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Nonreciprocal surface magnetoelastic dynamics
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Motivated by recent experiments, we investigate the nonreciprocal magnetoelastic interaction between the
surface acoustic phonons of dielectric nonmagnetic substrates and magnons of proximity nanomagnets. The
magnetization dynamics exerts rotating forces at the edges of the nanomagnet that causes the nonreciprocal
interaction with surface phonons due to its rotation-momentum locking. This coupling induces the nonreciprocity
of the surface phonon transmission and a nearly complete phonon diode effect by several (tens of) magnetic
nanowires of high (ordinary) magnetic quality. Phase-sensitive microwave transmission is also nonreciprocal that
can pick up clear signals of the coherent phonons excited by magnetization dynamics. Nonreciprocal pumping
of phonons by precessing magnetization is predicted using Landauer-Büttiker formalism.
DOI: 10.1103/PhysRevB.102.134417

I. INTRODUCTION

Efficient transfer of spin information among different entities is the prerequisite to achieve long-range spin transport
in spintronics [1,2]. The spin diffusion length can be of micrometers in two-dimensional electron gas [3] and even longer
in graphene [4,5]. Long-wavelength dipolar spin waves in
the magnetic insulator—yttrium iron garnet (YIG)—can even
travel over centimeters [6], but they suffer from a low group
velocity; exchange spin waves have a large group velocity
but their lifetime is shorter [7–10]. Recent studies showed
that bulk phonons in the insulator gadolinium gallium garnet
(GGG) can couple two YIG magnetic layers over millimeters [11–14], raising the possibility of using phonon currents
to transfer spin information in nonmagnetic insulators. The
surface (Rayleigh) acoustic waves (SAWs), known as excellent sources to pump spin waves via acoustic spin pumping
[15–21], can propagate a longer distance with a larger group
velocity [22,23] and thus is promising to transport spin information.
Very recently, the nonreciprocal surface phonon transmissions were observed when the phonons pass through
the ultrathin extended ferromagnetic films in proximity to
the piezoelectric substrate [24,25] and are explained by
the magnetorotation or/and magnetoelastic couplings [26].
These indicate that the interaction between magnons and
surface phonons is nonreciprocal (or chiral when emphasizing the symmetry), i.e., the magnons in the magnets
can dominantly couple the traveling surface phonon prop-
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agating in one direction. The inverse process of acoustic
pumping—the nonreciprocal pumping of phonon by magnetization dynamics—has not yet been experimentally reported
and was theoretically considered by us [27]. There, interference with dynamical phase shift π between two remote
magnetic nanowires that couples with the phonon reciprocally
is responsible rather than a direct nonreciprocal magnonphonon coupling in the presence of one magnet [27].
Magnons hold chirality by their anticlockwise rotation and
are revealed recently to be able to nonreciprocally couple
with various quasiparticles or devices. The long-range dipolar
interaction emitted from the excited nanomagnet can chirally
couple with the traveling magnons of extended films as its
rotation direction is locked to its momentum [28–32]. The
microwaves show polarization-momentum locking when confined by the waveguide [33–36], cavity [37,38], or antenna
[39–41], which were employed to realize the nonreciprocal
magnon-photon coupling. With chiral coupling, the unidirectional traveling waves are excited by the nearby magnet
in half-space [30–32]. The evanescent dipolar field or microwaves can realize noncontact (and chiral) spin pumping
to the nearby conductors [42]. The traveling waves mediate
a long-range nonreciprocal interaction between remote magnets and the spin accumulates at the edge of magnets by
the non-Hermitian skin effect [43–45]. Interference effect in
nonreciprocal systems can directionally amplify or trap the
traveling waves [46,47].
The surface acoustic waves exhibit rotation-momentum
locking as well [23,48], from which their nonreciprocal coupling with magnons may be understood universally. In this
work we study the surface magnetoelastic coupling in the spin
mechanical system and formulate the nonreciprocal dynamics
[31,36,42] via the Green function method [49–52]. Rather
than considering the extended magnetic film in which the
edge effect is marginal [24–26], we focus on the thin nanomagnets with dominant edge effect. We show the uniform
magnetization dynamics exerts rotating forces at the edges of
the nanomagnet that causes the nonreciprocal interaction by
Published by the American Physical Society
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FIG. 1. Magnetic nanowires on top of a dielectric substrate. A
strong magnetic field is applied to change the magnetization direction, parametrized by the angle ϕ relative to the wire direction. With
a precessing magnetization, rotating forces emerge at the left and
right edges of the nanowire (illustrated by Fx,y at the right edge). The
orange and red thick arrows indicate the nonreciprocal propagation
of the SAWs.

the rotation-momentum locking of surface phonons. As the
magnons dominantly couple with surface phonon propagating
in one direction, the surface phonon transmission is nonreciprocal. We also propose to detect the nonreciprocal coupling
by the phase-sensitive microwave transmission [30,32]: the
microwaves can excite the magnetization of one magnet that
pumps the unidirectional phonon propagation, which can in
turn excite another magnet, above which the signal is picked
up by the radiated microwaves. This method can detect clear
signals of the excited coherent phonons and their group velocity. With the nonreciprocal magnetoelastic coupling, we
predict the unidirectional pumping of phonons by ferromagnetic resonance (FMR).
This paper is organized as follows. We model and calculate
the coupling between magnon and surface phonon in Sec. II.
In Secs. III and IV the phonon and microwave transmissions
are addressed. The directional pumping effect is discussed by
the Landauer-Büttiker formalism in Sec. V. We summarize
and discuss the results in Sec. VI.

