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Role of virtual band population for high harmonic generation in solids
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We study the sub-band-gap high harmonic generation (HHG) in a methylammonium lead trichloride single
crystal. Anisotropy in the crystal orientation dependence of the high harmonic yield is observed, and the yield
varies substantially with the electric field strength of the midinfrared laser pulse used for excitation. Our real-time
ab initio simulations reproduce the experimental results well and also show that the HHG is independent of
the interband decoherence time. Based on a microscopic analysis of the intraband current, we reveal that the
orientation dependence of the HHG in this perovskite semiconductor is governed by the virtual band population,
rather than the anharmonicity of the electronic band structure.
DOI: 10.1103/PhysRevB.102.041125

Extremely nonlinear optical processes are quite different
from those in the linear (perturbative) regime and are considered to be important for new fields of study and applications [1,2]. In particular, the recent demonstration of high
harmonic generation (HHG) in solids is expected to lead to
new approaches to attosecond photonics and coherent extreme
ultraviolet (XUV) sources [3–11]. Here, the HHG is induced
by strong interactions between intense laser fields and matter.
While the HHG in gases has already found its way into applied
science [1,2], the mechanism of HHG in solids has been
intensively discussed in order to understand the fundamentals
that are required for applications such as band reconstruction
methodologies in addition to coherent sources.
HHG in solids can be categorized as harmonics generated
via interband or intraband processes. Both processes take
place after the excitation of carriers induced by tunneling
ionization [11]. To describe the nonlinear current in the system, we introduce the time-dependent current J (t ). A simple
expression of the intraband current is Jintra (t ) = enV (t )
[3,5,9,11], where e, n, and V denote the elementary charge,
the population change, and velocity, respectively. Note that
the intraband process is expected to be significant in the
case of sub-band-gap HHG [12,13]. In this case, the Fourier
transform of Jintra (t ) corresponds to the HHG spectrum, and
the latter allows us to investigate the band structure even
in regions where the effective mass approximation is not
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valid. Thus, the crystallographic dependence of the highorder harmonic (HH) yield reflecting the band structure has
been studied intensively [12–15]. Two fundamental results for
HHG are as follows: The band population changes coherently
during nonresonant excitation [16–19], and the ionization
processes, i.e., real/virtual excitations, are essential to understand nonlinear optical processes [20–23]. However, work
that explicitly analyzes the influences of virtual excitation
on HHG in solids is lacking. A better understanding of the
roles of both velocity anisotropies and of population changes
in HHG should be useful for progress in applications such
as nonlinear optical device design and band reconstruction
methodologies.
In this Rapid Communication, we studied the crystal orientation dependence of the HH yield from a methylammonium
lead trichloride (MAPbCl3 ) single crystal (thickness 0.3 mm).
We also recorded the HH yields as a function of the electric field for several harmonic orders. Ab initio simulations
were performed to analyze the results. The good agreement
between the experiment and calculation shows that the virtual
band population (rather than the anharmonic potential in the
band structure) governs the orientation dependence of HHG.
The MAPbCl3 perovskite semiconductor possesses a cubic
structure at room temperature as shown in Fig. 1(a). This
material is a good candidate for an HHG source with a wide
spectral range, because of its good transparency in the entire
visible region (as a result of the large band-gap energy of
Eg = 3.15 eV) [24–26]. Besides the technological importance
of this solution processable material [27–31], its high directionality of the chemical bond between the metallic cation
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FIG. 2. Measured θ dependences of HH yields obtained for
E = 6, 8, and 10 MV/cm (shown with blue, green, and red lines,
respectively). The harmonic orders are indicated on the left upper
corners of each data set and the maximum peak intensities are
normalized.
FIG. 1. (a) Schematics of experimental setup for HHG measurement and the perovskite ABX3 crystal structure where A = CH3 NH3 +
(MA), B = Pb, and X = Cl. The schematic atomic arrangement next
to the ABX3 crystal structure illustrates the electron wave functions
of the Cl 3p (light green) and Pb 6s orbitals (light blue). The
yellow arrow shows how we define the direction of the fundamental
excitation field. (b) HHG spectra of a bulk MAPbCl3 single crystal
for E = 10 MV/cm. (c) Measured (open circles) and calculated
(solid lines) harmonic yields as a function of the peak electric field
E inside the sample for harmonic orders h = 3, 5, 7, and 9. The
dashed lines are proportional to E 2h and serve as guides for the
eye. (d) Right-handed circularly polarized (RCP) and left-handed
circularly polarized (LCP) components of the HHG spectrum under
LCP excitation (blue dashed and red solid lines, respectively). The
data are offset for clarity.

