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Abstract

We study TT deformations of 2d CFTs with periodic boundary conditions. We relate
these systems to string models on R x S' x M, where M is the target space of a 2d
CFT. The string model in the light cone gauge is identified with the corresponding
2d CFT and in the static gauge it reproduces its 7T deformed system. This relates
the deformed system and the initial one by a worldsheet coordinate transformation,
which becomes a time dependent canonical map in the Hamiltonian treatment. The
deformed Hamiltonian defines the string energy and we express it in terms of the chiral
Hamiltonians of the initial 2d CFT. This allows exact quantization of the deformed
system, if the spectrum of the initial 2d CFT is known. The generalization to non-
conformal 2d field theories is also discussed.
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1 Introduction

The so-called TT deformation of two-dimensional quantum field theories, which was
introduced by Zamolodchikov in 2004 [1], has recently attracted much attention. Being
a deformation by an irrelevant operator, one would naively expect that the deformed
theory looses any of the nice properties the undeformed theory might have had and
that the UV behaviour gets completely out of control. But this is not the case. For
instance, in [2] it was shown that if the originial theory is integrable, so is the deformed
one. Another remarkable fact is that the spectrum of the deformed theory formulated
on a cylinder can be determined exactly from the one of the undeformed theory [1} 2 [3].

An interesting observation first made in [3] is the connection between a deformed free
boson and string theory. More precisely, it was shown that the classical dynamics of the
deformed system is that controlled by the Nambu-Goto action with three-dimensional
Minkowski space as target space, after fixing the static gauge. In the same paper this
was generalized to several free bosons and also to a single boson with an arbitrary
potential. Further generalizations and refinements along these lines (and beyond) were
considered in [4], [5] and [6], again at the classical level. The relation between TT
deformed CFTs and the quantum string was studied in detail in [7].

Here we also consider the connection between deformed field theories and string
theory, mainly at the classical level. As a large part of our analysis will be within the
Hamiltonian framework, the next section reviews the Hamiltonian treatment of two-
dimensional Lagrangian field theories. While the Lagrangian treatment is more familiar
and transparent, the Hamiltonian one is more convenient for generalizations. The
main examples are non-linear sigma-models with a metric and anti-symmetric tensor
background. Classically they are always conformally invariant. Within the context of
string theory one needs to impose conditions on the background fields, but this will not
play a role in our classical discussion. A simple generalization, which explicitly breaks
the conformal symmetry, is adding a potential.

In Section 3 we look at the 7T deformation of these theories, again in the Hamil-
tonian framework. A simple formula for the deformed Hamiltonian density for systems
with symmetric canonical energy-momentum tensor can be derived. This formula is
valid for arbitrary (classical) CFTs which are characterized by two independent com-
ponents of the energy-momentum tensor whose Poisson brackets generate two copies of
the centerless Virasoro algebra.

The simplest conformally invariant sigma-model is a free massless scalar field on a
cylinder. Its deformation will be reviewed in Section 4, with emphasis on the connection
to closed string dynamics in three-dimensional space-time, where one spatial coordinate
is compactified on S'. When the latter is formulated in a diffeomorphism invariant
way, the deformed free scalar is obtained by breaking the invariance through fixing the
static gauge. This gauge identifies the time and one spatial coordinate of the target
space with the worldsheet coordinates. For this reason compactification is necessary.
The string energy is, up to an additive constant, equal to the Hamiltonian of the
deformed theory. If one chooses light-cone gauge instead, one reaches the undeformed
theory. We generalize the light-cone gauge treatment of a closed string dynamics with



a compactified spatial coordinate, using as space-time light-cone directions those of the
cylinder. This generalization is straightforward. In particular, in this gauge the string
energy can be computed explicitly and by using its gauge invariance one obtains an
expression for the Hamiltonian — rather than the density — of the deformed theory in
terms of the Hamiltonian of the undeformed theory. This result applies, in fact, to more
general undeformed theories than just the free massless scalar.

The relation between the deformed and the undeformed theory as simply choosing
different gauges in the string theory, implies that the undeformed and the deformed
theory are related by a (time-dependent) canonical transformation. This will be shown
in detail. The worldsheet coordinate transformation between the two gauges depends
on the solutions of the equation of motion in the fixed gauge. We use the explicit
form of this transformation to obtain the Hamiltonian of the deformed theory without
resorting to the gauge invariance of the string energy.

In Section 5 we show how the previous discussion extends to general conformally
invariant sigma models and to the case when one adds a potential. A remarkable
example here is the Liouville model with a negative cosmological constant. We show
that the corresponding string model is the SL(2,R) WZW theory with vanishing stress
tensor [8]. This string model in the static and light-cone gauges coincides to the TT
deformed and the initial Liouville models, respectively.

Some of the results reported in this note were obtained but not published about
two years ago [9] and they have meanwhile appeared in various papers. We have taken
the opportunity of being asked to contribute to this volume to include them, with due
reference to the existing literature. Most importantly we point out [7, 10} 1T}, 12, 13}, [14]
for extensive discussions of the relation between the 77 deformed and the initial 2d
field theories in the context of worldsheet gauge transformations.