II. NONRECIPROCAL MAGNON-PHONON INTERACTION

We consider magnetic nanowires of width w and thickness d ( w) on top of dielectric substrates as illustrated
in Fig. 1, focusing on both the magnetoelastic and magnetorotation couplings between them. The dielectric substrate is
assumed to be semi-infinite; it is usually not magnetic, since
nonmagnetic substrates are used in the recent experiments,
which can be GGG [13], MgO [24], or Pt [25]. We assume
the thickness d [O(10 nm)] is much smaller than the decay
length or wavelength λ of the SAWs (>100 nm), while the
width w is comparable to λ. Experimentally, such a geometry
with thin cobalt or nickel nanowires on top of a thin YIG
film was used to realize the pumping of short-wavelength
spin waves [30,32,53]. We restrict the magnetization to be
parallel to the substrate surface but allow an angle between
it and the nanowire ẑ direction [24]. To this end, we assume
a sufficiently strong magnetic field −H0 ẑ is applied, with
an angle ϕ between z and the wire z direction, to saturate
and control the direction of the wire magnetization with an
equilibrium component ∼ − Ms ẑ and transverse components
mx x + my y (see the Appendix). Since the spins of elec-

tron are opposite to the magnetization, the spins are (nearly)
parallel to ẑ .
In our configuration only the SAWs couple efficiently with
the nanomagnets by their surface nature in that sufficiently
thin nanowire does not affect the substrate strongly and their
interaction can be treated perturbatively. We employ the quantum description that allows us to study the dynamics by
Green function technique but also explain our findings by
classical picture. The Hamiltonian consists of the elastic Ĥe ,
magnetic Ĥm , and
 their coupling Ĥc . In the Appendix we
quantize Ĥe = k h̄ωk b̂†k b̂k in terms of phonon operator b̂k
with k = ky and Ĥm = h̄ωK βl† β̂l with β̂l being the magnon
operator in the lth nanomagnet. Here ωk and ωK are the
frequencies of the phonon of momentum k and Kittel magnon,
respectively. Ĥc = Ĥc(a) + Ĥc(b) is contributed by the magnetoelastic coupling (a) and magnetorotation coupling (b), as
addressed below.
A. Magnetoelastic coupling

The magnetoelastic coupling Hamiltonian generally depends on the crystal symmetry of the material [54]. Here we
adopt the simplest form that describes a wide class of material
[11,24,25,55,56], which may be written as [11,54,55]





1
(a)
2
Ĥc = 2 dr B
Mi εii + B⊥
Mi M j εi j , (1)
Ms
i
i= j
where B and B⊥ are the magnetoelastic constants, and εi j =
(∂ j ui + ∂i u j )/2 denotes the strain tensor in terms of the
displacement field ui (r). For the Rayleigh SAWs propagating perpendicular to the wire with momentum k  ŷ, there
only exists (ux (x, y), uy (x, y)) and only εxx , εyy , and εxy are
nonvanishing. The Hamiltonian can be linearized when the
temperature is far below the Curie temperature. Considering
the coupling to the uniform Kittel mode in the nanowire,
Eq. (1) is linearized to be

2 sin ϕ
(a)
Ĥc =
dr(B cos ϕmy εyy + B⊥ mx εxy )
Ms


2 sin ϕ cos ϕ
B Ldmy uy | w2 +yl − uy |− w2 +yl

Ms


sin ϕ
(2)
B⊥ Ldmx ux | w2 +yl − ux |− w2 +yl ,
+
Ms
where yl is the center coordinate of the lth nanomagnet and
L is the length of the nanowire. Here we have assumed that
the nanowire is sufficiently thin such that the displacements at
its top and bottom surface are identical and hence have no net
contribution to the magnetoelastic coupling.
Classically we obtain the forces by Fx,y (r) = δHc /δux,y (r)
[11,27], of the lth nanowire at the right edge (y = w/2 + yl )
Fy |y= w2 +yl = 2 sin ϕ cos ϕB Ldmy /Ms ,
Fx |y= w2 +yl = sin ϕB⊥ Ldmx /Ms ,

(3)

and at the left edge (y = −w/2 + yl )
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Fy |y=− w2 +yl = −2 sin ϕ cos ϕB Ldmy /Ms ,
Fx |y=− w2 +yl = − sin ϕB⊥ Ldmx /Ms .

(4)
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The generated forces are opposite at the two edges of the
wires. There are generally both x and y components in the
forces that are rotating when the magnetization mx and my
rotate (Fig. 1). Although they are not circularly polarized even
when the magnetization are, the elliptically polarized forces
bring chirality in the mechanics. When ϕ = π /2 (ϕ = 0)
with the magnetization perpendicular (parallel) to the wire,
the force becomes linearly polarized (vanish), recovering our
previous results [27]. Since the rotation direction of the SAWs
is locked to their momenta [see Eq. (A1)], we expect the
coupling between magnon and phonon is nonreciprocal.
We note that although in the classical description, the total
free energy Eq. (2) and the total forces depend on the length
of the wire L, the excited SAW amplitude is independent of
L since only the force density, i.e., the stress, plays a role
[11]. A detailed description of the forces and how they excite
the SAWs, for the perpendicular configuration, are given in
our previous work [27]. We showed there that the forces arise
at the left and right boundaries of a wire and exert the stress
on the dielectric substrate that excite the SAWs. The excited
SAWs then propagate away from the regions of the wires.
Here we focus on the quantum description that recovers and
extends the results from classical treatment.
B. Magnetorotation coupling

Magnetocrystalline and shape anisotropies can contribute
to the magnetorotation coupling in terms of antisymmetric
tensor ωi j = (∂ j ui − ∂i u j )/2 [57,58]. Here we consider the
uniaxial anisotropy, for simplicity. The coupling between
magnon and surface phonon generally depends on the uniaxial
direction relative to the wire ẑ direction. It vanishes when the
easy axis is along the wire since ωxz and ωyz vanish for SAWs
propagating along the ŷ direction.
We first consider the perpendicular anisotropy with the
easy axis along the x̂ direction [24], yielding the Hamiltonian

