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Gravitational waves provide a window to probe general relativity (GR) under extreme conditions.
The recent observations of GW190412 and GW190814 are unique high-mass-ratio mergers that
enable the observation of gravitational-wave harmonics beyond the dominant ` = m = 2 mode.
Using these events, we search for physics beyond GR by allowing the source parameters measured
from the sub-dominant harmonics to deviate from that of the dominant mode. All results are
consistent with GR. We constrain the chirp mass as measured by the ` = m = 3 mode to be within
0+6
−4 % of the dominant mode when we allow both the masses and spins of the sub-dominant modes
to deviate. If we allow only the mass parameters to deviate, we constrain the chirp mass of the
` = m = 3 mode to be within ±1% of the expected value from GR.

I.

INTRODUCTION

Advanced LIGO [1] and Virgo [2] have detected more
than a dozen binary black hole mergers to date [3–9],
with dozens of additional candidates reported during the
recently concluded third observing run [10]. The most
recent two binary black hole detections, GW190412 [11]
and GW190814 [12] were found to have unusually asymmetric masses, with mass ratio ∼3 and 9, respectively.
High-mass-ratio mergers such as these provide new insights into binary black hole formation channels [13–17].
GW190814, in particular, has sparked considerable interest. Its lighter component object — which had a
mass of ∼ 2.6 M — is within the hypothesized lower
“mass gap” [12, 18–21], challenging existing formation
models [22–29].
In addition to providing insights into stellar evolution,
the direct detection of binary black holes with gravitational waves has provided new opportunities to test general relativity (GR) in the strong-field regime [30–40].
One of the most exciting (and elusive) possibilities in
this new era is a test of the no-hair theorem [41–49]. The
no-hair theorem states that all stationary black holes are
entirely characterized by three externally observable parameters: the object’s mass, spin, and charge [50, 51].
This is reduced to just mass and spin for astrophysical
black holes, as it is difficult for them to accumulate any
appreciable charge. A compact object that requires more
than two parameters to characterize it is therefore not a
black hole as described by GR.
Although the no-hair theorem is a statement about
stationary black holes, a perturbed black hole will radiate gravitational waves, thereby asymptoting to a Kerr
spacetime. For small perturbations, the emitted gravitational wave is a superposition of quasi-normal modes
(QNM) [52–55]. As a consequence of the no-hair theorem, the frequency and damping times of these modes are
uniquely defined by the black hole’s mass and spin. This
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suggests a test [47]: infer the mass and spin from each
mode separately, then compare the estimates. A discrepancy would imply a violation of the no-hair theorem. Several studies have investigated applying this test (known
as black hole spectroscopy) to the final black hole that is
formed after a binary black hole merger [46, 47, 56–61].
Performing black hole spectroscopy on a binary merger
remnant is challenging. The post-merger waveform
damps away quickly [in O(ms) for stellar-mass black
holes], and the amplitudes of the sub-dominant modes
are (at best) . 30% of the dominant mode [62]. The
signal-to-noise ratio (SNR) of the pertinent signal is
therefore relatively small. Furthermore, when the postmerger perturbation is sufficiently small such that linearperturbation theory can be applied is a matter of debate.
Many studies have suggested it is necessary to wait at
least 10M after the merger [30, 63, 64]. However, Giesler
et al. [60] argued that the signal immediately after merger
can be modelled as a superposition of QNMs if overtones
of the dominant mode are included. This substantially
increases the SNR available for spectroscopy, but introduces additional technical and conceptual issues that are
still being resolved [42, 45, 65, 66]. Even so, the best
constraint to date from that approach (obtained on the
frequency of the loudest overtone) is only ∼ ±40% of the
expected GR value (90% credible interval) [44].
In this letter we take a different tack: we perform binary black hole spectroscopy. We use the entire observable signal to search for hints of non-GR degrees of freedom, which we generically refer to as “hair”. A similar
approach is investigated in Islam et al. [61]. The full gravitational wave can be decomposed into a superposition of
spin-weighted spherical harmonics. As with quasi-normal
modes, all of the harmonics are functions of the “intrinsic” parameters of the binary. Binary black holes with
circular orbits are uniquely defined by eight intrinsic parameters — the two components’ masses and spins. Motivated by traditional black hole spectroscopy, we allow
the intrinsic parameters measured by each gravitationalwave mode to independently vary along with an overall
phase. In other words, we search for hair in the full system, which includes both the initial black holes and the
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FIG. 1. Time-frequency plot of the coherently-summed data around GW190412 (top) and GW190814 (bottom). The unaltered
data (left) is shown along with the residuals after subtracting only the ` = m = 2 mode (center) or the full signal model (right)
at the maximum-likelihood parameters. Faint visual evidence of the ` = m = 3 mode is apparent for GW190814, which has
SNR ∼ 7 and roughly parallels the clear ` = m = 2 mode, but at 1.5× higher frequency.

final black hole.
We apply this method to GW190412 and GW190814.
Due to its low mass, uncertainty exists as to whether the
lighter object in GW190814 is a neutron star or a black
hole [12]. Here, we assume it is a black hole. This is
reasonable given that observations of the binary neutron
star merger GW170817 disfavor neutron-star equations
of state that support masses & 2.3 M [67]. Figure 1
shows the data surrounding both of these mergers. With
SNRs of 3.5 and 7, respectively, in their ` = m = 3 mode,
GW190412 and GW190814 are the only two detections
to date that have a measureable sub-dominant mode.
II.