2 Hamiltonian formulation of 2d field theory

We consider two-dimensional classical field theories on a cylinder with circumference
2w, described by an action

1 .
Sl6) = 5 [ drdo £(0.6.6) 2.)
Here, 7 and o are time and space coordinates, respectively, ¢ := (qﬁl,.. M) @enotes a

set of periodic fields, ¢(7,0+27) = ¢(7, o), and we use the notation ¢ := 0,0, ¢ := 0,¢.
The components of the canonical stress tensor (a,b € {7,0})

a __ a‘c k a
T = S 0~ 00 L (2.2)

satisfy, by Noether’s theorem, the local conservation laws

0,T% = 0. (2.3)



The first order formulation of the same dynamics is obtained from the action

sl = [ar [ 57 [nét - mano. )] 24

where II are the periodic canonical momenta, I1(7, 0 + 27) = I[I(7,0). We assume that
the Lagrangian in (1) is non—singularE i.e. the velocities ¢ are solvable in terms of
the momenta II.

The stress tensor components (2.2]) are

T =H, T7 =1 ¢" ,
OH OH oH ., OH (2.5)
T = =50 — T =H -1 — — o —
i Ol §gk s =H i ¢ bk’
and the conservation laws (2.3]) follow from the Hamilton equations of motion
: oH : oH oH
k = — H - — = (ol 7 2
o= om0 LT Tagk T (aw) 2)

Note that the covariant canonical stress tensor Ty, in 2d Minkowski space is symmetric
(T, = T,,) when the Hamiltonian density satisfies the condition

OH OH ,
2 L " 2.
oL, o4k N0 (2.7)

Below we assume that (2.7)) is fulfilled, without referring to 2d metric structure
We also assume that the canonical stress tensor (2.3]) is traceless, i.e.

0 0

- B - o
VIH|=2H , where V =1I; oL, + ¢ 95 (2.8)
In this case
a H P . /
Tb:(—P _H) . with P =Tl 0" . (2.9)

The components T'7 = H and 7' = P are interpreted as the energy and the
momentum densities, respectively. They obey the Poisson bracket relations

{P(01), P(02)} = {H(01), H(02)} = 27 [P(01) + P(02)] 8 (02 — o),

(2.10)
{P(01), H(02)} = {H(01), P(02)} = 27 [H(01) + H(02)] 8" (02 — o),

which follow from the canonical Poisson brackets,

(I (01), ¢ (02)} = 276, §(0y — 02) | (2.11)

2Singular Lagrangians also lead to the action (Z.4) by Hamiltonian reduction, but with a reduced
number of target space fields.

3While we can always add improvement terms to symmetrize the energy-momentum tensor, here
we assume that the canonical one is symmetric.




and the conditions (2.7)) and (2.8]). The Lie algebra (2.10]) is equivalent to

{T(2),T(y)} =2 [T(x) + T()]0'(y — =), {T(x),T(2)} =0,

_ _ _ _ (2.12)
{T(2),T(5)} = 27 [T(@) + T(5)]8' (7 - @),
with 1 ) 1
T(@) = 5 [H@) +P@)],  T@) =5 [H0) -P-0)] . (213)
The conservation laws (2.3) in terms of T' and T become
0:T =0, 0, T =0, (2.14)

where x = 7+ 0 and ¥ = 7 — o are the chiral coordinates, and we arrive at the standard
formulation of 2d CF'T with zero central charge.

In a more general treatment, a 2d CF'T on a cylinder is provided by two periodic
functions T'(x) and T(Z), which satisfy the Poisson bracket relations (Z.IZ), without
referring to the canonical structure (2.4]). Thus, the Hamiltonian density H that satisfies
the conditions (2.7) and (2.8)) corresponds to a classical 2d CFT.

A standard example is the o-model

Suold) = 3 [ drdo [0 Gule) &' - 6+ Gu(0)6' 20 Bu(@)é] . (19

where Gy (¢) is a target space metric tensor and By, (¢) is a 2-form on the target space.
This system has stress tensor

1 /. L ) . )
T =-T° = 3 <¢k G d' + ¢kal¢l) ; T =-T% =¢"Gpo', (2.16)

and Hamiltonian density

1 p p ) p
Hepn = 3 [Hk GM 11 + ¢ (Gry — Bim G™ Buy) ¢l} + 11, G* Bj 9", (2.17)

which indeed satisfies conditions (2.7)) and (2.8)).
Adding a potential U(¢) to a 2d CFT

H=H+U), (2.18)

leads to a stress tensor with non-zero trace

o [ H+U(®) P
Tb_( 5 —H+W@)' (2.19)



3 T7T deformation of 2d Hamiltonian systems

The following analysis is usually done in the Lagrangian formulation (cf. e.g. [3| 4] [14]).
Here we present a Hamiltonian version of these well-known results.
We introduce the TT" deformation of the system (2.4) as [1]

/df/% do Hm - (H,¢,q§)] , (3.1)

with H, defined by the ‘initial’ condition Hy = H and the differential equation

Mo 1
o idet[T(a)] . (3.2)

Here T/ s is the canonical stress tensor obtained from (Z2.0) by the replacement H —
Ha.

Note that det[T'%] = P?—H? = —4TT for a 2d CFT. Thus, the first order correction
to the Hamiltonian density of a 2d CFT is

Ho=H—-2aTT +--- ; (3.3)

hence the name 7T deformation. However, the higher order terms do not have this
structure and are more complicated.