2K1
(b)
Ĥc = − 2
drMx (r)[My ωyx (r) + Mz ωzx (r)],
Ms
where K1 is contributed by the uniaxial anisotropy field. This
Hamiltonian is linearized to be
∂uy
∂ux
K1
−
sin ϕmx
Ms
∂y
∂x


sin ϕ
=
K1 Ldmx ux | w2 +yl − ux |− w2 +yl ,
Ms

Ĥc(b) =

(5)

contributing a force perpendicular to the substrate surface at
the edge of the nanowire. Comparing with Eq. (2), we conclude that including the perpendicular anisotropy here shifts
B⊥ to B̃⊥ = B⊥ + K1 . We then similarly address the case with
the easy axis along the ŷ direction. We find B̃⊥ = B⊥ − K1 .
C. Coupling Hamiltonian

The polarization of the rotating forces follows that of the
Kittel magnon. The Kittel mode is linearly polarized under
the weak applied magnetic field and the induced force is not
rotating. As only a circularly polarized magnon favors the
nonreciprocity, we assume that a large magnetic field H0 is
applied such that the magnon is circularly polarized in the thin
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wire (see the Appendix). By substituting the magnetization
operator Eq. (A14) and displacement-field operator Eq. (A2)
into Eqs. (2) and (5), the coupling Hamiltonian becomes

gl (k)β̂l† b̂k + H.c.,
(6)
Ĥc = h̄
l

k

with the coupling constant
gk,l = i sin ϕ

γ
Ms ρcr

kw ikyl
d
sin
e ξP
w
2

× B̃⊥ − cos ϕB sgn(k)

1 + b2
.
a

(7)

Here −γ is the gyromagnetic ratio of electron; ρ and cr are
the density of the dielectric substrate and the group velocity
of the surface phonon, respectively; ξP , a, and b, given by
Eqs. (A6) and (A7), are determined by elastic properties. The
coupling constant depends on the sign of momentum and
generally show the nonreciprocity with |g|k| | = |g−|k| |. We see
that the coupling tends to vanish when ϕ = 0, while when
ϕ = π /2, there is no chirality as |g|k| | = |g−|k| | [27]. Considering ϕ ∈ (0, π /2), the complete chirality arises when B̃⊥ =
cos ϕc B (1 + b2 )/a such that g|k| = 0, implying the critical
angles ϕc satisfy
cos ϕc =

B̃⊥ a
.
B 1 + b2

(8)

As the critical angle is only determined by the basic material
parameters and is not related to geometry parameters and
the wave number of the phonons, it is fixed with the chosen
material. This allows us to choose optimal material for applications. Such conclusion agrees with the classical description
in which the rotating force |Fx | = |Fy |(1 + b2 )/(2a) matches
the phonon chirality. Without the magnetoelastic coupling, the
magnetorotation coupling itself cannot cause nonreciprocity
in the thin wire configuration.
The nonreciprocity is sensitive to the relative magnitude
of B̃⊥ and B , which are usually extracted experimentally. When the elastic substrate is GGG, a/(1 + b2 ) = 0.76
[27]. For the cobalt nanowire, B̃⊥ ≈ −9.2 × 106 J/m3 and
B ≈ 7.7 × 106 J/m3 ; for the nickel nanowire, B̃⊥ ≈ B =
1.3 × 107 J/m3 [56]. All these two materials can achieve
a complete nonreciprocity with cos ϕc ∼ ±a/(1 + b2 ). Nevertheless, complete nonreciprocity cannot be achieved for
YIG|GGG with a small anisotropy since B̃⊥ ≈ 2B = 6.96 ×
105 J/m3 [11] leads to cos ϕc > 1. Therefore, magnetoelastic
coupling may not always promise a complete nonreciprocity,
different from the couplings of magnon with other quasiparticles [31,36,42].
In Fig. 2 we illustrate the dependence of the normalized coupling strength on the angle ϕ for a Ni nanowire on
the GGG substrate. We adopt Ni nanowire of magnetization
μ0 Ms = 0.5 T, width w = 250 nm, and thickness d = 30 nm
[28,30,53]. The velocity of surface phonon cr = 3271.78 m/s
in GGG. In the calculation, the FMR is fixed to be 2π ×
20 GHz by tuning the magnetic field around μ0 H0 = 1 T.
Complete nonreciprocity arises at the critical angles ϕc ≈
0.73π and 1.27π with g−|k| = 0.
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to l. It is calculated to be [50–52]
 −1 
GN (ω) ll  = (ω − ω̃K )δll  − ll  (ω),

(10)

where ω̃K = ωK − iαG ωK with the Gilbert damping
parametrized by the Gilbert coefficient αG , and  is
the self-energy matrix of magnons due to their collective
interactions with phonons with elements
ll  (ω) =



gk  ,l g∗k  ,l 

k

ω − ωk  + iηk 

.

(11)

The Green function is the basis for calculating the coherent
and incoherent dynamics below.
When ηk → 0+ for the high-quality elastic substrate such
as GGG, these elements are calculated to be

i 
|gk∗ ,l |2 + |g−k∗ ,l |2 = −il (ω),
2cr
i
l<l  (ω) = − g̃k∗ ,l g̃∗k∗ ,l  eik∗ |yl −yl  | = −iR,ll  (ω),
cr
i
l>l  (ω) = − g̃−k∗ ,l g̃∗−k∗ ,l  eik∗ |yl −yl  | = −iL,ll  (ω),
cr

FIG. 2. Dependence on angle ϕ of the coupling strength g±|k| for
Ni nanowire on GGG substrate. Complete nonreciprocity arises at the
critical angles ϕc ≈ 0.73π and 1.27π with g−|k| = 0. The material
parameters are given in the text.

ll (ω) = −

III. PHONON DIODE EFFECT

The nonreciprocal couplings are detectable by transmission spectra of phonon as the scattering cross section, for
the phonon with opposite momenta, can be different, i.e., a
diode effect for surface acoustic phonon [24,25]. The phonon
transmission should be tunable by the number of proximity
nanomagnet. Therefore, not restricting to one nanomagnet, we
generally calculate the phonon scattering matrix in the presence of N parallel magnetic nanowires by using the scattering
theory (Sec. III A) [51,59,60]. The distance of the neighboring
wires is assumed to be much larger than the wire width such
that the dipolar interaction between wires can be safely disregarded. In this case, every wire can be treated to be isolated.
With many wires, the magnons in different wires interact with
each other through virtual exchange of surface phonon; they
form collective modes. We show that the phonon reflection are
determined by these collective modes (Sec. III B).
A. Phonon scattering matrix

