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Abstract
The linear destabilization and nonlinear saturation of energetic-particle driven Alfvénic instabilities in
tokamaks strongly depend on the damping channels. In this work, the collisionless damping mechanisms
of Alfvénic modes are investigated within a gyrokinetic framework, by means of global simulations with
the particle-in-cell code ORB5, and compared with the eigenvalue code LIGKA and reduced models. In
particular, the continuum damping and the Landau damping (of ions and electrons) are considered. The
electron Landau damping is found to be dominant compared to the ion Landau damping for experimentally
relevant cases. As an application, the linear and nonlinear dynamics of toroidicity induced Alfvén eigenmodes and energetic-particle driven modes in ASDEX Upgrade is investigated theoretically and compared
with experimental measurements.
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I.

INTRODUCTION

In burning plasmas relevant for magnetic fusion energy research, an important role is played by
energetic particles (EPs). With the term EPs, we refer to fusion reaction products (alpha particles)
or super-thermal ions or electrons resulting from plasma heating. Such particles possess higher
velocities compared to those typical of the background plasma. In a typical tokamak, the EP vep
locity is of the order of the Alfvén speed vA = B/(4 π ρm0 ) (with ρm,0 the background plasma
mass density and B the background magnetic field strength). Therefore they can excite, through
resonant wave-particle interactions, waves whose frequency falls in the magnetohydrodynamic
(MHD) domain (O(10−2 Ωci )). Among them, the most relevant are the nearly incompressible,
anisotropic, shear Alfvén waves (SAWs). These are instabilities with a group velocity parallel to
the background magnetic field and localized at the surface where ω = k|| vA , with kk the component
of the wave vector parallel to the background magnetic field (kk = k · B/B) and ω the frequency of
the wave. This situation, strictly valid in slab geometry, is modified in tokamak devices where discrete Alfvén eigenmodes (AEs) can exist in the frequency gaps of the SAW continuum spectrum,
creating a zoology of modes: global AEs (GAEs [1]), toroidal AEs (TAEs [2]), beta-induced AEs
(BAEs [3]) and others. In addition, tokamak plasmas may be characterized by forced oscillations
called energetic particle continuum modes (EPMs). These are non-normal modes of the SAW
continuum spectra, merging as discrete fluctuations at the frequency that maximizes the wave-EP
power exchange, above the threshold condition of the continuum damping [4]. The excitation of
these modes creates a transport channel for the EPs which can lead to losses of EPs before their
thermalization, causing a less effective heating and also possibly damaging the vessel of the machine. They are also believed to be responsible for abrupt large events (ALE) observed in the
Japanese tokamak (JT-60U) [5].
The present paper will detail the studies carried out on the Landau damping and on the continuum damping [6, 7]. In order to retain the description of all the nonlinear effects, (such as
wave-wave and wave-particle interaction, as well as finite-Larmor-radius and finite-orbit-width
effects), the simulations have been mainly performed with the gyrokinetic code ORB5. It is an
electromagnetic, global, nonlinear, particle in cell (PIC) code [8, 9] (whose model, if properly set,
contains the MHD equations as a subset). When possible the simulation results will be compared
with the analytical theory. The analytical prediction of the continuum damping has been obtained
studying the ideal MHD vorticity equation. For the Landau damping an analytical estimation has
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been obtained by adding a kinetic term to the MHD vorticity equation and then following a perturbative approach. These two analytical derivations will be detailed in the dedicated sections.
The simulations always consider global modes, fulfilling the condition k⊥ ρi  1, where k⊥ is
the perturbation wave vector perpendicular to the background magnetic field and ρi is the bulk ion
Larmour radius. Therefore, non-ideal effects of electron iertia and finite ion Larmor radius [10] are
considered negligible and no kinetic modification of the Alfvén modes is observed, thus radiative
damping is negligible [11].
The paper is structured as follows. In Section 2, a description of the model implemented in the
code ORB5 is given. Section 3 will be dedicated to the documentation of the phase mixing for
perturbations of the continuum spectrum. Section 4 will be dedicated to the documentation of the
Landau damping in absence of continuum damping, acting on TAEs. The numerical results shown
in both Section 3 and Section 4 will be obtained in absence of EPs. In Section 3 the numerical
simulations will be performed in the cylinder limit using simplified profiles. In the simulations in
Section 4, a small but finite inverse aspect ratio will be considered, using the equilibrium profiles
of the International Tokamak Physics Activity (ITPA [12]). In Section 5 the studies on the linear
and nonlinear growth rate and frequency spectra conducted considering experimental profiles from
the NLED-AUG case [13] will be presented. In this section EPs have also been retained and have
been observed to drive, depending on the shape of their density profile, an EPM or a TAE. TAEs
driven by energetic ions have been treated in Ref.[14], (where all the particle species have been
treated kinetically) and in Ref.[15], (where the bulk and fast ions have been treated as gyro-kinetic
and for the electron a fluid model has been used). In the present paper all the species are considered
as drift-kinetic. In Section 5, results of a comparison with the linear gyrokinetic code LIGKA [16]
are shown. Finally, a summary and future outlook will be shown in Section 6.

3

II.