From (3.2) and (2.3)) follows that H,, satisfies the equation

J0He _ o . Mo OHa
25 = Ho —HaV [Hal + I

, (3.4)

and one is looking for solutions which are analytic in « at o = 0.
Using (3.4]), one shows by a straightforward but slightly tedious calculation that the

variable Y, = gqﬁti ?;z‘,j — P satisfies the equation

No g v, — Loy + 73(

(3.5)

OH, 0Y, OH, O0Y,
o 2

Oy Ok - Odk Oy,

From the ‘initial’ condition Y,—y = 0 then follows that Y,, remains zero for all «. Hence,
‘H,, satisfies the condition

aHa aHa . Tk
and (34 reduces to A
200Ho = H2 — Ho V [Ho) +P* . (3.7)

This equation can be easily integrated if the stress tensor of the undeformed theory
is traceless. Indeed, taking into account (2.8) and V[P] = 2P, one finds that #, is
expressed in terms of H and P only. Dimensional analysis suggests the ansatz

He = Fo(rH +aP?), (3.8)

bt



_1
where 7 is a real number. Inserting it into (3.6) one finds F'(u) = (r* +4au) 2.
Integration, requiring the regularity condition at & = 0 and that it satisfies (3.7)), leads
to [14]

1
Ho =~ (\/1+2a?-[+a2772—1) . (3.9)
o)
The structure of the energy-momentum tensor of the deformed theory is
a He P
T(a)b - ( —7) —Ica ) 3 (310)
with 1 1—a®P? H P?
/ca:—( I —1):”70‘. (3.11)
a \V1+2aH + a?P? 1+ aH,
One also verifies
TI‘[T(Q)] = —« det[T(a)] (3.12)

and, therefore, for a 2d CF'T, H, satisfies the linear equation

~

2000 Ho +2Ho — V[Ha] =0 . (3.13)

The above results, in particular the form of the deformed Hamiltonian density (3.9),
were derived for a particular class of conformal field theories, but one wonders how
general they are. If we assume that the energy-momentum tensor of the undeformed
theory is symmetric, it has only two independent components, 7" and 7. In terms of
those

1 - -
Ha:—<\/1+2a(T+T)+a2(T—T)2—1) . (3.14)
o
Using the algebra (2.12]), which holds for any CFT, one verifies that
‘ B 2 do
Ho={HoHo} = 0,(T=T),  where  Hoy= [ ZH,. (3.15)
0 27

Imposing the 7-component of the conservation equation in (23] for the deformed theory,
this shows that 77 =T — T is not deformed. Imposing instead the o-component and
requiring symmetry of T,y leads to

OH OH

Tl =Ha—2—~T —2—=T . 1
e =H or or (3.16)

These results are completely general for two-dimensional conformal field theories, in
particular the expression ([BI4]) for the Hamiltonian density.

We stress that our discussion so far was classical. In particular, in the quantized
theory the algebra (2.12]) is modified by a central extension leading to the Virasoro
algebra. Even for string theory, when the contribution of the ghosts is included, the
above calculation does not go through straightforwardly because of ordering issues in
the expression for H,.



The TT deformation of the model (2.I8), with the potential U(¢), can be performed
similarly. In this case V[H] = 2H and H, becomes a function of H, P and U(¢) only.
Repeating the arguments which lead to ([8.9), we obtain [4]

ﬂﬂ@}_l

— d
22— (3.17)

”Ha:% {\/1+2ﬁ7{+ﬁ27>2+

with o
B=a (1 -3 U(¢)) . (3.18)
The check of ([B.6) and ([B.2]) is again straightforward.

4 Integrability of the deformed 2d massless free field

In this section we investigate integrability of the deformed massless free-field model
with the undeformed Lagrangian

_ L o
L= 5 (qﬁ o) ) . (4.1)
The energy and momentum densities
B 1 9 ‘9 B p
H_§(H +¢), P=1¢, (4.2)

lead to the following deformed Hamiltonian density

Ha:l<\/1+a<ﬂ2—|—q§2>+a2ﬂ2¢§2—1>. (4.3)

«

From the related Lagrangian

caz—é <\/1+a¢32—a¢}2—1) , (4.4)
one derives a non-linear dynamical equation which is hard to integrate directly. Fur-
thermore the construction of the Hamilton operator by (4.3)) seems a highly nontrivial
problem due to the non-polynomial dependence of H,, on the canonical variables. How-
ever, the deformed free-field theory is related to a 3d string with one compactified
coordinate [3]. This enables us to integrate the system both at classical and quan-
tum levels. We first consider the Lagrangian approach to the compactified 3d string
dynamics and then turn to its Hamiltonian treatment.

For later use we note that II and ¢ of the deformed theory (4.4) are related by

b ' 1+ ad?
II= , o=I—, (4.5)
\/1+agz§2—agz52 14+ alIl?

and the energy and momentum densities in the Lagrangian formulation become
_ X
\/ 1+ad? —agd?

1 1+0z<§2

Hao = —
@ \/1+aq§2—aq52

(4.6)

-1|, P




4.1 Lagrangian approach to a compactified 3d string

We start with a review of the connection between the string and the deformed system
[3]. The Nambu-Goto action for a closed string is

o
P dT/ do/ (X X2 — (X X)(X X) | (A7)
2o 0
X = (X% X' X?) is a vector in 3d Minkowski space and 1/« is proportional to the
string tension. We use the notation (XX) = X#X"g,, with the target space metric
tensor g, = diag(—1, 1,1). This theory has two-dimensional diffeomorphism invariance
and is classically equivalent to the Polyakov action with a world-sheet metric.