The scattering amplitude between state |k to state |k  is
calculated by the T matrix [51,59,60]
Tk  k = k  |T̂ |k
= δkk 


1
+
g∗ GN,ll  (ωk )gk,l  ,
ωk − ωk  + iηk  ll  k ,l

(9)

where ηk  is the damping broadening of phonon. The summation on the magnet index {l = 1, 2, . . . , N} implies that the
scattering from state |k to state |k  experiences all possible
scattering paths such that the phonon transmission results
from the net interference. Note that the magnets are not isolated as they interact with each other via the exchange of
phonons. Also, different from the static scatters, the magnets
are dynamical such that they absorb and emit the phonons.
All these dynamics is encoded in the magnon Green function
GN |ll  that stands for the propagator of magnon from wire l 

(12)

where k∗ = ω/cr + iηk /cr → ω/cr and g̃k,l = gk,l e−ikyl . The
diagonal elements ll (ωk ) represent the broadening of
magnons modes by pumping phonons. While the off-diagonal
self-energies l=l  (ωk ) imply that the magnets interact with
each other mediated by the surface phonons. Thus, the
magnon Green function is represented by GN (ω) = [ω −
−1
HN (ω)] , where the matrix
HN (ω) ≡ ω̃K

⎛

1 (ω)
⎜ R,12 (ω)
− i⎝
···
R,1N (ω)

L,21 (ω)
2 (ω)
···
R,2N (ω)

···
···
···
···

⎞
L,N1 (ω)
L,N2 (ω)⎟
··· ⎠
N (ω)
(13)

is interpreted by a non-Hermitian Hamiltonian that describes
the dissipatively coupled magnons [27,32,36,46]. Note that
the coupling constant (ω) still depends on the frequency.
Then from Eq. (9), the T matrix becomes
Tk  k = δk  k +

1
M∗ GN (ωk )MTk ,
ωk − ωk  + iη k

(14)

with Mk = (gk,1 · · · gk,N ).
When propagating through magnetic nanowire arrays, the
surface phonon of momentum k is scattered between different
states, and the transmitted waves (assuming k > 0)

lim ψt (y) =
y|k  Tk  k
y→+∞

and reflected waves
lim ψr (y) =

y→−∞

k



y|k  Tk  k

k

at a position far away from the magnetic wires are determined
by the T matrix. Supposing an initial plane wave eiky , with the
transmitted and reflected waves ψt (y) and ψr (y), the elements
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FIG. 3. Absolute value of the phonon transmission |S21 (ωk )| [(a) and (c)] and |S12 (ωk )| [(b) and (d)] with respect to the field direction ϕ and
the magnon frequency ωK of one Ni nanowire, around the phonon frequency ωk = 2π × 20 GHz. We take a small and large Gilbert dampings
αG = 5 × 10−4 [(a) and (b)] and 5 × 10−3 [(c) and (d)], respectively. The material parameters are given in the text.

nonreciprocity. At the resonance with ωk = ωK ,
 ikL
e ,
when gk = 0,
S21 (k) =
ξ eikL , when g−k = 0,

of the phonon scattering matrix are given by [51,59,60]
S21 (ωk ) = eikD 1 −
S11 (ωk ) = −

i
M∗ GN (ωk )MTk ,
cr k

i
M∗ GN (ωk )MTk .
cr −k

where
(15)

where D is the propagation length of the SAWs. The unitarity of the scattering matrix is guaranteed by |S21 (k)|2 +
|S11 (k)|2 = 1 when αG → 0. Nevertheless, the unitarity is
broken when there exists magnon damping αG .
The experiments [24,25] are typically performed with
one magnet. We thus first calculate the scattering matrix
of phonon in the presence of a single magnetic wire in
the following [59–63]. In this situation, the magnon Green
= 1/[ω − ωK − (ω)] with
function is given by GN=1 (ω)
magnon self-energy (ω) = k  |gk  |2 /(ω − ωk  + iηk  ) =
−i(|gk |2 + |g−k |2 )/(2cr ). We obtain the scattering matrix,
S21 (k) = eikD 1 −
S11 (k) = −

i
|gk |2
,
cr ωk − ωK + iαG ωK − (ωk )

gk g∗−k
i
.
cr ωk − ωK + iαG ωK − (ωk )

(17)

(16)

It is seen that when the magnon-phonon coupling is complete
nonreciprocal, we always have S11 (k) = 0 no matter gk = 0
or g−k = 0; there is no reflection. Nevertheless, the transmission of phonon with opposite momenta depends on the

ξ=

2αG ωK − |gk |2 /cr
2αG ωK + |gk |2 /cr

(18)

