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1

Introduction

Recent investigations [1–3] of the relation between Newman-Penrose charges [4] and the
charges corresponding to the BMS symmetry group of asymptotically flat spacetimes [5]
have led to the discovery of two generalisations of BMS charges: a generalisation in terms of
a subleading 1/r expansion and a generalisation in terms of a complexification of the BMS
charges. In this context, the real and imaginary parts of the Newman-Penrose charges
corresponds to the subleading supertranslation and dual supertranslation charges at order 1/r3 .
The dual gravitational charges are given by twisted fields, defined using the Levi-Civita
on the 2-sphere, and as such do not appear in components of the Einstein equation; rather,
they are related to NUT charges [2, 6], and may be viewed as the gravitational analogues of
magnetic monopoles. As has been emphasised recently in ref. [6], and in older works [7, 8],
the existence of non-trivial dual charges (at least globally) is intrinsically related to the
non-trivial topological structure of spacetime, in the same way that a gauge connection in
electromagnetism can lead to a non-trivial magnetic monopole charge.
In this paper, we investigate further the relationship between these new dual gravitational charges and the well-known NUT charge [9, 10] by using the Komar integrals for
energy and dual charge, which are defined for stationary solutions, as guides. Furthermore,
we investigate the consequence of the existence of such charges for the gravitational phase
space at null infinity, which has been discussed in refs. [6, 11], and for the Weinberg soft
theorems [12], whose relation to asymptotic symmetries has attracted much recent attention [11, 13–33]. We shall, mainly, focus on (dual) supertranslation charges in this paper.
The relation between dual charges and non-trivial topology leads us to propose a generalisation of the concept of asymptotic flatness to include tensors in a 1/r expansion of
the metric components that are not necessarily regular on the 2-sphere at infinity. This
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4 Soft NUT/graviton theorem

conclusion is reminiscent of the introduction of superrotations as viable BMS transformations [34, 35]. Indeed, it seems natural both in terms of the existence of dual BMS charges,
and also in allowing the action of a larger group of asymptotic symmetry generators, that
such a generalisation be considered. However, the introduction of fields that are not necessarily regular on the 2-sphere means that one must be more careful in dealing with total
derivative terms. In particular, given that previous results on BMS charges [1–3, 5] have
assumed all tensors to be regular, we need to go back and re-evaluate the derivations of
the charges. This leads to new expressions for the supertranslation charges, with total
derivative terms that do not necessarily integrate to zero on the 2-sphere.

In section 2, we compare the usual and dual supertranslation charges with Komar integrals, which are defined for stationary spacetimes, and we use this comparison to motivate
a generalisation of the notion of asymptotic flatness to spacetimes with metric components
that are not necessarily regular on the 2-sphere. In section 3, we derive the supertranslation
charges associated with these generalised asymptotically flat spacetimes, we define a complexified supertranslation charge, and we find that its action on phase space is analogous
to the situation in electromagnetism. We end in section 4 by deriving a soft NUT/graviton
theorem. We also include two appendices, where we give detailed constructions of the
Kerr and the Taub-NUT metrics in Bondi coordinates, up to the first few orders in a 1/r
expansion. These examples serve to illustrate the fact that in the case of the Kerr metric,
which has no non-vanishing global dual charges, the Bondi metric coefficients are completely non-singular on the 2-sphere. By contrast, when the Taub-NUT metric is written
in Bondi form, the metric coefficients in the 1/r are inevitably singular somewhere on the
2-sphere.
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Following the observations in ref. [3], which found that the usual and dual supertranslation charges are associated with the real and imaginary parts of an appropriate
Newman-Penrose scalar, and the strategy employed in ref. [17], we construct a complexified supertranslation charge and investigate its action on the phase space. We find that the
complexified supertranslation charge acts on one mode as a time translation, while it acts
on the other mode as a supertranslation. This is in complete analogy with what happens
in electromagnetism, as described in ref. [17]. It is worth emphasising that we obtain these
expected Dirac brackets without the need to impose any boundary conditions at spacelike
infinity, in contrast to refs. [6, 11]. With hindsight the boundary condition required in
order to obtain reasonable Dirac brackets in ref. [11] is justified, because in that work the
dual charge has effectively been set to be zero and, for consistency, this condition must
be reflected in the phase space via the boundary conditions imposed thereon. However,
given that one imposes also a boundary condition at timelike infinity, it is unsatisfactory
from the point of view of an initial-value formulation to insist on a boundary condition
also at spacelike infinity. Therefore, we conclude that a satisfactory resolution of the phase
space problem identified in ref. [11] is to include dual supertranslation charges, thereby
eliminating the need for boundary conditions at spacelike infinity. Assuming a conservation of the complexified charge across spacelike infinity then leads to a Weinberg-like soft
NUT/graviton theorem, in the same vein as that proposed for electromagnetism in ref. [17].

2

Asymptotically flat spacetimes and NUT charges

Choosing outgoing Bondi coordinates (u, r, xI = {θ, φ}), we define asymptotically flat
spacetimes to be those for which the metric takes the form [36, 37]
ds2 = −F e2β du2 − 2e2β dudr + r2 hIJ (dxI − C I du)(dxJ − C J du),

(2.1)

with the metric functions satisfying the following fall-off conditions at large r:1
F0 (u, xI )
+ o(r−1 ),
r
β0 (u, xI )
β(u, r, xI ) =
+ o(r−2 ),
r2
C I (u, xI )
C I (u, r, xI ) = 0 2
+ o(r−2 ),
r
CIJ (u, xI )
hIJ (u, r, xI ) = ωIJ +
+ o(r−1 ),
r
F (u, r, xI ) = 1 +

Furthermore, a gauge freedom allows us to choose
h = ω,

(2.3)

where h ≡ det(hIJ ) and ω ≡ det(ωIJ ) = sin θ.
Given the above fall-off conditions for the metric and assuming that all the tensors
defined on the 2-sphere above are regular, there exists a new set of dual BMS charges [2, 3]
 

Z
1
1 K e IJ
1 eI
IJ
2
e
e
/δQ0 =
dΩ δ − f DI DJ C + Y C DK CIJ − Y DI C
16πG S
4
2

1
IJ
e
+ f ∂u CIJ δ C
,
2
(2.4)
where DI is the standard covariant derivative associated with the unit round-sphere metric
ωIJ , the integration is over the 2-sphere at r = ∞ for some fixed u, which is denoted by
S, and where
u
f = s + DI Y I ,
(2.5)
2
with s(xI ) parameterising a supertranslation and Y I (xJ ) corresponding to a conformal
Killing vector on the 2-sphere. In (2.4) C 2 is equal to CIJ C IJ , and the twisted quantities,
denotated with tildes, are defined as
!
0
1
IJ
(I
J)K
I
IJ
e = CK 
C
, Ye =  YJ ,
IJ =
sin θ.
(2.6)
−1 0
e0 denotes that this charge is the leading-order term in a possible
The 0 subscript on Q
sequence of charges in a 1/r expansion near infinity [3].
1