To connect the deformed free-field theory to the closed string dynamics, we com-
pactify the coordinate X' on the unit circle and consider string configurations with
winding number one around this circle, i.e. we identify X! ~ X! +2 7. This enables us
to parameterize X' by 0. We then identify X with 7 and parameterize X? by /a ¢,
i.e. we use the static gauge where

T . 1 0

o |, xr={ o |, Xr=[ 1 . (4.8)
vao Vao Vao
In this gauge the string Lagrangian in (4.7)) reduces to the deformed Lagrangian (4.4)),

up to the additive constant 1/a.
The string energy-momentum densities obtained from the Nambu-Goto action ({.1),

XM=

1 X#XX)-XHXX)

prol MEH_ XD (49
¢ JX X - (X X)X X)
satisfy the (primary) constraints
(XP)=0, a*XX)+(PP)=0. (4.10)

As in the uncompactified case, the tangent vectors X and X are assumed spacelike and
timelike, respectively, and X is monotonically increasing in 7, i.e.

(XX)>0, (XX)<0, X">0. (4.11)

The momentum density P* is then timelike and P is positive. In static gauge

oL 1+ap?
a1 {9 _ '27
\/ +.a€b “0 ) (4.12)
7)1: _¢¢ Pzzi ¢
\/1 o) ’27 \/a\/ {2 %)
+ao?—ag l+ta¢?—agp



Comparing these expressions to (Z.5)-(4.0]), we find

1 1
PP=H,+—~, P'=-P, P=—12II. (4.13)
! Va
Integrating the densities over o gives the gauge invariant string energy-momentum. In
particular, the string energy reads

2w

By = / do Po) = H, + 1 : (4.14)
0o 2m @

where H, is the energy of the deformed system (3.15).

Thus, the deformed system (£4]) and the compactified 3d string in the gauge (£.S)
are identical dynamical systems. On the other hand, it is well known that the classical
string dynamics is integrable in the light-cone gauge. The compactification of the
coordinate X! does not destroy integrability, but rather modifies it, as we show below.

The static gauge (A.8)) is not a conformal one for which one requires (X X ) =0 and
(X X)+4 (X X) = 0 and the equation of motion for X* becomes the free wave equation.
These two constraints have to be imposed on the solutions. We denote the conformal
worldsheet coordinates by (7., 0.), to distinguish them from (7, ), and introduce the
corresponding chiral coordinates z = 7.+ 0. and Z = 7. — g.. One then has 0,0; X" = 0,
and its solutions

XH = dM(z2) + O+ (%) (4.15)

are restricted to satisfy the conformal gauge conditions
(&) =0, (&' P)=0. (4.16)

The chiral functions ®'#(z) and ®'#(z) are periodic. Therefore, similarly to the uncom-
pactified case, ®#(z) and ®#(Z) obey the monodromy conditions

QM (z + 27m) = DH(2) + 27 pH | P (z 4 27) = OH(2) + 27 p* | (4.17)

where p# and p* are the zero modes of ®'#(z) and ®'#(%), respectively. From the
periodicity conditions in ¢ one finds

P =p" p=p'+L, p=p, (4.18)

where L is the winding number around the compactified coordinate X!. For now we
analyze the case of general L, though our interest is L = 1.

To find independent variables on the constraint surface ({L.16]), we follow the standard
scheme and introduce the light-cone coordinates X* = X% & X!, Note that while one
usually chooses the space-time light-cone directions along two non-compact coordinates,
our definition of X* involves the compact direction X'. The remaining freedom of
conformal transformations allows us to simplify the chiral components of X as in the
uncompactified casd]

Ot (2)=ptz, Pt =ptz. (4.19)

4The conditions (@IJ) require p™ > 0 and p* > 0. We will see in ([2T) that these conditions are
indeed fulfilled.




The constraints (4.10) can then be written as
pro’~(z)=alF?z), pTO7(2)=af"(2), (4.20)

where X2 is rescaled similarly to (8], i.e. ®2(2) = /a F(z) and ®3(2) = \/a F(z).
As a result, one obtains the following parameterization of the string coordinates

Lptz+ @ (2)+p 2+ (2)]
Xt=| Lptz—0()+ptz—-0(2)] |. (4.21)
ValF(z) + F(z)]

The functions F(z) and F(z) have the mode expansions

q _'_ pZ Qn —mz (= q + pz 1 C_Ln —inz
F(z) = Z F(z) = + 7 > e (422)
n#0

2

with p = % p?, and @~ (z) and ® ~(2) are obtained from ([20) (see Appendix A). In
particular, one has

h E—
_+a p =«

p

=

where h and h are the chiral free-field Hamiltonians

27
dz p? - dz p?
h = ' (z) == o2 h:/ ZF'%(z) = WP (4.24)
/0 o I . 27 I

n>0 n>0

Note that we set p = p in (£22]), due to the third relation in (4.I8)). The other two
relations of (4.18)), in terms of the light-cone variables, read

pt+p =p T =p =0, pt—p —pT+p =2L. (4.25)

For L # 0 this leads to differences for the compactified case as compared to the non-
compact one.
Indeed, for L = 0, the solution of ([#23)-([4.27) is

pt=pt, p=p =a—=a—, h=h. (4.26)
Here, p* is a free dynamical variable. The condition A = h becomes, after quantization,
the level matching condition in the zero winding sector.