modulates the amplitude of the transmitted waves. Generally,
ξ < 1 as αG > 0, implying a suppression of transmission.
Nevertheless, a negative αG , i.e., a gain [64–67], can amplify
the phonons as |ξ | > 1. When gk = 0, the nanomagnet is not
excited at all and the propagating SAWs of momentum k only
accumulate a propagation phase kD. While when g−k = 0,
the SAWs are first absorbed and then emitted by the nanomagnet, resulting in a double dissipative phase shift π /2.
This can be observed by a wire with a high magnetic quality
2αG ωK  |gk |2 /cr , leading to ξ = eiπ , i.e., without amplitude
suppression but a pure phase shift. When 2αG ωK → |gk |2 /cr ,
the transmission tends to be zero and the energy accumulates
in the magnet [46]. Finally, when 2αG ωK  |gk |2 /cr , ξ → 1
and the modulation vanishes and the phonon diode effect is
very small.
In Fig. 3 we plot the absolute value of the phonon transmission |S21 (ωk )| and |S12 (ωk )| with respect to the field direction
ϕ and the magnon frequency ωK of one (e.g, Ni) nanowire,
around the phonon frequency ωk = 2π × 20 GHz. We take a
small and large Gilbert dampings αG = 5 × 10−4 [Figs. 3(a)
and 3(b)] and 5 × 10−3 [Figs. 3(c) and 3(d)], respectively,
to illustrate effects of different magnetic qualities. The other
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material parameters are the same as those in Fig. 2. With
both Gilbert dampings, the phonon transmission shows a dip
around the critical angles (e.g., φc ≈ 0.73π and 1.27π with
g−|k| = 0) and resonance frequency ωK = ωk . Around these
angles and frequencies, |S12 (ω)| = |S21 (ω)|, demonstrating
the nonreciprocity and phonon diode effect [24,25]. The energy range for the diode effect is broadened by a large Gilbert
damping, but the magnitude is significantly suppressed, suggesting a need to improve the magnetic quality for a clear
experimental observation and application when one magnet
is employed. As the magnon damping breaks the unitarity of
the phonon scattering matrix, the phonon suffers from the “resistivity” when passing through the magnets. If this resistivity
is enhanced by the number of magnets, we expect that the
diode effect can be enhanced when there are many magnets,
as studied in the following subsection.
B. Phonon resistivity by collective magnon modes

Although the phonon is assumed to have a small damping
here, the magnon damping can be large. The conversion of
phonon to magnon then suffers from a large damping that
brings a resistivity. Experimentally, this can correspond to a
short propagation length for phonon that scales with the number of magnet. To this end we generally calculate the phonon
transmission through many (identical) magnetic wires.
We express the phonon scattering matrix by the collective
modes of magnons via the eigenvectors of the non-Hermitian
Hamiltonian HN (ωk ) [36]. Assuming the right eigenvectors of HN (ωk ) are ψζ with corresponding eigenvalue νζ ,
HN (ωk )ψζ = νζ ψζ . Here ζ = {1, . . . , N} labels the collective
modes. We also define the right eigenvectors φζ of HN† (ωk )
with corresponding eigenvalue νζ∗ . The eigenvectors satisfy
the orthonormal conditions with ψζ† φζ  = δζ ζ  and φζ† ψζ  =
δζ ζ  [36]. Thus, the magnon (retarded) Green function is
found to be

1
GrN (ω) =
ψζ φζ†
,
(19)
ω − νζ
ζ
which is determined by the collective modes of the wires.
Therefore, the net effect of many wires is not a simple
summation of that of a single wire, which would bring a
modulation factor ξ N , but may lead to different features. The
phonon transmission can thus demonstrate the existence and
information of the collective mode of many magnetic wires.
Many properties of the collective mode were addressed in our
previous works [36,46].
We numerically diagonalize the non-Hermitian Hamiltonian and calculate the phonon transmission through a
magnetic array with distance δ between the neighboring wires.
Such an array was commonly employed to excite shortwavelength spin waves on top of a magnetic film [30,53].
By taking δ = 3.2π /k and the other parameters in the last
subsection, we show the improvement of the diode effect
by many magnetic wires. Figure 4 is a plot of the phonon
transmission |S21 (ωk )| at the critical angles with |S12 (ωk )| = 1
when the damping of magnetic wire is large with αG = 5 ×
10−3 . Although the transmission is still very large with one
magnetic wire, it tends to be zero rapidly with tens of wires.

FIG. 4. Dependence on magnet number N of the phonon transmission |S21 (ωk )| for Ni nanowire on GGG substrate. The damping
of wire is chosen to be relatively large with αG = 5 × 10−3 . The
direction of the magnetic field is chosen to be at the critical angle
such that |S12 (ωk )| = 1. The dashed arrows indicate the evolution of
the half-width of the spectra with the increase of the wire number.
The other material parameters are given in the text.

The frequency window of the filtering also increases with the
increase of the wire number, i.e., a broadband nonreciprocity,
as indicated by the dashed arrows in the figure, implying
the advantage of many-wire configuration. The suppression
of the phonon transmission is not as rapid as ξ N law with
the increase of magnet number, indicating that it is the collective modes that play roles in the filtering. Note that the
phonon reflection is zero in this complete nonreciprocal case,
implying that the phonons are damped by exciting the magnon
collective modes as the total number of magnon and phonon
is conserved in the linear regime.
IV. PHASE-SENSITIVE MICROWAVE TRANSMISSION

The phase-sensitive microwave scattering matrix is also an
efficient way to detect the nonreciprocity [30,32]. We again
formulate a general case with N parallel magnetic wires. We
consider the microwave excites the ith wire and the radiated
microwave is read out above the jth wire. Such a setup was
realized experimentally with two wires by narrow striplines
on top of the wires [32]. Following our previous works
[27,30,36], the equation of motion of the magnons augmented
by the microwave input leads to [62,63]
√
(20)
−iωB̂(ω) = −iĤN (ω)B̂(ω) − κ p P̂in (ω),
where B̂ = (β̂1 , β̂2 , . . . , β̂N )T and κ p is the dissipative damping of magnon by microwave radiation, which we assume to
be much smaller than the intrinsic Gilbert damping. P̂in is
the input of microwave photon in which we assume the ith
wire is excited by the local active stripline and the element
is (P̂in )l = δli p̂in . The local input microwaves, actually, excite
all the magnetic wires as they are coupled through virtual
exchange of the surface phonons. These excited wires can
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radiate out the microwaves that can be detected by the passive
stripline. We monitor the microwave at the jth wire with the
photon output [31,62,63]
√
p̂out (ω) = p̂in (ω)δi j + κ p β̂ j (ω).
(21)
The magnon excitation at the jth wire is represented by
magnon Green function from Eq. (20),
√
β̂ j (ω) = i κ p [GN (ω)] ji p̂in (ω).
(22)
When j = i, we obtain the microwave reflection at the ith
wire,
S̃ii (ω) = p̂out (ω)/ p̂in (ω) = 1 − iκ p [GN (ω)]ii
= 1 − iκ p

