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On the basis of real-time ab initio calculations, we study the nonperturbative interaction of two-color
laser pulses with MgO crystal in the strong-ﬁeld regime to generate isolated attosecond pulses from highharmonic emissions from MgO crystal. In this regard, we examine the impact of the characteristics of
the incident pules, such as its shape, intensity, and ellipticity, as well as the consequences of the crystal
anisotropy on the emitted harmonics and their corresponding isolated attosecond pulses. Our calculations
predict the creation of isolated attosecond pulses with a duration of approximately 300 as; in addition, using elliptical driving pulses, we show the generation of elliptical isolated attosecond pulses. Our
work prepares the path for all-solid-state compact optical devices oﬀering perspectives beyond traditional
isolated attosecond pulses emitted from atoms.
DOI: 10.1103/PhysRevApplied.15.014013

I. INTRODUCTION
High-harmonic generation (HHG) is a nonlinear optical process as the result of a strong laser ﬁeld interacting
with an atom, a molecule, a plasma, or a crystal. In this
phenomenon, the target system emits light at frequencies equal to integer multiples of the frequency of the
driving laser in the multicycle regime. HHG was discovered in 1987 in gases and atomic systems [1,2]; it was
extended to crystals in 2010 [3]. HHG is a promising
research area from both fundamental and practical points
of view. HHG is a source of coherent extreme-ultraviolet
radiation that has pioneered numerous applications. In particular, HHG in atoms has established attosecond science.
The creation of an isolated attosecond pulse (IAP) from a
HHG light source in 2001 [4] was a milestone in HHG
history and ultrafast technology. Since then, there have
been continuous eﬀorts to generate brighter and shorter
IAPs from HHG sources [5]. IAPs can reveal microscopic
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details of the physical processes involved, with attosecondtimescale resolution, such as electron motion in materials, bond creation or bond breaking, and other ultrafast,
sub-optical-cycle quantum-mechanical phenomena [6–9].
Solid-state HHG has attracted much attention in recent
years [10–31] due to the diﬀerent possibilities in solids to
control and tailor the HHG radiation properties. It is possible to act on the HHG emission by engineering the crystal
structure, chemically or mechanically [11–16], or by rotating the target sample [23,24]. Additionally, the coupling
between electrons and holes in crystals makes it possible
for the excited electrons to recombine in neighboring sites
[31]. Accordingly, solids could show a stronger response to
an elliptical laser ﬁeld in comparison with the gas phase,
where the excited electrons need to recombine coherently
with their parent ions; note that ellipticity behaviors in
solids depend on the material symmetries [20–22]. Moreover, higher density [19] and electronic momentum change
induced by lattice periodicity [22] can lead to a stronger
HHG spectrum in solids; for instance, monoatomic crystals
display a brighter HHG spectrum compared with their gas
phases under the same incident pulse [30]. Furthermore, a
high-harmonic response could inform about the electronic
and dynamical properties of the solid system [10].
Following more than a decade of advances [32–35],
the shortest IAP ever produced was achieved in 2017,
with a duration of 43 as [36]. Despite these successes,
the corresponding experimental techniques proposed for
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generating IAPs are diﬃcult to implement, and attempts
toward producing more-accessible techniques are continuing. Controlling the driving pulse using two colors and
tuning the second-pulse parameters in order to conﬁne the
emission probability in a shorter range of pulse duration
was originally proposed in atoms and in a free-electron
laser [37,38], and due to their potential applications to
investigate electron ultrafast dynamics, they are widely
used to tailor the harmonic emission of diﬀerent systems
ranging from gases to liquid and solids [39–45].
Besides the input-pulse properties, the target system
and its strong-ﬁeld response are very important to generate IAPs. In this article, we consider wide-band-gap MgO
crystal as the target system. MgO is a well-known solid
in the HHG community due to its high damage threshold with regard to intense ultrashort infrared input pulses.
In addition, because of ionic bonds in MgO crystal, with
a rock-salt structure, its inhomogeneous electron-nuclear
potential is similar to that of atomic cases; consequently
MgO crystal has the advantages [19] of both atomic and
solid systems in one material.
Our demonstration is based on ab initio time-dependent
density-functional theory (TDDFT) [46,47] implemented
in the OCTOPUS package [48]. This method allows us to
model the electron dynamics in solids without making
strong assumptions and was shown to provide good agreement between simulation results and experimental measurements [20]. We show using two-color intense pulses
that IAPs with a duration as short as approximately 300 as
are extracted from the harmonic emission in the extremeultraviolet range. This is shorter than what was measured
experimentally in SiO2 nanoﬁlm (470 as) [25] or the ab
initio prediction of IAP duration in MoS2 monolayer (2280
as) [26].
This paper is organized as follows. After our reviewing the theoretical method in the next section, we present
our results in Sec. III. The eﬀect of of the pulse strength,
polarization direction, and two-color asymmetric pulses on
HHG response as well as IAP creation is discussed in that
section. We end Sec. III with the investigation of the ellipticity eﬀect on HHG and IAP production. Finally, Sec. IV
summarizes our main results.
II. METHOD
TDDFT calculations of the time evolution of the electronic wave functions are performed with the OCTOPUS
code [48] on the basis of the Kohn-Sham equation, deﬁned
as

