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ZUSAMMENFASSUNG

Neueste experimentelle Fortschritte im Bereich von “Cavity”-Quantenelektrodynamik ermdglichen die Er-
forschung der starken Wechselwirkung zwischen quantisiertem Licht und komplexen Materiesystemen.
Aufgrund der kohédrenten Kopplung zwischen Photonen und Materiefreiheitsgraden, entstehen Polarito-
nen, hybride Licht-Materie Quasiteilchen, die dazu beitragen kénnen, Materieeigenschaften und komplexe
Prozesse wie chemische Reaktionen entscheidend zu beeinflussen. Dieses Regime der starken Kopplung er-
offnet Moglichkeiten zur Kontrolle von Materialien und Chemie in einer beispiellosen weise. Allerdings sind
die genauen Mechanismen hinter vielen solcher Phinomene nicht vollstindig verstanden. Ein wichtiger
Grund dafiir ist, dass das physikalische Problem oft mit d&uRerst vereinfachten Methoden beschrieben wird,
wobei die Materie zu wenigen effektiven "Levels"reduziert wird. Akkuratere first-principles Methoden, die
Photonen gleichwertig zu Elektronen behandeln entstehen nur langsam, da die Erforschung solcher Metho-
den sowohl durch die erh6hte Komplexitdt der kombinierten Elektron-Photon Wellenfunktionen, als auch
dem Fakt, dass zwei verschiedene Teilchenspezies miteinbezogen werden miissen, aufgehalten wird.

In dieser Doktorarbeit schlagen wir vor diese Problem zu umgehen, indem das gekoppelte Elektron-
Photon Problem exakt in einem anderen zweckgebauten Hilbertraum neuformuliert wird. Dadurch, dass
wir ein System, bestehend aus N Elektronen und M Moden, mit einer N-Polaritonen Wellenfunktion re-
préasentieren, konnen wir explizit zeigen wie ein electronic-structure in eine polaritonic-structure Methode
umgewandelt werden kann, die fiir schwache bis hin zu starken Kopplungstirken akkurat ist. Wir rationali-
sieren diesen Paradigmenwechsel innerhalb einer umfassenden Revision der Licht-Materie Wechselwirkung
und indem wir die Verbindung zwischen verschiedenen electronic-structure Methoden und quantenopti-
schen Modellen hervorheben. Diese ausfiihrliche Diskussion hebt hervor, dass die Polariton-Konstruktion
nicht nur ein mathematischer Trick ist, sondern auf einem einfachen und physikalischem Argument ba-
siert: wenn die Anregungen eines Systems einen hybriden Charakter haben, dann ist es nur natiirlich, die
zugehorige Theorie beziiglich dieser neuen Entitdten zu formulieren.

Schliefflich diskutieren wir ausfiihrlich, wie Standard-Algorithmen von electronic-structure Methoden
angepasst werden miissen, um der neuen Fermi-Bose Statistik gerecht zu werden. Um die zugehorigen
nichtlinearen Ungleichungs-Nebenbedingungen zu garantieren, sind sorgféltige Entwicklung, Implemen-
tierung und Validierung der numerischen Algorithmen nétig. Diese zusétzliche numerische Komplexitit ist
der Preis, den wir zahlen, um das gekoppelte Elektron-Photon Problem zuginglich zu first-principles Me-

thoden zu machen.

iii



iv



Abstract

Recent experimental progress in the field of cavity quantum electrodynamics allows to study the regime
of strong interaction between quantized light and complex matter systems. Due to the coherent coupling
between photons and matter-degrees of freedom, polaritons — hybrid light-matter quasiparticles — emerge,
which can significantly influence matter properties and complex process such as chemical reactions. This
strong-coupling regime opens up possibilities to control materials and chemistry in an unprecedented way.
However, the precise mechanisms behind many of these phenomena are not yet entirely understood. One
important reason is that often the physical problem is described with highly simplified models, where the
matter system is reduced to a few effective levels. More accurate first-principles approaches that consider
photons on the same footing as electrons only slowly emerge. Their development is hampered by the in-
crease of complexity of the combined electron-photon wave functions and the fact that we have to deal with
two different species of particles.

In this thesis we propose a way to overcome these problems by reformulating the coupled electron-
photon problem in an exact way in a different, purpose-build Hilbert space, where no longer electrons
and photons are the basic physical entities but the polaritons. Representing an N-electron-M-mode sys-
tem by an N-polariton wave function with hybrid Fermi-Bose statistics, we show explicitly how to turn
electronic-structure methods into polaritonic-structure methods that are accurate from the weak to the
strong-coupling regime. We elucidate this paradigmatic shift by a comprehensive review of light-matter
coupling, as well as by highlighting the connection between different electronic-structure methods and
quantum-optical models. This extensive discussion accentuates that the polariton description is not only a
mathematical trick, but it is grounded in a simple and intuitive physical argument: when the excitations of
a system are hybrid entities a formulation of the theory in terms of these new entities is natural.

Finally, we discuss in great detail how to adopt standard algorithms of electronic-structure methods to
adhere to the new hybrid Fermi-Bose statistics. Guaranteeing the corresponding nonlinear inequality con-
straints in practice requires a careful development, implementation and validation of numerical algorithms.
This extra numerical complexity is the price we pay for making the coupled matter-photon problem feasible
for first-principle methods.
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REMARKS ON NOTATION AND TERMINOLOGY

For a better readability, we try whenever possible to refrain from abbreviating words. However, the follow-

ing few abbreviations are used several times in this text (note that we will sometimes not always use the

abbreviated form):
NR-QED non-relativistic quantum electrodynamics
QED quantum electrodynamics
HF Hartree-Fock
DFT density functional theory
QEDFT quantum-electrodynamical density functional theory
KS Kohn-Sham
RDM reduced density matrix
RDMFT reduced density matrix functional theory
MF mean field
pXC photon-exchange-correlation (only part IV)

We want to comment on the terms electronic-structure theory, many-body theory, and first-principles,
which are used almost interchangeably. However, there is a hierarchy between them, that is the idea of a
description of a system from first-principles is to make use of as little knowledge as possible that is specific
for the scenario. For instance, to describe the equilibrium properties of a Helium atom, the standard first-
principles approach would consider a doubly-positively charged nucleus and two electrons. To describe
such a 2-electron-1-nucleus system, we need methods that efficiently approximate the interaction between
all the particles. We call this in general a many-body problem and the research area connected to that many-
body theory. Thus, a first-principles description of microscopic systems is done with many-body methods.
Importantly, we often can separate the electronic from the nuclear dynamics (Born-Oppenheimer approxi-
mation, see Sec. 1.3.3) and for a plethora of phenomena, it is sufficient to describe only the former part, i.e.,
the electronic structure accurately. This research area is generally called electronic-structure theory and it
comprises most of the known many-body methods (see also Sec. 2).

We sometimes will quote from publications that are written in German. In this case, my translations are

provided below (in italic letters).

ix



Contents

List of publications
Contents

Introduction

()

Light, Matter and Strong Coupling

1 Strong light-matter coupling: experiments, theory and more theory
1.1 Whatis strong light-matter coupling? . . . . . ... .. ... . .. e
1.2 The essence of polaritonic physics: cavity-QEDmodels . . . ... ... ... ...........
1.3 The (quantum) theory of light-matter interaction . . . . . ... ... .. ... ... ... .....

2 Electronic-Structure Theory
2.1 The wavefunction, symmetry and the many-body problem . . . ... ... ............
2.2 Hartree-Focktheory . ... ... . .. .. . e
2.3 Density functional theory . . . . . . . . . . e
2.4 Reduced density matrices in electronic-structuretheory . . . . . .. ... ... ... .. ... ..
2.5 Comparisonofthemethods. . . . . .. . ... . . . e

3 Light and matter from first principles
3.1 Themany-electron-photonspace . ... .. ... ... ... . enenn..
3.2 Quantum-electrodynamical density functionaltheory . . .. ... ... ... .. .........
3.3 Reduced Density Matricesin QED . . . . . . . . . . e e

II Dressed Orbitals - Old Theory in a New Basis

4 The dressed-orbital construction
4.1 Polaritonsand correlation . . . . . . . . . . .
4.2 Polaritons in the dressed auxiliary system. . . . . . . . ... ... .o L e

4.3 Dressed construction: the generalcase . . ... ... ... ... .. ... ...

5 Polaritons from first principles
5.1 Polaritonicstructuretheory . . . . . . . . .. . . L
5.2 PolaritonicHF . . . . . . . e
5.3 PolaritonicRDMFT . . . . . . . e

20
28

43
46
58
63
71
86

89
91
99
103

113

117
117
120
131



6

Polaritonic structure methods in practice

6.1 Polaritonic orbitals 1: hybrid statistics on the lattice . ...........
6.2 Polaritonic orbitals 2: the fermion ansatzinrealspace . ... .......
6.3 Dressed orbitals from a numerical perspective . . . . . ... ..... ...
6.4 Polaritonic-structure methods: some firstresults . . ... ... ... ...
6.5 Summaryoftheresults. . . .. ... ... ... ... ... ... .. ...

III Numerics

7

RDMFT in real space

7.1 The generic RDMFT algorithm . . ... ... ... ... ..........
7.2 Orbital-based RDMFT inrealspace . .....................
7.3 Conjugate-gradients algorithm for RDMFT . . . . .. ... ... ......
7.4 Comparison of both orbital optimization methods . . ... ... ... ..

Polaritonic structure theory: a numerical perspective

8.1 The implementation of dressed orbitals in OcTopus . .. ... ... ...
8.2 HybridStatistics . . . . . ... ... L

IV Concluding Remarks

9

Conclusions

10 Outlook: open questions and prospects

A

Appendix

A.1 The bosonic symmetry of the photon wave function . ............
A.2 Conjugate gradients algorithm forreal orbitals . . . . .. ... ... .....
A.3 Gradient of the electronic natural occupation numbers . ... .......

Validation of the occupation number optimization in RDMFT

B.1 Definition ofthetestsetting . . . . . ... ... ... ... ... .......
B.2 Visualization of the algorithm . . . .. . ... ... ... ... ... .. ...
B.3 The identification of a resolved bug of polaritonic RDMFT . . . . . . .. ..
B.4 Asimpleresolutionoftheissue . . . ... ... .................

Convergence of dressed orbitals in OCTOPUS

C.1 Validation of the exact dressed many-body ground-state . . . . ... .. ..
C.2 Validation ofthedHFroutine . . . . . ... ... ... .. ...........
C.3 Validationof dRDMFT . . . ... ... ... .. .. .. .

C.4 Protocol for the convergence of a dHF/dRDMFT calculation

Bibliography

CONTENTS

223

227

233

............ 233
............ 234
............ 235

237

............ 237
............ 238
............ 240
............ 240

243

............ 244
............ 246
............ 250
............ 253

255

Xi



CONTENTS



INTRODUCTION

In the natural sciences, the phenomenon of electricity and its relation with charged particles is a research
topic at least since the 16th century,! and its importance has since then continuously increased. In the 19th
century, researchers started to understand the connection between charge and electric forces not only more
quantitatively but also the relation of both to magnetism and even light. Nowadays, all these phenomena are
understood as different aspects of the electromagnetic field, whose dynamics and interaction with charge
is well described by one set of four coupled equations, named after James Clerk Maxwell.> Rapid advances
in experimental techniques at the turn of the twentieth century revealed that charge is a characteristic of
all materials — not only of certain materials, as we used to think up until then. To the best of our today’s
knowledge, all matter consists of atoms, and all atoms consist of negatively charged electrons and positively
charged nuclei.® To understand matter on these atomic scales, physicists had to give up the classical concept
of point particles governed by Newton'’s laws, which is accurate only in the macroscopic world, and replace it
by the set of tools and laws of quantum mechanics. For a consistent description, not only matter, but also the
electromagnetic field had to be quantized and finally in 1938, Wolfgang Pauli and Markus Fierz formulated
the theory that accounts for the full quantum nature of electrodynamics and charged particles on atomic
scales [7]. Today, we call this theory non-relativistic quantum electrodynamics (NR-QED)* (or Pauli-Fierz
theory after its developers). It is claimed that NR-QED describes “any physical phenomenon in between
[gravity on the Newtonian level and nuclear- and high-energy physics], including life on Earth” [9, p. 157].
In other words, physicists have reduced all Life on Earth on the interaction between charged particles and
the electromagnetic field.

However, as the full theory of NR-QED is too difficult for strict mathematical deductions, the limit cases
have become much more important in the following years. For example, the quantized electromagnetic
field, possibly controlled by some classical external charges or charge currents, is very-well understood to-
day.® A very active field of research is quantum optics, where physicists investigate the interaction between
simple models of matter and photons, i.e., the quanta of the electromagnetic field. This allows to study fun-
damental atomic processes, such as light emission and absorption, to characterize the quantum nature of
light or to develop important devices, e.g., lasers or single-photon emitters. The crucial approximation be-
hind quantum optical models is the simplification of the matter-degrees of freedom, which allows to study
the photon field in detail.

If we instead perform the static limit, that is we turn off the interaction to the quantized part of the elec-

ISee for example the very well-documented article on WIKIPEDIA: https://en.wikipedia.org/wiki/Electricity#History,
accessed 12.06.2020.

2Naturally, there were many people involved in the discovery of these equations, but it was Maxwell who added a last term to make
the system of equations consistent [5, part 6.3]. For more information on the history of Maxwell’s equations and a well-readable intro-
duction to the topic, we recommend the WIKIPEDIA article and the references therein: https://en.wikipedia.org/wiki/Maxwell’
s_equations, accessed 12.06.2020.

3 According to the standard model of particle physics [6], nuclei can be even further divided into smaller constituents, but this does
not influence our statement.

4The term “non-relativistic” refers here to the matter description that does not include high-energy phenomena like particle creation
or annihilation processes. See Ref. [8].

5Note that this limit case is very important for the theoretical understanding of field quantization [10], but in practice, it is basically
notrelevant. The reason is that the quantum nature is barely visible without the interaction with matter. See for example the discussion
in part 3 of the book by Keller [11].
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tromagnetic field and neglect the dynamics of the heavy nuclei, we arrive at today’s standard microscopic
model of matter: it considers the atomic nuclei as classical charges that create electric potentials and bind
the electrons. The electronic degrees of freedom are then governed by the laws of quantum mechanics,
including their electric repulsion.® To really follow this programme, i.e., to describe matter from first prin-
ciples in practice, many further approximations are necessary. The static limit of the Pauli-Fierz theory, i.e.,
the Schrodinger theory of say N interacting electrons is still too difficult for exact solutions if N is large.” The
reason is that the theory describes the state of the system by the many-body wave function, which depends
on N coordinates. This means that the configuration space, i.e., the space of all these functions grows ex-
ponentially with N, which makes it for larger N entirely inaccessible (we will discuss this in detail in Ch. 2).
This is the so-called (quantum) many-body problem, which is so severe that the Nobel laureate Walter Kohn
questioned (for large systems) the legitimacy of the many-electron wave function (and thus of the whole
theory) as a scientific concept [13]. However, in the research field of electronic-structure theory (or more
general many-body theory) many accurate approximation strategies and even alternative formulations have
been developed to describe matter on the microscopic level, i.e., from first principles.® Nowadays, thanks
to these methods and high performance computers, we can predict the structure of many molecules and
crystalline solids, calculate many of their properties like excitation spectra, and even understand complex
processes like chemical reactions.

Interestingly, quantum opticians and many-body theorists (and the same is true for others) have con-
ducted their research without much overlap despite their common origin. Both communities study differ-
ent aspects of the quantized theory of charged particles and the electromagnetic field. Only recently, this
has changed and the full Pauli-Fierz theory started to raise renewed interest. One reason is that new ex-
perimental techniques allow nowadays to probe systems and parameter regimes, where many-body effects
and the quantum nature of the electromagnetic field play a role [14]. In this strong-coupling regime, hybrid
light-matter particles (so-called polaritons) emerge that are capable to modify the properties of the cou-
pled system significantly in comparison to the separate subsystems. Applications include the possibility of
building polariton lasers [15], the modification of chemical landscapes [16], the control of long-range energy
transfer between different matter systems [17] or the emergence of entirely new states of matter [14, 18, 19].
In such scenarios, fundamental approximations of the traditional methods and models break down and
consequently “many theoretical works [have been proposed] which diverge significantly in their predictions
compared to experiments” [20]. This suggests to take the more general perspective of Pauli-Fierz theory and
reevaluate in a less-biased way the assumptions and approximations of the standard methods. We believe
that this is the natural task of a generalized first-principles approach that treats matter and photons on the
same footing.

To describe all the degrees of freedom of Pauli-Fierz theory from first principles, it is necessary to find
ways to efficiently describe the interaction between electrons or more generally charged particles and pho-
tons (in a similar way as researchers in electronic-structure theory once have found ways to deal with the
Coulomb interaction between electrons). It is clear that adding the quantized electromagnetic field to the
already difficult many-electron problem is a very challenging task. In fact, the many-body problem in Pauli-

6This model is in impressively many cases sufficient to understand the structure of atoms, molecules, but also condensed matter,
their spectra and many more properties. However, there are phenomena such as molecular vibrations or the heat capacity of solids that
require to take the dynamics and often also the quantum nature of the nuclei into account and there are generalizations of the model
to account for that. The inner structure of the nuclei, e.g., the dynamics of protons, neutrons or even quarks instead influences very
rarely the properties of matter in some direct way. It is usually sufficient to describe the atomic nucleus as effective point charge with a
mass and a spin.

7To the best of our knowledge, the largest system that has been described until today exactly, i.e., in the basis set limit consisted of
N =54 electrons in a very special scenario [12].

8Note that in the literature the term ab-initio is often used equivalently to first principles.
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Fierz theory is considerably more severe than for matter systems (see Sec. 3.1), which opens many research
questions already at a very basic level. To get accustomed to the challenges that the new type of interaction
poses, we therefore focus in this work on cavity QED, a limit case of NR-QED. We will study many-electron
systems that are coupled merely via their dipole to one (or a few) modes of the electro-magnetic field.® The
dipole and few-mode approximation are very common in the field of cavity QED, where researchers study
matter systems inside optical cavities, i.e., resonators that “trap” photons with selected frequencies [21].1°
Most of the aforementioned strong-coupling phenomena have been observed in such cavity settings.!! A
very important motivation for our work are some open debates in the only recently established field of po-
laritonic chemistry [22]. Here researchers study the (possibly considerable) influence of cavity photons on
molecular systems and complex chemical process such as reactions. A reasonable first step to understand
this influence, is to study the physical setting of cavity QED from first principles.!? Importantly, this limit
case of the full Pauli-Fierz theory exhibits already many fundamental issues and challenges of the coupled
electron-photon problem and thus, defines a very good starting point for the development of new meth-
ods. We will hereby focus on equilibrium scenarios, which play an important role for the actual debates in
polaritonic chemistry but are considerably less well studied than the time-dependent case [24].

One of the most important challenges for the description from first principles is the simultaneous in-
clusion of (at least) two particle species, e.g., electrons and photons. Most existing methods are geared to
the accurate description of only one particle species, such as electrons and their interaction. For instance,
most many-body methods explicitly take the particle statics, e.g., the Fermi-statistics of electrons into ac-
count. This is usually a very important part of an accurate description (see Ch. 2). Any kind of generalization
of such methods to treat more species faces thus the problem to describe more degrees of freedom, which
have different statistics (and other properties) and a different type of interaction. A prominent example
is the accurate description of non-adiabatic effects between electrons and nuclei, which is an unresolved
problem for many relevant scenarios [25]. We face a similar challenge in cavity QED, when we want to de-
scribe the physics of polaritons where matter and light degrees of freedom are strongly mixed. For instance,
the emergence of polaritons induces correlation between the matter-degrees of freedom [2, 26], which can
make the accurate description considerably more difficult (see Ch. 3).

Motivated by the challenges of a multi-species description and the prominent role of polaritons in strong-
coupling physics, we propose to reformulate the coupled electron-photon problem in a new purpose-built
Hilbert space. The basic entities here are not anymore electrons and photons, but polaritons. This allows
us to represent a system that consists of say N electrons and M photon modes in an exact manner by an
N-polariton wave function that adheres to hybrid Fermi-Bose statistics. Importantly, the new Hamiltonian
resembles structurally the Hamiltonian of an N-electron system, i.e., both operators consist of a one-body
part (kinetic and potential energy) and a two-body part (interaction energy). This allows for a straightfor-
ward application of established electronic-structure methods to describe electrons and photons on the same
footing and makes this mathematical reformulation of cavity QED practical.

The derivation of this dressed-orbital construction, on the one hand, can be explained purely with math-
ematical similarities. On the other hand, we can rationalize the approach by combining the basic principles

9Thus we ignore, e.g., the spatial dependence of the electron-photon interaction.

101p their simplest form, one can imagine a cavity as two (high quality) mirrors that are positioned with a certain distance opposed
to each other. The distance selects a light-mode with a certain frequency and the corresponding photons are reflected back and forth
very often before they can dissipate. Every time, they cross the volume of the cavity, the photons can interact with the matter system,
which can be effectively described by an increased light-matter coupling strength.

HNote that there are cavity experiments, which require a theoretical description beyond the dipole and few-mode approximation.
However, in most cases these approximations are very accurate [21].

12 A “full” first-principles perspective would explicitly describe the cavity as a part of the matter system. This would however require
to describe the electromagnetic field fully spatially resolved. See Ref. [23].
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shared by electronic-structure methods with the central insight from quantum-optical models: the funda-
mental entities in strongly-coupled light-matter systems are polaritons and a first-principles description
should therefore be based on these physical degrees of freedom, instead of the individual electrons and
photons. We demonstrate that this paradigmatic shift allows to capture the physics from the weak to the
strong-coupling regime efficiently and accurately. The reason is that already simple approximations in po-
lariton space correspond to nontrivial (multi-reference) approximations in the standard Hilbert space. Be-
sides others, this allows to show that the (local) details of the electronic-structure strongly influence the
effect of the light matter coupling. This is an example of a phenomenon that cannot be captured by usual
model approaches.

The price we pay for making the coupled matter-photon problem accessible to first-principles meth-
ods is that standard algorithms need to be extended to account for the new hybrid statistics of the polari-
tons. While straightforward in principle, the nonlinear nature of the resulting inequality constraints need a
careful and test-intensive implementation to provide robust and accurate results. Yet our results show that
polaritonic-structure calculations for real molecules are feasible and provide new insights for polaritonic
chemistry and material science. With the ever refined control of chemical reactions and material properties
by quantum cavities, the presented approach has the potential to become an important tool to design the
next generation of cavity-controlled matter.

Before we conclude the introduction with a summary of the structure and contents of this thesis, we
want to make a comment on the challenge and opportunity that comes along with the interdisciplinarity in
the research on coupled matter-photon systems. For instance, from a quantum chemist’s point of view, a
molecule is a highly complex many-body system whose accurate description usually requires numerically
very expensive methods. On the contrary, quantum opticians describe molecules almost exclusively as ef-
fective two- (or few-)level systems, which are not further specified. When scientists look at “the same thing”
from such different perspectives, there is a great potential for misinterpretations and even conflict, which in
turn may negatively affect chances of doing good research. At the same time, this challenge bears big oppor-
tunities to raise questions from unusual point of views, and rethink established concepts. For example, the
debate on the “correct” model of a molecule suggests directly the interesting question, for which scenarios
the ubiquitous two-level approximation is inadequate. Indeed, polaritonic-structure methods provide valu-
able information regarding this question (Sec. 6). At the same time, one should ask, when we can no longer
ignore the quantum nature of light, as it is common place in quantum chemistry. Here quantum-optical
models highlight under which conditions this assumption breaks down (and, e.g., polaritons emerge). To
account for both perspectives, we will explain many standard concepts and tools of the respective research
fields thoroughly and accompanied with easy examples. Necessarily, certain introductory parts of this thesis
will therefore seem trivial for quantum opticians and others for electronic-structure theorists. We hope that

this allows for a more comprehensive perspective on this interdisciplinary and exciting field.

Outline

This thesis consists of three parts that reflect the different aspects of our research. The topic of part I is
the general theoretical analysis of coupled light-matter systems. We start (Ch. 1) with the introduction of
the physical setting of cavity QED. We discuss the phenomenology of strongly coupled electron-photon sys-
tems, the standard way to understand their principal features, and the limitations of this perspective that is
illustrated by concrete examples. We then discuss these standard approaches in more detail (quantum op-
tics perspective) and define a framework that allows for a more general description from first principles. In
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the second chapter (Ch. 2), we turn to the static limit of NR-QED and introduce first-principles electronic-
structure theory. We outline the challenges of the accurate description of many-electron systems and specif-
ically discuss three specific approaches to deal with these. In the last chapter of part I (Ch. 3), we generalize
these approaches to coupled light-matter systems and discuss them in detail. The analysis reveals why in
particular in equilibrium scenarios, many powerful concepts of electronic-structure theory are less useful in
the coupled setting.

Motivated from the results of the analysis of the first part, we propose in part Il a new strategy to describe
coupled light-matter problems by introducing a purpose-built Hilbert space (dressed-orbital construction,
Ch. 4). This approach allows to restructure the coupled electron-photon many-body space such that we can
describe a system by a “many-polariton” wave function. We thus define polaritons as its own particle-species
that has electronic (fermionic) and photonic (bosonic) degrees of freedom and consequently adheres to a
Fermi-Bose hybrid statistics. In the polariton description, the coupled light-matter Hamiltonian resembles
the electronic-structure Hamiltonian, which allows to generalize electronic-structure methods to the cou-
pled problem in a very straightforward way (Ch. 5). We show this explicitly with the example of Hartree-Fock
(HF) theory and reduced density matrix functional theory (RDMFT) and present first results for model sys-
tems in Ch. 6. Despite their reduced dimensionality, these example systems exhibit already a rich spectrum
of nontrivial behavior that is accurately described by the newly proposed methods. This highlights the po-
tential of the polariton description.

After the discussion of the theory and the results, we concentrate in part III on the details of the nu-
merical part of the research. The gain of making applicable first-principles methods to strongly-coupled
light-matter systems is accompanied by the need for new algorithms and an increased numerical complex-
ity. To do so, we present specific algorithms to solve the electronic HF and RDMFT equations in real space,
including a newly developed conjugate-gradients algorithm (Ch. 7). We then explain how to modify these al-
gorithms to describe coupled-light matter systems by means of the dressed construction (Ch. 8). We present
in great detail the validation of our implementation in the electronic-structure code OCTOPUS [3] and show
how the results presented in part Il have been converged. This implementation was geared toward the two-
polariton case. In Ch. 8.2, we finish the numerical part by presenting an algorithm for the general case.

We finalize the work by presenting in part IV the conclusions and perspective.
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PART 1

LIGHT, MATTER AND STRONG COUPLING

Few distinctions in quantum mechanics are as important as that between fermions and bosons.
[...] Ido not have the authority to assert that God agrees with me as to the importance of this
distinction, but I am sure that most happy humans will since, as noted by Eddington, if there

were no fermions there would be no electrons, so no molecules, so no DNA, no humans!
(A.]. Coleman, 2007 [27, Ch. 1])






Chapter 1

STRONG LIGHT-MATTER COUPLING: EXPERIMENTS, THEORY AND
MORE THEORY

This chapter aims to motivate the need for first-principles approaches to describe strong-coupling phenom-
ena and to define a theoretical framework that is suited to investigate such approaches. This framework is
given by the non-relativistic Pauli-Fierz theory, i.e., an interacting quantum-field theory that allows to de-
fine the equilibrium properties of coupled many-electron-photon systems. The theory includes as a limit
case the physical setting of cavity QED, which entails the dipole-approximation and the restriction to a few
effective modes. This level of theory is still enough to capture the possibly strong modifications of atoms,

molecules and solids due to the coupling to the modes of an optical cavity.

1.1 Whatis strong light-matter coupling?

In electrodynamics, we can differentiate between several effects and interactions, whose strength depends
on the physical setting. Electric charges for instance attract or repel each other by the Coulomb force, which
is the dominant interaction on atomic scales. It is thus impossible to understand the properties of con-
densed matter or molecular systems without the Coulomb interaction. However, when we want to study
electrically neutral entities (like the atoms of a gas), Coulomb forces typically play a negligible role. Then,
there are magnetic forces that are connected to electric currents or spins. Such interactions are crucial to
understand phenomena such as ferromagnetism or the quantum-Hall effect, but do not play an important
role in, e.g., spin-saturated (closed-shell) systems or in the thermodynamic equilibrium. Besides the role of
the electromagnetic field as mediator of interaction, there is another important degree of freedom, which we
call electromagnetic radiation or simply light.! Since light can move freely, it is treated in the theoretical de-
scription as a separate entity that can interact with matter (charge) via absorption and emission processes.
Usually, this interaction is so small in comparison to, e.g., Coulomb or magnetic forces that we can treat
absorption and emission processes perturbatively. For example, this means that the emission of a photon
by a matter system usually does not influence its properties, i.e., there is a negligible back reaction. This is
expressed in the fact that the coupling constant between the free electromagnetic field and charged particles
is small independently of the system of units.?

However, the combined efforts of researchers from many research communities have revealed that al-
though difficult, it is indeed possible to overcome this fundamental limitation and reach strong interac-

Lstrictly speaking, light denotes electromagnetic radiation in a certain frequency (or wavelength) interval that can be perceived by
the human eye. However, it has become customary to extend this definition and denote, e.g., the spectra with smaller and larger the
wavelengths than the visible range as infra-red and ultra-violet light, respectively.

21t is called the fine-structure constant, which is dimensionless and has approximately the value @ = 1/137. This statement is text-
book knowledge (see, e.g., [8]) and to the best of our knowledge unquestioned for the time-scales that we are interested in here. Only for
very large say geological or even cosmological time-scales, there are speculations about possible time-variations of a. See for example
[28].
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tion between light and matter. One possible way for that is due to the very large field strengths of modern
ultra-short laser pulses. Striking nonlinear effects have been demonstrated, such as high harmonic genera-
tion [29], strong-field ionization [30] or light-induced superconductivity [31]. A different path to effectively
enhance the light-matter interaction is by employing longer (but not as strong) laser pulses with compara-
tively sharp frequencies. This leads to a periodic driving of the matter system and the related phenomena are
subsumed under the term Floquet engineering [32]. Examples are the observation of Floquet-Bloch states
on the surface of a topological insulator [33] or the light-induced anomalous Hall effect [34]. Importantly,
both these pathways to reach strong interaction can be essentially understood in a semiclassical picture,
where the quantized matter is driven by a classical external field. The reason is that the quantum fluctua-
tions of the laser photons are negligible in comparison to the large field-strengths.

A complementary approach to reach strong interaction is to control the coupling between light and the
matter system. This makes (strong) modifications of matter properties possible for very small field strengths
or even only the vacuum [35, 22]. Thus, strong-interaction phenomena can be studied, but without, e.g., the
heating due to strong lasers and also with additional nontrivial quantum effects. With the first breakthrough
experiments [36, 37] only about two decades ago, it is a relatively young research topic, but because of its
high potential for applications, the investigation of this strong-coupling regime literally “has exploded [...] in
the past few years” [38]. Nowadays, strong coupling has been demonstrated in various systems with not only
distinct basic entities, i.e., the employed matter system and the degrees of freedom of field and matter that
are coupled to each other, but even different mechanisms that allow to reach strong coupling. However, all
these systems share two key features, which we can loosely define in the following way: for a matter system
to reach strong coupling with certain modes of the electromagnetic field,

1. these modes have to be confined to very small volumes, and
2. the matter system has to be chosen such that it responds especially strong to these confined modes.

It is difficult to make this definition more concrete, because there are on the one hand so many ways to reach
strong coupling. On the other hand, many different communities participate in the research and there is not
an ultimate consent on the correct definition of strong coupling.’

Missing such a consent, we start in the next paragraph with the (relatively) unquestioned part: the ex-
perimentally determined facts and their basic interpretation. According to this interpretation, all the phe-
nomena of the strong-coupling regime are related by the emergence of hybrid light-matter quasi-particle
states, called polaritons. These determine the properties of the combined light-matter system, which can be
significantly different than the properties of the separate subsystems. This mechanism can be understood
impressively well by a minimal model. In fact, most of the strong-coupling effects can be classified accord-
ing to the different parameters of this model. These parameters were and still are a very important guideline
for experimentalists to design new setups that reach the strong-coupling regime.

However, the explanatory power of this and similar cavity-QED models is limited, when the matter sys-
tems are sufficiently complex. Take for instance the field of polaritonic chemistry, where researchers modify
the properties of molecular systems by coupling them to photons, e.g., they control chemical reactions by
letting them take place inside a cavity. Nowadays conducted routinely, these experiments usually take place
at room temperature, involving complex molecules in some solvent, and often with lossy cavities. Even

outside the cavity, the accurate description of such settings require sophisticated first-principles methods.

3 As we will see in the following, the topic of strong coupling is located between many established research fields. This sometimes
leads to situations, where scientists have to explain and defend basic concepts of their field to (in this regard) non-specialists. This can
be a formidable task, as many long and heated discussions at conferences and in peer-review processes have testified.
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1.1. WHAT IS STRONG LIGHT-MATTER COUPLING?

This indicates why the current understanding that is principally based on reduced quantum-optical models
is still unsatisfactory [20]. Therefore we need first-principles methods, such as quantum-electrodynamical
density functional theory (QEDFT) [39] that take into account not only the matter but also the photon-
degrees of freedom on the same footing [14].

The experimental breakthrough of strong coupling

In one of the most cited reviews of the field, the experimentalist Thomas Ebbesen names two publications
of 1998 as the breakthrough experiments that “generated increased interest among physicists” [22].* In the
first one, Lidzey et al. [36] achieved strong coupling by fabricating a so-called microcavity, which is a very
small resonator that is capable to trap the photons of a mode with frequency w ,,h5 inside a very small vol-
ume of space (key feature one). The breakthrough however was not achieved by their advances in cavity
fabrication, but due to the matter system (a special type of organic semiconductor) that they coupled to the
cavity modes (key feature two). To get an idea of the setting, we show a simplified sketch in Fig. 1.1. To prove
that their system was able to reach strong coupling, they pumped the cavity mode by an external laser pulse
for a series of w ph_s In Fig. 1.2, we have depicted a sketch of the “typical” outcome of this type of experiment.
When they tuned w,, close to the frequency w,, of a certain excitation of the matter system, they observed
a splitting of the absorption peak, i.e., two peaks symmetrically distributed left and right from w, = wp, (or-
ange solid line in Fig. 1.2 (a)). When they measured the same absorption spectrum of the matter system, but
outside the cavity, they instead observed only one peak at w,, (blue dashed line in Fig. 1.2 (a)). Collecting the
position of all those peaks as a function of the mode frequency w, in one graph, they observed two lines
that approach each other until they reach a minimal distance at resonance wj; = w;; and then move again
apart as schematically depicted in Fig. 1.2 (b). Without light-matter coupling, both curves would cross each
other (blue, dashed lines in the plot) and thus the observed anti-crossing or “Rabi splitting” is considered as
the principal indicator for (strong) coupling.” The minimal distance d,;;, = 2hQr between the two lines is
proportional to the Rabi frequency Qr, which measures the strength of the light-matter coupling (% denotes
as usual the Planck constant). For their experiment, Lidzey et al. found a maximal value of AQg = 160meV,
which was about 10 times larger then any Rabi splitting reported before and which explains the work’s im-
pact.

In the other paper that Ebbessen cited, Fujita et al. [37] measured a Rabi splitting of AQr = 100meV in a
similar experiment where they put a complex quantum-well structure with organic and inorganic semicon-
ductors into a different type of cavity.

How can we understand the phenomenon of strong coupling?

Although Rabi splitting has been achieved experimentally already before 1998,2 it were especially the new
materials, employed in Refs. [36, 37], that allowed for the large values of 7Qp. The typical (excitonic) transi-
tions in organic semi-conductors respond very strongly to the driving by electromagnetic radiation, which

4Note that strong coupling has been already achieved before 1998. See below.

5To be precise, the cavity does not trap exactly photons of one but a narrow band of modes around a center with frequency w ph-
Considering only v, instead of the full band is for such kind of cavities usually justified.

6In this type of cavity, the trapped mode frequency ph 1s controlled by the incidence angle of the laser pulse. Thus to perform a
measurement series for w,,, they merely had to vary this incidence angle.

“Theoretically, the anti-crossing happens for every light-matter system that has a non-vanishing coupling. However, the splitting
may be too small to be spectroscopically resolvable, i.e., it is smaller than the linewidth of the two peaks. In this case, the system is said
to be in the weak coupling regime.

8See for instance Ref. [41, 42, 43, 44]. In these experiments lower effective coupling strengths were reached and they were usually
conducted under very restrictive conditions such as cryostatic temperatures.

11



CHAPTER 1. STRONG COUPLING

Figure 1.1: Sketch of a typical strong-coupling experiment: the dipole d of a matter system (here illustrated
by a benzene molecule) couples strongly to the electric field E of the confined modes (red) inside a cavity
(here illustrated by two concave mirrors in blue).

is expressed by a large value of their (dimensionless) oscillator strength f. The oscillator strength is thus one
(and in fact the most common) measure to quantify the second key feature of strong coupling. A very good
measure of the first key feature is the so-called mode volume V, which loosely speaking denotes the “space
in which the mode is confined.” For say a cubic cavity with side-length a, we can simply calculate V = .9
Nowadays, we call basically every experimental setup that accomplishes such a confinement a cavity. And
therefore, strong coupling is often considered as a subfield of cavity QED, which generally deals with coupled
matter-cavity systems [21]. We can derive an explicit expression for the Rabi frequency from the oscillator
strength and the mode volume by a minimal model. The model considers one matter transition between
say an energetically lower |m,) and higher state |m,) with energy difference hw,, and an electromagnetic
mode with frequency w), ».!0 Importantly, we do not need to further specify the nature of this transition and
|my),|my) may represent for example electronic, vibrational or some collective states. The only necessary
(external) parameter is the transition dipole moment d;, between the two states, whose absolute value is
proportional to the square-root of the oscillator strength |dj2| &< \/f. A straightforward extension of the
model takes N identical matter systems into account by simply exchanging f — Nf. The matter-dipole
couples to the electric field E of the mode, which has a magnitude |E| 1/VV proportional to the inverse of
the square-root of V. Close to resonance and neglecting losses for the moment, the Rabi frequency for this
so-called Jaynes-Cummings model [45] (or Tavis-Cummings model for N > 1) is given by

hQRZZdlz'EO( ”N%, (1.1)

Despite its simplicity, this model or one of its generalizations that we collectively subsume under the term
cavity-QED models'! describe the principal physics of the strong-coupling regime well. This accordance

9In other setups, this simple formula is note valid anymore, but has to be replaced by a more general mode volume that can be

assigned to, e.g., nanoplasmonic cavities.