In the previous papers [1–3], we used slightly stronger fall-off conditions. Generally, our strategy is to
assume as weak a set of fall-off conditions as possible consistent with our results.
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(2.2)

These charges complement the Barnich-Troessaert BMS charges [5]2
 

Z
h
i 1
1
1
K
2
IJ
/δQ0 =
+ f ∂u CIJ δC
dΩ δ − 2f F0 + Y
− 3C1K + DK C
. (2.7)
16πG S
16
2

2.1

Komar integrals

Asymptotically flat spacetimes model isolated gravitational systems in general relativity. The simplest such example is of a point charge of mass/energy m, which we obtain
by choosing
2mG
F =1−
,
β = 0,
C I = 0,
hIJ = ωIJ .
(2.8)
r
This is, of course, the Schwarzschild solution, written in outgoing Eddington-Finkelstein
coordinates. Given that the solution is stationary, the Komar energy 3
Z
1
MK = −
?dk [
(2.9)
8πG S
is well-defined, where k [ is the one-form corresponding to the timelike Killing vector k =
∂/∂u. It is a standard exercise to show that
MK = m.

(2.10)

Remaining in the stationary setting for now, it is reasonable to ask whether there exist
solutions which have a non-trivial dual Komar energy defined by
Z
1
M̃K =
dk [
(2.11)
8πG S
2

See equations (3.2) and (3.3) of ref. [5] with the following translations in notation: mG = −1/2 F0 and
N = −3/2 C1I , where C1I is an order 1/r 3 term in the expansion of C I , see equation (2.2).
3
We use the expression “Komar energy” rather than the more popular “Komar mass,” because this
makes more sense in the context of this paper. Of course, for stationary configurations the energy and mass
coincide.
I
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One way of understanding the new dual charges is in terms of a complexification of the
BMS algebra. This is made most explicit by writing these expressions in a Newman-Penrose
form with the standard BMS charges and the dual charges corresponding respectively to
the real and imaginary parts of appropriate Newman-Penrose scalars [3].
Inspecting equation (2.4), it is clear that in order for the dual charges to be nontrivial, at least globally (i.e. for f = 1, Y I = 0), we must relax the condition that the
metric coefficients be regular tensors on the 2-sphere, in which case they correspond to
Taub-NUT charges [2, 6]. In particular, this means that we must go back through the
derivation of both the Barnich-Troessaert and the dual charges and assess whether there
are total derivative terms that were previously ignored that will now become relevant due
to the relaxing of the regularity conditions.
However, before we do this in the next section, we make the link with Taub-NUT
charges more precise by considering Komar integrals. For the remainder of the paper, we
shall restrict attention to the Abelian part of the BMS algebra given by supertranslations,
parameterised by functions s(xI ) on the 2-sphere.

with the one-form k [ again coming from the timelike Killing vector k, as defined above.
The Taub-NUT solution is such an example. Its metric in standard coordinates is [38]
ds2 = −f (r)(dt + 2` cos θdφ)2 + f (r)−1 dr2 + (r2 + `2 )(dθ2 + sin2 θdφ2 ),
r2 − 2mr − `2
,
(2.12)
r 2 + `2
where m is the Schwarzschild mass parameter as before and ` is called the NUT parameter.
Taking k [ to be the one-form coming from the Killing vector k = ∂/∂t, it is simple to
show that
M̃K = `/G.
(2.13)
f (r) =

where C 0I ≡ ωIJ C0J . We observe that if C0 I is not regular on the sphere, the above
integral can be non-zero. Therefore, we have a non-trivial dual/NUT charge, provided
that we are prepared to generalise the definition of asymptotic flatness so as to allow the
guI components of the metric to be non-regular on the sphere.
In the general setting, at leading order, the dual supertranslation charge is given
by [2, 3]6
Z
1
(int)
Q̃0 = −
dΩ s DI DJ C̃ IJ ,
(2.15)
16πG S
4

There is a recent formulation of the asymptotic conditions at spacelike infinity that allows Taub-NUTlike solutions [39, 40]. However, the extension of these results to null infinity is less clear.
5
The coordinate transformations performed in ref. [6] put the metric in Bondi coordinates to the necessary order required there. See appendix B for further details.
6
See, for example, equation (5.11) of ref. [2] and equations (3.5) and (5.5) of ref. [3].
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Thus, the NUT parameter corresponds to a dual gravitational charge.
An inspection of the metric (2.12) reveals that the Taub-NUT solution is not asymptotically flat, in the sense defined at the start of this section, where the metric expansion
coefficients were implicitly assumed to be regular on the 2-sphere.4 A simple non-rigorous
way of seeing this is that taking the limit as r → ∞ in metric (2.12) does not lead to the
Minkowski metric, precisely because of the existence of the NUT parameter. A clearer
way of seeing this is to write the metric in Bondi coordinates (u, r, xI ), as has been done
in ref. [6], and also in appendix B,5 in which case one finds that in particular CIJ is not
regular on the 2-sphere.
Given that the Taub-NUT solution is the simplest spacetime with a non-trivial NUT
charge, this has led to the lore that a NUT parameter is also a measure of asymptotic
non-flatness, and that, therefore, any spacetime with a non-trivial NUT/dual charge is not
asymptotically flat (see, however, ref. [41]). Thus, in order to allow for NUT charges in
asymptotically flat backgrounds, we need to loosen the definition of asymptotic flatness.
We see this more explicitly by computing the dual Komar energy for a general solution of
Bondi form.
Assuming that the general metric (2.1) is stationary with timelike Killing vector ∂/∂u,
computing the dual Komar integral gives
Z
Z
1
1
I
J
M̃K = −
∂I C0 J dx ∧ dx = −
dC0 ,
(2.14)
8πG S
8πG S

where s is the supertranslation parameter. In deriving the above charge integral, it was
assumed that the energy-momentum components of the matter content in the null frame
adapted to the Bondi coordinates fall-off as [2, 3]
T00 = o(r−4 ),

T0m = o(r−3 ).