∇2
∂
i φi (r, t) = − +vext (r, t) + vH [n(r, t)]
∂t
2

+ vxc [n(r, t)] φi (r, t),
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where vext (r, t) is the external potential including the
applied synthesized laser ﬁeld and electron-ion potential,
vH is the Hartree part of the Coulomb electron-electron
interaction, vxc is the exchange-correlation potential, and
n(r, t) is 
the time-dependent electron density deﬁned as
n(r, t) = i |φi (r, t)|2 , where φi is the Kohn-Sham orbital
associated with the index i corresponding to both a band
and a k-point index. In the next step, the total microscopic
current, j(r, t), is computed from the time-dependent wave
functions. Finally, the high-harmonic spectrum is obtained
by the Fourier transform of the laser-driven electron current
  
2


∂
3

HHG(ω) = FT
d rj(r, t)  ,
(2)
∂t 
where  is the system volume. The attosecond pulse can be
extracted from the coherent superposition of consecutive
harmonics [9]:
 ωf
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I (t) = 
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ω
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i

where ωi and ωf deﬁne the energy window used to calculate the IAP. Time-frequency analysis of high harmonics is
performed with the Gabor transform [49] of HHG:
 ∞
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GHHG (τ , ω) = 
dt exp
2w2
−∞
 
2

∂
−iωt
3
×e
d rj(r, t)  ,
(4)
∂t 
where the integral limitations practically reduce to the
duration of our pulse, which is from 0 to 36 fs, and our
time window w is taken to be 0.25 fs.
Unless stated otherwise, the exchange-correlation term
is described by the local-density approximation (LDA);
we use the set of norm-conserving Hartwigsen-GoedeckerHutter LDA pseudopotentials [50]. While the LDA underestimates the band gap, it correctly describes the band
dispersion of the valence and conduction bands [51], and
thus is capable of describing properly the coupled interband and intraband dynamics. A dense k-point grid of
28 × 28 × 28 and a grid spacing of 0.2 bohr are used thorough our calculations. We use a lattice constant of 4.18 Å
for MgO crystal with a rock-salt structure.
III. RESULTS AND DISCUSSION
A. Linear polarized pulse: high-harmonic and IAP
generation
1. One-color-pulse versus two-color-pulse HHG

(1)