N

[ψζ (ω)]i [φζ† (ω)]i

ω − νζ

ζ =1

,

(23)

which reads out the diagonal term of the magnon Green
function. While when j = i, we obtain the microwave transmission from the ith wire to the jth one,
S̃ ji (ω) = −iκ p [GN (ω)] ji
= −iκ p

N

[ψζ (ω)] j [φζ† (ω)]i

ω − νζ

ζ =1

,

(24)

which is expressed by the off-diagonal term of the magnon
Green function. Therefore, an ergodic detection of all the
microwave reflection and transmission can give the whole
magnon Green function, whose inverse gives all the terms of
the magnon Hamiltonian that contains rich information.
The simplest experimental setup employs two identical
wires [31,32], in which case the magnon Green function reads
G2 (ω) =

[ω − ω̃K + i1
×

1
+ R,12 (ω)L,21 (ω)

(ω)]2

ω − ω̃K + i1 (ω)
−iR,12 (ω)

−iL,21 (ω)
. (25)
ω − ω̃K + i1 (ω)

Accordingly, the microwave reflection and transmission read
S̃11 (ω) = 1 −
S̃21 (ω) = −

iκ p [ω − ω̃K + i1 (ω)]
,
[ω − ω̃K + i1 (ω)]2 + L,21 (ω)R,12 (ω)

κ p R,12 (ω)
, (26)
[ω − ω̃K + i1 (ω)]2 + L,21 (ω)R,12 (ω)

recovering our previous results [30–32]. We are particularly
interested in the resonant situation with ω = ωK . Recalling
R,12 (ω) = (|gk∗ |2 /cr )eiω|y2 −y1 |/cr , the real part of the microwave transmission with complete nonreciprocity L,21 = 0
reads
2κ p 1 (ω)
ω|y2 − y1 |
,
(27)
sin
Re[S̃21 (ω)] =
[αG ω + 1 (ω)]2
cr
which oscillates with the microwave frequency. The frequency
difference between two neighboring peak of Re[S̃21 (ω)] is
ω = 2π cr /|y2 − y1 |,

FIG. 5. Real part of the microwave transmission between the
nanowires at the left and right edges at the resonant condition ωK =
ω. We adopt different number of Ni nanowires N = {2, 5, 10} on
top of GGG and tune the magnetic field to the complete chirality
with S̃1N (ω) = 0. The damping of wire is chosen to be relatively
large with αG = 5 × 10−3 . The other material parameters are given in
the text.

formalism allows us to study the influence of the middle wires
on the microwave transmission. We find relation Eq. (28) is
very robust even when the middle wires are added, while the
amplitude of the microwave transmission is suppressed by
the middle wires. We plot the real part of the transmission
amplitude in Fig. 5 as a function of microwave frequency
close to ω0 = 2π × 20 GHz. We tune the nanowire Kittel
mode to be resonant to the microwave frequency. In the calculation we take width w = 250 nm and thickness d = 30 nm
for the Ni nanowires on top of GGG. The distance between
the two wires at the left and right edges is R = 20 μm. The
intrinsic magnetic damping is chosen as κm = 5 × 10−3 and
the radiative damping κω = 2π × 10 MHz. We observe the
oscillation of the microwave transmission (real part) with respect to the microwave frequency, which is robust to the added
middle wires. We note that the transmission does not vanish
at the nodes as it becomes purely imaginary. The calculated
frequency difference between the neighboring peaks (dips)
ω = 2π × 164 MHz, agreeing well with Eq. (28).
The experiment [13] observed the oscillation of the microwave reflection with respect to the microwave frequency
in the YIG|GGG|YIG sandwiched structure. There, the forth
and back of the phonons between the two YIG layers are
responsible. Here the calculated oscillation in our transverse
structure has a different physical origin. On one hand, the
oscillation appears in the microwave transmission rather than
reflection. On the other hand, the coupling is chiral and the
excited phonon is unidirectional rather than a back and forth
motion.

(28)

which is sensitive to the wire distance and phonon group
velocity.
The microwave transmission with two-wire setup was studied in our previous works [30–32]. Here the Green function

V. NONRECIPROCAL PHONON PUMPING

In the presence of the nonreciprocal magnetoelastic coupling, the injected phonon from a precessing magnetization
that travels with group velocity cr forms opposite currents at
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the two sides of the nanowires, i.e., a chiral pumping effect
that was considered recently in magnonics and photonics in
the presence of one to many magnets [28–31,35,36,42]. In this
part we extend the formalism in terms of the Green function to
calculate the chiral phonon pumping and make a connection
to the phonon scattering matrix.
As the group velocity of surface phonon does not depend
on the momentum, the current IL/R in the ±ŷ direction is
solely determined by the total injection rate PR/L for the leftand right-moving phonons with
IR/L = PR/L cr .

(29)

The corresponding phonon injection rate depends on the
nonequilibrium distributions and can be generally calculated
by Landauer-Büttiker formula [49–52]. The injection rates
read



i
†
PR(L) =
Ĥ ,
β̂l β̂l
h̄
l


 
∗
<
gk,l Glk (t, t ) ,
(30)
= −2Re
l

k>0(<0)

With complete nonreciprocity, one of PR and PL vanishes,
indicating that the pumped phonon flows unidirectionally in
half of the elastic substrate.
For the phonon, the lesser’ and advanced Green functions are given by Gk< (ω) = 2π i f (ω)δ(ω − ωk ), with f (ω) =
1/(eω/(kB T ) − 1) being the Bose-Einstein distribution at temperature T , and Gka (ω) = 1/(ω − ωk − iηk ), respectively. The
retarded Green function of magnons GrN (ω) is given by
Eq. (19), while the advanced Green function GaN (ω) =
Gr∗
N (ω). These two Green function defines the spectra function
A(ω) = i[GrN (ω) − GaN (ω)], and, from fluctuation-dissipation
theorem, we have [52]
G<
ll  (ω) = iF (ω)All  (ω)