(2.16)

We shall continue to assume these fall-off conditions for the energy-momentum tensor
throughout the paper. The Einstein equation then implies that the null-frame components
of the Einstein tensor have the fall-offs
=⇒

G0m = o(r−3 )

=⇒

1 2
C ,
32
1
C0I = − DJ C IJ .
2
β0 = −

(2.17)
(2.18)

Using the definition of C̃ IJ given in equation (2.6) and equation (2.18), the dual
charge (2.15) can be written as
Z
1
(int)
Q̃0 =
s dC0 .
(2.19)
8πG S
Choosing s = 1, the general expression above reduces to the definition of the dual Komar
energy (2.14), up to an unimportant minus sign.7 This is analogous to the case of the
standard supertranslation charge Q0 reducing to the Bondi mass upon choosing s = 1 [5].
An archetypal example of a solution with non-vanishing dual supertranslation charge is
the Taub-NUT solution discussed above, and more thoroughly in ref. [6]. Reading off from
the Bondi form of the Taub-NUT metric given in appendix B, one has C0 ≡ C0 I dxI =
−4` sin2 2θ dφ, and so the integral (2.19) gives, taking s = 1,
e0 = − ` .
Q
G

(2.20)

Alternatively, and equivalently, one can obtain the same result by reading off the expression
for CIJ given in appendix B, and evaluating the integral in equation (2.15).
It fact, in deriving equation (2.15) in refs. [2, 3], total derivative terms were dropped,
because all metric functions were assumed to be regular on the 2-sphere. However, in the
Taub-NUT example considered above, the resulting expression is non-zero precisely because
the metric function is non-regular on the 2-sphere. Therefore, the original expression for
the charge is no longer valid in this case and we need to revisit the derivation in refs. [2, 3].8
This is what we turn to next.

3

Revisiting BMS charges and the phase space of gravitational modes

By now it should be clear that the concept of dual BMS charges lends itself better to
solutions in which the metric components and more specifically at the leading order in a
7

In hindsight, it might have been more natural in refs. [2, 3] for us to have defined the dual charges with
a relative minus sign. However, for consistency with refs. [2, 3], we retain the expressions defined therein.
8
The revised dual charge for the Taub-NUT solution is in fact given in equation (3.5).
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G00 = o(r−4 )

while the dual supertranslation charges are given by


Z
1
1
1
(int)
IJ
IJ
e
e − DI (sDJ C
e ) ,
Q
=−
dΩ
sDI DJ C
0
8πG S
2
4

(3.2)

where we have used equation (4.1) of ref. [3] and equation (2.18). Note that the expressions
for the global charges (with s = 1) change as a result of this rederivation:


Z
1
1
(int)
Q0 (s = 1) = −
dΩ F0 + DI DJ C IJ ,
(3.3)
8πG S
4
R
1
instead of − 8πG
S dΩ F0 , and
Z


1
(int)
e
e IJ ,
Q0 (s = 1) = −
dΩ DI DJ C
(3.4)
32πG S
instead of (2.15).
The global dual supertranslation charge for the Taub-NUT metric has now acquired a
factor of 12 as a result of our inclusion of the total derivatives that were previously omitted.
Thus, for the Taub-NUT solution we now find
e (int) (s = 1) = − ` ,
Q
0
2G

(3.5)

rather than the previous expression (2.20).
The fact that the dual charge evaluates to one half of the expected value for the TaubNUT solution may initially seem strange. This issue is reminiscent of the well-known factor
of 12 puzzle with the usual Komar energy integral (2.9), which was resolved in ref. [42] by
noting that the conserved Iyer-Wald charge QIW has two contributions:
Z
1
QIW = MK −
k · B,
(3.6)
2
S
where MK is given by (2.9), k is the timelike Killing vector and B is defined by
Z
Z
δ ξ·B =
ξ · Θ.
S

S
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1/r expansion [1, 3], C0I , and possibly also CIJ , are not regular on the 2-sphere. Therefore,
in the remainder, we shall focus on such spacetimes given by the metric (2.1) with the falloffs (2.2) and the gauge condition (2.3), except that now, we generalise to tensors that are
not necessarily regular on the 2-sphere.
The Barnich-Troessaert and dual charges have, however, been derived assuming regularity of the metric components on the 2-sphere. In practical terms, this means that total
derivatives on the 2-sphere can be ignored. Therefore, in order to proceed, we need to revisit those derivations and define charges appropriate to the solutions in which we are now
interested. Fortunately, this is relatively straightforward. For the usual supertranslation
charges, the result can essentially be read off from equation (A.9) of ref. [5]:


Z
1
1
(int)
IJ
Q0 = −
dΩ sF0 + DI (sDJ C ) ,
(3.1)
8πG S
4

Here ξ is a BMS generator and Θ is the symplectic potential form of Iyer and Wald [42].
The (−k · B) integral on the right hand side of equation (3.6) is non-vanishing and together
with MK /2 yields the expected value for QIW , effectively giving MK . (In fact the integral
of (−k · B) exactly cancels the MK /2 term and replaces it with the standard expression
for the ADM mass [42].) In our case, for comparison, we have that
(int)

Q̃0

1
(s = 1) = − M̃K .
2

(3.8)

(int)

Q0 = Q0

e (int)
− iQ
0

(3.9)

and note that in complex coordinates (z, z̄) on the sphere given by
z = cot

θ iφ
e ,
2

(3.10)

so that
2
ds2 = 2γz z̄ dzdz̄,
γz z̄ =
,
(1 + |z|2 )2
Z


1
Q0 = −
dΩ 2sF0 + s Dz2 C zz + Dz̄ s Dz̄ C z̄ z̄ .
16πG S

(3.11)
(3.12)

In deriving the above equation we have used equation (2.6) and the fact that z z̄ = iγ z z̄ ,
where γ z z̄ = 1/γz z̄ is the z z̄ component of the inverse metric. Note that dΩ = sin θ dθ dφ =
γz z̄ d2 z.
We define the charge evaluated at I−+ , i.e. on I + at u = −∞, as
Z


1
+
Q =−
dΩ 2sF0 + s Dz2 C zz + Dz̄ s Dz̄ C z̄ z̄ ,
(3.13)
16πG I−+
and we assume that
Q0 |I + = Q0
+

u=+∞

= 0.