We start our discussion by analyzing the nonperturbative interaction between our fundamental pulse, polarized
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along the [100] direction, and the MgO crystal; the results
are presented in Fig. 1. Our fundamental laser pulse is
set to a wavelength of 1.8 μm. The intensity of a few
1012 W per square centimeter, corresponding to an electric
ﬁeld strength of approximately 0.6 V/Å in the bulk system,
is kept below the damage threshold of MgO crystal. The
pulse duration at the full width at half maximum (FWHM)
is 18 fs, with a sine-squared envelope shape for the vector potential; the carrier-envelope phase of the fundamental
pulse is set to zero.
The HHG spectrum, presented in Fig. 1(a), shows that
odd harmonics up to a cutoﬀ energy of approximately
22 eV are generated, while, because of the inversion symmetry in MgO crystal, even harmonics are absent here [3].
The mechanism of solid-state HHG is usually explained
by interband and intraband dynamics [12,26–29]. The ﬁrst
four harmonics in Fig. 1(a), with energies below the DFT
band gap, are generated by intraband acceleration, while
for harmonics above the band gap, interband recombination can also contribute to the emission of harmonics. As
a result, the spectrum above the band gap is noisier and
not as clean as the HHG signal originating from intraband
dynamics only. This behavior is discussed in more detail
in Ref. [19] for bulk silicon.
The time-frequency analysis, presented in Fig. 1(b), predicts that no IAPs can be extracted from this harmonic
spectrum, and as Fig. 1(c) shows, a train of attosecond
pulses results from this emission. At lower energy (i.e.,
between 12 and 20 eV), the HHG emission is maximum
and shows complex dynamics with evidence of a positive
chirp of the attosecond bursts (see the dashed black lines).
The two-color results are illustrated in Fig. 2 [52].
The corresponding HHG spectra are displayed in Fig. S2
in Supplemental Material [53]. In this work, the pulse
shape and HHG spectra are controlled with use of the
second-color pulse strength, frequency, and phase. Practically, these characteristics are adjusted to control the
attosecond electron dynamics within the MgO bands such

(a)
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that the HHG is emitted only during a fraction of an optical
cycle over the entire pulse. The driving two-color vector
potential is deﬁned as

A(t) = A0 sin (tπ/δ) sin ω0 t +
2

e
sin(f ω0 t + φ2 ) ,
f
(5)

where A0 and ω0 are, respectively, the vector potential
and frequency of the fundamental pulse, t is time, and the
width δ is 36 fs, consisting of twice the pulse duration.
The pulse polarization, duration, and envelope shape of the
second laser ﬁeld are the same as those of the fundamental
pulse. IAPs are strongly governed by the eﬀective detuning
and dephasing of the second harmonic as shown in Fig. 2.
This reveals the importance of an asymmetric pulse in IAP
generation.
In Fig. 2, the total electric ﬁeld strength increases from
right to left; the peak ﬁeld strength in Figs. 2(a) and
2(d) is respectively 1.7 V and 0.8 V/Å, respectively. This
enhancement raises the emission intensity and extends the
HHG cutoﬀ energy from approximately 22 eV in Fig. 2(d)
to approximately 42 eV in Fig. 2(a) (see Figs. S2 and S5 in
Supplemental Material [53]). Practically, bright IAPs are
produced slightly after the extremum of the vector potential, which corresponds to the strongest acceleration of
the electron current in the conduction band. As indicated
in Fig. 2, for each case according to its time-frequency
spectrum, we reoptimize the energy window to obtain the
shortest IAP possible from the harmonic emission, as one
would do experimentally. The IAP duration reported in
Fig. 2 (deﬁned from the FWHM of the ﬁltered signal)
does not show any serious dependence on the electric ﬁeld
strength.
The IAP in Fig. 2(a) has a negative attosecond chirp
for harmonics between 15 and 21 eV. The negative chirp
sign is opposite the single-color case and the chirp usually

(b)

(c)

FIG. 1. (a) HHG spectrum corresponding to the fundamental laser; the pulse polarization is along the [100] direction. The dashed
lines mark the harmonic frequencies. The solid red line indicates the MgO DFT band gap (5.4 eV). (b) Time-frequency analysis of the
HHG. This ﬁgure also shows the time proﬁle of the vector potential. The dashed black lines indicate the attosecond chirp. (c) A train
of attosecond pulses resulting from the fundamental laser pulse for the given energy window. The time-dependent electric ﬁeld is also
displayed.
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(a)

(b)

(c)
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(d)