10Wwe want to remark that the matter states are often referred to as ground and excited state in the literature. However, this nomen-
clature is quite misleading, since in most experiments, e.g., for the excitonic transitions of our two examples, both states are actually
excited states.

I Another important example is the Rabi-(Dicke-)model that includes so-called off-resonant terms for one (many identical) matter
transition(s). Other generalizations may also include more than two (but not much more) electronic energy levels. See Sec. 1.2 for
further details on cavity models.
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Figure 1.2: We depict the idealized data of a strong-coupling experiment according to the Jaynes-Cummings
model, which provides a good description of the dynamics of coupled light-matter systems close to reso-
nance, i.e., W, = Wpp, where Wpp and w,, are the frequencies of the (high-Q) cavity mode and a matter
transition, respectively. This allows to differentiate two coupling regimes depending on the ratio between
coupling constant g and the spontaneous emission rate y.
If g <y, the light-matter coupling manifests in an effective line-broadening, i.e., an increase of the spon-
taneous emission rate of the combined system yp (the combined system corresponds in all plots to the
orange, solid line) with respect to the matter system outside of the cavity y (in all plots blue, dashed line).
The ratio P = yp/y is called the Purcell factor and it is related to the coupling strength P < g? [40]. This can
be explained by the energy eigenspectrum of the Jaynes-Cummings Hamiltonian (part c): The light-matter
coupling leads to an anti-crossing between the electronic and photonic energy eigenvalues. This is so small
that it cannot be resolved spectroscopically, but becomes only visible as the broadening.
If instead g > v, two separated peaks can be distinguished (part b), which characterizes the strong-coupling
regime. The coupling between light and matter is here so strong that the Rabi splitting 2AQg o< /72 + g2
and thereby the coupling constant g is measurable. In the spectrum (part d), we can observe how two clearly
separated lines emerge inside the cavity, which describe the dispersion relation of the two polaritons.
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is very important, because it indicates that the dominant phenomenon of the regime is the hybridization
between two energy transitions.'?

The Jaynes-Cummings model, which we will employ as a prototype for cavity-QED models, provides
us not only with a handy formula for the Rabi frequency but also with an interpretation of the new transi-
tions, that have a hybrid electron-photon character.!3 As it is common in quantum physics, we interpret
such effective degrees of freedom as quasiparticles, which in this case are called polaritons. In the Jaynes-
Cummings model, polaritons “emerge” as the eigenstates of the model Hamiltonian'# and they have the
simple form

Pﬂ

+/

_=a(mp®|n+1)) £ B(Imy) ®|ny), (1.2)

where |n) denotes the n-photon state of the mode and the coefficients «, 8 depend on the details of the
model. The power of the Jaynes-Cummings model lies in its extreme simplification of the in general arbi-
trarily complex phenomenology of light-matter interaction. It provides us with simple concepts and thus
vocabulary to describe and discuss about strong-coupling physics. Until nowadays, it is the most important
tool for the interpretation of strong-coupling experiments, which is remarkable in the light of the variety of
the field. An exhaustive overview over this variety is clearly beyond the scope of this thesis and the interested
reader is referred to, e.g., the reviews of Litinskaya et al. [47], Tormé& and Barnes [35], Ebbesen [22], Kockum
et al. [48], Ruggenthaler et al. [14] and the references therein. We content ourselves instead with the presen-
tation of some selected examples to give the reader a flavour of the richness of polaritonic physics and that
illustrate the challenges for the theoretical description.

The variety of strong-coupling phenomena: some selected experimental examples

We start with some general considerations. The relation (1.1) presents the three major “knobs” that have
been turned in the past twenty years to reach the strong light-matter coupling regime with many different
systems inside cavities:

1. the mode volume V,
2. the oscillator strength f, and connected to f,
3. the number of oscillators N that couple collectively to the mode.

From a broad perspective, the most important of these knobs to control the light-matter coupling is the
mode volume V. As we have mentioned in the introduction, the light-matter coupling strength is funda-
mentally determined by the fine-structure constant &, which is small independently of the system of units
used. This is the reason why strong-coupling is very difficult to reach in practice and the phenomena that
we discuss here can only occur because of the modern cavities that strongly reduce V. Thus, all strong-
coupling experiments use some form of a cavity or more precisely, they confine some spectral band of the
electro-magnetic field in small volumes, in which they position some matter system. However, even with
state-of-the-art cavities, we cannot reach the strong-coupling regime with all materials, but we need to turn
also the second and third knob. Regarding the oscillator strength f, especially organic materials showed to

12Note that if we assume that both transitions stem from a harmonic oscillator, we cannot differentiate the classical from the quantum
description (Hopfield model) anymore in a spectroscopic experiment. Hence, there are still debates on the “quantumness” of many of
the strong-coupling phenomena [46].

13See Sec. 1.2.2 for a discussion on the limitations of this and other cavity-QED models.

14The Jaynes-Cummings model is one of the very few QED models that can be diagonalized analytically.
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have large oscillators and most of the following examples employ matter systems of this class. Addition-
ally, most (but not all) of the experiments couple many (a macroscopic number of) oscillators to the photon
mode and thus “make heavily use” of the third knob.

We start with the two 1998 experiments. They used the aforementioned microcavities to reduce V as
much as possible but the crucial step to achieve such large Rabi frequencies was due to the employed ma-
terials. They utilized organic semi-conductors, since “large oscillator strengths are a characteristic feature
of these materials” [36]. In terms of the knobs, this refers not only to a large value of f but also of N, since,
e.g., all the excitons of the conduction band couple to the mode.!® In the following years, many of the most
striking experiments have been conducted with this material class, including polariton lasing [15] and con-
densation [49], both of which have been predicted before [50]. Orgiu et al. [51] reported that they increased
the conductivity of an organic semi-conductor by an order of magnitude by coupling it to only the vacuum
field of a cavity and Coles et al. [17] modified the energy transfer pathways in a light-harvesting complex
with the help of strong coupling.

Strong coupling with molecular systems: polaritonic chemistry

But not only the excitons in organic semi-conductors are suitable to reach the strong coupling regime. In
2011, when Schwartz et al. used the photochemical properties of an organic molecule to “switch” its coupling
to a cavity mode, the field of polaritonic chemistry emerged. In contrast to semi-conductors, where the most
important degrees of freedom often approximately resemble free electrons, molecules exhibit an enormous
spectrum of qualitatively different degrees of freedom. Schwartz et al. [52] used for example an electronic
transition for their experiment, but Thomas et al. [53] coupled the vibronic transition of a molecule to a
cavity to demonstrate one of the most striking opportunities that polaritonic chemistry offers: they changed
the reaction rate of a chemical reaction “just” by letting the reaction take place inside a cavity.

Molecular strong coupling has not only been achieved for molecular liquids, where many molecules of
the same type are injected in the cavity (like in the latter two examples), but even on the single- and few-
molecule level. Since a few molecules have a considerably smaller total oscillator strength than molecular
liquids (NN is small), either cryostatic conditions are necessary to observe the Rabi splitting [54] or the mode
volume V needs to be substantially decreased. That such single-molecule strong coupling at room temper-
ature is indeed possible has been shown for the first time by Chikkaraddy et al. [55]. They manufactured a
so-called plasmonic nano-cavity, which confined the photon field to effective volumes of V' < 40nm. In fact,
such kind of “cavities” have nothing in common with the classical picture of two opposite mirrors that we
also employed in our sketch of Fig 1.1. Instead, they are based on a striking property of the electromagnetic
field close to conductors: singular geometries like edges, small spheres or tips strongly enhance the field
density [56]. The “cavity” of the experiment of Chikkaraddy et al. [55] was in fact a gold nano-particle.

To conclude our small review, we want to mention three further strong-coupling setups that do not em-
ploy organic materials: superconducting circuits [57, 58], 2d materials [59, 60] and Laundau-polariton sys-
tems [61, 62]. These two system classes are according to the review by Kockum et al. [48] the current “record
holders” of strong-coupling in the sense that they measured the largest Rabi splitting energies in relation to

corresponding transition frequencies.

15Though the exact coupling strength depends on the wave vector of the charge carriers.
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The challenges of an interdisciplinary field

These (in comparison to the total number of publications) few examples illustrate how diverse the field is.
We saw at least the research fields of nanophotonics, plasmonics, quantum optics, material science (includ-
ing 2d materials), solid-state physics and (quantum) chemistry appearing. All of them play an important
role. And all of them have their own focus and consequently also their own point of view on the topic. In the
nanophotonics and plasmonics communities, people try to understand the behaviour of the electromag-
netic field on the nano-scale. They are interested in understanding and optimizing geometries and as theo-
retical tool they usually just solve the classical Maxwell’s equations, where the matter often only enters in the
form of complicated boundary conditions. The fields of materials science, solid state physics and quantum
chemistry instead focus on matter properties on atomic length scales. Crucially, this requires an encom-
passing quantum-mechanical description and thus in principle solving the many-body Schrodinger equa-
tion. Since this is impossible in practice, the main challenge here is to find approximations or alternative
descriptions that are numerically feasible but still “sufficiently” accurate. The question “what is sufficient?”
is hereby one of the important research questions in the field. Electromagnetic fields normally enter in this
description merely as “external potentials” or “perturbations” without shape and spatial extension. Probably
the most important contribution to strong-coupling physics comes from the quantum optics community.
Quantum opticians study light-matter interaction on the smallest scales and they developed the first the-
ories to describe the strong-coupling phenomenology, including the aforementioned cavity-QED models.
Still, these descriptions usually emphasize the accurate description of the electromagnetic field, including
the complex phenomenology of its quantum statistics. Matter though treated quantum mechanically, is al-
most exclusively reduced to two (or a few) levels. Until nowadays, these cavity-QED models are the basis for
most of our understanding of strong-coupling physics and chemistry.

The theoretical challenge: complex systems exhibit strong-coupling effects that require complex theory

It is obvious that there are many scenarios where such simplified descriptions cannot account for the com-
plexity of the involved processes. Especially in the realm of polaritonic chemistry, where complex molecular
systems are coupled to the photon field, the explanatory power of cavity-QED models is limited. There are
several open questions, such as

e What is the influence of the strong electron-photon interaction, if the electronic-structure changes as
it happens in a chemical reaction [63, 64]?

¢ Can the vacuum fluctuations of a cavity mode really modify equilibrium properties of matter systems
as claimed by experimentalists [16, 53]?

¢ Is the mechanism that leads to collective strong coupling really as simple as predicted by the Dicke
model [65]? And can local properties be substantially modified, due to this pathway to reach strong
coupling [66, 67]?

To answer such questions, we need genuine first-principles methods such as QEDFT [39] that are capable to
describe the inner structure of matter systems and its interaction with the field [14]. However, developing
such methods is a delicate task that involves finding entirely new approximation strategies (for the electron-
photon interaction) and deriving and solving highly nonlinear equations. This requires not only an accurate
mathematical treatment, but also a careful development of numerical methods. In this thesis, we address
and analyze these theoretical and numerical challenges from a very general perspective. Based on this, we
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present the dressed-orbital construction that allows to circumvent many of the identified difficulties by an
exact reformulation of (equilibrium) cavity QED in terms of polaritonic particles. It is noteworthy that in
contrast to Eq. (1.2), this definition of a polariton in terms of dressed orbitals is general and does not require
restrictive assumptions such as the few-level approximation.

We present two specific examples of dressed-orbital-based methods including the details of the accord-
ing numerical algorithms and implementations. With the help of these methods, we provide explicit evi-
dence for phenomena that cannot be described with standard model approaches. For instance, we demon-
strate in Sec. 6.4.2 how a simple chemical reaction in one spatial dimension is influenced differently by the
cavity, depending on the reaction coordinate. Missing spatial resolution, such an effect cannot be captured
by methods that rely on the few-level approximation to account for the electron-photon interaction. How-
ever, there are indications that such local effects might play in important role for the understanding of many
strong-coupling phenomena [26] and our results of Sec. 6.4.4 provide additional evidence for this. We find
there that both, electronic localization and correlation, strongly influences the light-matter interaction and

points toward a different than the Dicke-type mechanism behind collective strong coupling.

Unresolved questions in polaritonic chemistry: the limitations of cavity-QED models

Let us illustrate the limitations of model descriptions with a concrete example that concerns the just men-
tioned “collective contribution” to the coupling strength appearing in relation (1.1) by the simple factor v/'N.
The assumption that leads to this dependence is that N two-level molecules couple to the same cavity and
thus have an v/N times larger effect on the Rabi splitting, but at the same time every molecule itself only
“feels” the small coupling for N = 1. Accordingly, the coupling does not have strong local effects and cannot
significantly change, e.g., the electronic structure. But if this is true, how are chemical reactions modified by
strong matter-photon coupling as experimentalists claimed [16] and asked [68]?

Feist and Garcia-Vidal [69] and Cwik et al. [70] tried to answer this question with their models and
showed that some observables are collective and others are not, however partly contradicting each other.
One prominent controversy arose around the question, whether the ground-state potential energy surface
(ground-state PES), which is a crucial quantity in chemical reactions (see Sec. 2) is modified by the collec-
tive or merely the single-molecule coupling. Feist and Garcia-Vidal [69] and Herrera and Spano [71] showed
for different models that modifications of the ground-state PES proportional to the collective coupling are
possible. Martinez-Martinez et al. [66] instead showed that such modifications for their model are only pro-
portional to the single-molecule coupling strength. They explicitly state that their results contradict Ref. [69]
and Ref. [71], but is in line with Ref. [70]. One year later, Galego et al. [67] enforced with improved methods
their argument that ground-state PES modifications due to collective effects are indeed possible. They argue
that Ref. [66] did not take ground-state dipole moments into account, which would be crucial for a correct
description of chemical reactions under strong coupling.

This debate reflects the inherent challenges of understanding and describing complex systems: there are
several effects playing arole at the same time and some of them might be cooperative, others in competition.
And especially, this might change with certain system parameters. Thus, it is not enough to identify these
effects, but one also needs to accurately quantify their importance. As we have seen, model descriptions like
the Jaynes-Cummings model are very efficient and powerful in describing one or a few features of a system.
However, with increasing complexity, i.e., with an increasing number of such effects this strength becomes
a weakness. We somehow have to decide, which feature we include in the description and which not and
depending on that, the model may provide different answers. In some cases this might be quite clear, but
the aforementioned example shows that this is not always the case.
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Another very old example is the not-yet resolved debate on the (non-)existence of a so-called superra-
diant phase that Dicke predicted already in 1954. The there proposed model (which is today known as the
Dicke-model) describes N two-level systems coupled to a photon mode and predicts a transition in the su-
perradiant phase [73], where all the dipole moments of the atoms align and the photon mode occupation
reaches values much bigger than N. There have been several publications trying to answer if a real system
can undergo such a phase-transition. Certain “no-go-theorems” have been derived, e.g., Refs. [74, 75], and
contested several times, e.g., Refs. [65, 76]. Recently, the superradiant transition could be demonstrated in
artificial realizations of the Dicke model [77, 78], but the question whether the transition can occur in more
realistic situations that Dicke originally had in mind is still not resolved. For a good summary of the topic,
the reader is referred to the recent review by Kirton et al. [79].

It is such kind of problems that have motivated our research on a first-principles description of light-
matter systems. How can we describe the details of strong-coupling physics in a less-biased way, i.e., with-
out deciding a priori which features we include in the description? Cavity-QED models have proven their
explanatory power, but what are their limits? And if we reach these limits, how can we improve the models

in a systematic way?

The range of validity of cavity-QED models

So one might ask, how it is possible that so many different and highly complex materials can be modelled by
cavity-QED models in the moment we put them into a cavity that itself might be a complicated plasmonic
nano-structure. It took decades of research to develop the machinery that allows to accurately describe the
properties of these materials and cavities. How can an additional interaction between two already complex
systems simplify things? In fact, exactly this is what (in many cases) happens. Tuning the cavity in resonance
with one matter excitation, can be seen as a sort of selection process. If the other matter transitions are ener-
getically well separated from the selected transition and only this energy range is probed in an experiment,
one can observe the Rabi splitting exactly as it is described by the Jaynes-Cummings model. Wang et al.
[54] showed this explicitly in a recent experiment, where they “turn[ed] a molecule into a coherent two-level
quantum system.” But even if some other matter degrees of freedom play a role, it is often enough to extend
the model by, e.g., some more matter or photon levels to match theory and experiment.

Nevertheless, it is clear that there must be a limit to such a procedure. With the increasing complexity of
the effects that have to be described, more and more features have to be added to the models to fit the exper-
imental data. This will not only become computationally difficult at a certain point, but more importantly,
such a path heads toward a situation, where so many parameters have to be introduced that interpretations
and predictions might become difficult. For instance, when George et al. [80] wanted to interpret their ex-
perimental data, they first tried to employ a Jaynes-Cummings-like model, which they could not fit to their
results. They say in the publication that it was necessary to add several extra matter and photon states and a
more thorough description of the electron-photon interaction to the model to properly interpret their data.
The reason for the break-down of the simple model in this case is two-fold: first, they fabricated a system
with very strong electron-photon coupling (for smaller couplings in the same experiment, the simple model
worked) and second, the energy structure of the molecule they employed was such that several matter exci-
tations strongly coupled to the mode (what they called “multimode splitting effect”). Consequently, they did
not only have to describe the two polaritonic states (P, _ for a fixed n), but a “genuine ladder of vibrational
polaritonic states” (Pf /- for a series of n =1,2,...) and especially, the cross-talk between these states.

In this example, the machinery of cavity QED could still describe the experimental data quite satisfacto-
rily, but how much further can we push it? George et al. [80] stress that they had only one fitting parameter,
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the Rabi frequency, but will this be enough if even more matter transitions need to be taken into account?
And if we are interested in understanding the origins of such large Rabi frequencies, how can cavity-QED
models help us, if we need the Rabi frequency itself as a fitting parameter?

Perspective: connecting models and first-principles approaches

It is clear that answering such questions is anything but easy and in many cases first-principles approaches
might not be (directly) applicable simply because of numerical limitations. This kind of problem is well
known in other fields of quantum physics such as strongly-correlated electron systems. To this category
belong materials like high-temperature superconductors [81], Mott insulators [82] or many important cata-
lysts [83], all of which promise huge possibilities for applications. Modelling such effects is among the hard-
est problems of material science, because efficient many-body methods like (approximate) density func-
tional theory are typically too inaccurate.'® Thus, a crucial role for the understanding of strongly-correlated
electrons has been played by effective models, most importantly the Hubbard model [85]. The Hubbard
model exhibits a wide range of correlated electron behavior including all the above mentioned phenomena
and thus allows to study the basic mechanisms behind these phenomena. Such kind of studies have re-
vealed the complexity of the effects but also their extreme dependence on tiny variations of system parame-
ters, many of which cannot directly be determined by experiments and thus require first-principles calcula-
tions.!” Triggered by this insight, the field of strongly-correlated electrons provides nowadays a plethora of
examples, where models and first-principles descriptions have been successfully combined.'®

Judging from the complex phenomenology that experiments have revealed, one can expect that the field
of strong electron-photon coupling and especially the sub-field of polaritonic chemistry exhibit a similarly
complex phenomenology as strongly-correlated electrons. A general perspective on the problem will allow
us to put the connection between electronic strong-correlation and strong coupling even in quite concrete
terms (see Sec. 3.1.2). The aforementioned examples, where different cavity-QED models contradict each
other additionally indicate the need for new less-biased methods. We believe that a combination of model
and first-principles approaches that was so successful in other areas of physics like strongly-correlated elec-

trons, could also be fruitful in the field of strong electron-photon coupling.

16This is considered as more or less basic knowledge in quantum chemistry and solid state physics, which is the motivation behind
many new theory developments. However, for a recent specification of this statement, the reader is referred to Ref. [84].

7To provide an example for this statement, we refer the reader to the very comprehensive study of the two-dimensional Hubbard
model with different methods by LeBlanc et al. [86].

18For example in Ref. [87] the author explains very well how to connect models to first-principles calculations. Another even more ex-
plicit example is the LD A+ U method [88] that connects the Hubbard model with the local-density approximation of density functional
theory. It was built exactly with the purpose to unify the advantages of both, the model and the first-principles world.
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1.2 The essence of polaritonic physics: cavity-QED models

Before we come to first-principles methods, we want to make a brief detour to the standard way to describe
the phenomena of strongly coupled electron-photon systems. As we have mentioned in the last section,
the researchers that historically first investigated such phenomena stem from the community of quantum
optics. They introduced the cavity-QED models such as the Jaynes-Cummings model, which allowed to
identify the basic mechanism behind the emergence of polaritons and satisfactorily describe many of the
experiments in the field.

In this section, we briefly present the derivation of this set of models, which has two purposes. First,
presenting this standard description helps to acquaint the reader already with the concepts and tools that
are necessary to describe light-matter interaction on the quantum-level. In the next section, we present a
big part of this derivation a second time, but including all the technicalities that are necessary to derive a
proper framework for a first-principles perspective. We hope that the preliminary discussion in this section
facilitates reading and understanding of the general derivation. The second reason for such a detailed pre-
sentation of cavity-QED models is to make their limitations more concrete. Thus, we put a special emphasis
on the approximations that enter the models. After the presentation of the general derivation and some im-
portant special cases, we briefly analyze their range of validity. Importantly, the models accurately describe
experimental data, even in cases where certain approximations are not strictly justified. This important fact
reveals the universality of the models and puts this in the context of their obvious limitations in the realm of
quantum chemistry. We then briefly explain, why first-principles methods are a valuable tool to overcome
these limitations and finish the subsection with a short summary.

1.2.1 The origin of cavity-QED models

To describe the physics of cavity experiments, we essentially need to model the matter systems, the photon
modes, and the interaction between both. The standard starting point for the discussion of quantum atom-
field interaction is the Hamiltonian (89, part 6.1]

H=Hy, + Hyp, - et -E, (1.3)

where H,, is the matter Hamiltonian and ﬁph is the electromagnetic-field Hamiltonian. The last term de-
scribes the interaction between both subsystems that is given by the inner product of the electron dipole
—et (e denotes the elementary charge and t is the position operator) and the electric field operator E.!°
However, one needs to be aware that Hamiltonian (1.3) involves already many assumptions (such as the
dipole approximation and the neglect of the dipole-self energy), which are in many textbooks discussed in
the semiclassical theory (89, part 5]. This means that A pn is neglected and E — E and all other descriptors of
the electromagnetic field are treated as external classical vector fields.

If we consider this semiclassical theory for a single-electron atom, i.e., one electron with mass m that is
confined by the electrostatic potential V of the nucleus with mass m, — oo (Born-Oppenheimer approxi-
mation, see Sec. 1.3.3), the corresponding Hamiltonian reads

2

N N .e 2
Hg. = %[V 1ﬁA(r,t)] +ed(r, 1)+ V(r), (1.4)

19To account for the quantum nature of the electromagnetic field, the electric field vector is promoted to an operator. See also
Sec. 1.3.2.
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where ¢ and A are the scalar and vector potentials of the electromagnetic field, respectively. The form of the
matter-field interaction in H,, can be derived by basic principles (see [89, part 5.1.1]) and has a very large
range of validity.

Then one chooses the Coulomb gauge?® V- A = 0 and additionally sets ¢ = 0,2! which is strictly speaking
only possible far away from any charge. However, since only one electron is considered, this term con-
tributes only by the constant self-energy of the electron and thus can be neglected as we will discuss in
Sec.1.3.3. For a many-particle system, ¢ leads actually to the Coulomb interaction between the (charged)
particles. After applying the Coulomb gauge, Hamiltonian (1.4) reads

2

h? e e
HS = — V24 V@) +i-AL(r,0) + —A? (r, 1)
€ 2m h 2m

2
~ e e
=Hpu+i-V-AL(r, 1) +2—Ai(r, 0, (1.5)
m

h
where A is the transversal part of the vector potential.?> We can generalize HS, straightforwardly to N,
electrons, if we drop the assumption ¢ = 0. This generalization is considered as the basic Hamiltonian of
electronic structure theory (see Ch. 2).

The long-wavelength limit and the diamagnetic term

The next step is to introduce the dipole approximation by assuming
A(r, 1) ® A(ry, 1), (1.6)

where ry is the center of charge (which is equal to the center of mass) of the matter system. This approxi-
mation is also called the long-wavelength limit and it is well justified, if the spatial extension of the atom is
much smaller than the wavelength of the considered modes of the electromagnetic field. This is this case in
most cavity-matter systems (see Sec. 1.3.3). The derivation is finished by applying the gauge transformation

Uz =exp (i%A(ro, t) -r) to the Hamiltonian (1.5), which after some standard rearrangements has the form

~o ATDEAmLD h2 )
Hg, H;j=—V°+eU(r,t)+V(r)—er-E
Uy 2m
=H,, —ei-E. 1.7

To arrive from here at the (fully-quantized) starting Hamiltonian (1.3), we add Hpp and follow the prescrip-
tion of canonical quantization. We reserve the details of this procedure for Sec. 1.3.2 and just assume that
(E,A) — (E,A) are now operators.

It is important to realize that within the “rearrangements,” another approximation has been employed.
The diamagnetic contribution %Aﬁ (r, ) that was still present in Eq. (1.5) is indeed removed by the transfor-
mation Uy, but at the same time a new term that is proportional to r? is introduced (see Sec. 1.3.3). This term
is called the dipole-self energy and it is obviously neglected in Eq. 1.7. That this standard approximation in

20The theory of electrodynamics exhibits (on the classical and on the quantum level) a so-called gauge-symmetry. This means that
the theoretical description has a certain redundancy, which usually is removed in a concrete application. This is done by choosing one
of many possible gauges. In electrodynamics, there are many established standard gauges, e.g., the Coulomb gauge, which can crucially
simplify the description of certain problems. We discuss this in more detail in Sec. 1.3.2. See also Def. 1.1.

21Both together is called radiation gauge in this context.

22 pccording to Helmholtz's theorem, every vector field X = X|+X_ canuniquely be decomposed in its longitudinal X| and transversal
X component, with Vx X =0and V- X =0. In the Coulomb gauge, where V-A = 0, thus the longitudinal contribution of A is explicitly
removed. This also induces [V,A ] = 0 in a quantum-mechanical sense, when —ihV is the particle momentum operator.
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quantum-optical models [89, p. 150] is reasonable, is not well visible with the definitions of the scalar and
vector potentials that are considered here. In the chosen unit system, the vector potential A 1/c is inverse
proportional to the speed of light c. Thus, the A>-term has a prefactor of 1/¢? that makes its contribution to
the Hamiltonian usually small in comparison to all the other terms and justifies its neglect. For instance, if
we want to investigate the interaction of an atom with the electromagnetic vacuum to understand lifetimes
or energy level shifts due to the photon field like the Lamb-shift, (A) is small and we can perform a calcu-
lation in terms of lowest-order perturbation theory, where the A%-term naturally would drop out. However,
when some of the electromagnetic field modes are strongly enhanced by a cavity, this approximation might

break down. We discuss the A%-term in Sec 1.3.3 again.

The making of the cavity-QED Hamiltonian: the diagonalization of the matter Hamiltonian and the single-
mode approximation

To finish the derivation of the atom-field model of quantum optics, we still need to perform one crucial step,
which is the diagonalization of the matter Hamiltonian, i.e.,

Hpulmiy=e;lm;). (1.8)
If this decomposition is known, we can rewrite
Hy =Y eilmi)(mil =) €ioii 1.9)
i i

in its diagonal matrix form. For the single-electron system that is considered here, this is not problematic.
Although in most cases, there is no analytic solution, we can always find a suitable approximate basis for the
problem and diagonalize it numerically (see Sec. 2.1.1). For more than one or a few particles, the situation
changes drastically, because of the already mentioned many-body problem. This manifests here in the cost
for such a numerical diagonalization, that grows exponentially with the particle number (independently
of the details of the problem, see Ch. 2). We discuss some implications of this with respect to cavity-QED
models in Sec. 1.2.2.

Additionally, we diagonalize the free photon Hamiltonian which is not as problematic as for the elec-
tronic problem. There is no (direct) confining potential and no (direct) interaction in & ph and thus its diag-

onal form can even be derived analytically by going to k-space.?®> We find

R a1
thszhwk(aLsakﬁE), (1.10)
S

)S are the annihilation (creation) operators for a photon in
the mode with wave-vector k and the polarizaton-index s = 1,2.2* The operators dl(j)s

]=1and [fl{(ﬂs, Al(j)s] = 0, which defines the quantum mechanical properties of the photon

where wy = clk| = ck is the mode frequency and dl(j
obey the commutation
relations [,
field.

At
k,s’ ak,s

These definitions are sufficient to write the whole Hamiltonian (1.3) in matrix form. For that, we expand

23The connection between the real space, where quantities are parametrized by position vectors r and k-space is given by the Fourier
transformation. Specifically for a function f(r), we have f(k) =1/v 2 Jdrf(x) exp(—ir-k).
24For example, s = 1(2) could denote left (right) circular polarized light with respect to k.
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the dipole moment

et=Y elm;) (miltlm;)(m;jl=) ed;jo;; (1.11)
i ij
and the electric field
E=) e Eu (a +a ), (1.12)
k,s ’

where e ; is the polarization vector and E,, = (hwy/2eg V)2 is a prefactor that includes the vacuum per-
mittivity g and importantly, the mode volume V that plays a crucial role in polaritonic physics as we have

discussed in the previous section. Using (1.9), (1.10) and (1.11), we arrive at the matrix form of (1.3)

I:I=Zhwkdltflk+26i0ii+hzzgk,ij0ij(a;+dk)v (1.13)
k i i,j k
with the coupling-matrix
eE,
8kij =~ Lsdij-exs (1.14)

where we summed over the 2 polarization directions, assuming polarized light, such that only one of the
two polarizations contributes. Additionally, we neglected the zero-point energy of the electromagnetic field.
Although, it regards only a one-electron system on the matter side, Hamiltonian (1.13) has a broad range of
applicability and in general, its diagonalization is nontrivial.

For the cavity setting that we are interested in, we assume that there is one dominant mode with fre-
quency wpy,. The cavity strongly confines the mode to the volume V, which leads to a large prefactor
E,, o V1/V. Consequently, it holds for the coupling elements g; j = 8ij,pn of this mode that g;; > gi;;
for all other k and we can neglect these coupling elements.?®> The resulting Hamiltonian is the origin of the
cavity-QED models and it reads

I:ICQED ZhwphﬁTLAl+ Zeioii+h2gijoij(&f+d). (1.15)
i-1 0]

Note that we dropped the index of the operators 4" that refer to the cavity mode.

The crucial step: the few-level approximation

We want to stress again that the assumption of a single-electron atom was not necessary to arrive at FICQ ED-
In principle, we can assume a Hamiltonian of the same form to study a complicated many-electron system,
because the possibility of the underlying eigendecomposition simply results from the linear structure of
quantum mechanics. However, the corresponding eigenvalue problems are so high-dimensional that in
order to solve them in practice, we have to significantly restrict the underlying configuration spaces, i.e., the
bases. The choice of the basis is thus a crucial step in any quantum mechanical calculation (see Sec. 2.1.1).
The most important approximation in cavity-QED models is to restrict this choice from the beginning

by assuming that a very small matter basis is sufficient to describe the phenomena that we are interested in.

25For dynamical problems, we usually have take to the influence of the bath represented by the other modes into account. In many
cases (for example to include spontaneous emission processes), this can be done approximately by the introduction of a damping
factor. The reader is referred to, e.g., the corresponding chapters in Ref. [89].
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For most methods in quantum optics, it is crucial that this few-level approximation reduces the dimension
of ﬁCQED such that it can be diagonalized exactly. The most important special case of this approximation
is the two-level system that we discuss in the next paragraph [90]. However, if we wanted to employ more
electronic levels, the standard approach consists of a two-step procedure. In the first step, we use some first-
principles methods to identify the most important electronic states, their energies and the corresponding
coupling elements. These enter in the second step as input parameters in PICQ £D, wWhich is diagonalized. In
the realm of polaritonic chemistry, several hybrid approaches of this type have been proposed [91, 92, 93,
94, 95]. However, to make the diagonalization of ﬁCQ £p numerically feasible, most of these methods rely on
the projection on the single-excitation space, i.e., the rotating-wave approximation that we discuss below. It

is very difficult to extend such methods in a simple way.?%

The standard case: the two-level atom

The most common models reduce the matter description to a minimum and consider a fwo-level atom
(or molecule), i.e., they neglect all but two effective matter states |m,/2). Assuming a real transition dipole
di» = dp) between these states, we arrive at one of the most important cavity-QED model, the Rabi-model.?”
The corresponding Hamiltonian reads

2 2

. At A At A

Hp =hwppd'a+ ) €ioii+h ) g120ij(@ +a)
i=1 ij=1

=hwppa' a+hop0; + Qg0 +0-)(@ +a), (1.16)

where in the second line, we have renamed the coupling constant g2 = g»; = Qg as usual in this context.
Qp is the famous Rabi frequency that we have introduced in the previous section. Since it is common prac-
tice, we additionally have introduced the Pauli-matrices 0, = 022 — 011,04+ = 012,0- = 02;1. To rewrite the
electronic Hamiltonian in the second line, we have utilized the equality 022 + 017 = 1, have introduced the
transition frequency w1, = (€2 —€1)/h and have removed the constant energy contribution of (e, +¢€;)/2. De-
spite its seeming simplicity, the Rabi model has only a semi-analytic solution, which is only known since
2011 [98]. This reflects how intricate the coupled electron-photon problem really is.

Finally, there is the aforementioned rotating-wave approximation to Hy that allows for a complete an-
alytical diagonalization. Neglecting the so-called counter-rotating terms o, a' and o_a, we arrive at the
Jaynes-Cummings Hamiltonian [45]

Hjc = hoppa’a+hoo, +hQro.a+o-ah), (1.17)

that we have introduced in the previous section. It is one of the very few light-matter problems that are
analytically solvable, which explains its key-role for the understanding of electron-photon interaction, es-
pecially for the cavity-system.

Collective coupling: the Dicke construction

All cavity-QED models can be generalized in a simple manner to describe N identical molecules (or more
general matter systems) if we assume that the wave functions of different atoms do not overlap. In this

261 Ref. [96], the authors propose a method that goes beyond the rotating wave approximation. They discuss the difficulties and the
(strong) limitations of such a generalization.
27In fact, the original publication by Rabi [97] from 1936 considered a nuclear spin and not an atom.
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case, one can represent the N-molecule-one-mode problem again as single molecule, that is coupled to one
mode with an effective coupling strength g;; — VNgi j.28 This assumption is for example well justified in
a molecular gas, which was the scenario that Dicke [72] had in mind, when he introduced his construction
for N two-level systems in 1954. In the realm of strong-coupling physics, this collective superposition of the
matter systems is regarded as one of the basic mechanisms that lead to strong coupling.?® The collective
coupling strength is v'N times larger than the single-molecule coupling, which leads to a huge increase for

a macroscopic number of such systems, i.e., N = 102,

1.2.2 The limitations of cavity-QED models

We conclude with a brief discussion on the justification and range of validity of the cavity-QED models.
First of all, we have seen that to arrive at the ﬁCQ E£D, We have started at a very general level and followed
a well-defined hierarchy of approximations. We have discussed already that, as written in Eq. (1.15), the
Hamiltonian has a wide range of validity and this fact is often stressed in the literature.3° Cavity-QED mod-
els are thus often seen as a kind of first-principles method.3! One conclusion from this point of view is that
the different perspective that, e.g., first-principles methods would provide is superfluous. The impressive
success of cavity-QED models to understand the phenomena of strong-coupling physics support this argu-
ment. However, this point of view basically disregards the quantum many-body problem and the complexity
that matter systems present.

To illustrate this, let us briefly reflect on the most common cavity-QED models, which describe molecules
as two-level systems. Strictly speaking, the two-level approximation is only valid for a single spin, but its va-
lidity can be convincingly generalized to any kind of transition in a matter system that is energetically well-
separated from all other transitions of the system (at least for not too strong coupling-strengths). Neverthe-
less, the two-level approximation has been extensively used way beyond this range of validity. Frasca [90]
summarizes this fact in his review of the two-level approximation as: “It is safe to say that the foundations
of quantum optics are built on the concept of a few level atom.” Hence, the justification for the approxi-
mation is obviously not its well-defined range of validity, but the very good agreement of the corresponding
models with many experimental results. In their review on strong coupling, Kockum et al. [48] even present
the cavity-QED models in a generalized version, explicitly noting that only special parameter choices can
be “derived from first principles.” Again their justification is coming from experiment. This shows that the
strength of cavity-QED models is not their (only sometimes possible and often hardly justifiable) connection
to the fundamental level of theory, but their obvious universality.

Take for instance the absorption spectrum of a complex systems like a molecule in a cavity in resonance
with a certain energy transition of the molecule, which shows a Rabi splitting (see Fig. 1.2 (a)). If we can de-
scribe this accurately by the Jaynes-Cummings model, then we have learned that the principal physics of this
process can be understood in terms of the hybridization between one electronic transition and a harmonic
oscillator.? This is extremely valuable, because it reveals the underlying mechanism of this phenomenon.

284 very detailed derivation of this can be found in the review of Kirton et al. [79] (see especially Sec. 3.2).

29This is typically regarded as a common fact. See for instance the review of Kockum et al. [48] or Keeling [65].

30However, it is important to realize that one cannot just increase the number of basis states in Eq. (1.15). Due to having no r?-term,
this model has no eigenstates in the limit of large basis-sets [99].

31gee for example the section on “models” in Ref. [48].