BINARY BLACK HOLE SPECTROSCOPY

The full gravitational wave as seen by an external observer at distance DL from the source can be decomposed
into a spin-weighted spherical harmonic basis,
h(+,×) =
X
1
−i(Ψ`m (Θ)+mφc )
(<, =)
. (1)
−2 Y`m (ι, φ)A`m (Θ)e
DL
`m

Here, h(+ ×) is the “plus” and “cross” polarization of the
gravitational wave, the inclination ι is the angle between
the line-of-sight of the observer and the z-axis of the
center-of-mass frame of the source, and φ is the azimuthal
angle of the observer with respect to this frame. The
source frame is oriented such that the z-axis is aligned

with the orbital angular momentum at some fiducial reference time (here, chosen as the time that the frequency
of the dominant-mode is 20 Hz); φc is the phase of the
gravitational wave at that time.
The set Θ represents all of the intrinsic parameters describing the source binary. Unless the binary was formed
by a recent dynamical capture, the orbit circularizes before it enters the sensitive frequency band of the LIGO
and Virgo instruments [68]. Therefore, assuming circular
orbits, a binary black hole is uniquely defined by eight
parameters: the two component masses m(1,2) and the
magnitude and orientation of each object’s spin χ
~ (1,2) at
a reference epoch.
To perform spectroscopy on the full waveform, we allow the intrinsic parameters and the phase of the subdominant modes to deviate from the dominant, ` = m =
2 mode. In other words, we replace Θ and φc in Eq. (1)
with Θ`m and φc,`m , respectively. We examine two cases.
In the first, we allow all intrinsic parameters (masses and
spins) of the sub-dominant modes to independently diverge from the dominant mode. In the second scenario
we only allow the mass parameters to differ. In both
cases we allow φc to vary.
We expect any deviations from GR, if present,
to be small.
Since a binary’s chirp mass M =
(m1 m2 )3/5 /(m1 + m2 )1/5 is more accurately measured
than the individual component masses, we parameterize
the sub-dominant masses in terms of fractional deviations
from the dominant-mode chirp mass M22 and symmetric
mass ratio η22 = m1,22 m2,22 /(m1,22 + m2,22 )2 . Specifi-
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FIG. 2. Marginal posterior distributions of the `m = 33 deviation parameters for GW190412 (top) and GW190814 (bottom).
Blue regions/lines are from the analysis in which we allow both the masses and spins to deviate. Orange lines show the same
result when the sub-dominant mode spins are fixed to the dominant-mode value. Horizontal hashes indicate the median (center)
and 90% credible regions. Gray lines show the prior distribution.

cally, we define
M`m ≡ M22 (1 + δM`m ),
η`m ≡ η22 (1 + δη`m ),
and allow δM`m and δη`m to vary uniformly between
±0.5. The spins are varied independently for each mode,
using the same prior (uniform in magnitude and isotropic
in direction) as the dominant mode spins. We then report
the absolute difference from the dominant mode for each
component,
∆χik,`m ≡ χik,`m − χik,22 ,
where i = 1, 2 and k = x, y, z. The absolute difference in
the modes’ phase ∆φc,`m = φc,`m − φc,22 is varied uniformly between ±π. We use standard astrophysical priors for the remaining parameters: uniform distributions
are used for comoving volume, coalescence time, phase,
and the source-frame component masses msrc
1,2 ; isotropic
distributions are used for sky location, inclination, and
polarization.
To model the gravitational-wave signal, we use the
recently developed IMRPhenomXPHM waveform [69].
This model includes the effects of both orbital precession and sub-dominant modes on the gravitational waveform, and has been tested against numerical relativity
simulations. We model the gravitational wave signals as
the sum of the dominant and two sub-dominant modes;

namely, the ` = m = 3 and ` = 2, m = 1 gravitationalwave modes. Other higher modes are neglected in our
analysis. To sample the parameter space, we use the
open-source PyCBC Inference toolkit [70, 71] with the
parallel tempered emcee-based sampler [72, 73].

III.

