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1

Introduction

The search for the elusive theory of quantum gravity has been a fundamental pillar of
research in the last decades, and although there are promising candidates, none of them
has yet provided a consistent ﬁnal theory. In this context, phenomenology of quantum
gravity has acquired interest as an approach to extract information about the possible
dynamical eﬀects of quantum gravity theories in the low energy regime [1–4]. Its results
have mainly focused on the understanding of physics close to classical singularities [5–7].
The limitations of these models lie, on one side, in the extreme simplicity of the studied
cases, whose results also cannot be directly extrapolated to extract more general features
of the theory. On the other side, models attached to a particular theory are not well suited
to provide any general constraints for the ﬁnal theory of quantum gravity.
The motivation of this paper came precisely from the search for general phenomenological eﬀects of quantum gravity. The development of complete eﬀective dynamics, that
can also be particularised to speciﬁc solutions, would allow one to explore global properties
of spacetime in the presence of quantum gravity eﬀects, which should be recovered by the
candidate theories of quantum gravity. As we will see later, thermodynamics not only provides tools to deal with the emergence of gravitational dynamics, but also its predictions
are common for most of the candidate theories.
Thermodynamics of spacetime has been revealed as a very useful tool to understand
gravitational mechanics. Since the seminal developments of black hole thermodynamics, it
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has been attempted to extend this framework to general spacetimes in order to understand
the relation between thermodynamics and geometry [8, 9]. Along these lines, the derivation
of Einstein equations from thermodynamics of (local virtual) Rindler horizons [10] puts on
the table a new idea for the emergence of classical gravitational dynamics just from thermodynamic concepts applied to gravity. A concept of matter entropy crossing the horizon is
deﬁned via the Clausius relation, dS = δQ/T , where δQ is the matter-energy ﬂux crossing
the horizon and T its associated Unruh temperature. Equilibrium condition between this
entropy and entanglement entropy associated with the horizon, then, implies Einstein equations; when the entanglement entropy follows the Bekenstein formula and one considers local horizons constructed in every point of spacetime. This basic derivation has been further
developed later in the literature, polishing and generalising the original arguments [11–19].
Overall, thermodynamics of spacetime implies equations of motion of general relativity
(GR) and several modiﬁed theories of gravity [11, 12, 14, 17–19], and it also provides insight
into situations where the source of gravity are quantum ﬁelds rather than classical matter [16, 19]. Therefore, it appears natural to go one step further and employ thermodynamic
methods for gaining some insight into the low energy gravitational dynamics of quantum
gravity. If we modify thermodynamics of spacetime to include quantum gravity eﬀects, the
corresponding emergent gravitational dynamics can be expected to encode the low energy
limit of quantum gravity and it will provide quantum phenomenological equations of gravitational dynamics that are independent of any speciﬁc model of quantum gravity. Moreover,
it generalises the idea of ﬁnding equations of motion for spacetime from thermodynamics,
extending the discussion about the interface between gravity and thermodynamics.
Here, we will focus on two recent derivations, extensively reviewed in a previous paper
of the authors [20] (see this reference also for a more detailed historical review of thermodynamics of spacetime). The ﬁrst one obtains the dynamics from thermodynamic equilibrium
of geodesic local causal diamonds (GLCD), by performing a simultaneous variation of the
entanglement entropy associated with the horizon of GLCD and the entanglement entropy
of the matter present inside it [10]. The second derivation utilises as the starting point an
expression for the Clausius entropy ﬂux across any null bifurcate surface [15] applied to
the speciﬁc case of causal diamonds. Equations of motion are then found by comparing
the decrease of Clausius entropy of the matter ﬁelds with the corresponding change of
entanglement entropy of the horizon [20]. As it was shown there, both derivations give
rise to the same gravitational equations of motion in the semiclassical case. The interest
of considering both derivations lies, on one side, in checking the consistency of results,
and, on the other side, in studying the correspondence among the diﬀerent concepts of
entropy. The most relevant results of the analysis of these derivations were the recovery
of unimodular gravity (UG) instead of GR and the semiclassical equivalence of Clausius
and entanglement entropy [20]. Note that UG implies the same classical dynamics as GR,
but the quantisation of both theories might diﬀer. Then, the introduction of quantum
gravity eﬀects could provide a preferred direction towards one or another theory of gravity.
Likewise, the entropy equivalence reported in [20] might break due to quantum gravity
corrections. These questions provide further motivation for extending thermodynamics of
spacetime into the realm of phenomenological quantum gravity.

2

Bekenstein entropy, entanglement entropy and corrections to them

In this section, we review the appearance of a logarithmic correction term in the Bekenstein
entropy equation. As we will see, such a term arises due to quantum gravity eﬀects not only
in black hole entropy but also in entanglement entropy associated with observer-dependent
causal horizons. In section 3, we will show how these corrections give rise to quantum
modiﬁcations of gravitational dynamics.
Bekenstein equation for black hole entropy states
SBH =

kB A
,
4lP2

(2.1)

where A is the area of the black hole’s event horizon, lP = G~/c3 is the Planck length and
kB is the Boltzmann constant. Bekenstein entropy is implied by the combination of semip

–3–

JHEP12(2020)196

In this paper, in order to provide robust and suﬃciently general results, we consider the
leading order quantum correction to the Bekenstein entropy formula, namely a logarithmic
term in the horizon area. The presence of a term of that form is predicted by various
approaches to quantum gravity, such as loop quantum gravity (LQG) [21, 22], string theory [23, 24] and AdS/CFT correspondence [25, 26]. Logarithmic corrections also arise from
phenomenological models such as generalised uncertainty principle (GUP) [5], which adds
an extra non-commutative term to the well-known Heisenberg uncertainty principle, due to
introduction of a minimal length into the theory. GUP is an eﬀective prediction implied by
string theory, path integral gravity and several model-independent thought experiments [2].
Moreover, the entanglement entropy associated with closed causal horizons (even virtual
ones) also develops logarithmic corrections of the same form as Bekenstein entropy. In fact,
it has been broadly proposed in the literature to interpret Bekenstein entropy as the entanglement entropy [27–29]. In summary, the presence of logarithmic corrections to horizon’s
entropy appears to be rather universal result. Therefore, the modiﬁcations of gravitational
dynamics we obtain are relevant for many diﬀerent approaches to quantum gravity.
The paper is organised as follows. In section 2, we review calculations of the logarithmic corrections to the entanglement entropy associated with local causal horizons and their
connection with quantum gravity eﬀects. In section 3, we ﬁrst introduce a geometric tool
we will use in the derivation, that is, geodesic local causal diamonds. Then, we use both
above described thermodynamic methods [20] to derive the quantum phenomenological
gravitational equations of motion. Section 4 discusses diﬀeomorphism and local Lorentz
invariance of the dynamics we obtained. Furthermore, we apply the new equations of
motion to a simple cosmological model. The resulting modiﬁed Friedmann and Raychaudhuri equations suggest a possible replacement of the Big Bang singularity with a quantum
bounce. Lastly, section 5 sums up our results and outlines possible future developments.
Throughout the paper, we work in four spacetime dimensions and use metric signature
(−, +, +, +). Deﬁnitions of the curvature-related quantities follow [30]. We use lower case
Greek letters to denote abstract spacetime indices and lower case Latin letters for spatial
indices with respect to a (local) Cartesian basis. Unless otherwise explicitly stated, we use
the SI units.

classical eﬀects (driven by Hawking radiation) and the fully classical ﬁrst law of black hole
mechanics [31–33]. Its possible microscopic interpretations draw much attention and many
proposals have been put forward [34]. One of the ideas is that Bekenstein entropy arises
due to quantum entanglement between two causally separated regions [27]. An observer in
one region cannot access information in the other one. Since there are correlations between
vacuum ﬂuctuations in both regions, some information is inaccessible and non-zero entanglement entropy arises [27]. It was shown that for a Klein-Gordon ﬁeld (either massless
or massive) in ﬂat spacetime, this entropy is inﬁnite unless an ultraviolet cutoﬀ length is
introduced [27]. Then, entanglement entropy is directly proportional to the horizon area
(2.2)

where η can, in principle, depend on the position in spacetime [13]. Since its introduction [27], this result has been conﬁrmed and expanded to more general cases [28, 29, 35].
Entanglement entropy proportional to area appears whenever a part of spacetime is inaccessible to observer measuring the entropy. Thus, it can be associated with any causal horizon,
including observer-dependent ones such as the acceleration (Rindler) horizon [13, 27, 28].
However, calculations of entanglement entropy are unable to ﬁx the proportionality constant η; which, to recover Bekenstein equation, should have universal value η = kB /4lP2 .
The main issue with the identiﬁcation of black hole entropy as entanglement entropy is the
latter’s dependence on the number of ﬁelds and their coupling to gravity [29]. Presently,
there is no widely accepted resolution of these issues. Nevertheless, both problems are
resolved for instance in the Sakharov’s induced gravity scenario, as quantum ﬂuctuations
responsible for the entanglement entropy also induce a renormalisation of the Newton’s
gravitational constant in such a model [36].
It has been argued in various contexts [5, 21, 25, 26, 37, 38] that the semiclassical
Bekenstein entropy should be modiﬁed when one takes into account quantum gravity effects. Then, there emerge modiﬁcations beyond the linear term in area, generalising the
Bekenstein equation into
SBH,q

kB A
A
= 2 + CkB ln
A0
4lP




+O

kB lP2
A

!