When L # 0, we obtain instead the following solution of (A.23)-(Z.25)

1 a - 1 o -
+_ - 2 5t — = —(h — 4.27
p 2<a8L:tL(h h)j:L), F Q(Osz:I:L(h h)qEL>, (4.27)
with &L = L\/L4 +2L2a(h+ h) + a?(h — h)? . (4.28)
La

10



Here, solving quadratic equations, we choose the positive roots, since they correspond
to the physical solutions for which p* > 0 and p* > 0.

Thus, for L # 0, the string solutions (4.21)) are completely parametrized by the
chiral free fields F'(z), F'(Z). We now find that the level matching condition is modified
to

Lip' +p")=a(h—h). (4.29)

According to (£9), the string energy density in the conformal gauge is given by
19, X% and from ([Z27) we obtain the string energy for winding number L

1 R
Es(t];):ﬁ(,fjtp ot HpT) =6 (4.30)

For winding number one, which corresponds to the deformed system, this yields

1 —
Fap = a\/1+2a(h+h)+a2(h—h)2, (4.31)

and, due to the gauge invariance of the string energy, we obtain from (4.I4]) [5]

Hazé<\/1+2a(h+7z)+a2(h—7z)2—1) . (4.32)

This expression for the Hamiltonian should be contrasted with (8.14). There the
Hamiltonian density of the deformed theory was expressed in terms of the energy-
momentum densities of the undeformed theory while here the relation is between the
integrated densities. Furthermore, this expression can be easily quantized as h and h
are diagonal in the Fock-space of the undeformed theory.

In Section 5.1 we will briefly discuss generalizations to general CFTs. In this case
the expression for H, is straightforwardly generalized by replacing (h, h) by (Lo, Lg) of
the undeformed theory. In fact, many of the expressions in the following discussion are
generalized if one replaces in the expression in Appendix A the L,, of the free field by
the generators of the Virasoro algebra of a general CFT.

In Appendix B we derive (4.32)) directly (without referring to the gauge invariance),
using the map that relates the worldsheet coordinates and the fields in two different
gauges. We will now analyze this map in detail.

Comparing the string coordinates in the gauges (4.8) and ([@21]), we find the map
from the coordinates (z, z) to (7, 0)

7= % [prz+ @ () +pTz+ 07 (2)]

o=l ()t (2)]

(4.33)

and we also express the solutions of the deformed system by the undeformed one

o(r,0) = F(z) + F() . (4.34)

5Recall that z = 7. + 0. and Z = 7. — 0.

11



Differentiating (4.33) in 7, o and using ([A.20), we obtain

pH(aF" —p+?) , pH(aF"” +5+?)
= — y Z = = — )
a[(pr F)? = (p* F)?] a[(pt F)? = (p* F)?] (4.35)
. praF? —pt?) . pr(aF? 4 p+?) '
Z=— — , Z=— - - :
al(pt F')?2 = (p* F)?] al(pt F)? = (p* F)?]
A similar differentiation of (434]), with the help of (4.35]), gives
: F'F' + ptpt ; F'F' — ptpt
e ALy (4.36)
oz(p+F’+p+F’) a(p+F’—|—p+F’)
and they lead to
, . + B 5t )
1+ ad? — ad? = (v AR (4.37)

(P F)
The left hand side here defines the determinant of the induced worldsheet metric in
static gauge and for regular surfaces it has to be positive. Thus, for regular surfaces,

the expressions p* F' £ p* F” have no zeros. Note that these expressions have the same
sign for a sufficiently large zero mode p. Assuming this, we get

~ ; p+ F/ _ ﬁ+ !
From (4.5) then follows B
- aF'(Z)F'(z)+ ptp*
Talr PR - P

(4.39)

and using (4.35]) we obtain

C(bam) =), L(6-M)=2F0). (1.40)

Equation (4.33), for a fixed 7, defines z and Z as functions of o. For example, when
the non-zero modes of F’ and F’ are not excited,

P — Y —— (4.41)

V1+ap? ’ V14 ap?

In general, writing these functions as z = ((0), z = ((—0), we find that they are
monotonic ¢'(z) > 0, ('(z) > 0 and obey the monodromies

((x+2m)=((x)+2r,  {(T+27m) =((F)+ 27, (4.42)
related to diffeomorphisms of a circle. In the next subsection we show that (40

realizes a time dependent canonical map between the two gauges.

12



Concluding this subsection we express the energy-momentum density components
in the static gauge (£.12)) in terms of the light-cone gauge variables, using (4.35]), (4.30)

and (£.38). With (£I3)), P? is obtained from (4.39) and

PO _ (aF’/2+ﬁj2)(aF/2+p+2) _ £+F_/2 _ _% E—I-E
o (o7 PV — (5 F'Y] o T o« o)
F'F' 4+ 5tpt F'F — ptpt
pl :_(0‘ +0 ") (e ppt) (4.43)

@[  FP = (7 ]

) p+ 2 1 , ﬁ+ F/2 1
=Z|— - ——=—Z|— - = +—.
Q@ pr « Q@ pT Q@

We will use these relations in the next section to relate the static and light-cone gauges
in the Hamiltonian formulation.