(3.14)

Note from equations (2.4) and (2.7) that the flux for the total charge is controlled by
∂u CIJ .9 Thus, Q+ may be written as
Z


1
Q+ =
dudΩ 2s ∂u F0 + s Dz2 N zz + Dz̄ s Dz̄ N z̄ z̄ ,
(3.15)
16πG I +
where Nzz = ∂u Czz . Assuming for simplicity that
T11 = o(r−2 ),
9

(3.16)

The non-integrable pieces for both charges remain the same when dropping the requirement that the
metric components be regular on the 2-sphere.
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The absence of an analogue of the k · B integral term in this dual case means that the
factor of 1/2 does not get amended.
We define a total complexified supertranslation charge, denoted by a script Q [3]:

the Einstein equation gives that
1
1
1
1
∂u F0 = − DI DJ N IJ + N IJ NIJ = − (Dz2 N zz + Dz̄2 N z̄ z̄ ) + N zz Nzz ,
2
4
2
2

(3.17)

which implies that
1
Q =
16πG
+

Z

2

du d z γ
I+

z z̄



sNzz Nz̄ z̄ −

sDz̄2 Nzz



+ Dz̄ s Dz̄ Nzz .

(3.18)

{Nzz (u, z, z̄), Nw̄w̄ (u0 , w, w̄)} = −16πG ∂u δ(u − u0 ) δ 2 (z − w) γz z̄ ,

(3.19)

which implies that
{Nzz (u, z, z̄), Cw̄w̄ (u0 , w, w̄)} = 16πG δ(u − u0 ) δ 2 (z − w) γz z̄ .

(3.20)

Now, computing the bracket of Q+ with Czz and with Cz̄ z̄ gives
{Q+ , Czz (u, z, z̄)} = s ∂u Czz ,
+

{Q , Cz̄ z̄ (u, z, z̄)} = s ∂u Cz̄ z̄ −

(3.21)
2 Dz̄2 s,

(3.22)

where we have freely integrated by parts in terms involving δ 2 (z − w). Thus, Q+ generates time translation on Czz , while it generates a supertranslation on Cz̄ z̄ . This is in
(0)
complete analogy with electromagnetism, where Az transforms as a gauge parameter un(0)
der a complexified U(1) charge, while Az̄ is invariant under its action [17].10 Thus, we
find that the phase space problem that was identified in ref. [11], namely, that the action
of the supertranslation charge on Czz was incorrect, is resolved here by considering the
full complexified supertranslation charge, i.e. the usual supertranslation charge, as well as
the dual one. In ref. [11], this problem was resolved by imposing a restriction on phase
space that effectively proscribed dual charges. From the perspective taken here, this makes
sense in that if the dual charge is to be assigned a zero value, then this must be reflected
and enforced on the phase space. In ref. [6], a resolution of this problem is achieved by
imposing a dyonic boundary condition on the phase space. However, there is a priori no
reason to expect that boundary conditions should be needed in general.11 Moreover, from
the perspective of the initial value problem, prescribing boundary conditions at both ends
of future null infinity is not entirely satisfactory.
e(int) with a
Note that the action of Q+ on Czz and Cz̄z̄ would have been reversed had we defined Q
0
relative minus sign (see footnote 7); or equivalently, had we considered the complex conjugate of Q.
11
We expect that the requirement that the total charge vanishes at I++ , see equation (3.14), is a technical
one and may be removed by a better understanding of the phase space. In any case, from the perspective
of an initial value problem, we are always free to choose such a boundary condition.
10
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We have put the charge into a form in which we can investigate how it acts on gravitational
modes given by Czz and Cz̄ z̄ . The Dirac bracket for the radiative modes at null infinity
is [43, 44]

4

Soft NUT/graviton theorem

where Q+ = Q|I + and Q− = Q|I − are the limiting values of the relevant charge Q(u, xI ).
−
+
In the quantum theory this becomes an operator identity
Q+ S − S Q− = 0.

(4.2)

Such an identity has so far been conjectural [13, 14], but should ultimately come from the
theory.12 In any case, the remarkable observation [11, 15] (see ref. [46] for a review) is
that such a conservation equation is equivalent to the Weinberg soft photon and graviton
theorems in the context of electromagnetism and general relativity. Moreover, considering
magnetic monopole charges leads to a Weinberg type soft magnetic monopole theorem [17].
In this section, we derive a soft NUT/graviton theorem using the complexified supertranslation charges found in section 3, see equation (3.9), for asymptotically flat spacetimes
generalised to include non-regular tensors on the 2-sphere. We introduce Bondi coordinates
(v, r, xI ) adapted to ingoing null geodesics so that the metric takes the form
ds2 = −F̂ e2β̂ dv 2 + 2e2β̂ dvdr + r2 ĥIJ (dxI − Ĉ I dv)(dxJ − Ĉ J dv)

(4.3)

with the metric components satisfying the same fall-off conditions as with outgoing Bondi
coordinates given by (2.2), where we denote all respective objects on the right hand side
with a hat, and the determinant condition (2.3).
We begin with the conservation of charge equation
Q+ = Q− ,

(4.4)

where Q+ is given by equation (3.18) and Q− corresponds to the charge at I+− associated
with a supertranslation parameter ŝ,
Z


1
−
Q =−
dΩ 2ŝF̂0 + ŝ Dz2 Ĉ zz + Dz̄ ŝ Dz̄ Ĉ z̄ z̄
(4.5)
16πG I+−
Z


1
=
dv d2 z γ z z̄ ŝN̂zz N̂z̄ z̄ + ŝDz̄2 N̂zz − Dz̄ ŝ Dz̄ N̂zz ,
(4.6)
16πG Iˆ−
12

See refs. [39, 40, 45] for investigations in this direction.
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Electromagnetism and general relativity are gauge theories, in the sense that there are
redundant U(1) and diffeomorphism transformations, respectively, which leave the physics
unchanged. In the context of asymptotically flat spacetimes, which form a class of solutions
in general relativity defined by specific boundary conditions, there exists an asymptotic
symmetry group, the BMS group, (or more precisely an algebra) that acts in such a way
as to preserve the boundary conditions. Specifically, the action of a BMS generator on an
asymptotically flat metric gives back another asymptotically flat metric. However, given
that the BMS group acts at null infinity, it induces large gauge transformations, which
cannot be viewed as redundancies. Thus, BMS transformations are physically relevant
transformations.
From a classical scattering point of view, conservation of charge Q translates to the
fact that
Q+ = Q− ,
(4.1)

where in the second line we have used the fact that the charge vanishes at I−− and that
1
1
∂v F̂0 = − (Dz2 N̂ zz + Dz̄2 N̂ z̄ z̄ ) + N̂ zz N̂zz .
2
2

(4.7)

where in the second line we have used equation (3.17), we define the hard charge to be
Z


1
+
2
z z̄
2
QH =
du d z γ s Nzz Nz̄ z̄ − Dz̄ Nzz
(4.10)
16πG I +
so that, from equation (3.18)
+
Q+ = Q+
H + QS

with
Q+
S

1
=
16πG

Z
I+

du d2 z γ z z̄ Dz̄ s Dz̄ Nzz .