= −F (ω) GrN (ω) − Gr∗
N (ω) ll  ,

where F (ω) parametrizes the magnon nonequilibrium
distribution.
I (ω) =
 ∗ < Accordingly, we can demonstrate
∗

g
G
(ω)g
is
purely
imaginary
as
I
(ω)
=
−I (ω).


k,l
ll k,l ll
The phonon injection rates then read
  

PR(L) =
Re ig∗k,l Grll  (ωk )gk,l 
k>0(<0) ll 

which is evaluated by the Green functions
 † 


G<
lk (t, t ) ≡ −i b̂k (t )β̂l (t )
and

(35)

× [F (ωk ) − f (ωk )]
  

Re ig∗k,l Grll  (ωk )gk,l  f (ωk )
−





G<
kl (t, t ) ≡ −i β̂l (t )b̂k (t ) .

k>0(<0) ll 

−

The “lesser” Green function can be calculated by invoking the
time-ordered Green function
Gtlk (t, t  ) = −iθ (t − t  ) β̂l (t )b̂†k (t  ) − iθ (t  − t ) b̂†k (t  )β̂l (t ) ,
which evolves according to the coupled Hamiltonian Ĥc :

∂
− i  − ωk Gtlk (t, t  ) =
gk,l  Gtll  (t, t  ),
(31)
∂t

l
where we define the time-ordered Green function for the Kittel
magnons
Gtll  (t, t  ) = −iθ (t − t  ) β̂l (t )β̂l† (t  )
− iθ (t  − t ) β̂l† (t  )β̂l (t ) .
Then through the operator −i∂/∂t  − ωk ≡ [Gkt (t  )]−1 , we express

(32)
dt1 gk,l  Gtll  (t, t1 )Gkt (t1 , t  ).
Gtlk (t, t  ) =
l

 



Re ig∗k,l Gr∗
ll  (ωk )gk,l  F (ωk ).

(36)

k>0(<0) ll 

At the thermal equilibrium, F (ωk ) = f (ωk ) and PR(L) vanishes. The injection
 rate is closely related to the phonon
transmission as ll  ig∗k,l Grll  (ωk )gk,l  = cr [1 − S21 (ωk )] from
Eq. (15).
Usually, the injection rate with one magnetic nanowire
is not large, and we may envision the injection rate can be
improved with many nanowires. Therefore, we are particularly interested in the scaling relation with respect to the
number of the nanowire. To this end, we adopt, for simplicity,
a monochromatic microwave of frequency ωK to resonantly
excite the magnetic wires and F (ωk ) → f (ωk ) + δ f δ(ωk −
ωK ), with which Eq. (36) is reduced to
PR(L) = (1/cr )TR(L) δ f ,

(37)

where

The time-contoured Green function shares the same Feynman
rule as the time-ordered one, which allows us to use Langreth
theorem [52] to obtain the lesser Green function (in the frequency space)



a
G<
gk,l  Grll  (ω)Gk< (ω) + G<
(33)
lk (ω) =
ll  (ω)Gk (ω) .

TR =



1   ∗  r
Re igk∗ ,l Gll  (ωK ) − Gr∗
ll  (ωK ) gk∗ ,l  ,
2π ll 

TL =



1   ∗  r
Re ig−k∗ ,l Gll  (ωK ) − Gr∗
ll  (ωK ) g−k∗ ,l  . (38)
2π ll 

l

Thus, the pumping rate is calculated to be
   dω 
Re g∗k,l Grll  (ω)gk,l  Gk< (ω)
PR(L) = −2
2π
k>0(<0) ll 

∗
a
(34)
+ gk,l G<
ll  (ω)gk,l  Gk (ω) .

Again, we employ the Ni nanowire on top of GGG with the
same parameters as in Figs. 4 and 5 and tune the magnetic
field to the critical angle such that TL = 0. Figure 6 shows the
approximate linear scaling of TR with respect to the nanowire
number, suggesting an large injection rate with a nanowire
array of high magnetic quality.
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Magnetization dynamics can control the propagation of
surface phonon in gigahertz frequency, much higher than
the electric control in megahertz frequency [69,70]. Replacing the magnetic nanowire by the various nanomagnet
configurations such as the nanodisks is an interesting extension. As addressed in the text, the gain by a negative
Gilbert damping [64–67] can add amplification functionality
on the basis of the nonreciprocity that could be useful in the
future applications in the logic device. An inserted heavy
metal between the nanomagnet and acoustic insulator may
induce the Dzyaloshinskii-Moriya interaction that influences
the nonreciprocity as well, which could be a possibility to
improve the magnetoelasitic nonreciprocity [25,71,72].
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VI. DISCUSSION AND SUMMARY

APPENDIX: HAMILTONIAN Ĥe AND Ĥm

In conclusion, we formulate the nonreciprocal phonon
transmission by acoustic pumping of magnon and its inverse
process, the chiral pumping of phonon by ferromagnetic resonance. The model device we consider is one to many magnetic
nanowires on top of a high-quality acoustic insulator rather
than the extended magnetic film. We employ nanowire with
thickness much smaller than the wavelength of the SAWs, in
which situation the effect from the shear strain on the upper
and lower surface cancels, different from that of thick films
[19,68]. Therefore, in the wire setup the nonreciprocity comes
from the edge effect that is sensitive to the wire width and
is strong when the wire width is comparable to the SAW
wavelength. Both processes, associated with the phonon diode
effect and unidirectional phonon current in half-space, have
high efficiency when the magnetic quality of the wire is high,
but the efficiency is significantly enhanced by increasing the
number of wire that allows us to use material with ordinary magnetic quality to realize similar functionalities. The
microwave transmission mediated by two remote magnetic
wires that interact by virtual exchange of phonons is phase
sensitive and hence can be used to detect, e.g., the phonon
group velocity and wire distance, which could be a unique
way to measure the coherent phonon propagation.
The nonreciprocal magnon-phonon interaction comes from
the chirality of magnon and rotation-momentum locking of
surface phonon. Classically, we calculate the rotating forces at
the edge of nanomagnet and show its relation with the magnon
chirality. We use a quantum formalism and employ the Green
function method to universally describe the chiral dynamics
between magnon and other quasiparticles including photon
[35,36], other magnon [28–31], electron [42], and phonon.
We demonstrate the non-Hermitian interaction between wires
lead to the collective motion of magnons that has influence on
the phonon diode effect, microwave transmission, and chiral
phonon pumping.