MODEL

Since the Alfvén waves have a frequency much smaller then the typical ion cyclotron frequency (Ωci ) and their amplitude in the core is small compared to the background quantities, a
good description of their propagation and interaction with the bulk plasma can be given through
gyrokinetic theory. This allows to retain a kinetic description of the events under consideration,
reducing the 6D problem to a 5D one, by averaging the fast gyromotion. In this way the numerical
costs are sensibly reduced.
ORB5 is a global, nonliner, gyrokinetic, electromagnetic, PIC code, which can take into account collisions and sources [8, 17]. The gyrokinetic model of ORB5 [18] contains the reduced
MHD equations as a subset [19]. Additional discussion about the link between reduced MHD
and gyrokinetics can be found in Refs. [20, 21]. In this section we give a brief description of the
gyrokinetic model implemented in ORB5 and briefly show how the implemented equations are
solved. We refer for more exhaustive explanations to Ref.[17], which also gives a more complete
description of the recent updates in ORB5. The magnetic equilibria used by ORB5 in this work
are ideal-MHD equilibria (solution of the Grad-Shafranov equation) from the CHEASE code [22]
for the NLED-AUG case, or ad-hoc equilibria constituted by circular, concentric magnetic surfaces. It deals with a straight-field line set of coordinates. The magnetic surfaces are labeled
p
by r = ψ/ψedge , which plays the role of radial coordinate. Here ψ is the poloidal magnetic
flux function. The angular dependence is given by the toroidal coordinate ϕ and by the poloidal
magnetic angle:
1
χ=
q(r)

Z θ

dθ
0

0

B · ∇ϕ
0
B · ∇θ

(1)

0

where θ is the geometrical poloidal angle and q(s) the safety factor, defined as:
1
q(r) =
2π

Z 2π

dθ
0

0

B · ∇ϕ
0
B · ∇θ

.

(2)

All the quantities in the code are normalized through four reference parameters: the ion mass (mi ),
the ion charge (qi = e Zi , with e the electric charge and Zi the atomic number), the value of the
magnetic field strength on axis (B0 = |B(r = 0)|) and the value of the electron temperature at a
specified reference position r0 , Te (r0 ). All other normalized quantities are obtained through these:
the time units are provided in the inverse of the ion-cyclotron frequency, Ωci = qi B0 /(mi c), the
p
velocity units are normalized through the ions sound velocity (cs = qs Te (r0 )/mi , with the temperature measured in keV ), the length units through the ion sound Larmor radius (ρs = cs /Ωci )
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and the densities are normalized by means of their average in space. The Vlasov-Maxwell gyrokinetic equations are derived through variational principles from a gyrokinetic Lagrangian. The
Lagrangian is discretized through finite elements and PIC methods. An Action principle is then
applied to the discrete Lagrangian itself leading to the discrete gyrokinetic Vlasov and fields equations. Those equations reflect the conservation properties of the discrete Lagrangian in the limit
∆t → 0. An immediate consequence is that it is possible to consistently derive discrete conserved
quantities (such as the energy [23]), that are also used in ORB5 to test the quality of the simulations performed. In the ordering is present, separating the effects given from the geometry of the
non-uniform magnetic field, from those related to the fluctuations of the electromagnetic perturbation. This means that (as can be derived [18, 24]) the small parameter related to the variation
of the background magnetic field εB = ρth LB , (with ρth the thermal Larmor radius and LB the
typical variation length of the magnetic field) and the small parameter related to the fluctuating
electromagnetic field (εδ ) are related through:
εB = O(εδ2 ) .

(3)

In this way the action functional, written in “pz -formulation”, appears as the following:


Z t1
Z
ms c
qs ∗
A · Ẋ +
µ θ̇ − H0 fs +
A=
L dt = ∑ dt dΩ
c
qs
t0
s
−εδ

Z

∑

dt dΩ H1 fs − εδ

Z

dt dΩ H1dk fe +

s6=e

−εδ2

Z

∑

dt dΩ H2 feq,s − αεδ2

Z

dt dΩ H2dk feq,e − αεδ2

s6=e

Z

∇⊥ A1,||
dt dV
8π

2

(4)

where α = 0 gives the electrostatic model, and α = 1 the electromagnetic one. In Eq.(4) dΩ =
dV dW , with dW = B∗|| dµ d pz . A sum over the species “s” also appears. The symplectic magnetic
field is defined through the symplectic magnetic potential A∗ = A + (c/qs )pz b̂, with b̂ the unit
vector parallel to the background magnetic field. The canonical gyrocenter momentum is pz =
ms vk + αεδ (qs /c) A1k . In the action functional, some approximations have been made. The quasineutrality allows to consider in Eq.(4) only the contribution given from the magnetic potential,
neglecting the one given from the perturbed electric field. Also the incompressibility of the parallel
perturbed magnetic field is assumed B1,|| = o(B1,⊥ ) and only the perpendicular component of the
perturbed magnetic potential is retained: B1,|| = ∇ × (A1,|| b) ∼ ∇A1,|| × b. In Eq.(4) it must be
noted that while H0 , H1 multiply the total distribution functions fs , fe , H2 is related only to the
5

equilibrium distribution function. Thanks to this choice, nonlinear second order terms do not
appear in the gyrocenter dynamics and the field equations are linear. The gyrocenter Hamiltonians
appearing are:
p2
H0 = z + µ B
2 ms

H2 = −


H1 = qs

pz
φ1 − αA1,k
ms c

q2s
ms c2
2
|∇
|
φ
+
α
A
1
⊥
2 B2
2ms c2 1,k

where the gyroaveraging operator has been introduced h f i =
removed for the electrons that are treated as drift-kinetic:


pz
dk
H1 = −e φ1 − αA1,k
ms c


(5)

2

1 R 2π
2π 0 dθ

H2dk = α

f . The gyroaveraging is

e2
A2
2me c2 1,k

(6)

For the distribution of the species s the linear gyrokinetic Vlasov equation is:
d fs ∂ fs
∂ fs
=
+ Ẋ · ∇ fs + ṗz
=0
dt
∂t
∂ pz
where the gyrokinetic characteristics can be derived from Eq.(4) and are:

∂ H B?
cb̂


×
∇H
+
Ẋ
=



qs B?k
∂ pz B?k



(7)

(8)





B?