(Pb) and the halide anion (Cl) can cause a highly anisotropic
nonlinear absorption [32,33]. This is beneficial for examining
how HHG is actually related to the nonlinearity of the laserinduced current.
A high-quality single crystal with a large size was synthesized using an antisolvent vapor-assisted crystallization technique [see Supplemental Material (SM) Secs. I and II [34]).
Figure 1(b) plots the HH emission spectrum obtained from the
sample under excitation with a linearly polarized midinfrared
(MIR) pulse. The center energy of the 60-fs MIR pulse was
h̄ω0 = 0.35 eV (corresponding to a wavelength of 3.5 μm)
and the maximum peak electric field E was 10 MV/cm. To
obtain these data, the laser electric field vector was aligned
with the chemical bond direction between Cl and Pb ions [x
axis in Fig. 1(a)], corresponding to θ = 0◦ . The spectra extend
from the visible to the ultraviolet region up to the ninth order
as indicated on the upper side of Fig. 1(b) and show only odd
harmonics; the absence of even harmonics originates from the
inversion symmetry of the perovskite crystal structure. Due

to the absorption in the bulk crystal, higher orders cannot be
observed. Figure 1(c) shows the E dependences of the generation efficiencies of various harmonic orders obtained for θ =
0◦ . As E increases, the behavior changes from perturbative,
where the intensity obeys a scaling law (E 2h , h is an integer),
to nonperturbative.
Figure 1(d) shows the circularly polarized HH emission
spectra that were observed by excitation with left-handed
circularly polarized (LCP) pulses with E = 7 MV/cm. The
LCP and right-handed circularly polarized (RCP) components
of the HHs were distinguished by using a λ/4 wave plate
and a linear polarizer. The observed HHs mostly follow the
selection rule of materials with fourfold symmetry, where
harmonic orders equal to (4 × q + 1) (q is an integer) are LCP
and those equal to (4 × q − 1) are RCP [35,36]. The observed
circular polarization dependence reflects the symmetry of the
perovskite structure, thus indicating a good crystallinity of our
sample.
Because the generation mechanism of HHs in the sample is
inherently related to the three-dimensional electronic structure
of the material, we measured the orientation dependences of
the HH intensities. Figure 2 shows the orientation dependences of the third-, fifth-, seventh-, and ninth-order harmonics obtained using linearly polarized MIR pulses, where the
crystal orientation is defined by the relative angle θ between
E and the Cl-Pb bond as defined in Fig. 1(a). The plots clearly
show the fourfold rotation symmetry of the crystal. Moreover,
the dips in the HH yield at 45°, 135°, 225°, and 315° (reflecting the anisotropy in the HH yield) become less apparent in
the nonperturbative regime at higher-field strengths.
Due to the strong electronegativity of Cl, the Cl ions in
MAPbCl3 may attract electrons from Pb and the chemical
bond may cause the strong directionality observed in Fig. 2.
The attraction between the atoms also causes a hybridization
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FIG. 3. (a) Electronic band structure and DOS for CsPbCl3 calculated using first-principles DFT. (b) Calculated θ dependences of the
HHG yield for E = 5, 8, and 10 MV/cm are shown with the blue, green, and red curves, respectively. The data for the third-, fifth-, seventh-,
and ninth-order harmonics are provided and the data are normalized for clarity. The calculations shown are for an interband decoherence time
τ = ∞.

of the Pb s and Cl p orbitals, which are responsible for the
antibonding character in the valence band maximum (VBM),
whereas the conduction band has a nonbonding character
[37,38]. Hence, to understand the HHG mechanism (which
determines the observed complex crystal orientation dependence) in more detail, we considered the MAPbCl3 band
structure and its influence on the nonlinear current. The band
structure and the density of states (DOS) were calculated
using first-principles density functional theory (DFT) and the
results are shown in Fig. 3(a). Here, we replaced the MA
cation by a Cs cation (this is one of the best alternatives
for simple calculations [39]). This approximation is justified
[40], because the electronic contributions of the MA cation
appear several electron volts below the Fermi level. Due to the
resulting weak electronic interaction between the MA cation
and the inorganic part of MAPbCl3 , the effect of the MA
cation is negligible. The Cs contribution [Fig. 3(a), purple
lines] also concentrates several electron volts below the Fermi
level and is too deep to affect the HHG for field strengths on
the order of 10 MV/cm.
The temporal evolution of the current density was calculated by using an ab initio quantum mechanical simulation
based on the time-dependent density matrix (see SM Secs.
III–IV [34,41–43]). Here, the HH spectra correspond to the
modulus-squared Fourier transform of the time derivative of
the calculated total current density Jtotal (t ). The calculated
crystal orientation dependences and their variation with the
driving-field strength are shown in Fig. 3(b). We can confirm
an excellent agreement with the experimentally observed data
shown in Fig. 2. The calculated electric field dependence of
the HH yield for θ = 0◦ in Fig. 1(c) (solid lines) also well
reproduces the experimental data (solid circles). Note that the
total current density Jtotal (ω) closely follows the intraband
current of the nine uppermost valence bands (VBs), JVBs (ω)
(SM Sec. V [34]).

