Floquet approach to Z2 lattice gauge theories with ultracold atoms in optical lattices
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Quantum simulation has the potential to investigate gauge theories in strongly-interacting
regimes, which are up to now inaccessible through
conventional numerical techniques. Here, we take
a first step in this direction by implementing
a Floquet-based method for studying Z2 lattice
gauge theories using two-component ultracold
atoms in a double-well potential. For resonant periodic driving at the on-site interaction strength
and an appropriate choice of the modulation parameters, the effective Floquet Hamiltonian exhibits Z2 symmetry. We study the dynamics of
the system for different initial states and critically contrast the observed evolution with a theoretical analysis of the full time-dependent Hamiltonian of the periodically-driven lattice model.
We reveal challenges that arise due to symmetrybreaking terms and outline potential pathways
to overcome these limitations. Our results provide important insights for future studies of lattice gauge theories based on Floquet techniques.
Lattice gauge theories (LGTs) [1, 2] are fundamental
for our understanding of quantum many-body physics
across different disciplines ranging from condensed matter [3–6] to high-energy physics [7]. However, theoretical studies of LGTs can be extremely challenging in
particular in strongly-interacting regimes, where conventional computational methods are limited [8, 9]. To
overcome these limitations alternative numerical tools
are currently developed, which enable out-of-equilibrium
and finite density computations [10–13]. In parallel, the
rapid progress in the field of quantum simulation [14–17]
has sparked a growing interest in designing experimental
platforms to explore the rich physics of LGTs [18–25].
State-of-the-art experiments are now able to explore the
physics of static [26] as well as density-dependent gauge
fields [27] and have engineered controlled few-body interactions [28–30], which are the basis for many proposed
schemes to realize LGTs. First studies of the Schwinger
model have been performed with quantum-classical algorithms [31] and a digital quantum computer composed of
four trapped ions [32]. The challenge for analog quantum simulators mainly lies in the complexity to engineer

gauge-invariant interactions between matter and gauge
fields.
Here, we explore the dynamics of a minimal model
for Z2 LGTs coupled to matter with ultracold atoms in
periodically-driven double-well potentials [33]. An alternative technique was recently proposed for digital quantum simulation [34]. Z2 LGTs are of high interest in condensed matter physics [13, 35–37] and topological quantum computation [38]. Our scheme is based on densitydependent laser-assisted tunneling techniques [39–42].
We use a mixture of bosonic atoms in two different internal states to encode the matter and gauge field degrees of freedom. The interaction between these states
is engineered via resonant periodic modulation [43–46] of
the on-site potential at the inter-species Hubbard interaction [47–50]. By choosing suitable modulation parameters, the effective Floquet model exhibits a Z2 symmetry [33]. We present a detailed study of this effective Floquet model defined on a double well, which constitutes
the basic building block of the LGT. We discuss the relation between the observed dynamics and the ideal model
and reveal the potential impact of symmetry-breaking
terms.
In order to understand the observed phenomena, it is
instructive to consider the properties of an extended onedimensional (1D) Z2 LGT, as captured by the Hamiltonian

X 
z
ĤZ2 =−
Ja τ̂hj,j+1i
â†j âj+1 + h.c.
j

−

X

x
Jf τ̂hj,j+1i
.

(1)

j

Here â†j describes the creation of a matter particle on lattice site j and the Pauli operators τ̂hj,j+1i , defined on the
links between neighboring lattice sites, encode the gauge
field degrees of freedom. The elementary ingredients of
this Z2 LGT are illustrated in Fig. 1a. Note that the illustrations of the Z2 gauge field and Z2 electric field are
related to the physical implementation of the building
block, which is discussed later
in the text. The matter
a
field has a charge Q̂j = eiπn̂j on site j, which is given
by the parity of the site occupation, with n̂aj = â†j âj the
number operator. The dynamics of the matter field is
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Figure 1. 1D Z2 lattice gauge theory coupled to matter.
Circles indicate lattice sites, which are empty (gray) or occupied by a matter particle (blue). Red circles and the thickness of red links illustrate the expectation value of the link
operators,a τ z and τ x . a Elementary ingredients: Z2 charge
x
z
,
, Z2 electric field τ̂hj,j+1i
Q̂j = eiπn̂j , Z2 gauge field τ̂hj,j+1i
and local symmetry operator Ĝj with conserved quantities gj .
Here i : hi, ji denotes all lattice sites i connected to site j via
a nearest-neighbor link, denoted as hi, ji. Matter and gauge
fields are implemented using two different species, denoted
as a (blue) and f (red). Matter-gauge coupling occurs with
strength Ja . b Dynamics of the 1D model (1) for different values of Jf /Ja calculated with exact diagonalization of a system
with 13 sites based on Eq. (1). The initial state is a single
matter particle located on site j = 0 and the gauge field is in
an eigenstate of the electric field.
z
coupled to the Z2 gauge field τ̂hj,j+1i
with an amplitude
Ja . The energy scale associated with the electric field
x
τ̂hj,j+1i
is Jf .
The model Hamiltonian (1) commutes with the lattice
gauge transformations defined by the local symmetry operators
h
i
Y
x
Ĝj = Q̂j
τ̂hi,ji
,
Ĥ, Ĝj = 0 ∀j,
(2)
i:hi,ji

Q

where
i:hi,ji denotes the product over all nearestneighbor links connected to lattice site j. The eigenvalues
of Ĝj are gj = ±1. The dynamics of the model is constrained by Z2 Gauss’s law, Ĝj |ψi = gj |ψi, in analogy to
electrodynamics. Since the local values gj are conserved,
the motion of Z2 charges is coupled to a change of the

Z2 electric field lines on the link connecting the two lattice sites. Gauss’s law effectively separates the Hilbert
space into different subsectors, which are characterized
by a set of conserved quantities {gj }. The two configurations sketched in Fig. 1a (lower right) belong to the same
subsector and illustrate the basic matter-gauge coupling
according to Gauss’s law. Lattice sites with gj = −1 are
interpreted as local static background charges (Supplementary Information). Different subsectors can be explored by preparing suitable initial states.
In order to gain more insight into the physics of the 1D
model (1), we consider a system initially prepared in an
eigenstate of the electric field operator, with τ x = +1
on all links, and a single matter particle located on
site j = 0. For this initial state gj = +1, ∀j 6= 0 and
gj = −1 for j = 0 (Fig. 1b). In the limit of vanishing electric field energy Jf → 0, the matter particle can tunnel
freely along the 1D chain, thereby changing the electric
field on all traversed links. For Jf 6= 0, tunneling of the
matter particle is detuned due to the energy of the electric field and the matter particle is bound to the location
of the static background charge at j = 0. In this regime
the energy of the system scales linearly with the distance
between the static charge and the matter particle, which
we interpret as a signature of confinement (Supplementary Information).
Here, we engineer the elementary interactions of the
Z2 model on a two-site lattice following Ref. [33]. The
matter and gauge fields are implemented using two different species denoted as a- and f -particles, which are
realized by two Zeeman levels of the hyperfine groundstate manifold of 87 Rb, |ai ≡ |F = 1, mF = −1i and |f i ≡
|F = 1, mF = +1i. We prepare one a- and one f -particle
in each two-site system. The matter field is associated
with the a-particle. The Z2 gauge field is the number imz
balance τ̂hj,j+1i
= n̂fj+1 − n̂fj of the f -particle and the Z2
electric field corresponds to tunneling of the f -particle,
†
x
τ̂hj,j+1i
= fˆj† fˆj+1 + fˆj+1
fˆj , where fˆj† is the creation operator of an f -particle on site j and n̂fj = fˆj† fˆj is the corresponding number-occupation operator. An extension
of our scheme to realize extended 1D LTGs is presented
in the Supplementary Information. It requires exactly
one f -particle per link, while the density of a-particles
(fermions or hard-core bosons) can take arbitrary values.
The driving scheme is based on a species-dependent
double-well potential with tunnel coupling J between
neighboring sites and an energy offset ∆f only seen by the
f -particle. Experimentally, it is realized with a magneticfield gradient, making use of the opposite magnetic moments of the two states |ai and |f i (Supplementary Information). In the limit of strong on-site interactions
U  J, first-order tunneling processes are suppressed
but can be restored resonantly with a √
periodic modulation at the resonance frequency ~ω = U 2 + 4J 2 ≈ U .
The full time-dependent Hamiltonian can be expressed
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Figure 2. Driving scheme for Z2 LGTs on a double well. a Effective tunneling processes for the matter field (blue, a)
and gauge field (red, f ) particle. For φ = 0, hopping of a-particles occurs for resonant one-photon processes at ~ω ≈ U with
an effective amplitude JJ1 (χ), where U is the inter-species on-site interaction. Depending on the position of the f -particle,
the a-particle acquires a phase shift of π, which realizes the matter-gauge coupling. Tunneling of the f -particle is renormalized
by zero- or induced via two-photon processes, with amplitudes JJ0 (χ) and JJ2 (χ) depending on the a-particle’s position. b
Experimental results for the renormalization of the tunnel couplings Jν (χ) for single-particle ν-photon processes ν = {0, 1, 2},
with ω = 2π × 4122 Hz and J/h ≈ 0.5 kHz. The solid lines are the Bessel functions, where χ was calibrated by fitting the zerothorder Bessel function to the dark red data points (Supplementary Information). The time traces of the imbalance I are fitted
with sinusoidal functions taking into account an inhomogeneous tilt distribution (solid black line) and shown for exemplary
traces at χp = 1.28 (dashed vertical line, left panel) on the right. The error bars and the gray shading are the 1σ-confidence
interval obtained from a bootstrap analysis of 1000 repetitions (Supplementary Information). The solid gray vertical line marks
the value χ0 , where J0 (χ0 ) = J2 (χ0 ).

as


Ĥ(t) =− J â†2 â1 + fˆ2† fˆ1 + h.c.
X
+U
n̂aj n̂fj + ∆f n̂f1


(3)

j=1,2

+ A cos (ωt + φ) (n̂a1 + n̂f1 ),
where A is the modulation amplitude and φ is the modulation phase. For resonant modulation ~ω ≈ U and in
the high-frequency limit ~ω  J, the lowest order of the
effective Floquet Hamiltonian contains renormalized tunneling matrix elements for both a- and f -particles [44–
46]. For general modulation parameters, the amplitudes
and phases are operator-valued and explicitly depend on
the site-occupations. For certain values of the modulation phase (φ = 0 or π), however, these expressions
simplify and realize the Z2 model. The driving scheme
can be understood by considering the individual photonassisted tunneling processes of a- and f -particles in situations, where one of the two particles is localized on
a particular site of the double well. This generates an
occupation-dependent energy offset for the other particle, which is equal to the on-site Hubbard interaction U
(Fig. 2a). For all configurations tunneling is resonantly
restored for energy differences ν~ω between neighboring
sites with renormalized tunneling JJν (χ)eiνφ ; here ν is
an integer, Jν is the νth-order Bessel function of the first
kind and χ = A/(~ω) the dimensionless driving parameter.