ṗ
=
−
· ∇H
 z
B?k
The field equations, quasineutrality and Ampère, are both derived from Eq.(4) via functional
derivatives on the perturbed field. ORB5 splits the total distribution function in a background
distribution function f0 and a time dependent δ f and discretize, this latter through numerical particles (markers) used to sample the phase space. Through an operator splitting approach the code
solves first the conlisionless dynamics (using a 4th-order Runge-Kutta method). The quasineutrality and Ampère equations are solved using the Galerkin methods and the perturbed fields are
discretized through cubic B-splines finite elements defined on a grid (Ns , Nχ , Nφ ). Finally it is
important to mention that recently the mixed-representation (“pullback” scheme [25]) has solved
the so-called “cancellation problem” for electromagnetic simulations.
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III.

PHASE MIXING/CONTINUUM DAMPING

In the present section, low temperatures are chosen to minimize the Landau damping. Here,
we study the process of phase mixing of an initial perturbation oscillating at the frequency of the
continuum, which leads to a decay of the perturbation, scaling ∼ 1/t. Following e.g. Ref. [26]
we will call this process (local) continuum damping. In literature, an estimation of the global
continuum damping can be found, referring to global eigenmodes with frequency within the gap,
touching the shear Alfvén continuum and having an exponential decay rate [27, 28]. This is not
what is considered in this section.
In order to do so, it is first important to understand what are the equations governing the Alfvén
waves. These will be obtained under the validity of the ideal magnetohydrodynamic (MHD) theory
by treating MHD equations with a perturbative approach. The Alfvén wave’s dynamics can be
expressed starting from the quasi-neutrality condition ∇·δJ = 0, (being δJ the perturbed current)
that rewritten in terms of its components parallel and perpendicular to the background magnetic
field (b̂ = B/B), yielding:
∇ · δJ⊥ + B · ∇

δ Jk
=0 .
B

(9)

An expression for the vorticity equation can be elegantly obtained following Ref.[29], where the
Hain and Lust equation is derived. In the present paper the authors will follow Ref.[30]. In order
to obtain a simplified but relevant set of equations, modes with k⊥  kk are considered, so that the
time scale between incompressible shear Alfvén waves and compressional waves can be separated.
To further simplify the problem, we consider a pressureless plasma (P = 0) obtaining the following
vorticity equation:




1 ∂2
1 2 1
B · ∇ ∇⊥
B ·∇δφ
− ∇ · 2 2 ∇⊥ δ φ = 0
B
B
vA ∂t


.

(10)

A differential equation for the perturbed scalar potential δ φ is thus obtained. It is linked to the
perturbed magnetic potential (δA ≈ δ A b̂) through the condition δ Ek = 0, derived from the ideal
Ohm’s law. In this section a non-uniform plasma equilibrium with cylindrical limit, will be considered. a will denote the typical length scale perpendicular to the equilibrium magnetic field
while R0 will represent the typical length scale parallel to it. The equilibrium magnetic field, in a
coordinate system (r, θ , z) will be assumed to be B = (0, B0,θ (r), B0,z (r)). By assuming a shear
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Alfvén oscillation of the scalar potential δ φ (r, θ , φ ,t) of the form:
i(mθ − Rn z −ωt)

δ φ = ∑ δ φm,n (r) e

0

,

(11)

m,n

where m is the poloidal mode number, we can now write Eq.10 in cylindrical coordinates:
"
#  
"
#
2
2
R20 ∂ 2 ∂ δ φ
R20 ∂ 2
1 ∂
m
m
m2
r
−n + 2 2
−n + 2 2 δφ ,
= 2
r ∂r
q(r)
r
q(r)
vA ∂t ∂ r r
vA ∂t

(12)

where the local safety-factor has been defined:
q(r) =

r B0,z
R0 B0,θ

.

(13)

The shear Alfvén wave dispersion relation is then found to be:
ωA2

2
= v2A km,n

v2
= A2
R0



2
m
−n
q(r)

.

(14)

Equation 14 shows that the shear Alfvén waves are local plasma oscillations, having a frequency
spectrum that varies continuously throughout the plasma radial direction. Exploiting the local
nature of the continuum plasma oscillation, Eq.12 can be reduced to:
"
#
2
2
R
m
1 ∂
∂δφ
r
− n − ω 2 20
=0 ,
r ∂r
q(r)
vA ∂ r

(15)

which integrated in the radial domain, becomes a differential equation for the radial electric field
Er :



∂2
2
ωA + 2 Er = 0
∂t

⇒

Er = E0 e−i ωA (r)t

.