RESULTS

Constraints on the deviations of the `m = 33 mode
for each event are shown in Fig. 2. We report marginalized posterior distributions on the fractional difference in
chirp mass δM33 and symmetric mass ratio δη33 from the
22 mode, along with the absolute differences in the six
spin components and the reference phase φc . All parameters are consistent with the GR values: a zero deviation
is within the 90% credible interval of every parameter.
We obtain the strongest constraints from GW190814,
with its δM33 being the best constrained parameter overall. We also obtain non-trivial constraints on that event’s
δη33 and the z-component of the spin of the heavier object, ∆χ1z,33 . All other parameters, including all deviations on the 21 mode (not shown) yield negligible constraints. Using the posterior on δM33 and δη33 , we reconstruct the masses of the source-frame masses as measured by the 33 mode. The resulting posterior is shown in
Fig. 3. Consistent with GR, the posteriors are centered
on the values measured by the dominant mode.
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FIG. 3. Marginal posterior distributions on the source-frame
component masses msrc
1,2 of GW190814, as measured by the
dominant (`m = 22) and `m = 33 modes. The contours show
the 50% (solid) and and 90% (dashed) credible regions. Lines
of constant chirp mass M and symmetric mass ratio η are
indicated by the gray dotted lines, with the darker lines indicating the maximum likelihood value of the 22 mode. Black
lines show the posterior on the masses as measured by the 22
mode, blue lines show the 33 mode when spins are allowed to
deviate along with the masses and phase; orange lines show
the 33 mode when only the masses and phase are allowed to
deviate.

Under the assumption that the mass deviation parameters, δM33 and δη33 , are common between GW190412
and GW190814, we resample their likelihoods using a
kernel density estimate and obtain the joint constraints
shown in Fig. 4. A full summary of our analyses’
marginalized constraints are shown in Table I.

IV.

DISCUSSION

We developed a test to look for physics beyond general relativity by using the harmonic information from
binary black hole mergers. We found no evidence for a
violation of general relativity. This test has been enabled
by the recent detection of high-mass-ratio mergers by Advanced LIGO and Virgo. Over the next few years, as the
detectors reach design sensitivity, we expect the rate of
mergers to increase by a factor of 5–10 [74]. This should
improve the limits observed here by a factor of ∼ 2–3, or
more, if even larger mass-ratio mergers are observed.
The question arises, what exactly are we testing? Performing spectroscopy on the full gravitational waveform
introduces conceptual issues not present in standard
black hole spectroscopy. Unlike the final object, which is

FIG. 4. Combined marginal posterior distributions of δM33
and δη33 from GW190412 and GW190814.
Purple regions/lines are from the analysis in which we allow both the
masses and spins to deviate. Red lines show the same result
when we fix the sub-dominant mode spins to the dominantmode value. Horizontal hashes indicate the median (center)
and 90% credible regions. Gray lines show the prior distribution.
Event

Analysis δM33 (%) δη33 (%)

∆χ1z,33

GW190412

all
masses

−4+41
−38
−1+18
−26

−2+40
−42
−2+34
−34

−0.18+0.54
−0.63
–

GW190814

all
masses

0+12
−4
0+1
−1

−3+39
−29
−1+5
−5

0.03+0.33
−0.34
–

Combined

all
masses

0+6
−4
0+1
−1

−2+29
−22
−1+5
−5

–
–

TABLE I. Median and 90% credible intervals on deviations of
the ` = m = 3 chirp mass δM33 , symmetric-mass ratio δη33 ,
and (where applicable) the z-component of the heavier object’s spin ∆χ1z,33 . These are the best-constrained deviation
parameters in our analysis; other parameters are weakly constrained. We performed two analyses — one in which the the
masses, orbital phase, and spins of the sub-dominant modes
are allowed to deviate from the dominant mode (“all”) and
one in which only the masses and phase are allowed to deviate (“masses”). Constraints on the mass parameters are
combined between the two events (“Combined”).

assumed to asymptotically settle into a Kerr black hole,
the initial objects are dynamical and never actually Kerr.
They are formed a finite amount of time before merger
and at a finite distance from each other. Although approximately Kerr when far apart, the objects’ mutual
presence causes subtle perturbations in spacetime that
are never truly radiated away until the formation of the
final black hole. A full description of this residual hair
would require knowledge of both objects’ entire history,
including the structure and distribution of their stellar
matter when they collapsed. That, clearly, is not encapsulated in the nine parameters described above.
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However, traditional black hole spectroscopy has its
own attendant uncertainties. The final black hole exists in a universe containing other matter. It is therefore
never truly a Kerr black hole either, only approximately
so. Furthermore, residual non-linearities may exist in
the post-merger spacetime that are not captured by the
QNM description of the final black hole. While these nonlinearities dampen away quickly, the ambiguity over the
timescale at which this occurs is a potential source of unaccounted for hair. In other words, both standard black
hole spectroscopy and the binary black hole spectroscopy
we perform here are subject to modelling systematics.
Black hole spectroscopy may be subject to fewer uncertainties and complexities than binary black hole spectroscopy, but this is more a difference of degree than
substance. If hair were detected by one of these tests
(in the form of a non-zero deviation parameter), it does
not necessarily mean that the objects violate GR. Any
number of more mundane effects — modelling uncertainties, wrong assumptions, even unexpected noise features
in the detector data — may offer an explanation. As
such, these tests are perhaps better described as “toupee
tests” rather then no-hair theorem tests. They may detect hair, but whether or not that indicates a violation
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