,

(2.3)

where C ∈ R is a dimensionless constant and A0 is a constant with dimensions of area.
Values of both constants depend on the speciﬁc model. Logarithmic modiﬁcations to black
hole entropy were found, e.g. in LQG [21, 22], GUP phenomenology [5, 7], entanglement
entropy calculations [29, 37], AdS/CFT duality [25, 26], string theory [23, 24] and in the
analysis of statistical ﬂuctuations around equilibrium [38].
Of the above mentioned approaches, entanglement entropy calculations are especially
well applicable in our situation. Firstly, they allow us to explicitly ﬁnd the logarithmic
term even for certain virtual, observer-dependent horizons. Secondly, they tell us that such
corrections will not appear in general, but instead depend on the horizon’s topology. For
these reasons, we will proceed by reviewing the derivation of the logarithmic corrections to a
spherical horizon in ﬂat spacetime. The procedure is described in detail, e.g. in [29, 39, 40].
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S = ηA,

2.1

Logarithmic corrections to the entanglement entropy

In 4-dimensional Minkowski spacetime consider a 2-sphere of radius l at t = 0. Then
perform a Wick rotation τ = it to obtain 4-dimensional Euclidean spacetime. The resulting
Euclidean metric in the spherical spatial coordinates is conformal to




ds2 = l2 dρ2 + ρ2 dχ2 + l2 dΩ2 .

(2.4)

Se =

kB A
kB
A
−
ln
+ UV ﬁnite,
2
48πε
180 4πε2

(2.5)

where ε is the UV cutoﬀ length and the UV ﬁnite terms are disregarded. Considering
ε ≈ lP , we obtain a result consistent with Bekenstein equation in the leading term, but
with a negative correction logarithmic in the horizon area. The entropy has the same
structure for any minimally coupled quantum ﬁeld, regardless of its spin and mass [29].
Let us note that logarithmic corrections are connected with the Euler number of the
horizon surface Σ [29], that for a 2-surface equals 2. However, for a plane (Rindler horizon)
the Euler number is 0. Due to this diﬀerence, a logarithmic term is present for spherical
black holes as well as for virtual spherical horizons in ﬂat spacetime, but not for Rindler
horizons. Therefore, in order to exploit the logarithmic term to obtain quantum corrections
to Einstein equations, we need to consider a horizon with closed spatial cross-section, in
contrast with the original Jacobson’s paper [10].
Up to this point, we have only discussed the contribution coming from a single minimally coupled scalar ﬁeld. The total entropy is, of course, a sum of contributions coming
from all the quantum ﬁelds present in spacetime, including gravitons. Graviton contribution also most clearly shows the connection between logarithmic corrections to entanglement entropy and quantum gravity. The classical Einstein-Hilbert gravitational action,
R √
S = (1/16πG) R −gd4 x, yields only the leading order term in entropy. The term proportional to ln ε comes from corrections to the action that are quadratic in curvature.
Finally, the term proportional to ln A is connected with non-local quantum corrections
to gravitational action [40]. For local actions that do not contain derivatives of Riemann
tensor, entanglement entropy can be even related to Wald entropy [8], as both the replica
trick calculation of entanglement entropy and the Wald calculation of entropy as a Noether
charge amount to evaluating the same integral [29].
As we will see, the sign of logarithmic correction term in entropy determines the
physical implications of the modiﬁed equations of motion we obtain. Most notably, it
indicates a clear resolution of spacetime singularity for positive signs but not for negative
ones. Therefore, we provide a brief overview of signs obtained in entanglement entropy
calculations, as well as in other approaches that imply logarithmic corrections to entropy.
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This metric describes a direct product of a 2-hyperboloid H2 and a 2-sphere S2 , both
of radius l, where ρ ∈ [0, ∞), χ ∈ [0, 2π) are polar coordinates on the 2-hyperboloid,
τ = ρ sin χ, r = ρ cos χ and d2 Ω = sin θdθdφ, with θ ∈ [0, π), φ ∈ [0, 2π).
Now assume that a massless, Lorentz invariant scalar ﬁeld is present in the spacetime.
Using the so-called replica trick, we can calculate the entanglement entropy that arises due
to tracing over the sphere’s interior [29, 39]

A
kB A
,
S = 2 + kB C ln
A0
4lP




(2.6)

where C is an explicitly known function that depends on the black hole’s mass, M , and
charge, Q, as well as on the number of ﬁelds and their spins. In the case of the standard
model of particle physics, the logarithmic term is positive for any Q. However, the equation breaks down for an extremal black hole (Q = M in geometrized units). Therefore,
one cannot use it for the case of a 2-sphere in ﬂat spacetime (topologically equivalent to
an extremal Reissner-Nordström black hole), which would have to be treated separately.
Regarding other approaches to entropy calculations, LQG and AdS/CFT yield a negative sign of the logarithmic term [22, 25]. In string theory, the sign varies for diﬀerent
variants of the theory [23]. In [41], assumptions about quantisation of the horizon area
are used to argue that the coeﬃcient in front of the logarithm is a positive integer. The
analysis of canonical corrections in [42] also yields a positive sign.
Generally speaking, corrections to the Bekenstein formula due to quantum gravity
eﬀects can be divided into two categories. Microcanonical corrections are found by more
precise counting of the microstates at ﬁxed horizon area. Naturally, such a procedure
reduces our uncertainty and, therefore, leads to negative corrections to the entropy [7,
42, 43]. The second category, canonical corrections, arise due to thermal ﬂuctuations of
the horizon area at a ﬁxed temperature. Since ﬂuctuations are an additional source of
uncertainty, it follows that canonical corrections to entropy have a positive sign [7, 42, 43].
Due to this sign ambiguity we will consider the most general form of the quantum modiﬁed
Bekenstein entropy (2.3) in the following.

3

Modified equations of motion

In this section, we employ tools developed in thermodynamics of spacetime together with
the logarithmic correction to entanglement entropy in order to obtain modiﬁcations to the
gravitational equations of motion. Since the logarithmic term arises as a leading quantum
gravity eﬀect (see subsection 2.1), we, in fact, explore the eﬀective dynamics at the low
energy limit of quantum gravity. Nevertheless, we still assume spacetime to be describable
as a 4-dimensional Lorentzian manifold, i.e. we limit ourselves to length scales signiﬁcantly
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The logarithmic term arises even in entanglement entropy of black hole horizons. However, its sign for a Schwarzschild black hole is positive [37]. On the other hand, a negative
sign was obtained for extremal and near extremal Reissner-Nordström black holes [29] (the
sign changes at r− = 2r+ /3, with r± being the outer and inner horizon radius). The
reason is that the Schwarzschild spacetime near the horizon is given by the product of a
2-sphere and a 2-disk, while an extremal spherically symmetric black hole near the horizon
has the geometry of the product of a 2-sphere and a 2-hyperboloid. Thus, for a spherical
extremal black hole, the calculations leading to entropy of a sphere in ﬂat spacetime can be
reproduced with minimal modiﬁcations [39]. However, these results include only the contribution of a single massless scalar ﬁeld. When 1-loop corrections from all massless ﬁelds are
summed together, the entropy of a non-extremal Reissner-Nordström black hole obeys [23]

3.1

Geodesic local causal diamonds

The thermodynamic objects that we will use to obtain gravitational dynamics are geodesics
local causal diamonds (GLCD). Here, we brieﬂy present their construction and basic geometric properties. More detailed treatment of the causal diamonds is provided, e.g.
in [44–46].
In an arbitrary point P of spacetime pick any unit timelike vector nµ . Choose Riemann
normal coordinates (RNC) so that it holds n = ∂/∂t + O (l). The RNC metric expansion
around P yields [47]
 
1
gµν (x) = ηµν − Rµανβ (P ) xα xβ + O x3 .
3

(3.1)

The family of geodesics orthogonal to nµ departing from P with parameter length l, form
an approximate 3-dimensional ball, Σ0 . This ball causally determines a region of spacetime
called a geodesic local causal diamond (see ﬁgure 1). For a small enough l (much smaller
than the local curvature length), the boundary B of Σ0 is an approximate 2-sphere of
area [16]
 
4π 4
A = 4πl2 −
(3.2)
l G00 (P ) + O l5 ,
9
where G00 ≡ Gµν nµ nν .