Here we address the Hamiltonian Ĥe and Ĥm used in the
main text. From the equation of motion, the SAW eigenmodes
propagating in the ŷ direction of an isotropic elastic half-space
(x < 0) read [23,27,48]
ψx = qϕk eqx −
ψy = ikϕk eqx −

2k 2 sx iky
e e ,
k 2 + s2
2qs sx iky
e e ,
+ s2

k2

(A1)


where q = k 2 − kl2 and s = k 2 − kt2 with kl =
√
√
ωk ρ/(λ + 2μ) and kt = ωk ρ/μ being the wave vectors
for longitudinal and transverse bulk waves, respectively. Here
μ and λ are the elastic Lamé constants, ωk = cr |k| represents
the eigenfrequency of Rayleigh SAWs with velocity cr , and
ϕk is a normalization constant. The opposite relative phase
of the displacement field Arg(ψy /ψx )|x=0 = ±i for left- and
right-propagating waves indicates the rotation-momentum
locking of SAWs. The displacement field (ûx , ûy ) is quantized
by the eigenmodes ψ(k) and phonon operators b̂k (t ),

û(x, y, t ) =
[ψ(x, y, k)b̂k (t ) + ψ∗ (x, y, k)b̂†k (t )]. (A2)
k

The mode amplitudes ψ are then normalized to recover the
elastic Hamiltonian of Rayleigh SAWs with


Ĥe = ρ dr û˙ 2 (x, z, t ) =
h̄ωk b̂†k b̂k ,
(A3)
k

leading to the normalization condition
 0
dx(|ψx |2 + |ψy |2 ) =
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static situation reads
fm = −μ0 Ms H0 cos θ + 21 μ0 Nyy [Ms sin(ϕ − θ )]2 .

(A9)

The minimum of the free energy dfm /dθ = 0 leads to
θ = Nyy sin ϕ cos ϕMs /H0 ,

(A10)

when H0  Ms , which is the situation we focus on. With
knowing the static configuration, the effective magnetic field
in the dynamical situation reads
Heff = −H0 cos θ z̃ − H0 sin θ ỹ − Nxx mx x̃
− Nyy (my cos ϕ  + mz sin ϕ  )(ỹ cos ϕ  + z̃ sin ϕ  )
≈ [−H0 − Nyy (my sin ϕ cos ϕ − Ms sin2 ϕ)]z̃

FIG. 7. Configuration of equilibrium magnetization under an applied magnetic field of general direction.

(A5)

where the factor
a(1 − b2 ) 1 + a2
2a(a − 2b)
+
1 + b2
2a
b(1 + b2 )

−1/2

,

(A6)

dmx
= −μ0 γ (−H0 − Ms Nyy cos2 ϕ + Nyy Ms sin2 ϕ)my ,
dt
dmy
= −μ0 γ (H0 − Nxx Ms − Nyy Ms sin2 ϕ)mx ,
(A12)
dt
from which we can find the Kittel frequency
ωK = μ0 γ [H0 + Ms Nyy cos(2ϕ)]

× (H0 + Nxx Ms − Nyy Ms sin2 ϕ)

with dimensionless material constants
a = q/|k| =

(A11)

in which ϕ  = ϕ − θ and we have used Eq. (A10) in the
second step. With this magnetic field, the Landau-Lifshitz
equation dm/dt = −μ0 γ m × Heff leads to

We then obtain the normalization factor
!
2h̄
1 1 + b2
ϕk =
ξP ,
|k| 2a(1 − b2 ) ρLcr

ξP =

− Nxx mx x̃ − Nyy my cos2 ϕ ỹ ,

1 − (cr /cl )2 ,

b = s/|k| =

1 − η2 .
(A7)
√
√
Here cr = η μ/ρ and cl = (λ + 2μ)/ρ are, respectively,
the sound velocities of the surface and longitudinal bulk
waves.
For the magnetic nanowire, we focus on the case with a
large applied magnetic field H0 to saturate the magnetization
along the z axis (see Fig. 1). In the wire {xyz} coordinate,
mx = mx , my = my cos ϕ + mz sin ϕ, and mz = −my sin ϕ +
mz cos ϕ. Focusing on the Kittel magnon,

1
1
Ĥm = μ0 dr m̂z H0 + Nxx m̂x2 + Nyy m̂y2 ,
(A8)
2
2

≈ μ0 γ H0 ,

(A13)

which generally exists when H0  Ms .
Our simple nanowire configuration is different from
surface-modulated magnonic crystals or ferromagnetic
nanogratings, where the Kittel mode is reported to exist in
a region of magnetization direction with ϕ  π /3 [73–75].
In the latter cases, the demagnetization field could develop a
more complicated distribution due to the special geometry of
magnetizations.
The transverse magnetization is then quantized by the
Kittel-magnon operator β̂(t ) with wave function m̃χ={x ,y } (r):
m̂χ (r) = − 2γ h̄Ms [m̃χ (r)β̂(t ) + m̃χ∗ (r)β̂ † (t )].

(A14)

where μ0 is the vacuum permeability, and Nxx  w/(d + w)
and Nyy  d/(d + w) are the demagnetization constants with
the nanowire width w and thickness d [29,46]. Here the demagnetization factors are treated to be uniform across the
wire by disregarding their spatial variation at the edges of
nanowires. With the magnetic field applied opposite to the ẑ
direction (Fig. 1 in the main text), the magnetization is not
parallel to the applied magnetic field due to the demagnetization field. We thus assume that the magnetization is opposite
to the z̃ direction, with an angle θ with respect to the −ẑ
direction, as shown in Fig. 7. The free-energy density in the

With a large H0  Ms , the magnon is circularly polarized with
m̃y = im̃x such that
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