32The model additionally allows to differentiate the “character” of the electronic transition. For example, if the dominant matter
oscillator is a two-level system, a so-called quantum-blockade [100], which is experimentally measurable, occurs.
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Why the first-principles perspective is useful

We have seen in the previous subsection, how important this principal understanding of polariton emer-
gence was for the progress in strong-coupling physics. However, we have also discussed the (current) limi-
tations of the models, which are difficult to define but non-negligible. The controversy about the collective
nature of strong-coupling effects in the realm of polaritonic chemistry exemplified some of these limitations:
to describe the complex setting of a chemical reaction that takes place inside a cavity, simple approaches like
the Jaynes-Cummings model have to be extended, because there are several matter-degrees of freedom that
play a role. However, such extensions are not straightforward, but require a detailed knowledge of the mat-
ter system, which often is not provided by experimental data. Sometimes this situation can be remedied by
physical argumentation, but the discussed controversies show that this is not always the case.

The history of the field of quantum chemistry knows a multitude of such kind of controversies and in
the majority of the resolved cases, the answers were nontrivial. 33> Properties of molecules might depend
on tiny variations of the geometry or the electronic configuration, which in turn might be the result of an
intricate interplay of different effects that counteract each other. Many open questions regarding chemical
reactions could only be resolved by an exhaustive use of first-principles methods, many of which nowadays
have become standard tools. Clearly, all practical methods to describe quantum many-particle systems
have to employ approximations because of the many-body problem. But the first-principles approach can
provide (if applicable) a less-biased perspective than effective models, because the explicit description of the
particles allows for approximations an a more general level. In the case of coupled electron-photon systems,
this means that we treat electrons and their Coulomb interaction on the same footing as photons and the
electron-photon interaction. Thus, we are able to study the interplay of both forms of interaction. We will
see in Ch. 6 how this perspective allows to identify new effects that are not easy to describe with methods that
are based on cavity-QED models. For instance, we will present some results suggesting a further mechanism
that influences the coupling strength between electrons and photons. This puts the Dicke-type mechanism
of collective strong coupling in a different perspective.

The problem of standard model approximations: can we neglect the dipole-self energy?

Finally, we want to remark on one other approximation that we have done for the derivation of the models.
This is the neglect of the dipole-self energy, i.e., the r’-term. We will see in the next sections that in order
to find the ground state of a coupled electron-photon system with a first-principles method, this term is
of utmost importance and its neglect would lead to useless results. The reason is that the corresponding
Hamiltonian is unbounded without this term [102]. In a practical calculation, this means that the ground
state is not well-defined but depends on the basis and its energy can in principle be shifted to arbitrarily
low values. Interestingly, this is a considerably less severe issues for cavity-QED models. The reason is that
within the few-level approximation, every system becomes finite and if we fit the electronic energy levels
to some experimental data, there is basically no issue. However, neglecting the diamagnetic term can also
lead to issues for few-level systems. The Rabi model for example loses its gauge invariance for large coupling
strengths [76, 103]. And connected to that, there are several indications that the transition to the superra-
diant phase, predicted by the Dicke model cannot occur in equilibrium if the dipole-self energy is properly
taken into account [104].

In contrast, one of the main goals of first-principles methods is to determine these electronic energy

33Fora general introduction to the theoretical description of chemical reactions and its challenges, the reader is referred to, e.g., the
textbook by Moore and Pearson [101].
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levels, which crucially requires the diamagnetic term. This is an example of how intricate the interplay of
approximations can be. It shows on the one hand the need for a very careful analysis of the mathematical
and physical framework in which a new method is developed (and which is the topic of the next chapters).
On the other hand, this example illustrates the challenges of an interdisciplinary field. The neglect of the
diamagnetic term is a standard approximation in cavity QED and in usual publications, is not even dis-
cussed anymore. On the contrary, in Ref. [102], the authors have shown possible severe consequences of
this approximation such as the non-existence of a ground state. Which consequences these findings have
with respect to the validity of cavity-QED models, is still not entirely resolved.>* An exhaustive discussion
about the diamagnetic term can be found in Ref. [99]

Summary

In summary, the set of cavity-QED models constitutes a very powerful tool box that has been successfully
used to accurately describe a wide range of phenomena in coupled light-matter systems. With only very few
fitting parameters, cavity-QED models describe many experimental results quantitatively. Their simplicity is
thereby an important strength, because it allows for the definition of simple and clear concepts to interpret
and not only to fit the data, e.g., a polariton-model of the Jaynes-Cummings model. However, there are
limits to the applicability of cavity-QED models and determining and overcoming these limits is crucial for
progress in the research field of cavity QED. In the next section, we thus want to approach the problem from
“the other side,” and introduce the framework for a first-principles description of coupled matter-cavity
systems.

34gee for example the discussion on p.3 in Ref. [67], where the authors defend the neglect of the dipole self-energy in their model.
They refer explicitly to Ref. [102].
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1.3 The (quantum) theory of light-matter interaction

The goal of this section is to find a good starting point for our first-principles description of coupled light-
matter systems. For that Schéfer et al. [99] have defined the following three “basic constraints [...] a theory

of light-matter interactions [should] adhere to”:®

1. All physical observables should be independent of the gauge choice and of the choice of coordinate
system (for instance, it would be unphysical that the properties of atoms and molecules would depend
on the choice of the origin of the laboratory reference frame).

2. The theory should support stable ground states (else we could not define equilibrium properties and
identify specific atoms and molecules).

3. The coupled light-matter ground state should have a zero transversal electric field (else the system
would radiate and cascade into lower-energy states).

Having these constraints in mind, we briefly discuss in the following subsections the principles and math-
ematical issues that enter the (quantum) theory of light-matter interaction on different levels of accuracy.
We start at the most fundamental level, which is the (full-relativistic)3® theory of quantum electrodynam-
ics (QED).3" We keep the discussion of QED very short, summarizing the basic concepts of QED, its fun-
damental character and especially its mathematical challenges. We will see that formulating a theory in
the realm of QED that adheres to the three basic constraints is very difficult. However, the wide range
of energy-scales that QED theoretically covers is not necessary for an accurate description of the typical
phenomena of the field of polaritonic chemistry. We therefore reserve the principal part of the section for
the (semi-)nonrelativistic limit of QED, where we assume that the active particles of the considered matter
systems have considerably lower energies than their rest-energy. This approximation is very well justified
for most processes in condensed matter and chemical systems. In the last subsection, we derive the long-
wavelength limit of the Pauli-Fierz Hamiltonian and introduce the Born-Oppenheimer approximation. The
resulting cavity-QED Hamiltonian and the corresponding mathematical framework serves as the basis for

our discussion of first-principle methods.

1.3.1 The most fundamental theory: QED

The general theory of quantum mechanics is now almost complete ... The underlying physical
laws necessary for the mathematical theory of a large part of physics and the whole of chemistry
are thus completely known, and the difficulty is only that the exact application of these laws
leads to equations much too complicated to be soluble. It therefore becomes desirable that
approximate practical methods of applying quantum mechanics should be developed, which
can lead to an explanation of the main features of complex atomic systems without too much
computation. (Dirac, 1929 [106])

The interaction between light and matter as we understand it today from a physics perspective is such a vast
topic that it concerns to a smaller or greater extend all natural sciences. The usual explanation behind this

35Note that many cavity QED models and also typical approaches based on perturbation theory do not adhere to all of these con-
straints. This is in many cases related to the neglect of the diamagnetic contribution [99].

36This means that matter as well as photon degrees of freedom are described within the framework of the theory of special relativity.
See for example Ref. [105].

37Where with most general, we mean to include all effects that are somehow related to the electromagnetic interaction. Other funda-
mental forms of interaction like gravity, weak or strong interaction are excluded in this picture.
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is simply that all known matter consists of charged particles, which constantly radiate and interact via some
form of electro-magnetic fields, i.e., light. The natural conclusion from this (reductionist) point of view
has been summarized concisely in the above quotation by Dirac. Transferred to our problem, this means
that in order to understand strong-coupling physics, we just need to find the most precise, i.e., quantum
description of light-matter interaction. The rest is “just” mathematics. This “most precise” theory of light-
matter interaction is QED, which usually is regarded as the unification of the theory of special relativity,
quantum mechanics, quantum field theory and classical electrodynamics [105, 8].

That is why we call QED a relativistic quantum field theory, which means that it is consistent with the
geometry of special relativity, accounts for quantum effects of the microscopical world and is formulated
only in terms of fields (instead of, e.g., particles that here emerge as effective degrees of freedom from the
field). There are many reasons for this unification of theories with the most important being consistency.
Since Maxwell’s equations of the electromagnetic field (Eq. 1.20) are relativistically invariant, it seems to
be a logical step to also generalize the quantum description of matter to the full-relativistic level, i.e., to
consider the Dirac equation. Combining both theories requires then to leave the realm of standard quantum
mechanics based on wave functions, and generalize Dirac’s theory to a quantum-field theory [10]. For further
details on these considerations and other very interesting discussions, the reader is referred to one of the
many textbooks on this topic, e.g., Refs. [105, 8, 10].

Guided by the idea of consistency, researchers have pursued the unification of quantum mechanics and
electrodynamics at least since the 1930s. In this process, they encountered so many severe mathematical
and connected conceptual problems that first successful calculations have not been undertaken before the
late 1940s.3 The last important steps have been made by Tomonaga, Schwinger and Feynman, which were
rewarded with the Noble prize “for their fundamental work in quantum electrodynamics”.3® Most strik-
ingly, on the basis of QED one can explain why the “electron’s magnetic moment proved to be somewhat

larger than expected,”*?

—with twelve decimal places precision. This and also many other impressive predic-
tions*! established undoubtedly today’s reputation of QED of being the “best-tested” theory or the “jewel”
of physics."#? This success story clearly illustrates the power of the idea of consistency between different
physical theories. And indeed, encouraged by the success of QED, the story of unification went on con-
stantly leading to the standard model of particle physics. This theoretical framework unifies three of the four
known fundamental interactions (electromagnetic, weak and strong). Until today, many researchers work
on including the missing gravitational interaction, which is described by the theory of general relativity.
However, there is also an opposing point of view on the consistency of QED, which puts the theory in a
different light. Most importantly, there is still no practical way known how to remove the occurring diver-
gences in a non-perturbative approach [110]. Additionally, the mere concept of a many-particle wave func-
tion leads to several inconsistencies in a relativistic situation, since each particle should have its own time-
coordinate [111]. Many years after the formulation by Tomonaga, Feynman and Schwinger (1948/1949), Iwo

and Zofia Biatynicki-Birula*® summarize the state of the research on QED in the following way:

In quantum electrodynamics, we have a theory that is not complete. Owing to the enormous

38We recommend the very-well documented article on the history of QED on WIKIPEDIA: https://en.wikipedia. org/wiki/
Quantum_electrodynamics#History.

3nttps://uww.nobelprize.org/prizes/physics/1965/summary/

40gee facts about J. Schwinger on https://www.nobelprize. org/prizes/physics/1965/summary/

4IThere is set of standard effects that can be described and understood by QED and that are nowadays textbook knowledge. See for
example [107, part 6]. For a recent application of QED, see [108].

42These kinds of statements can be found in basically every book about QED or other quantum field theories. For a good summary
of this point of view and the according predictions, we recommend, e.g., Ref. [109].

43Note that Iwo and Zofia Biatynicki-Birula are strong supporters of “this beautiful theoryl, i.e., QED]” [112]. They contributed im-
portantly to formulate QED more rigorously.
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mathematical difficulties, it is not yet known whether the set of postulates adopted is not incon-
sistent and whether it determines the theory uniquely. All we know is an approximate scheme
for carrying out calculations based on perturbation theory.

(Biatynicki-Birula and Biatynicka-Birula, 1975 [113])

They conclude that “Quantum electrodynamics thus constitutes a programme rather than a closed theory.”
The problems, Iwo and Zofia Bialynicki-Birula are referring to are especially severe in the relativistic do-
main, where fermion-pair-creation or other high-energy processes have to be taken into account. Although
there has been progress in the mathematical formulation of QED [114], it has shown its practical value until
nowadays predominantly as basis for perturbative corrections of scattering processes.** However, scattering
processes happen typically in very special experimental situations or for very high energies. Their theoreti-
cal description is based on some well-defined and simple reference states, which describe the system before
and after the scattering event has taken place [8]. But not all types of systems can be represented within the
strict boundaries of this assumption. Most importantly, it is very unpractical to describe ground states of
(strongly) coupled light-matter systems as a scattering process.*> One (but not the only) important reason
that hampers applying QED to other than scattering processes is that the standard technique of renormal-
ization can only be performed order by order in a perturbation series [8].

One of the few attempts to go beyond scattering problems by introducing a “space-time resolved ap-
proach” to QED has been undertaken by Wagner et al. [115]. They also investigated within this approach the
possibility of a purely computational renormalization scheme [116], yet only for very simplified models. To
employ the usual methods of electronic-structure theory, we would need a well-defined Hamiltonian formu-
lation of QED. Such formulations indeed do exist®, but the problems that Iwo and Zofia Biatynicki-Birula
mentioned remain. There is for example no definite answer on how to deal with the many of the occur-
ring divergences, besides removing them by artificial cutoffs (which makes calculations depend on these
cutoffs) [118].

1.3.2 The solid ground: the Pauli-Fierz Hamiltonian

The energy-scales that are involved in usual chemical and materials-science processes are usually small
in comparison to the involved rest masses, such that relativistic effects of the matter-degrees of freedom
can be neglected. However, the description of the electromagnetic field needs to be relativistic on these
energy scales.*” This suggests to regard the (semi-)nonrelativistic “limit” of QED (NR-QED) that considers
nonrelativistic charged particles and the electromagnetic field. This scenario is very well studied and thus
especially its mathematical properties are comparatively well understood. We summarize in the following
how NR-QED can be constructed and discuss the most important conceptual and mathematical issues. We
follow hereby the excellent book by Spohn [9].

44Note that basically all of the aforementioned impressive predictions belong into this group.

45In principle, one could perform a scattering description of bound states as well. The problem is then more practical. Assume we
would have a QED theory that captures bound-state resonances (live long, but not infinitely long). The spectrum goes (from -oco if
no positron interpretation is done) to co and we have no idea where the special "ground-state resonance" is lying. So we would need
to probe all in/out states and minimization is useless. If we instead have a Hamiltonian that is bounded from below, the variational
principle tells us “where to look” for the ground state, i.e., we just need to minimize the energy.

465ee for example Ref. [117, part 5] for a physicist’s definition and Ref. [118] for a mathematically rigorous discussion and definition
of the QED Hamiltonian.

47Note that there are also non-relativistic formulations of the electrodynamics, which however have a limited practical applicability.
See, e.g., Ref. [119].
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Definition 1.1: Maxwell-Lorentz Equations

For a charge density of N, electrons and N,, nuclei with masses m;, charges q; and positionsr;,i =
1,..,Ne+ Ny

Ne+Ny
p,= Y ¢qibx-r;), (1.18)
i=1
we associate a current j(r, t). Both are linked by the continuity equation

3:p(r, 1)+ V-j(r, 1) = 0. (1.19)

For simplicity, we constrain the description explicitly to length scales, were the contribution of the
aforementioned form-factor is negligible [9] and thus consider point-particles in this definition.
The evolution of the N.+ N,, particles and the electric field E and the magnetic field B is governed by
the 4 Maxwell’s equations and Newton-Lorentz'’s equations for the particles. The first two Maxwell'’s
equations describe the evolution of E and B the under the influence of the current by
0/B(r, 1) =-V xE(r, 1), (1.20a)
0.E(r, 1) =c®V x B(r, 1) + o c*j(r, 1), (1.20b)
where c is the speed of light and iy the vacuum permeability. The other two Maxwell’s equations
are constraints to the evolution that read
V-E=p(r, 1), (1.20c)
V-B=0. (1.20d)

Newton-Lorentz’s equation for the evolution of the i-th particle under the influence of E and B reads

1

2 —
miLori(6) = eBr;, 1)+ ¢ Lry x B, 1). (1.21)

The fundamental inconsistency of the classical theory of coupled light-matter systems

To derive the Hamiltonian or equivalently the equations of motion of NR-QED, we can apply the correspon-
dence principle [120] to its classical analogue. Thus, there is no need of, e.g., performing a limiting procedure
from a more fundamental theory and we will follow this route here. The classical correspondence to NR-QED
is Lorentz-Maxwell theory that defines a set of coupled equations of motion (Def. 1.1) which govern the dy-
namics of N charged particles that are coupled to their own electro-magnetic radiation field. Already on the
classical level, this coupling is problematic. To see this, let us shortly consider the well-defined equations of
motion of a point charge in an external electromagnetic field (Newton-Lorentz equations). Neglecting mag-
netic fields for the moment, we can write the Newton-Lorentz equation for a nonrelativistic point charge of
the mass m and charge e as

2

d
m@r(t) =eE(r, 1), (1.22)

where E(r, t) is the electric field. Since we assumed that E(r, f) is external, i.e., prescribed, this equation
together with a suitable initial condition (e.g., r = i = 0) constitutes a well-defined initial value problem. It is
however important to know E(r, #) exactly at the position r of the particle for all times ¢ = £y bigger or equal
to the initial time #y. In Lorentz-Maxwell theory, we then want to couple Eq. (1.22) with Maxwell’s equations
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(see Def. 1.1). This means that E(r, ¢) is not anymore some prescribed function, but a dynamical quantity
that has to be self-consistently determined by the coupled equations (this is of course also true for all other
variables). This allows for example for back-reactions by the field on the particles and vice versa. On the
other hand, there is the well-defined theory of Maxwell’s equations that react to a prescribed charge density
p(r, t). For instance, the electric field of a static charge distribution is obtained simply by solving Gauss’s law,
cf. Eq. (1.20c) (the other equations do not play a role in this simple case)

E(r, 1) = fdr'p(r’)r’/lr—r’|3. (1.23)

In the case that p(r) = §(r — ) is just a point charge, we E is not anymore well-defined at every point, but
diverges exactly at the position of the charge. We have to conclude that connecting Eq. (1.23) and Eq. (1.22)
leads to an inconsistency. Note that this issue is resolved in Schrodinger quantum mechanics for matter
systems with the Coulomb interaction, but without taking into account the transversal degrees of freedom
of the electromagnetic interaction. The debate on this has a long and interesting history and for further
details, the reader is referred to, e.g., the essay by the famous mathematical physicist John Baez [121].

The resolution: regularization and renormalization

Nevertheless, we need to “cure” this inconsistency for our theory and the usual way to do so is by a so-called
regularization procedure for short distances. This means in practice that we consider a small sphere instead
of a point charge, which directly removes the divergence in Eq. (1.23). Still, we need to decide about the exact
shape and size of this sphere, which is formally done by introducing a form-factor in the equations.*® By the
introduction of the cutoff, we remove small length scales from the description that “come from a more re-
fined theory” [9, p. 15]. The regularization removes the divergence of the self-energy, i.e., electrostatic energy
of the particles corresponding to the Coulomb force (1.23). But it still contributes to the energy-momentum
relation of the coupled theory, which consequently differs from the one of a free particle. Since the latter is
an experimental fact, we need to “fix” the coupled energy-momentum relation by performing a renormal-
ization. We see here that although mostly discussed in the area of quantum field theory, the technique of
renormalization is already required on the classical level. In the case of Lorentz-Maxwell theory, this means
that we choose the particle’s mass as a parameter that we utilize to fit the theory to the experiment [9, part 6
and part 7].

We see that the description of coupled light-matter systems is a very challenging topic, even on the “sim-
plest,” i.e., the classical, level and there are many other subtleties and interesting issues.

The quantization of the classical theory: gauge dependence

Starting from the classical Lorentz-Maxwell theory, we now introduce NR-QED by the correspondence prin-
ciple. The standard way to do this is to employ the canonical quantization procedure, which requires the
Hamiltonian formulation of the classical theory. Regarding the matter part, this is straightforward, but for
the Hamiltonian formulation of Maxwell’s theory, care has to be taken. To describe the electromagnetic field

in terms of canonical variables, one usually introduces the vector and scalar potential A and ¢. These are

48There are different ways to do this and certain connected issues. See [9, part 2/part 4] for details
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connected to the fields E, B by

E@r, 1) =-10,A@, 1) - cVo(x, 1) (1.24a)
B(r, 1) = 1V xA(, 1), (1.24b)

which is not a unique correspondence but leaves a so-called gauge freedom. This means that the quantiza-
tion procedure depends on the gauge [10]. In the nonrelativistic description, it is very convenient to employ

the so-called Coulomb gauge
V-A(r, 1) =0. (1.25)

The Coulomb gauge removes the longitudinal part of the vector potential, which by means of Gauss’s law (Eq.
(1.20c)) also fixes the scalar potential ¢(r, 1).9 The remaining two transversal degrees of freedom of A=A
describe the two known polarizations of the electromagnetic field. This means that in the Coulomb gauge,
there is no “superfluous” field component and thus it can be seen as kind of maximal gauge. That is why
basically all derivations of NR-QED are done in the Coulomb gauge. However, there are also other gauges
that are maximal in the same sense, e.g., the Poincare gauge and employing these might be advantageous in
certain scenarios [11].

The Hamiltonian of NR-QED: how to construct a well-defined mathematical theory of light-matter inter-
action

However, to discuss the quantization of the Maxwell-Lorentz theory we stick to the standard case. We em-
ploy Coulomb gauge and follow the prescription of the canonical quantization, which leads the so-called
Pauli-Fierz Hamiltonian. Since this is a standard procedure that can be found in several textbooks, we only
summarize the most important aspects. We again follow closely the book of Herbert Spohn [9]. The Pauli-
Fierz Hamiltonian describes the quantum dynamics of N charged particles that are coupled to the (vacuum)
electromagnetic field. Since we are interested in molecular systems, we further divide N = N, + N, in N,
electrons and N, nuclei. The quantum formulation does not remedy the inconsistencies of the classical
theory, but adds further problems. The most important property of a Hamiltonian of a quantum theory is
hermiticity (which in mathematical literature is usually called self-adjointness). Importantly, it is possible to

prove the self-adjointness of the Pauli-Fierz Hamiltonian under the following two conditions [9, part 13.3].

1. We need to remove the self-energy of the particles analogously to the classical case.

2. We need to introduce a further “suitable” ultraviolet cutoff. This comes on top of the classical cutoff
that we already included by quantizing extended instead of point charges. Still, the new cutoff just
further renormalizes the mass and in most situations, we can include it as in the classical case by
using the physical instead of the bare mass of the charge carriers. However, although the proof for
self-adjointness provides a definition of the cutoff, it remains arbitrary up to a certain degree.

A Hamiltonian that obeys these conditions is the Pauli-Fierz Hamiltonian of Def. 1.2

A remark on the validity of Pauli-Fierz theory

We want to conclude this subsection with a small remark on the interpretation Pauli-Fierz theory. This

paragraph is not necessary to follow the course of this text and can be skipped by the fast reader.

4970 see this, compare Eq. (1.20c) with the definition of E in terms of bA, ¢, cf. Eq. (1.24a): p=V-E=V-(=1/cd:A - cV¢) = —cV2¢.
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Definition 1.2: Pauli-Fierz Hamiltonian

A system consisting of N, electrons and N, nuclei with masses m; and charges q;,i = 1,..., N, + N,
that are minimally coupled to the electromagnetic field in the Coulomb gauge are described in the
nonrelativistic energy regime by the Pauli-Fierz Hamiltonian

. Ne+Np . 2 N.+N, qiq;
App= Y. o (-ihVi- LA, ap) + y
i ! 4 87eg iZ] |r; —I‘j|
1 (1.26)
52 (i0g.0° v )
ks

Herei is the imaginary unit, h the Planck constant and €, the vacuum permittivity. We denoted the
field operator of the (transversal) vector potential with A, that reads

A 2 1 (. b oo
AL =y/h Yo (@ Sics0 + &, Sp (), (1.27)
,S
where
Sks(1) = Jng ;e (1.28)

are the mode functions for a plane wave with wave-vector k and frequency wy = ck (k = |k|). We
denote with V = a® the volume of the quantization box with side-length a. Furthermore, ny ; denotes
the two polarization vectors (s = 1,2) for every mode. To arrive at the form (1.26), we have defined the
displacement coordinates

s =\ 7a= (@l + @y ) (1.29)
—idg,, =iy/ 22k @) -a ). (1.30)

Pauli-Fierz theory as defined in Def. 1.2 is mathematically a well-defined quantum theory, i.e., the Hamil-
tonian of definition 1.2 is self-adjoint and it has eigenstates that can be described by a many-particle wave
function. However, to remove the occurring divergences of the theory, we have to introduce a cutoff that
is in principle arbitrary. Thus, for high-energy processes the accuracy of the theory is somewhat unclear.

Nevertheless, the range of validity, on which these mathematical issues are not problematic, is huge:

The claimed range of validity of the Pauli-Fierz Hamiltonian is flabbergasting... As the bold claim
goes, any physical phenomenon in between [gravity on the Newtonian level and nuclear- and
high-energy physics], including life on Earth, is accurately described through the Pauli-Fierz
Hamiltonian. (Spohn [9, p. 157])

The conclusion that Pauli-Fierz theory provides a useful description of, e.g., molecules as complex as DNA
or whole organisms is indeed “flabbergasting.” Thus, it seems that Dirac’s vision has become true (see the
quotation in the beginning of Sec. 1.3.1): we have found a mathematical theory that describes “alarge part of
physics and the whole of chemistry.” We just need to solve this theory by “approximate practical methods of
applying quantum mechanics [...], which can lead to an explanation of the main features of complex atomic
systems without too much computation.”

Interestingly, although Pauli-Fierz theory is known since the 1930s, no practical method has yet been de-
veloped that is capable to solve the theory for any relativistic scenarios. Spohn remarks on this reductionist’s

34



1.3. THE (QUANTUM) THEORY OF LIGHT-MATTER INTERACTION

perspective:

Of course, our trust is not based on strict mathematical deductions from the Pauli-Fierz Hamil-
tonian. This is too difficult a program. Our confidence comes from well-studied limit cases. [...]
In the static limit we imagine turning off the interaction to the quantized part of the Maxwell
field. This clearly results in Schrodinger particles interacting through a purely Coulombic po-
tential, for which many predictions are accessible to experimental verification. But beware, even
there apparently simple questions remain to be better understood. For example, the size of
atoms as we see them in nature remains mysterious if only the Coulomb interaction and the

Pauli exclusion principle are allowed. (Spohn [9, p. 157])

Another example for such a limit is the standard form of cavity QED that we will derive in the next section
from Pauli-Fierz theory by performing the long-wavelength approximation. We will see in the course of this
thesis, that only finding the (approximate) ground state of cavity QED is an utmost difficult task. Without the
great knowledge of the many-electron problem that we have nowadays, this would probably be an impossi-
ble task. This explicitly shows the limitation of the very common (reductionist’s) point of view that defines
a hierarchy between more general theories and their limit cases. Although Pauli-Fierz theory is more funda-
mental in the sense that it is more general than, e.g., many-electron Schrédinger theory, it is the predictions
of the lower member that are the most important justification for the higher lying member.

This illustrates how long the way from writing down a Hamiltonian until describing nature really is. And
most importantly, it is not “just mathematics” that is required to go this way as the reductionist’s hypothesis
suggest. This has been pointed out already in 1972 by Anderson [122] with several examples from molecular
and solid-state physics. The impressive success of the cavity-QED models is another examples that prove
this far too simple idea wrong: the power of these models lies especially in their validity in settings, where
the explicit mathematical derivation from first-principles, i.e., the Pauli-Fierz Hamiltonian is not possible
(see Sec. 1.2). Spohn summarizes this in the following way:

(If tthe Hamiltonian is a self-adjoint linear operator, [... ol]f course this does not mean that
we have solved any physical problem. It just assures us of a definite mathematical framework
within which consequences can be explored. (Spohn [9, p. 158])

This is the reason for the long discussion of the mathematical foundations of Pauli-Fierz theory in this sub-
section. To develop new methods that accurately describe electron-photon interaction from first principles,
we need a (mathematically and physically) firm ground. With the corresponding methods, we will however
not “solve” Pauli-Fierz theory in the sense that we diagonalize Hpr. There are no analytical solutions known
and even the simplest case of one particle, coupled to the Maxwell-field is basically numerically inaccessible.
But we need such a “definite mathematical framework” to derive approximate theories.
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Definition 1.3: Atomic units

The system of atomic units (denoted by [a.u.]) is defined by the following base units:

mass me  theelectron mass
charge e the electronic charge
action h the reduced Planck constant

permittivity 4mey  the inverse Coulomb constant

This means that we measure mass in multiples of the electron mass etc. This is formally done by setting these
four fundamental constants to one. Derived from these base units, we have the following derived units (we list
only the most important ones)

length  ag=4neoh?/(mee?) lag=0.529A “bohr”
energy  Ey=h*/(mea3) 1E, =27.211eV  “Hartree”

Furthermore, we can derive the numerical value of the speed of light ¢ = 1/a = 137 [a.u.], where we denoted
with a the fine-structure constant a = e?/ (dneghc).

1.3.3 NR-QED in the Long-Wavelength Limit

In this subsection, we derive the cavity-QED Hamiltonian from Pauli-Fierz theory. The physical setting,
defined by this limit is the basis for our analysis in the following chapters. Since we aim to understand
strong-coupling phenomena that require the strong mode confinement of cavities, we constrain the elec-
tromagnetic field description to only a few modes. These modes are assumed to have long wavelengths in
comparison to the spatial extension of the considered matter systems, such that the dipole approximation
is valid.® Regarding the matter-description, we only consider the (adiabatic) electronic structure in the
electrostatic potential of (quasi)static or clamped nuclei. This means that we constrain our description to
settings, where the Born-Oppenheimer approximation can be applied and disregard the dynamics of the
nuclei and their quantum nature. This setting is however sufficient to describe a large range of chemical
processes [123].%!

Despite these many simplifications, we are still confronted with an extraordinarily difficult problem.

Also in this limit, there are currently only two special cases, for which analytical solutions are known.>?

The starting point: the macroscopic description of Pauli-Fierz theory

The starting point of the derivation is the non-relativistic theory of quantum electrodynamics, which is de-
scribed by the Pauli-Fierz Hamiltonian Hpr (Def. 1.2). Since we are interested in processes with subatomic
length and energy scales, we use from now on a suitable unit system, so-called atomic units (see Def. 1.3)

We start the derivation with the macroscopic description of Maxwell’s equations, which separates the
charge current

je,n=j’w,0+j 0

5ONote that the dipole approximation is accurate also in more general settings in the context of cavity QED, e.g., nanoplasmonic
environments.

51gee also Ch. 2.

52The first considers one electron in a harmonic potential [9, partl13.7] and the second N electrons without interaction in a box with
periodic boundary conditions [124].
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into its bound part j” and the free current j/. The former is generated by the magnetization M and polariza-
tion P of the matter system as

P, 1) = Vx M(r, 1) + 0,P(x, 1).

We can then define the displacement field D = ¢¢E + P and the magnetization field H = %B —M, which are
generated by the free current as

i/, 1) = -V xH(x, 1) + 8,D(r, 1).

This construction is in a sense artificial, because the actual forces that are exerted by the field are only due
to the total electric and magnetic fields E, B. But it is very suited for the following theoretical considerations,
because it separates out the part of the electromagnetic field that is exclusively produced by the (bound)
charges of our system.

The connection to the macroscopic form of (1.26) is given by the unitary Power-Zienau-Woolley (PZW)
transformation

Upzw = exp (—iafdl‘pl r)-Ay (l‘)),

where we only need to transform the transversal fields, because of the Coulomb gauge. With the choice of

our matter system, we can explicitly define the polarization

Nn

Ne  pl
P(r):—Zr,-f 63(r—sr,)ds+ZZRf 53R - sR;)ds, (1.31)
i=1 Y0

where we separated electronic r; and nuclear coordinates R; and denoted the charge of the i-th nucleus by
Z;. Since we included all physical charges in the definition of P, we trivially have j/ = 0.5

The dipole approximation

We can now introduce the dipole approximation by disregarding the integration over s in the definition of P
(Eq. (1.31)) or equivalently by setting

A(r) 2 A(0), (cf. 1.6)

where we assumed that the coordinate frame origin is located at the center of charge. Specifically, this leads

to the transformation

Upzw,aip =€xp | —iVATY_ Sics(0)ny s R gic s, (1.32)
k,s

where ny ; is the polarization vector and S s(0) o< 1/ V'V the (absolute value of the) mode function of the
photon mode with wave vector k and polarization s (see Def. 1.2). Additionally, we have defined the total

53This follows, because we treat a closed system here. In a more general setting, the free current could, e.g., represent an external
current that pumps the cavity mode.
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dipole of the matter system
N, Ny
R=-)r;+) ZR;. (1.33)
i=1 i=1

Further, we constrain the description to a finite number of M photon modes, where M cannot be chosen
arbitrarily, since the dipole approximations breaks down for very large M [124]. In the following, we will
usually assume that M is very small (corresponding to the enhanced modes of an optical cavity) and thus,
this issue will not be problematic. Note that Eq. (1.32) is also called length-gauge transformation and it is
the generalized form of the transformation U, (defined above Eq. (1.7)) that was employed in the derivation
of the cavity-QED models. Furthermore, we subsume a =k, s and apply a canonical transformation that
exchanges the role of the photon coordinates and momenta

—i04, = —WaPa
i1
qa — —iwy 0p,.
The non-relativistic QED Hamiltonian in the long-wavelength limit reads then

Hyw = Hy+ He + Hpe + Hy + Hep + Hpp, (1.35)

where we defined the nuclear Hamiltonian

Ny, 1N 77

AL RN et
—~ 2 M; 2 7 IR -R||

A

Hy=

with the nuclear masses M;. The electronic Hamiltonian reads

1
Ir; —rjl

LS PR

He ZZ EVU + 5 Z

i i#]

and the interaction Hamiltonian between both matter degrees of freedom is given by

N 18z
Hne :E Z m
i#j 1M J

The Hamiltonians for the contributions of all the M photon modes can be collected together by

Hy+ Hep+ Hyp =

N | =

A 2

a

>

where the light matter interaction becomes explicit by the appearance of the total dipole R. We also intro-
duced the fundamental light-matter coupling constant for mode «

Ag = VATS4(0)€q. (1.36)
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The Born-Oppenheimer approximation

The Hamiltonian (1.35) describes the electrons and nuclei of a matter systems, which are basically all de-
grees of freedom molecules and solids.>* It is thus a suited basis for a first-principles description of, e.g.,
the phenomena of polaritonic chemistry. Nevertheless, the accurate description of these degrees of free-
dom is very challenging and in many cases, the electronic and nuclear dynamics can be separated (Born-
Oppenheimer approximation). The electrons are then described in the electrostatic potential of the nuclei
with fixed coordinates R; (clamped nuclei). The electronic energy as a function of the R; (potential energy
surface) defines then an effective potential for the nuclear dynamics. In this work, we focus on the electronic
part of the matter-description (electronic structure, see also Ch. 2). However, since electrons and nuclei cou-
ple in exactly the same way (with their dipole operator) to the photon modes, a large part of our discussion
can be generalized straightforwardly to the nuclear theory. For further details about additional implications
of the approximation for the coupled light-matter systems and possible improvements, the reader is referred
to Ref. [125].

To derive the electron-photon theory formally, we let M; — oo for i = 1,..., N,. Since m, < M;, this
approximation has a wide range of validity.’® Thus, the kinetic energy of the nuclei ¥_; ZLMV& — 0 and we
can treat them as fixed classic charges with coordinates R;. Under the Born-Oppenheimer approximation
(abbreviated by BOA in the equations), the nuclear contribution

. goal No  Z; Zj
==y —
2 iz IRi —Rj|
is merely a constant that we can neglect in many scenarios. We will consider the term only for compar-
isons of different nuclear configurations, e.g., to study simple chemical reactions. The electron-nuclear

Na 1 that we include in the electronic

. . . .1 BOA
interaction has then a prescribed local potential Hye — v(r) =¥, ®
- 1

Hamiltonian
~ BOAp
H, — H,+ v(r).

We also neglect the constant contribution of the nuclear charge to the total dipole R 504 _ Zf.\i L Ti, where we
have removed the index of N, — N for convenience. We note that the Hamiltonian (1.35) is symmetric with
respect to the simultaneous inversion of r — —r and p, — —pq. Additionally, there is the ambiguity of the
sign of the electric charge [126]. That is why one can find different definitions of the bilinear coupling term
in the literature. Importantly both choices, p, + 2—3 ‘R, lead to the same expectation values of the observables.
We make use of this freedom and redefine

N
R= +Zl‘5,
i=1

which is the more common choice in the literature.

Collecting all the terms, we arrive at the coupled electron-photon Hamiltonian in the long-wavelength
limit or the cavity-QED Hamiltonian that is explicitly given in Def. 1.4. It will be the basis for (most of) the
discussions of the rest of this thesis.

54According to the standard microscopic model of matter, that neglects the inner structure of the nuclei.
55However, there are also many situations, when the Born-Oppenheimer approximation fails, but these cases are beyond the scope
of this work. The interested reader is referred to, e.g., the review by Worth and Cederbaum [123].
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Definition 1.4: Cavity-QED Hamiltonian

A system consisting of N nonrelativistic electrons that are coupled via their dipole to M modes of the
electromagnetic field in the length gauge are described by the cavity-QED Hamiltonian

V +v(r) |+

N | =

-0% +w? h.RZ 1.37
Pa a pa+w (1.37)

a

Hﬁ[

Here R = +Z§\i L Yi is the total dipole of the matter systems and for each mode a, wq denotes the
frequency and

Ao = VATLS €4 (1.38)

is the light-matter coupling constant, that includes the polarization vector e, and the (effective) mode
function S,. In free space, the modes are plane waves and thus, S, is given by the simple expres-
sion Sq = \%V (cf. Egq. (1.28)). However, inside a cavity the mode functions may have a nontrivial
form [127].

