We show the band
structure and Berry curvature evolve as a function of r, in particular for the intermediate region with C = 1, where
the gap at the K point progressively diminishes whereas the gap at the K0 point now stays finite. When the gap
closes at the K point, then we again observe a sign change of the Berry curvature at this point, then producing the
entrance towards the C = 0 phase. Essentially, to enter the C = 0 phase, the band 2 must flip its Chern number to
C2 = −1 then closing the gap at the K point.
For equal masses M1 = M2 , a band crossing effect occurs in the intermediate region for r ∼ 0.9, therefore the total
Chern number of the two lowest bands progressively change from C = 2 to C = 0, as described in the figure below.
The two phase transitions then do not occur for this case, and there is a band inversion between band 2 and band 3
when r = 3t1 for t2 = 1/3. But, as soon as M1 6= M2 , the system tends to restore the C = 1 region as well as the two
transitions associated with the changes in the Berry curvatures at the Dirac points.
We shall mention that band crossing effects also occur in the graphene-Haldane model in the intermediate window
r ∼ 1 − 3t1 , but the total Chern number of the two lowest bands remain equal to zero for all values of r, in agreement
with numerical results and strong-coupling arguments.

FIG. 8. Evolution of edge spectra in the case of two Haldane layers, with masses M1 = M2 =
t2 = 1/3, Φ = π/2.

√

3/3. Again, we fix t1 = 1,
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Berry curvature analysis

To reconstruct the Berry curvature of the bands (quasi-bands in the Floquet basis), one can apply the protocol
of Refs. [6, 40] and project onto flat bands. To reconstruct the Berry curvature and measure momentum space
density after time-of-flight, it is required to apply a quench producing an additional ∆AB off-set for the two
sublattices of a given layer, described on page 2 in the Letter. This quench has a similar effect as a rotation
perpendicular to the z-axis, producing φ(t) → φ(t) + ∆AB t with ∆AB  (M1 , M2 ). After the time of flight (TOF),
this yields an oscillation of the density at each momentum. Absorption images after TOF reveal a momentum
distribution where the A, B populations, corresponding to the lowest band(s), are mapped onto the first Brillouin
zone. Here, we assume that gaps are (much) larger than temperature effects. This procedure allows for a precise
measurement of the angle φ, and therefore of θ for the two lowest bands, through the formula of occupancies of
the bands (page 2 in the Letter). Performing measurements of the density profiles in momentum space for the
two layers, i.e. measuring n1 (k) and n2 (k), one could rebuild informations on the different bands through the
functions of n1 (k) + n2 (k) and n1 (k) − n2 (k). For the Haldane bilayer system, the two lowest bands should be
described by similar angles θ at small r, whereas at large r the second lowest band is subject to a mass inversion
phenomenon which is equivalent to θ → π − θ and φ → −φ, then changing the direction of the dz component,
in agreement with Eq. (7) in the Letter. To obtain additional information on the topology, one could couple the
two lowest bands through circular shaking (which mimicks the effect of circularly polarized light on real materials) [42].
To measure directly jumps of Berry phases at the two transitions, one could also use Wilson line techniques [41]
which measure changes in the band populations under the influence of an external force F̃ and transports atoms in
the reciprocal space. One could for instance measure directly the Berry phases accumulated when encircling the Dirac
points K and K0 of band 2. This is also related to the alternative definition of the topological invariant suggested in
Eq. (7) on the sphere. Indeed, going from north to south poles is also equivalent to change K in K0 , and the measure
dφ in Eq. (7) means that we now consider a similar closed path around each Dirac point. The quasi-wavevector
changes k(t) → k(0) + F̃t/~. The elements of the Wilson line operator describing the transport of a Bloch state from
initial quasi-momentum k(0) = Q to k(t) is measured through the overlap between the Bloch bands:
mn
i(k(t)−Q)·r)
n
WQ→k(t)
= hΦm
|ΦnQ i = hum
k |e
k |uQ i.

The Bloch states are defined as
Wilczek-Zee connection An,m
=
k

|Φnk i = eik·r |unk i. Such
ihunk |∇k |um
k i, through

(40)

measurements allow for an identification of the generalized

 Z

mn
WQ→k(t)
= P exp i Am,n
dk
.
k

(41)

C

Here, the path integral runs over the path C in reciprocal space from Q to k(t). The mixing angle θ(k) is then
measured from the band populations. Ramsey or Stuckelberg interferometry can be applied to measure φ(k).
Light and Circuit Quantum Electrodynamics Architectures

One could realize similar Floquet protocols in Circuit Quantum Electrodynamics (CQED) arrays. The Haldane
model can be realized using the protocol of Eq. (19) in Ref. [12] and then one could envision to build two twodimensional cQED architectures coupled through a (small) capacitive or inductive coupling.
Sending microwave light in the system with the appropriate frequency, one could observe counter-propagating light
flows at the edges in the two arrays.
In addition, one could test the proximity effect observed at weak-coupling through the path integral approach by
coupling two qubits (two spins) on the Bloch sphere through an antiferromagnetic Ising interaction. Following the
protocol of Refs. [37, 38], one could start with two radial magnetic fields d1 and d2 with a similar form as in the
Letter, and fix d1z = cos θ for one qubit and d2z = 0 for the other. Now, by driving adiabatically the first qubit from the
north to the south pole by changing the polar angle θ(t) = v(t − tin ) from 0 to π at final time — tin being the initial
time and v the speed of the protocol — one could reconstruct the Chern number on the Bloch sphere for the first
spin-1/2 [37–39]. Adding an antiferromagnetic coupling between the two spins, then one could prepare the second
spin in a ‘down’ state at the north pole. When rolling the first spin to the south pole, the second spin should also flip
his polarization, then transferring a Chern number for the second spin-1/2 at the end of the protocol. Studying this
protocol on the Bloch sphere as a function of the coupling between spins and speed v, and analyzing the behavior of
the Berry curvature around the equator when including the effect of dissipation, is an interesting open question.

