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Abstract: For coating Brownian thermal noise reduction in future gravitational wave detectors,
it is proposed to use light in the helical Laguerre-Gaussian LG3,3 mode instead of the currently
used LG0,0 mode. However, the simultaneous reduction of quantum noise would then require
the efficient generation of squeezed vacuum states in the LG3,3 mode. Current squeezed light
generation techniques employ continuous-wave second harmonic generation (SHG). Here, we
simulate the SHG for both modes numerically to derive first insights into the transferability of
standard squeezed light generation techniques to the LG3,3 mode. In the first part of this paper,
we therefore theoretically discuss SHG in the case of a single undepleted pump mode, which, in
general, excites a superposition of harmonic modes. Based on the differential equation for the
harmonic field, we derive individual phase matching conditions and hence conversion efficiencies
for the excited harmonic modes. In the second part, we analyse the numerical simulations of the
LG0,0 and LG3,3 SHG in a single-pass, double-pass and cavity-enhanced configuration under
the influence of the focusing, the different pump intensity distributions and the individual phase
matching conditions. Our results predict that the LG3,3 mode requires about 14 times the pump
power of the LG0,0 mode to achieve the same SHG conversion efficiency in an ideal, realistic
cavity design and mainly generates the harmonic LG6,6 mode.
© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1.

Introduction

One main focus of the gravitational wave community is the steady improvement of the gravitational
wave detectors. Besides e.g. quantum and seismic noise, which are relevant in different frequency
ranges, coating Brownian thermal noise fundamentally limits the sensitivity of second generation
detectors such as Advanced LIGO [1] and Advanced Virgo [2] around 100 Hz. One proposed
method to reduce its coupling to the sensitivity of future detectors is the change from the currently
used fundamental Gaussian mode to higher-order Laguerre-Gaussian (LG) modes [3]. The
high-purity generation of the helical LG3,3 mode and its general compatibility with the design
of gravitational wave detectors has already been demonstrated [4–8], while challenges with
respect to mode degeneracy still exist [9,10]. On the other hand, the efficiency of the LG3,3
mode in the quantum noise reduction via squeezed vacuum states, as currently done with the
fundamental Gaussian mode [11], has not been examined yet. We investigate how the concept
of producing squeezed vacuum states via second harmonic generation (SHG) and subsquent
parametric down-conversion can be adapted to the LG3,3 mode. Based on numerical simulations,
we therefore compare the single-, double-pass (referring to one or two passes of the fundamental
pump field through the nonlinear crystal) and cavity-enhanced SHG continuously pumped by the
LG0,0 and LG3,3 mode.
In Sections 2 to 6, we derive the iterative equation for the numerical simulation of the singleand double-pass SHG from the differential equation of the harmonic field. Here, the general case
of a single undepleted pump mode which excites a superposition of harmonic modes is considered.
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Without loss of generality, the derivation assumes the Laguerre-Gaussian mode basis due to the
later mode comparison while similarities and differences to the Hermite-Gaussian (HG) basis
are indicated. Furthermore, the iterative equation shows how the pump intensity distribution,
the focusing (cf. [12,13]) and the Gouy phase (cf. [14,15]) affect the conversion efficiency and
how the Gouy phase leads to different phase matching conditions of the excited harmonic modes.
In Sections 7 to 11, the numerical simulations of the single-pass SHG generally illustrate these
correlations and provide a detailed focus on the individual phase matching conditions. These
conditions are especially important for the LG3,3 SHG and are reflected in the phase relations
of the excited harmonic modes to the crystal polarisation along the crystal. Together with the
subsequent double-pass simulations, our results allow for predictions regarding both the harmonic
output fields and the ratio of the pump-mode dependent effective nonlinearities of the nonlinear
medium. We use the latter to quantify the SHG comparison. Finally, we take the double-pass
results as an input for an existing simulation tool for the cavity-enhanced SHG to compute the
conversion efficiencies of both the LG0,0 and LG3,3 mode under typical experimental conditions
prevailing in gravitational wave detectors [16].
2.

Helical Laguerre-Gaussian modes

The helical Laguerre-Gaussian modes can be derived as a solution to the paraxial Helmholtz
equation (PHE). Their complete normalised form in cylindrical coordinates (r = (r, φ, z), z
defines the propagation axis) reads [4,17]
1
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Φp,l (z) := ei(2p+ |l |+1)Ψ(z)
where w(z) is the beam radius, Lp|l | is the generalised Laguerre polynomial, q(z) is the complex
beam parameter, Ψ(z) := atan(z/zR ) with the Rayleigh range zR = nπw20 /λ (n: refractive index,
w0 : waist size, λ: wavelength), k = 2πn/λ is the wavenumber and ω is the angular frequency.
Without loss of generality, the additional phase term can be set to β = 0. Furthermore, p ≥ 0
is the radial and l ∈ Z is the azimuthal mode index. The complete expression for LGp,l can be
written as the product of the amplitude distribution Ap,l , which is the solution to the PHE, and the
phase term exp[i(kz − ωt)], which is separated from Ap,l before the PHE is solved. The amplitude
distribution Ap,l can further be separated into the normalised transverse amplitude distribution
Tp,l (r), which includes the normalisation factors and defines the mode, and the Gouy phase term
Φp,l (z), which is a global (universal in the transverse plane) phase of Ap,l that depends on the
mode order gp,l = 2p + |l| and the z-position. This last separation will help to understand how
the fundamental and harmonic field interact in second harmonic generation.
In the HG basis, the expression of an arbitrary mode HGm,n can be separated in the same
manner with a corresponding Tm,n term and Φm,n (z) = exp[i(m + n + 1)Ψ(z)].
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Differential equation