FIG. 2. Two-color-pulse time-frequency analysis (top row) and the related IAPs (bottom row). The results for four diﬀerent twocolor pulses are shown; the light polarization is along the [100] direction. The titles specify the pulse characteristics; e, f , and φ2 are
as deﬁned in Eq. (5). The dashed black line in (a) shows a negative chirp. The IAP duration and the corresponding energy windows
are given in the bottom panels. The minor spaces in the IAP diagrams are equal to 1 arb. unit and their scales are marked next to the
axes. The total electric ﬁeld proﬁles are shown in light gray in the bottom row, with the same scale used for the panels.

reported in gas HHG [54]. Besides the material, the properties of the pulse, such as its wavelength, strength, and
shape, aﬀect the chirp sign and magnitude. The fact that
we can tailor the attosecond chirp under certain driving
conditions can be used to control the attosecond pulses.
Additionally, this could reveal details of the microscopic
electron dynamics at the place, but a detailed study is
beyond the scope of the present work.
Since DFT calculations performed at the level of the
LDA or generalized-gradient approximation (GGA) underestimate the band gap, we also perform calculations using
the TB09 meta-GGA functional [55], which yields an
accurate estimation of the MgO band gap. The results presented in Fig. S1 in Supplemetal Metarial [53] imply that
the band-gap enhancement does not aﬀect signiﬁcantly our
main conclusions and shows the validity of using the LDA
to study the generation of IAPs in MgO.
Our ab initio results for the IAP duration in MgO are
shorter than what was obtained from TDDFT calculations
in MoS2 crystal with a FWHM duration of 2280 as [26].
This is also shorter than the IAP measured experimentally
in SiO2 nanoﬁlms with a duration of 470 as resulting from
a single-cycle pulse with a peak ﬁeld strength of 1.1 V/Å.
Moreover, the energy windows used to extract the IAPs,
which are speciﬁed in the bottom row in Fig. 2, are much
wider than the calculated bandwidth in MoS2 (16–20 eV)
[26] and that measured in SiO2 (18–28 eV) [25]. For example, the ﬁltering area in Fig. 2(a) starts from 17.5 eV and
covers the extreme-ultraviolet energy range up to 43 eV.

Our results therefore show that MgO is a promising candidate for the generation of IAPs for solid targets. Finally,
we note that a recent publication [56] on bulk MgO, using
the one-dimensional semiconductor Bloch equation, predicts IAPs with a duration of 817–1000 as and a bandwidth
of 20–35 eV for a two-cycle pulse with a wavelength of
1.6 μm.
Another point worth mentioning is the emission time
of the intense attosecond pulses versus the electric-ﬁeld
and vector-potential extrema. For instance, in Fig. 2(a),
the IAP is emitted at the vector-potential peak, while in
Fig. 2(b), the IAP is emitted at the electric-ﬁeld extremum;
similar behaviors are seen in Fig. 1 or Fig. S4 in Supplemental Material [53]. Since within the dipole approximation E(t) ∝ (∂/∂t)A(t), the vector-potential extrema
correspond to zeros of the electric ﬁeld. This could arise
from the diﬀerent microscopic origins of the harmonics
involved in each IAP. For instance, the intraband dynamics is a coherent emission occurring in phase with the
driving electric ﬁeld, and is enhanced when the band structure has its largest curvature or when the electric ﬁeld is
at its maximum [17]; in contrast, when the vector potential is maximum, the band gap increases and the emitted
harmonics are dominated by interband dynamics [17].
We end this part by discussing the electric-ﬁeld-strength
and wavelength dependence of the HHG cutoﬀ energy.
In gases, this dependency is deﬁned by the ponderomotive energy Up ∝ λ2 E02 , but since the excited electrons in
solids are not free particles in a continuum but quasifree
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(a)

(b)

(c)