4.2 Hamiltonian approach to the compactified 3d string

We now consider the Hamiltonian treatment of the same system. In the first order
formulation of 3d string dynamics the action is

21 d .
S = /dT/ il [PMX“ WA cz] , (4.44)
0 27
where \;, Ay are Lagrange multipliers and C;, Cy are the Virasoro constraints
. 1 ..
e=PX),  G=[PP)+XX). (4.45)

The compact coordinate X' has the expansion (for L = 1)

X'=0+> ge ', (4.46)

with ¢_, = ¢}, while the canonical momenta P, and the coordinates (X°, X?) remain
periodic. They have the standard mode expansion without the o term in (4.46]).
It follows from the canonical Poisson brackets on the extended phase space

{Pu(01), X¥(02)} = 279, d(01 — 02) , (4.47)
that the Poisson brackets of the constraints (48] form the algebra (2.10)

{Ci(01),Ci(09)} = 27 [Ci(01) + Ci(02)] 8 (01 — 09)
{01(0'1),62(0')} = 271' [62(0'1) + 62(0-2)} 5’(0’1 — 0'2) s (448)
{02(0'1),62(0'2)} =27 Oé2 [01(0'1) —FCl(Ug)} 5/(0'1 — 0’2) s

and one has to complete these first class constraints by gauge fixing conditions in order
to eliminate non-physical degrees of freedom.
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This can be done by the Faddeev-Jackiw reduction in static gauge X =71 X' =0.
For this one computes P, X* on the constrained surface C; = C, = 0 in this gauge. The
action (4.44]) then reduces to

2w dO’ )
S|st.g. = /dT/o o (Po + Ps X2> , (4.49)

where Py becomes a function of the reduced canonical variables (P,, X?). Hence, P =
—Po plays the role of the Hamiltonian density.

In order to relate the reduced Hamiltonian system to the deformed model, we rescale
the canonical variables,

II
Py= — X? = , 4.50
= Vao (4.50)
and rewrite the constraints (£.43]) as
Co=T¢+Pr=0, 2C=all>+¢)+a*P>—a’P2+1=0. (4.51)

These equations define the remaining phase space variables

P =-11¢", Poz—é\/1+a<ﬂ2+€l§2>+a2 <H¢g>2 (4.52)

and we finally obtain

Slstg = /df /:ﬂg—; {Hq‘s— (’Ha+ é)] . (4.53)

H,, is the Hamiltonian density of the deformed model (43]). Thus, the Faddeev-Jackiw
reduction of the compactified 3d string in the static gauge leads to the deformed free-
field model.

We now consider Hamiltonian reduction of (@44]) in light-cone gauge. Introducing
the light-cone coordinates

1
XEf=X"+Xx', P.= 3 (Po £P1) , (4.54)
the string action (£.44)) and the constraints become

2w
SZ/dT/ g—a[73+X++73_X_+732X2—)\1(31—)\2(32} . (4.55)
0 T

with
, , , 1 , , ,
G =P X +P X+ P XY G- [a27>§ + X2 4a?PP — XY X—] (4.56)

Using the gauge freedom, we can eliminate the non-zero modes of P_(o) and X (o),
similarly to the uncompactified case. Taking into account that X! has winding number
one, the light-cone gauge condition reads

X*(0)=-2aP.74+0, P_(0)=0. (4.57)

14



This provides X*(s) = 1 and P_(0) = p_, where p_ is the zero mode of P_(o).
Rescaling then the canonical variables similarly to @Bﬂl)ﬁ

_H 2 _
P=oe, X =Va?, (4.58)

the constraints (4.50) can be written as
Cl=P.+p. X +P=0, 2C=2aH—-4’p_P,.—X =0, (4.59)

with 1
P =1 ’Hzi(ﬂ2+¢2> . (4.60)

By (59) one finds P, and X~ in terms of (I7,®) and the zero mode p_

2ap_.H+P 2aH+40%p P

= - X~ 4.61
Py 1—4a2p? 1—4a2p? ( )

The zero modes of the constraints ([£59]) satisfy
(p+ —p-)+P=0, 2aH+(1-4a’p_py)=0, (4.62)

where p, is the zero mode of P, and

27 dO' 27 dO'
P = il H = 1.63
/0 “p, / (4.63)

The string energy then becomes

1
Egp = —(p+ +p-) =~ V1+2aH+a2P? . (4.64)

Faddeev-Jackiw reduction of the action (.55 by the constraints ({.56)-(4.57) yields

Show = [ar [ 5 T o) dto) —20palp 4 por) bpi]. (463

where z~ is the zero mode of the periodic part of X~ (¢), and we have used the rescaled
variables ([@L58). Neglecting the total derivative term <L(—2ap p_7) in [EGH), we
obtain

27rd0_
Shew = [ar [ 5 (@) #(0) 4007 ~20p.p-]. (4.66)

with ¢ =2~ +2ap,p_7. Using (@ﬂ) and neglecting also the constant term 1/(2a),
we end up with the action

21 do . .
Slic.g. = /dT/ o [H@ +p_qg — ”H} , (4.67)
0

SNote that the pairs (II, ¢) and (II,®) differ from each other, though they denote the same variables
in the initial extended phase space.
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where H is the free-field Hamiltonian density (4.60) and p_ is obtained from (4.62)

1 1
p_zi(P—a\/1+2aH+oz2P2) : (4.68)

The situation here is similar to the uncompactified case, where instead of (4.68]) one
has the level matching condition P = h — h = 0f Further Hamiltonian reduction in
both cases is inconvenient. One has to quantize the free-field model together with the
particle (p_,¢~) and impose the condition (A68]) at the quantum level. Note that the
right hand side in (A.68) is a well defined operator in the Fock space of the free-field
theory.