In order to develop a basic understanding of how the conversion from the fundamental pump field
into the (second) harmonic field works (also refer to [18]), we assume Type-I phase matching, no
pump-depletion and no initial harmonic field. For simplicity, the polarisation direction of the two
fields is omitted and walk-off effects and absorption are neglected. Along the z-axis, the change
in the harmonic field is then described by the following PHE where the dielectric polarisation of
the nonlinear crystal, excited by the fundamental field, serves as a source term on the right-hand
side [14,18]
h
i
ω2
(3)
∇T2 − 2ik2 ∂z A2 (r) = −2 22 deff A21 (r)ei∆kz .
c
|
{z
}
=: S(r)

Here, the indices 1 and 2 denote the fundamental pump field and harmonic field, respectively,
c is the speed of light in vacuum, deff is the effective nonlinearity of the crystal medium and
∆k = 2k1 − k2 is the wavevector mismatch which is synonymous to a difference in the refractive
indices according to ∆k = 4π∆n/λ1 (for SHG) with ∆n = n1 − n2 . While the PHE, in principle,
only deals with the amplitude distributions A1 and A2 of the fundamental and harmonic field,
respectively, the dependency on the phase term exp(ikz) is still included on the right-hand side as
the wavevector mismatch. The term exp(−iωt) from Eq. (1) is not taken into account because the
SHG process is considered to be time-invariant.
As a first step to describe the SHG process, the z-derivative in Eq. (3) is discretised as follows
∂z A2 (r, φ, z) =

A2 (r, φ, z + ∆z) − A2 (r, φ, z)
.
∆z

(4)

We can apply this to the homogeneous PHE (right-hand side is zero) that describes the mere
propagation of the field A2 :
A2 (r, φ, z + ∆z) = A2 (r, φ, z) − k 0∆z · ∇T2 A2 (r, φ, z)

(5)

with k 0 := i/(2k2 ), which shows that the transverse derivative ∇T2 determines how any superposition
of modes locally changes phase and shape when propagating. We can then apply Eqs. (4) and (5)
to the heterogeneous PHE:
A2 (r, φ, z + ∆z) = A2 (r, φ, z) − k 0∆z∇T2 · A2 (r, φ, z) + k 0∆z · S(r, φ, z + ∆z)
= A20 (r, φ, z + ∆z) + Ch (r, φ, z + ∆z)
with

A20 (r, φ, z + ∆z) : = A2 (r, φ, z) − k 0∆z∇T2 · A2 (r, φ, z)
Ch (r, φ, z + ∆z) : = k 0∆z · S(r, φ, z + ∆z) .

(6)

(7)

This equation works in the following way: the harmonic field A20 which is present at z propagates
up to z + ∆z and interferes with the harmonic field Ch that is emitted from the crystal at this
subsequent position (to realise the correct interference, ∆z has to be added in the arguments of
S and Ch which becomes negligible when ∆z → dz). Then, the resulting harmonic field A2
continues to propagate. Based on this mechanism, the numerical simulations below will compute
the evolution of the generated harmonic field A2 by iteratively progressing through the crystal.
∆z determines the z-resolution which we increased until the solution was stable. Since Ch is,
for now, the only term associated with the crystal polarisation, it will simply be referred to as
“crystal polarisation”. h indicates the harmonic frequency.
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At the beginning of the crystal z0 , where no harmonic field has yet been generated (A20 = 0),
Eq. (6) becomes
A2 (r, φ, z0 ) = Ch (r, φ, z0 ) .
(8)
Importantly, the crystal polarisation imprints its mode composition on the harmonic field A2 in
this initial iteration step.
4.

Crystal polarisation

We assume that the SHG is pumped by a single LGp,l mode. According to Eq. (3) with A1 ∝ Ap,l ,
the crystal polarisation is then proportional to the square of Ap,l , that is the product of the squared
normalised transverse amplitude distribution (nTAD) Tp,l and squared Gouy phase Φp,l , and can
therefore be written as (see [19] for second line)
2
Ch (r) ∝ Tp,l (r) × ΦS (z)
p
2 Õ
h
Tp,l (r) =
t2m,2l (z)T2m,2l
(r)

(9)

m=0

ΦS (z) = Φp,l (z)

2

= ei2(2p+|l |+1)Ψ(z) .

where t2m,2l (z) are real-valued coefficients and (Tp,l (r))2 is not normalised. The superscript h
denotes the harmonic nTADs which are characterised by the harmonic frequency and a reduced
waist size compared to the fundamental nTADs (w0 → 2−1/2 w0 ). Independent on the z-position
inside the crystal, the crystal polarisation is thus in a varying superposition of the same harmonic
LG modes with l 0 = 2l (conservation of orbital angular momemtum [19]) and p0 = 0, 2, . . . , 2p.
Ch consists of more than one mode if p>0.
Combining Eqs. (6), (8) and (9) leads to the following mode-resolved version of Eq. (6) which
iteratively shows that the harmonic field and the crystal polarisation are in superpositions of the
same harmonic modes throughout the crystal (This is only strictly true for ∆n = 0, but still a
good approximation for a reasonable small ∆n, see Sec. 7):
A2 (r, φ, z + ∆z) =

p h
Õ

i
a2m,l0 (z) + c2m,l0 (z + ∆z) ×Ah2m,l0 (r, φ, z + ∆z)
m=0 |
{z
}

(10)

= a2m,l0 (z+∆z)

where a2m,l0 (z) are the complex coefficients for the harmonic field which has been generated
from z0 up to z. These coefficients do not change with the mere propagation along ∆z which is
completely described by Ah2m,l0 . The complex c2m,l0 (z + ∆z) coefficients belong to the harmonic
field emitted from the crystal polarisation at z + ∆z. Since the LG modes form an orthonormal
basis, the interference in each term can be analysed individually.
Equations (9) and (10) also apply to the HG basis by considering the corresponding expressions
for (Tm,n )2 and ΦS .
5.