(4.11)
(4.12)

Similarly,
−
Q− = Q−
H + QS ,

where
Q−
H

1
=
16πG

and
Q−
S

Z
I−

1
=−
16πG



dv d2 z γ z z̄ ŝ N̂zz N̂z̄ z̄ + Dz̄2 N̂zz
Z
I−

dv d2 z γ z z̄ Dz̄ ŝ Dz̄ N̂zz .

(4.13)
(4.14)

(4.15)

Setting s = ŝ, which amounts to breaking the BMS+ ×BMS− symmetry to its diagonal
subgroup [14], we obtain a complexified supertranslation Ward identity,
Q+ S − SQ− = 0.

(4.16)

We consider as scattering states particles of energy E and NUT charge Ẽ. For example,
such configurations could be Lorentzian signature multi-NUT solutions [47]. Identifying
the action of Q− on an n-particle state |z1in , . . . znin i to be
Q− |z1in , . . . , znin i =

n
X

e in ) s(z in ) |z1in , . . . , znin i
(Ekin − iE
k
k

(4.17)

k=1

and similarly,
out
hz1out , . . . , zm
|Q+

=

m
X

e out ) s(z out ) hz out , . . . , z out |,
(Ekout − iE
1
m
k
k

k=1
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Now, we would like to split the charges into so-called hard and soft parts; namely, a
part related to flux at future/past null infinity that reduces/increases the charge and a part
that is related to the large diffeomorphisms. We determine the hard part of the charge by
considering the flux formula for the global charge. Taking the u-derivative of the global
charge defined on future null infinity given in equation (3.12) with s = 1
Z


1
∂u Q0 (s = 1) = −
dΩ 2∂u F0 + Dz2 N zz
(4.8)
16πG S
Z


1
=−
dΩ N zz Nzz − Dz̄2 N z̄ z̄ ,
(4.9)
16πG S

the Ward identity (4.16), sandwiched between the ingoing and outgoing states simplifies to
− in
out
in
hz1out , . . . , zm
|Q+
(4.19)
S S − SQS |z1 , . . . , zn i
" n
#
m
X
X
in
in
in
out
out
out
out
e )s(z ) −
e )s(z ) hz1out , . . . , zm
=
(Ek − iE
(Ek − iE
|S|z1in , . . . , znin i.
k
k
k
k
k=1

k=1
1
z−w

Choosing s(w) =
[11], we obtain a Ward identity that corresponds to a new soft
NUT/graviton theorem.
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A

Kerr metric in BMS coordinate gauge

In this appendix we shall give a construction of a Bondi coordinate system for the Kerr
metric, up to the first few orders in a 1/r expansion. Following this, in appendix B, we
give an analogous construction of the Taub-NUT metric in Bondi coordinates. One of
the reasons for doing this is to highlight a key difference between a metric such as Kerr,
for which all the global dual charges vanish, and a metric such as Taub-NUT, which has
non-vanishing global dual charges. This difference is reflected in the fact that whereas the
various scalar, vector and tensor fields in the expansion of the Bondi form of the Kerr
metric are all non-singular on the 2-sphere,13 many of the analogous fields in the expansion
of the Taub-NUT metric are singular on the sphere.
We take as the starting point the Kerr metric in Boyer-Lindquist coordinates:

2mr̄
4amr̄ sin2 θ̄
ρ̄2 2
2
2
2
ds = − 1 − 2
dt̄2 −
d
t̄d
φ̄
+
¯ dr̄ + ρ̄ dθ̄
ρ̄
ρ̄2
∆


2a2 mr̄ sin2 θ̄
+ r 2 + a2 +
sin2 θ̄ dφ̄2 ,
(A.1)
ρ̄2
where
ρ̄2 = r̄2 + a2 cos2 θ̄ ,

¯ = r̄2 + a2 − 2mr̄ .
∆

13

(A.2)

A construction of a Bondi form for the Kerr metric was presented in [5], and many of the fields in the
expansion of the metric did have singularities at the poles of the sphere. This, however, was an artefact of
the coordinates that were used in [5]: using asymptotically spheroidal rather than asymptotically spherical
coordinates. A construction of the Kerr metric in Bondi coordinates had been described previously in [48],
but not in a gauge that is convenient for our purposes.
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Setting m = 0, this describes Minkowski spacetime in a spheroidal coordinate system, with
the metric
ds2Mink = −dt2 +

(r̄2 + a2 cos2 θ̄2 ) dr̄2
+ (r̄2 + a2 cos2 θ̄2 )dθ̄2 + (r̄2 + a2 ) sin2 θ̄ dφ̄2 . (A.3)
(r̄2 + a2 )

In order to construct a smooth Bondi coordinate system for the Kerr metric, we should first
transform to genuine spherical polar coordinates, so that the spatial metric at large radius
will have the desired form, described as a foliation of round 2-spheres. This is effected by
replacing the coordinates (r̄, θ̄) in (A.1) by (r̃, θ̃), where
r̃2 cos2 θ̃ = r̄2 cos2 θ̄ .

(A.4)

If one sets m = 0, then under these redefinitions the metric (A.3) takes on the standard
Minkowski form
ds2Mink = −dt̄2 + dr̃2 + r̃2 (dθ̃2 + sin2 θ̃ dφ̄2 ) .
(A.5)
Since, for our purposes, we eventually want to construct a large-distance expansion for
the Kerr metric in Bondi coordinates, it will suffice at this stage to re-express (A.4) in the
form of a perturbative large-r̃ expansion:
a2 sin2 θ̃ a4 (3+5 cos 2θ̃) sin2 θ̃
+
2r̃
16r̃3
6
a (15+28 cos 2θ̃+21 cos 4θ̃) sin2 θ̃
−
+ O(r̃−7 ) ,
128r̃5
a2 sin 2θ̃ 3a4 sin 4θ̃ 5a6 sin 6θ̃
θ̄ = θ̃ −
+
−
+ O(r̃−8 ) .
4r̃2
32r̃4
96r̃6
r̄ = r̃ −

(A.6)