It is straightforward to show that a GLCD possesses (up to O l3 terms) a spherically
symmetric conformal isometry generated by a conformal Killing vector [16] given by
ξ=C



2

2

l −t −r

2

 ∂
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larger than the Planck length. This allows us to directly apply the already known methods
of semiclassical thermodynamics of spacetime.
While derivation of Einstein equations seems to work equally well for Rindler horizons,
causal diamonds and light cones (and probably other types of local causal horizons as well),
logarithmic corrections to entanglement entropy only appear for closed causal horizons as
we have previously discussed. Since the spherical symmetry of the horizon immensely
simpliﬁes the calculations, we essentially have only two kinds of objects worth considering,
a light cone and a causal diamond. The light cones were used to derive Einstein equations
as well as equations of motion for some modiﬁed theories of gravity [17]. We instead
choose causal diamonds, as they form a closed region of spacetime with a naturally deﬁned
boundary, making them very well suited for local calculations. However, we expect that
the results for null cones and causal diamonds should be equivalent, as the spatial crosssection of the causal horizon is a 2-sphere in both cases and both yield the same results in
the semiclassical case. Including the logarithmic corrections in light cone thermodynamics
might thus be a useful double-check of our results.
We carry out the derivation by two independent methods. The ﬁrst one generalises the
derivation of Einstein equations from the maximal vacuum entanglement hypothesis [16].
The second is based on their derivation from the Clausius entropy ﬂux [20]. However, to
develop these derivations, we ﬁrst need to introduce a basic geometric tool, the geodesic
local causal diamond.

where C denotes an arbitrary normalisation constant. The null boundary of a GLCD thus
corresponds to a conformal Killing horizon. As we will see in the following subsection,
the presence of a conformal Killing vector allows us to deﬁne the variation of matter
entanglement entropy inside Σ0 .
3.2

Derivation from MVEH

Einstein equations can be derived by considering a variation of entanglement entropy of
a GLCD around equilibrium [16]. The main ingredient of the derivation is the maximal vacuum entanglement hypothesis (MVEH): “When the geometry and quantum ﬁelds
are simultaneously varied from maximal symmetry, the entanglement entropy in a small
geodesic ball is maximal at ﬁxed volume” [16]. The formulation of the MVEH implicitly
demands a ﬁnite and universal prescription for the area density of the vacuum entanglement entropy. If the prescription for Se coincides with the Bekenstein formula, the MVEH
applied to a ﬁrst order variation of the quantum ﬁelds from their vacuum state implies
Einstein equations [16]. To obtain quantum modiﬁcations to gravitational dynamics, we
instead consider the modiﬁed entropy with a logarithmic term. The condition of maximal
entanglement entropy can be mathematically stated as δSe,q + δSm = 0, where Se,q denotes
modiﬁed vacuum entanglement entropy, Sm entanglement entropy of the matter and we
consider a ﬁrst order variation of both metric and quantum ﬁelds from vacuum, maximally
symmetric spacetime. We evaluate δSe,q using the expression for the area of B found in
the previous subsection and express δSm in terms of variation of the energy-momentum
tensor expectation value, δhTµν i. To carry out this derivation, we need to consider possi-
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Figure 1. A sketch of a GLCD with the origin in point P (the angular coordinate θ is suppressed).
Σ0 is a spatial geodesic ball of radius l (several of the geodesics forming it are depicted as grey
lines), its boundary an approximate 2-sphere B. Unit timelike vector nµ is a normal of Σ0 . The
tilted lines from the past apex Ap (t = −l/c) to the future apex Af (t = l/c) represent the null
geodesic generators of the GLCD boundary. The diamond’s base Σ0 is the spatial cross-section of
both the future domain of dependence of Ap and the past domain of dependence of Af at t = 0.

ble modiﬁcations of Unruh temperature, conformality (or not) of the ﬁelds, applicability
of Einstein equivalence principle (EEP) and universality of G (that automatically holds
if strong equivalence principle (SEP) holds). Then, the maximal entanglement entropy
condition implies (albeit with some technical caveats) modiﬁed gravitational equations of
motion
Sµν

Cl2
8πG
Cl2
1
1
− P l Sµλ S λν + P l Rκλ Rκλ − R2 gµν = 4
δhTµν i − δhT igµν ,
30π
120π
4
c
4








(3.4)

λ = λ0 + λnc + λq ,

(3.5)

where λ0 = −R/4 is the semiclassical value of λ when only conformal ﬁelds are considered,
λnc contains terms coming from the presence of non-conformal ﬁelds1 and λq arises due to
quantum corrections and is proportional to lP2 .
Consider a GLCD constructed in a maximally symmetric spacetime (MSS). A variation
of the quantum ﬁelds from their vacuum state induces a variation of the metric and,
consequently, of entanglement entropy. The modiﬁed entanglement entropy Se,q associated
with the GLCD horizon equals
Se,q

A
= ηA + kB C ln
+O
A0

kB lP2
A

!

,

(3.6)

where C is a dimensionless constant. To be as general as possible, we assume an undetermined proportionality constant η in the leading term instead of ﬁxing it to the Bekenstein
value kB /4lP2 . The variation of the metric changes the GLCD horizon area and entanglement entropy Se,q associated with it. One has to consider a variation of the metric that
leaves ﬁxed the volume of Σ0 [16, 18]. Otherwise, Einstein equations cannot be recovered
in the limit C → 0. The ﬁxed volume variation of area obeys
δA|V = −
1

 
4π 4
l (G00 (P ) + λ (P ) g00 (P )) + O l5 .
15


Semiclassically, it holds λnc = 8πG/c4 (δhT i/4 − δX) [20].
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where Sµν = Rµν − Rgµν /4 denotes the traceless part of Ricci tensor. It is worth noting
that these equations present a direct generalisation of the equations of motion of UG rather
than GR, just as it was found in the semiclassical case [20]. The curvature terms should
be understood as quantum expectation values, since the energy-momentum tensor is also
interpreted in this way [16, 20]. In the following and until the end of the subsection, we
discuss the derivation of these equations in detail.
We start by specifying the appropriate equilibrium state of geometry. Even in the semiSS = −λg ,
classical setting, it turns out to be a maximally symmetric spacetime with GM
µν
µν
rather than ﬂat spacetime [16, 20]. The curvature scale λ is approximately constant inside
the GLCD, but in general depends on both its origin P and size parameter l [16]. Based
on the semiclassical case [20], we expect that λ consists of three separate contributions

The corresponding change of Se,q equals
M SS
δSe,q = Se,q − Se,q

δA
C
= ηδA + kB C
− kB
AM SS
2



δA
AM SS

2





+ O (δA)3 .

(3.8)

δSm =

2πkB 4πl4
(δhT00 i + δX) ,
~c 15

(3.9)

where δX indicates the variation of a spacetime scalar that in general depends on l and is
present only when non-conformal ﬁelds are considered [48]. This equation holds only for
ﬁelds with a ﬁxed UV point.
Since δSm directly depends on the Unruh temperature, its possible modiﬁcations due
to quantum gravity eﬀects need to be considered. Recently, quantum gravity corrections to
the Unruh temperature formula were suggested in the context of GUP [49, 50], following
earlier proposal of such corrections to Hawking temperature [5]. While several slightly
diﬀerent formulas appear in the literature, all include a leading order correction term
proportional to T 3 ∝ a3 , with T being the standard Unruh temperature. Thus, all of them
can be written in the following form

TGU P =



l2

~a 1 + ψ cP4 a2
2πkB c



+O

lP4 a5
c8

!

,

(3.10)

where ψ is a real number that can be expected to be of the order of unity [49, 50]. The
existence of any such corrections to the Unruh (or even Hawking) temperature remains
uncertain and, to our best knowledge, the modiﬁed temperature was not reproduced by
any rigorous method. However, given the rather general grounds on which GUP is expected
to hold [2], corrections of this form are worth considering. At the very least, we should
prove that our construction does not break down if they appear. Therefore, we work with
the modiﬁed temperature in the following. By setting ψ = 0, we recover the standard
Unruh temperature, which is thus considered as a special case. In fact, we demonstrate
that gravitational dynamics are independent of the exact form of the Unruh temperature
(assuming it is polynomial in acceleration a). As both Hawking and Unruh eﬀects are purely
kinematic phenomena unrelated to gravitational equations of motion [51], this is expected.
To consider the standard Unruh eﬀect, one needs to assume that the ground state of
quantum ﬁelds is locally approximated by Minkowski vacuum. This amounts to invoking
Einstein equivalence principle [13]: “Fundamental non-gravitational test physics is not
aﬀected, locally and at any point of spacetime, by the presence of a gravitational ﬁeld [53].”
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Next, we turn our attention to the variation of entropy of the quantum ﬁelds from
vacuum. A small variation from the vacuum state leads to a change of the matter entanglement entropy, δSm , in the spatial geodesic ball Σ0 . The vacuum state of the ﬁeld can be
expressed in terms of a thermal density matrix at the Unruh temperature, from which one
obtains the entropy variation. In the semiclassical set-up (without any quantum gravity
corrections), δSm is given by (for a detailed derivation see [48])