Phase matching

Phase matching refers to the evolution of the phase difference ∆α2m,l0 (z) ∈ (−π, π] between
a2m,l0 (z) and c2m,l0 (z + ∆z) in Eq. (10) where a “good” phase matching is characterised by
∆α2m,l0 (z) ≈ 0 along the crystal. The evolution of this phase difference is determined by the
global phase terms in the harmonic field A2 and crystal polarisation Ch .
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The harmonic field includes the respective nTADs and Gouy phases of the involved harmonic
modes:
p
Õ
h
A2 (r) =
a2m,l0 (z)T2m,l
(11)
0 (r)Φ2m,l0 (z) .
m=0

The crystal polarisation consists of the same nTADs, but since it originates from squaring the
pump mode, they are all weighted by the same Gouy phase (and wavevector mismatch):
" p
#
Õ
h
0
h
C (r) = iCp,l (z)
c2m,l0 T2m,l0 (r) ΦS (z)ei∆kz ,
m=0
p
Õ

0
c2m,l
0

2

(12)

=1.

m=0
0
where the constant real-valued c2m,l
0 coefficients quantify the fractional contributions of the
harmonic modes to the crystal polarisation and Cp,l (z) is the real-valued amplitude.
This discrepancy in the Gouy phases which is basically a discrepancy in the Gouy phase
factors γp,l := 2p + |l| + 1 leads to an interesting effect. On the one hand, the nTADs (the modes)
in the harmonic field and crystal polarisation are identical throughout the crystal. On the other
hand, the single Gouy phase of the crystal polarisation evolves faster than each Gouy phase in
the harmonic field. For each harmonic mode, an individual Gouy phase difference between the
already generated harmonic field and the crystal polarisation will consequently build up during
the propagation through the crystal. Hence, the initially constructive interferences in Eq. (10)
experience an individually fast decaying dependent on ∆γp,l,p0 ,l0 := γS − γp0 ,l0 = 2γp,l − γp0 ,l0 ,
where γS is the Gouy phase factor of the crystal polarisation, γp0 ,l0 is the Gouy phase factor of
the corresponding harmonic mode and ∆γp,l,p0 ,l0 >0, always. This decay can be slowed down
(or amplified) by a wavevector mismatch which is, however, also the same for each term in the
crystal polarisation. It can thus only be properly used for one of the harmonic modes. Hence,
good phase matching is either achieved for each harmonic mode when approaching the limit of
plane waves because the Gouy phases are then negligible. Or it can only be achieved for one of
the harmonic modes, at most.
The same applies to the HG basis with ∆γm,n,m0 ,n0 = 2γm,n − γm0 ,n0 . In the LG basis, however,
the selection of excited harmonic modes leads to ∆γp,l,p0 ,l0 values which decrease in steps of 4
down to the minimum of 1 for p0 = 0, 2, . . . , 2p. In contrast, the HG basis also allows for other
values inbetween.

6.

Change in power and phase difference

Comparing Eqs. (10) and (12) gives
c2m,l0 (z) = cp0 ,l0 (z) = iCp,l (z)cp0 0 ,l0 ei∆γp,l,p0 ,l0 Ψ(z) ei∆kz

(13)

such that the change in power for each mode in the harmonic field at z is given by
2

∆Php0 ,l0 (z) ∝ ap0 ,l0 (z) − ap0 ,l0 (z − ∆z)

2

2

∝ Cp,l (z)cp0 0 ,l0 + 2 ap0 ,l0 (z − ∆z)Cp,l (z)cp0 0 ,l0 × cos ∆αp0 ,l0 (z)

(14)


with the phase difference
∆αp0 ,l0 (z) = αa,p0 ,l0 (z − ∆z) −

π
− ∆γp,l,p0 ,l0 Ψ(z) − ∆kz
2

(15)

where αa,p0 ,l0 is the phase of ap0 ,l0 and π/2 corresponds to the factor i. ∆αp0 ,l0 (z) will be called
Gouy phase difference for ∆k = 0.
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Let us consider the second expression for ∆Php0 ,l0 (z). The first term is only important at z0
when there is no harmonic field yet. It quickly becomes negligible compared to the second term
as soon as the conversion begins, especially for a higher z-resolution (smaller ∆z) because it is
quadratic in ∆z while the second term is linear in ∆z. The second term shows that the change in
the power of each mode in the harmonic field depends on four parameters:
1. The contribution of the respective mode to the crystal polarisation cp0 0 ,l0 which is constant
throughout the crystal.
2. The amplitude of the crystal polarisation Cp,l (z). This parameter includes the influence of
the pump intensity. For a set pump power, Cp,l (z) is larger for more intense pump modes
(the latter generally implies a smaller mode order). Cp,l (z), additionally, decreases with
increasing pump beam radius. Both effects are shown in Fig. 1 for the later simulated
pump modes LG0,0 and LG3,3 depending on the focusing parameter ξ = L/(2zR ), where L
is the geometrical length of the crystal. Larger focusing parameters imply a smaller waist
size and, thus, a higher maximum intensity but also a larger beam divergence. Hence,
Cp,l (z) or |Cp,l (z)| 2 changes more extremely for larger focusing parameters.
Comparing Eqs. (3) and (12) shows that the effective nonlinearity can be transformed into
a pump mode-dependent effective nonlinearity
dp,l (z) := deff Cp,l (z).