For φ = 0, we find that the strength of a-particle tunneling is density-independent Ja = J|J±1 (χ)|, however,
depending on the position of the f -particle, the on-site
energy difference between neighboring sites is either +U
or −U (Fig. 2a). This results in a sign-dependence of
the renormalized tunneling ±Ja , which stems from the
property of odd Bessel functions J−ν (χ) = (−1)ν Jν (χ)
(Supplementary Information) and is central to our implementation of the Z2 symmetry [33]. It allows us to
z
write the renormalized hopping of a-particles as Ja τ̂h1,2i
.
Note that we drop the link-index from now on to simplify
notations, τ̂ ≡ τ̂h1,2i .
Tunneling of f -particles becomes real-valued, with an
amplitude that only weakly depends on the position of
the a-particle. Due to the species-dependent tilt ∆f = U
the on-site energy difference between neighboring sites
is either ∆f − U = 0 or ∆f + U = 2U (Fig. 2a). Therefore, tunneling is renormalized via zero- and two-photon
processes, resulting in the real-valued tunneling matrix
elements JJ0 (χ) and JJ2 (χ). To lowest order, the effective double-well Hamiltonian takes the form


Ĥeff = −Ja τ̂ z â†2 â1 + â†1 â2 − Jˆf τ̂ x ,
(4)
where Jˆf depends on the position of the a-particle
Jˆf = JJ0 (χ) n̂a1 + JJ2 (χ) n̂a2 .

(5)

The density dependence of Jˆf can be avoided by choosing
the dimensionless driving strength χ such that J0 (χ0 ) =

4
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1534 nm is superimposed to create a superlattice potential. For deep transverse lattices and suitable superlattice parameters, an array of isolated double-well potentials is realized, where all dynamics is restricted to the
two double-well sites (Supplementary Information). The
periodic drive is generated by modulating the amplitude
of an additional lattice with wavelength 2λs , whose potential maxima are aligned relative to the double-well
potential in order to modulate only one of the two sites.
This enables the control of the modulation phase, which
is set to φ = 0 or π.
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Figure 3. Dynamics of the matter-gauge system prepared initially in an eigenstate of the electric field τ̂ x .
a Illustration of the gauge
invariant initial state |ψ0x i =
√
|a, 0i ⊗ (|f, 0i + |0, f i) / 2 and the expected dynamics according to Hamiltonian (4). b Measured expectation values
of the Z2 charge hQ̂1 i (blue points) and Z2 gauge field hτ̂ z i
(red points) for ω = 2π×4320 Hz. Each data point represents
the mean of at least three individual experimental results and
the error bars denote the standard deviation. The blue and
red lines and shadings show a numerical analysis using timedependent exact-diagonalization, which includes averaging of
the observables in the presence of an inhomogeneous tilt distribution ∆(x, y, z) approximated by a normal distribution
with standard deviation ∆σ /h = 0.44(2) kHz, which was independently calibrated (Supplementary Information). The
blue and red solid line is the median and the shading represents the 1σ-confidence interval obtained with a bootstrap
analysis of 1000 repetitions. All calculations are performed
using the independently calibrated experimental parameters,
J/h = 587(3) Hz, ∆f /h = 4.19(3) kHz, U/h = 3.85(7) kHz and
taking into account additional terms that appear in the extended Bose-Hubbard model (Supplementary Information).
The gray solid lines are the ideal dynamics according to
Eq. (4) and Eq. (6).

J2 (χ0 ), which occurs, e.g. at χ0 ≈ 1.84. Then, Eq. (4)
reduces to the two-site version of the Z2 LGT described
by Hamiltonian (1). Note that the double-well model
defined in Eq. (4) is Z2 -symmetric for all values of the
driving strength χ.
The experimental setup consists of a 3D optical lattice generated at wavelength λs = 767 nm. Along the xaxis an additional standing wave with wavelength 2λs =

We first study the renormalization of the tunneling matrix elements for the relevant ν-photon processes [49, 51–
54] with a single atom on each double well (Fig. 2b).
For every measurement, the atom is initially localized on
the lower-energy site with a potential energy difference
∆ν ≈ ν~ω to the higher-energy site, where ν ∈ {0, 1, 2}.
Then, the resonant modulation is switched on rapidly at
frequency ω and we evaluate the imbalance I = n2 −n1 as
a function of the evolution time, where nj is the density
on site j. These densities were determined using siteresolved detection methods [29]. Note, this technique
provides an average of this observable over the entire 3D
array of double-well potentials. Hence, an overall harmonic confinement and imperfect alignment of the lattice
laser beams introduces an inhomogeneous tilt distribution ∆(x, y, z), which leads to dephasing of the averaged
dynamics. The renormalized tunneling amplitude is obtained from the oscillation frequency of the imbalance
and by numerically taking into account the tilt distribution ∆(x, y, z) [Fig. 2b]. We find that our data agrees well
with the expected Bessel-type behavior for the ν-photon
processes (Supplementary Information). Moreover, these
measurements enable us to directly determine the value
of the modulation amplitude, for which J0 (χ0 ) = J2 (χ0 ),
as indicated by the vertical line in Fig. 2b.
In order to study the dynamics of the Z2 double-well
model (4), we prepare two different kinds of initial states,
where the gauge field particle is either prepared in an
eigenstate of the electric field τ̂ x (Fig. 3) or the gauge
field operator τ̂ z (Fig. 4a). In both cases the matter
particle is initially localized on site j = 1.
First, we consider
the state |ψ0x i = |a, 0i ⊗
√
(|f, 0i + |0, f i) / 2 (Fig. 3a), where the gauge field particle is in a symmetric superposition between the two sites.
This state is an eigenstate of Ĝj defined in Eq. (2). The
corresponding eigenvalues are g1 = −1 and g2 = +1. After initiating the dynamics by suddenly turning on the
resonant modulation, we expect that the matter particle
starts to tunnel to the neighboring site (j = 2) according
to the matter-gauge coupling. Depending on the energy
of the electric field Jf , this process can be energetically
detuned and the matter particle does not fully tunnel to
the other site. Solving the dynamics according to Hamil-
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a

tonian (4) analytically, gives:

hQ̂1 (t)i = −


 q
Jf2 + Ja2 cos 2t Jf2 + Ja2
Jf2 + Ja2

.

(6)

The maximum value of hQ̂1 i is limited to (Ja2 −Jf2 )/(Ja2 +
Jf2 ). The experimental configuration is well suited to explore the regime Jf /Ja = J0 (χ0 )/J1 (χ0 ) ≈ 0.54, which
corresponds to an intermediate regime between the two
limiting cases discussed in Fig. 1c. These cases can also
be understood at the level of the two-site model. In the
weak electric field regime (Jf /Ja  1) the matter particle tunnels freely between the two sites, while in the limit
of a strong electric field (Jf /Ja  1) the matter particle
remains localized.
In the experiment we can directly
access the value
a
of the charge operator Q̂j = eiπn̂j and the link operator τ̂ z = n̂f2 − n̂f1 via site- and state-resolved detection
techniques [29]. They provide direct access to the stateresolved density on each site of the double well naj and nfj ,
averaged over the entire 3D array of double-well realizations. The experimental results are shown in Fig. 3b for
U/J = 6.6 and φ = 0. As expected, we find that the charge
oscillates, while the dynamics of the f -particle is strongly
suppressed. We observe a larger characteristic oscillation
frequency for the a-particle compared to the prediction
of Eq. (6) [gray line, Fig. 3b]. This is predominantly
caused by an inhomogeneous tilt distribution ∆(x, y, z)
present in our system. Taking the inhomogeneity into account, the numerical analysis of the full time-dependence
according to Eq. (3) [solid blue line, Fig. 3b] shows good
agreement with the experimental results. The fast oscillations both in the data and the numerics are due to the
micromotion at non-stroboscopic times.
The f -particle is initially prepared in an eigenstate of
the electric field operator τ̂ x , which corresponds to an
equal superposition of the particle on both sites of the
double-well potential, i.e. hτ̂ z (t = 0)i = 0. The Z2 electric field follows the oscillation of the matter particle in a
correlated manner to conserve the local quantities gj . At
the same time the expectation value of the gauge field
hτ̂ z (t)i is expected to remain zero at all times. This
is a non-trivial result, which is a direct consequence of
the Z2 -symmetry constraints. In contrast, a resonantly
driven double-well system with ∆f = 0, which does not
exhibit Z2 symmetry, would show dynamics with equal
oscillation amplitudes for the a- and f -particle. In the
experiment we clearly observe suppressed dynamics for
the f -particle, which is a signature of the experimental realization of the Z2 symmetry (Fig. 3b). Deviations
between the time-dependent numerical analysis and the
experimental results are most likely due to an imperfect initial state, residual energy offsets, and finite ramp
times.
In a second set of experiments we study the dynamics
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Figure 4. Dynamics of the matter-gauge system prepared initially in an eigenstate of the gauge field τ̂ z .
a Schematic of the initial state |ψ0z i = |a, 0i ⊗ |0, f i and the
expected dynamics. Brightness of the red circles illustrate
the expectation value of τ̂ z . b Measured expectation values of the Z2 charge hQ̂1 i (blue points) and the Z2 gauge
field hτ̂ z i (red points) for ω = 2π ×4314 Hz. Each data point
represents the mean of at least three individual experimental results and the error bars denote the standard deviation. The blue and red lines and shadings show a numerical analysis using time-dependent exact-diagonalization, with
J/h = 578(3) Hz, ∆f /h = 4.19(3) kHz, U/h = 3.85(7) kHz and
∆σ /h = 0.46(2) kHz as explained in the caption of Fig. (3b)
and the Supplementary Information. The blue and red
solid line is the median and the shading represents the 1σconfidence interval obtained with a bootstrap analysis of 1000
repetitions. The gray solid lines are the ideal dynamics according to Eq. (4) and Eq. (6).