However, when quantum gravity eﬀects become relevant, the status of EEP is unclear. For
example, possible violations of weak equivalence principle (WEP, a necessary condition for
EEP) due to GUP phenomenology were investigated by numerous works [54–57] with very
diﬀerent conclusions. However, by considering a modiﬁed Unruh temperature, we account
for changes in the local quantum ﬁeld theory induced by a possible EEP violation. This
allows us to consider the (modiﬁed) Unruh temperature regardless of the validity of EEP.
We will return to the question of equivalence principles in subsection 4.1.
The variation of Sm then satisﬁes
 
2πkB c 4π 4
2πkB lP2 4π 4
l (δhT00 i + δX) − 4ψl2 C 2
l
(δhT
i
+
δX)
+
O
l5 , (3.11)
00
~ 15
~c3 15

where C is an arbitrary normalisation of the conformal Killing vector. When the standard
Unruh temperature is considered, C does not aﬀect the matter entanglement entropy and
it is possible to ﬁx it to any value (usually, C = 1/2l is chosen, corresponding to the unit
surface gravity [16, 48]). However, for ψ 6= 0, the modiﬁed temperature explicitly depends
on C. As we cannot motivate choosing any value of C, we keep it as an arbitrary constant.
Upon computing both variations, we invoke the MVEH, which demands that the total
entropy variation vanishes to the ﬁrst order, i.e. δSe,q + δSm = 0,
−η (S00 (P ) − λnc − λq ) −

kB C
kB C
(S00 (P ) − λnc − λq )2 −
(S00 (P ) − λnc − λq ) (3.12)
2
120π
4πl
!
l2
2πkB c
1 − 4ψ P4 l2 C 2 (δhT00 i + δX) + O (l) = 0,
+
~
c

This equation holds for any l much smaller than all the relevant length scales of the quantum
ﬁeld theory, the excitation length and the local curvature length (i.e., inverse of the square
root of the Riemann’s tensor largest eigenvalue), but still much larger than Planck length.
In the range allowed by these constraints, l can be arbitrary. Thus, the MVEH condition
depends continuously on l, and it can be diﬀerentiated with respect to it, yielding
kB C
kB C
d
η (λnc + λq ) +
(S00 (P ) − λnc − λq ) (λnc + λq ) −
−
dl
60π
4πl2


!

2πkB c
l2
(S00 (P ) − λnc − λq ) +
1 − 4ψ P4 l2 C 2 (δhT00 i + δX) + O (l) = 0,
~
c


(3.13)

as metric, curvature and energy-momentum tensors are evaluated in P and their values
cannot depend on l. To satisfy this condition, it must hold
kB C
kB C
(S00 (P ) − λnc − λq ) (λnc + λq ) −
S00 (P )
(3.14)
60π
4πl2
!
 2πkB c
l2
1 − 4ψ P4 l2 C 2 (δhT00 i + δX) + O (l) = −Φ (P ) .
−λnc − λq +
~
c

η (λnc + λq ) +

Here Φ is a scalar independent of l.
To be consistent with semiclassical results [20, 48], we need to recover Einstein equations in the limit of C → 0. Clearly, this requirement ﬁxes η = kB /4lP2 . In order to regard

– 11 –

JHEP12(2020)196

δSm =

η as a universal constant, one needs to consider that G has a constant value throughout
the spacetime. This can be done by invoking the strong equivalence principle [13, 20]: “All
test fundamental physics (including gravitational physics) is not aﬀected, locally, by the
presence of a gravitational ﬁeld” [53]. However, given the above discussed problems with
equivalence principles when quantum gravity eﬀects are considered, we limit ourselves to
demand that G is a universal constant, instead of assuming SEP. We will further address
this issue in section 4.
Since the time indices are, in fact, contractions with timelike vector nµ , we have

∂5Φ
∂nκ ∂nλ ∂nµ ∂nν ∂nρ
∂4Φ

= 0,

(3.16)

ClP2
S S ,
(3.17)
30π (κλ µν)
∂3Φ
Cl2
= 24 P S(κλ Sµν) nκ ,
(3.18)
λ
µ
ν
∂n ∂n ∂n
30π
∂2Φ
Cl2
8πG
= 2Sµν + 12 P S(κλ Sµν) nκ nλ − 2 4 δhTµν i,
(3.19)
µ
ν
∂n ∂n
30π
c
∂Φ
ClP2
8πG
ν
=
2S
n
+
4
S(κλ Gµν) nκ nλ nν − 2 4 δhTµν inν .
(3.20)
µν
µ
∂n
30π
c
The ﬁrst condition guarantees that the second one is already completely independent of nµ .


It can be solved either by ClP2 l /30π S(κλ Sµν) nµ nν hκλ , or ClP2 l /30π S(κλ Sµν) nµ nν nκ nλ ,
with hκλ = g κλ + nκ nλ being a three metric on hypersurface orthogonal to nµ . No other
solution that can be constructed from the matter and metric variables having correct di
mensions (note that the only constant with the dimension of length is lP l and any O lP3 l

terms are already neglected). Choosing ClP2 l /30π S(κλ Sµν) nµ nν nκ nλ we would just reproduce Einstein equations. However, we have seen that our procedure clearly yields a
non-trivial correction term. Furthermore, at least in the terms proportional to l4 , only
tensors projected onto nµ in all indices inﬂuence the change of the diamond’s area and,
thus, its entropy2 Therefore, any projections to the hypersurface orthogonal to nµ will not
contribute to our entropy balance equation. Previous arguments allow us to set
∂nκ ∂nλ ∂nµ ∂nν

Φ=

= 24

ClP2 l
Sκµ Sλν nµ nν hκλ + (3) Φλµν nλ nµ nν + (2) Φµν nµ nν + (1) Φµ nµ + (0) Φ,
30π

(3.21)

where (3) Φλµν , (2) Φµν , (1) Φµ and (0) Φ are tensors independent of nµ . However, no tensors of the form (3) Φλµν , (1) Φµ can be constructed just from the metric, the curvature
2



This was confirmed even for the O l6 terms in the vacuum case by the analysis of the higher-order
corrections to the area of a GLCD [44]. The result in 4 dimensions is proportional to tκλµν nκ nλ nµ nν , where
tκλµν = Cκαµβ Cλαν β + 6 ∗ Cκαµβ ∗ Cλαν β , with Cκαµβ being the Weyl tensor and ∗ denoting the Hodge dual.
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8πG
ClP2 l
Sαβ (P ) nα nβ Sµν (P ) nµ nν −Φ (P ) = 4 δhTµν (P )i (P ) nµ nν . (3.15)
30π
c
µ
This equation holds for any unit timelike vector n deﬁned in P and there is no preferred
time direction in this construction. As the dependence on nµ is continuous, we can diﬀerentiate it with respect to it. This yields a system of conditions (for simplicity of notation,
we do not write the dependences on P in the following)
Sµν (P ) nµ nν +

tensors and the energy-momentum tensor. Condition (3.19) in principle allows terms in


2 2 8
(2) Φ
2
2
λ
2 2 8
λ
µν proportional to lP RRµν , lP Rµ Rλν , lP G /c δhTµ iδhTλν i, lP G /c δhT iδhTµν i,



lP2 G/c4 RδhTµν i, lP2 G2 /c8 δhTµ λ iRλν , lP2 G/c4 δhT iRµν and various terms involving the
Weyl tensor. However, any such terms would appear in our entropy balance equation, projected on nµ in both indices (in other words, they contain no projections to the hypersurface
orthogonal to nµ , that can be missed by our procedure). The previous arguments reduce the
unknown terms in the equilibrium condition to a single undetermined scalar function (0) Φ
!