(16)

Assuming now a dispersion relation of the form ωA (r) = ωA0 + ωA0 (r − r0 ) and by Fourier transforming the radial electric field in the radial coordinate the following relation is obtained:
(F Er )(kr ) =

√
0
2π E0 e−i(ωA0 −ω r0 )t δ (kr + ωA0 t)

kr ∝ −ωA0 t

(17)

The obtained linear dependence in time of the radial wave number is a proof of the phase mixing
together with the fact that, as Er (r,t) = −i kr (t)φ (r,t), the scalar potential exhibits the characteristic
decay called continuum damping:
δ φ ∝ ωA0 t

−1

(18)

as it was proved in Ref.[30] (see also Ref.[26, 31, 32] for the application to Geodesic Acoustic
Modes, GAMs).
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The simulations presented in this section have considered simplified geometry and profiles.
EPs are not involved in the simulations here presented and the bulk ions are hydrogen ions. The
inverse aspect ratio is ε = 0.01. Flat density (ne = nH = 2.22 · 1020 m−3 ) and temperature (Te =
TH = 0.01 keV ) profiles have been taken into account. This choice leaves all the radial dependence
of the dispersion relation in the safety factor profile, which exhibits a linear radial dependence:
q = q0 + q1 · r, so that: ωA =

vA
1
R0 q0 +q1 r .

Moreover, in this temperature regime the Landau damping

can be neglected [33]. The involved equilibrium corresponds to an Alfvén continuum (see Fig.1)
for a mode perturbation with poloidal and toroidal mode numbers (m,n)=(1,0). In Table I are listed:
minor and major radius, value on axis of the equilibrium magnetic field, ion cyclotron frequency
(Ωci ), Alfvén frequency on-axis (ωA0 = ωA (r = 0)), ratio of the last two and order of magnitude
of k⊥ ρi . In Table II are listed the main parameters of the simulation in use, that is: spatial grid,
time step, number of chosen ions and electrons.
Table I. Important constants used in the simulations.
a0 [m] R0 [m] B0 [T ] Ωci [rad/s] ωA0 [rad/s] Ωci /ωA0 k⊥ ρi
0.1

10

3

2.87 · 108

4.38 · 105

655

10−3

Table II. Main simulation parameters for the study of the continuum damping.
−1
(nr , nχ , nϕ ) ∆t [Ωci
] Number of ions Number of electrons

(256, 256, 4)

20

107

107

In Fig.2, the measured values for the wave numbers kr are shown for a simulation having
q0 = 1.75 and q1 = 0.5. They have been measured by fitting the mode structure with a sinusoidal
function at times where a maximum has been reached at the radial position r = 0.6. By linearly
fitting the measured wave numbers it is possible to extract the coefficient kr,1 (representing the
slope of the line kr (t) = kr,0 + kr,1 t). kr,1 is found to be in reasonable agreement with the radial
derivative of the frequency (ωA0 ), according to the theoretical expectations (Eq.17). In Fig.3 the
dynamics of the scalar potential at some radial positions are shown, together with the predicted
decay, Eq.18.
Finally, in Fig.4 the obtained values of the coefficients kr,1 have been plotted against different
values of the slope of the safety factor profiles (q1 ) in use in the different simulations and compared with Eq.17. Given the reasonable agreement found between the results of the numerical
9

Figure 1. Frequency spectra. The results of ORB5 are given by the blue line. The theoretical prediction for
ωA , corresponding to Eq.14, correspond to the dotted line.

Figure 2. Radial wave number dependence on time. The results of ORB5 are given by dots. The theoretical
prediction for this simulation (q0 = 1.75 and q1 = 0.5) is that kr,1 = 0.123 ωA0 , while the measured value is
kr,1 = 0.107 ωA0 .

simulations and the theory, we can say to have verified the relevance of the continuum damping
as the main damping mechanism for this specific case and to have observed the presence of phase
mixing.
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Figure 3. Perturbation amplitude dependence on time. Analytical estimation are given by the dashed lines
(curves decaying in time as φ ∼ |ωA0 t|−1 ). The scalar potential measured at different radial positions is
given by continuous lines.

Figure 4. Dependence of kr,1 on the slope of the safety factor profile. Analytical estimation are given by the
dashed lines and the results of ORB5 are given by dots. No EP are present here.
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IV.

LANDAU DAMPING

In the present section the Landau damping will be studied. The attention will be focused
also on a particular Alfvén eigenmode, the toroidal Alfvén eignemode (TAE). Its characteristic
frequency lies in the forbidden frequency window (gap) of the shear Alfvén continuum created
by the coupling between two close poloidal harmonics (m, m + 1), because of the finite tokamak
toroidicity, [34]. TAEs, (like discrete AEs in general), can exist essentially free of continumm
damping [2, 35]. A TAE is located at a radial position r0 satisfying: q(r0 ) = 2 m+1
2 n . The theoretical
derivation in Refs. [34, 36] will be now followed. Here, a kinetic transverse part of the waveinduced current δJ⊥k is added to the ideal MHD current, so that Eq.(9) becomes:
∇ · (δJ MHD + δJ⊥k ) = 0

.

(19)

Equation 19 is then multiplied by δ φ and integrated in the overall plasma volume obtaining:
Z

dx δJ

MHD

· ∇δ φ +

Z

dx δJ⊥k · ∇⊥ δ φ = 0

(20)

R

where it was assumed as boundary conditions dx · δJ δ φ = 0. Calling ω0 the frequency of the
wave solution of the ideal MHD vorticity equation, we can consider ω = ω0 + δ ω the solution
of the new vorticity equation Eq.(19), being δ ω  ω0 . Following a perturbative approach, an
expression for γ = Im{ω} is obtained from Eq.(20):
2π
γ= 2
c ∑

∑m,n

m,n

R

V

3 1
V d x v2

R

A

k
∗
d 3 x δJ⊥m,n
· ∇δ φm,n
h
i
2
2
0
δ φm,n
+ mr |δ φm,n |2

.