where the gauge field particle is initialized in an eigenstate of the gauge field operator τ̂ z , while the matter particle is again localized on site j = 1, |ψ0z i = |a, 0i ⊗ |0, f i
(Fig. 4a). Here, the system is in a coherent superposition of the two subsectors with g1 = −g2 = ±1 and
the expectation value of the locally conserved operators
are hĜ1 i = hĜ2 i = 0. Note that there is no coupling between different subsectors according to Hamiltonian (4).
The basic dynamics can be understood in the two limiting cases of the model. For Jf  Ja the electric field
vanishes and the system is dominated by the gauge field
τ̂ z . In this limit, a system prepared in an eigenstate of
τ̂ z will remain in this eigenstate because τ̂ z commutes
with Hamiltonian (4) for Jf = 0. In the opposite regime
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Figure 5. Finite-frequency corrections to the effective
Floquet Hamiltonian (4). Stroboscopic dynamics of the
expectation value of the local Z2 -symmetry operator hĜ1 i for
|ψ0x i, with g1 = −1, based on Hamiltonian (3) for different
driving frequencies ω. The panels on the right show examples
of the time traces for ~ω ≈ 1.04 U and ~ω = 1.01 U .

(Jf  Ja ), where the electric field dominates, hτ̂ z i oscillates between the two eigenvalues. The dynamics of
the Z2 charge on the other hand is still determined by
Eq. (6). In the experiment we probe the intermediate
regime at Jf /Ja ≈ 0.54 for U/J = 6.7 and φ = π (Fig. 4b).
The dynamics agrees with the ideal evolution (gray line,
Fig. 4b) for short times. For longer times it deviates
due to the averaging over the inhomogeneous tilt distribution ∆(x, y, z), which is well captured by the full
time-dynamics according to Hamiltonian (3) [red and
blue lines, Fig. 4b]. Notably, hτ̂ z i exhibits a non-zero
average value.
An important requirement for quantum simulations of
gauge theories is the exact implementation of the local
symmetry constraints in order to assure that hĜj i is conserved for all times. Since we do not have direct access to hĜj i experimentally, we study the implications
of symmetry-breaking terms numerically. The dominant
contribution stems from the inhomogeneous tilt distribution ∆(x, y, z), which, however, can be avoided in future
experiments by generating homogeneous box potentials.
The second type of gauge-variant terms are coupling processes that do not fulfill the constraints of Gauss’s law.
These are correlated two-particle tunneling and nearestneighbor interactions, which are known to exist in interacting lattice models [55]. For our experimental parameters these terms are on the order of 0.03 J and can
be neglected for the timescale of the observed dynamics
(Supplementary Information). The same gauge-variant
processes appear in the higher-order terms of the Floquet expansion for finite U/J [44–46]. We study them
analytically by calculating the first-order terms of the expansion and comparing them to numerics (Supplementary Information). In Fig. 5 we show the numericallycalculated dynamics for the initial state |ψ0x i (Fig. 3a) according to the full time-dependent Hamiltonian [Eq. (3)]
for U/J = 7, similar to the experimental values (Fig. 5).

We find that in this regime the driving frequency is crucial and defines the timescale for which the Z2 symmetry
of the model remains. In particular there is an optimal
value around ~ω ≈ 1.01 U , where the value of hĜ1 i deviates by < 10% even for long evolution times.
In summary, we have studied the dynamics of a minimal model for Z2 LGTs. Our observations are well described by a full time-dependent analysis of the 3D system. Moreover, we find non-trivial dynamics of the matter and gauge field in agreement with predictions from
the ideal Z2 LGT. We further reached a good understanding of relevant symmetry-breaking terms. The dominant processes we identified are species-independent energy offsets between neighboring sites and correlated twoparticle tunneling terms [55], which can be suppressed in
future experiments. We have further provided important insights into the applicability of Floquet schemes.
While the Floquet parameters can be fine-tuned in certain cases to ensure gauge invariance, this complication
can be avoided by reaching the high-frequency limit [44–
46] to minimize finite-frequency corrections. In experiments this could be achieved using Feshbach resonances
to increase the inter-species scattering length. This, however, comes at the cost of enhanced correlated tunneling processes, which in turn can be suppressed by increasing the lattice depth (Supplementary Information).
Numerical studies further indicate that certain experimental observables are robust to gauge-variant imperfections [56, 57], which may facilitate future experimental implementations. We anticipate that the double-well
model demonstrated in this work serves as a stepping
stone for experimental studies of Z2 LGTs coupled to
matter in extended 1D and 2D systems, which can be
realized by coupling many double-well links along a 1D
chain (Supplementary Information) or in a ladder configuration [33]. Finally, the use of state-dependent optical
lattices could further enable an independent tunability of
the matter- and gauge-particle tunneling terms.
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INTERPRETATION: STATIC LOCAL
BACKGROUND CHARGES

Below Eq. (2) in the main text we introduced the notion of “static local background charges” for lattice sites,
where gj = −1. Here, we want to briefly explain this in
a more formal manner. In this interpretation, we consider a second, immobile species b of matter particles
(corresponding to another particle flavor), which are localized on the sites with gj = −1. If a single b particle is localized on site j, it contributes to the Z2 charge
ˆ = exp[iπ(n̂a + n̂b )], where n̂b is the number operator
Q̃
j
j
j
j
for b particles.
In particular, for the dynamics presented in Fig. 1b,
this interpretation results in the following scenario: We
initialize a single a-particle on the central site j = 0 and
the field in an eigenstate of the electric field, τ x = 1, on
all links. This results in gj = 1 on all sites except at
j = 0, where g0 = −1. Consequently, there is a static
background charge localized at j = 0. The Z2 Gauss’s
ˆ given above, then results
law with the charge operator Q̃
j
in g̃j = 1 for all j, which is conventionally the physical
subsector. Moreover, when the a-particle moves, it is
connected by a string of Z2 electric-field lines to the localized b particle. The energy cost of this electric field
string leads to a linear string tension, which can be interpreted as a simple instant of confinement.

a and f before or after the comma mark the particle occupation on the left and right site. As described in the main
text, a species-dependent energy offset ∆f = U between
the two sites and a species-independent resonant driving
A cos(ωt + φ) of the on-site potential are applied, which
leads to the time-dependent Hamiltonian (3) in the main
text. In the new basis defined above, this Hamiltonian
reads
Ĥ(t) = − J (|3i h1| + |4i h2| + |4i h3| + |2i h1| + h.c.)
+ U (2 |1i h1| + |3i h3| + |4i h4|)

(S.1)

+ A cos(ωt + φ) (2 |1i h1| + |2i h2| + |3i h3|) ,
where the tunneling rate of both a- and f -particles is J
and the intra-species interaction energy is U .
The stroboscopic dynamics of such a time-dependent
system can be described by an effective Floquet Hamiltonian represented by a series of time-independent terms
in powers of 1/ω. The series can be truncated to lowest order in the high-frequency limit ω → ∞. Following the method presented in [S1, S2], we calculate
the Floquet Hamiltonian ĤF up to first order. To this
end, Eq. (S.1) is transformed by a unitary transformation |ψi → |ψ 0 i = R̂(t) |ψi, such that the new Hamiltonian Ĥ(t) does not contain divergent terms in the highfrequency limit:
Ĥ(t) = R̂Ĥ(t)R̂† − iR̂∂t R̂† =

X

Ĥ(k) eikωt .

(S.2)

k∈Z

EFFECTIVE HAMILTONIAN
Floquet expansion

The Z2 double-well model realized in this work consists
of a two-site potential with one a- and one f -particle implementing the matter and gauge field, respectively. Such
a two-site two-particle model can be represented using
the four basis states: |1i = |a, 0i⊗|f, 0i, |2i = |a, 0i⊗|0, f i,
|3i = |0, ai⊗|f, 0i and |4i = |0, ai⊗|0, f i, where the labels

We express this transformed Hamiltonian in a Fourierseries with time-independent components Ĥ(k) . For our
model (S.1), we choose the transformation
n
R̂(t) = exp +iωt (2 |1i h1| + |3i h3| + |4i h4|)

(S.3)
o
iA
sin(ωt + φ) (2 |1i h1| + |2i h2| + |3i h3|)
+
~ω

and obtain the following Fourier components

11

n
Ĥ(k) = − J J−k−1 (χ) |3i h1| ei(k+1)φ + Jk−1 (χ) |1i h3| ei(k−1)φ + J−k+1 (χ) |4i h2| ei(k−1)φ + Jk+1 (χ) |2i h4| ei(k+1)φ
o
(S.4)
+ J−k (χ) |4i h3| eikφ + Jk (χ) |3i h4| eikφ + J−k−2 (χ) |2i h1| ei(k+2)φ + J+k−2 (χ) |1i h2| ei(k−2)φ
n
o
+ (U − ~ω)δk0 2 |1i h1| + |3i h3| + |4i h4| .