Cl2
8πG
Sµν (P ) − P l Sµλ (P ) S λν (P ) − 4 Tµν (P ) nµ nν = (0) Φ (P ) ,
30π
c

(3.22)

Sµν −

ClP2 l
8πG
Sµλ S λν − 4 δhTµν i = −(0) Φgµν .
30π
c

(3.23)

Lastly, we determine (0) Φ by taking a trace of the equations. Then, we obtain traceless
equations of gravitational dynamics3
Sµν

Cl2
8πG
Cl2
1
1
− P l Sµλ S λν + P l Rκλ Rκλ − R2 gµν = 4
δhTµν i − δhT igµν .
30π
120π
4
c
4








Before further discussing implications of modiﬁed equations for gravitational dynamics, we
will present an alternative derivation from the Clausius entropy ﬂux based on the semiclassical derivation previously developed by the authors [20].
3.3

Derivation from the Clausius entropy flux

The second method of derivation of eﬀective equations of motion we consider, uses equilibrium condition on the ﬂux of energy-momentum across the null boundary of a GLCD. It
can be stated as ∆Se,q + ∆SC = 0, where Se,q is the same as in previous subsection and SC
denotes the ﬂux of Clausius entropy. For a GLCD, ∆SC turns out to be proportional to
the traceless part of energy-momentum tensor [15, 20]. After some calculations, modifying
the deﬁnition of Clausius entropy to account for a possible modiﬁed Unruh temperature in
addition to considerations in previous derivation, the equilibrium condition then leads to
modiﬁed gravitational equations of motion
Sµν

Cl2
1
1
Cl2
8πG
− P Sµλ S λν + P Rκλ Rκλ − R2 gµν = 4
Tµν − T gµν ,
18π
72π
4
c
4








(3.25)

3
Let us note that, while the procedure used to obtain the equations of motion from equilibrium condition
does lead to some ambiguities in the correction terms, they all disappear for R = T = 0, i.e., for situations
in which matter sources are only conformal fields and the cosmological constant is zero (or small enough
not to affect the correction terms). Then, one unambiguously finds

Rµν −

2
2
ClP
8πG
ClP
l
l
Rµλ Rλν +
Rκλ Rκλ gµν = 4 δhTµν i.
30π
120π
c
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which holds for any unit timelike vector nµ deﬁned in point P . Following an argument
similar to the one the authors explained in detail in [20], we can dispense with contractions
with nµ and the dependence on P (invoking EEP), and obtain a system of equations valid
throughout spacetime

that are nearly identical to the ones obtained from the MVEH, except for a diﬀerent
proportionality constant in front of the correction terms (−C/18π instead of −C/30π). We
now again provide a detailed discussion of this derivation for the rest of the subsection.
A general prescription for the observer-dependent Clausius entropy of a bifurcate null
surface states [15]
SC (λ) = S (B) +

2πkB c
~

Z

0

λZ

S(λ)





µ ν 2
λ̃Tµν k±
k± d Adλ̃ + O λ3 ,

(3.26)

xµ (τ, θ, φ) =

!

 
aτ
c2
aτ
c2
sinh 2 , l − cosh 2 , θ, φ + O l2 ,
a
c
a
c








(3.27)

where τ is the proper time they measure, θ, φ are the usual angular coordinates and O l2
corrections come from the higher-order terms in the RNC expansion of the metric (we use
that, inside GLCD, τ ≤ l in writing the error terms). Such observers have the following
velocity and acceleration



aτ
aτ
, − sinh 2 , 0, 0 + O (l) ,
2
c
c

 
 

aτ
aτ
µ
a = a sinh 2 , − cosh 2 , 0, 0 + O (1) .
c
c


V µ = c cosh











(3.28)
(3.29)

The normal of the timelike hyperbolic sheet Σ these observers sweep out is given by
aτ
aτ
N = − sinh 2 , cosh 2 , 0, 0 + O (l) .
c
c
µ













(3.30)

Using the above deﬁned vectors, heat (matter-energy) crossing a segment of Σ can be
written in terms of the energy-momentum tensor [15]
δQ = −

1
c

Z

Σ

Tµν V µ N ν d3 Σ.
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where λ is the aﬃne parameter along the geodesic generators of the null surface (in general,
µ
it can be diﬀerent for each generator), k±
are null vectors tangent to the surface for λ > 0
2
and λ < 0, respectively, d A denotes the area element of the null surface’s spatial crosssection S (λ), and S (B) is an undetermined Clausius entropy associated with the spatial
bifurcation 2-surface B corresponding to λ = 0.
To obtain quantum modiﬁed gravitational dynamics from the Clausius entropy ﬂux,
we must ﬁrst show that some prescription for Clausius entropy exist even when the Unruh
temperature is modiﬁed in the way discussed in the previous subsection. The standard
semiclassical construction of Clausius entropy [15] no longer works. In the following, we
modify it to make it still applicable. While we concentrate on the speciﬁc case of GLCD’s,
a generalisation to an arbitrary bifurcate null surface can be done along the same lines as
in the semiclassical case.
Consider a class of timelike observers travelling inside GLCD with constant acceleration a. Coordinates on their worldlines read

δQ (t)
=
dt

Z

 

2

S(t)

{Ttt + Trr − 2 sign(t)Ttr }atd A + O l

4

+O

1
,
a

 

(3.32)

where S (t) is a spatial cross-section of Σ with a constant value of the time coordinate, t,

and d2 A (t) = (l − t)2 d2 Ω + O l4 is the area element on S (t). This can be written as an
µ ν
µ
integral of Tµν k±
k± , where k±
are null vectors corresponding to the positive and negative
values of t, respectively. They satisfy




µ
k±
= 1, − sign(t)mi + O (l) ,

(3.33)

with mi = (sin θ cos φ, sin θ sin φ, cos θ) being the radial unit 3-vector. Finally, using the
Clausius relation yields the time derivative of Clausius entropy
dSC (t)
2πkB c
=
t
dt
~

Z

S(t)

µ ν 2
Tµν (x (t, θ, φ)) k±
k± d A + O

 

l

4

!

l2 a2
1
+O ψ P 4
+O
. (3.34)
c
a2




This equation (after integration in time) agrees with the semiclassical result [15, 20] up to
acceleration-dependent correction terms. However, for ψ 6= 0, sending the acceleration to

inﬁnity would make the sub-leading correction term O ψlP2 a2 /c4 dominant (and eventually
inﬁnite), breaking the correspondence of both results. For ψ = 0, no such problem arises,
and both results are identical.
While we kept the acceleration, a, ﬁnite, simply for mathematical convenience, there
exist a proposal that quantum gravity in fact limits the maximal attainable acceleration [58]. It can be shown that this proposal leads to corrections to Unruh temperature
consistent with our modiﬁed formula if we set ψ = 2 [50]. Then, our upper limit on the
√
√
acceleration, a . 1/ ψ = c2 / 2lP , agrees with the proposed maximal acceleration up to
√
a factor 1/ 2. In this way, our construction can be made consistent with the maximal
acceleration theory.
Integration of the time derivative of SC from bifurcation surface B, at t = 0, to
diamond’s future apex Af , at t = l/c, yields the total ﬂux of Clausius entropy across
the GLCD horizon during its lifetime. To explicitly evaluate the integral, we expand the
energy-momentum tensor around the origin of coordinates, Tµν (x (t, θ, φ)) = Tµν (P )+O (l)
R
R
and use mi d2 Ω = 0, mi mj d2 Ω = 4πδ ij /3 [44]. The details of calculations were already
discussed by the authors in [20]. Final expression for the entropy ﬂux results
∆SClausius

 
l2 a2
1
8π 2 kB l4
T00 (P ) + T (P ) + O l5 + O ψ P 4
=−
9~c
4
c
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1
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Since the (modiﬁed) Unruh temperature is measured by uniformly accelerating observers,
we can deﬁne entropy of the energy crossing it by the equilibrium Clausius relation, dSC =
δQ/TGU P .
Originally, entropy is computed in the limit of a → ∞ [15]. Then, Σ approaches the
bifurcate null surface. However, when one considers the modiﬁed Unruh temperature, the
term proportional to a2 becomes dominant as a approaches inﬁnity. To prevent this, we
√
allow a to become very large but still smaller than 1/ ψ. Then, Σ approaches the causal
horizon close enough to ignore the diﬀerence between them, but the correction term in the
modiﬁed Unruh temperature remains sub-leading.
The time derivative of heat crossing Σ in the limit of large a equals

The next step in deriving gravitational dynamics is to demand thermodynamic equilibrium, i.e., compensation of the decrease of Clausius entropy by an increase of entanglement
entropy Se,q associated with the GLCD horizon. By doing so, we implicitly assume that
Clausius entropy is, at least in the leading order in l, equivalent to the matter entanglement entropy, The validity of this assumption and details of the comparison were carefully
analysed in [20]. Considering the most general formula for entanglement entropy with a
logarithmic correction, its change between times t = 0 and t = l/c equals


4

(3.36)

Clearly, one obtains non-zero ∆Se,q even in the cases in which SC identically equals zero

(more starkly, ∆Se,q = −4πηl2 −kB C ln 4πηl2 /A0 in ﬂat spacetime). Therefore, as argued
in detail in [20], deriving the gravitational equations of motion requires a subtraction of
the “equilibrium state contribution” corresponding to MSS from Se,q , before comparing it
with SC (see also [17], where a similar requirement emerges in the context of null cone
thermodynamics). The diﬀerence yields
∆Se,q − ∆Se,q M SS
where

C
δA
− kB
= ηδA + kB C
AM SS
2



δA
AM SS

2





+ O (δA)3 ,

(3.37)

4πηl4
(G00 (P ) + λ (P ) g00 (P )) ,
9
4πl4
= 4πl2 +
λ (P ) g00 (P ) ,
9

δA =
AM SS

and λ is again approximately constant inside the GLCD but in general dependent on P
and l. Just like in the previous derivation, we can divide λ into separate contributions
λ = λ0 + λq ,

(3.38)

where λ0 = R/4 is the semiclassical value and λq contains the quantum corrections proportional to lP2 . In contrast to the MVEH approach, we have no contribution due to
non-conformal ﬁelds, λnc . This is because the Clausius entropy ﬂux depends only on the
traceless part of energy-momentum tensor and, therefore, is identical for both conformal
and non-conformal ﬁelds [20].
In total, the following thermodynamic equilibrium condition holds
∆Se − ∆Se M SS + ∆SC = 0.