We now discuss the relation between the static and light-cone gauges in the Hamil-
tonian approach. In general, reduced Hamiltonian systems obtained in two different
gauges are related to each other by a canonical transformation generated by the con-
straints of the initial gauge invariant system. Our aim is to describe the canonical map
between the light-cone and the static gauges of the compactified 3d string.

First note that the Virasoro constraints (4.45]) can be represented in the form

C(0) := fulo) (o) =0,  C(0):= fu(o) f(0) =0, (4.69)
with

P(0) = 5= (aPH0) + X)) . [(o) = 5= (0P (=) = X¥(a)) . (@70

From the canonical Poisson brackets (Z47) follows
{C(a1), Ji“(a)} = 27i<90[f“(0') (o1 =), {C(on), f'(0)} = 21 0, [f"(0) 6(01 — 0)],
{C(a1), [*(0)} = {C(o1), [*(0)} = 0. (4.71)
The corresponding infinitesimal transformations
f(o) = f(0) + 05 [e(o) (o)), fHo) = f(0) + 0, [E(0) fH(a)] ,  (4.72)

lead to the global ones

(o) = (o) f1(Co) . o) = (o) f1(C(0) (4.73)

where (o), ((o0) are diffeomorphisms of the unit circle. Note that, in general, the group
parameters €(o), €(o) could be functions on the phase space, since the transformations
are on-shell.

"In the Hamiltonian formulation the light-cone gauge is not a complete gauge fixing for the closed
string. The constraint corresponding to the remaining gauge freedom is the level matching condition.
After complete gauge fixing one arrives at a conformal gauge and the Hamiltonian formulation is then
equivalent to the Lagrangian formulation in light cone gauge [17, [18].
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The static gauge provides the following parameterization of f# and f*

[ VAP _ [ VAP0
o) =5 | VaP e+ | B =5 | VAP o -& | @
T1(0) + ¢/(0) 11(~0) — /(o)

where P? and P! are given by (£L52). )
The light-cone gauge parameterization of f# and f* is obtained from (ZL57)-(Z.GT))

4 Yalll(e)+&'(o)]? gt 4 Yelll(zo)—2'(-o)]*
1 1 \/: x/_[ﬂ(4§jr¢’( )2 fH 1 \’/f \/_[17(—4[));15’(— )2
fl—c.g.(a> = 5 p_\/a - # ) fl—c.g.(a) = 5 p_\/a — ¥ Zﬁ+ Z ’
(o) + (o) II(—0) —d'(—0)
(4.75)
where we have used
20t =1-2ap_, 20T =—-1-2ap_ . (4.76)

Based on (E73), we introduce the relations
Le(0) =CO) o C0)) . (o) =Clo) oy Cl@),  (4T7)
which by {74)-(E75) are equivalent to
a[Po)+ P o)) +1= 2p+§’( ),
a[P'(0) = P0)] = 1= 5 5 C()IT(C(0) + B0, (4.78)
() + (o) = C(s) (n<c<a>> +b(¢(0))) .
and similarly for the anti-chiral part
a[P=0)+P(-0)] - 1= 2ﬁ+§’(a)
a[P(=0) = P'(=0)] +1= 5 L@ + BN (479)
(=0) + d(~0) = {'(0) (11(~C(0)) + B(~C(0))) -

The integration in (L78) over o provides the relations

o (EStr + Psltr) +1= 2p+ y Q@ (EStl” Psltr) —1=— (480)

pt

which for the string energy leads again to (432]). The same result is obtained for the

antichiral part (£.79).
Equations ([A.18)-(4179) are equivalent to (£.40) and ([({43) with z(c) = ((o) and

Z(o) = ((—o), which indicates that they define a canonical map between the two gauges.
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The direct computation with the help of (4.33])-([4.34) shows that this map preserves
the canonical symplectic form

/%d—“(sn( )/\5¢(a):/27rd—05]7( ) A 6B(0) =
0 0 (4.81)

/z”%ap( )A5F’(x)+/27rg—$515( ) ASF (&) + 3 op A [SF(0) + 6F(0)]

2 T

5 Generalization to 2d CFTs and to (non-conformal)
models with a potential

In this section we first generalize the scheme described in Section 4.2 to other 2d CFTs.
Recall that starting from the free field model we had arrived at the T7T deformed
action. This was identified with the Nambu-Goto action of a 3d string in static gauge.
We then wrote the unfixed NG action in Hamiltonian form and fixed the light-cone
gauge. Faddeev-Jackiw reduction of the gauge fixed action lead to the original free field
Hamiltonian.

Guided by this, starting from a 2d CFT with a canonical description, specified by a
Hamiltonian density H(II, ¢, ¢), we will devise a first order system such that after going
to static gauge we recover the deformed Hamiltonian while when working in light-cone
gauge we arrive at the undeformed Hamiltonian H. We then apply the same scheme
to the model (ZI8) with a potential, which explicitly breaks conformal symmetry.
Relevant references for this section are [11], [12] [13].