(16)

The ratio dp1,l1 /dp2,l2 for two different pump modes, e.g. d0,0 /d3,3 = 2.64, is then z-, ξand medium-independent (deff cancels out) and directly quantifies the difference of the
two pump modes in their intensity distributions as well as in their interaction with the
nonlinear medium.
3. The already generated power in the respective mode itself in terms of |ap0 ,l0 (z − ∆z)| such
that the power will change more if more power has already been generated.
4. The phase difference ∆αp0 ,l0 (z) between ap0 ,l0 (z − ∆z) and cp0 ,l0 (z). According to the cosine in
Eq. (14), the phase difference will cause the power to decrease whenever |∆αp0 ,l0 (z)|>π/2
(and if the second term dominates the first one at this point). As expected, the evolution of
the phase difference depends on the difference in the Gouy phase factors ∆γp,l,p0 ,l0 and on

Fig. 1. Normalised evolution of the power contained in the crystal polarisation |Cp,l (z)| 2 for
different focusing parameters ξ along the crystal on a logarithmic scale. The waist of the
pump field is located at the centre of the crystal. The curves evolve in accordance with the
pump intensities.
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the wavevector mismatch ∆k. The phase term π/2 is imprinted on the phase of ap0 ,l0 at
z0 and irrelevant for the phase matching. The same would hold for β , 0 (see Eq. (1)).
Furthermore, the phase of ap0 ,l0 adjusts to the phase of cp0 ,l0 via the interference in each
iteration step and the evolution of the phase difference highly depends on how efficient this
adjustment works. This is mainly determined by the slope of the phase of cp0 ,l0 (z). If this
phase changes rapidly, the phase of ap0 ,l0 can not adjust quickly enough. Another influence
is the ratio |cp0 ,l0 (z)|/|ap0 ,l0 (z − ∆z)|; the larger this ratio is, the more does cp0 ,l0 (z) affect the
phase of ap0 ,l0 (z − ∆z).
How the SHG depends on these four parameters will be illustrated in the following via
numerical simulations using Eq. (10).
7. LG0,0 in single-pass SHG
The LG0,0 mode is the lowest order (g0,0 = 0) LG mode, shows the highest intensity for a
set optical power and should therefore generally achieve the highest conversion efficiency. If
pumped by this p = 0 mode, the crystal polarisation only excites the harmonic LG0,0 mode
with reduced waist size and ∆γp,l,p0 ,l0 = ∆γ0,0,0,0 = 1. Thus, the phase difference evolves with
∆γp,l,p0 ,l0 Ψ(z) = atan(z/zR ) (see Eq. (15)). Figure 2 shows how the conversion evolves along
the crystal dependend on the focusing parameter ξ and regarding the accumulated harmonic
power and phase difference. It is split up into the regime of weak to optimum focusing (optimum
focusing being defined as ξ = 2.84 according to [12] for highest conversion efficiency) and the
regime of strong focusing. In each case, the waist is located at the centre of the crystal and the
phase difference starts at zero because the harmonic field is equal to the crystal polarisation after
the first iteration step in Eq. (8).

Fig. 2. Numerical simulation of the SHG pumped by the LG0,0 mode for different focusing
parameters ξ and wavevector mismatches ∆n. The waist is located at the centre of the crystal.
The solid lines refer to the left axis and show the accumulated harmonic power. The dashed
lines refer to the right axis and illustrate the phase difference between the harmonic field and
the crystal polarisation for the harmonic LG0,0 mode.