For later convenience, we further differentiate the contributions

H=T+V+W+ Hpyp+ Hips + Her,
where
LA | N o1y 1
T=Y-Vi, V=)o) W=-)
72 i 25¢j|1'1—1'j|
R 1 M ) s o . N M 1 N
thZEZ[_apa"'wapa]r Hlnt:ZZwapa)la ri, Hselfzg Z Ag rz)(/la 1'])
a i a

A remark on the gauge choice

We conclude this subsection with a remark on the specific gauge choice in H. In the length (PZW) gauge, we
describe the photon degrees of freedom with the (transversal) displacement field

N w
D, = 4_aAapa

H[\’]E

as canonical variable with corresponding momentum
M
B=) (-i0,,)Aq x €q.
a=1
We recover the electric field as
E =47 (ﬁL - IA)J_)
with the (transversal) polarization

N 1
P, = Zrﬂa(ﬂa R).
@
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The original creation and annihilation operators for the electromagnetic field modes have now the form>®

1
o = -i0, —iw +ily R
a /—zwa( Pa aPa a )
1
af =———(-i0, +iwgpa—iAs-R
a 20)“( Pa aPa aR)

This has consequences for the interpretation of photon-observables. Most importantly, the expectation

> (1.40)

does not correspond to the energy of the electromagnetic field that is defined as % J dr(E? + B?) in terms of

value

M
Eph :<th> = <%; [—6’20“ +(U¢21pi

the electric field, but is instead connected to the displacement-field D. To calculate the photon energy (in
its standard definition), we have to consider instead

Epp =(Hpp+ Hine + Hyerf) (1.41)

Correspondingly, the photon number of mode « is calculated as Nph = #Eph - % =Y (Nph,a), where we

defined the photon number operator for mode a

Y —1( 162+w%‘( A R)Z) . (1.42)
ph,a _(Ua 2 6p§[ 2 Pa Wg 2! .

For the sake of completeness, let us also define to “photon-number” operator with respect to Eq. (1.40), i.e.,

N,,h,a:ﬁ —a§a+wip§] —%, (1.43)
that we call the mode occupation to differentiate it from N, o.

This illustrates that in the length gauge, the electronic and photonic degrees of freedom are (partly)
mixed. Consequently, a part of the electron-photon interaction is described only by matter quantities as,
e.g., the occurrence of the dipole-self-interaction Hy,; r shows. This is a convenient starting point to develop
new first-principles methods for light-matter interaction, since the description of matter is much better
understood. For instance, one could approximate the light-matter interaction by only taking H,; f into
account and would end up with a matter-only theory, which provides a good (qualitative) description of
certain scenarios [128, 125]. Without the PWZ transformation, cf. Eq. (1.32), such a mixing does not occur
and we describe the electromagnetic field by the vector potential and the electric field exactly as in the
Coulomb gauge of NR-QED. Within the long-wavelength description, this is called the velocity gauge. Instead
of Hye; r» we would find in this gauge the diamagnetic term, mentioned in Sec. 1.2, that is proportional to A%

6Note that —ia;a = —i0p, is the canonical momentum operator that is hermitian.
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Chapter 2

MATTER FROM FIRST PRINCIPLES: ELECTRONIC-STRUCTURE
THEORY

Before we investigate how the coupled light-matter problem can be approached from a first-principles per-
spective (which is the topic of Sec. 3), we discuss in this chapter the “simpler” problem of matter-only sys-
tems. How to accurately describe the microscopic details of matter is a topic so well studied that many
techniques have already become basic textbook knowledge. Nevertheless, we discuss this topic in the fol-
lowing in great detail and with a particular focus on the conceptual level. This serves on the one hand to
provide a complete picture also for the unacquainted reader. On the other hand, we aim at highlighting for
each method the essential ingredients that makes it numerically efficient, yet accurate. We then show that
this efficiency is lost, once we consider the standard form of the light-matter problem based on individual
electrons and photons (Sec. 3). An analysis of this drawback provides already the physical rationale why a
polariton picture would be preferable (part IT).

The “keystone” [123] of the first-principles description of matter is the Born-Oppenheimer approxima-
tion that we also have employed in the derivation of the cavity-QED Hamiltonian in the previous section.
Within the Born-Oppenheimer approximation, the dynamics of the electrons and nuclei are decoupled,
which allows to separate the description of matter into methods that focus on nuclear effects (such as vibra-
tions or rotations) and so-called electronic-structure theory. The latter comprises all approaches to describe
the electronic degrees of freedom of matter systems including the majority of all known first-principles
methods.! A very prominent role in electronic-structure theory is played by the ground state, that deter-
mines fundamental properties of matter systems such as the equilibrium geometry or the effective screen-
ing of the Coulomb interaction inside a solid. It also plays a key-part in understanding chemical processes
like reactions that often can be described in the quasistatic picture of the Born-Oppenheimer approxima-
tion. Many first-principles methods exclusively aim to accurately describe electronic ground states and we
put the focus on such methods in the following.

The accurate description of the ground state of a many-electron system is an extraordinary challeng-
ing problem that is a research topic since the beginnings of quantum mechanics. Consequently, many ap-
proaches have been developed for this task and it depends strongly on the specific scenario, which one is
the best choice. However, there are certain generic features that play a role in all approaches.

The most important example for that is the complexity that arises from the many-body problem and
that basically prohibits the exact description of most many-electron systems. The only explicitly known way
for such a description is to solve the Schrodinger equation for the many-body wave function. For a system

consisting of N electrons, the wave function depends on 4N coordinates,? and thus, the configuration space,

INote that there are also first-principles methods that, e.g., focus explicitly on the description of the coupled electron-nuclei dynam-
ics [129] or only the nuclei [130].
2Three spatial and one spin coordinate for each electron.
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i.e., the space of all these wave functions grows exponentially with N. For large N, this makes the concept
of the many-body wave function in practice useless. The complexity of the many-body problem occurs in
some way or the other in all electronic-structure approaches and it is the reason, why practical methods
always rely on approximations.

Another example of a generic feature of all electronic-structure methods is the particle-exchange sym-
metry. Electrons are fermions and a fermionic wave functions is antisymmetric with respect to the exchange
of the coordinates of any two electrons. As a consequence, fermions adhere to the Pauli principle, i.e., two
fermions cannot have the same quantum number. Accounting for the Pauli principle is fundamental for an
accurate description of the electronic structure.

The third example is the variational principle that defines the ground state as the minimizer of the total
energy. This suggests to determine the ground state by an explicit minimization of the energy, which is
the starting point of every electronic-structure method. To carry out this minimization, it is necessary to
characterize the state of the system, which in turn defines the energy functional. In fact, there are several
ways to do this characterization and each of these defines a class of electronic-structure methods. In the
following, we present three different electronic-structure approaches that adhere to the above principles:

1. Hartree-Fock (HF) theory (Sec. 2.2)
2. Density functional theory (DFT, Sec. 2.3)

3. Reduced density matrices (RDMs) that are the basis of variational RDM theory (Sec. 2.4.1) or one-body
RDM functional theory (RDMFT, Sec. 2.4.2)

Let us now briefly explain these approaches, highlighting the just defined generic principles.

HF theory is one of the simplest examples of the class of wave-function methods, that directly approx-
imate the many-body wave function. The HF wave function is one Slater determinant (single-reference
ansatz), which is the simplest many-body wave function that is antisymmetric and already provides a good
qualitative description of many systems. In general, wave function methods guarantee the particle-exchange
symmetry by employing Slater determinants. One can improve on the accuracy of HF by considering wave
functions built from more than one Slater determinant (multi-reference ansatz). Important examples for
this approach are configuration interaction, coupled cluster theory® or multiconfigurational self-consistent
field theory [132, part 5]. More recently, tensor-network methods such as density matrix renormalization
group [133] theory have additionally enriched the spectrum of this approach. Such wave-function methods
yield until today the most precise results for many systems. However, their high precision usually comes
with equivalently high numerical costs. Systems with larger particle numbers of say N £ 100 can rarely
be described accurately with such methods. This is the manifestation of the many-body problem in wave
function methods.

In DFT instead, we drop the concept of the many-body wave function and describe the state of a system
with the (one-body) electron density p(r). The many-body problem manifests here more indirectly than for
wave-function methods. The reformulation of many-body quantum mechanics in terms of p leads to an
unknown quantity, which is called the exchange-correlation functional. Constructing approximations for
this functional is a very difficult task and severely limits the applicability of functional methods to certain
system classes. The most common starting point for the development of functionals is the Kohn-Sham (KS)
construction that describes the state of the system with one Slater determinant exactly as in HF theory. An

important reason for this choice is that the Slater determinant accounts for the fermionic antisymmetry.

3Note however that in the most common practical coupled cluster methods, the wave function is not entirely reconstructable [131].
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Usual approximate DFTs have numerical costs that scale much better with the particle number than wave-
function methods and thus can in principle achieve accurate results for very large systems.*

Employing RDMs as a basic variable provides yet another perspective on many-electron systems. For
instance, we can describe the expectation value of the energy of an N-electron system exactly in terms of
the 2-body RDM (2RDM). The configuration space of such a description does not grow with the particle
number and thus a variational minimization in terms of the 2RDM is in principle feasible. However, the
many-body problem also arises in this description in the form of conditions that determine the exact con-
figuration space, i.e., the set of all 2RDMs. The number of these so-called N-representability conditions
grows exponentially with the particle number N. Thus, in practical variational minimizations of the energy
with respect to the 2RDM (variational 2RDM theory) only a subset of conditions is considered.

A specialrole is here taken by the 1-body RDM (1RDM) y that has comparatively simple N-representability
conditions. These reflect the exchange symmetry of the particle species and thus provide an alternative to
employing Slater-determinants to enforce the antisymmetry of electrons. Although y is not sufficient to de-
scribe the energy of a many-electron system in a linear way, it carries all information on the system by virtue
of a generalized Hohenberg-Kohn theorem (Gilbert’s theorem). This establishes RDMFT as an alternative to
DFT that employs y instead of p as the basic variable. Usual approximate RDMFTs are numerically more
expensive than DFT, but conversely, they can account for multi-reference effects in an easier way.

We want to remark on a fourth and last common feature of all electronic-structure methods, which is
their computational complexity. Independently of the details of a certain method, we always exchange a
linear problem on a huge configuration space, i.e., solving the many-body Schrodinger equation, with a
nonlinear problem on a comparatively small configuration space. Importantly, the equations of electronic-
structure (and in general many-body) methods involve usually nonlinear operators and some form of self-
consistency, which is a challenging combination. To do this in practice, it is not sufficient to employ, e.g.,
a solver for partial differential equations from a standard library. But we usually need specific algorithms
that have been designed to solve the equations of a specific theory. Thus, electronic-structure methods are
fundamentally connected to computational mathematics. That we are nowadays able to apply a method like
HF to problems that involve many hundred electrons is a consequence, more of algorithmic improvements

than of the increase of computer power.

4State of the art DFT methods can describe systems with more than 1000 particles. See for instance Ref. [134], where the authors
present results for more then 8000 electrons.
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2.1 The wavefunction, symmetry and the many-body problem

We start our survey on (equilibrium) electronic-structure theory with the proper definition of the problem
that we want to solve. We aim to accurately describe the ground state of a system, consisting of N electrons
that repel each other via the Coulomb interaction exposed to some local potential v(r). Usually v is thought
as the electrostatic potential of some classic charges at fixed positions that represent the nuclei in the Born-
Oppenheimer approximation (see Sec. 1.3.3), but we do not have to specify this for the general theory. This

setting is described by the (electronic-structure) Hamiltonian

1y
+§Z

e 2.1)
izj i —xjl

L N1,
H:Z Evri“’("i)
1

that can be derived in several ways, e.g., by the canonical quantization of the corresponding classical theory
or as the static limit of the Pauli-Fierz Hamiltonian (Def. 1.2), i.e., by turning off the interaction to the quan-
tized part of the Maxwell field.> Eq. (2.1) defines a linear operator® that has a well-defined spectrum and is
bounded from below.” Hence, we can define the ground state W, that by a variational minimization of the
energy expectation value E = (Y| HP) over all “physical” wave functions ¥, i.e.,

Eo = (¥ol H¥) = igfmﬁ\w, 2.2)

where we will discuss the term “physical” in the following paragraphs.® This variational principle s of cen-
tral importance in electronic-structure theory and it will play a fundamental role for all methods that we
present in the following. Sloppily we can say that the goal of (equilibrium) electronic-structure theory is to
(approximately) solve the minimization problem (2.2) with Hamiltonian (2.1).

2.1.1 The ground state of a two-electron problem

The general definition of the electronic-structure problem by Egs. (2.1) and (2.2) is quite abstract and for the
unacquainted reader, it might be hard to imagine how difficult solving this problem really is. To make things
more tangible, we will put Hamiltonian (2.1) aside for a moment and consider the problem of two electrons

in one spatial dimension and without spin.

The one-particle problem

We start with one particle in a “box,” that we define simply by constraining the domain of all quantities to
an interval L c R and zero-boundary conditions. The energy of this system is described by the Hamiltonian

(2.3)

5Equivalently, we can derive Hamiltonian (2.1) from the cavity-QED Hamiltonian, cf. Eq. (1.37).

6We generally indicate operator by the’ "’ symbol. However, because we work in the real-space picture, we will often drop the symbol
for operators that obviously only depend on the position, such as £ =r or ?(£) = v(r). The reason is that they act multiplicative and thus
are represented by a function.

“Both follows from the proof for self-adjointness of H that is valid for a very large class of local potentials v(r) (Kato-Rellich theorem).
See for example Ref. [part 6][135].

8Note that for certain potentials v, it can be proven that the ground state exists and thus we can exchange the inf by a min [135, part
6.2]. This includes the important case where v(r) = Zi.v ™ 1/|r— R;| describes the electrostatic potential of Nj, nuclei at the positions R;.
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that is just the kinetic energy operator 7(x) = — %Oi on the domain. According to the prescription of standard

many-body quantum mechanics, we can describe the state of the system by a wave function

W (x) € hl[L], 2.4)

where we denote with h![L] the Hilbert space of square-integrable functions.?

To determine the ground state ¥y of this system, we employ the variational principle
Eo = (¥Yo|HY) = inf (Y|HY). (cf. 2.2)
Ye€

This means (assuming no degeneracy) that ¥ is the one (normalized) wave function'® with the lowest en-
ergy expectation value chosen from the set ¢ < h'[L] of all allowed wave functions, which we call the con-
figuration space.

We can solve this minimization problem simply by diagonalizing the kinetic energy operator, i.e.,
—IVAyi(x) = K2 /2y (%), 2.5)

where the v;(x) = v2/Lsin(xk;) are the “box states” with the momenta k; = in/L. Thus, the configuration
space is € = span(¥1,¥>,,...) and the ground state ¥y = ¥ (x) is just the box-state with the lowest allowed
momentum k; = /L.

The two-particle problem on a first glance
Let us now consider two particles in a box. Their energy is described by the Hamiltonian

o 2

H=H(r,r) =) —30%, 2.6)

i=1
that is just the sum of the kinetic energy operators for each particle (with index i) on the domain. To describe
the state of the system, we need a wave function that depends on two coordinates, i.e.,
¥ (x1,x2) € b2 2.7)

The linear structure of the theory suggests now that we define the two-body Hilbert space

b2(Ll = b [LI @b (L] 2.8)

simply as the product of the one-particle space h'[L]. This is equivalent to employing the wave function
ansatz

(e}

W(xy,x2)= Y, cijyi(x)yj(x2), 2.9)
ij=1

9A function f :la,b] — C is square-integrable if its (L2-)norrn is finite, i.e., ff If(x)lzdx < oco. This is a necessary condition for the
interpretation of |y (x)|2 as probability amplitude.
10Note that if ¥ exists and is not degenerate, it must be an eigenstate of H, because His self-adjoint on bl [L] and thus has according
to the spectral theorem [135, part 1] an eigenrepresentation that is bounded from below, i.e., H = Y ;¢ E; |¥;) (¥;| with Eg < E; < E....
If we expand Wo = Y, ¢; ¥';, we see that the lowest energy is given by Wo = V. If there is degeneracy, i.e., Eg = E] = ... + Ep, for some
finite m, then Wo = Z;’i 1 ¢; ;. However, it might be that W ¢ h![L] and thus, the system cannot reach its infimum. For instance, this
happens in the free-space case, where L — co.
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where we introduced the two-index expansion-coefficient c; j € C. To guarantee the normalization Y2 =
1 of the wave function, the coefficients need to satisfy the sum rule }_; lc;> = 1. Thus, if we perform the
minimization over % = h?[L], we find the ground state

Wo(x1, X2) = w1 (x1)y1(x2),

with eigenvalue Ey = 27/ L. Obviously, this state does not describe a valid configuration of electrons, because
it does not adhere to the Pauli-principle.

What differentiates many from one: exchange symmetry

The reason is that we have not performed the minimization over the correct configuration space. Charac-
terizing this space is a crucial step to solve the many-electron minimization problem. In fact, the physically
correct configuration space is considerably smaller than h?. The true ground state of the “two electrons in a
box” problem is the lowest eigenstate of A that is also antisymmetric under the exchange of the coordinates,

ie.,
W(x1,x2) = =W(x2,x1). (2.10)

We call this the exchange symmetry, which plays a fundamental role all theoretical descriptions of quan-
tum many-body systems. This is especially true in the realm of first-principles methods, where we do not
only utilize the variational principle as a formal definition, but actually perform the minimizations of the
form (2.2) with large-scale numerical algorithms. To do so, we need to parametrize ¢ in some way and for
that, the antisymmetry of electrons is one of the most important tools as we will see in the following.

How to parametrize the antisymmetric space: Slater determinants

Let us therefore regard again our wave function ansatz (2.9) with the expansion coefficients c;;. Since the
indices correspond explicitly to the particle coordinates, we can simply transfer the condition (2.10) to the
coefficients by demanding

C,‘j = _Cji-

We can subsume this condition into the expansion and get the more common form!!
W, x2) =753 i (Wi (e y () = w7 (x)wi (x2))
" @2.11)
=1/V2Y cijlyi () j (x2)l-
ij
of an expansion in terms of the (two-body) Slater determinants¥; j(x1, x2) = 1/ V2 (U/i (DY (x2) —y(x)y; (xg)) =
/2y jl-. The set of all these two-body Slater determinants spans the antisymmetric two-particle Hilbert
space

b5 =h'Ab!

(2.12)
Edhz,

e redefine here the coefficients c; j = Cij V2 slightly such that the normalization conditions / sum rules do not change.
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where the operator «/ turns the tensor product ® into an antisymmetric tensor product A or “antisym-
metrizes” a given tensor [136].

Thus, we can parametrize the correct configuration space by employing the ansatz (2.11). This means
that we calculate the matrix elements H;; = (wi|Hep ;) and reformulate the original minimization prob-

lem (2.2) in terms of the coefficients:
Elcijl =(Pleijll HY i) . (2.13)

To calculate the 2-body matrix elements H;, let us see how H acts on one Slater determinant, built by the
box states. We have

(wi ey () =y (x) Y (x2))

2
H(y;i(x)y (o) -y (x)yi(x)) = [Z -10%,

=[-30%,viCen)] j(x) = [~ 305w (e i (x2)
+[-20%, v () wila) - [-20%, wilx) |y (x1)
=2(k7 12+ K512) (i () (02) = 9 ()Y (x2)).

We see that Slater determinants, constructed from the eigenstates of #(x), are the eigenfunctions of the
many-body Hamiltonian Jai (x1,%2) = £(x1) + £(x2). Thus, we know that the ground state is given by ¢;; = 1 for

=0,j =1 (or vice versa) and c; = 0 for all other combinations of indices: the ground state of H is a single
Slater determinant, constructed from the lowest two eigenstates of 7(x).

Including a local potential

Let us now generalize the description and consider a local potential 7(x). Since the potential now should
describe the geometry of the problem, we can formally assume L — co. The many-body Hamiltonian reads
then

[\S)

Z xi) + D(x;). (2.14)

We can straightforwardly generalize our solution strategy from before, if instead of Eq. (2.5), we consider the
eigenvalue problem

[2(x0) + D] (x) = ejy; (x). (2.15)

The physical ground state is simply given as the Slater determinant W (x1, x2) = 1/v2|yow;|_ with ground
state energy Ep = ep + e;.

Solving a minimization problem in practice: the basis set

For almost all choices of v, Eq. (2.15) cannot be solved analytically and requires a numerical solver. This
means that we need to parametrize the single-particle states (orbitals) ¥; in a known basis set with say B
elements, i.e., y; = ZB b] ¢ ;. An obvious choice would be a (sufficiently large) discretized interval in real
space, such that ¢; (x) 0;(x), where j =1,..., B denote the B grid points and 6;(x) defines the discretiza-
tion.'? The differential operators would then be approximated by, e.g., finite-differences (see Ch. 7). This will

12 possible choice would be ij = d;“Z@(dx/Z —|x; — x]), where dy is the spacing and © denotes the Heaviside step-function.

49



CHAPTER 2. ELECTRONIC-STRUCTURE THEORY

introduce an error, which however can be controlled, i.e., with increasing B, the approximate solutions will
converge to the exact results. We call such a procedure convergence with respect to the basis set.

Of course, we can also choose a different basis and in fact, discretizing the real-space is often not the best
choice. For example, we might need very large B to converge with respect to the basis set. Another option is
to employ the eigenfunctions of the kinetic energy operator, which for L — oo are plane waves [137, part 2].
Employing this basis is equivalent to describing the whole problem in Fourier space. The obvious advantage
of such a choice is the analytically known form of the basis for all x € R and thus, the description is not
constrained by a box of finite volume. However, the accurate description of small distances will be inefficient
in this basis. In fact, plane waves are a standard tool to describe the bulk of many condensed-matter systems,
which are modelled as infinitely extended periodic systems [137]. These two examples demonstrate how
strongly the basis choice depends on our knowledge of the problem.

Plane waves and discretized real-space bases are in this sense the most generic bases. To describe for
instance finite-systems, usually neither of the two is used, but so-called atomic orbitals. These are especially
designed bases with the aim to reduce the necessary number of orbitals to a minimum. The basic idea
is to make use of the analytically known eigenstates of the Hydrogen atom and the most straightforward
approach is thus to use the lowest say B, of these eigenfunctions centered at the positions of all the N,
nuclei of the system. The basis set consists then of B = B;N,, of such atomic orbitals, which is in most
cases considerably smaller then any basis set obtained from a parametrization of the discretized real space.
Another very common approach is to employ Gaussian functions instead of the Hydrogen orbitals because
of their convenient mathematical properties. These are the two most employed strategies to obtain quantum
chemical basis-sets.!3

However, we want to stress that also real-space bases are used in practice'* because they allows for a
description of systems with less foreknowledge and a considerably easier visualization [138].

The interacting problem

To finalize our survey, there is one last missing piece, which is the inclusion of the interaction. The repulsion
between two electrons in 3d is described by the Coulomb operator that reads (employing the coordinates

1'1,1'2)

w(ry,r2) = (2.16)

Ir; —ra|’
This is a two-body operator, because it depends on two coordinates, but in contrast to, e.g., Eq. (2.14), it
cannot be expressed as a sum of two one-body operators. We call this the order of an operator: i has the
order two, but for instance Z?zl [Z(x;) + D(x;)] has the order one. It is a fundamental property of interaction
operators that their order is larger than one. Importantly, this spoils our solution strategy from above.

To demonstrate this, let us consider a generic interaction operator in 1d w(xy, x) 15 that we add to Hamil-
tonian (2.14), i.e.,

2
=Y 1)+ 0(x;) + W(x1, x2). 2.17)
i=1

13The interested reader is referred to, e.g., the corresponding chapters in the textbook of Helgaker et al. [132].
4 Also in this work, see Ch. 6.

15Note that the one-dimensional version of the Coulomb operator w(xy, x2) =
1

\ (x1—x2)2 +€2

m has very different properties than its 3d version.

Thus, in 1d-model calculations the soft-Coulomb potential w(xy, x2) = with € > 0 is usually considered (see also Sec. 2.5).
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We start with the orbital set that we need to construct the Slater determinants. A reasonable choice could be
the eigenstates of 7+ 0 that we know to calculate numerically. However, Slater determinants of these orbitals
cannot be eigenstates of the interacting problem and thus, we have to consider the general ansatz

W, x2) =75 3 cij (Wi (0w () — w7 (20w (x2)) (cf. 2.11)
i,j
:ZCU\PU‘
i,j

If we apply the full Hamiltonian to one of these Slater determinants ¥,

2
HY;j= [Z i)+ 0(r;) + a»(rl,rz)] W
i=1
2 A
=) i)+ 0y

i=1

Wij+ W, r2) o (i )y () — v ()i (),

s

2(61+€2)\I’ij

we see that the interaction term couples the two orbitals of ¥;; for every i, j. This means that (without
further information on the systems like symmetries etc.) we cannot simplify the general ansatz (2.11) for an

interacting problem. Even if we chose a highly optimized orbital basis, we have to perform the minimization
Elcijl =(Pleijll HY i) . (cf. 2.13)

with respect to in principle all entries of the coefficient matrix ;.

2.1.2 Solving a generic many-electron problem and the exponential wall

Let us now transfer the concepts and tools from the two-electron example to the general case of N electrons
in three spatial dimensions, including spin. Thus, we consider spin-spatial coordinates x = (r, o), where
r € R3 describes a position and o € {1, |} is the spin-quantum number.

The antisymmetric N-electron space

We start with the definition of the antisymmetric N-particle space, i.e., the generalization of Eq. (2.12).
Therefore, we consider again the single-particle Hilbert space h' that is spanned by some spin-spatial or-
bital basis {1/; (x)} (where we assume basis states to be orthonormalized, i.e., [ dry; () (r) = 6;;), such that

every single-particle state can be expressed as

Y =) X, (2.18)

i=1

where the ¢; € C are the expansion coefficients (with corresponding sum rule }; jlei jlz =1 for normaliza-
tion). From this starting point, we can now successively build Hilbert spaces h?,h® for more particles as

antisymmetric product spaces, i.e.,
h = A b (2.19)
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The basis states of b are the N-body Slater determinants

1 - _
‘I]I(XI;---,XN):W Z}') (—1)]1l/nj(11)(x1)-"an(IN)(XN)
-7Ij€ N
1 _
Eﬁ“l/ll’”"wIN|_’ (220)

where Py denotes the permutation group on N elements and the index j is chosen such that it is even (odd)
for an even (odd) permutation 7; € Sy. Thus, every wave function ¥ (xy,...,Xn) € f)f}{ can be parametrized

as
W, xN) =) MW, XN)
I (2.21)
=¥c'],
where ¢! = c{l Ly ECIs the coefficient of the I-th Slater determinant including the orbitals with indices

L,...,In. The according sum rule is }_; lc!] = 1. Note that the introduction of Slater determinants is one of
the few known ways to guarantee the antisymmetry of a wave function and it is thus a fundamental tool of
most electronic-structure theories.

The closed-shell setting

In the following, we will usually consider the special case of closed-shell systems, which is very common in
electronic-structure theory [132] and covers a broad range of in practice relevant systems.'® For that, we
assume that N is even and define

Vi (r,0) =y;(r)alo)
Yai vi 2.22)

Yoir1(r,0) =y; () B(0),

where {a, B} = {1, |} denote the two spin functions.!”

This means that each spatial orbital is occupied twice and the system is spin-saturated. We can thus

remove the spin-coordinate from our description (by a trivial integration).

The ground state of a many-electron system

With the ansatz (2.21), we can reformulate the original minimization problem (2.2) in the following way:
First, we choose a specific basis {y j(x)}, expand ¥ = ¥ [c!] in Slater determinants of this basis according to
Eq. (2.21) and calculate the general energy expression as a functional of the expansion coefficients ¢/, i.e.,

Elc!1 = wIcIAY(c). (2.23)

To find the ground state, we then minimize E[c] with respect to the ¢’. The solution ¢/ defines ¥ = ¥[c{].

16For instance, this excludes systems where certain magnetic effects or spin-orbit coupling play a role [137]. The generalization to
odd N and spin-dependent Hamiltonians is in principle straightforward. However, approximate methods for the spin-restricted case
are generally better understood.

17We choose this nomenclature, because it is very common in the quantum chemistry literature.
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The non-interacting case

Importantly, the just described strategy strongly simplifies for every systems that is described by operators
of order one, i.e., operators that can be decomposed as
A N
O(ry,...,tn) = ) 6(ry). (2.24)
i=1

An important example for this are non-interacting systems with the Hamiltonian

N1,
H:Z[Evrl_+v(ri) . (2.25)
14

To find the ground state of H, we simply have to calculate the N/2 (assuming that N is even) lowest eigen-
states of %Vf + v(r) and construct a Slater determinant out of those, using Eq. (2.22). This construction of a
many-body state by successively “filling up” one-body states is often called aufbau principle (see Sec. 2.1.3).

Thus, the non-interacting N-electron problem (and any other problem of order one) reduces effectively
to N one-electron or orbital problems. With state-of-the-art algorithms and higher-performance clusters,
such (and nonlinear versions of such) eigenvalue problems for orbitals can be very efficiently solved even for
spatially very extended systems (that in turn require large orbital bases). We call a wave function consisting
only of one Slater determinant a single-reference wave function.

Interaction and the exponential wall

As in the two-particle case, any form of interaction spoils this simple solution strategy. For instance, the

electronic-structure Hamiltonian (Eq. (2.1)) includes the Coulomb interaction operator %Zf\; i ﬁ that
irj

has order two. This operator in principle couples all Slater determinants of the general (or multi-reference)

ansatz

Yx,...,xn) = Y cTWh X1, .. XN, (cf. 2.21)
T

with the N-dimensional coefficient tensor

I_ I
C=Ch i (2.26)

Thus, we cannot simplify the expansion as we have done for the non-interacting case and need to consider
the full coefficient tensor. If we consider M basis states, this tensor has a dimension of

D=M", (2.27)

that grows exponentially with the particle number. If we wanted to compute the wave function for say a Ben-
zene molecule (Cg Hg) that has N = 6*6 + 6 = 42 electrons with a small basis set of say M = 10 orbitals, the
coefficient tensor would have D = 10*? entries, which could hardly be determined by any imaginable com-
putation system. For a system with N = 80 electrons, we approach the approximated number of particles of
the universe.'® Clearly, we can exclude some of this entries by smart basis choices and symmetry considera-
tions. State-of-the-art methods have been employed to calculate the (real-space) many-body wave function

185ource: https://www.universetoday.com/36302/atoms- in-the-universe/amp/, accessed 15.07.2020.
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(for certain systems) of about 50 electrons [12] 19

However, the scaling of Eq. (2.27) remains and represents
an “exponential wall” as Nobel laureate Walter Kohn called it [13].

The problem of the exponential wall is so severe that the concept of the many-body wave function for
larger systems has basically no value beyond its use for certain theoretical considerations. Walter Kohn went

so far as to suggest that

“in general the many-electron wavefunction ¥(rj,...,ry) for a system of N electrons is not a
legitimate concept, when N > Ny, where Ny = 1000.” (Kohn,1999 [13])

Regarding the above-mentioned current state-of-the-art, Kohn's guess of Ny seems even understated. In
practice, this means that most of our knowledge on electronic-structure relies on alternative descriptions
that carry less information than the full many-body wave function.

2.1.3 Excursion: exchange symmetry in quantum mechanics

Since exchange symmetry will play a central role in the course of this thesis, we want to make a little detour
recapitulating the concept of exchange symmetry. This more historically excursion supplements the chapter
and is not necessary to follow the course of this text. The fast reader can directly continue with Sec. 2.2.

The origin of quantum indistinguishability

To the best of our knowledge, all electrons have identical physical properties, i.e., the same mass, charge and
spin and thus, a valid definition of a many-body Hamiltonian like Eq. (2.6) or Eq. (2.1) must be symmetric
with respect to the exchange of particles coordinates. From the symmetry of the Hamiltonian we can deduce
the exchange symmetry or “special circumstances” of the wave function as Wolfgang Pauli called it in one of
his famous articles on quantum mechanics:

Wenn wir es mit mehreren gleichartigen Teilchen zu tun haben, treten besondere Verhéltnisse
ein, die daher rithren, daB der Hamiltonoperator stets invariant ist bei irgendwelchen Vertauschun-
gen der Teilchen.
If we deal with many similar [indistinguishable] particles, special circumstances occur that arise
from the Hamilton operator being invariant under any permutations of particles.

(Pauli, 1933 [140])

It is clear that also a classical system consisting of many identical particles would be described by a sym-
metric Hamiltonian. However, such classical particles (imagine billiard balls) are distinguishable, even if
they have identical physical properties. The reason is that we can in principle locate their position at any
instance of time and collect them in a trajectory. This allows to define a label for every trajectory, which in
turn distinguishes the balls. The situation changes, if we employ, e.g., a statistical description. This means
that instead of describing explicitly the trajectory of each billiard ball, we employ a probability distribution
that describes the probability to find a billiard ball at a certain position at a given time instance. In such a
description, we obviously lose the distinguishability.

The most common formulations?® of quantum mechanics are also probabilistic and thus they are (at

1911 certain (usually effectively one-dimensional) model descriptions, the many-body wave function has been calculated even for
larger N. See for example Motta et al. [139].
20For a discussion on possible alternative approaches, see for example Ref. [141].
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least in practice) similar to the latter case.?!A typical argument why quantum particles must be indistin-
guishable extends on the trajectory example above: the knowledge of a trajectory in time and space contra-
dicts Heisenberg’s uncertainty principle [142].22 A less “hand-wavy” argument by means of the counting of
states in a fictive experiment was given by Dirac already in the very beginnings of the development of quan-
tum mechanics [143]. For a very detailed discussion of this argument, the reader is referred to the book by
Stefanucci and Van Leeuwen [144, part 1].

The consequence of indistinguishability: particle statistics

To the best of our knowledge, the indistinguishability of quantum particles is unquestioned until nowadays
and usually regarded as a fact [142, 137, 144]. This means in practice that although we formally need to
introduce (labelled) coordinates to describe N electrons, we have to make sure that the predictions of the
theory cannot be used to differentiate the electrons. Since only expectation values of observable operators
correspond to possible measurements in experiments, we must guarantee indistinguishability on this level.
For instance, to obtain the expectation value of the energy of a two-particle system, we need to calculate the
integral

E:fdxldxzq"*(XerZ)I:I(Xl»XZ)\P(xl»XZ)- (2.28)

Since the wave function occurs quadratically in such expressions, we have more freedom to do such a sym-
metrization on the level of ¥ than on the operator level. Dirac [143] concluded already in 1926 that as a
consequence, many-body wave functions need to be either symmetric or antisymmetric®® under a pair-wise
permutation %y of two coordinates x,y:

%l,xZ‘P(xl,Xz)=‘P(xZ,xl)$‘I’(xl,xZ) «—— symmetry (2.29a)

QJXI,XZ‘P(xl,m)=‘P(xz,x1)é—‘{’(xl,xz) —— antisymmetry. (2.29b)

These symmetry properties define the two fundamental particle classes, that we consider until today:>* we
call particles that are described by a symmetric or antisymmetric many-particle wave function bosons or
fermions, respectively. In Ref. [143], Dirac further connected the fundamental exchange symmetry of the
particle to its statistical properties: symmetric particles follow Bose-Einstein statistics [145, 146] and anti-
symmetric particles follow Fermi-Dirac [147] statistics. The different particle statistics are undoubtedly one
of the most important elements of quantum theory and alone, i.e., without taking into account many other
elements of the theory, they have an impressive explanatory power. Einstein showed for example already
in 1925 [146], i.e., before Heisenberg and Schrodinger formulated the first well-defined theories of quantum
mechanics [148, 149], that Bose-Einstein gases exhibit a phase state, the condensate, which is characterised

2lHowever, ontologically there are huge differences between classical mechanics and quantum mechanics, were the details depend
on the specific interpretation of quantum mechanics. We refer the interested reader to the well-documented WIKIPEDIA article on the
topic and the reference therein: https://en.wikipedia.org/wiki/Interpretations_of_quantum_mechanics.

22From this argument follows that quantum particles that are very far away from each other (such that they can be described by
separate wave functions that do not overlap) are indeed distinguishable. Dicke used this argument, when he introduced his model of
N two-level system coupled to one photon mode [72].

23Note that there are effective Hamiltonians that have even more complicated symmetries, e.g., the effective Hamiltonian of certain
topologically nontrivial systems. See Ref. [137, part 9] for a good overview about such scenarios.

24Note that particles with different symmetry properties can be defined (See also the previous footnote). However, such definitions
require some kind of effective theory and thus the according particles are usually not considered as fundamental. This holds also for
the polaritons that we will introduce in part II. They are electron-photon hybrid particles.
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by extreme coherence between all the gas particles, letting them act as one large object.?®

Pauli’s principle

Regarding the explanatory potential of fermion statistics, many phenomena could be named, especially in
the realm of electronic-structure theory, where electrons are described as fermions. Most importantly, one
can show that fermions obey Pauli’s exclusion principle, which is a crucial element of the modern model of
atoms. Pauli defined his principle in the following way:

Es kann niemals zwei oder mehrere dquivalente Elektronen im Atom geben, fiir welche [...] die

Werte aller Quantenzahlen [...] Gibereinstimmen. Ist ein Elektron im Atom vorhanden, fiir das

diese Quantenzahlen bestimmte Werte haben, so ist dieser Zustand “besetzt”.

There are never two or more equivalent electrons in the atom which have the same quantum

number. If there is an electron in the atom with certain quantum numbers, this state is “occupied.”
(Pauli, 1925 [151])

A remarkable deduction from Pauli’s principle is for example the explanation of the stability of matter. Lieb
[152] showed under very weak assumptions employing the atom model of electrons and static nuclei that
Pauli’s principle is necessary and sufficient to guarantee that any matter system built by such constituents
is stable, i.e., it has a well-defined ground state.