(21)

Subscripts m and n denote the poloidal and toroidal mode numbers respectively. In order to obtain
a simplified equation for γ, some further calculations have been done and will be now described.
Assuming a Maxwellian distribution function F0 and focusing our attention on TAE (that is assuming to have a perturbation δ φ strongly peaked at the radial position where we expect to have a
TAE), we obtain in cylindrical coordinates:

γ j = −β j q20

γ = ∑γj
j




vA
1 ∂ n0, j
Gm j + n q0 rLθ , j
Hm j + η Jm j
2 q0 R0
n0, j ∂ r

.

(22)

With:
e Bp
Ωθ , j =
mj c

,

rLθ

vth, j
=
Ωθ , j

,

n0, j T j
β j = 8π 2
B0

,


∂ log T j

ηj =
∂ log n0, j

,

λ j = vA /vth, j

.
(23)
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And:

π

2
4 −λ j2

λ
(1
+
2λ
+
2λ
)e
g
(λ
)
=
, Gm j = gm, j (λ j ) + gm, j (λ j /3)

j
m,
j
j
j
j

2









2
π
1
hm, j (λ j ) = (1 + 2λ j2 + 2λ j4 )e−λ j , Hm j = hm, j (λ j ) + hm, j (λ j /3)

2
3











2
π 3
1

2
4
6

 jm, j (λ j ) =
+ 2λ j + λ j + 2λ j e−λ j , Jm j = jm, j (λ j ) + jm, j (λ j /3) .
2 2
3

(24)

In Eq.(22), γ has been decomposed in the species contributions (the sum over j). It is formally
identical to the one derived in Ref.[37]. The difference lies in the fact that in Ref.[37] the authors
have obtained the estimation for γ starting from energy principles, while here everything has been
done by adding a correction to the MHD quasi-neutrality equation and thus to the Alfvén dynamics [38]. Since we are interested in the study of the Landau damping, we will not consider the EPs
contribution, which actually drives the mode unstable. Eq.(22) depends on the ratio between the
Alfvén speed and the thermal velocity of the considered species. In this section an equilibrium
with small, but finite value of inverse aspect ratio will be considered, ε = 0.1. The temperature
and density profiles are flat. The magnetic equilibrium and profiles are those of the ITPA-TAE
international benchmark case [12] and the safety factor profile is shown in Fig.5. In Fig.6 the dependence of the damping against the electron mass is shown, together with the analytical theory.
In the present section the bulk ions are hydrogens ions, so the realistic mass ratio among the bulk
species is mH /me ∼ 2000. As can be noticed, the electron Landau damping depends sensitively on
its mass, but it shows a weaker dependence than expected compared to the analytical theory. One
should note that the analytical theory presented here considers only well passing particles, whereas
the contribution of the species changes depending on weather the resonant particles are passing,
trapped or in between. It was proved in Ref. [39] that barely trapped electrons are the relevant ones
for EPs driven modes. We suppose this to be valid also for the Alfvén modes considered here and
to be the main justification for the observed discrepancy between the measured damping and the
analytical theory. It would be of great interest to develop a more accurate theory capable to better
fit the results, but this will represent a task for a future work. For computational reasons the electron mass has been then taken 200 times lighter than the ions mass (me = mH /200). Nevertheless,
we can notice that the chosen mass affects the final result of approximately 30% of its value (see
Fig.6) and, for the purpose of this paper, this is the required precision we have chosen.
13

Scans against temperature have been performed. The relative importance of electron and ion
Landau damping depends on electron and ion temperatures. In this regime the species temperatures are kept flat and, at the reference case, they are equal (TH = Te ). In Fig.7 the dependence of
the Landau damping against the electron temperature is shown and the results are compared with
the analytical theory. Scans against the ion temperature have also been performed (keeping the
reference value of the electron temperature fixed) and no substantial variation has been observed.
The observed discrepancy in Fig.7 between the analytical theory and the simulations results is
motivated using the arguments discussed above.
In Table VI other important details of the simulations are presented.
Table III. Important constants in use in the ITPA-TAE case.
a0 [m] R0 [m] B0 [T ] Ωci [rad/s] ωA0 [rad/s] Ωci /ωA0 k⊥ ρi
1

10

2.87 · 108

3

1.46 · 106

196

10−2

Table IV. Main simulation parameters of the ITPA-TAE case. Number of grid points used, time step and
number of markers involved.
(nr , nχ , nϕ ) ∆t [Ω−1
ci ] Number of ions Number of electrons
(256, 288, 48)

5

4 · 106

32 · 106

Figure 5. Safety factor of the ITPA-TAE case (q(r) ' 1.71 + 0.15r2 ).

The chosen initial potential perturbation is peaked around r = 0.5 and is constituted by one
single toroidal mode number n = 6 while the poloidal mode numbers 9 ≤ m ≤ 12 are considered
14

Figure 6. Damping rate dependence on the electron mass for ORB5 simulations.

Figure 7. Landau damping dependence versus the electron temperature.