Please note that the simulation produces the same relative results for any values λ1 , n and deff
and any pump power if the pump field is treated as undepleted. Furthermore, the ratios of the
final harmonic power in the different cases are equal to the ratios of the corresponding conversion
efficiencies because the same pump power is assumed for all simulated cases.
For ξ = 0.05, the focusing is weak enough to be considered close to the limit of plane waves
in the sense that the Gouy phase difference remains negligibly small. Hence, the increase in
harmonic power is not affected by the Gouy phase difference. Still, the conversion efficiency is
only at 5 % of the most efficient simulated case (ξ = 3) because the pump intensity, or C0,0 (z), is
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comparably small. Please note further that the steady increase in the harmonic power dominates
the changes in C0,0 (z) and results in a steady increase in the slope of the harmonic power according
to Eq. (14).
For ξ = 0.5, the focusing is still relatively weak. In the range −L/2 ≤ z ≤ L/2 (the z-range
used in the simulation in contrast to the x-axis in Fig. 2), atan(z/zR ) covers a span of almost
π/3. However, due to the adjustment of the phase of the harmonic field to the phase of the
crystal polarisation, the Gouy phase difference remains below π/4. It does not significantly affect
the evolution of the harmonic power. This becomes apparent when the optimum wavevector
mismatch is included: atan(z/zR ) evolves approximately linearly within the crystal such that the
wavevector mismatch can properly compensate for it. But the improvement on the harmonic
power is small compared to ξ = 3 or 10. The higher pump intensity results in a sevenfold increase
of the conversion efficiency compared to ξ = 0.05.
For ξ = 3, the harmonic power builds up with a larger slope along roughly two third of the
crystal length compared to ξ = 0.5 due to the higher pump intensity. At the same time, the
Gouy phase difference can not be neglected anymore and continuously reduces the slope of the
harmonic power. Here, atan(z/zR ) covers a span of about 4π/5 in the range −L/2 ≤ z ≤ L/2 and
the Gouy phase difference remains below π/2 due to the phase adjustment of the harmonic field.
With this Gouy phase difference, the final harmonic power is only slightly higher than for ξ = 0.5.
In this focusing regime, the optimum wavevector mismatch can not keep the phase difference
close to zero throughout the crystal because the Gouy phase difference does not evolve linearly
anymore. Nevertheless, the wavevector mismatch can improve the conversion efficiency by a
factor of about 2.
For ξ = 10, the focusing is strong enough to cause a significant pump beam divergence. This
becomes apparent in the first crystal half where the low pump intensity does not allow the harmonic
power to reach higher values than for ξ = 3 despite the small Gouy phase difference. Approaching
the waist, the pump intensity reaches higher values than for ξ = 3 and the harmonic power
increases with larger slope. At the same time, the Gouy phase difference starts to significantly
reduce the slope of the harmonic power around the waist. While atan(z/zR ) almost covers its
complete span of π in the range −L/2 ≤ z ≤ L/2, the Gouy phase difference reaches and remains
close to π/2. This causes the harmonic power to remain roughly constant in the second half of
the crystal on a level which is even lower than for ξ = 0.5. The optimum wavevector mismatch
can triple the final harmonic power; but since the evolution of the Gouy phase difference deviates
even more from a linear increase than for ξ = 3, this compensation is clearly less efficient and
the conversion efficiency is smaller than for ξ = 3 including the respective optimum wavevector
mismatch. Evidently, there is an optimum focusing parameter regarding the conversion efficiency
with the best compromise between pump intensity and achievable phase matching. ξopt = 2.84
was derived in [12] including a ξ-dependent optimum wavevector mismatch.
Please note that the nTADs of the harmonic field and crystal polarisation differ by not even
1 ppm within the crystal for ∆n = 6.3 × 10−5 and can therefore be treated as identical (concerning
the remark in brackets before Eq. (10)).
For ξ = 50, the effect of the pump beam divergence is clearly larger than for ξ = 10. Around the
waist, where the pump intensity reaches maximum values, the harmonic power briefly increases
with the maximum slope of the simulated cases until the Gouy phase difference approaches π/2.
In this case, the Gouy phase difference even exceeds π/2 due to the rapid evolution of atan(z/zR )
such that the harmonic power decreases. For z>0.05L (referring to the x-axis), atan(z/zR ) is
already approximately constant at π/2. In this z-range, only the phase of the harmonic field
changes due to the phase adjustment; hence, the Gouy phase difference decreases. The conversion
efficiency is at the same level as for ξ = 0.05.
Finally, Fig. 3 demonstrates how a step-wise increase in ∆γp,l,p0 ,l0 deteriorates the power buildup in the harmonic field. For this demonstration, ∆γ0,0,0,0 is varied artificially for ξ = 0.5, even
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though ∆γ0,0,0,0 , 1 is not physical. As expected, a higher difference in the Gouy phase factors
increases the slope of the Gouy phase difference, whereas the unphysical case of ∆γp,l,p0 ,l0 = 0
behaves like the limit of plane waves with no Gouy phase difference at all.

Fig. 3. Demonstration of the influence of ∆γp,l,p0 ,l0 , here artificially varied for ξ = 0.5 and
∆n = 0. The solid lines refer to the left axis and show the accumulated harmonic power.
The dashed lines refer to the right axis and illustrate the Gouy phase difference.

8. LG3,3 in single-pass SHG
The LG3,3 mode is a higher-order pump mode (g3,3 = 9) with p>0 and should fundamentally
show a much lower conversion efficiency than the LG0,0 mode due to the more uniform intensity
distribution. The latter implies C0,0 (z)>C3,3 (z) for equal focusing parameters. When pumped
by the LG3,3 mode, the crystal polarisation locally excites a superposition of harmonic modes
with reduced waist size according to Table 1. Figure 4 shows how the power of these modes in
the harmonic field, the total harmonic power as well as their respective phase differences evolve
along the crystal for the same focusing parameters as in the case of the LG0,0 mode (except for
ξ = 50). For ξ = 0.5 and 3, they also illustrate the influence of the same wavevector mismatches
for comparison.
Table 1. Composition of crystal polarisation excited by the
LG3,3 mode
p0 , l0