(3.39)

That results in
kB C
kB C
(S00 (P ) − λq )2 +
(S00 (P ) − λq )
72π
4πl2
!


 
lP2 a2
1
1
2πkB
T00 (P ) + T (P ) + O (l) + O ψ 4
+O
= 0.
−
~c
4
c
a2

η (S00 (P ) − λq ) +
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∆Se,q



 
4πηl2 − 4πηl
4πηl4
9 G00 (P ) 
= −4πηl2 +
+ O l5 .
G00 (P ) − kB C ln 
9
A0

For the same reasons as in the previous subsection, all the remaining l-dependent terms
must cancel out together. Furthermore, as long as acceleration a remains very large but
√
smaller than 1/ ψ, it can be set to an arbitrary value and the dependence on a is continuous. Therefore, we can diﬀerentiate with respect to it and, by the same reasoning as with
l, the resulting equation cannot depend on a either. In total, we require
kB C
πkB
(S00 (P ) − λq ) λq −
T (P )
72π
2~c
!
 
lP2 a2
1
CkB
(S00 (P ) − λq ) + O (l) + O ψ 4
+O
= Φ (P ) ,
+
4πl2
c
a2
− ηλq −

(3.41)

Sµν
3.4

Cl2
1
1
Cl2
8πG
− P Sµλ S λν + P Rκλ Rκλ − R2 gµν = 4
Tµν − T gµν .
18π
72π
4
c
4








(3.42)

Comparison of the derivations

Let us now compare the equations found by both derivations we performed. The form of the
ﬁnal equations of motion is the same, although they involve quantum expectation values in
the MVEH approach and classical quantities in the Clausius entropy ﬂux one. The second
diﬀerence is the numerical factor in front of the lP2 l Sµλ S λν term, which equals −C/30π and
−C/18π, respectively. This diﬀerence appears because in MVEH approach we performed
the variation at ﬁxed volume, while in Clausius ﬂux one we instead considered the entropy
changes due to energy-momentum ﬂux across the GLCD’s horizon. Since ﬁrst derivation
presented uses a fully quantum deﬁnition of entropy while, in second one, we worked
with the semiclassical Clausius entropy; a diﬀerence in corrections to equations of motion
stemming from quantum gravity eﬀects is perhaps to be expected. The diﬀerence could
be related to the need to hold ﬁxed a quantity known as generalised volume, rather than
the usual volume, when dealing with MVEH derivation of equations of motion for modiﬁed
theories of gravity [18]. Alternatively, it might imply that the semiclassical equivalence
between Clausius and matter entanglement entropy [20] does not extend to situations
where quantum gravitational eﬀects become relevant (although, given the similarity of
the equations, both entropies would still have to be closely related). In any case, both
derivations
yield traceless equations of motion

 that include a correction term proportional
λ
κλ
2
2
to lP l Sµλ S ν − Rκλ R gµν /4 + R gµν /16 .
Given the close similarity of both results, we can introduce a general form of the
modiﬁed equations of motion
Sµν −

DlP2 Sµλ S λν

Dl2
+ P
4



Rκλ R

κλ

8πG
1
1
− R2 gµν = 4
Tµν − T gµν ,
4
c
4
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where Φ is a scalar function independent of l, a and ψ (as all the ψ-dependent terms also
depend on a).
From here on, the derivation is identical to the one developed in subsection 3.2, without
any caveats, so, for simplicity, we skip here the intermediate steps. Let us remind that,
as in previous derivation, we ﬁx η = kB /4lP2 to recover Einstein equations in the limit of
C → 0, use independence of the ﬁnal equations on nµ , invoke EEP to make our result valid
throughout the spacetime and determine the remaining unknown scalar (0) Φ from the trace
of equations of motion. In the end, we get the following modiﬁed gravitational dynamics

where D = C/30π for the equations obtained from MVEH and D = C/18π for the ones
derived by the Clausius entropy approach. This diﬀerence of factor 5/3 is insigniﬁcant as
the coeﬃcient C in the modiﬁed entropy formula is anyway currently unknown. Therefore, in the following, we work with this general form for the quantum phenomenological
gravitational equations of motions. Let us now analyse its features in detail.

4

Interpretation of the modified dynamics



1
Dl2
1
2πG
+ P Rκλ Rκλ;µ − RR;µ = − 4 T;µ .
R;µ − DlP2 S λν Sµλ
(4.1)
;ν
4
2
4
c
This condition has relevant implications for the nature of the modiﬁed dynamics. Firstly,
it cannot be generally solved for T . This prevents us from recasting equations of motion in
the Einstein-like form that would directly include Tµ ν;ν = 0. Secondly, as for all thermodynamically derived gravitational equations of motion, the cosmological constant Λ would
appear as an arbitrary integration constant in the solution of the conservation condition
(we will demonstrate this for the case of a cosmological model in subsection 4.2). Due to
these features, our result seems to be a direct generalisation of classical UG, rather than
GR. It can be seen that it is not even possible to rewrite the modiﬁed equation as a direct
generalisation of Einstein equations. Note that the form of quantum corrections is fully
determined by the logarithmic term in horizon entanglement entropy. Since many diﬀerent
methods of calculating entropy predict the emergence of such a term due to quantum gravity eﬀects, our conclusions are rather robust. Furthermore, both derivations we presented
are completely insensitive to the controversial issue of corrections to Hawking and Unruh
temperature. Since both eﬀects are completely kinematic and independent of gravitational
dynamics [51], the fact that their modiﬁcations do not enter the modiﬁed equations serves
as a consistency check for our derivation.
Both the value and sign of coeﬃcient C in the modiﬁed entropy formula diﬀer in various
sources (see subsection 2 and references listed there). However, in comparison with the
squared Planck length lP2 ≈ 2.6 × 10−70 m2 , any possible value can be considered to be of
the order of unity. Thus, the corrections we ﬁnd become relevant only when the curvature
length scale becomes close to the Planck scale, although it still has to be signiﬁcantly larger
than lP to view spacetime as a Lorentzian manifold.
We expect that any terms that contain higher than fourth derivatives of the metric or
are more than quadratic in curvature tensors will be suppressed by higher powers of lP . This
seems to be the case both on dimensional grounds and from the way they appear in the RNC
metric expansion. However, the higher derivative terms known from quadratic gravity can
be expected to appear at the same order as the corrections we introduce. They are implicitly
present on the right hand side of our equations in the expectation value of the energymomentum tensor [52]. In principle, one might ﬁnd the higher derivative contributions to
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We introduce this section by noting some general properties of the modiﬁed dynamics we
derived. Due to being traceless, modiﬁed equations of motion do not imply local energymomentum conservation. Therefore, it needs to be added as an additional assumption.
Then, the local conservation condition, Tµ ν;ν = 0, implies

4.1

Diffeomorphism invariance and the equivalence principle

We now turn our attention to the status of three of the cornerstones of GR, full diﬀeomorphism invariance, local Lorentz invariance and strong equivalence principle, in our
approach.
The equations of motion involve only quantities that transform as tensor ﬁelds with
respect to any diﬀeomorphism coordinate transformation. Thus, at ﬁrst glance, one could
conclude that the quantum phenomenological gravitational dynamics we introduced retain
the full diﬀeomorphism invariance of GR. However, as we discussed, our result appears to
be a generalisation of classical UG rather GR. Actions of UG break the full diﬀeomorphism
invariance by introducing a ﬁducial volume element or a non-dynamical ﬂat metric [59].
Furthermore, semiclassical thermodynamics of spacetime actually seems to point to a variant of UG known as Weyl transverse gravity [20], that is explicitly invariant under Weyl
transformations (for details of the theory see, e.g. [60–62]). Weyl invariant theories of
gravity often involve higher derivatives of the metric, but Weyl transverse gravity is classically equivalent to GR, replacing the full diﬀeomorphism invariance. Since the modiﬁed
equations also include only second derivatives of the metric, it seems likely that breaking
diﬀeomorphism invariance will prove necessary to state the corresponding action. Nevertheless, a proposal for a fully diﬀeomorphism invariant version of Weyl transverse gravity
does exist [63, 64]. It modiﬁes the Henneaux-Teitelboim action for UG [65], that retains
diﬀeomorphism invariance by introducing an auxiliary vector density as a new dynamical
variable. In conclusion, it can be expected that the modiﬁed dynamics do not posses full
diﬀeomorphism invariance, since even their classical limit is only invariant with respect to
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the left hand side by a careful analysis of higher order corrections to the area variation.
However, these corrections are ambiguous, as they depend on shape deformations of the
horizon [44]. Without a physically motivated solution of these ambiguities, it is not possible
to obtain any insight into how the higher order corrections inﬂuence gravitational dynamics.
The higher derivative terms that might arise from these corrections are anyway contained
with undetermined constants in the energy-momentum tensor expectation value, so their
omission does not change the resulting dynamics in any signiﬁcant way.
Nonetheless, there are good reasons to treat the modiﬁcations we propose apart from
those of quadratic gravity. Our equations of motion are qualitatively diﬀerent from those
of any local, diﬀeomorphism invariant theory of gravity. It is most obvious from the,
generally unsolvable, condition for local energy-momentum conservation. The diﬀerence
can be probably traced to the non-locality of logarithmic term in entropy (see [40], it is also
apparent from non-existence of a local expression for entropy density). We intend to explore
the related issues in a future work. Furthermore, there are physically reasonable situations
in which eﬀects of our theory can be studied apart from those of quadratic gravity. Consider
any spacetime with vanishing Weyl tensor and scalar curvature, for example a radiation
dominated homogeneous isotropic universe with vanishing cosmological constant. Then
quadratic gravity predicts the dynamics known from GR. However, our equations retain
correction terms quadratic in the Ricci tensor and, therefore, imply modiﬁcations to GR
dynamics (similar to the model we discuss in subsection 4.2).