5.1 Integrability of the deformed 2d CFTs

We introduce a constrained Hamiltonian system with a string type action

2T
S = /dT/ dO‘ P0X0+P1X1—|—Hk¢k )\161—)\262] ) (5'1)
where , ,
CIIP0X0+P1X1+P7
s o ) (5.2)
C: =5 o (P? = P3) + (XF = X3) | +a (1L 0.6)

‘H and P are the Hamiltonian and momentum densities of a 2d CFT. We assume that
the conditions (2.7)-(2.8)) are fulfilled. Because of (2.10) the Poisson brackets of the
constraints (5.2) satisfy (4.48]).

The system is reparametrization invariant (with the appropriate transformation
properties of A; o [16]). This enables us to introduce the static gauge, where again X! is
a compact coordinate. Doing this and applying the Faddeev-Jackiw reduction one finds
that the action (B.)) reduces to the TT-deformed system (B.I)) with the Hamiltonian
density H, + 1/(2ar), where H,, as in eq. (3.9).
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If we fix instead light-cone gauge (4.57)) and use the definitions (4.54]), we arrive again
at (4.67). The equations (4.59)-(4.67) are trivially generalized with the replacements

. . , , 1 , ,
I$— I, " ¢ — II, " §<H2+¢2> — H(I, P, D) . (5.3)

5.2 Generalization to models with a potential

We now generalize the above discussion to theories with a conformal symmetry breaking
potential U(¢). To this end we introduce a string like dynamical system such that in
static gauge it reduces to the deformed theory specified by the Hamiltonian density
B.1D).

Consider an action of the type (G.I), where the constraint C; is the same as in (5.2])
but with a modified Cy of the form

1 — g%b?

1
C, = 5 |9(P - P2) +

5 (X2 - X3) = 2bg(PX' + PIXO) + 2], (5.4)

This has the structure of the Hamiltonian density (2.I7) which guarantees that the
constraints C; and Cy satisfy the algebra (4.48]). The matrices G and B in the space
spanned by (X° X1) are

-1 0 0 1
le:g( 0 1), Bkl:b<_1 0). (5.5)

As before the system is reparametrization invariant and we can fix either static or
light-cone gauge.

The Faddeev-Jackiw reduction in the static gauge is again straightforward. If we
identify [11], [13]

aU(¢)
28

it leads to the Hamiltonian system (2.4)) with the deformed Hamiltonian (B.17).

We now turn to the reduction in light-cone gauge. The precise form of this gauge
choice is less obvious in the non-conformal case and to find it we rewrite the first order
system in second order Lagrangian form as a sigma-model with target space coordinates

(X0 X1, pF):

g=p, b= Bza(l—%U> (5.6)

1 1 1, oo voe
§ =50+ 5 /deU( - W@X*(?ZX‘ + a(XOX1 — X0X1)) (5.7)

where the first term is the 2d CFT action and the last term does not contribute to the
equations of motion. For the light-cone fields X* they are

. (ﬁazx—) —0. o (ﬁ@X*) _o, (5.9)
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which can be integrated once

1 1
——0;: X~ =p(2), ——0. X1 =p"(2). (5.9)
B(e) 8(e)
pT and p~ transform as one-forms under reparametrizations of the circle. Assuming that
they have constant sign, which poses a restriction on the potential, one can gauge away
the non-constant (oscillator) parts. In light-cone gauge p* are (arbitrary) constants.
If we insert this into the equation of motion for ¢, we obtain

o
Sk

For appropriate choice for p* these are the equations of motion of the undeformed
theory. In the case of a single scalar field ¢ with a free action and potential

Sle] + 1a p'p aZkU(aﬁ) =0. (5.10)

U(p) =2 —2¢e*? (5.11)

equation (5.10) becomes the Liouville equation.
For the same choice of potential and « = 1, the action (5.7) (before gauge fixing)
and ignoring the boundary term is the SL(2) WZW-model [19, 20].
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A Solution for the light-cone chiral fields

Due to (£22)), the Fourier mode expansions of F'%(z) and F'%(Z)

F/2 ZL e—mz ’ F12 ZL e—mz ’ (A].)
nez neL
define L, and L, as the Virasoro generators in the standard free-field form
=33 Li=g i (A2
- 2 am a’n—m Y n - 2 am an—m 7 *
nez neL
with ag = ag = p. The solution of (£.20]) can then be written as
L, _, - 1o Ly _i
(O3 = - TNz (3 — 5~ i —n _—inz ]
(2) =p 2+ Zne : o (2) pz—l—fzne , (A.3)
n#0
where p~ and p~ are given by (£23). We neglect the constant zero modes of ®~(2)
and ® ~(2); they correspond to translations of X° and X?2.
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B String energy in the static and light-cone gauges

The integration of (£.43)) over o, for a fixed 7, yields

1 [ do 1+ ag? 1 (7dz (L aF'%(2)

alo 2 o ak wm\” T
0 2 _ od? 0

\/1+ozgz5 ap (B.1)

1 [*dz (. aF'%(2) .
_5/0 %<p o =7 +p7)

According to (14, the left hand side of this equation is the string energy in the
static gauge and the right hand sides correspond to the string energy in the light-cone
gauge ({.3T)). This straightforward calculation confirms the validity of (£32]), without
referring to the gauge invariance of the string energy.

A similar calculation for the string momentum P! by (£43) yields

Pl /Z”d_o- —9¢ B ;/2”% (,0+ - ozF'2(Z)) _
0 27T\/1+a$2_a¢2 afy 27 pt

1, _
—(pt—p —=1)=h—h.
a(p p )

I
—~
s

+
_|._
s
~—

(B.2)
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