|c0p0 ,l0 | 2

∆γ3,3,p0 ,l0

0,6

0.2129

13

2,6

0.1342

9

4,6

0.1610

5

6,6

0.4919

1

Please note that ∆γ0,0,0,0 = ∆γ3,3,6,6 . Hence, the Gouy phase difference of the harmonic LG6,6
mode, when pumped by the LG3,3 mode, behaves identically to the case of the harmonic LG0,0
mode, when pumped by the LG0,0 mode, for equal focusing parameters. The power in these two
cases only evolves qualitatively identically due to the different pump intensities. This correlation
holds for any two pairs of pump and harmonic mode with equal ∆γp,l,p0 ,l0 value.
For ξ = 0.05, the increase in harmonic power is hardly affected for any of the harmonic modes,
even though the influence of the different ∆γ3,3,p0 ,l0 values can be seen in the different slopes of
the Gouy phase differences. Hence, their final contributions to the total harmonic power are
roughly equal to the respective |cp0 0 ,l0 | 2 values such that the harmonic field remains in roughly the
same mode composition as the crystal polarisation.
For ξ = 0.5, the conversion into the harmonic LG6,6 mode is still hardly affected by the Gouy
phase difference. However, the stepwise increase of 4 in the values ∆γ3,3,6,6 to ∆γ3,3,0,6 causes
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Fig. 4. Numerical simulation of SHG pumped by the LG3,3 mode for different focusing
parameters ξ and wavevector mismatches ∆n. The waist is located at the centre of the crystal.
The solid lines refer to the left axis and show the accumulated harmonic power. The dashed
lines refer to the right axis and illustrate the phase difference between the respective mode in
the harmonic field and the crystal polarisation.
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the Gouy phase difference of each of the other harmonic modes to (repeatedly) reach values
where destructive interference dominates (|∆αp0 ,l0 |>π/2). Hence, the conversion efficiencies of
the harmonic modes LG0,6 , LG2,6 and LG4,6 are jointly almost negligible compared to the LG6,6
mode such that the latter finally dominates the harmonic field with a contribution of about 95 %.
Please note that the Gouy phase difference changes more rapidly after reaching −π because
the power in the respective mode is close to zero at this point. Hence, the influence of the crystal
polarisation on the phase of this mode in the harmonic field is larger.
In general, a wavevector mismatch reduces the slope of the phase difference for each harmonic
mode and, again, cases with equal ∆γp,l,p0 ,l0 values benefit (or suffer) in the same manner. For
ξ = 0.5, the improvement in the conversion efficiency of the harmonic LG6,6 mode via the same
wavevector mismatch as before in the LG0,0 case is small because the Gouy phase difference is
not significant. As the other extreme, the slopes of the Gouy phase differences of the LG0,6 and
LG2,6 mode are not sufficiently affected by the wavevector mismatch to significantly increase their
conversion efficiency. On the other hand, the LG4,6 mode benefits the most from the wavevector
mismatch (in relative terms) because its Gouy phase difference evolves up to an average region
around π/2. Hence, its contribution to the final harmonic field increases by about 5 % such
that the contribution of the LG6,6 mode decreases to about 90 %. Interestingly, the optimum
wavevector mismatch now depends on the goal of the SHG. If a high total harmonic power is
desired, the optimum wavevector mismatch will be larger than simulated here to still increase the
benefit for the LG4,6 mode while not significantly deteriorating the power increase of the LG6,6
mode. If a high purity in terms of LG6,6 is desired, no wavevector mismatch or even a mismatch
with opposite sign will be ideal to achieve a higher suppression of the other modes.
For ξ = 3, the LG3,3 mode achieves the highest of the simulated total conversion efficiencies
(corresponding to the final total harmonic power). Without a wavevector mismatch, the
contribution of the harmonic LG6,6 mode to the final harmonic field is above 95 % because
the suppression of the other harmonic modes in relation to the LG6,6 mode is stronger than
for ξ = 0.5. In this focusing regime, the LG4,6 mode again benefits more from the simulated
wavevector mismatch than the LG6,6 mode (in relative terms) such that the latter’s contribution
to the final harmonic field is reduced to 95 %.
For ξ = 10, the performance of the LG0,6 , LG2,6 and LG4,6 mode does not significantly change
compared to the other simulated focusing cases apart from different patterns of power modulation.
Due to the same reason as for the LG0,0 mode for this focusing regime, the generated power in
the LG6,6 mode is, however, clearly reduced compared to ξ = 0.5 and 3. Hence, its contribution
to the final harmonic field is only at about 80 %.
9.

Comparison of LG0,0 and LG3,3 in single-pass SHG

First, we discuss the harmonic output field and its dependency on the focusing. When the
SHG is pumped by the LG0,0 mode, only the harmonic LG0,0 mode is excited such that the
harmonic output field does not depend on the focusing in terms of its mode composition (in
contrast to its power). This is different when the SHG is pumped by the LG3,3 mode. Here,
four harmonic modes are excited and each of them shows an individual focusing-dependent
conversion efficiency. Hence, the contributions of the four harmonic modes to the final harmonic
field change dependent on the focusing parameter such that the final harmonic mode composition
and intensity distribution change as well. This is shown in Fig. 5 for the far-field. As expected,
the harmonic intensity distribution for ξ = 0.05 is equal to the squared intensity distribution of
the LG3,3 mode. For ξ = 3, it is dominated by the LG6,6 mode and for ξ = 10, the peak structure
of the ξ = 0.05 case is dominating because the conversion into the LG6,6 mode is less efficient
again.
Secondly, we compare the total conversion efficiencies (in the case of LG3,3 referring to the
total harmonic power). Figure 6 shows the evolution of the accumulated total harmonic power
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Fig. 5. Normalised final harmonic intensity distribution in the far-field (z = 100zR ) for
different focusing parameters ξ when pumped by the LG3,3 mode.

when pumped by the fundamental LG0,0 and LG3,3 mode for different focusing parameters and
without a wavevector mismatch. At the beginning of the crystal, the ratio between curves of
equal focusing parameter is equal to (d0,0 /d3,3 )2 = 6.97 (see Eq. (16)). However, since the power
in the harmonic modes LG0,6 , LG2,6 and LG4,6 becomes ever more negligible along the crystal
for the majority of the simulated focusing parameters, this ratio changes. If the harmonic LG6,6
mode is finally dominating, it approaches (d0,0 /d3,3,6,6 )2 = 14.1. Here,
dp,l,p0 ,l0 (z) := deff Cp,l (z)cp0 0 ,l0

(17)

is the mode-dependent effective nonlinearity if only one of the harmonic modes is considered.
Hence, the minimum possible ratio of the conversion efficiencies of the LG0,0 and LG3,3 mode is
7, assuming identical focusing and pump power as well as no pump-depletion. The maximum
possible ratio is 14. Evidently, there is not a fixed ratio of the mode-dependent effective
nonlinearities of two pump modes that would be measured in an experiment, here equal to the
square-root of the ratio of the conversion efficiencies. It rather depends on the focusing because
this determines the mode composition of the final harmonic field where each harmonic mode
contributes with a different dp,l,p0 ,l0 value.