FIG. 3. The impact of the pulse polarization direction on high-harmonic and IAP generation. In the left panels, the pulse polarizations
are along the [100], [110], and [111] directions from top to bottom. The dashed red lines specify the HHG cutoﬀ energies. The inset
plots show the corresponding IAPs. The right panels show the corresponding time-frequency analysis. Also, this ﬁgure shows the time
proﬁle of the vector potential. The dashed black lines allow the chirp of the pulse to be followed.

particles moving on energy bands, this equation is not
generally valid for solids. As shown in Fig. S5 in Supplemental Material [53], we ﬁnd that the harmonic cutoﬀ
scales linearly with the driving-pulse peak ﬁeld. However,
besides the electric ﬁeld strength, the pulse shape aﬀects
the cutoﬀ energy, and we ﬁnd that asymmetric pulses yield
shorter energy cutoﬀs than single-color pules. The opposite ﬁndings have been repoted for sensitivity [12,57,58]
or insensitivity [11,19,59] of the cutoﬀ energy to wavelength in solids; according to our results obtained for two
diﬀerent single-color pulses with wavelengths of 800 and
1800 nm (other pulse characteristics are the same as those
of the fundamental pulse), the cutoﬀ energy is found to
be independent of the pulse wavelength in MgO (plots not
shown).
2. Anisotropy impacts
The rest of our study on linearly polarized pulses
in MgO focuses on the HHG response to the crystal

anisotropy. Rotating the crystalline target or pulse
polarization direction provides a way to manipulate the
crystal harmonic emission, which is not accessible to
atoms, as solids possess intrinsic symmetries that inﬂuence the dipole coupling strength and possible transitions between bands, thus changing interband and intraband dynamics, and consequently aﬀecting the harmonic
spectra.
Figure 3 shows MgO HHG spectra as well as the timefrequency proﬁles arising from the same driving pulses
but with diﬀerent polarization directions; for simplicity, we
consider light polarization only along the high-symmetry
[100], [110], and [111] directions. A two-color pulse is
used to perform these calculations with f = 2, e = 0.9,
and φ2 = 1 rad and the same polarization direction.
Regarding Fig. 3, the harmonic emission, especially for
energies above 20 eV, is suppressed for the [110] and [111]
directions. The much-stronger high-harmonic emission,
for polarization along the [100] direction, can be roughly
explained by the strong ionic potential along this direction
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(a)

(c)

(b)

(d)

(e)

(f)
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FIG. 4. Ellipticity impact on high-harmonic and IAP generation. (a) Two-color-pulse HHG spectrum as a function of the second
ﬁeld polarization direction; the 0◦ direction corresponds to the [100] direction. (b)–(d) The polarization-resolved calculated timefrequency spectra: (b) for the nonrotated case or the linearly polarized two-color pulse; (c),(d) for the second ﬁeld polarization rotation
of θ = 45◦ . The ﬁrst and second rows show, respectively, the time-frequency plots for the y-polarized and x-polarized harmonics;
for the nonrotated case displayed in (b), high harmonics are totally polarized along the pulse polarization direction (x direction here).
The polarization-resolved vector-potential proﬁles are also shown, with the same scale used for the panels. (e),(f) The corresponding
polarization-resolved IAPs.

(see Supplemental Material [53]). The potential along the
[111] direction is also between Mg2+ and O2− ions, but
the distance between the ions in this direction is almost
twice the bond length in the [100] direction. Figure 3 shows
that the HHG spectra for the [110] and [111] directions
have the same cutoﬀ energies; however, the spectrum with
polarization along the [110] direction is relatively more

intense. We note that the anisotropic HHG emission discussed here is consistent with ﬁngings of previous studies
on MgO [23,24].
The insets in Fig. 3 show the corresponding IAPs. The
results imply that for the [110]- and [111]-polarized pulses,
the length and contrast of IAP generation rapidly deteriorate compared to the [100]-polarized pulse. The [100] case
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shows the brightest IAP and the shortest pulse duration,
with a slight positive chirp. The [110] case demonstrates
an attosecond pulse; however, the time-frequency representation shows that complex dynamics occurs with a
pronounced positive chirp. The [111] case does not exhibit
a well-contrasted IAP. The main pulse (at around 26 fs) has
a prepulse with negative chirp (starting at 20 fs). Again,
this illustrates the complex attosecond dynamics occurring within the MgO bands. We conclude that, in addition
to the pulse asymmetry, the calculated IAPs are strongly
inﬂuenced by the crystal orientation, which is an important
diﬀerence compared with the atomic case.