Here Jν (χ) is the ν-th Bessel function of the first kind
with the dimensionless driving strength χ = A/~ω and
δij the Kronecker delta. Note that in the finite-frequency
regime the resonant driving frequency for a double well
tilted by the
√ energy difference U is equal to the energy
gap, ~ω = U 2 + 4J 2 6= U . In the high-frequency limit
U  J, however, ~ω ' U . The lowest orders of the
Floquet Hamiltonian can be calculated using the components Ĥ(k) [Eq. (S.4)] according to
ĤF = Ĥ(0) +

 
1
1 X 1 h (+k) (−k) i
. (S.5)
Ĥ
, Ĥ
+O
~ω
k
ω2
k>0

Floquet model in the infinite-frequency limit

In the limit U/J → ∞, the resonant driving frequency
is ~ω ' U and the diagonal terms in Eq. (S.4) vanish. The
Floquet Hamiltonian (S.5) reduces to the lowest order

ĤF0 = − J J1 (χ) |3i h1| ei(π+φ) + J1 (χ) |4i h2| e−iφ
+ J0 (χ) |4i h3| + J2 (χ) |2i h1| e2φ + h.c. ,
(S.6)
referred to as zeroth-order Floquet Hamiltonian in the
following. As discussed in the main text, different tunnel
processes have different renormalizations with an additional phase factor depending on the modulation phase φ.
The tunnel processes |3i h1| and |4i h2| correspond to aparticle tunneling and |4i h3| and |2i h1| to f -particle tunneling. The a-particle’s tunneling rate is renormalized

with the first-order Bessel function of the first kind J1 (χ),
while on the other hand the f -particle’s tunneling rate
is renormalized depending on the a-particle’s position.
The latter asymmetry can be resolved by choosing the
driving strength such that J0 (χ0 ) = J2 (χ0 ). This happens the first time at χ0 ≈ 1.84 (Fig. 2 in main text).
When choosing the modulation phase φ = {0, π}, the
Floquet Hamiltonian (S.6) directly realizes the Z2 double
well, where the a-particle’s tunnel phase is either 0 or π
depending on the f -particle’s position, while tunneling
of the f -particle is real-valued. This density-dependent
phase shift reflects the sign of the effective energy offset ±U between neighboring sites experienced by the aparticle because of the reflection properties of the Bessel
function J−1 (χ) = eiπ J1 (χ).
Floquet model including the first-order correction
for finite-frequency drive

In experiments, it is generally challenging to work
deep in the high-frequency limit, especially without the
availability of Feshbach resonances; here, we work at
U/J ≈ 6.6. Consequently, higher order corrections become relevant. In order to study their impact on the dynamics we calculate the first-order terms of the Floquet
expansion and include them in our calculations (Fig. S1).
We restrict the derivation to stroboscopic time points n T
with T = 2π/ω, n ∈ N and set the driving phase to φ = 0.
The first-order term of the Floquet expansion can be
calculated following Eq.√(S.5). Note, the resonant driving
frequency is now ~ω = U 2 + 4J 2 6= U and the diagonal
terms in Ĥ0 become nonzero.


J2 X 1 n
|3i h2| J−k−1 (χ) J−k−2 (χ) + Jk (χ) Jk+1 (χ) − Jk−1 (χ) Jk−2 (χ) − J−k (χ) J−k+1 (χ) + h.c.
~ω
k
k>0
o

+ |4i h1| J−k+1 (χ) Jk−2 (χ) + J−k (χ) Jk−1 (χ) − Jk+1 (χ) J−k−2 (χ) − J+k (χ) J−k−1 (χ) + h.c.


J2 X 1 n
+
|1i h1| − |2i h2| Jk−1 (χ)2 + Jk−2 (χ)2 − J−k−1 (χ)2 − J−k−2 (χ)2
~ω
k
k>0

o
+ |4i h4| − |3i h3| J−k+1 (χ)2 + J−k (χ)2 − Jk+1 (χ)2 − Jk (χ)2

ĤF = Ĥ(0) +

(1)

(1)

=Ĥ(0) + Ĥpair−hopping + Ĥdetuning

The first-order correction contains two types of terms:

(S.7)

(1)

a pair-tunneling term Ĥpair−hopping , which corresponds
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Figure S1. Finite-frequency corrections to the zerothorder Floquet Hamiltonian. Solid lines are the time evolution of the charge hQ̂1 i (blue) and gauge field hτ̂ z i (red)
according to (S.8) with the two lowest-order terms of the effective Floquet Hamiltonian (S.7). Diamonds show the stroboscopic dynamics of the full time-dependent Hamiltonian
(3)
√
from the main text for resonant driving at ~ω = U 2 + 4J 2 ≈
1.04 U and U/J = 7. Gray lines show the ideal solution Eq. (6)
of the zeroth-order effective Hamiltonian (S.6) for φ = 0.

Figure S2. Lattice setup. A superlattice (black) is composed of a lattice with wavelength λs (blue) and a lattice with
wavelength λl = 2λs (red) with a relative phase of ϕSL . In addition, a second lattice with wavelength λl is superimposed
with a relative phase of ϕmod = −π/4, such that the on-site
energy of the left double-well site can be modified by a change
in the lattice depth Vmod [Eq. (S.11)] illustrated by the red
and gray shadings. The dashed lines show the superlattice for
Vmod = 0.

to tunneling of both particles, and a detuning term
(1)
Ĥdetuning , describing the deviation from the exact resonance condition.
When calculating the time evolution including higher
order terms, the time evolution operator Û gets modified
in general by both the transformation R̂ and the kick
operator K̂ [S1]. However, for stroboscopic times the
time-evolution operator reduces to

relative phase between the potentials is chosen such that
the potential maxima affect only one of the double-well
sites (Fig. S2). The overall potential is then given by

Û (0 → nT ) = e−iK̂ e−iĤF nT /~ eiK̂

(S.8)

and only depends on the stroboscopic kick operator
 

1 X 1  (+k)
1
(−k)
K̂ =
. (S.9)
Ĥ
− Ĥ
+O
i~ω
k
ω2
k>0

In Fig. S1 the dynamics of the effective Floquet model
including first-order corrections is compared to a full
time-dependent analysis of Hamiltonian (3) from the
main text. We find that for the experimental timescales
and parameters, i.e. U/J = 7, the effective model up to
first order is sufficient to describe the dynamics of the
system.

V (x) = VSL (x) + Vmod cos2 (kl x − π/4),

(S.11)

with Vmod the lattice depth of the additional modulation lattice. A time-dependent modulation Vmod =
(0)
(0)
Vmod + Amod cos(ωt + φ) around a mean value Vmod in
combination with a suitable static superlattice phase ϕSL
then generates the time-dependent Hamiltonian (S.1).

Measurement of the renormalization of the tunnel
coupling in a driven double well

We experimentally determine the renormalization of
the tunnel coupling of a single particle in a driven double
well. The time-dependent Hamiltonian can be written in
the basis, where the particle occupies the left |Li or the
right |Ri site of the double well:
Ĥ1P (t) = − J 0 (|Li hR| + |Ri hL|)

DESCRIPTION OF THE EXPERIMENT
Lattice setup

In the experiment, ultracold 87 Rb atoms in a threedimensional (3D) optical lattice potential are used. The
lattice consists of three mutually orthogonal standing
waves with wavelength λs = 767 nm and an additional
lattice with λl = 2λs along the x-direction, which generates the superlattice potential
VSL (x) = Vx,s cos2 (ks x) + Vx,l cos2 (kl x + ϕSL ),

(S.10)

where Vx,µ denotes the lattice depth and kµ = 2π/λµ is
the wave number, with µ ∈ {s, l}. In addition, a standing wave with wavelength λl is superimposed, where the