Fig. 6. Comparison of the accumulated total harmonic power for different focusing
parameters ξ and no wavevector mismatch (∆n = 0). The solid and dashed lines refer to the
LG0,0 and LG3,3 case, respectively. Colour code: orange ↔ ξ = 0.05, yellow ↔ ξ = 0.5,
blue ↔ ξ = 3 and purple ↔ ξ = 10.
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Reconversion

For both pump modes, LG0,0 as well as LG3,3 , harmonic power is occasionally reconverted
into the fundamental field. In the case of the LG0,0 mode, this is when the harmonic power
briefly decreases for ξ = 50. In the case of the LG3,3 mode, the modes LG0,6 , LG2,6 and LG4,6
experience reconversion in almost each simulated case. In this section, we qualitatively investigate
into which fundamental modes the harmonic modes are reconverted by using the PHE for the
change in the fundamental field.
This PHE shows the same structure as Eq. (3) and can also be rewritten similiar to Eq. (6)
such that the fundamental field at the subsequent position z + ∆z is given by the interference
of the fundamental field which propagated from z to z + ∆z and the fundamental field which is
emitted from the crystal polarisation at z + ∆z. In the case of efficient conversion, this interference
is destructive and results in the depletion of the pump field. For the qualitative analysis of
the reconversion, only the mode-dependent part of the corresponding crystal polarisation Cf is
required. It is given by the following mixing of fundamental and harmonic field [18]:
Cf (z) ∝ A2 (r, φ, z)A∗1 (r, φ, z) .

(18)

We assume A1 to only contain the used pump mode while A2 is a superposition of all excited
harmonic modes. Hence, the crystal polarisation reads
" p
#
Õ
f
h
C (z) ∝
a2m,l0 (z)A2m,l0 (r, φ, z) A∗p,l (r, φ, z) .
(19)
m=0

With

f

Cp,l,p0 ,l0 (z) := Ahp0 ,l0 (r, φ, z)A∗p,l (r, φ, z) ,

(20)

the z-independent overlap integral
σp,l,p0 ,l0 ,p00 ,l00 := Np,l,p0 ,l0

∫

f

rA∗p00 ,l00 (r, φ, z)Cp,l,p0 ,l0 (r, φ, z) drdφ

2

(21)

corresponds to the fraction of the harmonic mode LGp0 ,l0 which is reconverted into the fundamental
mode LGp00 ,l00 if the fundamental field is in the LGp,l mode. Np,l,p0 ,l0 is a normalisation factor.
Tab. 2 shows that none of the harmonic modes completely reconverts into the original pump
mode for either of the here analysed pump modes. Each harmonic mode rather reconverts into an
individual superposition of fundamental modes which will act as additional pump modes that, in
turn, excite individual superpositions of harmonic modes. In the regime of no pump-depletion
and in cavity-enhanced SHG when the additional modes show no power buildup, this should,
however, be a negligible effect.
Table 2. Overlap integrals for reconversion
p, l , p0 , l0 , p00 , l00

σp,l,p0 ,l0 ,p00 ,l00

0,0 , 0,0 , 0,0

0.7500

3,3 , 0,6 , 3,3

0.3141

3,3 , 2,6 , 3,3

0.1518

3,3 , 4,6 , 3,3

0.1907

3,3 , 6,6 , 3,3

0.5732
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Double-pass and cavity-enhanced SHG

In gravitational wave detectors, the squeezed vacuum states in the LG0,0 mode are generated
in an optical parametric amplifier (OPA) via parametric down-conversion which is pumped by
the harmonic output beam of an SHG. Below the OPA threshold, the generated squeezing level
increases with the harmonic pump power. Hence, the SHG conversion efficiency is usually
enhanced by the power buildup of the fundamental pump field in an optical linear cavity [11] to
achieve a high harmonic output power which allows for a high squeezing level. Such a cavity,
used e.g. in [16] (see Fig. 7), typically features an end mirror which is highly reflective at
both the fundamental and harmonic frequency, and is designed such that the harmonic field is
not resonating and coupled out in reflection (see below for examplary reflectivities). Thus, the
harmonic field is generated in a double-pass through the crystal. The main two differences to a
single pass as simulated above are that the fundamental and harmonic field usually experience
different phase shifts under the reflection off the end mirror and that the second pass can be
interpreted as a single pass with both non-zero initial harmonic power and non-zero initial
phase differences. Figure 7 shows the double-pass simulation for the LG3,3 mode with no
wavevector mismatch. Here, we assume the typical focusing regime of such an SHG cavity,
ξ = 0.5, and include the theoretical phase shift values for internal reflection of a coated 7 % doped
MgO:LiNbO3 crystal as indicated by Laseroptik GmbH: φ1064 nm = 29.1◦ and φ532 nm = 1.3◦ .
Even though conversion efficiencies close to 1 can be achieved in cavity-enhanced SHG with
respect to the fundamental input power, this simulation assumes that the regime of no pumpdepletion is still a good approximation for the fundamental intra-cavity power. With a minimum
power buildup factor of about 40 for the below simulated cavity (corresponding to the maximum
achievable conversion efficiency), high conversion effciencies only correspond to a depletion of
the intra-cavity pump power by about 2.5 % or less during one roundtrip (double-pass).

Fig. 7. Left: Examplary schematic of the double-pass and cavity configuration. In both
cases, the crystal end face acts as the (cavity end) mirror. Right: Numerical simulation of a
double-pass SHG pumped by the LG3,3 mode for ξ = 0.5 and ∆n = 0. The waist is located
at the centre of the crystal. The solid lines refer to the left axis and show the accumulated
harmonic power. The dashed lines refer to the right axis and illustrate the phase difference
between the harmonic field and the crystal polarisation for the harmonic LG0,0 mode.