To reveal the details of JVBs (ω), which comprises the contributions of the holes in the nine uppermost VBs [Fig. 3(a),
green solid lines], we decompose it as follows,
e 
JVBs (t ) = −
[ni,k (t ) − ni,k (t = 0)]
m
i∈VBs,k
 
 (t ) 
 p̂ + A(t )ϕ (t ) ,
(1)
× ϕi,k
i,k
where m is the free-electron mass, e is the elementary charge,
A(t) is the vector potential of the applied electric field E(t) (in
our case, due to the incident MIR pulse), ni,k (t ) is the transient
(t )

population in the ith band at the initial wave vector k, |ϕi,k
are instantaneous eigenfunctions determined by the timedependent Hamiltonian, and  is the volume of the unit cell.
For the following discussion, we introduce the band-averaged
population
change in the nine uppermost VBs: nVBs (t ) =

1/ i∈VBs,k [ni,k (t ) − ni,k (t = 0)] . The corresponding velocity can be obtained from the band-averaged intraband
current of these VBs and the population using JVBs (t ) =
enVBs (t )VVBs (t ). Here, we note that the single-particle expression of the transient population ni,k (t ) with the instanta(t )
 is straightforwardly derived
neous one-body eigenstates |ϕi,k
with many-body eigenstates of the field-free Hamiltonian (SM
Sec. IV [34]). Hence ni,k (t ) unambiguously describes the
transient population in the bare bands.
It is important to elaborate the effects of the interband
decoherence time on Jtotal and nVBs , as such effects may
cause real excited carriers in the valence and conduction
bands [18]. We chose to approximate the decoherence by
a simple homogeneous and time-independent decoherence
time (such an approach can provide an excellent agreement
in out-of-equilibrium experiments) [6,44–46]. Figure 4(a)
shows the calculated total current Jtotal in the time domain for
three different interband decoherence times τ (= ∞, 100 fs,
10 fs). It can be confirmed that Jtotal (t ) hardly depends on τ .
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FIG. 4. (a) Calculated total current Jtotal and (b) population change nVBs of the nine uppermost VBs in the time domain. Three data sets
corresponding to three different interband decoherence times τ (= ∞, 100 fs, 10 fs) are provided. All calculations use a 10 MV/cm excitation
pulse as shown in the upper panel of (b). (c) The spectra of Jtotal and JVBs for the three τ values and (d) the spectra of the oscillating components
in the population change nVBs . Here, we analyzed the contribution of the virtual population change by subtracting the real population from
the total population in the time domain shown in (b).

Furthermore, the HH components due to Jtotal (ω) are almost
the same as those due to JVBs (ω) [Fig. 4(c)]. To understand the
contributions to Jtotal , the population change nVBs in the nine
uppermost VBs is provided in Fig. 4(b). The real population,
which gradually increases and remains even after the
excitation pulse has decayed, increases as τ becomes shorter.
These facts indicate that the generated total current and
the resultant HHG efficiency do not depend either on the
decoherence time or on the real population. Moreover, the
spectra nVBs (ω) also do not change for different τ as
shown in Fig. 4(d). Thus, it can be concluded that not the
real population change but the virtual population change
(SM Sec. VI [34]), which does not leave long-lived real
excited carriers both in the real and momentum space of the
crystal after passing the laser pulse out but appears as the
oscillating component in the population change in Fig. 4(b)
[22], constitutes the main source of current for HHG.
The
above-mentioned
decomposition,
JVBs (t ) =
enVBs (t )VVBs (t ), allows us to assign the anisotropies of
the HH yield to the nonlinearity of either nVBs or VVBs .
The Fourier components of JVBs (t ) can be described as