+ {∆ + A cos(ωt + φ)} |Li hL| ,

(S.12)

where J 0 is the single-particle tunneling rate, ∆ the energy offset between neighboring sites, A the modulation
amplitude, ω the modulation frequency and φ the modulation phase. In the high-frequency limit with resonant
multi-frequency driving ∆ = ν ~ω, with ν ∈ Z, we find the
Fourier components of the Floquet expansion analogous
to Eq. (S.4)
n
(k)
Ĥ1P = −J 0 J−k−ν (χ) ei(k+ν)φ |Ri hL| +
o
J+k−ν (χ) ei(k−ν)φ |Li hR| .
(S.13)
In the infinite frequency limit ω → ∞, we can extract the
renormalization of the tunnel coupling Jeν = J 0 |Jν (χ)|,
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which scales with the νth-order Bessel function of the
first kind.
We load atoms in the |F = 1, mF = −1i state into a
3D optical lattice by performing an exponential-shaped
ramp during a time segment of 50 ms; the final lattice
depths Vx,l = 30(1) Er,l , Vy = 35(1) Er,s are reached
within the 1/e-time τ = 5 ms, while the vertical lattice
Vz = 50(1) Er,s is ramped up within τz = 1.5 ms. The
lattice depth is given in units of their respective recoil
energy Er,µ = ~2 kµ2 /2m with m the mass of a rubidium atom and µ = {s, l}. Then, we use a filtering sequence to remove doubly-occupied sites by light assistedcollisions between atoms in the |F = 2, mF = −1i state.
The subsequent part of the sequence is in principle not
needed for this measurement but it is part of the final
experimental sequence and it is kept in order to reach
a comparable experimental situation. In this part the
long-period lattice site is split within 15 ms by increasing Vx,s = 30(1) Er,s together with the transversal lattices
Vy,s = Vz,s = 60(2) Er,s and merged again in 15 ms by
ramping down Vx,s = 0. Then, the modulation lattice is
(0)
turned on at the mean value Vmod = 15.0(2) Er,l in 20 ms
and the superlattice phase ϕSL is tuned to a value such
that ∆  J. The particle localizes to one site during the
subsequent splitting process, where the short lattice is
ramped to Vx,s = 40(1) Er,s in 10 ms. Subsequently, ϕSL
is non-adiabatically changed to reach the final energy offset between the two sites ∆ν in 10 ms. The time evolution
begins with a rapid coupling of the two sites by decreasing
Vx,s = 9.5(1) Er,s in 100 µs and starting the modulation
with frequency ω = 2π × 4122 Hz. This procedure was
repeated for various modulation amplitudes Amod . For
the detection, we freeze the motion in 100 µs and use siteresolved band mapping to determine the site occupations
NL and NR from which we determine the site imbalance
I = (NL − NR )/(NL + NR ) [S3, S4].
For finite driving frequencies, corrections to the resonant driving
condition have to be taken into account
p
ν~ω = ∆2ν + 4J 2 with ν 6= 0. Thus, we have experimentally determined ∆ν using a spectroscopic measurement by varying the energy offset at constant driving frequency ω. Measurements of a time-trace for different modulation amplitudes Amod were performed for
ν ∈ {0, 1, 2}. Each resulting imbalance time-trace represents an average over the time-traces of all double wells
in a 3D array. For technical reasons, each double well in
this 3D array experiences different energy offsets between
neighboring sites. To model this effect, we assume that
these energy offsets are distributed according to


δ2
1
exp − 2 ,
(S.14)
G∆ (δ) = p
2∆σ
2π∆2σ
with a standard deviation ∆σ . Taking this effect into
account, the renormalized tunneling rates Jeν were extracted by fitting an average of S = 10 sinusoidal func-

tions
S

AX
Iν (t) =
sin
S n=1

q


δn2

+ 4Jeν2 t/~ + ξ

+ I0

(S.15)

to the data, where A is the oscillation amplitude, δn
a random sample of the tilt distribution (S.14), Jeν =
Jν0 Jν (χ) is the renormalized tunnel coupling, ξ is an initial phase due to the finite initialization ramp time, and
I0 the imbalance offset of the oscillation. The fit uses
five free fit parameters: Jeν , A, ∆σ , ξ, and I0 . To estimate the confidence interval we performed a bootstrap
analysis with 1000 realizations for different sets of {δn },
a Gaussian error in the detection of the imbalance of
0.05 and randomly-guessed fit start values for Jeν . In
Fig. 2 (main text), Jeν is normalized to its respective
bare tunnel coupling strength Jν0 calculated from the
double-well Wannier functions based on the calibrated
lattice parameters: J00 /h = 490 Hz, J10 /h = 520 Hz and
J20 /h = 563 Hz. They are slightly different for the three
data sets, ν = {0, 1, 2}. The data points and error bars
in Fig. 2 show the median and the 1σ-confidence interval from the bootstrap analysis. The conversion α of the
driving amplitude A = α Amod is calibrated by a fit of
the function J0 (αfit Amod /ω) to the experimental results
for ν = 0. A comparison of the fitted to the calculated
value results in αfit /αcalc ≈ 1.09(2). The order of magnitude of this value is consistent for all measurements
and is most likely attributed to the non-linear behavior
of ∆(Vmod ). In addition, also the tunneling rate depends
on the value of the modulation lattice depth Jν0 (Vmod )
and changes therefore sightly during a driving period.
These effects are especially important for large values
Vmod ∼ Vx,l , because the modulation lattice changes not
only the on-site energy, but also the combined lattice potential’s shape V (x).

Species-dependent energy offset
for the Z2 two-site model

The species-dependent energy offset is realized by a
combination of a magnetic gradient and a superlattice
with a relative phase ϕSL . The magnetic gradient induces
opposite energy offsets ∆M for the two hyperfine-states
that encode the a- and f -particles, i.e. |F = 1, mF = ∓1i,
because these states have opposite magnetic moments.
The experimental implementation requires an energy offset of zero between neighboring sites for the a-particles.
Thus, the species-independent energy offset from the superlattice potential is chosen, such that it compensates
the tilt ∆M = −∆SL . The energy offset between neighboring sites for the f -particles is then ∆f = ∆M +∆SL , which
needs to be matched with the interaction energy U .
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Figure S3. Parameter calibrations. a Tunnel oscillations in a symmetric double well for Vx,s = 9.50(1) Er,s , Vx,l = 35(1) Er,l ,
and Vmod = 0. The resulting single-particle tunneling rate is J 0 /h = 574(3) Hz. b Superexchange oscillations. c The spectroscopic
measurement of the tilt ∆f = ∆M + ∆SL leads to the resonance ω = 2π × 4.32(2) kHz. d A spectroscopic measurement of the tilt
(0)
induced only by the modulation lattice Vmod = 15.0(1) Er,l leads to a resonance ωmod = 2π × 12.23(2) kHz. e Tunnel oscillations
(0)
in a symmetric configuration for the final lattice parameters Vx,s = 9.50(1) Er,s , Vx,l = 35(1) Er,l , and Vmod = 15.0(2) Er,l in
the presence of the magnetic gradient. The particle experiences a potential equivalent to the one seen by the a-particle. The
resulting tunneling rate is J 0 /h = 523(3) Hz. f-h Driven tunnel oscillations in the same configuration as e for χ ≈ 0.61 in f,
χ ≈ 1.23 in g, χ ≈ 1.84 in h.

Tight-binding description of the two-site
two-particle model

The working principle of the experimental implementation for the Z2 two-site model is discussed in detail in
the main text. Here, we present a tight-binding description including the full set of experimental parameters and
terms from the extended Bose-Hubbard model, which are
known to exist for interacting particles in lattices [S5].
The extended Bose-Hubbard model takes into account
that the Wannier functions wµ (r) of particles on different sites µ overlap. Hence,
this leads to nearest-neighbor
R
interactions uLR = g |wL (r)|2 |wR (r)|2 dr3 and densityassisted tunneling, where the tunnel
matrix element J =
R
J 0 + δj gets modified by δj = g wL∗2 (r)wL (r)wR (r) dr3 .
In addition, two-particle hopping processes arise with a
strength uLR , where either two particles on the same site
tunnel simultaneously to a neighboring site, or two neighboring particles exchange their positions. Note, the twoparticle hopping processes directly break the Z2 symmetry but for our parameters the value is small, uLR /J ≈
0.03, compared to the experimental timescales. All terms
of the extended Bose-Hubbard model are proportional to
the effective interaction strength g = 4π~2 as /m, with as
the inter-species s-wave scattering length and m the mass
of a rubidium atom. In summary, the time-dependent

Hamiltonian (3) generalizes to
H(t) = − J |3i h1| + |4i h2| + |4i h3| + |2i h1|

+ h.c.

+ U |1i h1| + |4i h4|

+ A cos(ωt) |1i h1| + |2i h2| + |3i h3|

+ ∆SL |1i h1| + |2i h2| + |3i h3|

+ ∆M |1i h1| − |2i h2| + |3i h3|

(S.16)

+ uLR |1i h4| + |2i h3| + |4i h1| + |3i h2|

+ |2i h2| + |3i h3| .
To realize the Z2 two-site model, all parameters in
Hamiltonian (S.16) need to be calibrated separately. Especially, the magnetic gradient needs to be matched with
the superlattice energy offset ∆M = −∆SL to obtain zero
tilt for the a-particles. This leads to a tilt ∆f = ∆SL +∆M
for the f -particles, which needs to be matched with the
interaction energy ∆f = Uq
. Furthermore, we drive the
system resonantly at ~ω = ∆2f + 4J 2 . In the following
we describe how the parameters are calibrated.

Parameter calibrations

Tunnel coupling in a symmetric double well — A single particle is localized on one site of a double well
with superlattice parameters Vx,l = 35(1) Er,l and Vx,s =