(see Fig.8). A TAE is located at r = 0.5 in the gap of the continuum spectra created by the coupling of the poloidal modes m = 10 and m = 11, as it is shown in Fig.9. In Fig.7 the dependence
of the damping rate against the value of the electron temperature is shown. The damping rate is
found to increase with the increasing electron temperature. This is an evidence that the dominant
damping is the electron Landau damping. The errorbar of the measured points correspond to 20%
of their value. This because, as it is shown in Fig.10, the damping rate value has a dependence
on the chosen width of the perturbation. For completeness in Fig.7 the approximated analytical
electron Landau damping formula is also shown (dashed line). A reasonable qualitative agreement
is found between the predicted decay and the simulation results. Finally in Fig.6, the dependence
of the measured damping rate of ORB5 simulations against the electron mass has been shown. For
decreasing electron masses, the absolute value of the damping rate is shown to decrease, consistently with theory of the electron Landau damping. In summary, it has been shown that the bulk
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electrons provide the main damping mechanism of the observed Alfvén modes in this particular
regime. Several approximations have been done in the analytical theory, inter alia only passing
particles are considered thus neglecting the contributions of barely trapped electrons, which are
thought to be important, and which are included in our numerical simulations.

Figure 8. Mode structure without EPs.

Figure 9. Frequency spectra without EPs.
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Figure 10. Damping rate dependence on the width of the initial Gaussian beam.
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V.

NLED-AUG CASE

In the present section the results of numerical simulations involving a realistic scenario will be
presented.
The shot number #31213 of ASDEX-Upgrade (AUG) has been selected as a benchmark within
the Non-Linear Energetic-particle Dynamics (NLED) Eurofusion enabling research project [13] .
Here an early off-axis NBI (with injection energy ∼ 93 keV ) occurs with an injection angle (angle
between the horizontal axis and the beam-line) of 7.13◦ . The magnetic equilibrium measured at
the time t = 0.84 s is considered in the present simulations (see Fig.11). This case is referred to as
“NLED-AUG case”. Further description of this case can be found in Ref.[13]. The NLED-AUG
case is found to be of great interest because of its rich linear and nonlinear dynamics arising from
the interaction of the modes with the EPs.
Table V and Table VI contain the details of the main parameters considered in the simulations.
Table VII shows the values of the bulk species profiles on axis in the absence of EPs. The bulk ions,
as well as the EPs (when considered), are constituted by deuterium ions. The EP temperature will
be considered to be radially flat and equal to TEP = 113 keV . For the EP density profiles, an offaxis density profile (see Fig.12) fitting the experimental profiles is considered with a Maxwellian
distribution function. For comparison we also run simulations with an on-axis EPs density profiles
(see Fig.13). Note that when EPs are included the electron density profiles is changed in order to
match quasi-neutrality ne = ZD · nD + ZEP · nEP .
In Fig.14 the safety factor profile is shown. In Fig.15 the temperature profiles of the bulk
species are shown. The safety factor profile has a reversed shear, with qmin (r = 0.5) ' 2.28. The
density profiles in use will be shown in the following subsection. In Fig.16 the dependence of the
growth rate against the electron mass is shown. Since in this case ions are constituted by deuterium
ions, the realistic mass ratio among the bulk species is mD /me ∼ 3600. For numerical reasons, the
electron mass is chosen to be me = mD /500, with mD the deuterium mass. As can be seen from
Fig.16, the chosen fictitious mass increases the real value of the growth rate by approximately
20%. This represents the chosen precision for the studies that we are carrying.
The modes observed in the present scenario, strongly depend on the shape of the EP density
profile. In particular, as will be shown, a TAE is observed in presence of an on-axis density
profile. An EPM is as well observed when an off-axis density profile is taken into account. The
present section is divided into three subsections. The first and the second will retain only the
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linear dynamics. In the first the dependence of γ against the electron temperature will be studied,
with and without EPs contribution. When the EPs are here considered, they will assume an onaxis density profile and TAEs will be driven unstable. The results of a benchmark with LIGKA
will also be presented. In the second subsection the presence of an EPM, driven unstable by EPs
assuming an off-axis density profile, will be shown. Finally in the third subsection the results of
simulations involving the nonlinear dynamics will be presented.
It is important to remind that, unless specified, the bulk and energetic ions will be treated as
drift-kinetic. The initial perturbation considered will take into account just one toroidal mode
number (n = 1) and the poloidal mode number 0 ≤ m ≤ 7.
Table V. Important constants in use in the NLED-AUG case.
a0 [m] R0 [m] B0 [T ] Ωci [rad/s] ωA0 [rad/s] Ωci /ωA0 k⊥ ρi
0.482 1.666 2.202 1.0539 · 108 4.98 · 106

21.15 10−2

Table VI. Main simulation parameters of the NLED-AUG case. Number of grid points used, time step and
number of markers involved.
(nr , nχ , nϕ ) ∆t [Ω−1
ci ] Number of bulk ions Number of electrons Number of EPs
(256, 288, 48)

16 · 106

1

64 · 106

16 · 106

Table VII. Profile parameters of the NLED-AUG case.
Telelctrons (s = 0) [keV ] Tbulk ions (s = 0) [keV ] nelelctrons (s = 0) [m−3 ] nbulk ions (s = 0) [m−3 ] nEP (s = 0) [m−3 ]
0.709

2.48

1.672 · 1019

19

1.6018 · 1019

6.98 · 1017
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Figure 11. Poloidal view of the magnetic equilibrium in use.
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Figure 12. Off-axis EPs density profile. EP concentration of 3%.
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Figure 13. On-axis EP density profile. EP concentration of 3%.