∆Φ = 4πGρ 1 − 4πD

ρ
ρP



,

(4.2)

where ρ denotes the matter density and ρP = c5 /G2 ~ is the Planck density. This limit could
4

This form of the Newtonian limit is obtained perturbatively, using a procedure we explain in the
following subsection.
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transverse diﬀeomorphisms and Weyl transformations (unless dynamical degrees of freedom
besides the metric are introduced). Nevertheless, the issue cannot be completely resolved
without providing a variational formulation of the modiﬁed dynamics.
In this paragraph we discuss some technical concerns regarding the validity of EEP
and WEP, and their relation with local Lorentz invariance. The validity of EEP can be
restated as local Lorentz invariance of the theory together with weak equivalence principle
(WEP), that states: “Test particles with negligible self-gravity behave, in a gravitational
ﬁeld, independently of their properties.” [53] (see the discussion in [53] for details and possible caveats). UG does not break local Lorentz invariance (Lorentz transformations do not
aﬀect determinant of the metric), so the apparently unimodular form of our equations leads
to no issues. Let us check the validity of WEP in the modiﬁed dynamics, i.e., whether test
particles with negligible self-gravity move along geodesics. Since the singular character of
point-like particles is problematic in gravitational physics, we will model the test particle
as uncharged dust with energy-momentum tensor Tµν = ρuµ uν , where uµ is the dust velocity. It is easy to check that the local energy-momentum conservation condition, Tµ ν;ν = 0,
implies geodesic motion of the dust [66]. Thus, the divergence-free energy-momentum tensor implies WEP. In GR, WEP is directly built into the theory, as Tµ ν;ν = 0 are four of
the ten independent gravitational equations of motion. In most formulations of UG, the
divergence-free energy-momentum tensor must be added as an independent assumption
already on the classical level. However, the fully diﬀeomorphism versions imply it directly.
Since the question of full diﬀeomorphism invariance remains unresolved, we are currently
unable to provide a ﬁnal answer regarding the validity of WEP. On the other hand, assuming that the energy-momentum tensor is divergence-free, as is usually done in UG
(although there are exceptions [67]), implies the validity of WEP. In our case, it amounts
to satisfying the previously stated condition on the trace of energy-momentum tensor. How
(and whether) this condition holds in practice probably can be addressed only by studying
particular solutions of equations of motion. Once it is satisﬁed, the modiﬁed gravitational
equations imply WEP. If EEP violations were to occur even with WEP satisﬁed, it would
have to be due to the presence of local Lorentz invariance breaking quantum ﬁelds (see,
e.g. [68]), a possibility independent of the modiﬁed gravitational dynamics we introduced.
Therefore, we conclude that, our equations together with the local conservation condition imply the weak equivalence principle. Unless the matter content breaks the Lorentz
symmetry even in ﬂat spacetime, the Einstein equivalence principle is then implied as well.
Checking the validity of SEP is a more demanding task. One might try to use the
Newtonian limit of modiﬁed dynamics. Take a static solution for dust that satisﬁes the
usual Newtonian conditions of weak ﬁeld and low velocities; we get a modiﬁed equation for
the gravitational potential Φ4

4.2

Application to a simple cosmological model

To illustrate consequences of the obtained quantum phenomenological gravitational dynamics, we brieﬂy analyse a simple cosmological model. Consider a homogeneous, isotropic,
spatially ﬂat universe described by the following metric




ds2 = −c2 dt2 + a (t)2 dr2 + r2 dΩ2 ,

(4.3)

where a (t) is the scale factor. For simplicity, we choose a universe ﬁlled with dust (Tµν =
ρδµ0 δν0 ). Due to existing symmetries, modiﬁed equations of motion yield only one non-trivial
condition on the metric, a modiﬁed Raychaudhuri equation that can be written as
Ḣ − D

lP2 Ḣ 2
= −4πGρ,
c2

(4.4)

where H = ȧ/a is the Hubble parameter and the dot denotes the coordinate time derivative.
Since the modiﬁed equations of motion were obtained from expansion of Bekenstein entropy
around its semiclassical value, S = kB A/4lP2 , in powers of lP2 , we can likewise consider that
the modiﬁed Hubble parameter can be obtained as expansion around the classical one, H0




H = H0 + lP2 H1 + O lP4 .

(4.5)

Given that Ḣ0 satisﬁes the standard Raychaudhuri equation, we ﬁnd
ρ
Ḣ = −4πGρ 1 − 4πD
ρP




(4.6)

.

Assuming local energy-momentum conservation implies ρ = ρ0 /a3 , with ρ0 being an arbitrary constant with the dimensions of energy density. Substituting for ρ in the previous
equation leads to a second order diﬀerential equation for a
ρ0
ρ0
ä ȧ2
− 2 = −4πG 3 1 − 4πD
.
a a
a
ρP a3
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be understood as implying an eﬀective gravitational constant, Geff = G (1 − 8πDρ/ρP ),
dependent on matter content. Then, SEP would be broken, as Geff is not a universal
constant. However, the correction term becomes relevant only for very high densities
(ρP ≈ 5.2 × 1096 kg × m−3 ), where the Newtonian approximation completely breaks down.
Whenever applicable, the Newtonian limit is equivalent to that of GR. Thus, the Newtonian
limit implies no measurable corrections for low energies and velocities, just as expected from
quantum gravity corrections that should be relevant only for very high energy densities.
Since the Newtonian limit of modiﬁed dynamics is equivalent to that of GR, no violations of SEP appear at low energies. On the other hand, SEP is expected to hold even well
beyond the applicability of the Newtonian limit. To conﬁrm or deny its validity in general
would require a more involved analysis. A possible method to do so was proposed [69] (the
test requires an additional assumption that SEP is equivalent to the combination of local
Lorentz invariance and gravitational weak equivalence principle).

If we multiply this equation by 2ȧ/a and integrate it in time, we obtain a modiﬁed Friedmann equation


 2
8πGρ0
2πDρ0
ȧ
=
1
−
+ Λ̃,
(4.8)
a
3a3
a3 ρP
or, in terms of H and ρ,

8πGρ
2πDρ
H =
1−
3
ρP
2





+ Λ̃.

(4.9)

;λ

identities). The presence of this term might be connected with the non-locality of logarithmic corrections to entropy [40]. While it remains an open issue at this stage, one possible
way to make time evolution generally consistent with local energy-momentum conservation
might be along the lines discussed in [70], although perhaps there are other possibilities.
From mathematical point of view, there also exists another solution of the modiﬁed
Raychaudhuri equation that cannot be found perturbatively. We show in the next that it
is not physically relevant. To understand its features, we study the case ρ = 0 for which
the equation can be solved analytically
Ḣ − D

lP2 Ḣ 2
= 0.
c2

(4.10)

Setting Ḣ = 0 clearly solves the equation. This is also the solution one ﬁnds by using the
perturbative method described above. It corresponds to maximally symmetric spacetimes
(de Sitter, anti-de Sitter and Minkowski) and introduces no modiﬁcations to the classical
geometry. However, there also exist a second solution, Ḣ = c2 /DlP2 , that cannot be found
perturbatively. In this case, the scale factor a equals
!

c2 2
a = ã exp
t + H̃t ,
2DlP2

(4.11)

where ã is a dimensionless constant and H̃ a constant with dimensions s−1 . While this
solves the modiﬁed Raychaudhuri equation, it clearly diverges in the classical limit lP → 0
(or, equivalently, D → 0). Since the modiﬁed Raychaudhuri equation certainly reduces to
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The arbitrary integration constant Λ̃ corresponds to the cosmological term (Λ̃ = Λc2 /3).
This again points to the unimodular nature of the modiﬁed dynamics.
Here we encountered no issues with demanding local energy-momentum conservation.
However, this is only due to high symmetry of the cosmological model we considered.
Indeed, if we take covariant divergence of our equations, the Bianchi identities allow us
to rewrite its curvature part in terms of Weyl tensor (plus an extra term we can easily
deal with). Since Weyl tensor vanishes in FLRW spacetimes, the local energy-momentum
conservation condition is easily satisﬁed. In general, local energy-momentum conservation
may be violated. In other words, if one formulates initial value problem for our equations
and speciﬁes divergence-free energy-momentum tensor on the initial Cauchy hypersurface,
the time evolution will generically lead to a violation of this condition. This behaviour is
connected with the presence of a term proportional to Rµλ Rνλ (whose divergence can be
via the Bianchi
rewritten in terms of Weyl tensor and a term proportional to RRµλ

the classical one in the same limit, this solution is inconsistent with the nature of corrections we introduced. Therefore, we conclude that, for the case of homogeneous, isotropic
universes, perturbatively obtained solutions are the only physically relevant ones (presence
of non-zero energy density does not change the basic situation). The same conclusion likely
holds even for completely general spacetimes. However, since one then deals with a system
of non-linear diﬀerential equations, its justiﬁcation would likely be much more subtle.