15
9.5(1) Er,s . From the measured tunnel oscillation frequency (Fig. S3a) we infer a precise value of the lattice
depth Vx,s . The measurement sequence is analogous to
the sequence for the renormalized tunnel coupling discussed before, where we measure the site-imbalance at
various times. This time trace was then modeled using
a two-site Bose-Hubbard Hamiltonian, including Gaussian distributed energy offsets G∆ (δ) [see Eq. (S.14)]. To
this end, time traces for 256 randomly-sampled values δn
were calculated and its median least-square fitted to the
measured data set. The results for the free parameters of
this fit are Vx,s = 9.50(1) Er,s and a tilt distribution with
a standard deviation of ∆σ /h = 0.44(4) kHz.
On-site interaction energy — The on-site interaction
energy U was calibrated by a measurement of superexchange oscillations. To this end, we localize two distinguishable particles to the left and right site of a double
well. Then we couple the two sites and observe the oscillations of individual species. For a known single-particle
tunneling rate, the interaction energy can be inferred
from the measured oscillation frequency, which scales as
J 02 /U . In the experiment, the on-site interaction energy
depends strongly on the chosen lattice parameters, thus
a measurement in the final configuration is preferred. Directly using a- and f -particles is not possible as they have
opposite magnetic moments and the f -particle experiences an energy offset between neighboring sites. However, we can use a microwave-driven adiabatic passage
to transfer the f -particle to the state |F = 2, mF = +1i
in the F = 2 manifold, such that it has the same magnetic moment as the a-particle. In this configuration we
can measure site-imbalance traces of the superexchange
oscillations by F -state selective imaging (Fig. S3b) and
calibrate the interaction energy U = 3.85(7) kHz.
Magnetic and superlattice tilts — The energy offset between neighboring sites of the double well is given by a
combination of the magnetic gradient, the tilted superlattice potential and the modulation lattice. The mod(0)
ulation lattice is static at Vmod = 15.0(2) Er,l and the
resulting tilt can be fully compensated by the superlattice phase (Fig. S2). Starting form this situation, we
introduce a magnetic gradient and measure the imbalance Ia of a single a-particle. At the superlattice phase
where Ia = 0 the tilts are identical ∆SL = ∆M . Then we
measure the energy offset ∆f = ∆SL + ∆M introduced
for the f -particles by modulation spectroscopy with the
modulation lattice (Fig. S3c). From the measurement we
fit the resonance frequency ω. This procedure
√ was iteratively applied until the condition U = ∆ = ~2 ω 2 − 4J 2
was fulfilled.
Characterization of the modulation amplitude — First,
Vmod was determined by a spectroscopic measurement of
the energy difference between neighboring sites induced
exclusively by the modulation lattice. Therefore, a single
particle was loaded to the lower site of a double well with
ϕSL = 0 and Vmod ≈ 15 Er,l at a fixed modulation lattice

phase of −π/4 (Fig. S3d). From this outcome a first estimate of the modulation amplitude can be made, however,
more accurate results can be gained by determining the
oscillation frequency of driven tunnel oscillations. We
choose ν = 0 as in this case the driving is always resonant and the observable depends strongly on the driving
strength. We start with zero driving A = 0 and verify that the oscillation frequency in the combined potential agrees with the theoretical expectations (Fig. S3e).
Then, we measure a set of driven tunnel oscillations at
A 6= 0 (Fig. S3f-h). The driving amplitude was then
fitted to match the measured oscillation frequencies. In
this model we also take inhomogeneous energy offsets into
account, which are modeled to be Gaussian distributed
[Eq. (S.14)].
Initial state preparation — As discussed in the main
x
text,√we first prepare an initial state
√ |ψ0 i = (|1i +
|2i)/ 2 = |a, 0i ⊗ (|f, 0i + |0, f i) / 2, where the f particle is in an eigenstate of the electric field operator τ̂ x
and the a-particle is localized to the left site of the double well. This initial state probes a single subsector of
the model. Experimentally we achieve this by realizing
the groundstate of a specially-designed static model. To
this end, we start with two distinguishable atoms a and
f on a single long period lattice site (sequence of the Z2
double-well model, see below). Then, the magnetic gradient and the superlattice phase are adjusted according
to the calibrations above. We set an initial value of the
modulation lattice and create the two sites by adiabatically increasing the short lattice to Vx,s = 9.5Er,s . The
initial value of the modulation lattice is chosen such that
the imbalance of the f -particles is zero. The prepared
initial state is the groundstate of the system in this conx
figuration |ψinit
i ≈ 0.70 |1i+0.71 |2i+0.087 |3i+0.036 |4i.
Furthermore, we prepare the localized initial state
(0)
|ψ0z i = |2i = |a, 0i ⊗ |0, f i. Therefore, we instead use Vmod
as initial value for the modulation lattice. The correz
sponding experimental initial state is |ψinit
i ≈ 0.071 |1i+
0.98 |2i + 0.025 |3i + 0.15 |4i.

Experimental sequence for the Z2 two-site model

The experimental sequence for the data presented in
Fig. 3 and 4 in the main text starts by loading atoms
in the |F = 1, mF = −1i state into a 3D optical lattice
with lattice depths Vx,l = 30(1) Er,l , Vy = 35(1) Er,s
and Vz = 50(2) Er,s . These initial ramps are exponentially shaped and carried out in a time-segment of
50 ms length. The 1/e-time of the exponential ramp
is τ = 5 ms for the horizontal lattices (x, y) and τz =
1.5 ms for the vertical lattice (z). This loading procedure was optimized for a maximal amount of doublyoccupied sites, while loading a negligible amount of
tripply- and a small amount of singly-occupied sites.
Later, each doubly-occupied site will realize a Z2 two-
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Figure S4. Experimental sequence. a Separate illustrations of the individual experimental steps for singly- and
doubly-occupied double wells. The dots denote atoms in the
F = 1 manifold of 87 Rb in the mF = −1 (blue), mF = 0 (gray)
and mF = +1 (red) state. The red and blue triangles illustrate
the respective potential induced by the magnetic gradient. b
Parameter ramps for the numbered steps in a. c Measured
modulation lattice intensity, with sudden jump at t = 0.

site model with both an a- and an f -particle. To create these distinguishable atoms, we use coherent spinchanging collisions (SCC) [S6] to transfer atom pairs to
the |F = 1, mF = ±1i states (Fig. S4a). To this end, we
first apply a series of microwave-driven adiabatic passages to transfer the atoms to the |F = 1, mF = 0i state.
Subsequently, the short lattice in x-direction was ramped
up to Vx,s = 40(1) Er,s within 15 ms with a superlattice
phase ϕSL , such that both particles are localized to a
single site of the double well. At the same time the
lattice depths along the orthogonal directions are raised
to Vy = 100(5) Er,s and Vz = 120(6) Er,s to further increase the on-site interaction energy. Finally, an adiabatic passage of microwave-mediated SCC was performed
within 100 ms. Note, single atoms on a double well are
not affected by SCC and remain in the |F = 1, mF = 0i
state, which allows us to independently detect singlyand doubly-occupied sites. After the SCC sequence, the
double-well sites are merged again in 15 ms by adiabatically switching off Vx,s = 0. Then, a magnetic field gradient of B 0 /h ≈ 5.9(3) kHz/λs was applied within 120 ms.
Simultaneously, the modulation lattice is turned on to
Vmod = 6.0(1) Er,l and the superlattice phase ramped up
to the final value. The initial state is prepared by ramping up Vx,s = 9.50(1) Er,s in 10 ms as described above.
Then, the modulation is started with a sudden jump
(50 µs) of the modulation intensity to obtain the correct
initial driving phase of φ = 0 (Fig. S4c). The modulation is performed with an amplitude of Amod = 9.0(1) Er,l
(0)
around a mean value of Vmod = 15.0(1) Er,l and a driving
frequency of ω = 2π × 4320 Hz. The initial state evolves
in this driven model, for different times t, approximat-

Figure S5. Time evolution for a single Z2 two-site
model. Solid lines are the expectation values for the time
evolution of the Z2 charge hQ̂1 i, the Z2 gauge field hτ̂ z i, the
Z2 electric field hτ̂ x i, and the Z2 symmetry operator hĜ1 i.
The parameters are identical to the ones used in Fig. 4. Note,
the traces are for a single double well and not averaged over a
distribution of tilts. Diamonds are stroboscopic time points.

ing the time-dynamics in the Z2 two-site model. Subsequently, the tunneling dynamics was inhibited by rapidly
increasing the potential barrier between the two sites
Vx,s = 40(1) Er,s in 50 µs, followed by a site-resolved bandmapping detection in combination with a Stern-Gerlach
species separation [S3, S4, S7].

NUMERIC TIME EVOLUTION

The analysis of the effective Floquet model is compared to a full, time-dependent numerical analysis of the
two-site two-particle model. We use formulation (S.16),
which is very close to the experimental realization including the superlattice, magnetic gradient and first-order
corrections to the Bose-Hubbard model.
We use the experimentally calibrated parameters J 0 ,
U , ∆M , ∆SL , and ω together with calculated extended
Bose-Hubbard parameters δj and uLR to perform a numerical time evolution. The time evolution is performed
using the Trotter method by applying the quasi-static
time evolution operator Ûn = exp{−i H(tn )∆t/~} for
each time point tn = n ∆t with n ∈ N. The time
step ∆t = 2π/(sω) is chosen to subsample the driving
x
frequency with s ∼ 50. For the initial state |ψinit
i,
the groundstate of the configuration for the initial state
preparation is chosen as explained above.
A single calculated time-trace shows strong oscillatory
behavior (Fig. S5), which is not present in the stroboscopic calculation of the Floquet Hamiltonian and can
be attributed to the micromotion. The micromotion is
an additional dynamics with a period equal to the driving
frequency.
The experimentally measured observables are averaged
over many realizations of double wells. Due to inhomo-
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Figure S6. Symmetry breaking due to finite-frequency
and extended Bose-Hubbard corrections. a The solid
line is the time evolution according to the time-evolution operator (S.8) of the expectation value of the Z2 symmetry operator hĜ1 i including the two lowest-order terms of the effective
Floquet Hamiltonian (S.7). Diamonds show the stroboscopic
dynamics of the full time-dependent Hamiltonian
(3) from the
√
main text for resonant driving at ~ω = U 2 + 4J 2 ≈ 1.04 U
and U/J = 7. The gray line shows the ideal solution Eq. (6).
The corresponding dynamics of hQ̂1 i and hτ̂ z i are shown in
Fig. S1. b Time evolution of the expectation value of the Z2
symmetry operator hĜ1 i including additional terms from the
extended Bose-Hubbard model with a strength uLR = 0.03 J
to the effective Floquet model in the infinite-frequency limit.
√
x
i = (|1i+|2i)/ 2.
For all calculations the initial state was |ψinit

geneities in the energy offsets between neighboring sites,
the traces of individual double wells are different. We
model these inhomogeneties with a Gaussian distribution
of tilts as described in Eq. (S.14) with a standard deviation of ∆σ , extracted from the measurement of tunnel
oscillations. From this distribution we randomly draw
1000 tilt values and average the observables.
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Figure S7. Suppressing the corrections. Scaling of the
tight-binding
parameters J/U and uLR /J with Vx,s and Vx,l ∼
p
Vx,s for an initial ratio of Vx,s /Vx,l = 9.5/35. This relative
scaling keeps the ratio of the inter- to the intra-double well
tunneling constant.
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SYMMETRY-BREAKING CORRECTION TERMS
IN THE EXPERIMENTAL REALIZATION

Figure S8. Numerical time evolution of a 1D Z2 chain
with one matter particle. Dynamics of the matter particle
and Z2 degrees-of-freedom for two different initial states calculated using exact diagonalization on a system with 13 sites
based on Eq. (1). The matter particle is initially localized on
x
site j = 0. a All links are initialized in τhj,j+1i
= +1. b All
z
links are initialized in τhj,j+1i = +1.