A historical example of the importance of Pauli’s principle

To illustrate the importance of Pauli’s principle, let us make a very brief detour to the 1930ies that is based
on the first chapters of the book by Gavroglu and Simdes [153]. At that time, chemistry and physics were
two (almost completely) separate research fields. But with the formulation of quantum mechanics and the
corresponding model of the atom, physicists paved the way for establishing quantum chemistry. In this
since then ever growing research field, researchers try to understand physical models and experiments of
chemical systems by connecting quantum theory with the theoretical knowledge of chemistry. However, the
development of quantum chemistry was initially very slow and it took a lot of time and especially modern
computers until the real success story of the field started. Physicists like Dirac started to promote the point
of view that chemistry was merely an application of physical laws, but they had to realize very fast that this
application is much more difficult than anybody could have ever imagined. Walter Kohn summarized this
in his Nobel lecture in the following way:

“There is an oral tradition that [...] Dirac declared that chemistry had come to an end - its con-

tent was entirely contained in that powerful [i.e., the Schrédinger] equation. Too bad, he is said

to have added, that in almost all cases, this equation was far too complex to allow solution.”
(Kohn,1999 [13])

On the other hand, Chemistry always relied (and is still relying) on heuristic rules and tables, like Mendeleev’s
perodic table [154], Hund’s rule [155] or Mulliken’s “correlation diagram” [156]. And most chemists doubted
that the mathematically very challenging quantum theory could be ever useful for understanding such kind
of rules. The only exception is Pauli’s principle, which is somewhat special in comparison to other con-
cepts like the wave function or the Hamilton operator. In fact, Pauli’s principle is a rule: Only by utilizing

25Already Einstein predicted this peculiar phase state in the cited paper but it took until 1995 for its first experimental realization
[150]. Since then, many more Bose-Einstein condensates have been realized experimentally and one can find an considerable amount
of literature about the topic. A good introduction to the topic can be found in the textbook by Altland and Simons [137, part 6.3].
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the principle and a simple version of the physicist’s atom model, chemists could generalize and combine
several of their own rules and concepts. Thus, from all the complex apparatus of the newly developed quan-
tum theory, it was the conceptually most simple part, Pauli’s principle, that played a key role in establishing
the fruitful connection between physics and chemistry. It is needless to say that this connection played
a very important role in the further development of quantum mechanics itself. Nowadays, we know that
solving Schrodinger’s equation for many-particle systems like larger molecules is de facto impossible and a
first-principles description of such systems requires methods that have been developed by mathematicians,
physicists and chemists, often in close collaboration. We will see in the following that Pauli’s principle plays
an important role in all these methods.

Bohr’s aufbau principle

Another consequence of fermion statistics that plays an important role in electronic-structure theory is
Bohr’s aufbau principle (building-up principle), which Pauli defined in the following way:

Dieses von Bohr aufgestellte Prinzip besagt, dall bei Anlagerang eines weiteren Elektrons an
ein Atom die Quantenzahlen der schon gebundenen Elektronen dieselben Werte behalten, die
ihnen im zugehorigen stationidren Zustand des freien Atomrestes zukommen.

This by Bohr established principle states that when a further electron is absorbed, the quantum
numbers of an atom’s bound electron keep the values, that they would have in the corresponding
stationary state of the free atom rest. (Pauli, 1925 [151])

The strength of the aufbau principle is especially visible in effective single-particle methods such as HF
theory (see Sec. 2.2) to describe many-body systems. In such methods, we solve (nonlinear) eigenvalue
equations for single-particle states (orbitals). The aufbau principle then tells us how to “occupy” these or-
bitals with electrons to obtain the many-body state: if our systems consists of NV electrons, we will occupy
the N energetically lowest orbitals. In this sense, the aufbau principle combines the exclusion principle (we
only populate every state by one electron) with the variational principle (we try to obtain the lowest en-
ergy). However, other aufbau principles inspired by Bohr’s principle have been developed, which in one or
the other way fill up some levels.?® This shows the strength of the very concept of an aufbau principle in
electronic-structure theory.

265ee for instance Refs. [157, 158, 159].
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2.2 Hartree-Fock theory

In the last section, we have discussed the problems connected to the N-electron wave function that for a

general interacting system is a superposition of arbitrary Slater determinants, i.e.,

WXy, xy) =) TR, XN). (cf. 2.21)
1

There is however the special setting of non-interacting electrons, for which the N-body problem basically
reduces to a one-body problem. The corresponding many-body state is given by one Slater determinant.
In HF theory, we try to find the “best fit” between the non-interacting and interacting problem by simply
truncating the expansion (2.21) after the first element, i.e., we consider a single-reference wave function

ansatz
~wHF _ 1 T T
\P(Xl,...,XN)fw“Ij (Xl,...,XN)—\/—N—!|1//1...,’(//N|_. (2.30)

to describe the interacting problem.

The HF minimization problem

For our derivations, we assume spin-restriction, i.e., we consider systems with even particle number and
define

V2i(r,0) =y;r)a(o) (cf. 2.22)

Yoir1(r,0) =y; () B(0),

where {a, 8} denote the two spin functions (see the discussion around Eq. (2.22)). This restricted HF is the

\PHF

most common version of HF theory. We saw already that wave functions like are the solutions of non-

interacting problems, i.e., ¥ ¥ is the ground state of any Hamiltonian of the form
A N ~
Hyi=) i)+ 0(ry), (2.31)
i=1

if we identify v1,..,% /2 according to the aufbau principle with the lowest N/2 eigenstates of 7 + . One
can thus say that in single-reference methods, we approximate the interacting with a non-interacting wave
function.?” However, there are many possibilities for such an approximation and we have to define a qual-
ifier that determines one out of these. In wave-function methods such as HF theory, this qualifier is always
the energy (we will employ a different qualifier in Sec. 2.3). We thus can define the HF ground state by the

variational principle, i.e.,
By = (pg 1wy’ = inf (v WA, (2.32)
v

with the N-electron electronic-structure Hamiltonian that we defined in the previous section

N
i)+ o@)+3 Y wrr)). (cf. 2.1)
1 ij=1

H=

M=

27This statement is independent of the assumed spin-restriction of our example.
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2.2. HARTREE-FOCK THEORY

The features of HF theory: the upper energetic bound and the definition of correlation

It is clear that the ansatz W =~ W!F constrains the full configuration space that we have to consider to find
the exact ground state of H. Since due the variational principle, ¥ must be the wave function with the lowest
possible energy expectation value, we can deduce that the HF energy

EPF > E, (2.33)

is an upper bound of the exact many-body energy Ey;. We call methods with this property variational. The
difference between exact and HF energy, the so-called correlation energy

E.=E,-E{'f <o, (2.34)

thus must be zero or negative. Consequently, HF defines a kind of “baseline” for all electronic-structure
methods that from this perspective “only” aim to accurately describe E.. Because the HF wave function cor-
responds to a non-interacting system that as we have seen in the last section can be reduced to an effective

one-body problem, the correlation energy is often called many-body energy.

The HF energy: the “quantum” contribution and exchange symmetry
Let us now calculate this energy expression explicitly. We have
Epp =Y HYHD

N N
=Y (WA [t + o] Y + 1 Y (v, ) T,
i=1 ij=1

where the first, i.e., the one-body part (after some algebra, see Ref. [132, part 5.4]) reads

N/2
EVy =2y | dry} @ [im)+0®)]yi@)
i=1
N/2 N
=2 (wilt+0ly;),
i=1

where we have defined the one-body integrals (y; |60 lwi) = f drt//;‘ (r) [6(x) + D(x)]w; (x) for a given one-body
6V, Note that the factor 2 is due to the spin-restriction. The second term involves the two-body operator
w(r,r") and reads [132, part 5.4]

N/2
E@ [y} = _Zl [2 f drdr'y} Oy ) ey, 0y ()

ij=

_ f drdr'y; @y @) w(r, )y ; @y )

N/2

= ) [yl ) — (waw il jw ).

i,j=1
Here, we have introduced the notation (1//i1//j|6(2) lyiy) = [drdr'y} (r)q/;. @)@ (r,¥)y; (r)y (') to abbre-
viate the integrals with respect to a two-body operator 6. We call the first term of E® the Hartree or
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CHAPTER 2. ELECTRONIC-STRUCTURE THEORY

mean-field energy contribution,

N/2

Epg=2 Z Wiwilwlyy;), (2.35)
ij=1

that can be evaluated in two steps by first calculating the Hartree potential

N/2
b =) | dr'y; @)@ )y ;) (2.36)
J=1

and then the energy expression Ep = ZZ?L /12 (ilDglw;). The name mean-field stems from the usual inter-
pretation of (¥) as the mean Coulomb potential of all the electrons. Importantly, (D) is equivalent to the
Coulomb potential of a classical charge distribution. The second term of E® instead is called the exchange
(or Fock) contribution,

N/2
EX:_.ZIW/ﬂ//ﬂwW/jWi) (2.37)
L]=
that arises because of the negative terms of the Slater determinant and thus has no classical counter-part.
The name stems from the fact the two body integrals occurring in Eq. (2.37) can be obtained from the inte-
grals in Eq. (2.35) by exchanging the indices on one of the two sides. The exchange contribution represents
thus a quantum-mechanical correction to the classical or mean-field energy. Although this correction is
usually much smaller than the other energy terms in E/’F, it makes the HF description considerably more
accurate than the older Hartree theory that only takes the mean-field into account [132].

Collecting all the terms, we get the following expression for the HF energy

N/2 N/2
EM g =2 ) ili+olyy+ Y [2¢jldlyiv ;) — wiyjlily jy)] (2.38)
i=1 ij=1

We see that the HF energy is a functional of the N/2 orbitals {y, ..., n/2}.

The HF minimization problem and the Fock operator

To minimize EFF with respect to the orbitals, we need to guarantee their orthonormality, i.e.,

Wilyj)=6i; Vi,j. (2.39)

The standard way to do so, is to constrain the minimization of the functional by introducing a Lagrangian
multiplier, €;;, for every condition. Instead of the original minimization problem of Eq. (2.32), we minimize
the Lagrangian

N/2

L'y}, i) = EMF Lyl -2 Y & (wily ) — 6i)) (2.40)
i,j=1
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2.2. HARTREE-FOCK THEORY

with respect to the orbitals and the Lagrange multipliers.?® As it is customary, we treat the orbitals v; and
their complex conjugates u/;‘ as independent and consider Lar 1% i,w;‘}, (Aij)] 29A necessary condition for
a minimum of LY is stationarity with respect to all variables

HF

This leads to three independent sets of conditions, where the latter just gives back the orthonormality con-

N/Z

N/2 oL HF
0=6L"F [{y;}, i) =

d; 2.41
+”ZIG;L ij- (2.41)

ditions of Eq. (2.39) and the former two are equivalent to each other. For notational convenience, we utilize
the second set of conditions (with respect to ;) and obtain

N/2 N/2

Zle,]w](r) [T+ v]wl(r)+2[fdrw](r)w(rr)w,(r)w,(r) fdrw](r)w(rr)wl(r)w](r) (2.42)
J

To simplify this expression, we can define the Coulomb-operator j j30 that acts as

Jiwim = /dZ’u/j @ w, )y ;@ )y (2.43)
and the Exchange-operator K j that acts as [160]

Kjyi(r) = f dz'y; (Y w (e, Yy )y ). (2.44)

The right-hand side of Eq. (2.42) can then be expressed as

N/2
Ay =i v]wl(r)+2[211 Kjlyiw), (2.45)

where we introduced the Fock-operator H!, that acts on one orbital and thus is can be seen as an effective
one-body Hamiltonian.
Solving the HF equations: a nonlinear orbital eigenvalue problem

Importantly, H' is hermitian and thus, we can apply a unitary transformation to Eq. (2.42) such that ¢; ji=
€;0;; becomes diagonal. In this canonical formulation, Eq. (2.42) obtains the form of an eigenvalue equation

H'yi(r) = €ey;i(x). (2.46)
for HF orbitals ¥; and the orbital energies
e =il H'y;)
R N2
=il [T+ 0]y + il ) [2]; - Ky 0] wy)
j=1

28Note that we introduced the factor 2 in front of the Langrange-multiplier term for later convenience.

291t is important to realize that our goal is to perform a free minimization over all possible functions f(r) that depend on one variable.
In this space, there are in principle functions with f(r) # f* (r). However, our formalism is constructed such that the solution fy has the
correct property fo = f;'-

30Note that the Coulomb-operator is connected to the Hartree potential by Dy = Y, b j Iz
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N/2
=il [T+ 0]y + Zl (2w jlwlyiw ) — i Lty v ] (2.47)
j=
The set of these equations for all N/2 orbitals are called the Hartree-Fock equations, which have to be solved
(numerically) to obtain the Hartee-Fock ground state of the Hamiltonian (2.1).

Importantly, Eq. (2.46) is not a usual, i.e., linear eigenvalue equation. The Fock-operator H' = H' [{y}]
depends on its own eigenstates and thus the eigenvalue problem of Eq. (2.46) is in fact nonlinear. We call A'
a nonlinear one-body operator, which has very different properties from linear operators. We can utilize A"
to find the HF ground state or to determine approximate ionization potentials and electron affinities (Koop-
man’s theorem [132, Sec. 10.5]). However, the higher lying “eigenstates” of A, the so-called unoccupied
orbitals, have only limited physical meaning. In fact, the validity Koopman’s theorem is a very special fea-
ture of the Fock-matrix and similar nonlinear one-body operators (see Sec. 2.4) in other electronic-structure
theories do not have the same level of explanatory power. In comparison, the eigenfunctions and eigen-
values of the many-body Hamiltonian have a clear physical interpretation: they simply denote the possible
states with corresponding energy levels that the physical system can adopt.

Another practical consequence of the nonlinearity of A is that solving the HF equations is numerically
a very challenging task that is not comparable with an ordinary eigenvalue equation. For instance, there
are simple many-body systems, for which the Schrédinger equation is analytically solvable.3! But there is
no known analytic solution of the HF equations. The only known way to solve Eq. (2.46) is a so-called self-
consistent field (SCF) procedure. For that, we linearize A'[{y;}] = ﬁl[{u/?}] locally around some starting
guess of orbitals {u/(l.)}, solve Eq. (2.46) for this A [{1//?}] to obtain new orbitals {1//11} and update Jag [{1//[1.}]. We
proceed with this iterative procedure until the orbitals {1//;”1} ~ {y!'} do not change significantly, i.e., until
self consistence of Eq. (2.46).3

Although we know from experience that this procedure converges in most cases, we can neither guar-
antee convergence, nor can we be sure that the converged result is the global minimum of Egr that we
are searching for. The reason is again the nonlinearity of the problem that makes a mathematical analysis
very difficult. There are certain hints that Er is not convex, which would suggest that solutions of the HF

equations could correspond to local minima, but this has not yet been proven.3

The cornerstone of (molecular) electronic-structure theory

Let us finish our brief discussion of HF theory with a quotation of one of the most important textbooks on

molecular electronic-structure theory:

“The Hartree-Fock wave function is the cornerstone of ab initio electronic-structure theory. [...
It] yields total electronic energies that are in error by less than 1% and a wide range of impor-
tant molecular properties such as dipole moments, electric polarizabilities, electronic excitation
energies, magnetizabilities, force constants and nuclear magnetic shieldings are usually repro-
duced to within 5-10 % accuracy. Molecular geometries are particularly well reproduced and are
mostly within a few picometres of the true equilibrium structure.

The Hartree-Fock wave function is often used in qualitative studies of molecular systems, par-
ticularly larger systems. Indeed, the Hartree-Fock wave function is still the only wave function
that can be applied routinely to large systems, and systems containing several hundred atoms

31For example the Harmonium model that consists of two interacting electrons in a Harmonic potential.
32In part 111, we will present some algorithms that are capable to perform HF minimizations.
335ee for example the discussion in Ref. [161] and the references therein.
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2.3. DENSITY FUNCTIONAL THEORY

have been studied at this level of approximation. For accurate, quantitative studies of molecu-
lar systems, the Hartree-Fock wave function is by itself not useful but it constitutes the starting
point for more accurate treatments.”

(Helgaker et al., 2000 [132, p. 433])

This summarizes the performance of HF theory and its importance in the big field of electronic-structure
methods.?* Being one of the conceptually and computationally simplest electronic-structure methods, we
will repeatedly consider HF theory in the following chapters, when we discuss the coupled electron-photon
problem.

However, as Helgaker et al. have pointed out, in many cases, HF is not sufficient for an accurate descrip-
tion of many-body systems and we need more accurate methods . In the next two sections, we will thus
discuss some approaches to go beyond HF theory and try to include the aforementioned correlation energy

in the description.

2.3 Density functional theory

In the last section, we have discussed how we can describe an interacting many-body system by a single
Slater determinant, i.e., an effective non-interacting wave function. This is an approximate description
that neglects correlation, i.e., all effects that intrinsically require a multi-reference description. However,
if we give up the concept of the many-body wave function (and with this the standard description of quan-
tum states), we can in principle describe any many-particle system by such a single-reference wave func-
tion. This is called the Kohn-Sham (KS) construction of DFT and it represents for a huge class of systems
the best trade-off between efficiency and accuracy in comparison to all alternative descriptions. It is not
overstated to say that KS-DFT “is indispensable for modern quantum-chemical modeling of materials and
molecules” [162].

Because of the single-reference ansatz, KS-DFT is in practice very similar to HE A KS-DFT calculation
means to solve the KS equations, which constitute a nonlinear eigenvalue equation. In many cases, this
is computationally even less demanding than solving the HF equations. Conceptually however, DFT is very
distinguished from any type of wave-function method. In fact, one can see DFT as an alternative formulation

of quantum mechanics.3®

The density as basic variable

As the name suggests, DFT is based on the (single-particle) electron density, that is defined as

pr)=N Z [drg---drN‘I’S(x,xz,...,xN)‘Po(x,xz,...,xN) (2.48)
N

O1yeeey g

34Note that HF plays a less pronounced role for extend systems, such as solids. One reason is simply that performing HF-calculations
in k-space is in most cases numerically very expensive. Here, the local-density approximation of KS-DFT has a comparable role to HF
for molecular systems (see next section).

35For instance, Tokatly argues that DFT can be interpreted as a hydrodynamic formulation of quantum mechanics [163, 164].
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for an N-electron system with ground state wave function Wy (xy,...,X) that is the lowest eigenstate of the
electronic-structure Hamiltonian, cf. (2.1),

N
[t +v@)]+3 Y wirir)) (2.49)
i=1 ij=1

M=

A=

+V+W.

Il
~>

We renamed the three occurring terms, T= Zfi 1 i(r;), etc. for later convenience. Already in 1964, Walter
Kohn and Pierre Hohenberg have proven that p(r) entirely determines the ground state of F [165]. On a first
glance, it might sound counter-intuitive that all the relevant information of the 4 N-dimensional wave func-
tion ¥y is contained in a merely 3-dimensional quantity. However, the wave function is simply an auxiliary
quantity that allows us to formulate the standard theory of quantum mechanics, based on linear operators.
The information that determines the physical setting in the electronic-structure Hamiltonian is actually the
local potential v(r) that is also merely three-dimensional.

For instance, if we want to describe a diatomic molecule with nuclei at the positions R;, R, and charges
4, D
[r=Ri| * Ir-Ro|
this system with further nuclei by adding Coulomb terms to the local potential. But for all these systems,

Z1, 7>, we would model this by considering the local potential v(r) = + . We can arbitrarily enlarge
the kinetic and the interaction operators are the same. These operators are thus said to be universal. Any
many-electron system in the non-relativistic setting is thus completely defined by the 3-dimensional local
potential and the number of electrons N and judged from this perspective, the concept of a theory based on

the electronic density might sound more reasonable.

In the realm of DFT, v(r) is called the external variable that determines the corresponding internal vari-
able p(r). This variable pair (p, v) is defined by the structure of the Hamiltonian (2.49). To see this, let us
calculate the expectation value of the potential term

N
(VY =P Y v@E)WP)
i=1

N

> viry)

i=1

:fdrv(r)N Z ro---dry¥* (%,Xx2,..., XNV (X, X, ..., XN)

01,..0N

*
= Z dl‘ll‘z"'dI'N‘P (Xl,XZ,...,XN)
01, ON

‘IJ(XI)XZy rxN)

=fdrv(r)p(r),

where we used the exchange symmetry of ¥ from the second to the third line. This term defines the pair of
external and internal variable and it is at the center of the Hohenberg-Kohn proof [166] of the existence of
the one-to-one mapping

v(r) < p(r). (2.50)

The simplicity of this argument illustrates the fact that there are many possible functional theories, depend-
ing on the structure of the Hamiltonian. A famous example is current-density functional theory [167] that
can describe systems with external magnetic field or reduced density matrix functional theory that we will
introduce in Sec. 2.4.2. All these functional theories are based on the same type of proof,>® which we do

36For very general proof of this statement, see Penz et al. [166].
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not recapitulate at this point. We will instead present (one version of) the proof in the realm of coupled
electron-photon systems in Sec. 3.3.2.

The universal density functional

The Hohenberg-Kohn theorem establishes DFT with the density p as the fundamental variable to describe
many-electron systems. We thus can replace the wave function in the variational principle, cf. Eq. (2.2), by
the density and write

Ey = iII}fE[p], (2.51)

where E[p] describes the energy of the system with Hamiltonian (2.49) as a functional of the density p.
We can further specify this expression, because also the ground state wave function ¥ = ¥[p] is uniquely

connected to p and thus we have

Elp] =(¥[pll HY[p])
=(Ypl| T[p]) + (YIplV¥[p]) + (¥[plWW[p]) 2.52)

=TIpl] +fdrv(r)p(r) + Wipl.

We used here that the potential energy (V) = [ drv(r) p(r) can be explicitly written in terms of p. The remain-

ing part of E[p] is called the universal functional®

Flpl = Tlp]l + WIp]. (2.53)

This reformulation has however a fundamental problem: Although the Hohenberg-Kohn theorem proves
the existence of F, it does not provide an explicit expression for it, because the proof is not constructive (see
Sec. 3.3.2). As a matter of fact, most of the research in the field of DFT aims on understanding how this
functional looks like. This is a very difficult task and only many years of research lead to the remarkable
accuracy of state-of-the-art DFT.

The Kohn-Sham construction

The first crucial step toward a useful density-functional is the KS construction [170] that makes use of the
increased flexibility of the density description. The basic idea is to employ as in HE a non-interacting wave
function, the KS wave function ¥* (we denote all quantities in the auxiliary system with an s). We have seen
in HF theory, that this is a very good starting point to describe the interacting problem and at the same time,
a single Slater determinant can be calculated relatively cheaply by effective orbital equations. However, in
contrast to HF theory, the fundamental variable in DFT is the density and not the wave function. Thus,
the KS wave function is a purely auxiliary quantity that in principle is not related to the many-body wave
function of the system. The connection between the non-interacting Kohn-Sham system described by the

Hamiltonian

ﬁs

N
Y i)+ vi(ry) (2.54)
i=1

37For details on mathematical issues of the universal functional as defined by Hohenberg and Kohn and an alternative more general
definition, the reader is referred to the publications by Levy [168] and Lieb [169].
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and the physical system described by Hamiltonian (2.49) is given by their densities, i.e., we demand
e’ =p. (2.55)

Since the connection between density and potential is unique, i.e., there is one and only one interacting
system with the density p, there is also one and only one non-interacting system with the density p* = p.
Thus, the Hohenberg-Kohn theorem also proves that the KS potential is unique.

Connecting the physical and the KS system

The original construction due to Kohn and Sham [170] to connect the KS and the physical system is based
on the energy. For that we define the Kohn-Sham energy (using Eq. (2.55))

E’lp]l = T*[p] +fdrv5(r)p(r) (2.56)

and then re-express the physical (many-body) energy as

Elpl =/drv(r)p(r)+F[p]
=T%[p] +fdrv(r)p(r) + Flpl - T*[p] (2.57)
ETs[p]+fdrv(r)p(r)+Ech[p].

This defines the Hartree-exchange-correlation energy

Enxclpl =Tpl — T*[p] + Wp]
ZEH[p] + Exc [P]y (2.58)

that usually is further divided in the mean-field or Hartree part Eg[p] = § [ drr/ p(®)w(r,r')p(r)), that is an
explicit functional of p, and the remaining unknown part Ey, that is called exchange-correlation energy (in
analogy to the HF energy definitions, see Sec. 2.2). If we assume that this functional is differentiable with

respect to p-variations,® we can define the ground state by the stationarity condition
O0E
0= 2L
op
oT* OE O0E
_ [p] L@+ HIp] 4 xc[P].
ép ép op
The first term
0T [pl
op 7 (]

381n fact, it can be shown that this functional is not differentiable. There are ways to circumvent this problem (see, e.g., [166]), but
from a mathematical point of view this issue is not yet resolved. In practice, this seems to play only a secondary role. However, one
should not underrate such mathematical issues. Many advances in DFT were in fact triggered by mathematical research such as the
Levy-Lieb constrained search formulation [168, 171, 169]. For a good introduction in this topic from a physicist’s perspective, the reader
is referred to the respective section in the textbook by Dreizler and Gross [172].
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can be calculated by Eq. (2.56) (see [172, part 4.1] for details), the third term is just the Hartree-potential
identical to the definition of HF theory,

vylpl = f dr' o) w(r,r), (cf. 2.36)

and the last term defines the unknown exchange-correlation potential

OEixc
Velpl = Ié—p[m. (2.59)

It follows that the potential of the auxiliary system is
v pl () = v(®) + vulp](X) + vic[p] (X). (2.60)

Under our assumption that E[p] is differentiable, this relation uniquely defines the KS system. We want to
remark at this point that there are alternative constructions to define the KS system avoid certain mathemat-
ical subtleties. For instance via the force-balance equations [173] or by considering more general definition
spaces [166].

The KS equations

Since H* does not contain interaction terms, its ground state is (assuming no degeneracy?) described by

one Slater determinant

WXy, ..o XN) = 1PN, (2.61)
which can be determined by a set of orbital equations

[fm+ v W]y =€y (). (2.62)

These are called the KS equations. We see that in contrast to HF theory, the KS equations do not include a
nonlocal term like the Exchange operator (cf. Eq.(2.44)) and are thus formally simpler. However, approxi-
mations to the unknown exchange correlation potential usually have strong nonlinear dependencies on the
density, or derivatives of the density. A very sophisticated class of approximate functionals, so-called hy-
brids, even lift the assumption of a local v* completely and include the HF exchange energy.*’ Nevertheless,
the KS equations define a nonlinear eigenvalue problem for the effective one-body Hamiltonian H*. This
is very similar to HF theory and accordingly the solution strategies are basically the same.*! For example
KS-DFT calculations also require an SCF procedure (see Sec. 2.2) that is called the KS scheme.

The quest for the universal functional: approximations to the exchange-correlation potential

Although the KS scheme simplifies the functional construction, we have not gained much so far with respect
to HF theory, because we do not know the form of the exchange-correlation functional. The formalism itself
does not give us any hint, how vy, could look like and thus, there is literally nothing else than “intuition” or”

39This assumption makes the derivations in the following simpler, but it is not necessary for the KS construction. For details, see
Ref. [172].

40gee for example the review by Perdew and Kurth [174] for an overview on the main classes of known functionals.

41 Although the locality of most exchange-correlation potentials makes a large difference in practical calculations. Especially, KS-DFT
can be applied to condensed matter systems considerably more easily than HE
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experience” to construct functionals. The historically first functional has been proposed by Kohn and Sham
in Ref. [170], where they introduced the KS scheme. This local-density approximation (LDA) is based on one
of the few many-electron systems that can be solved analytically, i.e., the homogeneous electron gas (HEG).
Importantly, the electron-density of the HEG p’£C is constant and thus, we can explicitly parametrize the
total energy E HEG (pH EGy as a function of the density.42 Utilizing definition (2.57), we can then (analytically)
derive the exchange-correlation energy expression [175]

3(3 1/3
EHEG(p) = ELPA|p) Z_Z(E) f drp3 (), (2.63)

where we formally reintroduced the spatial dependence of p(r) = pF¢

= const. Additionally, we removed
the index “C,” because a non-interacting system as the HEG per definition does not have correlation. This
procedure can be generalized to the interacting homogeneous electron gas, yielding a functional EZP4 that
includes correlation effects.** The local-density approximation is then simply to apply E-P4 to systems that
is not homogeneous, i.e., to consider p = p(r) as we have already anticipated in Eq. (2.63). Despite its sim-
plicity, the LDA is impressively accurate for a large range of systems, especially in the realm of condensed
matter, where the LDA has a similar significance as HF for molecular systems. But also for certain classes of
chemical systems, the LDA is very accurate and often also better than HF [174]. However, the LDA is by far
not sufficient to reach “chemical accuracy,” i.e., the accuracy required in electronic-structure calculations
to make realistic predictions.** This has only been achieved with the historically second class of function-
als, which are the generalized gradient approximations (GGAs). The GGA functionals are conceptually a

straightforward generalization of the LDA, because they consider besides p also its gradient, i.e.,
Eget = E1p, Vpl. (2.64)

However, from the definition of the LDA in 1966 until 1985, when Perdew [178] constructed the first GGA
functional that provided significantly better results, passed almost 20 years. This illustrates how difficult
functional construction in DFT really is. However, once an accurate functional is constructed, its potential
is enormous because the the KS equations that have to be solved remain basically the same. Thus it is prob-
ably no wonder that the publication of Perdew marks a turning point in the history of DFT. Since 1985, the
number of proposed exchange-correlation functionals and publications has grown exponentially [179] and
started the “incredible success story” [180] of DFT. Modern functionals include, e.g., even higher derivatives
of the density (for example the meta-GGAs) and the Fock or exchange contribution of HF (hybrid function-
als) [174, 172]. Such theoretical ideas define the principal form of the functionals, but the precise contri-
bution of the different theoretical levels usually cannot be predicted. Many successful KS-DFT functionals
have thus been constructed by fitting to experimental data.*®

Despite these huge efforts and certain systematic improvements, it is difficult to compare and judge the
performance of the many existing functionals. Theoretically, there is one universal functional and one could
expect that the known functionals somehow “converge” into one direction, i.e., they approximate increas-

ingly better the exact functional. However, the opposite seems to be true: there is basically no functional

42Note that EFEG (pHEG) is really a function and not a functional, because pHEG is just a number.

43This model cannot be solved analytically anymore, but it still can be reduced to the numerical calculation of one integral in the
many-body coordinate space. This can be done very efficiently by Monte-Carlo integration. For an exhaustive discussion on the ho-
mogeneous electron gas, the reader is referred to Ref. [176].

445ee for example the Nobel-lecture of Pople [177].

45The interested reader is referred to the recent report by Medvedev et al. [162] that highlights the history of functional construction
and reflects critically on the strong focus on fitting that has become common practice nowadays.
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that is accurate for all material classes, but instead, there are many specific problems that require specific
functionals.*® Consequently, applying KS-DFT in practice is everything but easy and requires experience
and a careful literature research. Discussing functional construction in more depth is beyond the scope of
this text and thus, we refer the reader for further details to the already cited literature. To name a few further
examples, the review of Jones [179] provides a very good introduction to the topic of density functionals in-
cluding its very interesting history and the review by Burke [180] provides a perspective on the recent state
of DFT.

As a last example for an exchange correlation functional, we want to mention the exact exchange (EXX)
approximation which will play an important role in the generalization of DFT to coupled electron-photon
systems (see Sec. 3.2). The EXX approximation is exceptional in comparison to most other known KS-DFT
functionals, because it does not rely on empirical (or in the special case of the LDA analytical) knowledge.
The idea is to approximate the interacting system with a single-reference wave function exactly as in HE
However, the EXX functional is local, which requires to solve an auxiliary equation inside the SCF routine.
This is a non-unique problem and thus there are several possibilities to define this auxiliary equation. The
most common way is the optimized effective potential (OEP) approach together with the Krieger-Li-Iafrate
(KLI) approximation [172], but there are also other possible constructions [181]. Importantly, the EXX func-
tional is usually more accurate than HF but at the same time as generic. This makes it an important tool for
developing first-principles methods in settings that are not covered by the electronic-structure Hamiltonian.

We conclude our brief survey on KS-DFT functionals with a small example that shows the significance
of density functionals in modern material science and chemistry. Despite all the problems and difficulties
with KS-DFT, accurate functionals are known nowadays and they are basically the only tool that exists to
calculate the properties of many realistic matter systems. This is well-reflected in the extraordinary number
of citations of the corresponding publications. The most famous example is the paper [182] in which Perdew,
Burke and Enzerhof propose their PBE functional, which has become within merely two decades the most
cited paper of all physics. According to Google scholar, there are more than 110000 publications that refer to
this publication.

A remark on the KS scheme and alternatives

With the KS scheme, we have reduced the problem of calculating the 4 N-dimensional wave function on find-
ing the N lowest eigenstates of the nonlinear one-particle operator H°. This is on obvious computational
advantage over the exponential wall of the many-body problem. Still, it is much more expensive than our
starting point, i.e., a direct minimization of E[p] (Eq. (2.51)). In fact, people have tried to construct theories
that are directly based on p (nowadays known under the term orbital-free DFT) even before DFT was devel-
oped. A famous example is Thomas-Fermi theory,*” developed already in 1927, which provides however a
very poor description of quantum systems. For example, matter is not stable in Thomas-Fermi theory [183].
There have been advances in the field, but still the accuracy of known explicit density functionals is very
low.*® The crucial point of the KS construction is that the contribution of the unknown v.[p] to the total
energy is considerably smaller than the contribution of the universal functional F[p] (cf. Eq. (2.52)). The
reason is that the Slater-determinant includes already a very large part of the quantum mechanical problem
into our description (as we know from HF theory). Thus, DFT is almost exclusively utilized in the KS picture
and often DFT and KS-DFT are used interchangeably.

465ee for example the extensive assessment of density functionals in quantum chemistry by Mardirossian and Head-Gordon [84].
47See for example the review by Jones [179] and the references therein.
48Gee Ref. [184] for a recent review on the topic.
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When DFT fails: the strong-correlation regime

In this last paragraph, we want to discuss the (actual) limitations of KS-DFT (and other single-reference
methods). Although density functionals can in principle exactly describe every physical setting that is in-
cluded in the electronic-structure Hamiltonian (Eq. (2.1)), there are scenarios, where all known KS-DFT
functionals are severely inaccurate. The research on functional construction has shown that in such settings,
the form of the exact functional is very intricate. For instance, the exact functional of the non-interacting
HEG is given by a formula as simple as Eq. (2.63). Systems that do not deviate too much from the HEG like
typical conductors are usually very well described by KS-DFT. However, for other seemingly simple systems,

such as two separate Hydrogen atoms, it turns our that the exact functional has a very complicated form.

The principal reason for this difference is the single Slater determinant ansatz in the KS system that is a
very good starting point for the HEG, but a very bad starting point for two separate atoms. The (spatial part
of the) KS wave function for the ground state of two electrons reads simply

Vo (ry,12) = ¢ r)y(r), (2.65)

where  is the doubly-occupied spatial orbital of a spin-singlet.* The exact ground state of two separate
Hydrogen atoms after a proper symmetrization reads instead

W (ry, 1) =75 (Wa ) ) + Ya(r)yp (1), (2.66)

where ¥ 45 = exp(—(r—Rup)))/ /7 is the ground state of the Hydrogen located at R, (R},), where |R, — Rp| >>
1 such that the orbitals do not overlap. Also ¥ describes a spin-singlet,?° but it requires two different spatial
orbitals, which are degenerate, i.e., they have the same energy eigenvalue. From the wave function perspec-
tive, this special situation requires thus a multi-reference ansatz, i.e., a wave function constructed from more
than one Slater determinant. This is clearly an extreme case but the problem is quite generic: whenever the
(valence) electrons of a system are sufficiently localized, we can assign orbitals to them that have only small
overlaps and we recover a similar scenario as described by Eq. (2.66). This happens in chemistry, whenever
orbital energies are (nearly) degenerate, e.g., when bonds are stretched [133]. Another example are materials
with partially filled electron shells such as transition metals or their oxides [185], which exhibit very special
properties [186] such as high-temperature superconductivity [81], Mott metal-insulator [82] transitions or
colossal magnetoresistance [187]. We call such physical systems strongly correlated®" and they constitute
the hardest challenge for electronic-structure methods.>?

We have so far only discussed the wave-function perspective, where strong correlation manifests in
the multi-reference character of the ansatz. In KS-DFT however, we describe every system with an single-
reference ansatz of the form (2.65). The multi-reference character needs thus to be captured by the exchange

correlation potential. In this simple case, the potential would need to create a kind of barrier between the

49Ground-states are normally singlets, i.e., spin-saturated.
50Note that the antisymmetry is contained in the spin-function: % (a(o1)B(o2) —alo2)B(o1)).

5INote that in the realm of electronic-structure theory, one often calls the contribution of such near-degeneracies static correla-
tion(see for instance Ref. [188]). Additionally, there is the dynamical contribution to the correlation energy that corrects the HF energy
of a tightly bound electron pair such as in Helium [189]. This type of correlation can be usually very well described with single-reference
methods such as KS-DFT.

52 description of the electronic-structure in full real-space is usually not possible for strongly-correlated systems. Instead, they are
often described with effective models like the Hubbard model [85] (see also the discussion in Sec. 1.1) or a lattice of Hydrogen molecules
with stretched bonds [133]. However, even such simplified models are extremely challenging for electronic-structure methods.
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two atoms, the so-called intra-system steepening [190]. This leads to one effective orbital of the form
Y =yYar) +yp), (2.67)

which then is occupied twice. It is clear that the exact form of this potential is very sensitive to specific
parameters such as the precise distance between the atoms and the orbitals that are involved. Consequently;,

it is very difficult to construct general exchange correlation potentials for strongly-correlated electrons.

However, the failure for the strongly correlated system that we just described is related to the KS con-
struction and not to DFT per se. Complementarily to the non-interacting KS system that is obtained by
setting the interaction W = 0 to zero in the Hamiltonian (2.1), there is the strong-correlation limit with zero
kinetic energy, T = 0. For Coulomb systems, this limit can even be solved analytically and one can define
a DFT based on this auxiliary system [191, 192]. This approach has several promising analytically derivable
features, but the functional construction has not been very fruitful so far. As the long history of KS-DFT
shows, functional construction is a very delicate task and one basically has to start from scratch in every
new setting. In part II, we will also make use of the flexibility of DFT and construct an auxiliary system for
coupled electron-photon systems that is explicitly correlated. This unusual auxiliary system will, in contrast
to strongly-correlated DFT, even facilitate functional construction.

Discussing strong correlation and the corresponding methods in more detail is clearly beyond the scope
of this work and we instead refer the reader to the literature, e.g., Refs. [137, 133, 82, 86, 185]. However, we will
discuss in the next section another approach to describe many-body problems that in fact has been used to
construct methods that showed excellence accuracy in certain strongly-correlated systems. This approach
will play an important role for the auxiliary construction in part II.