We proceed by comparing our results with two other approaches to quantum modiﬁed
cosmology. As expected, for D > 0, our result strongly resembles equations found in the
eﬀective description of loop quantum cosmology (LQC) [71]
ρ
8πG
H =
ρ 1−
3
ρsup
2

!

(4.12)

,

and
Ḣ = −4πG (ρ + p) 1 − 2

ρ
ρsup

!

.

(4.13)

Comparison with our equations implies ρsup = ρP /2πD. Eﬀective dynamics of LQC replaces the Big Bang singularity by a non-singular quantum bounce. Therefore, assuming
D > 0, that is logarithmic corrections to the GLCD entanglement entropy are positive,
our modiﬁed equations of motion already change the classical gravitational dynamics suﬃciently to avoid the cosmological singularity. Up to this point, it seems that the appearance
of corrections with D < 0 would not only keep the singularity but strenghten it. This issue
should be addressed in detail in a future work.
Modiﬁcations to Friedmann-Lemaître-Robertson-Walker (FLRW) universes induced by
a modiﬁed entropy were already studied [6]. In that case, a thermodynamic derivation of
modiﬁed Friedmann equations was carried out, taking into account GUP-induced corrections to Bekenstein entropy of the global apparent horizon of a FLRW spacetime. For the
case of a spatially ﬂat, dust-ﬁlled universe, the following modiﬁed Raychaudhuri equation
was found
l2 H 2 Ḣ
Ḣ − β P 2 = −4πGρ,
(4.14)
8c
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Also note that, for the perturbative form of the modiﬁed Raychaudhuri equation,
Picard-Lindelöf theorem for ordinary diﬀerential equations ensures existence of a unique
solution of the initial value problem (for any ρ independent of ä). In contrast, we have
seen that there exist two diﬀerent solutions of the modiﬁed Raychaudhuri equation before
the perturbative rewrite (although the additional solution is not physically viable). We
presume that this insight applies to the general form of the modiﬁed equations as well. If the
correction terms are perturbatively rewritten as functions of the energy-momentum tensor,
the equations will become linear in second derivatives of the metric (assuming minimal
coupling and putting aside curvature dependence of its quantum expectation value, which
should lead only to O(lP4 ) error). Then, Leray theorem should be suﬃcient to guarantee
uniqueness of the solution of initial value problem.

where β is a dimensionless GUP parameter (both β > 0 and β < 0 cases were considered).
In the light of the fact that our modiﬁed Friedmann equation is perturbatively equivalent to
Ḣ +

3DlP2 H 2 Ḣ
= −4πGρ,
2c2

(4.15)

(4.16)

Fµ ≡ T S,µ .

The radius of the apparent horizon obeys rA = c/H. Therefore, the corresponding KodamaHayward temperature [73] and the modiﬁed entanglement entropy, respectively, equal
~|H|
T =
2πkB
Se,q

Ḣ
1+
2H 2

πkB c2
= 2 2 + CkB ln
lP H

!

(4.17)

,

πc2
A0 lP2 H 2

!

(4.18)

.

The only non-trivial component of entropic force is F0 , for which it holds
~c
F0 = −sign (H) 2
lP

Ḣ
lP2
+
πC
Ḣ
H2
c2

!

Ḣ
1+
2H 2

!

(4.19)

.

Expressing H 2 and Ḣ from the modiﬁed Friedmann and Raychaudhuri equations yields


3~c 1 −
F0 = sign (H) 2
8lP

4πDρ
ρP



1−

1+

4πDρ
ρP

2πDρ
ρP




1
1−

2πDρ
ρP



ρ
+ 6π 2 C  ,
ρP

(4.20)

that, for an expanding universe and D > 0 is negative for ρ > ρP /4πD = ρsup /2 and,
likewise, positive for the same densities in a contracting universe. Hence, in the very early
phase of expansion, entropic force acting on the apparent horizon is repulsive. Understanding entropic force in relation with the gravitational interaction, its repulsiveness explains
why a regular bounce occurs instead of the Big Bang singularity.
One can read the modiﬁed Raychaudhuri equation as a standard one with an eﬀective
pressure term −4πDc2 ρ2 /ρP . Then, this term violates the null and dominant energy
condition precisely in the regime in which the entropic force is repulsive (for an expanding
universe). However, the weak energy condition, ρ ≥ 0, still holds.
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we can see that, upon setting D = −β/12, both approaches yield the same result. Since,
in contrast to our local construction, a thermodynamic derivation based on global features
speciﬁc to FLRW spacetimes was considered [6], the equivalence of resulting dynamics is
non-trivial and even somewhat surprising. Perhaps this equivalence is speciﬁc for the highly
symmetric FLRW geometry, but it might also point to some deeper connection between
both approaches.
To conclude this subsection, let us remark that the presence of a quantum bounce can
be explained in terms of entropic force acting on the apparent horizon. The entropic force
is deﬁned as [72]

5

Discussion
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In this paper, we propose novel and general quantum phenomenological gravitational dynamics. The only assumption made about the eﬀects of quantum gravity is the presence of
a logarithmic correction term in the entanglement entropy associated with spherical local
causal horizons. Given the number of conceptually diﬀerent methods of calculating entropy
that predict the presence of a logarithmic term (at the very least in the case of black hole
entropy), our conclusions are quite robust and relevant to many approaches to quantum
gravity, e.g. LQG, string theory, path integral quantum gravity, AdS/CFT correspondence
and GUP phenomenology.
Speciﬁcally, we provided two independent derivations of quantum phenomenological
equations of motion for gravitational dynamics from thermodynamics of geodesic local
causal diamonds. The result represents a direct generalisation of the classical equations of
motion of unimodular gravity. This is consistent with a previous work of the authors [20],
that argued for unimodular character of classical gravitational dynamics derived from thermodynamics. Here, we found that quantum corrections lead to a generalisation of unimodular equations of motion that cannot be restated as generalised Einstein equations. Then,
equivalence of UG and GR holds on the level of classical dynamics, is broken as predicted. Therefore, we clearly showed that, due to quantum gravity entering into the game,
thermodynamics of spacetime imply unimodular gravitational dynamics distinct from any
generalisation of GR.
Several attempts to exploit logarithmic corrections to entropy in order to obtain some
insight into quantum modiﬁcations of the gravitational dynamics were made in recent years.
They were based on the entropic force model of gravity [72] applied either to a global static
background [74–76] or to FLRW spacetimes [6, 77]. However, the similarities between these
works and our derivation are only superﬁcial. The most fundamental diﬀerence lies in the
fact that we use a local construction applicable in any general spacetime. Furthermore, in
contrast with the previous attempts, we provide general gravitational equations of motion
which do not include any undetermined functions.
The approach to phenomenological quantum gravity introduced in the present paper
still requires further development. In the future research, we plan to provide a detailed
analysis of constraints on parameter D, and, especially, ﬁnd an action which implies the
modiﬁed equations of motion we obtained. Finding the action should settle the crucial
questions of diﬀeomorphism invariance and local energy-momentum conservation. Furthermore, it would be interesting to check whether exponentially growing modes appear
in linearised perturbations of the equations, indicating instability. We expect that the
solutions will be stable as long as the perturbative approach to dynamics outlined in subsection 4.2 is justiﬁed. However, an explicit calculation might lead to some unexpected
ﬁndings. In addition, we are already exploring modiﬁcations of explicit solutions known
from general relativity. This might provide some insight into the eﬀects of quantum gravity
corrections on gravitational systems.
Let us remark that our results also strengthen the semiclassical equivalence between
Clausius and entanglement entropies [20]. While the exact equivalence possibly breaks on

the quantum level, both entropies remain strongly related. Their precise relation should
be analysed carefully in a future work.
In summary, we have presented foundations for a new phenomenological perspective
on the low energy quantum gravitational dynamics. Whether and how will this perspective
aﬀect our understanding of quantum gravity remains to be seen.
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