After making these transformations, the first few terms in the Kerr metric (A.1) take
the form
i
2m h 2
ds2 = −dt̄2 + dr̃2 + r̃2 (dθ̃2 + sin2 θ̃ dφ̄2 ) +
dr̃ + (dt̄ − a sin2 θ̃ dφ̄)2
r̃
4m
(A.7)
+ 2 (mdr̃ − a2 sin θ̃ cos θ̃ dθ̃)2 + O(r̃−3 ) .
r̃
Here we display only a few terms; we actually worked to a sufficiently high order in the
expansion for our later purposes.
We then look for a further transformation to coordinates (u, r, θ, φ) in which the Kerr
metric takes the Bondi form. We do this by considering large-r perturbative expansions of
the form
h2 (θ) h3 (θ) h4 (θ)
+ 2 + 3 + ··· ,
r
r
r
α1 (θ) α2 (θ) α3 (θ)
+
+
+ ··· ,
φ̄ = φ + α0 (θ) +
r
r2
r3
g1 (θ) g2 (θ) g3 (θ)
r̃ = r + g0 (θ) +
+ 2 + 3 + ··· ,
r
r
r
γ0 (θ) γ1 (θ) γ2 (θ)
θ̃ = θ +
+ 2 + 3 + ··· ,
r
r
r
t̄ = u + c log r + h0 (θ) r + h1 (θ) +
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r̃2 sin2 θ̃ = (r̄2 + a2 ) sin2 θ̄ ,

where c is an as-yet undetermined constant and hi , αi , gi and βi are as-yet undetermined
functions of θ. We then determine these quantities by imposing the requirements, order by
order in powers of 1/r, that
grr = 0 ,

grθ = 0 ,

grφ = 0 ,

det(gIJ ) = r4 det(ωIJ ) ,

(A.9)

4m2 (a2 + 3a2 cos 2θ − 16m2 )
+
r
4r2
2
2
2
2
m (7a + 9a cos 2θ − 32m )
+
+ ··· ,
6r3
ma 4m2 a ma (3a2 + 5a2 cos 2θ − 16m2 )
φ̄ = φ − 2 −
+
+ ··· ,
r
3r3
8r4
ma2 sin2 θ ma4 (3 + 5 cos 2θ) sin2 θ
r̃ = r −
+
+ ··· ,
2r2
8r4
ma4 cos θ sin3 θ ma6 (5 cos θ + 3 cos 3θ) sin3 θ
θ̃ = θ +
−
+ ··· .
4r5
16r7
t̄ = u + r + 2m log r −

(A.10)

Up to the order we have calculated, the components of the Kerr metric in these Bondi
coordinates are given by
2m ma2 (1+3 cos 2θ) m2 a2 sin2 θ
−
+
r
2r3
r4
4
ma (9+20 cos 2θ+35 cos 4θ)
+
+ O(r−6 ) ,
32r5

guu = −1 +

gur = −1 + O(r−6 ) ,
3ma2 sin θ cos θ 5ma4 (2 sin 2θ + 7 sin 4θ) 2m2 a4 cos θ sin3 θ
−
+
+ O(r−6 ) ,
r2
32r4
r5
2ma sin2 θ ma3 (3 + 5 cos 2θ) sin2 θ m2 a3 sin4 θ
=−
+
−
r
2r3
r4
2
5
3ma (15 + 28 cos 2θ + 21 cos 4θ) sin θ
−
+ O(r−6 ) ,
32r5

guθ =
guφ

grr = O(r−7 ) ,

grθ = O(r−7 ) ,

grφ = O(r−7 ) ,

ma2 sin2 θ 3ma4 (5 + 7 cos 2θ) sin2 θ
+
+ O(r−5 ) ,
r
8r3
5ma3 cos θ sin3 θ 7m a5 (5 cos θ + 3 cos 3θ) sin3 θ
=−
+
+ O(r−5 ) ,
2r2
8r4
ma2 sin4 θ 3ma4 (5 + 7 cos 2θ) sin4 θ
= r2 sin2 θ +
−
+ O(r−5 ) .
r
8r3

gθθ = r2 −
gθφ
gφφ
14

(A.11)

The delayed onset of the r-dependent terms in the expansion for θ̃ in (A.8) and (A.10) is one manifestation of the freedom in choosing a BMS gauge.
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where ωIJ is the standard metric on the unit 2-sphere (and so det(ωIJ ) = sin2 θ).
There is some freedom in the choice of the functions in the coordinate transformations,
which reflects the fact that the BMS group maps one choice into another. Up to the first
few orders, a choice of BMS gauge that achieves the conditions (A.9) is to take14

Comparing with the expansions of the Bondi metric coefficients, as defined in [1], we see
in particular that
CIJ = 0 ,
DIJ :

Dθθ = −ma2 sin2 θ ,

Dθφ = 0 ,

Dφφ = ma2 sin4 θ ,

EIJ :

Eθθ = 0 ,

Eθφ = −5ma3 cos θ sin3 θ ,

Eφφ = 0 ,

C0 I = 0 ,
C1 I :

C1 φ = 2ma sin2 θ .

C1 θ = 0 ,

(A.12)

B

Taub-NUT metric in Bondi coordinates

Here, we construct the first few orders in the expansion of the Taub-NUT metric in Bondi
coordinates. This is similar in spirit to our expansion for the Kerr metric in Bondi coordinates, except that here the fact that Taub-NUT is not globally asymptotically flat
inevitably means that there will be singularities in some of the metric coefficients at one
or more locations on the sphere. We begin by sending t → t̄ − 2`φ in the metric (2.12), so
that the wire singularity occurs only at the south pole of the sphere:
  2
θ̄
ds = −f (r̄) dt̄ − 4` sin
dφ̄ + f (r̄)−1 dr̄2 + (r̄2 `2 ) (dθ̄2 + sin2 θ̄ dφ̄2 ) .
2
2



2

(B.1)

We have placed bars on the coordinates, because we now make an expansion of the
form (A.8), imposing the Bondi metric conditions (A.9) order by order in the expansion in
1/r. Proceeding to the first few order, we find
`2 (4 + 3 cos θ) sec4 2θ − 8m2 − 11`2
2r
m[`2 sec4 2θ − 4(`2 + m2 )]
+
+ ··· ,
r2
` sec2 2θ
`3 (3 cos 2θ + 12 cos θ − 31) sec6 2θ
m `3 sin2 2θ sec4 2θ
φ̄ = φ +
+
+
+ ··· ,
r
48r3
r4
`2 (3 cos θ + 5) sin2 2θ sec4 2θ
2m`2 tan2 2θ
r̄ = r +
−
(B.2)
4r
r2
`4 (15 cos 3θ + 70 cos 2θ + 225 cos θ + 202) sin2 2θ sec8 2θ
2m`4 sin2 2θ sec6 2θ
−
+
+ ··· ,
256r3
r4
`2 sin 2θ sec3 2θ
`4 (cos 2θ + 2 cos θ − 9) sin 2θ sec7 2θ
2m`4 sin3 2θ sec5 2θ
θ̄ = θ −
−
−
+ ··· .
r2
8r4
r5
t̄ = u + r + 2m log r +