Figure 14. Safety factor profile.

Figure 15. Bulk species temperature profiles.
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Figure 16. Growth rate dependence against the electron mass.
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A.

Linear TAEs

Figures 17 to 19 show the frequency spectra, mode structure and poloidal view of the scalar
potential φ , obtained considering an on-axis density profile for the EPs (see Fig.13) and a concentration equal to < nEP > / < ne >= 3%, (where < ... > indicates the volume average). In
Fig.17 the continuum spectra obtained with the linear gyrokinetic code LIGKA [16] is shown
(red crosses), together with the analytical curve for the continuum spectra calculated in cylindrical
coordinates and including the toroidicity effects, [34] (green dotted line).

Figure 17. Frequency spectra measured with an on-axis EPs density profile.

Figure 18. Mode structure observed with on-axis EPs density profile.
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Figure 19. Observed scalar potential in the poloidal plane with on-axis EPs density profile.

24

The radial dependence of the EP density profiles is expressed by the formula: nEP ' (1 − rα )β .
The coefficients α, β have been chosen in order to have the maximum gradient of nEP at the
position where an Alfvén mode is expected. The numerical analysis shows that a mode lying in
the gap of the continuum spectra, created by the poloidal modes m = 2 and m = 3 is observed. It
appears to be peaked at the radial position r ' 0.738. Due to the radial localization and frequency
this is identified as a TAE.
In Fig.20, the dependence of the growth rate against the electron temperature, keeping the
bulk ions temperature constant (TD (r = 0) = 3.5 keV ), is shown. In Fig.21, the dependence
of the growth rate against the bulk ion temperature, keeping the electron temperature constant
(Te (r = 0) = 0.707 keV ), is shown. The EP temperature is flat TEP = 113 KeV and the EPs have
a concentration of 3%. In Fig.22, the dependence of the damping rate (simulations without fast
particles) is shown, against the value of the electron temperature. This study of the dependence of
the growth or damping rate against the electron temperature shows that the electrons are the main
responsible of the damping of the Alfvén modes even in this realistic scenario, which is identified
here as electron Landau damping. Since a realistic scenario is considered here, the approximate
theoretical predictions for the Landau damping described in the previous sections is outside its
validity regime and therefore is not shown.

Figure 20. Scan in the electron temperature for a growing mode. EP concentration 3%.
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Figure 21. Scan in the bulk ions temperature for a growing mode. EP concentration 3%.

Figure 22. Scan in the electron temperature for a damped mode.
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In Figures 23 and 24 the results of a first benchmark between ORB5 and the code LIGKA
are shown. Here a scan in the EPs temperature is depicted. The EPs have an on-axis profiles. The dependence of growth rate and frequency against TEP shown by the two codes is the
same. The damping rate of the modes, (measured at TEP = 30 keV ), are γORB5 = −0.003 ωA0 and
γLIGKA = −0.00215 ωA0 . The observed differences between the results of LIGKA and ORB5 are
mainly attributed to differences present in the equilibrium reconstruction underlying both codes.
Moreover, because the mode is truly global (touching both the inner axis and the edge), the details at the boundary conditions are relevant. The observed discrepancies are another cause of the
differences of the measurements between the two codes.

Figure 23. Scan in TEP . TAE growth rate, calculated with LIGKA and ORB5 for an EP concentration equal
to 3 % (same density, temperature profiles in use).

Figure 24. Scan in TEP . TAE frequency, calculated with LIGKA and ORB5 for an EP concentration equal
to 3 % (same density, temperature profiles in use).
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B.

Linear EPM

Figures 25 to 27 show the frequency spectra, mode structure and poloidal view of the scalar
potential φ , obtained considering an off-axis density profile for the EPs (see Fig.12). A mode
sitting at the radial position r ' 0.22 is observed. The dominant poloidal component of the scalar
potential appears to be that having m = 2. Since the frequency observed in this simulation lies on
the lower branch of the continuum, this mode is identified as an EPM. With TEP = 113 keV , the
measured frequency is observed to change from 135 to 150 kHz when finite Larmor radius effects
are taken into account. Considering a closer value to the experimental one for the EP temperature
(TEP ∼ 30keV ), obtained by fitting the pressure of the injected beam, the measured frequency
turns out to be of 110 kHz. In Fig.28, the spectrogram obtained with Mirnov coils is shown. A big
variety of EP driven modes can be found. At t = 0.84 s, the modes with frequencies around 50 kHz
have been identified as EGAMs (see Ref.[39–41]). We focus here on the Alfvén modes with
frequency lying in the domain between 100 and 150 kHz. In Fig.28 the values of the measured
frequencies obtained in simulations keeping finite orbit effects are shown. The withe cross has
been obtained in a simulation where TEP ∼ 113 keV . The light-blue cross instead has been obtained
in a simulation where TEP ∼ 30 keV . Strong approximations have been done here for the EPs (flat
temperature profile, Maxwellian distribution function). Despite that the estimate of the frequency
can be observed to lie in the range of the frequencies measured in the experiments. In order to
have a more precise comparison, a more accurate EP distribution function will be implemented in
ORB5 and results shown in a dedicated paper.