2.4 Reduced density matrices in electronic-structure theory

To complete our discussion of electronic-structure methods, we will introduce in this section the concept
of reduced density matrices (RDMs). We can utilize these to describe many-body systems in an exact way
without the explicit use of the wave function. For instance, we can describe the expectation value of the
electronic-structure Hamiltonian exactly in terms of the 2-body RDM (2RDM). The configuration space of
such a description does not grow with the particle number and thus a variational minimization in terms of
the 2RDM is in principle feasible. However, the many-body problem also arises in this description in the
form of conditions that determine the exact configuration space, i.e., the set of all 2RDMs. The number of
these so-called N-representability conditions grows exponentially with the particle number N and thus, one

only can consider a subset of conditions in practice.

A special role is here taken by the 1-body RDM (1RDM) y that has comparatively simple N-representability
conditions. These reflect the exchange symmetry of the particle species and thus provide an alternative to
employing Slater-determinants to ensure, e.g., the Pauli-principle. Although v is not sufficient to describe
the energy of a many-electron system in a linear way, it carries all information on the system by virtue of
a generalized Hohenberg-Kohn theorem (Gilbert’s theorem). This establishes RDMFT as an alternative to
DFT, employing y instead of p as the basic variable.

Importantly, methods based on RDMs are usually more efficient than wave-function methods for de-
scribing strongly correlated systems beyond models [27, 193].

71



CHAPTER 2. ELECTRONIC-STRUCTURE THEORY

2.4.1 What are reduced density matrices?

To illustrate the role of RDMs, we consider a system consisting of two electrons that can move freely in
some volume V c R®. The corresponding Hamiltonian is simply the kinetic energy operator 7. Let us now
calculate the energy

E=(¥|T¥)
2
=de1dX2‘P*(X1yX2) > —3Ve | P, x2)
i=1
= f dxy dxo W (x1,%2) -3 Vi, | W(x1,%2) + f dxy dxo W (x1,%2) -3 Vi, | W (x1,%2). (2.68)

We see that the energy expression separates in one term that is only dependent on x; and another term that
is only dependent on x,. However, we know that the indices are just place-holders and we can arbitrarily
exchange them if we respect the exchange symmetry. If we exchange x; and x, in the second term, we get

fdxldxz‘y*(xlyxz) [—%sz]‘l’(xl,xz) =—de1dX2‘P*(X1.X2) [—%sz]‘l’(xz,xﬂ
Zfdxldxz‘l’*(xz,xl) [—%sz]“l’(xzyxl)
=de1dX2‘I’*(X1,X2) [—%Vfl]‘l’(xl,xz), (2.69)

where in the last line we renamed the variables for our convenience (we also changed the index of the V-
operator). We see that exchanging the indices of the (antisymmetric) wave function within an expectation
value does not change its sign. Inserting this equality (2.69) back in the energy expression (2.68), we get the
simplified expression,

E=fdx1dxz\P*(x1,xZ) [—%vil]\P(xl,xz)+fdx1dxz\lf*(xl,xZ) [-3V2,] W (x1,x2)
= [ i 1) [~ 3V ] Wi ) + [ dxichee ¥ (k3 [0 Wi, )
:2fdx1dx2‘~P*(x1,x2) [—%Vfl]W(Xl,Xz).

It is obvious that we can generalize this example for any many-body operator of order one O = Zﬁ.\i 1 0(r), cf.
Eq. (2.24). The expectation value of O reads for two particles

0=(¥|09)

=2de1dX2‘P*(X1,X2) [0(rD)] ¥ (x1,%x2). (2.70)

Importantly, in order to get from the first to the second line in this equation, we do not need to have any
knowledge about the system besides the exchange-symmetry of W, the number of particles N and the order
of O. This is the key insight to understand the role of RDMs: Although we have to introduce coordinates
for all the N particles of a system to define the quantum-mechanical wave function and corresponding
operators, the expectation value of any of these operators depends only on the order of the operator. For
operators of type (2.24), we only need one spatial coordinate and this motivates the definition of the (spin-
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summed) one-body reduced density matrix (1IRDM)

T'Yrr)=2 > fdrg‘l’*(r’,o,xz)‘l’(r,g,xz). 2.71)

01,02

If we know I', we can calculate any expectation value
0= / dro®I Y (1) |y, (2.72)

where the subscript |-, means that we first apply 6 and then set ¥’ =r. The 1RDM is exactly the part of the
expectation value (2.70) that is independent of the actual operator and in this sense, it carries all “one-body

information” of a system.

The 1RDM with respect to local and nonlocal operators

We want to remark briefly on the one-body nature of I'D =1® (1) that in fact depends on two coordinates.
The definition (2.71) explicitly differentiates between the coordinates of the wave function and its conjugate
in the expectation value. This is crucial to calculate expectation values of so-called nonlocal one-body op-
erators like the kinetic energy

Ezfdff(r)r(”(r;r’)lrrﬂ=ZZ drdx, W* (r'o1,%p) [-3 Vi | ¥ (xo1,X0).
o1

The differential operator only acts on ¥, but not on ¥* and thus, we need to introduce a second coordinate
r’ that is not affected by Z(r). If we instead want to calculate the expectation value of the local potential
V=Y% v(r;), we find

V =(¥|V|¥)

=2de1dXz‘I’*(X1,xZ) (V)] ¥ (x1,X2)
= f dromr® (r;r).
This is nothing else than the one-body density,
TV =pPm(E=pw), 2.73)

that we defined in the Sec. 2.3. We see that the expectation values of local operators can be calculated with
the one-body density, but for nonlocal operators, we need the full IRDM.>3 This seemingly subtle difference
plays an important role in the many-body description. For instance, the exact kinetic energy is not a func-
tional of the density and thus part of the universal functional F[p] of DFT (Eq. (2.53)). In fact, this kinetic
part of F typically makes up the largest contribution and thus, approximations have to model especially this
part. This insight is the basis of IRDM functional theory (RDMFT), where the 1RDM is employed as basic
variable instead of the density (see Sec. 2.4.2). The unknown part of the corresponding universal function
has thus a considerably smaller contribution to the total energy than in DFT.

53Note that the calculation of the kinetic energy expectation value does not require the full IRDM. This can be illustrated in a dis-
cretized picture, where we approximate the Laplace operator with finite-differences of some order. The matrix form of the 1IRDM
becomes then explicit by, e.g., defining G;j = r® (rj;r;). The density, i.e., the local part of G is the diagonal p = G;; and to apply the
Laplace operator, we would need the first n off-diagonals, where 7 is the order of the finite-differences approximation. Importantly, we
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The hierarchy of RDMs

Having motivated the definition of the 1RDM, let us now generalize the concept to systems with N particles
and (non-)local operators of any order p. Let

\P(Xl, rxN)
be the wave function of a system of N electrons and
N xy, ... xn; X, X)) = X, e, Xp) P (X1 ey XN) (2.74)

the corresponding (N-body) density matrix. We define a general non-local operator of the order p

. .
ll,...,lp

A 1
O;Pl) - > Y o(p) (i, . N ...,rgp), (2.75)
and a general local operator of the order p

A( ) 1
o) =3, Y o(p)(riy,..riy). (2.76)

* ll,...,ip

Accordingly, we define the p-body reduced density matrix (pRDM)

N!
P, S 53 ST

- drov_mety-o-d
PN 2 r(N-p+1) - drn

010N 2.77)

N ] /
r (rlal,...,rpap,po,...,xN,rlal,...,rpap,xp+1,...,xN).

Additionally, we denote the 1RDM in the following by
yar) =Yy (2.78)
because of its special importance. We call the diagonal of the pRDM,
pP (ry,..,rp) =IP(r,, W IpiT1, .0 Tp), (2.79)

the p-density. Note that pt = p, defined in Eq. (2.48). With these definition, the expectation value of any
operator 0% with respect to ¥ can be expressed as

0=(¥|0¥)
:fdrl...drNO(r,-l,...,r,-p;r;-] ,...,r/l.p)l“N(rl,..,rN;r/l,..,I‘Q\,)|r'1 =1yl =IN (2.80)

=Tr(rN Oy,

where in the last line we formally rewrote the contraction as a trace operation for later convenience. This
expression can be reduced for operators of the order p with the aid of the RDMs. In the nonlocal case, we

do not need all off-diagonals and this is why the Laplace operator is called a semilocal operator. This fact inspired the formulation of
kinetic energy functional theory in which the author was involved [4].

54Note that local operators are included in the definition of nonlocal operators. We explicitly differentiate between both to stress the
difference between RDMs and densities.
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operator class example RDM Expectation value

1-body, local local potential V= 2511 v(r;) 1-density (V) = fdrv(r)p(r)

1-body, non-local kinetic energy T= Zé\il —%Vfi 1RDM (Ty = —% fdery(r; )|y
2-body, local Coulomb interaction W=4Y; i rlr’l 2-density (W) =1 [drdr’ \r—lr’l p®@(r,1)

Table 2.1: Examples of operator classes with important examples and corresponding RDM. For instance, to
calculate the expectation value of a local operator of order 1 like such as the local potential v, we need the
1-density.

have for an operator O(npl)

®) _ o1 5P
oF =(¥|0"w)

nl

=fdr1---drpO:;)(rl,...,r,,;r’l,...,r’p)l"(p)(rl,..,rp;r’l,..,r;,)lr/lzrh_",r;vzm (2.81)
=Tr[0' TP,
The expectation value of a local operator O;p ) is calculated as
o =(v|0Pw)
=fdr1---dr,,OE”)(rl,...,rp)p(")(rl,..,rp) (2.82)

=Tr[O pP].

We want to stress that the above definitions are straightforward generalizations of our two-particle example
and there is nothing new to understand here. We will need these expressions in the following for some
theoretical considerations. In practice, we will mostly be confronted with operators of order 1 and only one
local operator of order 2, which is the Coulomb interaction. See Tab. 2.1 for an overview about these for us
important cases.

From the normalization of ¥, i.e., (¥|¥) = 1 we can derive also the normalization of the different pRDMs,
which corresponds to the following sum rule

P N
fdl‘l.--l‘pr (rl,..,l'p;l'l,..,l‘p) = m (283)
Additionally, all the pRDM and the (p + 1)RDM of one system are related by>®
+1
r® (r'l,..,r;?;rl,..,rp) = I’:]—_pfdrp+11"(””)(r’1,..,r;,,rpﬂ;rl,..,rp,rp+1). (2.84)

We conclude this overview with a comment on the prefactors in Eq. 2.77, which essentially stem from
the possible permutations of the coordinates. We chose them such that the expressions for the expectation
value, (2.81) and (2.82) are prefactor free. Other definitions are possible®® and employed in the literature.

55This follows directly from the definition and the sum rule (2.83).
563ee for example the definitions in Ref. [194, part 2].
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Coulson’s Challenge: RDMs as basic variables

Let us recall at this point the basic task of electronic-structure methods that is to describe the electronic
state that minimizes the N-electron energy expectation value

E() =infE
We have introduced this energy functional in Sec. (2.1) in terms of the many-body wave function, i.e.,
E[Y] = (P|HY) = (| TY) + (¥|V¥) + (¥ |WWP).

Then, we discussed in Sec. 2.3 that by means of the Hohenberg-Kohn theorem, we can identify ¥ = ¥[p] and
thus reformulate the energy as a functional of p:

E=Elp]

However, from Eq. 2.77 and Tab. 2.1 we can derive another form of the energy functional, expressed only
with respect to RDMs, i.e.,

E=Elp,y,I®]=Tlyl+ Vip] + W[p®]. (2.85)
Due to relation (2.84), we can even rewrite the energy
E= E[F(Z)]

solely in terms of the 2RDM.57 This reformulation is exact and has no unknown part. In fact, this functional
is even linear. It is thus very tempting to reformulate the variational principle (Eq. (2.2)) as

Ey= inf E[[?] (2.86)
r@ee?

and determine Ej by a functional variation over the space of 2RDMs ‘612 Since I'® is a merely four-dimensional
quantity (independently on the number of electrons that are described) this functional minimization should
be possible even for very large systems. Especially, I®) is not limited by a single-reference construction and
thus, it describes the properties of strongly-correlated systems exactly [195]. This has been first pointed out
in 1955 by Lowdin [196] and in the following years, variational 2RDM theory became a highly popular re-
search area [195]. However, the variational calculations based on Eq. (2.86) usually resulted in energies that
were considerably smaller than the exact references. The reason was that it was not known how to charac-
terize the configuration space <€r2 This led to violations fo the Pauli principle by bosonic contributions the

energy. C.A. Coulson summarized the problem some years later in the following way:

"It has frequently been pointed out that a conventional many-electron wave function tells us
more than we need to know. [...] There is an instinctive feeling that matters such as electron
correlation should show up in the two-particle density matrix [...] but we still do not know the
conditions that must be satisfied by the density matrix. Until these conditions have been eluci-
dated, it is going to be very difficult to make much progress along these lines."

(Coulson, 1960 [197])

57Note that the 2-density p'@ is not sufficient for such a re-expression, because the 1IRDM cannot be connected to p® by Eq. (2.84).
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This is what A. J. Coleman, one of the most important protagonists of the research area, later termed “Coul-
son’s challenge” [195] and it has not been completely resolved until today. In 1995, the National Research

8

Council of the USA named the conditions on the 2RDM, nowadays called N-representability conditions,”® as

one of the ten most prominent research challenges in quantum chemistry [198].

The N-representability problem

Although we have discussed several minimization problems in this chapter, the problem of N-representability
has not yet been occurred, at least not specifically. Strictly speaking, we could have called the task to
parametrize of the space of antisymmetric wave functions, an N-representability problem. However, we
were able to solve this problem by going to the special basis of Slater determinants (see Sec. 2.1). The next
parametrization that we have considered was for the space of single-particle densities to perform DFT min-
imizations. Clearly, not every function f(r) that depends on one variable is a one-body density according to
Eq. 2.48. Without being entirely conscious about this question, practitioners of the field used DFT for many
years. However, no issues occurred. The reason is that the N-representability conditions of the density are
very simple as Gilbert [199] could prove in 1975: every non-negative function that is finite (and thus can
be normalized to N) is an N-representable density. Astonishingly, there is no trace of quantum effects like
the exchange-symmetry or the Pauli principle in these conditions. The electron-density is basically equiva-
lent to a classical charge density. This reflects one important advantage of the KS construction: it allows to
include the antisymmetry of the electrons explicitly. In, e.g., orbital-free formulations of DFT this is much
more difficult.%®

In this sense, the one-particle density is an exceptional RDM: the properties of all other RDMs are cru-
cially influenced by the exchange symmetry of the system’s particles. In fact, the antisymmetry plays the
key-role in Coulson’s challenge. To see this, let us recapitulate the definition of the pPRDM

N
F(p](r'l,..,r;,;rl,..,rp):(N_p) > fdr(N_p+1)--~drN
1--0N

cf. 2.77
‘P*(r'lal,...,r},ap,xpﬁ,...,xN)‘I’(rlol,...,rpap,xp+1,...,xN) ( )
=r® [¥],
that is a functional of ¥ in the sense that for every ¥, Eq. (2.77) defines the map
¥ —1?, (2.87)

The question of N-representability, or more precisely pure-state N-representability concerns the other di-
rection of this map,

' wy, (2.88)

Given a function g that depends on 2p coordinates, the pure-state conditions are necessary and sufficient
for the existence of an N-body wave function W with g = TP [¥] according to Eq. (2.77). If there was no

58 Coleman introduced this name, when he proved the first known set of conditions for y [136]. N stands for the number of particles
in the system.

59Note that besides the N-representability, there is the v-representability problem that concerns the more specific question, which
densities (or RDMs) can be “produced” by physically meaningful potentials v. Importantly, it would be sufficient to determine all
v-representable quantities, since these are automatically N-representable. The v-representability problem has stimulated many con-
ceptual advances of DFT [172, part 2.3] and RDMFT [200, 201], but a direct application similar to the N-representability conditions is
very difficult. See for example Ref. [202, 203].
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exchange symmetry, the integration in Eq. (2.77) would be trivial and the only N-representability condi-
tion would be the positivity (or positive semi-definiteness)®’ of I'”) that directly follows from the quadratic
structure of the definition. However, the coordinates of a (single-species) wave function are symmetric or
antisymmetric under permutations, which is a crucial feature of the quantum mechanical description as we
have discussed in detail in Sec. 2.1.

The pure-state N-representability problem®! has only been (formally) solved in its full generality for the
1RDM

Y(l‘,l‘,) =N Z dl‘z .. 'dl‘N\P* (l‘,l()’l,Xz, ...,XN)‘P(I‘lo'l,Xg, ...,XN).
O1y0y0ON

Klyachko [204] published in 2006 a prescription to construct a set of conditions, known as the generalized
Pauli constraints [205], that guarantee the one-to-one correspondence between y and the (antisymmetric)
many-body wave function. However, the number of these conditions grows exponentially with the particle
number N and the number of basis states B and hence utilizing them in practice is basically impossible.5?
There is ongoing research on approximation strategies that might result in numerically feasible methods yet
only for very simplified model problems [207, 208].

Ensembles

The whole problem can be significantly simplified, if we generalize our description from pure states to statis-
tical ensembles which occur, e.g., in the theory of open quantum systems [209]. Such mixed states cannot be
described by one wave function ¥, but require the introduction of the (von-Neumann) density matrix [209]

=Y wr¥, (2.89)
i

where l"f.v is the N-body density matrix corresponding to a pure state ¥;, 0 < w; <1 and ) ; w; = 1. This
defines the Fg as a convex combinations of the pure states Ff.v . T describes the statistically mixed state
with probability w; to find the system in the state W¥;. A specific example is the canonical ensemble of
statistical physics with temperature T. The weight functions are then given as w; = exp(—E;/(kgT))/ Z,
where Z =} ; exp(—E;/(kpT)) is the partition function E; is the energy expectation value of system i and kp
is the Boltzmann constant. We can calculate the expectation value of an N-body operator O in the ensemble
by generalizing Eq. (2.80), i.e.,

0=) w;(¥;|0¥;)
i
=Y w; Tt[rY O (2.90)
i
=Tr[[ O].

If we replace I'V with Fg in Eq. 2.77, we can straightforwardly generalize the concept of RDMs to ensembles.
The advantage of the ensemble picture lies in the mathematical structure of Eq. (2.89). The set <€r1\)’5 =gN
of all ensemble N-body density matrices Fg is convex and the pure state density matrices I'N are simply its

60A pRDM is positive-semidefinite, if for any wave function v (x, ..»Xp) it holds that (|t ¥)=20.

61 N-representability plays also an important role in quantum information theory, where it is usually called the quantum marginal
problem.

62gee for example the work by Theophilou et al. [206], where the application of the generalized Pauli constraints has been explored
numerically.
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extreme elements. This follows directly from Eq. (2.89) that defines any Fg as a convex combination of the
V.

Importantly, this property carries over to the sets &7 of the (ensemble) pRDMs, because all RDMs are
linearly connected. This makes the parametrization of £” considerably easier than the corresponding set of
pure state pRDMs.%3

Ensemble N-representability of the 1IRDM

Let us demonstrate this with the example of the IRDM N-representability conditions that have been derived
by Coleman [136] already in 1963. Given the IRDM of a fermionic (bosonic) y(r;r') = ¥; n;¢’ (')¢; (r) in its
diagonal representation, i.e., f dr'y(r,v)¢p; ') = nj¢;(r). Then the (necessary and sufficient) ensemble N-

representability conditions are

0<ni(<1) (2.91a)
Y ni=N, (2.91b)
i

where the upper bound holds only for fermions. We call n; and ¢; natural occupation numbers and natural
orbitals respectively. This means, if we have a basis set with B elements, we have exactly B + 1 conditions on
the natural occupation numbers, independently of the particle number N. This is enormous simplification
in comparison to the generalized Pauli constraints for pure states makes the conditions (2.91) applicable in
practice. Additionally, the conditions have a direct physical interpretation, because we can connect them to
the Pauli principle [205]: bosonic natural orbitals can be occupied arbitrarily often, but fermionic natural
occupation numbers are bounded by a maximal value of one. Here, the special case of n; = 1 forall i < N and
nj =0 else corresponds to a single-reference wave function. Thus, non-integer occupations are a signature
of the multi-reference character (or the correlation) of a system.

There are several ways to prove the above statement [136, 27, 200] and we want to outline one of them
for the fermionic case. This very instructive proof has been published by Giesbertz and Ruggenthaler [200]
for the special case of finite basis sets. The crucial step in the proof is the explicit knowledge of the con-
nection between y and ¥ in the case, when ¥ is a single Slater determinant. We assume a basis set of
B orbitals, from which we can choose (f,) different combinations to construct an N-body Slater determi-
nant. We denote each of these sets with the collective index Iy = (1,..., Nx), where k =1, ..., (f,) and define
Yy = 1/v/ Ny " WN,|-. Asimple calculation yields the corresponding 1IRDM

YR =Y vi @y, .

iely

Thus, the natural orbitals ¢;, = v;, are identical to the orbitals of W, and all natural occupation numbers
are one. This establishes for each Slater determinant ¥, a bijective map (or a one-to-one correspondence)
between the pure state NRDM I'}' = ¥} W, and its IRDM y,

1:1
Y, =T7. (2.92)

Next, we note that the y;, must be the extreme elements of the space of ensemble 1RDMs &1, because we

83For a good introduction on the topic of convex sets in the realm of RDMs, the reader is referred to Ref. [210]. Mathematical details
are well-describe in Ref. [211].
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can constructanyy € & 1 by
Y= Z nEY I
k

if 0 = ng <1and Y ng =1, i.e, by a convex combination of the y;,. On the other hand, we can construct
every ensemble NRDM

N N
Ip=) niel'y,
k

as a convex combination of the N-body density matrices FIIVk , since Slater determinants form a basis of the
antisymmetric N-body space. Crucially, we can employ the same prefactors nj, because of Eq. (2.92) which
completes the proof.

N-representability beyond the 1IRDM

Unfortunately, such a simple connection between RDM space and &” is only possible for the IRDM. To see
this, let us recapitulate the essential ingredients of the proof: we need on the one hand the convex structure
of the spaces of ensemble RDMs &N &1 (and the linear connection between these spaces). On the other
hand, the proof relies crucially on the properties of Slater determinants, which allow to parametrize the an-
tisymmetric N-body space by single-particle wave functions, i.e., orbitals. Slater determinants thus connect
the N-body with the one-body space, which transfers to the RDM picture by connecting both the extreme
elements of &V and &.

Generalizing this construction to, e.g., the 2RDM thus does not work. The eigenfunctions of the 2RDM,
so-called geminals, depend on two coordinates and there is no practical way known to construct an antisym-
metric many-body wave function (or ensemble N-body density matrix) from geminals.%* This is one way to
understand the nowdays well-known fact that even in the ensemble case, the N-representability conditions
are only simple for the 1RDM. In 1967, shortly after Coleman published his proof of the IRDM conditions,
Kummer [213] formally defined these conditions, but it took almost further 50 years, until this formal solu-
tion could be translated into a practical prescription: Mazziotti [214] published the solution of the (ensem-
ble) N-representability problem only in 2012. However, for all pRDMs with p > 1, the number of conditions
grows exponentially®® and thus, they are not applicable in practice. The exponential wall of the many-body
problem manifests thus in the number of N-representability conditions, instead of the dimensionality of
the configuration space. Nevertheless, these many years of research have been fruitful and methods that
only take a subset of all conditions into account have been successfully developed and implemented into
quantum-chemistry codes [27, 216, 217]. Such methods have proven to be capable to accurately describe

comparatively large strongly-correlated systems.®%

64 At Jeast not without further approximations like the strong orthogonality assumption [212].

651 fact, the number of conditions grows even factorial, i.e., over-exponentially [215].

66For example, Fosso-Tande et al. [217] applied their variational 2RDM method to a system of 50 strongly-correlated electrons in 50
orbitals, which is compatible with state-of-the-art methods.
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2.4.2 One-body reduced density matrix functional theory

Although v is not sufficient to describe an interacting many-body system in a straightforward linear way
such as the 2RDM (Eq. (2.86)), there exists an exact but nonlinear energy functional

E=Elyl. (2.93)

This was first realized by Gilbert [199], who generalized the Hohenberg-Kohn theorem to this case in 1975
and established 1RDM functional theory (RDMFT). Exactly as in DFT, the exact functional E[y] is not known,
but the contribution of the unknown part to E[y] is smaller than in DFT. This is obvious from the definition
of the exact energy in terms of RDMs, i.e.,

E=TIlyl+Vipl+W[®]. (cf. 2.85)

Since p(r) = y(r;r) is included in y, only the interaction contribution W (and not T + W) must be approxi-
mated in RDMFT. Additionally, we can generalize the potential term

v(r) — v(r,r) (2.94)

to nonlocal potentials such that
V= f drv(r, )y, )|y (2.95)

Nonlocal potential thus constitute the “natural” external partner to the internal variable y (see Eq. (2.50) and
the surrounding text). Although they do not have a direct physical interpretation, nonlocal potentials occur
in some effective descriptions, e.g., pseudopotentials [218] and are thus a useful extension. The obvious
price to pay for these advantages is the necessity to deal with the full IRDM as basic variable instead of the
simple density. Although not obvious from a first glance, the 1RDM severely complicates both, theory and

numerics.

This complication starts with the generalization of the Hohenberg-Kohn theorem. To make use of the
simple N-representability conditions (2.91), Gilbert’s theorem considers ensembles instead of pure states.
This means that the many-body system is described by the ensemble N-body density matrix Fg and the
expectation value of an operator O is calculated by O = Tr[l“g O, cf. Eq.(2.90). Conceptually, this is not
problematic, because the pure ground state of a system is included in the ensemble representation and thus
by means of the variational principle

Ey = inf Ely], (2.96)
yed;

The ground state will be also the solution of a variation over ensembles.®’ Further, considering nonlocal
potentials v(r;1’), there is no full one-to-one correspondence to y(r;r'): there are many potentials that lead to
the same ground state IRDM.% This changes the mathematical details of the construction, but it does not

67Note that this is strictly only true for the exact functional and there are indications that the performance of approximate functionals
can in some cases be increased by employing the pure state conditions [206].

68Note that the one-to-one correspondence is restored, if we consider the equilibrium states of grand-canonical ensembles instead
of pure ground states [200].
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prohibit the definition of the functional E[y], which only requires

v ALy (2.97)

This is proven by Gilbert’s theorem®® and allows to define IV =TV [y] and thus W = WI[I' Nl = Wlyl.

The exchange-correlation functional of RDMFT

Obviously, the definition of E[y] is not sufficient for a practical electronic-structure method, but we have to
find accurate approximate expressions for the unknown part W{y]. Although the 1IRDM covers a larger part
of the energy than the density in an exact way, it is the quality of the approximation of W[y] that matters. In
analogy to DFT and HE we can define as a first step

Wiyl = Enulyl + Exclyl, (2.98)

where Ep is the classical or Hartree contribution (Eq. (2.35)) and E,. denotes the unknown exchange-
correlation functional (that is different from Ex.[p] in DFT, cf. Eq. (2.57)). One interesting difference to
DFT is that the 1IRDM is general enough to include exchange terms like in HE Thus, HF theory is a special
case of RDMFT with the functional

Eyc=Egr= f drdr'y(r; ¥ w(r, v)y@,n. (2.99)

The challenge of RDMFT is thus to find functionals that go beyond Egr. Unfortunately, Egr is the only
known RDMFT functional that can be expressed explicitly in terms of y, i.e., orbital-free. All practical RDMFT
functionals are instead implicit functionals, i.e., they can only be formulated in terms of the natural orbitals
and natural occupation numbers,

Exclyl = Exclgi, nil, (2.100)

where y = }; n;¢; ¢;. In contrast to DFT, it is very difficult to connect this description in a useful way to a
KS system, i.e., a non-interacting auxiliary system. This has very severe consequences: although we solve
orbital equations in practical RDMFT algorithms, there is no clear underlying single-particle picture. For ex-
ample, we cannot define an effective one-body Hamiltonian’® which usually provides good approximations
for ionization potentials’! and that can be diagonalized efficiently.”?

Functional construction in RDMFT

Despite the additional challenges of RDMFT in comparison to DFT, accurate exchange-correlation function-

als have been successfully constructed and implemented in electronic-structure codes. A comprehensive

695ee Sec. 3.3.2 for the explicit proof for the more general (but in terms of the proof analogous) case of coupled electron-photon
systems.

70 Although we can formally define such a one-body Hamiltonian, it has been proven by Pernal [219] that the spectrum of this Hamil-
tonian is infinitely degenerate, if the functional Ex. = Exc[¢;, n;] is implicit. This makes the one-body Hamiltonian in practice useless
and one important consequence is that standard RDMFT algorithms are usually numerically considerably less efficient than DFT algo-
rithms for the same number of orbitals.

7l1n HE this is justified by Koopman's theorem, which can be generalized (in a slightly modified form) to KS-DFT [220].

72There have been efforts to define a local RDMFT [221] for which such a one-body Hamiltonian can be constructed. A first imple-
mentation showed promising results while being computationally considerably more efficient than standard (nonlocal) RDMFT.
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discussion of these is beyond the scope of this work (the reader is referred to Ref. [193]), but we want to
briefly highlight some properties of typical functionals that will play a role in the subsequent chapters.

The most important feature of the (approximate) RDMFT description is clearly its inherent multi-reference
character, which is reflected in the (possible) non-integer occupation numbers. This is a considerable ad-
vantage of RDMFT over DFT, when it comes to the description of strong correlation. For instance, with
modern RDMFT functionals certain dissociation processes have been described very accurately [222] (and
many more qualitatively) and the Mott-insulating phase of certain strongly-correlated solids could be pre-
dicted [223].

Let us therefore briefly discuss the origin of the non-integer occupation numbers 0 < n; < 1 in RDMFT
solutions. We know already one functional that leads to 1IRDMs with only integer occupation numbers, i.e.,
the HF functional (Eq.(2.99)). In fact, it has been shown by Lieb [224] that this holds for any Ej that only
depends linear on the occupation numbers. To go beyond single-reference, we therefore need to employ Ex,
the depend nonlinearly on the occupation numbers.”

Another very important feature of typical RDMFT functionals is that they are more generic than, e.g.,
density functionals. Most DFT functionals are based on the paradigmatic homogeneous electron gas, which
defines a very special physical setting. Also in RDMFT, there is such a paradigmatic study case, which is how-
ever much less specific: any two-electron wave function can be exactly parametrized in terms of the IRDM.
In this problem, only the particle number is specified, but the form of the Hamiltonian can be arbitrary.
This is a considerable advantage, when we want to apply RDMFT to problems that are not as well studied
as the electronic-structure Hamiltonian (Eq. (2.1)). For example, to apply the LDA to a one-dimensional
problem as we will do in Sec. 2.5, we cannot employ Eq. (2.63), which has been derived for the Coulomb
interaction in 3d, but need a different functional form [225]. Usual RDMFT functionals need instead some
two-body matrix elements as input parameter, which can be calculated for an arbitrary type of interaction.
For instance, we can apply the same functional in 1d or in 3d or in settings, where the Coulomb interaction
is modified [127].

The parametrization of the two-electron problem in terms of natural orbitals and natural occupation
numbers has been discovered already in 1956 by Lowdin and Shull [226]. The corresponding “Léwdin-Shull”

(LS) exchange-correlation functional reads

Exc:ELs=r;i1'ifj —%izjﬁﬁ\/mwwwwm», (2.101)
where f; = £1 are phase factors that have to be determined for every problem separately. Erg is (up to the
phase factors) exact for two-electron systems and has been studied extensively in the last two decades to
obtain a general understanding of the universal RDMFT functional [193]. For larger electron numbers, the
functional is not exact anymore and needs to be adopted. Especially the in practice quite difficult minimiza-
tion over the phase factors is either completely removed or usually replaced by simple rules.

In this work, we will explicitly consider the simplest version of the “LS-type” of functional, which is ob-
tained by setting f; = 1 for all i. This functional has been constructed by Miiller [227] already in 1984 in
a different context and without even a reference to the Léwdin-Shull construction. Later in 2002, when
the interest in RDMFT had increased Buijse and Baerends [228] rederived the Miiller functional from more
physical considerations’* and it provides a reasonable qualitative description of a large range of electronic-

730ne way to explain, why it is not possible to define a one-body Hamiltonian in RDMFT is exactly this nonlinearity (see Ref. [219]
and Sec. 7.3).
74The Miiller functional is thus often called BB functional.
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structure problems, including strongly-correlated systems. The Miiller functional reads
ExczEMz_%Z\/ninj<(,bi¢j|w|¢j§bi>- (2.102)
ij

Nowadays, Ejs has become a reference in RDMFT, comparable to the LDA in DFT. A practical feature of Eys
that very few other RDMFT (and DFT) functionals share, is its convexity, which guarantees a unique global

minimum [161]. Thus E), is especially well suited to test new numerical implementations.

Another interesting property of the Miiller and many other RDMFT functionals concerns the corre-
sponding ground state energy, which have been observed to be a lower limit to the exact reference [229,
222].”° Thus, energetic improvements have to be positive, which is in a sense the contrary to variational
methods such as HE where improvements are rigorously negative. This “negative variational” behavior is an
important guiding principle for the RDMFT functional construction [193].

The RDMFT minimization

In this final paragraph of the subsection, we will discuss the last missing piece to apply RDMFT in practice,
which is the minimization algorithm. We will employ a Lagrangian approach as in Sec. 2.2 (cf. Eq. (2.38)
and the following paragraph) for HE’® which for RDMFT is however more involved. We do not calculate the
energy with respect to the N orbitals of a Slater determinant, but with respect to B natural orbitals {¢1, ..., pp}
and natural occupation numbers {n,, ..., ng}, where B = N depends on the system and is thus a convergence
parameter. The generic energy functional of RDMFT reads

B B
Eligih (nill =Y nipilli+01p; @)+ 1 Y ninj(pidjlwlpip;) + Exclini}, (P}, (2.103)
i=1 j

i,j=1

where E, has to be replaced by a specific exchange-correlation functional such as Ey;, cf. Eq. (2.102). The
goal is to minimize E[{¢;}, {n;}] under the constraint that the natural orbitals are orthonormalized, i.e.,

cijlid}l =fdr¢?(r)<p,-(r) -6;;=0, (2.104)

which is similar to the constraint (2.39) for the HF orbitals. Additionally, we need to enforce the N-represent-
ability conditions (2.91) that guarantee that the {¢;}, {n;} are connected to a fermionic IRDM. The first con-
dition on the individual eigenvalues, cf. Eq. (2.91a), can be incorporated explicitly by, e.g., the substitution

n; = 2sin(276;), (2.105)

allowing for a free minimization of the 8;. However, the second condition (Eq. (2.91b)),

B
FUn}=) ni-N=0, (2.106)
i

7>The usual explanation for this is that the exchange-correlation functional needs to enforce (in some indirect way as a functional
of the 1IRDM) the N-representability conditions of the 2RDM. Approximate functionals often do not accomplish this and thus the
variation is performed over a too large configuration space, which leads to lower energies than the exact reference.

76We want to remind the reader that the HF algorithm can be almost directly transferred to KS-DFT problems, because both theories
employ a single-reference picture. See Sec. 2.3.
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needs to be enforced during the minimization. To accomplish this, we introduce the Lagrange multipliers

€;j and p and consider the Lagrangian

LU}, 163} fe: 3, 1 = Elipi}, tni}] - p 1103 Ze,,cl, i, 1 }1. (2.107)

To find the RDMFT ground state defined by the variational principle, cf. Eq. (2.96), we optimize
L[{¢:},10}; {€;;}, pl with respect to all variables. A necessary condition for an optimum of L is stationarity

6L=0, (2.108)

which is also sufficient for a minimum, if a convex functional such as E; is employed. If we consider ¢; and

(,b;‘ as independent, we find

0=6L
B B 5L B oL
opi+ )y —dn;
g :‘ 25 0 L
E
_SnZsm(H) ——u] do; +Zfd3r6¢;l( ) - Z €riPr @)
i=1 5(/’ () k=1
+ &dr | —— - ik 6¢p;(r),
which leads to the three sets of coupled equations
0= oF - (2.109a)
Gni
OE
2.109b
591’ © kg,lekz(/)k(r) ( )
6E B .
~5or _k;eimk(r). (2.109¢)

In practice, we will thus need a self-consistent procedure, in which we solve alternately the equations for
the n; and for the ¢;, keeping the other variables constant, respectively. Since the n; are just numbers, their
optimization can usually be done with a routine from a standard library.”” For the orbital optimization, we
have a nonlinear operator equation similar to the HF equations and thus, an SCF procedure is required.
Similarly to HE where the stationarity condition defines the Fock operator (Eq. (2.45)), Eq. (2.109b) and
Eq. (2.109c) define a nonlinear one-body operator H). For Eq. (2.109b), we have

0F = HY¢; = n;[i + Dlp; + ni vy £ (2.110)

5(,[);(1')_ i — I i iVHPi 5([)? .
Importantly, this operator is not hermitian and thus cannot be interpreted as an effective one-body Hamil-
tonian [219].7% An important practical consequence of this fact is that we cannot transform Eq. (2.109b) (or
equivalently Eq. (2.109¢)) into a nonlinear eigenvalue equation as we have done in Sec. 2.2 to derive the HF

7TNevertheless, the equations are nonlinear and thus also here caution is in order. In Sec. B, we present an explicit example that
demonstrates the challenges of such nonlinearities.
78We will discuss this with the concrete example of the Miiller in Sec. 7.2.
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equations, cf. Eq. (2.46). This means that we have to determine all B2 components of the Lagrange multiplier
matrix (¢; ;). We will discuss how to accomplish this in practice in Sec. 7.

It should be stressed that usual RDMFT minimization algorithms are not only more expensive than DFT
calculations, but also considerably less stable, which is probably the most important bottleneck of state-of-
the-art RDMFT. The reasons for the unsatisfactory convergence of the proposed algorithms are not entirely
resolved and thus numerics is an especially important part of the actual research in the field [193, part 4].