It is essential for experimental realizations of LGTs
that the underlying gauge symmetry is sufficiently conserved during the experiment. This puts high requirements on experimental implementations to suppress
symmetry-breaking terms. In the presented scheme, we
find two main sources for symmetry breaking: finitefrequency corrections to the effective Floquet Hamiltonian and first-order corrections to the Bose-Hubbard
model.
The first-order correction to the Floquet Hamiltonian
for finite-frequency drive was derived above [Eq. (S.7)].
The corrections contain diagonal detuning, correlated
hopping and direct exchange coupling terms, which scale
as J 2 /(~ω). The driving frequency is connected to the
interaction energy in this realization. Therefore, the corrections can be reduced by either increasing the interaction energy or decreasing the tunnel coupling J. The
effect on the Z2 symmetry is studied in Fig. S6a for
U/J = 7, similar to the experimental parameters, and
an initial state in the g1 = −1 subsector.
The additional terms from the extended Bose-Hubbard

model were introduced in Eq. (S.16) and are nearestneighbor interactions, correlated tunneling and a direct exchange coupling. The terms scale with the
square
overlap of neighboring Wannier functions, uLR =
R
g |wL (r)|2 |wR (r)|2 dr3 , and vanish therefore faster than
the tunnel coupling J, when reducing the Wannier overlap. In Fig. S6b the correction terms were added to the
infinite-frequency Floquet model with strength uLR =
0.03 J and the time evolution of the expectation value
of Ĝ was calculated numerically.
Both symmetry-breaking terms can be reduced by increasing the short period lattice potential depth, as the
Wannier function overlap between neighboring sites reduces, while the on-site overlap and therefore the interaction energy increases. In Fig. S7, the relative scaling
of the correction terms with Vx,s are shown. Note, to
keep the ratio between the inter-double well tunneling
rate Ji and the tunneling rate J constant for comparability, the longp
period lattice depth was scaled accordingly
with Vx,l ∝ Vx,s .

18
Z2 LGT IN 1D
The ideal 1D model

The Z2 double well is a minimal two-site model, which
consists of one link and a single matter particle. A direct
generalization of this model arises when extending the
double well to a chain by adding more links, an experimental scheme to realize such a system is introduced below. We discuss the dynamics for the resulting Z2 chain
described by Eq. (1) in the main text in different regimes
Jf /Ja and for two initial states analogous to the ones
used in the main text to study the two-site model. The
dynamics of the system is analyzed by a calculation of
the numerical time evolution with a Hamiltonian for 13
sites. Initially, the matter particle is always in the center
of the system labeled j = 0.
We first start with an initial state, where all links are
x
in the groundstate of the electric field operator −τ̂hj,j+1i
.
x
Therefore τhj,j+1i = +1 for all sites j. Together with the
matter particle at site j = 0, this leads to gj = +1 for
all j 6= 0 and a local static charge at j = 0 described by
g0 = −1. As Ĝ commutes with the Hamiltonian (1), the
static charges gj are conserved. Thus, when the matter
particle traverses a link its electric field value needs to
change. This process is associated with an energy cost
proportional to Jf . Figure S8a summarizes the result for
two different regimes. In the regime Jf  Ja , the energy
cost of flipping a traversed link, changing the value of τ x ,
is small and the matter particle can freely expand, which
is clearly visible in the expectation value of Q̂j . The
same cone shape is visible in the expectation value of
the electric field operator hτ̂ x i. Inside the cone hτ̂ x i ≈ 0
because the particle either traversed the link or not. In
the opposite regime, where Jf > Ja , the energy cost for
flipping τ x is high, and also linearly increases with the
number of traversed links. Therefore, the matter particle
stays confined to the local static charge at site j = 0.
Analog to the experiment on the two-site model, an
initial state is examined, where each link is in an eigenstate of the gauge field operator τ̂ z . In this situation,
instead of a single subsector a superposition of many subsectors is probed. We again investigate the two different
regimes and present the results in Fig. S8b. In the regime
Jf  Ja , the matter particle still expands freely, while
we again observe confinement of the matter particle in
the regime Jf > Ja . The expectation value of the electric field operator hτ̂ x i = 0 for all sites and times. The
expectation value of the gauge field operator hτ̂ z i, on the
other hand, shows dynamics. This dynamics can be explained on the level of a single link prepared in one of the
eigenstates of τ̂ z . The coupling −Jf τ̂ x leads to Rabi oscillations between τ z = ±1. In the presence of the matter
particle the Rabi oscillations are detuned, which leads to
faster oscillations with a reduced amplitude.

Figure S9. Illustration of the super-site model. Each site
in the 1D Z2 chain is replaced by a super-site with two physical sites a and b. They are coupled by a tunneling rate Jcs .
The links between the super-sites have a Z2 degree-of-freedom
and are realized by the building blocks.

1D model with super-sites

Super-site Hamiltonian — The Z2 double-well model
is based on inter-species on-site interactions between f and a-particles. Simply connecting two double-wells by
introducing a joint site shared by both leads to an ambiguous situation: The a-particle can then no longer distinguish to which link the f -particles belong, unless different species f and f 0 are used on alternating links.
To resolve this complication, the Z2 double wells can be
connected via a tunnel coupling Jc of the a-particle from
the right site of the left double-well (2j) to the left site
of the right double-well (2j + 1). Hence, the individual
building blocks remain functional. The resulting chain of
coupled double-well building blocks can then be understood as a 1D model of super-sites at positions j. Each
super-site consists of matter creation operators â†j and b̂†j ,
describing the a-particles on sites 2j and 2j + 1, respectively. In this language, the super-sites are connected
z
by a link with a gauge field τ̂hj,j±1i
. The corresponding
Hamiltonian is
i
Xh
s
z
Ĥ1D
=
−Jas â†j+1 τ̂hj,j+1i
b̂j − Jcs â†j b̂j + h.c.
j

−

X

x
Jfs τ̂hj,j+1i
.

(S.17)

j

When replacing the Z2 charge by the super-site charge
a

b

Q̂sj = eiπ(n̂j +n̂j ) ,

(S.18)

which depends on the matter particle occupation on the
super-site n̂sj = n̂aj +n̂bj , then Ĥ1D, ab is Z2 gauge-invariant
with respect to the super-sites and commutes with the
s
gauge transformation [Ĥ1D
, Ĝsjb ] = 0 for all j.
Ideal model limit of the super-site Hamiltonian — The
super-site Hamiltonian reduces to the 1D model Eq. (1)
in the main text, if Jcs  Jas . In this limit, each super-site
forms an energetically lower (upper) orbital ĥj,± = (âj ±
√
b̂j )/ 2 with on-site energies described by −Jcs (ĥ†j,+ ĥj,+ −
ĥ†j,− ĥj,− ) = −Jcs (n̂hj,+ − n̂hj,− ). Couplings between those
higher and lower bands can be neglected in this limit
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Jas  Jcs and the effective Hamiltonian becomes
s
Ĥ1D
= − Jas?

XX
j

− Jcs

X

Jfs

X

i
h
z
ĥj,µ + h.c.
µ ĥ†j+1,µ τ̂hj,j+1i

µ=±

n̂hj,+ − n̂hj,−



j

−

x
τ̂hj,j+1i
,

(S.19)

j

where Jas? = Jas /2. At low energies, or in properly
prepared states, the higher band remains unoccupied,
n̂hj,− = 0 for all j and as a function of time. This yields
a 1D Z2 LGT as discussed in the main text,
i
Xh †
s
z
Ĥ1D
= − Jas?
ĥj+1,+ τ̂hj,j+1i
ĥj,+ + h.c.

of the super-site coupling Jcs = Jas in the super-site model
Eq. (S.17), we find a good quantitative agreement with
the ideal 1D model introduced in Eq. (1) in the main
text.
Floquet scheme — The super-site model above can
be realized by a Floquet scheme. In the following we
present one possible microscopic approach, as illustrated
in Fig. S11, which is closely related to the proposal from
Ref. [S8], using the same notations as in Eq. (S.17). On
the double-well building blocks the processes are identical to the ones described in the main text, which we
already implemented experimentally.
a
b
0

− Jcs

n̂hj,+ − Jfs

j

X

x
τ̂hj,j+1i
.