We have actually worked to a higher order than the terms presented here, sufficient for our
later purposes. Using these expansions, we then obtain the Taub-NUT metric in Bondi
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It should be noted that neither these, nor any of the other components of the metric, are
singular at the poles, or anywhere else, on the sphere.

form, finding
2m 2`2 m`2 (cos 2θ − 4 cos θ − 13) sec4 2θ
+ 2 +
r
r
8r3
2
2
2
2
[(` − m ) cos 2θ + m − 5` ] sec4 2θ
+
+ O(r−5 ) ,
2r4
`2 tan4 2θ
3`4 (7 cos 2θ+36 cos θ+21) sin4 2θ sec8 2θ
8m`4 tan4 2θ
= −1 +
+
−
+ O(r−6 ) ,
2r2
64r4
r5
`2 (cos 2θ + 3 cos θ + 4) sin 2θ sec5 2θ
2m`2 (2 cos θ + 1) sin 2θ sec3 2θ
=−
+
2r
r2
4
` (3 cos 4θ + 27 cos 3θ + 114 cos 2θ + 213 cos θ + 155) sin 2θ sec9 2θ
+
64r3
m`4 (3 cos 3θ − 4 cos 2θ − 51 cos θ − 28) sin 2θ sec7 2θ
+
+ O(r−5 ) ,
8r4
4`2 (cos θ + 2) tan2 2θ
θ 8m` sin2 2θ
−
= 4` sin2 −
2
r
r2
2 θ
3
m` (cos 2θ − 12 cos θ − 21) sin 2 sec4 2θ
−
2r3
`3 [(`2 −m2 ) cos 3θ + (`2 −2m2 ) cos 2θ − (17`2 −m2 ) cos θ+2m2 −25`2 ] sin2 2θ
−
2r4 cos6 2θ

guu = −1 +

gur
guθ

+O(r−5 ) ,
grr = O(r−6 ) ,

grθ = O(r−5 ) ,

grφ = O(r−6 ) ,

`4 (9 cos θ + 1) sin2 2θ sec4 2θ
θ 4m`2 tan2 2θ
−
−
2
r
r2
θ
2 θ
4
6
m` (15 cos 2θ + 28 cos θ + 29) sin 2 sec 2
+
+ O(r−4 ) ,
4r3
20m`3 sin3 2θ sec 2θ
θ
θ `3 (5 cos 2θ + 12 cos θ + 15) sin3 2θ sec5 2θ
= 4`r sin3 sec +
−
2
2
4r
r2
3 θ
5
9
` (17 cos 4θ + 376 cos 3θ + 1884 cos 2θ + 4168 cos θ+2771) sin 2 sec 2θ
−
+O(r−4 ) ,
256r3
4`4 (cos θ + 9) sin4 2θ sec2 2θ
θ 16m`2 sin4 2θ
θ
+
= r2 sin2 θ + 8`2 sin6 sec2 +
2
2
r
r2
m`4 (5 cos 2θ − 28 cos θ − 49) tan4 2θ
+
+ O(r−4 ) .
(B.3)
r3

gθθ = r2 + 2`2 tan4

gθφ

gφφ

Comparing with the expansions for the Bondi metric as defined in [1], we have
θ
θ
sec ,
2
2
θ
θ
= − 4m`2 tan2 ,
Dφφ = 16m`2 sin4 ,
2
2
`3
θ
θ
= (5 cos 2θ + 12 cos θ + 15) sin3 sec5 ,
4
2
2
θ
=0 ,
C0 φ = −4` sin2 .
2

CIJ :

Cθθ =0 ,

DIJ :

Dθθ
Dθφ

C0 I :

C0 θ

Cφφ = 0 ,
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guφ

The expressions for CIJ and C0 I that we have obtained here agree with the ones that
follow from the procedure described in [6] for casting the Taub-NUT metric into a Bondi
form. However, as far as we can judge from the higher-order terms that are suppressed in
the presentation in [6], their coordinate transformation scheme will leave the metric with
non-vanishing grr components (starting at order 1/r2 ), although these should be absent in
a proper Bondi coordinate system.
Note that the tensor CIJ is singular at the south pole of the 2-sphere, as is the one-form
C0 I dxI = −4` sin2 2θ dφ.

References
[1] H. Godazgar, M. Godazgar and C.N. Pope, Subleading BMS charges and fake news near null
infinity, JHEP 01 (2019) 143 [arXiv:1809.09076] [INSPIRE].
[2] H. Godazgar, M. Godazgar and C.N. Pope, New dual gravitational charges, Phys. Rev. D 99
(2019) 024013 [arXiv:1812.01641] [INSPIRE].
[3] H. Godazgar, M. Godazgar and C.N. Pope, Tower of subleading dual BMS charges, JHEP
03 (2019) 057 [arXiv:1812.06935] [INSPIRE].
[4] E.T. Newman and R. Penrose, “New conservation laws for zero rest-mass fields in
asymptotically flat space-time, Proc. Roy. Soc. Lond. A 305 (1968) 175.
[5] G. Barnich and C. Troessaert, BMS charge algebra, JHEP 12 (2011) 105 [arXiv:1106.0213]
[INSPIRE].
[6] U. Kol and M. Porrati, Properties of dual supertranslation charges in asymptotically flat
spacetimes, Phys. Rev. D 100 (2019) 046019 [arXiv:1907.00990] [INSPIRE].
[7] S. Ramaswamy and A. Sen, Dual-mass in general relativity, J. Math. Phys. 22 (1981) 2612.
[8] A. Ashtekar and A. Sen, NUT 4-momenta are forever, J. Math. Phys. 23 (1982) 2168.
[9] A.H. Taub, Empty space-times admitting a three parameter group of motions, Ann. Math. 53
(1951) 472.
[10] E. Newman, L. Tamburino, and T. Unti, Empty space generalization of the Schwarzschild
metric, J. Math. Phys. 4 (1963) 915.
[11] T. He, V. Lysov, P. Mitra and A. Strominger, BMS supertranslations and Weinberg’s soft
graviton theorem, JHEP 05 (2015) 151 [arXiv:1401.7026] [INSPIRE].
[12] S. Weinberg, Infrared photons and gravitons, Phys. Rev. 140 (1965) B516 [INSPIRE].
[13] A. Strominger, Asymptotic symmetries of Yang-Mills theory, JHEP 07 (2014) 151
[arXiv:1308.0589] [INSPIRE].
[14] A. Strominger, On BMS invariance of gravitational scattering, JHEP 07 (2014) 152
[arXiv:1312.2229] [INSPIRE].
[15] T. He, P. Mitra, A.P. Porfyriadis and A. Strominger, New symmetries of massless QED,
JHEP 10 (2014) 112 [arXiv:1407.3789] [INSPIRE].