Despite all the challenges of the 1IRDM as a basic variable, one should not forget that RDMFT is much
younger than DFT and investigated by a considerably smaller community. Thus, many promising research
directions have only been identified but not yet fully investigated [193] and further significant improvements
of the theory are quite probable. Especially, when it comes to entirely new types of problems like the accurate
description of the electron-photon interaction, RDMFT could be an interesting starting point, because the
contribution of the unknown part of the universal functional is smaller than it is the case in DFT. We will
come back to this idea briefly in Sec. 3.3.2 and more specifically in Sec. 5.3.

2.5 Comparison of the methods
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Figure 2.1: Ground-state potential energy surface Ey(d) of the 1d H» model (Eq. (2.113)), calculated exactly
(exact) and with three different electronic-structure methods: HE KS-DFT with the LDA functional (LDA),
and RDMFT with the Miiller functional (Mueller). The deviations between the different methods are dis-
cussed in detail in the text.

To get a feeling for the different approximation schemes that we have defined in the previous sections,
we want to conclude our survey on electronic-structure theory with a simple example. We consider a 1d
model of a hydrogen molecule (H>) that consists of two hydrogen atoms with distance or bond length 2d.

We can describe this scenario by the local potential

1 1
Vea—dZ+1 JE+dZ+1

vg(x) = — 2.111)
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where —1/+/(x — d)? + €2 with e = 179 is the “soft Coulomb potential” of one elementary charge. The soft
Coulomb potential is usually employ in 1d studies, because it resembles many essential features of the stan-
dard 3d Coulomb potential [225]. Accordingly, we also approximate the interaction w by a soft Coulomb

expression
w(x,x)=1/VIx—x'12+1. (2.112)
The many-body Hamiltonian of this problem reads

+W

Il
~>
<

A=T+

+ w(x1, x2) (2.113)

Il
.MN

1.0%
1

i=1

We now can apply any of our discussed methods to approximate the ground state of H for different values
of d. The resulting energy function Ey(d) is called the ground-state potential energy surface (ground-state
PES), which plays a central role in electronic-structure theory. One of its most important applications is
the structure prediction of matter systems. In our example, this reduces to the (equilibrium) bond-length
of the H, molecule, which is simply 2d,;,, where d,;,, is the minimum of Ey(d).8° But this is only one
application of the ground state PES and there are many more. For instance, the shape of Ey(d) around the
minimum provides information about the energetic costs of bond stretching and the large d limit describes
the dissociated molecule. Thus, with the knowledge of the full function Ey(d) we can understand compli-
cated processes such as chemical reactions. This shows that there are research questions, that only require
the knowledge of a small part of the ground-state PES and consequently methods that are accurate in this
part. But there are other problems, such as the description of the complete process of a dissociation, which
necessitate methods that accurately describe a large part of the ground-state PES.

Let us see now how the methods that we have discussed in this chapter perform in describing the ground-
state PES Ey(d) of the 1d H> model. Since the Hamiltonian (2.113) is very low-dimensional, we can calculate
the exact many-body wave function with a simple eigensolver even for large d. This makes the model an
ideal and often employed system to test the accuracy of new electronic-structure methods [225, 230]. We
will consider a generalized from of this model in part II to test our new methods for coupled electron-photon
problems.

In this section, we compare three levels of theory, that is HE and one exemplary functional of KS-DFT
and RDMFT, respectively. For the former, we employ a 1d version of the paradigmatic LDA [225] and for
the latter, we choose the Miiller functional. All calculations are performed in real space in a box with length
L =30 a.u. and discretized with a spacing of d, = 0.1 a.u. In RDMFT, we have obtained converged results
with M = 20 natural orbitals.®! We have plotted Ey(d) for the three cases together with the exact reference in
Fig. 2.1.

A first glance on the figure reveals already how challenging an accurate description of the electronic-
structure is: there is no method that performs well over the whole range of bond lengths. Clearly, there
are more sophisticated functionals for DFT and RDMFT that perform much better than our chosen exam-
ples, but H; is also just a very simple problem. The accurate description of the ground-state PES over the

"For nuclei with a bigger charge, the soft Coulomb parameter ¢ needs to be adjusted to guarantee certain properties. We will make
use of this in Sec. 6.

80This can be understood by a simple gedanken experiment: without external driving, any initial configuration of nuclei will relax to
the configuration with minimal energy.

815ee App. C.3 for the details on the convergence of RDMFT calculations.
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whole range of bond lengths is for many systems simply not possible. Methods that are accurate enough
are usually numerically too expensive and the most efficient methods can often only describe a small part
of the full ground-state PES. Close to the equilibrium position, single-reference methods are very accurate
with HF providing a reasonable qualitative description®? and KS-DFT leading the way in terms of efficiency.
However, methods based on only one Slater determinant become usually inaccurate for large bond-lengths.
We have discussed this in the last paragraph of Sec. 2.3 considering the dissociation limit d — co, where
we have to describe the two degenerate orbitals of the separate atoms. To describe this limit, we need two
Slater determinants, which corresponds to a multi-reference wave function and makes the system strongly-
correlated.

In HF and KS-DFT, we try to describe this inherently multi-reference scenario with only one Slater deter-
minant. We can observe the consequence of this approximation in Fig. 2.1: with increasing d, the EFF/LPA(q)
increases constantly, introducing an artificial attraction. Thus, according to the single-reference description,
the molecule would never dissociate but always feel a force that pushes the nuclei back to the equilibrium.
The exact solution instead saturates at the dissociation plateau with E;; s = —1.34 a.u., where the atoms do
not interact anymore. However, since the LDA includes already some correlation, i.e, it corrects the approx-
imation of considering only one Slater determinant, its “tail” is closer to the exact result than the one of HE
Around the equilibrium position, HF is however energetically superior to the LDA. Since the energy is an
especially important quantity to understand chemical reactions (e.g., to calculate reaction barriers), LDA is
not really useful for quantum chemistry. This illustrates why DFT has only been accepted by the quantum
chemistry community after the first generalized gradient approximation has been developed, which signif-
icantly increased the accuracy in such scenarios [174]. State-of-art functionals are capable to reproduce
the area around d,,;, almost exactly for a large class of molecules [84]. In contrast to its bad performance
in terms of energetics, the LDA reproduces the correct equilibrium bond length of d.; = 1.63 a.u. almost
exactly, whereas HF underestimates it with a value of d(ﬁlF = 1.5 a.u. by about 6%.

The most sophisticated method that we have employed in our comparison is RDMFT with the Miiller
functional and accordingly, EY'WT(d) is closest to the exact Eo(d). Importantly, we see that EYU!T(d) does
not increase arbitrarily with d, but saturates at a constant value of about Eg/[i";lsler = —1.37. This is still sig-
nificantly lower than the exact reference, but more sophisticated functionals describe this regime very ac-
curately [231]. This is possible due to the inherent multi-reference character of the formalism and it is the
most important strength of RDMFT in general. The strongest limitation of state-of-the-art functionals is the
accurate description of the region around the equilibrium [193]. The Miiller functional overestimates for our
example the equilibrium bond length with d%?}}er = 1.70 a.u., which is only slightly better than HE Although
simple molecules like H, are described very well by improved functionals [222, 232], more complicated elec-
tronic structures are often better approximated by state-of-the-art DFT functionals [193]. As a last remark,
we note that Eg/muer(d) is always lower than the exact reference, which is a typical feature of many RDMFT

functionals (see Sec. 2.4).

820ne of the most precise electronic-structure methods for this regime is coupled cluster theory [131], which systematically improves
upon the HF ansatz and usually is significantly more accurate then typical DFT functionals. However, coupled cluster is also consider-
ably more expensive than DFT.
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Chapter 3

LIGHT AND MATTER FROM FIRST PRINCIPLES

In the previous chapter, we have discussed the electronic many-body problem and presented a selection of
strategies from the big repertoire of state-of-the-art electronic-structure theory to deal with it. In the follow-
ing, we generalize these strategies to the coupled electron-photon space. We will see that this is straight-
forward in the sense that all tools and concepts from electronic-structure theory have a clear counterpart
in the coupled theory. Also all the features of the matter-only problem reappear, i.e., we will have to deal
with the complexity of the many-electron-photon problem. For that, the particle-exchange symmetry plays
an important role and we perform variational minimizations to find the ground state, which is in complete
analogy to equilibrium electronic-structure theory. This requires to characterize the system’s state and also
here we can utilize the same concepts: the wave function, the electron density plus the corresponding pho-
ton quantity that is the displacement field and (generalized) RDMs.

However, the exploration of the coupled electron-photon space using these tools is considerably more
difficult. One important reason is the enormous size of the corresponding Hilbert space that is a direct prod-
uct of the electronic and photonic Hilbert (sub)spaces. Additionally there is no further symmetry restriction
between these subspaces, e.g., there is no exchange symmetry between electronic and photonic coordinates.
Thus, the exponential wall grows considerably “faster” here than in the separate theories, which in particular
limits wave-function methods and the access to exact reference solutions. At the same time, simple approx-
imation schemes, such as the generalization of the Hartree-Fock ansatz (the “mean field”) do not account
for quantum effects of the interaction between electrons and photons, i.e., there is no quantum-mechanical
exchange. This is especially severe in equilibrium scenarios, because the mean-field (or classical) contribu-
tion of the electron-photon interaction is in many important cases trivially zero. Using the vocabulary of
electronic-structure theory, there is only correlation between static electrons and photons.

To accomplish the task to generalize electronic-structure methods to the coupled setting, we are there-
fore confronted with two complications: the coupled electron-photon space is substantially larger than the
electronic space alone. At the same time, the mean field description that is one of the most powerful tools
of electronic-structure theory, is considerably less useful for coupled systems.! Thus, we have to approxi-
mate a larger configuration space with more expensive tools. A further substantial difference between the
electronic and the coupled electron-photon problem is the new type of interaction operator in the latter
case: whereas the Coulomb interaction acts as a 2-body operator that pairwise correlates all the particles,
the electron-photon interaction acts as a so-called 3/2-body operator (Sec. 3.3.1). This shows up in the fact
that the photon number of a system is a priori not determined - in contrast to the electron number, which is
defined by the physical problem. This has important consequences for the characterization of the photonic
state, which manifest differently in the wave-function, density-functional or RDM description.

INote that in time-dependent scenarios, the mean-field approximation of the electron-photon interaction is capable to describe im-
portant effects, such as the formation of polaritons [23, 233]. Understanding such effects also in equilibrium scenarios is one important
motivation for this work.
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The purpose of this chapter is thus twofold: on the one hand, we introduce the challenges of the first-
principles description of the coupled electron-photon problem. We present already established approaches
to deal with that and discuss their limitations. But we also comment on possible improvements and fu-
ture directions. On the other hand, this analysis provides the background for part II. We will connect there
many of the here discussed issues and features of the electron-photon problem and introduce a new way
to construct the many-body wave function. We will make use of the increased flexibility that the cou-
pled electron-photon Hilbert space offers and employ electron-photon quasi-particles, i.e., polaritons to
construct a many-polariton space. This allows to generalize the concepts of electronic-structure theory in
yet another way to the coupled electron-photon problem and overcomes several fundamental issues of the
straightforward generalizations that we present in this chapter.
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3.1. THE MANY-ELECTRON-PHOTON SPACE

3.1 The many-electron-photon space

In analogy to Sec. 2.1, let us start the discussion with the proper definition of the problem that we aim to
solve. We consider the cavity-QED setting (see Sec. 1.3.3) that is described by the Hamiltonian (Def. 1.4)

a £[1v2+()+1§ 1 +1§ 9+ 2( +A“ R)Z] (3.1)
= = v(r = = - w — , .
ol ! 2{7Iri-x;l 295 pa T Ya|Pa Wa

For the matter part of the system, this corresponds to the electronic structure Hamiltonian (Eq. (2.1)) and
for the photon part, we consider M modes (with known mode functions) that are coupled to the total dipole
of the electrons. For each mode «a, w, denotes the frequency and A, = VArS,(0)e, the coupling vector.
Here, €4 is the polarization direction of the mode and S (rp) 1/4/V is the mode function at the center
of charge ry (see Def. 1.4). To control the electron-photon coupling strength, we regard the absolute value
of g = |Ag| = VArS,(0) as a tunable parameter.2 Although H can be seen as an abstract operator (and
we will sometimes make use of this picture), we have anticipated in Eq. (3.1) already the coordinate choice
that we will employ mostly in the following: as in Sec. 2, we will describe the matter system in real space
with coordinates r. For the photon modes, we will instead consider the canonical Harmonic-oscillator co-
ordinates pq,—i0p, that are in the chosen gauge proportional to the displacement field pq < D, and the
magnetic field —id,, oc Mg, respectively (see Sec. 1.3.3). Thus, any eigenstate of H can be described by a

wave function

\F(xl)-"ny)pl)---rpM)) (32)

that depends on M photon p, and N spin-spatial electron coordinates x = (r, o), where o € {{, |} denotes the
spin-degree of freedom. Additionally, ¥ is normalized, i.e.,

1Zfdl‘l...dl‘NdpldpM\P*(Xl,...,XN,pl,...,pM)‘*P(Xl,...,XN,pl,...,pM)

=(¥|¥), (3.3)

where we generalized the ’braket’ notation to the coupled case in the last line. With these coordinates, ¥ is
antisymmetric under the exchange of electronic coordinates, i.e.,

\P(Xl)--yxiy--)xj)--nyv pl»--,pM) = —\P(Xl,..,Xj,..,xi,..,XN, ply--)pM) v l;] = 1;'--)N- (34)

Importantly, there is no symmetry with respect to the exchange of the displacement field coordinates py —
pp, since these are clearly distinguishable® We discuss this special coordinate choice in the next paragraph.
To complete the problem definition, we collect all ¥ that adhere to Eq. (3.4) in the set 6. This constitutes
a domain on which H is bound from below (and self-adjoint)4 and thus, we can define the ground state ¥

with energy Ey = (¥l HWY,) via the variational principle

Ey = inf (V|HY). (3.5)
Ye€

2This is justified, because via S¢ (0) o< 1/vV enters the effective mode volume V into the Hamiltonian. This is one of the crucial
parameters to reach strong coupling as we have discussed in Sec. 1.1.

3The indices a, B correspond to modes with different frequencies wq, w B

4This follows directly from the self-adjointness of the Pauli-Fierz Hamiltonian, see Sec. 1.3.3.
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Determining ¥ will be the topic of the following sections.

3.1.1 The multitude of many-body descriptions of photons

In Sec. 2.1, we have already discussed the antisymmetric many-electron space in great detail. Its parametriza-
tion in terms of Slater determinants turned out to be a very important tool for basically all the electronic
structure methods that we have discussed afterwards. Thus, we now want to follow the same route for the
many-photon space, which however leaves us more options. In Eq. (3.2), we have explicitly parametrized
the many-photon space by the displacement coordinates p,. The index a corresponds here to the mode
and not a specific photon. The advantage of these coordinates is their independence of the photon number.
Since the Hamiltonian (3.1) does not conserve the photon number, these coordinates allow to describe its
eigenstates with only one wave function (and not with a superposition of many wave functions that have a
different number of coordinates). This is practical for the first-principles perspective in general and espe-
cially in the cavity-QED setting, where the number of modes is not too big.

However, the most common parametrization of the many-photon space considers directly the photons,
which correspond to the quantized excitations of the electromagnetic field modes. It is an empirically known
fact that photons are indistinguishable (such as electrons) but they do not adhere to the Pauli-principle, i.e.,
many photons can occupy the same state. Thus the many-photon wave function must be symmetric under
particle exchange. If we exchange the antisymmetrization with a symmetrization, we can simply follow the
procedure of Sec. 2.1 to construct the many-electron space.® To do so, we choose some one-photon space
h! and define the n-photon space

Hl=7Rb’ (3.6)

as the symmetric product (denoted by .#) of orbital spaces. Any ¢" € 7 thus describes the state of n pho-
tons (or in general bosons), exactly as any v € .61/;] describes an N-electron (fermion) state (cf. Eq. (2.19)).
However, when we want to describe the eigenstates of Eq. (3.1), we do not know r a priori and thus, we have
to allow in principle for all possible values. The appropriate Hilbert space for this is the Fock space

F=Pns. (3.7)
n=0

A general state @ € § is a superposition of ¢” with arbitrary n.

In contrast to the electronic problem, the one-photon or orbital basis of h!, i.e., the starting point of
the many-body construction is very easy to choose. The reason is that for photons, we usually do not have
to consider external currents or variations of the refraction index [234] that would shape the photon land-
scape in a similar way as the local potential shapes the electronic orbitals. Once we have solved the classical
Maxwell’s equations to obtain the mode functions, the quantum mechanical part of the photon problem
reduces to a sum of Harmonic oscillators with the Hamiltonian

5This is how the photon many-body space is introduced in most textbooks, e.g., [10, 137, 144].
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where we have diagonalized FIph in the last line by introducing the annihilation 4, = ,/";—“(pa - wia%

1 0
@ 0pa
Sec. 4.2.2), which makes them the standard basis choice in quantum optics. Additionally, there is usually

and creation operators Ez:; = %(pa + ). The eigenfunctions of th are known analytically (see also
no photon-photon interaction term such as the Coulomb interaction and thus the description of the entire
photonic part of the system is basically as simple as the electrons-in-a-box problem (Sec. 2.1.1).

This analytical structure can be used to describe photon states in a very elegant manner. Any eigenstate
|ng) of the individual éz:; dg is given by multiple applications of creation operators to the vacuum state |0},
ie,|ng) = (Zzl 710).6 A general n photon state |¢") reads then

9™ = In1, ., nag) = (@)™ ..(@),) ™ 10), (3.8)

where n = n; +...+ ny;. This representation is already geared to the symmetry of bosons that can occupy one
state configuration with several particles and which manifests here in the fact that the mode occupations
n; can have values different from zero or one. By that, we went completely around an explicit coordinate
representation and remain in the abstract state space. We see that the problem of the basis set choice, which
was an important part of the many-electron description is basically not present for the photon subsystem.
This is an important difference between the first-principles description of electrons and photons.

However, this means that any nontrivial behavior of the photon system stems from the electron-photon
interaction”

. N M
Hine = _Zzwapa)la v
i@

that couples the electronic and the photonic Hilbert spaces.? In other words, there is no photon-only many-
body theory, at least if we remain within the Pauli-Fierz picture and do not consider theories with an effective
photon-photon interaction.? The special form of Hj,,, is also the reason why eigenstates of H are superposi-
tions of |¢™) with different n: the photon-part of the operator p, = 1/v2w, (&L + d,) does not conserve the
particle number.

The states |ny, ..., nps) are connected to the displacement representation that we have employed in Eq. (3.2)
by 92 (pa) = (Palla) = (Pal(d@y)"10). We can then express an M-mode state as

Pny,.ipg (P1y oo PM) = {P1-.pMlny, o irg) = {p1...pml (&I)”l...(&L)”M 10). (3.9)

It is now crucial to realize that although this is a valid representation of the n = n; +... + nj/-photon state,
it is not the coordinate representation of the photons. Thus, there is no exchange symmetry between the
different pyg.

Although less common, we can employ also a coordinate representation for photons in analogy to the
standard representation of the electronic wave function in terms of electron coordinates. For that, we as-
sociate every such multi-mode eigenstate |ny, ..., nys) with a specific photon-number sector, i.e., the zero-

SNote that following Refs. [200, 144], we chose here explicitly a non-normalized basis {lpl} of the n-photon sector, with
(pllply = n! for later convenience. The missing normalization factor is shifted to the resolution of identity in this basis, i.e.,
1= %Z% .... an=1 lay,...,an){ay,...,anl, where |ay,...,an) = d:;l ~~~[z2;n |0) as defined later in the text.

“Note that the form of the electron-photon interaction depends on the gauge. For instance, in the velocity gauge, one would have to
consider also the diamagnetic term that, e.g., renormalizes the photon frequency [99, 124].

8Note that although we have restricted the discussion to the cavity-QED setting, most of the general features, such as the construc-
tion of the coupled Hilbert space can be generalized straightforwardly to full minimal coupling.

9See for example Ref. [100].
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photon sector is merely one-dimensional and corresponds to |01, ...,057) = |0), the single-photon sector is
M-dimensional and corresponds to the span of Ezz |0) = |a) for all @ and so on. For the multi-photon sectors
we see due to the commutation relations of the ladder operators the bosonic exchange symmetry appear-
ing, e.g., 51215132 [0) = dlz &Ll [0) = |ay,a2) for a1, a2 € {1,..., M}. A general photon state can therefore be

represented by a sum over all photon-number sectors as

00 M
D= | X Bay..an)lan..an|, (3.10)
n=0 Ay, ap=1

where ®(ay,...,a,) = ,a,|®). It is no accident that the bosonic symmetry becomes explicit in this

\/Lﬁ (al,
representation since the different modes a determine how the photon wave functions looks like in real space

(for further details on this topic, see App. A.1).

The coupled electron-photon space

Having illustrated the principal differences between the photonic and the electronic part of the problem,
we now want to discuss the coupled many-body Hilbert space. Since every many-body space depends on
the underlying one-body space and thus also on the coordinate choice, we have several options here and we
will choose the displacement-coordinates. We choose a photonic one-body (or orbital) basis {7 (pq)} that
corresponds to the Hilbert space b, of mode a and construct the photonic space simply as

M
Hpr=Q ba- (3.11)
a=1

Importantly, the description in terms of p, allows for an easier definition of the wave function, which is the

main reason, why we employ it. The coupled N-electron-photon space is hence given by
€ =9He® ﬁph

®h') ®ha,

(3.12)

where h! is the electronic one-body space and < is the antisymmetrizer (see Sec. 2.1). € is a proper con-
figuration space of the minimization problem (3.5), that we have to explore to find the ground state wave
function of the QED Hamiltonian (3.1).

3.1.2 The many-electron-photon wave function

Let us now see how we can parametrize wave functions of € to perform the variational minimization. For
simplicity, we consider a system consisting of 2 electrons that are coupled to one cavity mode with frequency
w and coupling vector A. This setting is already sufficient to illustrate the main challenges of the coupled
problem. The many-body wave function is represented in real space with two electronic and one photonic
variables ¥ (x1,X2, p), where x = (r,0) is a spin-spatial coordinate. We choose an electronic basis set {y/(x)}
and a photonic basis {y" (p)} and expand

AR (Wi x) Y (2) — w2y (x1) 1" (p)
\/_ kin (3.13)

=W[AY].

Y (x1,X2,p) =
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The normalization of the wave function manifests then in the sum rule Y5 ; , | A, |2 for the coefficient tensor
elements AZ 1€ C. We see that additionally to the electronic Slater determinant, that adds one index for each
electron to the coefficient tensor, we get one photonic index for every mode.'?

The Hamiltonian (3.1) for this scenario reads explicitly

. 1 2 1
H:% —Evi+u(rk)+§(/1-rk)2 —kapA.rk +%(—%+w2p2)+ P TAT A, B19
= [ —

~

- A ~
He=Y  he@=Y lt+v+hseth 1 (xy) HeP=Y2_ her’(rkp) He Hee=Ree(ry,r2)=[w+hse 2] (r1,r2)

For the chosen gauge (see Sec. 1.3.3), the interaction between electrons and photons appears in the bilinear
interaction term H°” and in the purely electronic dipole self-interaction A%/ = %Zi j=; A1) (A-)) that
has a one-body (last term of A°) and a two-body contribution (last term of A¢).!! The energy expectation
value of this Hamiltonian computed with the ansatz (3.13) leads to an expression of the form:

E=E[A})]
=(P[A} I HYA})]) (3.15)
=E°[A})] + EPM (A} + E®P LAY + E“[A7),

Here, we have defined the electronic and photonic one-body energies E¢ and EP

E°[A})] = ZZ (AL AL = A AL (Wi RO ) (3.16)
k’klr
EPMAL) =3 Y A A " PR, (3.17)
r',r kl

the electron-photon interaction energy E¢P

EPLAY) Z——ZI;C;(A,’C,’;AM A AL (el Arl ¥ (o Py, (3.18)
r’ r !

and the electron-electron interaction energy E¢¢

E°°[A})] = ;];CIZ (A AL — AL AL (Wi W R Y W) . (3.19)
We see that the (exact) minimization of E [AZ 1] is comparable to the minimization of a 3-electron problem
and merely requires the implementation of the extra energy terms. In fact, on the exact wave-function level,
electronic and photon degrees of freedom are very similar. However, such a description is numerically infea-
sible already for most electronic problems. If also the photon modes have to be included, such descriptions
will be even more limited. This is illustrated by the fact that the largest matter-photon problem that has
been solved exactly so far consists of three particles (electron or nuclei) and one photon mode [235].

10we remind the reader that including more modes in this representation would not require any further symmetrization, be-
cause the p coordlnates are distinguishable. For example, the 2-electron-2-mode wave function reads W2, (X1,X2, p1,p2) =
3 Zkl s A" (WD (2) = (k) (1)) 1™ (P A2 (p2).
Hye remind the reader that this term is gauge-depended. In the velocity gauge for example, the Hamiltonian would exhibit the
diamagnetic term instead of the dipole self interaction. However, the bilinear interaction term instead is always present (though the
physical meaning of the photon observables change). See Sec. 1.3.3.
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The mean field approximation: “Hartree-Fock for QED”

The substantial differences of the coupled electron-photon space become explicitly visible, when we try
to approximate the wave function. Let us as a first example consider the equivalent to the single-Slater-
determinant ansatz of HF theory, which is called the mean field (MF) approximation. This means that we
have to consider the simplest wave function that adheres to the symmetry (3.4), i.e., one basis element of
the coupled many-body space €. This is simply the product of one Slater determinant (the HF ansatz) and
a photon orbital

M (x),%5, p) =WHF (x1,%2) x (p)

1 (3.20)
:ﬁ (v1x) P2 (x2) — w2 (x2) w1 (x1)) X (p),

with the corresponding energy expression
EME = (@MF| foMF) (3.21)

2 2
=) Wl hy) + IR ) — o Y Wil Ay lpx) + (@l R lyiwe) — iyl R lyayn)).
k=1 k=1
We see that the MF ansatz (3.20) entirely decouples electron and photon degrees of freedom, which has severe
consequences for the quality of the approximation. This is well-illustrated by discussing the electronic and
photonic subsystems separately. The electronic part of the energy expression is given by

2

EMEe =N (yrpl(h° + Vo) Wi) + ((W1wal ke lyrpa) — (uwal R wayn)), (3.22)
k=1

where we have defined Upn(®) = —w{xIpx) A-r. This is structurally the same expression as in HE but with a

modified local potential and two-body interaction kernel. The photon-part of the energy reads

EMEPR = (x| P y) - wA-R{XIpY), (3.23)

where R = Zizl (yIryy) is the total dipole of the electronic system. We see that on the photon side, we have
just a harmonic oscillator that is shifted by the electronic total dipole moment.!? The eigenstates of shifted
oscillators are coherent states which are very closely connected to classical fields [89]. Many systems such as
atoms but also many molecules do not have a static dipole, i.e., R = 0. In this case,

EMEPR =y P ),

which yields the photon vacuum-state y° as lowest energy state. The photon contribution to the total energy
is the trivial vacuum energy in this case. This important result can be generalized to arbitrary many modes
and particles [39]. We see that the MF approximation entirely neglects the quantum nature of the electron-
photon interaction.

With the ansatz of the form (3.20), we have derived coupled “Maxwell-HF” theory. Within this approach,
we cannot describe quantum properties of the electro-magnetic field beyond coherent states, which are
essentially classical [89, Ch. 2.1]. This is very different for the electronic mean-field theory, i.e., HE We have
seen in Sec. 2.2 that the antisymmetry of the HF ansatz alone adds the Fock term to the equations, which

12Note that the dipole moment becomes the full electronic current in the general minimal coupling setting.
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is not derivable by any classical theory, and that significantly improves HF over the semiclassical Hartree
theory. On the contrary, the description of any “quantum effect” due to the electron-photon interaction
requires a multi-reference (correlated) wave function.

This does not mean that coupled Maxwell-HF theory or more generally, coupled Maxwell-matter the-
ories are not a reasonable extension of electronic structure theory. A prominent example is the coupled
Maxwell-Kohn-Sham approach, that calculates the Slater determinant of ®F with the KS-DFT machin-
ery [236, 237, 23]. Possible applications include the theoretical description of high-harmonic generation
[238], attosecond physics [239] or molecular systems weakly coupled to the modes of a cavity [233]. The
semiclassical approach is especially powerful to investigate time-dependent phenomena, where the solution

of Maxwell’s equations and their self-consistent implementation with the KS equations is highly nontrivial.

Inclusion of correlation: the generalized mean-field ansatz

To investigate the role of the quantum nature of the photon-field in cavity systems, we have to go beyond
the MF approximation. The straightforward way to do so is a more general wave function ansatz, which we
briefly want to discuss in the following.

We have concluded already that the configuration space of the ansatz (3.13) is not practically useful be-
yond very simple systems. If we nevertheless want to employ a wave function, we therefore need to truncate
the configuration space in a reasonable way. For that, we can utilize our knowledge about the electronic sys-
tem that is quite accurately described by, e.g., one Slater determinant (HF or KS-DFT). To make use of this
information, we could try to extend the mean-field wave function in a systematic way with the idea to re-
main as close as possible to the single-reference ansatz in the electronic subsystem. For instance, we could

use the mean-field ansatz ®MF

as a kind of basis and build the full wave function from superpositions of
different such ®¥ — ®" that we denote by an index r. One can see this as the “many-body generalization”
of the cavity-QED models of Sec. 1.2 (from Eq. (1.16) onwards): the ®" represent the electronic “levels” that
are coupled to the states of a photon-mode. We call this the generalized MF ansatz and for our 2-electron-

1-mode example, the corresponding wave function reads

B
DEME (%), %5, p) = ) AT (x1,%2, )

r=1

1 B
=7 > A" (p] )yl (x0) —wh )y (x1)) X (p), (3.24)
r=1

where the expansion coefficients A" € C satisfy the normalization condition Zle |A"]? = 1. In this expan-
sion, we have sorted the problem according to the photon states that define different sectors labelled by r.
Note that only the full Slater determinants (" oy =6 .+ between different photon sectors are orthogonal,
but not the electronic orbitals alone, i.e., (w:lu/;/) # 0, . Only within one sector r, we have (1//1”1[/;) = 6l-j.13

Clearly, this expansion is equivalent to the full many-body ansatz (3.13) for a complete basis set (B — c0).
The central idea behind Eq. (3.24) is that the number B of included MF states ®" is small. The corresponding

generalized MF energy expression reads

_re ph ep ee
=Eemrt Egmp t Egyr + Egur

131f we assumed instead that <u/lf |1//;’) =066, ., the electronic and photon subsystems would decouple as in the MF description.
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B 2 1 B 2 , , ,
ZZ|A’|2<w,§|hew;>+5 YooY ATTAT T IRP AT (vl

r=1k=1 r',r=1k",k=1
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=S Y Y AT aT (A ) - i Ay @l v ) ey

r',r=1k#l=1
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B

Z 2 (wiwslwlyiws) — wiwslwlyiwh).

Let us briefly analyze the occurring terms. The purely electronic contribution is just the sum of the standard
MF terms of the involved Slater-determinants,

B B
2 2
E;MF+E§?\/IF =Y |ATPE; + ) |ATIPE°
r=1

r=1

where we have defined E¢ = Z _ (wilhy?) and Ef° = (iwlheelyiwh) — Wiyl | heelyhy?!)). This corre-
sponds to B HF problems, which is manageable even for large B.

We continue with the two terms that involve the photon states. Interestingly, we see that the photon

energy term
ph 1 & 2 e a1 1 DT ooy
Egup=3 2. 2 ATTATGTIRIYD iy
r',r=1k",k=1

that in the full many-body description (Eq. (3.17)) was a one-body term (involving only the (y" "|hP &)
now also requires the calculation of the overlap integrals <WZ// W’D between all the electronic basis elements
of all the photon sectors. Thus, the B HF equations are seemingly coupled due to this term, which spoils
the advantage of the construction. However, we have not yet made use of the freedom to choose the ba-
sis functions y". For instance, if we choose the eigenstates of aph e, AP U =wlr+ %) {(x"), we have
(x’/ | ﬁph)(’) 0 and thus the overlap integrals between the different r-sectors (wlrc” Iw,’C) = sz W’Z) =0k k
vanish. The energy expression reduces then to

hy, T r
n HPMYO= w(r+2)l)( )
MF — Z A" Po(r+1). (3.25)

This is exactly the representation that we have employed to derive the cavity-QED models and it makes also

the photon-energy term in this generalized MF description manageable.

The only missing term is the electron-photon interaction that reads
w B 2 % ’ ’ ’ ’ ’
Egnr="3 . Z AT AT (G 1Ay R Ty = i i ol v e (3.26)
r'r=1k#l=1

This most-complicated term of the energy has three different contributions: the transition dipole matrix
elements W/Z,"f"v”i% again the electronic overlap integrals (y/] 'It//p and the photon-displacement matrix
elements (y" |px”). Since we have chosen a photonic basis, which we know analytically, we can further
simplify this expression. We identify p = 1/v2w(a+ a') and utilize a' |y)" = vr+1|y)" L, aly) = Vriy) !
to re-express

, AP yTy= w(r+ Ly 2
o px" 2 (V1801 +Vr8p 1), (3.27)
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which reduces the double-sum over r, r’ to one sum that couples only neighboring photon sectors. However,
we still have to compute the overlap integrals (u/l’ lercil) for all combinations of (k,r) and (I, r + 1).

Instead of the eigenstates of APh we could also choose the eigenstates of p, i.e., coherent states as a
photon basis. This would remove all the coupling elements in the E;’X/IF—expression, ()(”Ip)(’ ) — 06, in
the same way as the eigenstates of H”" remove the overlaps in the photon energy before. However, since
[AP", p] # 0, there is no basis that diagonalizes both operators at the same time and thus, we cannot avoid
the calculation of the overlap integrals: we are fundamentally confronted with the problem of determining
B coupled Slater determinants.

This might seem simpler than solving the standard ansatz (3.13), but instead the configuration space
grows here even faster with the particle number. To see this, we consider the N-electron-1-mode wave
function

\F(xlr---)XNr p) :ZAr(Dr(xlr---)XNy p)
r

=) ATV (xp,..x0) 1 (p), (3.28)
-

. . . _ 1 i
with the electronic Slater determinants W' (xy,...,Xy) = i Z,,jepN(—l)fw;j(D(xl) YL o0 XN, where Py

.
T j (N
denotes the permutation group on N elements and the index j is chosen such that it is even (odd) for an

even (odd) permutation 7; € Sy. With this ansatz, we calculate the electron-photon interaction term
e 1 r's a1 o1 r
EP=—0— > A" A (x" Ipx")
N! r'r

x Y, (=p™ (w/frt;(l) |;L'r“//;j(l)) W’yrz,,v(z) |Wzrzj(2)> e <1//7rt’i(N) |W7rrj(N)>) . (3.29)
Ti,7 €Pyn

The permutation group Py has N! many elements over which the double sum in the second line runs. This
means that even if we only take two different photon states into account, we have to calculate in princi-
ple N'> many integrals. This number is enormous since the factorial function!* x! = \/xx*e™* grows even
faster than the exponential. In a practical calculation many of these integrals would be zero, since the cou-
pled Slater determinants usually do not differ in every basis function. Nevertheless, the principal problem
remains, which illustrates the intrinsic difficulty of the (many-body) description of polaritons.

The only practical way to utilize the efficient description of electronic structure methods in the coupled
setting is to employ the rotating-wave approximation that we have introduced in Sec. 1.2. This means that we
project the wave function on the single excitation space [241], which would remove the r-index in Eq. (3.26).
This is a reasonable approach for certain physical settings, especially for time-dependent systems, if the
photon mode is close to resonance with a matter excitation. However, for the description of ground states,
this approximation breaks down [24] and generalizations are very difficult [96].

3.2 Quantum-electrodynamical density functional theory

The analysis of the previous section showed that a wave function description of coupled electron-photon
problems beyond the mean-field level is quite challenging for larger systems and many modes. However, the
mean-field wave function, i.e., the generalization of the HF ansatz cannot capture the quantum effects due
to the photon interaction, and is thus not sufficient to describe, e.g., strong-coupling phenomena. For that,

14 According to Sterling’s approximation for factorials [240, part 4].

99



CHAPTER 3. LIGHT AND MATTER FROM FIRST PRINCIPLES

we need first-principles methods that are capable to capture electron-photon correlation. The most efficient
and at the same time very accurate way to describe correlated electronic systems was the KS construction of
DFT that we have introduced in Sec. 2.3. Instead of the wave function, DFT employs the electron (one-body)
density p(r) as fundamental variable, which can be very accurately approximated by considering the KS
system, i.e., a non-interacting auxiliary system. We have mentioned already in Sec. 2.3 that the Hohenberg-
Kohn theorem that justifies DFT can be generalized to many other scenarios [166] including Pauli-Fierz
theory and its limits [39, 242]. This allows to define QEDFT, which we want to discuss in the following.

Ruggenthaler et al. formally defined time-dependent QEDFT!® [39] and ground-state QEDFT [242] for
the full hierarchy from the full relativistic regime (neglecting the mathematical problems that we mentioned
in Sec. 1.3.1) to model systems in the long-wavelength limit. These works connect the two precursory pub-
lications by Ruggenthaler et al. [245] in the relativistic regime and Tokatly [246], who first considered the
cavity-QED setting. A possible theoretical framework for the equilibrium phenomena of polaritonic chem-
istry is thus ground-state QEDFT [242].

QEDFT and the KS construction

Let us start with the basic theory of QEDFT in the cavity-QED setting described by Hamiltonian (3.1). We
formally include the time-derivative of an additional external mode-resolved current j,'6 that couples to
the photon field. The Hamiltonian then reads

q §[1v2+()+1§ ! +1% 62+2( +A“R2+j“ (3.30)
= =V +v(r; -) ——+=) |- w — —Pal- .
ol ! 27—l 27 pa T Pa|Pa Wa wap“
The ground state of H is described by a wave function of the form
W (X1, o0 XNy Py ooy PM)- (3.31)

Note that the external current j, plays the same role for the photons as v(r) for the electrons.!” Correspond-

ingly, the pair of internal and external variables that are in one-to-one correspondence are [246]

(P®), (pa) == (W), {ju)), (3.32)
where
,0(1') = <\Ij|ﬁ(1‘)\y> = fdrN_lrde‘P*(r)rZw--)rN) pl,---;PM)\P(r,rZ;---;rN; P1)--e pM)) (333a)

is the one-body density as in standard DFT and

Pa ={¥|ps V) =fdrNrde‘P*(rl,rz....,rN, D1y PM) PP (X1, T2, o0, EN, D1, oeey PM)- (3.33b)

15For the time-dependent setting is not captured by the Hohenberg-Kohn theorem, but needs to be generalized. This has been
shown first by Runge and Gross [243] for the special case of analytical external potentials and was generalized to a very broad range of
potentials by van Leeuwen [244].