When the double-pass SHG is pumped by the LG0,0 mode, the harmonic power and phase
difference of the harmonic LG0,0 mode will again qualitatively evolve identically to the harmonic
LG6,6 mode due to the same ∆γp,l,p0 ,l0 values.
According to the theoretical coating phase shifts, the reflection off the end mirror results
in an increase of the phase difference by 2φ1064 nm − φ532 nm . If the phase difference of any
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harmonic mode is close to π or negative before the reflection, this increase can improve on
the conversion around the point of reflection as it reduces the absolute value of the phase
difference (see e.g. LG0,6 in Fig. 7). However, especially for the dominating modes which exhibit
significantly smaller phase differences, this increase will deteriorate the conversion around the
point of reflection. After the reflection, the phase differences evolve inverted due to the inverted
propagation direction. Furthermore, the second pass generates more harmonic power because
there is already harmonic power present at the start of this pass (see Eq. (14)).
The simulation suggests that the LG6,6 mode dominates the final harmonic field for the
double-pass SHG in the ξ ∼ 0.5 regime and we thus conclude the same for the output field of
an SHG cavity as described above. The exact LG6,6 contribution to the final harmonic field
depends on the crystal temperature, which affects the wavevector mismatch as well as the phase
shifts under reflection and is typically adjusted to optimise the conversion efficiency. The ratio
of the pump mode-dependent effective nonlinearities is close to the maximum of 3.77 and, in
turn, depends on the exact LG6,6 contribution. Furthermore, as for the single-pass, the results for
ξ ∼ 3 would be similar.
The Non-Linear Cavity Simulator (NLCS) from [20] calculates the conversion efficiency of
an SHG cavity depending on the fundamental input power by using the following parameters:
reflectivities of the cavity mirrors, crystal length, refractive index of the nonlinear medium, pump
waist size and position with respect to the crystal centre, fundamental wavelength, absorption
coefficients, wavevector mismatch and the effective nonlinearity. Figure 8 shows the comparison
of the LG0,0 and LG3,3 mode in a cavity-enhanced SHG simulated with the NLCS for the following
values: λ1 = 1064 nm, n = 2.23 (nominal refractive index for 7 % doped MgO:LiNbO3 ), ∆n = 0,
Rend = 0.999 (highly reflective end mirror at both involved frequencies), Rin,1064 nm = 0.98 (high
reflectivity of incoupling mirror at fundamental frequency for power buildup), Rin,532 nm = 0
(harmonic field not resonating and coupled out in reflection), L = 6.5 mm (geometric crystal
length), w0 = 31.4 µm (pump waist size in radius corresponding to ξ = 0.5), deff,0,0 = 3 pm V−1
(typical deff for 7 % doped MgO:LiNbO3 ), deff,3,3 = deff,0,0 /3.7 (assuming that the harmonic
LG6,6 mode is almost exclusively present in the harmonic output field of the LG3,3 SHG). No
absorption loss is assumed.

Fig. 8. Numerical simulation of a cavity-enhanced SHG pumped by the LG0,0 and LG3,3
mode for ξ = 0.5, ∆n = 0 and deff,0,0 /deff,3,3 = 3.7.

As an important result from our simulation, the ratio deff,0,0 /deff,3,3 = 3.7 implies that the LG3,3
SHG requires 13.69(15) (= 3.72 ) times the input power to achieve the same conversion efficiency
as the LG0,0 SHG. This factor was independent on the absolute deff,0,0 value in the simulation
and also remained the same when we assumed equal absorption losses in both cases.
12.

Conclusion

We have first theoretically investigated the continuous-wave second harmonic generation pumped
by an undepleted pump mode which generally excites a superposition of harmonic modes and
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secondly compared the LG0,0 and LG3,3 SHG in the single-, double-pass and cavity-enhanced
configuration via numerical simulations. We have derived a general equation which explains
the fundamentally different conversion efficiencies of two pump modes as an effect of their
intensity distributions. The same equation shows how the Gouy phase causes the harmonic modes
which are excited by a single pump mode to exhibit different phase matching conditions. These
influences have been illustrated by the simulations for different focusing regimes with a special
focus on the phase relations between the excited harmonic modes and the crystal polarisation.
Our comparison predicts that the LG3,3 mode requires about 14 times the fundamental input
power compared to the LG0,0 mode to achieve the same conversion efficiency in an ideal
cavity-enhanced SHG in the range from the typical to the optimum focusing regime of ξ ∼ 0.5
and ξ ∼ 3, respectively. This corresponds to a ratio of the pump mode-dependent effective
nonlinearities of about 3.7. Furthermore, we have shown that an LG3,3 SHG in this focusing
range will mainly generate the harmonic LG6,6 mode (>90%).
Since squeezed vacuum states of light for the gravitational wave detectors are generated using
parametric down-conversion, which can be seen as a reversed SHG, our results also suggest that
only the LG6,6 mode can efficiently pump the optical parametric amplifier to produce squeezed
vacuum states in the LG3,3 mode in the range from ξ ∼ 0.5 to ξ ∼ 3. We expect this process to
require about 14 times the pump power to generate the same squeezing level in the LG3,3 mode,
when pumped by a pure harmonic LG6,6 mode, compared to the LG0,0 mode, when pumped by a
pure harmonic LG0,0 mode. In a cavity configuration as described above, there is, however, also
the option to increase the Finesse for the fundamental squeezed field via a higher reflectivity of
the incoupling mirror. This is not an independent parameter because an increasing incoupling
reflectivity will eventually significantly reduce the achievable squeezing level via a reduced
espace efficiency. However, the Finesse should not have to be increased up to this regime such
that LG0,0 squeezing levels are theoretically possible in the LG3,3 mode for the same pump power.
Since the increased Finesse only applies to the squeezed vacuum field, there will be no significant
increase in the circulating fundamental power and no associated increased risk of photo-thermal
damage in the nonlinear crystal.
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