– 17 –

JHEP10(2019)123

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

[16] A. Strominger and A. Zhiboedov, Gravitational memory, BMS supertranslations and soft
theorems, JHEP 01 (2016) 086 [arXiv:1411.5745] [INSPIRE].
[17] A. Strominger, Magnetic corrections to the soft photon theorem, Phys. Rev. Lett. 116 (2016)
031602 [arXiv:1509.00543] [INSPIRE].
[18] S.W. Hawking, M.J. Perry and A. Strominger, Soft hair on black holes, Phys. Rev. Lett. 116
(2016) 231301 [arXiv:1601.00921] [INSPIRE].
[19] M.M. Sheikh-Jabbari, Residual diffeomorphisms and symplectic soft hairs: the need to refine
strict statement of equivalence principle, Int. J. Mod. Phys. D 25 (2016) 1644019
[arXiv:1603.07862] [INSPIRE].

[21] E. Conde and P. Mao, BMS supertranslations and not so soft gravitons, JHEP 05 (2017) 060
[arXiv:1612.08294] [INSPIRE].
[22] S. Choi, U. Kol and R. Akhoury, Asymptotic dynamics in perturbative quantum gravity and
BMS supertranslations, JHEP 01 (2018) 142 [arXiv:1708.05717] [INSPIRE].
[23] A. Campoleoni, D. Francia and C. Heissenberg, Asymptotic symmetries and charges at null
infinity: from low to high spins, EPJ Web Conf. 191 (2018) 06011 [arXiv:1808.01542]
[INSPIRE].
[24] M. Campiglia and A. Laddha, Asymptotic charges in massless QED revisited: A view from
Spatial Infinity, JHEP 05 (2019) 207 [arXiv:1810.04619] [INSPIRE].
[25] P. Mao and X. Wu, More on gravitational memory, JHEP 05 (2019) 058
[arXiv:1812.07168] [INSPIRE].
[26] E. Himwich, Z. Mirzaiyan and S. Pasterski, A note on the subleading soft graviton,
arXiv:1902.01840 [INSPIRE].
[27] L. Freidel, F. Hopfmüller and A. Riello, Asymptotic renormalization in flat space: symplectic
potential and charges of electromagnetism, arXiv:1904.04384 [INSPIRE].
[28] E.S. Kutluk, A. Seraj and D. Van Den Bleeken, Strolling along gravitational vacua,
arXiv:1904.12869 [INSPIRE].
[29] T. Adamo, L. Mason and A. Sharma, Celestial amplitudes and conformal soft theorems,
arXiv:1905.09224 [INSPIRE].
[30] F. Alessio and M. Arzano, Note on the symplectic structure of asymptotically flat gravity and
BMS symmetries, Phys. Rev. D 100 (2019) 044028 [arXiv:1906.05036] [INSPIRE].
[31] A. Laddha and A. Sen, A classical proof of the classical soft graviton theorem in D > 4,
arXiv:1906.08288 [INSPIRE].
[32] T. He and P. Mitra, New magnetic symmetries in (d + 2)-dimensional QED,
arXiv:1907.02808 [INSPIRE].
[33] S. Choi and R. Akhoury, Subleading soft dressings of asymptotic states in QED and
perturbative quantum gravity, JHEP 09 (2019) 031 [arXiv:1907.05438] [INSPIRE].
[34] G. Barnich and C. Troessaert, Symmetries of asymptotically flat 4 dimensional spacetimes at
null infinity revisited, Phys. Rev. Lett. 105 (2010) 111103 [arXiv:0909.2617] [INSPIRE].

– 18 –

JHEP10(2019)123

[20] S.W. Hawking, M.J. Perry and A. Strominger, Superrotation charge and supertranslation
hair on black holes, JHEP 05 (2017) 161 [arXiv:1611.09175] [INSPIRE].

[35] G. Barnich and C. Troessaert, Aspects of the BMS/CFT correspondence, JHEP 05 (2010)
062 [arXiv:1001.1541] [INSPIRE].
[36] H. Bondi, M.G.J. van der Burg and A.W.K. Metzner, Gravitational waves in general
relativity: 7. Waves from axisymmetric isolated systems, Proc. Roy. Soc. Lond. A 269
(1962) 21.
[37] R.K. Sachs, Gravitational waves in general relativity: 8. Waves in asymptotically flat
space-times, Proc. Roy. Soc. Lond. A 270 (1962) 103.
[38] H. Stephani et al., Exact solutions of Einstein’s field equations, Cambridge Monographs on
Mathematical Physics, Cambridge University Press, Cambridge U.K. (2003).

[40] M. Henneaux and C. Troessaert, The asymptotic structure of gravity at spatial infinity in
four spacetime dimensions, arXiv:1904.04495 [INSPIRE].
[41] A. Virmani, Asymptotic flatness, Taub-NUT and variational principle, Phys. Rev. D 84
(2011) 064034 [arXiv:1106.4372] [INSPIRE].
[42] V. Iyer and R.M. Wald, Some properties of Noether charge and a proposal for dynamical
black hole entropy, Phys. Rev. D 50 (1994) 846 [gr-qc/9403028] [INSPIRE].
[43] A. Ashtekar and M. Streubel, Symplectic geometry of radiative modes and conserved
quantities at null infinity, Proc. Roy. Soc. Lond. A 376 (1981) 585.
[44] A. Ashtekar, Asymptotic quantization: Based on 1984 Naples lectures, Bibliopolis, Naples,
Italy (1987).
[45] M. Henneaux and C. Troessaert, Asymptotic symmetries of electromagnetism at spatial
infinity, JHEP 05 (2018) 137 [arXiv:1803.10194] [INSPIRE].
[46] A. Strominger, Lectures on the infrared structure of gravity and gauge theory,
arXiv:1703.05448 [INSPIRE].
[47] G. Bossard, H. Nicolai and K.S. Stelle, Gravitational multi-NUT solitons, Komar masses and
charges, Gen. Rel. Grav. 41 (2009) 1367 [arXiv:0809.5218] [INSPIRE].
[48] S.J. Fletcher and A.W.C. Lun, The Kerr spacetime in generalized Bondi-Sachs coordinates,
Class. Quant. Grav. 20 (2003) 4153.

– 19 –

JHEP10(2019)123

[39] M. Henneaux and C. Troessaert, Hamiltonian structure and asymptotic symmetries of the
Einstein-Maxwell system at spatial infinity, JHEP 07 (2018) 171 [arXiv:1805.11288]
[INSPIRE].