(l )
(m−l )
Here,
FT[nVBs (t )VVBs (t )](mω0 ) = ∞
l=−∞ nVBs VVBs .
(n)
(n)
nVBs and VVBs are the nth Fourier components of nVBs (t )
and VVBs (t ), respectively, and n, m, and l are integers. In
Fig. 5(a) we plotted the calculated JVBs (ω) for two different
(2l )
crystal orientations. Only the even components nVBs
in
(2l+1)
Fig. 5(b) and the odd components VVBs
in Fig. 5(c)
contribute to the current because of the sample’s inversion
symmetry and sign-independent excitation, VVBs [−E (t )] =
−VVBs [E (t )] and nVBs [−E (t )] = nVBs [E (t )]. Thus, the
(2m+1)
(only odd orders), derived
frequency components JVBs
by summation of the products of the Fourier components
(n)
(n)
(nVBs
and VVBs
), constitute the effective source of HHG.
Figure 5(d) compares the ratios of JVBs (ω), nVBs (ω), and
VVBs (ω) calculated for θ = 0◦ to those for θ = 45◦ . The ratios
of JVBs and nVBs shown in red and blue, respectively, exhibit
a similar increase with harmonic order. In contrast, the ratio
of VVBs (ω) stays rather constant (even the features for weaker
electric fields of 1 MV/cm are similar). These results clearly
indicate that the anisotropy of the HH yield can be attributed
to the anisotropic nonlinearity of the population change,
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FIG. 5. (a)–(c) Fourier spectra of current, population change, and velocity averaged over the nine uppermost VBs in the time domain,
JVBs (ω), nVBs (ω), and VVBs (ω), for E = 10 MV/cm. (d) Comparison of the harmonic intensity ratios of JVBs (ω), nVBs (ω), and VVBs (ω) for
θ = 0◦ to those for θ = 45◦ . The three types of ratios are shown with the red, blue, and green bars, respectively. (e) Calculated population
changes nVBs (t ) for θ = 0◦ [these data are the same as those shown in Fig. 4(b) for τ = ∞] and 45° are shown with the red and blue curves,
respectively. (f) Electric field dependences of the calculated nVBs (ω) for the second, fourth, sixth, and eighth order for θ = 0◦ (red solid
curves) and θ = 45◦ (blue dashed curves). The black lines are proportional to E 2h and serve as guides for the eye. The data are offset for
clarity.

rather than to the anharmonic potential causing high-order
components of VVBs (ω).
Thus, the field dependences of the HHG orientation dependence can be related to the field dependence of the
virtual population nVBs (t ). Figure 5(e) plots the calculated
nVBs (t ) for the cases of θ = 0◦ (red curve) and 45° (blue
curve). Figure 5(f) shows the field dependences of the even
(2l )
for θ = 0◦ (red solid curves) and 45°
components nVBM
(blue dashed curves), which are the Fourier components of
(n)
for both cases
nVBs (t ). The second harmonics of nVBs
closely follow a second-order power law, reflecting that the
virtual population in the time domain [Fig. 5(e)] closely
follows the absolute value of the electric field and that the
population change shows no significant directionality. On the
other hand, the higher nonlinear components (2h = 4, 6, 8)
show a directionality in the field dependence. The field de(2h)
of these higher orders in Fig. 5(f) dependences of nVBs
viate from the power law E 2h and those for θ = 0◦ saturate
earlier than those for θ = 45◦ . This calculation result implies
that a more efficient transfer of virtual population from VB

to conduction band occurs along the Cl-Pb bond direction
(θ = 0◦ ). As the electric field increases, the initially lower
HH yield along θ = 45◦ catches up with that along 0° and
the anisotropic behavior becomes less apparent. The increase
of the ratio of nVBs (ω) with increasing order shown in
Fig. 5(d) can be qualitatively explained by evaluating the
angle dependence of the virtual population change nVBs (SM
Sec. VII [34]).
In conclusion, we have presented data on the anisotropy in
the crystal orientation dependence of the HH yield for a halide
perovskite single crystal. We have shown that the degree
of anisotropy in the orientation dependence is a function of
the applied electric field strength and that it can be well
reproduced by an ab initio approach in the time domain. Our
microscopic analysis of the intraband current indicates that
the dynamics of the virtual population are responsible for
the orientation dependence of HHG in the nonperturbative
regime. Our results emphasize that the virtual population
is another important factor for HHG besides the motion of
accelerated carriers in solids.
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