0.4

j

Ĥ =

j

2

U ∗ n̂hj,+ (n̂hj,+ − 1) + δµ

X

n̂hj,+

(S.21)

j

with an effective Hubbard interaction U ? = (Ua + Ub )/4
and renormalization of the chemical potential by δµ =
−(Ua + Ub )/8. Thus, if in addition to Ua,b  |Jc | it also
holds |Jas |  U ? , we can treat the resulting model by
assuming that ĥj,+ are hard-core bosons.
Because the model in Eq. (S.17) has local Z2 gauge
symmetries on the super-sites, the properties of its eigenstates are qualitatively similar to those of the simplified
one-band model in Eq. (S.20), even if Jcs is comparable
to Jas . To demonstrate this, we repeated the simulations
from Fig. 1 in the main text, but in a more realistic supersite model. We compare cases where Ja in the ideal model
from the main text is equal to Jas? in the super-site Hamiltonian. We find similar behavior for different values of
the super-site coupling Jcs (Fig. S10) after releasing a Z2
charge on the central super-site. Already for small values

c

5

3

(S.20)

If Hubbard interactions n̂aj (n̂aj − 1)Ua /2 and n̂bj (n̂bj −
1)Ub /2 are present initially, which are weak compared to
the super-site tunneling Ua,b  |Jcs |, they cannot cause
significant mixing of the symmetric and anti-symmetric
super-site orbitals. Projecting them to the lower band
yields a new term
X1
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Figure S10. Numerical time evolution of the 1D Z2
super-site chain with one matter particle. Dynamics of
the matter particle calculated using exact diagonalization of a
system with 12 Z2 building blocks connected by 11 super-sites
based on Eq. (S.17), with Jas? = Jas /2. The initial state is a
matter particle localized on site j = 0 and all links are initialx
= +1. a Super-site occupation nsj in a regime
ized in τhj,j+1i
with low electric field strength Jfs /Jas? = 0.1 for different vals
ues of the super-site tunnel coupling
p Jc . b Root-mean-square
distance to the initial position hj 2 i. The values of Jcs /Jas?
are indicated next to the curves. A free expansion is observed
already for Jcs /Jas? & 1, which agrees well with the ideal evolution expected from the ideal 1D model captured by Eq. (1)
in the main text (black thick line). c-d Results in the regime
Jfs /Jas? = 2 analogous to a-b.

We start from the following static Hamiltonian,



X †
X †
∆f X z
τ̂hj+1,ji − Ja0
âj+1 b̂j + h.c. − Jc0
b̂j âj + h.c.
2 j
j
j
j
h
i
X
X
X



∆a
U
z
z
+ ∆0a
2j n̂aj + (2j + 1)n̂bj −
n̂aj − n̂bj +
(1 − τ̂hj+1,ji
)n̂bj + (1 + τ̂hj+1,ji
)n̂aj+1 . (S.22)
2 j
2 j
j

Ĥ0 = −Jf0

X

x
τ̂hj+1,ji
+
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The first term corresponds to tunneling Jf0 of the f particles between the super-sites, which is initially suppressed by the gradient ∆f . The next two terms are bare
tunnel couplings of the a-particles between and within
the super-sites. They are initially suppressed by the following two terms: a linear gradient ∆0a and an alternat-

ing potential ±∆a /2 on the two inequivalent positions in
the super-site. The last term corresponds to local interspecies Hubbard interactions between a and f particles
on all sites.
To obtain the Z2 gauge invariant super-site model, we
supplement Ĥ0 by the following driving terms,

X
X
 ∆ω
f
z
a
cos(ωt)
τ̂hj+1,ji
Ĥω (t) = Vωa cos(ωt) + V2ω
cos(2ωt)
2j n̂aj + (2j + 1)n̂bj +
2
j
j
 ω
X
 a

∆a
∆2ω
−
cos(ωt) + a cos(2ωt)
n̂j − n̂bj , (S.23)
2
2
j

which will be used to restore tunnel couplings of the aand f -particles. The first term corresponds to a modulated linear gradient seen by the a-particles. The other
two terms are modulated alternating potentials seen by
the f - and a-particles, respectively. The modulations at
two frequencies ω and 2ω are used to control both the
amplitude and phase of the resulting effective Floquet
Hamiltonian, see Refs. [S8, S9].
Following the scheme proposed in Ref. [S8], we require
the following resonance conditions:
~ω = ∆f = U
∆a = ∆0a
a
∆2ω
a = V2ω
a
ω
Vω − ∆a = ∆ω
f
Vωa + ∆ω
a

(S.24)

= U/2
≡
≡
≡

(S.25)

x
V2ω
/2
Vωy
Vωx .

(S.26)
(S.27)
(S.28)

The last three lines include the three amplitudes
and Vωy which are fixed by
x(1) = Vωx /(~ω) ' 1.71
(2)

x
x = V2ω
/(~ω)
(1)
y
y = Vω /(~ω)

x
V2ω
,

Vωx

(S.29)

' 1.05

(S.30)

' 1.84

(S.31)

(1)
These are solutions to JP
) = J2 (y (1) ) and λ0 = λ1 =
0 (y
∞
λ2 ≡ λ012 where λn = `=−∞ Jn−2` (x(1) )J` (x(2) /2).

In the large frequency limit, and under the above conditions, the effective Floquet Hamiltonian becomes [S1]
Ĥeff = −Jf0

X

x
τ̂hj+1,ji
Λ̂yhj+1,ji −Jc0

j

−

Ja0

X

λx




â†j b̂j + h.c.

j

X
j

λ

y



z
â†j+1 τ̂hj+1,ji
b̂j


+ h.c. . (S.32)

Figure S11. Floquet implementation of the super-site
model. The super-sites are illustrated by the gray boxes.
They consist of a and b sites, which are separately illustrated
for a- and f -particles. The super-site tunnel coupling for
the a-particles is Jc0 and assumed to be negligible for the f particles. The a-particles are exposed to a linear potential
n∆0a /2, which is modulated by ω and 2ω with a strength Vωa
a
and V2ω
. In addition, they experience a staggered potential
±∆a between neighboring sites, which is also modulated by
2ω
ω and 2ω with the strength ∆ω
a and ∆a . The f -particles
experience an opposite staggered potential with ∆f . This
potential is modulated with frequency ω and amplitude ∆ω
f.

The renormalization of tunneling amplitudes is given by
Λ̂yhj+1,ji =


a
b
1
1 − (−1)n̂j+1 +n̂j J0 (y (1) )
2

a
b
1
+
1 + (−1)n̂j+1 +n̂j J1 (y (1) ), (S.33)
2

λx = λ012 ' 0.37 and λy = J1 (y (1) ) ' 0.58.
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One easily confirms that Hamiltonian (S.32) is Z2
gauge invariant if the super-site gauge operator is used,
x
x
Ĝj,ab = Q̂j,ab τ̂hj−1,ji
τ̂hj,j+1i
.

(S.34)

The effective Hamiltonian (S.32) is similar to the supersite model in Eq. (S.17), except for the fact that the
renormalization of the f -particle tunneling, Λ̂yhj+1,ji , is
operator-valued and depends on the Z2 charges on the
adjacent sites. This is not expected to change the physics
of the model. If required, two-frequency driving can also
be used for the f -particles to obtain a situation where
Λ̂y → Λy becomes a C number.
To illustrate the accuracy of our Floquet scheme, in
Fig. S12 we repeat our calculations from Fig. S10 starting from the microscopic model. The parameters in
Eqs. (S.22), (S.23) are chosen such that the effective couplings in Eq. (S.32) correspond to the parameters we used
in the super-site model Eq. (S.17). For U = 10Ja0 in the
microscopic Hamiltonian, we find that the Z2 gauge invariance remains valid for long times and the observed
dynamics is similar to our expectation from the super-site
model. In Fig. S13 we also performed simulations starting from an initial state with two fermionic Z2 charges
a located next to each other, connected by a Z2 electric
field line. In this case, too, the gauge invariance of the

model remains intact for long times. This establishes the
proposed Floquet scheme as a realistic method to implement and realize dynamics in models with local Z2 gauge
constraints.
—
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Figure S12. Numerical time evolution of the full time-dependent model with one particle. Dynamics of the matter
particle calculated by numerically solving the time-dependent model according to Eqs. (S.22) and (S.23), fulfilling the resonance
conditions Eqs. (S.24) – (S.31) and setting Ja0 = 2Jas? /J1 (y (1) ), Jc0 = Jc /λx and Jf0 = Jf /J1 (y (1) ). The system consists of 10
Z2 building blocks and 9 super-sites. The edges of the 1D chain have therefore only a single site. The initial state is a matter
x
= +1. a Matter particle dynamics and expectation value of
particle localized on site j = 0 and all links are initialized in τhj,j+1i
the local symmetry operator hĜj i in a regime with low electric field strength Jfs /Jas? = 0.1 for different inter-species interaction
p
energies U . b Root-mean-square distance to the initial position hj 2 i of the matter particle dynamics from a in comparison
to the high-frequency limit. The results in the high-frequency limit are shown by thick dashed black lines. c-d Results in the
regime Jfs /Jas? = 2 analogous to a-b.
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Figure S13. Numerical time evolution of the full time-dependent model with two particles. Dynamics of two matter
particles calculated by numerically solving the time-dependent model according to Eqs. (S.22) and (S.23), fulfilling the resonance
conditions Eqs. (S.24) – (S.31) and setting Ja0 = 2Jas? /J1 (y (1) ), Jc0 = Jc /λx and Jf0 = Jf /J1 (y (1) ). The system consists of 8 Z2
building blocks and 9 super-sites. The system’s edge is therefore a super-site. The initial state is a matter particle localized
x
= −1. All other links are
on site j = 0 and a second matter particle at site j = −1. The link between the two sites is τh−1,0i
x
initialized in τhj,j+1i = +1. a Matter particle dynamics and expectation value of the local symmetry operator hĜj i in a regime
0.1 for different inter-species interaction energies U . b Time evolution of the distance
with low electric field strength Jfs /Jas? =P
between the two particles measured by i<j |i − j|hn̂i n̂j i for the data shown in a, in comparison to the high frequency-limit.
The results in the high-frequency limit are shown by thick black lines. c-d Results in the regime Jfs /Jas? = 2 analogous to a-b.