B. Ellipticity impacts on high-harmonic and IAP
generation
Use of linearly polarized two-color pulses allows the
generation of customized elliptically polarized pulses
by rotation of the polarization direction of one of
the two pulses. To investigate the ellipticity impact
on HHG and IAP generation in MgO, we perform
calculations for noncollinear polarized drivers. Figure
4 summarizes our results for two-color laser pulses
as a function of the second-pulse polarization angle.
The direction-resolved time-frequency proﬁles and their
corresponding IAPs are shown in Fig, 4. Our driving vector potential is A(t) = A0 sin2 (tπ/δ)[sin(ω0 t)î +
(1/2.1) sin(2.1ω0 t + 5.5)θ̂], where A0 and ω0 are, respectively, the fundamental-pulse vector potential and frequency, as deﬁned in Sec. II.
The polar plot in Fig. 4(a) shows that by rotation of
the second ﬁeld, harmonic emissions continuously fall
oﬀ; for instance, two intense harmonics with energies of
approximately 16–17 eV drop by approximately an order
of magnitude when the second pulse rotates from the parallel direction to the perpendicular direction. Besides, the
cutoﬀ energy decreases from 36 eV for the collinear case
to 27 eV for a rotation angle of 45◦ and 25 eV for a rotation
angle of 90◦ ; more details are shown in Figs. S6 and S7 in
Supplemental Material [53].
We now study the possibility of IAP generation for the
second-pulse rotation angles of 45◦ and 90◦ as well as
the collinear case (or 0◦ ). The time-frequency plots and
the corresponding IAP plots for the high-harmonic emission for the collinear case and for a rotation angle of 45◦
are shown in Figs. 4(b)–4(f); for 90◦ rotation (not shown),
no clear IAP is obtained from either x-polarized or ypolarized high harmonics. The results presented in Fig. 4
for a rotation angle of 45◦ reveal the possibility of having
an elliptical IAP resulting from the appropriate tuning of
the diﬀerent input parameters. As shown in Fig. 4(f), the
x-polarized and y-polarized IAPs are emitted at the same
time. Elliptical IAPs are usually cumbersome to generate
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in gases and are important for studying spin-polarized electronic motion in molecular or condensed-matter systems
[60,61].
IV. SUMMARY
By ab initio TDDFT calculations, we study the nonlinear response of MgO crystal to intense incident
pulses. Using infrared two-color asymmetric pulses with
a duration of 18 fs and an intensity of approximately
1013 W/cm2 , we obtain the following results.
The generation of harmonics up to 43 eV and IAPs as
short as approximately 300 as is predicted. Attosecond
chirp, which is a feature of interband recombinant emissions [62], can be manipulated from positive to negative
and appears for harmonics between 15 and 21 eV; in this
energy range, there is a plateau in the HHG spectrum (see,
for instance, Fig. S2 in Supplementaal Material [53]), and
high-lying conduction bands with the Van Hove singularities are present in the band structure [24]. MgO harmonic
emission shows anisotropic behavior, and the HHG emission for pulse polarization along the [100] direction is
stronger. Furthermore, the eﬃciency of the generated IAP
strongly decreases when the second-pulse polarization is
not along the [100] direction. Finally, we show that the
HHG eﬃciency drops rapidly for elliptically polarized
pulses; however, it provides the possibility of easily generating elliptically polarized IAPs. The linear dependence
of the cutoﬀ energy on the driving-laser peak ﬁeld is
observed. In addition, the eﬀects of the pulse ellipticity and
the crystal anisotropy on the cutoﬀ energy are discussed.
The results presented in this paper demonstrate the
potential of solid-state materials in future all-solid-state
attosecond technologies.
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