Figure 25. Frequency spectra measured with an off-axis EPs density profile.
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Figure 26. Mode structure observed with off-axis EP density profile.
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Figure 27. Observed scalar potential in the poloidal plane with off-axis EP density profile.
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Figure 28. Experimental spectrogram obtained with Mirnov Coil compared with theoretical predictions at
one selected time. The theoretical predictions are obtained treating the fast ions as gyrokinetic and having
temperature of ∼ 30 keV (light-blue cross) and ∼ 113 keV (white cross).
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C.

Nonlinear simulations

In this subsection results involving the nonlinear dynamics of the Alfvén waves are presented,
when both on-axis (Figures 29 to 32) and off-axis (Figures 33 to 36) density profiles for the EPs
are considered. With an on-axis density profiles of the EPs, a mode sitting in the frequency gap is
observed (TAE), Fig.29 and Fig.30. Its mode structure and frequency spectra are not observed to
change passing from the linear to the nonlinear phase, confirming its nature of an eigenmode of
this system, which is only weakly perturbed by EPs.

Figure 29. Frequency spectra in the linear phase. EPs have on-axis profile.

Figure 30. Frequency spectra in the saturation phase. EPs have on-axis profile.

When an off-axis density profile for the EPs is considered, a mode with dominant poloidal
mode number m = 2 and peaked around r ' 0.22 is observed (see Fig.35). This is consistent with
what was observed in the previous sections, when just the linear effects in the simulations were
involved. Passing to the nonlinear phase a secondary mode with m = 2 and m = 3 is observed
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Figure 31. Mode structure in the linear phase. EPs have on-axis profile.

Figure 32. Mode structure in the saturation phase. EPs have on-axis profile.

to grow around the radial position r ' 0.738. This second mode is identified as the previously
described TAE. This happens, because in the first linear phase the EPs drive the EPM unstable,
which appears in fact to be dominant. In the nonlinear phase, the coexistence of the EPM and TAE
is observed, due to an earlier saturation of the EPM (see Fig.37) .
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Figure 33. Frequency spectra in the linear phase. EPs have off-axis profile.

Figure 34. Frequency spectra in the saturation phase. EPs have off-axis profile.

Figure 35. Mode structure in the linear phase. EPs have off-axis profile.
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Figure 36. Mode structure in the saturation phase. EPs have off-axis profile.

Figure 37. Time evolution of the dominant poloidal modes of the scalar potential (m = 2, 3) at the radial
positions where the TAE and EPM are located. EPs have off-axis profile.
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VI.

CONCLUSION

The presence of Alfvén modes in burning plasma can affect negatively the energy confinement
and can also cause a damage in the confining machine. Because of their importance, the present
paper has dealt with the main damping mechanisms affecting the Alfvén modes, trying to outline
them and to understand in which regime they are acting. The attention has been focused on toroidal
Alfvén eigenmodes and energetic particle modes. These studies have been mainly carried by
means of numerical simulations conducted with the code ORB5. The obtained results have been
compared, when possible, with the presented analytic theory developed in a simplified geometry,
and with the results of the linear code LIGKA.
In Section 3, simulations with very small inverse aspect ratio (ε = 0.01) have been considered,
in order to lead the analysis in the cylinder limit. Simplified profiles have been taken into account
and very low electron temperature has been considered in order to have the continuum damping
dominant over the Landau damping. The developed theory has been used to analyze the results of
simulations without energetic particles. The dependence of the radial wave number of the mode
against the time have been observed (phase mixing). Also the scalar potential has been found to
decay as δ φ ∝ ωA0 t

−1

(continuum damping).

In Section 4, higher bulk ion and electron temperatures have been considered, in order to observe the Landau damping to be dominant over the continuum damping. The numerical simulations have been conducted using plasma equilibrium and profiles from the ITPA-TAE international
benchmark case. In order to separate the ions and electrons contribution to the damping, the dependence of the damping rate against the bulk species temperature has been studied. The results
obtained analysing the slope of the scalar potential from numerical simulations have been compared with the analytical theory in use. This last has been achieved adding to the ideal MHD
vorticity equation a kinetic term and then, through a perturbative approach, a simplified estimation
for the Landau damping has been obtained using cylindrical coordinates. A reasonable agreement
has been found between the analytical theory in use and the numerical results. This has also proved
that the electrons are mainly responsible for the damping.
In Section 5, a realistic plasma equilibrium taken from a shot in ASDEX Upgrade has been
considered. The results of the linear numerical simulations have shown the dependence of the
damping rate against the bulk electron temperature describing, also in this case, the action of
the Landau damping. A benchmark with the code LIGKA has shown good agreement for the
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frequency and growth rate dependence on the EP temperature. Finally, the nonlinear simulations
have shown the interaction of an EPM and a TAE in the scenario with an off-axis EP density
profile.
The future works will extend the developed theory in order to find a better agreement between
the predicted estimation of the decaying mode and the numerical simulations. In Ref.[4] it was
suggested that all the Alfvén fluctuations can be explained within the framework of a single general
fishbone-like dispersion relation (GFLDR). This could represent the starting point to improve
the anaytical prediction of the damping rate and it would be a very interesting analytical and
numerical task. In this respect, comparison with the GFLDR would be enhanced by evaluation of
the generalized inertia for general geometry, following the recent analysis of Ref.[42]. Future and
deeper benchmark with the code LIGKA and the Hybrid MHD-Gyrokinetic code HYMAGYC
[43] would be of great interest in order to better understand the linear and nonlinear dynamics
contained in the NLED-AUG case.
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