16Note that we have to consider the time-derivative because of the chosen length-gauge, where py, is proportional to the displacement
field. In the velocity gauge for example, we would use the vector potential as principal variable, which couples directly to external
currents. Thus, strictly speaking, we consider a quasi-static situation here. In practice, this is just a technical detail and thus, we will
not further comment on the time-derivative.

17Note that in the time-independent case, ja is equivalent to an external vector-potential [242]. We thus do not have to consider
external vector-potentials in addition to jg, which is in contrast to the (most general) time-dependent case.
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is the expectation value of the displacement-field of mode a.

To facilitate the functional construction, the obvious next step is to consider an auxiliary system that we
can describe efficiently. The straightforward generalization of the KS system in DFT, is a non-interacting or
mean-field system in the coupled space, i.e., a system described by the mean-field wave function

Q% (r, ety IN, Py oo PM) = W1 (D) - W) = X1 (1) -+ XM (P M) (3.34)

that we discussed in the previous section for N = 2 and M = 1. We call this the KS construction for QEDFT
(KS-QEDFT) and for the electronic orbitals v;, the according KS equations read

M
€M) = [ -3V + 00 + ) (Wa (Pa) + Ao - (R) Ag - R| ;1) (3.35)
a

Note the we explicitly included the expectation value of the displacement (p,) = (®°|poP°) of the photon
field modes and the expectation value of the total dipole (R) of the matter system. We explicitly added the
(- symbol to differentiate these mean values from the operator R. The whole last term in Eq. (3.35) thus
represents the mean-field contribution of the electron-photon interaction term (see the according term in
Eq. (3.21)), i.e., the straightforward generalization of the electronic Hartree part potential (see Eq. (2.36)).
The KS potential

M
Us(@®) = v(@) + Vi [0, (P 1@ + ) v(’i,’;c [0, {Pqa}](r) (3.36)
a

of KS-QEDFT consists of three main parts. The first two terms are equivalent to KS-DFT, where v(r) is the
external potential and v{, . is the usual Hartree-exchange-correlation potential (cf. Eq. (2.57)) that describes
the Coulomb interaction between the electrons. The third term is new and constitutes the (mode-resolved)
photonic exchange-correlation potential vé’i’cc that accounts for the electron-photon correlation.

The equations for the photonic subsystem are much simpler because the coherent states of the mean-
field ansatz can be equivalently described by their mean-value which are the (classical) displacement coor-
dinates p,. The corresponding eigenvalue problem is given by the time-independent Maxwell’s equations.
These reduce to the trivial equality

02 Pa=wad- (R) + i—“ (3.37)

a

The problem of a non-interacting KS system

This shows again the difficulty of the time-independent electron-photon problem: If we consider the case,
where j, = 0and R = 0,'® the photon part of the KS system does not contribute to the solution. Additionally,
we lose all the mean-field part of the Kohn-Sham equations that in this scenario read

€idi(r) = [-3V% + vs(0)] i (1) (3.38)

It is important to realize how general this situation is, since it includes all atoms and also all molecules that
are aligned in a inversion-symmetric way with respect to the polarization direction such that 1-(R) = 0.

N

18This is the case for, e.g., all centrosymmetric potentials v(r) = v(-r), where (R) = 3.7 |

the reference ry for the dipole-operator.

(r; —rp) =0, if we chose the center of mass as
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For example, all the concrete problems that we will discuss in the rest of this thesis will be systems of this
category.

On the one hand, this means a simplification of the problem. We only need to solve a set of KS equations
that are exactly as difficult to solve as the purely electronic system. On the other hand, this means that all
quantum effects due the photon field are carried by the new exchange-correlation potential vgzc, which
we do not know. Additionally, we do not have direct access to non-classical observables of the photon field
as, e.g., the photon-number. The reason behind this is obviously our choice of a non-interacting auxiliary
system. Since there is no symmetrization between the electronic and photonic Hilbert space, we cannot gain
“quantumness” only by considering a properly symmetrized ansatz. In other words, there is no exchange
contribution of the electron-photon interaction.

Dynamics vs Statics in QEDFT

As we have mentioned in the beginning, QEDFT was first formulated for the time-dependent case, which
means that we have to solve the time-dependent version of the coupled KS equations (3.35) and (3.37) self-
consistently. So far QEDFT was mainly applied in this setting, which we therefore briefly want to discuss.
Interestingly, the accurate description of many time-dependent problems is actually easier with QEDFT than
of ground states. The principal reason is that in the time-dependent case, already the mean field, i.e., the
classical electromagnetic field does contribute nontrivially to the problem. The simplest approximation of
such a time-dependent QEDFT just disregards vgﬁw completely, which is equivalent to the Maxwell-Kohn-
Sham approach that we have mentioned in Sec. 3.1 and which leads to a very good description of the weak
(and sometimes intermediate) coupling regime. For instance, the linear response of many systems is cap-
tured well [233]. It has also been shown how one can in principle include the nuclear dynamics into the
description and present accurate results on the level of Ehrenfest dynamics (nuclear mean field) (247, 248].
A good overview about the applicability and the actual state of (time-dependent) QEDFT can be found in
the review by Flick et al. [249].

As a final comment for the time-dependent case, we would like to mention the publication of Wang
et al. [250], in which the authors connect QEDFT to cavity-QED models. They show that indeed for small
coupling strengths the cavity-QED models describe the principal physics very accurately. This is a first step
in the direction of one of the important applications of first-principles theory, that is to define the range of
applicability of model descriptions.

Photon-exchange-correlation

Despite the interesting results that have been obtained on the mean-field level and the many conceptual
insights that we could gain already only by establishing the general theory of QEDFT, we have to go beyond
that for our ground state problem. Thus, we are faced with the most difficult part of every type of DFT, i.e.,
the approximation of the unknown exchange-correlation functional UZ,];C. Only one functional has been
proposed so far by Pellegrini et al. [251], which is a generalization of the optimized effective potential (OEP)
approach to standard DFT (see Sec. 2.3). This approach allows to construct a functional on the basis of per-
turbation theory by using a connection to the Green’s function formalism [144]. Based on this connection,
Pellegrini et al. developed the photon OEP, which considers a lowest order perturbative correction of the ef-
fective potential, i.e., it takes one-photon processes into account. This is the straightforward generalization
of the exact-exchange approximation in KS-DFT that we have mentioned in Sec. 2.3. As in the electronic
case, the photon OEP goes beyond standard perturbation theory, which is used to calculate a correction to
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an already determined ground state. Instead, the photon OEP is a nonlinear functional of p that has to be
included self-consistently when we solve the KS equations.

Unfortunately, using the photon OEP in practice is numerically very expensive and difficult to con-
verge [247]. This is a well-known problem of the OEP approach (regarding photonic or electronic cor-
rections) and the reason why the OEP is rarely used explicitly. Instead, the Krieger-Li-Iafrate approxima-
tion [252] is very common that captures the main features of the OEP quite accurately for relatively low
computational costs and good convergence properties [253]. Unfortunately, the generalization of the KLI-
approximation for the photon OEP is severely less accurate than in the electronic case and thus not very use-
ful in practice [247]. Another severe drawback of the OEP functional with regard to strong-coupling physics
is its limitation to one-photon processes. Flick et al. [247] analyzed this for an exactly solvable system and
came to the conclusion that the photon OEP starts to fail, when two-photon process become important in
the electron-photon interaction. Since this is a hallmark of the strong-coupling regime, we need functionals
that go beyond the photon OEP to describe many of the phenomena of polaritonic chemistry.

Comparing to the history of DFT, it seems very probable that once an accurate photon-exchange-correlation
functional has been found, KS-QEDFT will become the standard tool to describe coupled electron-photon
problems. However, there are also alternative routes as we will show in part II that provide a valuable addi-
tional perspective. This might be helpful not only for the functional construction (see also the Outlook in
part IV) but also for possible scenarios, where such a future functional is inaccurate. For instance, the emer-
gence of polaritons in the strong-coupling regime shows that the electronic and photonic subsystems are
strongly mixed, which corresponds to a strongly correlated character of the wave function. The experience
from KS-DFT shows that the non-interacting auxiliary system is not a good starting point to describe such
systems. It is thus possible that we will face a similar challenge, when we want to describe strongly-coupled
systems with KS-QEDFT.

3.3 Reduced Density Matrices in QED

In this section, we generalize the concept of reduced density matrices (RDMs) to the coupled electron-
photon space. Although in principle straightforward, the coupled light-matter problem poses many new
challenges to an RDM description, because of the special form of the electron-photon interaction that is
not particle-conserving. Nevertheless, it is possible to define a variational RDM theory and RDMFT (QED-
RDMEFT) also in the coupled setting.

3.3.1 Reduced density matrices for the electron-photon space

We start with the generalization of the concept of RDMs to the coupled electron-photon problem. For that,
we analyze an N-electron-M-mode system in terms of the RDM description, following the same procedure
as in Sec. 2.4.1 for the N-electron problem. We follow here the section Reduced density matrices for coupled
light-matter systems of Ref. [1]. To ease reading, we shortly recapitulate the most important definitions of
Sec. 3.1.

We consider the cavity-QED Hamiltonian

a %[1v2+()+1% 4:4; +lf 02+2( 41 R)z] (cf. 3.1)
=) |ZVi +v@E) |+ =3 |- w —=. , cf. 3.
rl2 " Y2 25 P P e
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which we split for later convenience in the contributions
H= T+ V+W+Flph+ﬁint+ﬁself,l+I:Iself,2r (3.39)

where

L Ny, N . 1% giq;
TZZEVP, VZZU(ri); WZEZW,
i i i£j 1M J
1Mnh Ne Mphn
£ _aia +w?€pi], Hine = _Z Z WaPalda-Ti,
i «a

1

A 1 Ne 2 A 1 Ne
Hself,lz_Z(Aa'rj) v Hself2== Z (Aa'ri)()la‘rj)-
23 2 i4i=1

The Hamiltonian (3.1) has eigenstates of the form

\P(Xl,...,XN, pl;u-r pM)) (Cf. 3.2)

where x = (r,0) are spin-spatial coordinates. The wave function ¥ is antisymmetric with respect to the
exchange of any two x; < x; and depends on M photon-mode displacement coordinates p, (see Sec. 3.1.1).

Though RDMs and their properties are quite general objects that can be defined with respect to any wave
function or density matrix, their form and their role is most obvious, when we calculate expectation values.
The prime example is the energy expression that we use to define the ground state of a system. According
to the variational principle, the ground state of the Hamiltonian (3.1) is the (possibly degenerate) state that
has the lowest energy expectation value

Eol¥] = igf(‘l’lﬁ‘?). (3.40)

We have discussed already that this minimization is not useful in practice, since it is has to be performed over
the configuration space spanned by all possible many-body wave functions, which builds the exponential
wall. However, the full wave function is usually not necessary to compute the energy expectation value but
typically only RDMs are sufficient. This reduces the configuration space enormously because the coordinate
dependence of RDMs is independent of the particle number (see Sec. 2.4).

The RDM perspective and coupled light-matter systems

In analogy to Def. (2.77), let us now define the gRDM for photons or, more generally, bosons by integrating
over all but g particle-coordinates. For that, we need an according wave function representation as dis-
cussedin Sec.3.1.1 (@ in Eg. (3.10)). Thus, we consider an Nj, boson state in the representation v (ay, ..., @n,)
and define the corresponding bosonic gRDM

M

(@) o Iy Np!
Fb (al,...,aq,al,...aq)—m Z
Ag+lren@N, =1

Y3 (@) ey Ay A1y oy AN Y@Ly gy A1, ooy AN (3.41)

Equivalently to the electronic case, we denote the 1RDM by y,(a, B) = Fg) (a; B). But this definition is not
sufficient to describe expectation values of the Hamiltonian (1.37). Because of the form of the electron-
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photon interaction, the number of photons is undetermined and we need to work with Fock-space wave
functions |®). For the 1IRDM, we generalize the definition (3.41) as

o] M
n(a,ﬁ):(dﬂa;aa@): Y Nl Y viBaz..an)vp(@az...an,)| (3.42)
N;=0

az,...,aNb =1

We see here why the coordinate-representation is normally not used for photon states. Since their particle-
number is usually not fixed, the description becomes highly cumbersome. The abstract definition of |®)
together with the annihilation (creation) operators fzg ) are much simpler. Thus, we consider in the following
the general bosonic Fock-space gRDM directly via

aaq ...aal

(@) ] Iy _ AT AT
Fb (051,...,aq,cxl,...,ocq)—<<I>|aa,1 a, D). (3.43)

a
The fermionic and bosonic RDMs can be extended to the coupled fermion-boson case straightforwardly by
just integrating/summing out the other degrees of freedom. That is, if we have a general electron-boson
state of the form of Eq. (3.2) we can accordingly define l"ff) = (N%Iq)! 201,0N SBN=Dr dMp P* Y as well as

(q) _ ~T AT ~ 19
Fb = (‘I’laa,1 ~--aa,qaaq o lg, W),

In a next step, we see whether these standard ingredients of RDM theories are sufficient to express the
energy expectation value of the Hamiltonian of Eq. (3.1). For the purely electronic part, the different contri-
butions can be expressed either explicitly by the electronic 1IRDM or by the electronic 2RDM. As the general
prescription of Def. (2.77) tells us, all expectation values of the single-particle operators of H are given in
terms of the 1RDM. These are the standard electronic operators 7" and V but also the single-particle part of
the dipole self-energy Heol £,1- We can thus write

Tly.l = f Cr -1V Y@ ) por, (3.442)
VIyel :fd3r[v(r)]ye(r;r), (3.44Db)
M
Hapalyd = [ @r| ¥ e n? | yewn (3.440)
a=1

as functionals of y,. The latter two energies are actually functionals of merely the electronic density p(r) =
Ye(r;¥). As before, the subscript |-, indicates that r’ is set to r after the application of the semi-local single-
particle operator — % V2. The expectation value of the electronic interaction energy W and the two-body part
of the dipole self-energy ﬁf) are given in terms of the (diagonal) of the 2RDM by

wiry) =1 f a®rd®r' we, )T @, v;r,r), (3.45a)

M

HPr?1=4 f Erd®r' | Y Ag 1) (Aa ) | TP @, ;1 1). (3.45b)

a=1

Hence, for the electronic operator expectation values little changes in comparison to a purely fermionic
problem, except that we have a coupled electron-boson wave function and the extra contributions of the

dipole self-energy. For the purely bosonic part of the coupled Hamiltonian we can do the same and find (see

19Note that to actually calculate the latter case, we have to employ the connection (3.9).

105



CHAPTER 3. LIGHT AND MATTER FROM FIRST PRINCIPLES

App. A.1 for further details about the Hamiltonian for different representations)

M 1 & w2 ) M 1
Hpplypl =<¥I14 D [—g—apz +E pa] MOEDY (wa+§)7/b(a,a). (3.46)
a=1 @ a=1

We see that the photon-energy functional resembles structurally exactly the electronic one-body expres-
sions (3.44a). This is of course due to the construction of RDMs, but nevertheless it is remarkable, since
we deal with two different particle classes. The underlying exchange symmetry of an RDM is instead en-
coded in what we introduced in Sec.2.4.1 as N-representability conditions. For the 1RDM of (fermionic
or bosonic) ensembles, the conditions are simple and they are most easily expressed in the eigenbases
Yeib = 2 n;?/ b ( le y b)* ([)é ,,» Where the (pé ,, are called the natural orbitals and the né ,,, the natural occupa-
tion numbers. Then, the conditions are

0<nf=<l, (3.47a)
0=<n, (3.47b)

for fermions and bosons, respectively. Let us recall our example of the n = n; + ... + nj/-boson state that
describes, e.g., photons occupying mode 1 with n;, mode 2 with n, photons etc. From the definition of
the bosonic 1RDM it is obvious that n; = nf’ in the above expression and thus, we see how the bosonic
character of photons is directly transferred to the N-representability condition. In practice, this means that
any positive-semidefinite matrix can be a bosonic 1IRDM, which makes the conditions much less stringent
than in the fermionic case, where the Pauli-principle translates to the upper bound for the n?. Additionally,
if the particle number N,,j, of one species of the system is conserved, the respective sum-rule

oo b
Y né'P= Ny (3.48)
i=1

becomes a second part of the N-representability conditions. Thus, in our case, we have yet another con-
dition for the electronic part of the system, but no further bounds for the photons. We mention this here
to stress that the IRDM N-representability conditions for electrons reduce the configuration space of valid
1RDMs quite strongly. If we want to build some kind of RDMFT, this is on the one hand numerically chal-
lenging, because we have to test these conditions, but on the other hand it is really helpful, because then
any approximation to the interaction functional needs to carry less “information.” We discussed in Sec. 2.4
a similar example of the more stringent N-representability conditions that refer to pure-states and not only
ensembles. Theophilou et al. [206] showed that enforcing the pure-state conditions in RDMFT yield more
accurate results than enforcing only the ensemble conditions for the same functional. This indicates that
the functional construction in a theory that is based on the photonic 1IRDM might be more difficult.

The problem of the electron-photon coupling: we need a new type of RDM

However, the coupled electron-photon theory provides us even more intricate problems in terms of RDMs
and representability conditions. The bilinear coupling term H;,,;, which is the key quantity of the coupled
theory cannot be treated by the qRDMs, that we have defined in Def. (2.77) and Eq. (3.43). Formally, we
could write

M
H[T&?1=(¥| [ Y —wapada-D| W)
a=1
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a 2 (4 . R
=a;—wa<\y| w—a(aama);ta-n

with a new reduced quantity that mixes light and matter degrees of freedom and can be interpreted as a

v, (3.49)

“3/2-body” operator F(E%Z)(a;r, r'). This can be best understood, if we also lift the continuous fermionic
problem into its own Fock space and introduce genuine field operators QZ(ro) and ¥, (ro) with the usual
anti-commutation relations. Similarly to the discussed bosonic case, the electronic RDMs can then be writ-
ten in terms of strings of creation and annihilation field operators [254]. We re-express

(¥ [(a} 1 aa) Ao D] ) =Zfd3r<\y|

(a5 + ) WL x0) o (x0) (Ag 1) | )
and define

r&2 @) = ¥ i (ah + aa) plaorpe o) w). (3.50)

g

We can now re-write Eq. 3.49

M
HTE?1=Y —\20, f &r(Ae - nTE P (@51, (3.51)
a=1

The “property” of the bilinear interaction term to create/annihilate bosons by interacting with the electronic
subsystem is thus directly connected to the half-integer index of the corresponding RDM. This is clearly the
straight-forward generalization of the gRDMs. However, this definition is only useful if we understand its
properties. First of all, we note that the 3/2-body RDM has in general no simple connection to any gRDM,
similarly to the connection formula (2.84), even if we extend the definitions to include combined matter-
boson gRDMs. If we consider for example the integration | drl“fgz) (a;1,1), we will have a function that
depends only on a and thus will be related to some kind of a bosonic 1/2-body RDM. We refrain at this point
from a precise definition of such half-body objects since we will not further discuss them. However, one
obvious reason for this is that gRDMs conserve particle numbers, while half-body RDMs do not.

We want to finish this discussion with a simple example, that shows that the information of the photonic
1RDM vyp(a, B) = (d)léz;ri G, ®) is different from the photonic 1/2RDM F;}” D) = (@Id;@). In the special case
that |®) consists only of coherent states for each mode (which essentially means that we have treated the
photons in mean field) and since the coherent states are eigenfunctions to the annihilation operators, we
find yp(a, B) = d; d, where dy is the total displacement of the coherent state of mode a. In this case we
also know (CIJIcAz;(D) = d;. If we now assume all but one mode, say mode 1, having zero displacement, then
we only know y(1,1) = |d;|? from the bosonic IRDM. We do, however, in general not know what d; is. For
other states, such a connection is even less explicit.

Variational RDM theory for NR-QED: The representability problem

Putting the interrelations among the different RDMs aside for the moment, the minimization for the coupled
matter-boson problem can be reformulated by

E, =i$f(\IJ|H‘{J)

= inf {(T + V) Iyel + (W + Hg) TP + Hyplypl + Hy T } : (3.52)
e L& yp I8P —w ’
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So in principle, we could replace the variation over all wave functions W by their respective set of RDMs
needed to define the energy expectation values. Instead of varying over the full configuration space (xi, ..., Xy,
p1,.-, pum), the above reformulation seems to indicate that we can replace this by varying over (r,r’) for the
diagonal of Fﬁf) and also for the 1IRDM v, together with a variation over (a, ) for y;, and over (a,r) for l“féz).
Such a reformulation is the basis of any RDM theory, and for electronic systems the properties of RDMs have
been studied for more than 50 years [195]. As we have seen in Sec.2.4 for the electronic case, this seeming re-
duction of complexity is deceptive. The many-body problem has merely been shifted to the representability
conditions of the RDMs. Although the conditions are simple for IRDMs of ensembles, for any higher order

RDM, they are extremely complicated.

Let us transfer the representability question to the present case. In order to find physically sensible re-
sults, we cannot vary arbitrarily over the above RDMs but need to ensure that they are consistent among
each other and that they are all connected to the same physical wave function. This is indicated in Eq. (3.52),
where {y,, F(ez),yb, l“f,‘l/f)} — W highlights that the RDMs are contractions of a common wave function. Thus,
we are confronted with two new difficulties in the coupled case: consistency between the RDMs and rep-
resentability with respect to one wave function. In the purely electronic problem, all the occurring RDMs
are connected and thus, we can calculate the energy expectation value only by one single object, the 2RDM.
Consequently, we just need to bother about the representability problem 1“22) — W. For the coupled case,
we still have the connection between y, and I'?, but we cannot connect them to the other RDMs. There
is also no kind of coupled higher order RDM that by different contraction yields all the others as we dis-
cussed before. Thus, we need to treat all the three objects {Féz),yb, FS’I/JZ)} together and find representability
conditions for this set. The insights from electronic theory might be helpful here, but they are not gen-
eralizable in a straightforward way. One of the crucial new problems is the underlying Fock-space for the
photon-degrees of freedom. As the name suggests, N-representability conditions are always defined with
respect to a constant particle number. These considerations show yet from a different perspective how in-
tricate a many-body description of the coupled-electron photon problem is, and this even in the simplest
dipole-approximated case.

3.3.2 QED-RDMFT

From the analysis of the last subsection, we gained yet another point of view on the difficulties of the
electron-photon interaction. Transferring concepts from electronic-structure theory is also from an RDM
perspective far from trivial and provides us with many interesting research questions. In this last part of the
section, let us see how far we can get with a “conservative” approach that is to generalize electronic RDMFT
to its QED version in the same way as Ruggenthaler [242] generalized DFT. To the best of our knowledge, the
proof of the according Hohenberg-Kohn like theorem has not been published in the literature and thus, we
present it in the following

We will show the proof for the full Pauli-Fierz theory with minimal coupling and only afterwards show
its form for the cavity setting of Hamiltonian (3.1). We follow Gilbert’s proof [199] of a one-to-one mapping
between the von-Neumann density matrix of the system and the “internal” pair of (y(r,r'),A(r)), where y is
the electronic 1IRDM and A the vector potential of the coupled electron-photon ground state. The corre-
sponding “external” pair is (v(r,1'),j(r)), where v is a possibly non-local external potential and j an external
charge current. As in electronic RDMFT, there is no unique v corresponding to a given y. For the sake of
generality, we will present the proof in SI units.
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Basic Definitions

We consider non-relativistic QED in the setting that we introduced in Sec. 1.3.1, i.e., we neglect any form of
spin-dependence of the Hamiltonian (e.g., due to the Stern-Gerlach term) and quantize the theory in the
Coulomb gauge where for the vector potential holds V-A = 0. Thus, the corresponding vector-potential

operator is purely transversal.”’ We then expand

A, 1) =/ fcﬁ Z \;'i lrc o™ +a;,ge*‘k'r), (3.53)

where we assume a quantization box with side-length L, leading to allowed wave vectors k = 2zn/L (n€ Z%)

and corresponding frequencies wg = clk|. The index o = {1,2} denotes the transversal polarization direc-
tions and the corresponding polarization vectors obey €k ¢ - €k s = 65,5 and €, -k = 0. The expansion co-

a3 Wlth (transversal) commutation relations

efficients become the usual creation (annihilation) operators a
[ax,o LU] 0g,0'0 T(k-K'), where 67 is the transversal delta- dlstrlbutlon. We denoted the vacuum permit-
tivity with €, the speed of light with ¢ and the Planck constant with /. We consider a classical external charge
current j that because of the transversality of A enters also only by its transversal component. We expand j

in the modes of the quantization box, i.e.,

jr) =1/ EOH Z Wk \/_ (]k KT+ jk*yge_ik'r) , (3.54)

with expansion coefficients jio = j*, , = QwyeohL>) ' [ d*rey,q -j(@) exp(~ik-1). We couple this field to N

non-relativistic electrons. The Hamiltonian of the full coupled system reads then (cf. Def. 1.2)

N 2

N
N 1 e . 2 1 e
H= {— —ihV; + —A(r;) —ev(r';r'-)}+—
i:ZI 2m ( ! c ! ) v 2 i,;l |r; —rgl
+y hwk(d;,,dk,a +3) = Y howlie i o + 4, i), (3.55)

ko k.o

where m is the electron mass, and e the elementary charge. We introduced now a general non-local external
potential v(r;1’) that acts on a function f(r) in an integral sense as 7 f (r) = [ d®r'v(r;¥') f (r'). Note that for the
time-independent case, introducing an external vector potential is equivalent to an external current [242].
The physical charge current that is preserved in a time-independent setting (because it obeys the continuity

equation) reads

. . 2 .
J@x) =jp(@r) — —A@A(x), (3.56)
mc
where
R ieh X - <
jp) =—> (6@-1p)Vi—Vi(r—r%)) (3.57)
2m i3

is the paramagnetic current and 7(r) = —er’: 10 —ry) is the charge density operator. Note that by intro-

ducing the term —=—, we assumed already the L — oo limit.

Tri—rg] rI’

20For notational convenience, we use in this subsection the symbol A to denote the transversal vector potential.
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The Hamiltonian (3.55) is a hermitian operator on the Hilbert space
H=HeF,

where $Y is the antisymmetric Hilbert space of N electrons and § is the photon Fock space (see Sec. 3.1.1).

We denote the eigenstates of Hwith |¥;), i.e., they satisfy the static Schrodinger equation H|¥Y;) = E;|¥;).
The |¥;) can be parametrized by N 4-dimensional spin-spatial coordinates x = (r, o) and some parametriza-

tion of the photon degrees of freedom that we denote by a = (k, o). We choose this representation in analogy

to the real-space representation of the electrons. Note however that this description is only well-defined in

the mode-space and the “back-transformation” to real space is problematic.?! We then define
‘P(rly - IN, 1, A2, ) = <r1! - IN,Q1, 2, |\P> ) (358)

where we leave the exact number of photons arbitrary, because it is not determined by the Hamiltonian.
More generally, we will not only consider pure states, i.e., the eigenstates |'¥';) of H, but ensembles of such
eigenstates that are described by the density matrix

/ / ! ! * ! / ! !
D(X1, . EN, @1, A2, o By oo Tapy @, @, 00) = ) Wi Wi (X1, e I, @1, @, )P (1], Ty @, 05,00, (3.59)
7

where 0 < w; <1, and }; w; = 1, making the set POIY) of all such D convex (see Sec. 2.4.1). In the following, we

are interested in the electronic one-body reduced density matrix (1IRDM)

y(r,r') :Nfdx2~--dedq1dq2~-D(rl,...,rN,al,ag,...;r'l,rz...,rN,al,az,...)

=y[Dl, (3.60)
and the expectation value of the vector potential operator from Eq. (3.53), i.e.,

A(r) = tr[DA]. (3.61)

Gilbert’s theorem for NR-QED

With these definitions, we are now set to show the following correspondence

,j) — Do <= (yo,Ao). (3.62)

We will do this in two steps. First, we show that the pair (v,j) determines the (non-degenerate) ground state
density-matrix Dy = WoW] (though the opposite is not true in general) and then, we will show the one-to-
one correspondence between Dy and the pair (yg,Ayp), where yo = y[Dg] and Ay = Tr[DoA]. This proof is a
direct generalization of Gilbert’s proof [199] and establishes QED-RDMFT.

The first part is to show that we can associate to every pair (v, j) a corresponding ground state density

matrix Dy. This is however simple, because the pair (v,j) consists of the only external parameters in the

21 The concept of a real-space photon wave function is the object of a long-standing debate and a good summary of this debate can
be found in [89, Chap. 1.5.4]. For the concrete example of a one-photon-wave function in real-space and its connection to mode-space,
the reader is referred to, e.g., Ref. [255]. The author considers there the spontaneous emission process of an atom and shows that the
photon wave function diverges at the position of the atom. However, for all other positions, it is well-defined and makes physically
sense. This is a good example of the problem: there are several ways to define a photon wave function in real-space that are reasonable,
but they are all limited in a similar way as the example of Ref. [255].
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Hamiltonian and thus we can label the Hamiltonian as
H=H(,j).

Obviously, we can also label the (unique) ground state of H(v,j) in the same way, i.e., Do = Dy(v,j). However,
the opposite is not true, i.e., we cannot label v(D), because there are v # v’ that have the same ground state
density matrix Dy = Dy;. Take for instance a non-interacting N-electron system that consists only of one-
body terms. The Hamiltonian A = Zf.\i L= —1/2V12. + v(r;;1}) of such a system per construction commutes
with y = }; n;¢} (r')¢; (r) and thus the ground state is simply the Slater determinant of the lowest N natural
orbitals ¢1,...,¢pn. Consider now the nonlocal potential v + §v, with v (r;r') = 7?=N+1 v,-j(p;‘ (r’)(pj (r) that
only depends on the unoccupied natural orbitals. Obviously, v + 6 v is different from v, but both potentials
lead to the same ground state, since they differ only in the unoccupied subspace.?? Thus, there are infinitely
many non-interacting systems with different nonlocal potential that have the same ground state and thus,
one cannot construct a KS-like auxiliary system in (zero-temperature) RDMFT.2® In DFT, there is instead a
unique KS system for every density, since we consider only local potentials that cannot separate between the
occupied and unoccupied space [165]. Thus there is a one-to-one correspondence between such potentials
and the density. However, to define RDMFT (or QED-RDMEFT), we do not need this unique mapping as
Gilbert has pointed out [199].

Let us now prove the second part of the theorem, i.e., the one-to-one correspondence between ground
state density matrix Dy and the internal variables (y,Ag). We do so by reductio ad absurdum and show that
the opposite assumption leads to a contradiction. Thus, we considering two Hamiltonians H(v',j!), H(v?,j%)
that have to two different ground states D}, Dg but the same (y(l),Aé) = (y%,A(Z)) = (v0,Ap). We have then

E§ = Tr[DyH(vy,j1)] <Tr[DZH(@',jY)]
=Eg+fdrdr’y2(r,r’)(v1(r,r’) - v3(r,1)) —fdrAz(r) ('m-j*w)
E3 =Tr[D3H(v?,j9)] <E* = Tr[Dy H(v%, )]
=E, +fdrdr’y1(r,r')(v2(r,r') - Ul(r,l'l)) —fdl'Al (r) (iz(l') —il(l‘)),
Since (yl,jl) = (yz, jz), the sum of both inequalities leads to
Ey+E> <E|+ Ey,

which is obviously a contradiction. Thus, we have proven the assumption.

We can trivially transfer this proof to the dipole-Hamiltonian (3.1) including an external current, cf. Eq.
(3.30), that we have employed also for the QEDFT mapping. Therefore, we have

W, 1), pah) — Do <= (y (1, 1), {jah) (3.63)

22ZNote that conversely, such a construction is not possible, if all natural orbitals have a non-zero occupation number. In this case,
the mapping is unique. It has been conjectured that this is the case for Coulomb systems, but there is still no general proof [256].

231f we however generalize the description to grand-canonical ensembles, the mapping between y and v is indeed unique for all
systems [200].
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QED-RDMFT in practice

We want to conclude the subsection with a small discussion of the applicability of QED-RDMFT. We employ
our basic setting, i.e., Hamiltonian (3.1) and consider again wave functions, since the ground state of a closed
system is pure and does not require the ensemble construction.

The proof of the last paragraph is the justification to employ QED-RDMFT in practice. The first step for
this is the definition of the energy functional to identify the corresponding unknown parts, especially the
photon exchange correlation functional. We can directly conclude from our discussion in Sec. 3.3 that we

will have to find approximations for

Exc,pnl¥: o) =1y, o)l [Hine + Hyerp2] Iy, (o), (3.64)
where
R N Mpp
Hinr=- Z Z WaPala-Ti (3.65)
i a
R 1 DNe
Heeipo =2 Y (Ag 1) (Aa 1)) (3.66)
2 i#j=1

Since both these terms are local in space, the 1RDM perspective does not directly provide an advantage in
comparison to the alternative QEDFT description. However, typical RDMFT functionals are more generic
than DFT functionals as we have discussed in Sec. 2.4.2. We can for example generalize straightforwardly
the Miiller functional to describe the self-interaction term, simply by exchanging w(r,r’) — (14 -1) (Aa -r )
The reason is that the Miiller functional (as many other RDMFT functionals) is basically an approximation
of the 2RDM in terms of the 1IRDM.

Unfortunately, since we do not yet have a good understanding of the 3/2-body RDM (Eq. (3.50)), that is
connected to the interaction term, we cannot use a similar “trick” for the first term in Eq. (3.64). However,
in contrast to QEDFT, we have some concrete tools that we can try to apply to this problem. For instance,
this suggests to investigate the still unknown representability conditions of coupled RDMs (see the Outlook
in part IV).
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PART 11

DRESSED ORBITALS - OLD THEORY IN A NEW
BASIS

You can look at something with a microscope and see it a certain way, you can look at it with a
naked eye and see it in a certain way, you look at it with a telescope and you see it in another
way. Now, which level of magnification is the correct one? Well, obviously, they're all correct, but
they're just different points of view. (Alan Watts, 1960 [257])
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We now have discussed at length the challenges of accurately describing equilibrium many-body states
of non-relativistic QED. Even if we consider only one photon mode, a wave function description of the many-
body space is already infeasible for very small systems. Since the electronic many-body problem is a very
well-studied topic with a plethora of theories and optimized implementations that are capable to treat many
systems extremely accurately, it would be very desirable to extend such methods to the coupled electron-
photon problem. However, we have shown in Sec. 3.1.2 with the example of Hartree-Fock theory that such
an extension is not as straightforward as one might hope. A direct generalization of the Hartree-Fock (single-
reference) wave function ansatz is not capable to describe any quantum effects of the photon field. When
we try to go beyond that, even a seemingly very restrictive ansatz leads to an (over-)exponentially growing

problem.

In order to study to role of the quantum nature of the electron-photon interaction, we cannot avoid
dealing with the multi-reference character of the coupled states. This is an important difference to elec-
tronic problems where a single-reference ansatz, i.e., one Slater determinant already included quantum-
mechanical exchange because of its anti-symmetry. Understanding the role of such quantum effects of
the photon field is especially important for polaritonic ground states, because static classical electric and
magnetic fields are zero for many equilibrium settings. In the time-dependent case instead, the classical
description is very accurate, when it is combined with a quantum mechanical description of the electrons.
We made this observation, when we were discussing KS-QEDFT (Sec. 3.2). QEDFT is in principle capable to
treat quantum fluctuations of the photon-field by means of corresponding exchange-correlation potentials.
However, it is very difficult to construct an accurate functional and the only known functional that goes be-
yond the ME the “photon OEPR” can besides being numerically very challenging only account for one-photon
processes. For instance, we cannot apply the photon OEP to larger systems and one-photon processes are
not sufficient to accurately describe polaritonic ground states in the strong-coupling regime [247]. Conse-
quently, we need new methods to appropriately study such settings.

Let us therefore take one step back and analyze again the origin of the multi-reference character of po-
laritonic systems. We describe electrons and photons as separate species in their own antisymmetric and
symmetric many-body spaces. These are then coupled by the interaction operator, which introduces most
of the challenges of the coupled problem (see Ch. 3). There is a clear analogy to correlated electronic sys-
tems, which we also describe starting from non-interacting electrons that then are coupled by the interac-
tion. However, this coupling takes place within one antisymmtric many-body space and this is an important
difference to the electron-photon coupling. The central idea of the dressed(-orbital) construction is now
to change the basic description of coupled electron-photon systems such that there is only one (effective)
many-body space with one (effective) symmetry. This means specifically that we define a single-particle
space with already coupled electron-photon orbitals, i.e., polaritonic or dressed orbitals and construct the
many-body space as a product of such orbital spaces. We can then describe non-interacting polaritons that
are coupled due to the corresponding dressed interaction. Such a programme naturally defines polaritons
as its own particle class with its own statistics that needs to be respected to construct the many-polariton
space.

Clearly, restructuring the many-electron-photon space in such a way is not straightforward. In fact, the
dressed construction considers an auxiliary system that is even higher-dimensional than the cavity-QED
Hamiltonian. However, this extension provides the necessary flexibility to introduce an exact reformula-
tion of the cavity-QED systems in terms of dressed orbitals. Most importantly, this allows to approach the
challenges of describing coupled light-matter systems from a different perspective. Approximations to the
wave function, the density description and reduced density matrices can be defined also in the dressed set-
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ting. This is yet another way to utilize these state descriptors and they will have again different properties
with respect to the already discussed versions of the previous chapter. A practical consequence of this dif-
ferent characterization of light-matter states is that it allows for relatively simple approximation schemes.
For instance, the HF approximation to the many-polariton wave function explicitly accounts for correlation
between the electronic and photonic subsystems in the original description.

Akey role is hereby played by the new structure of the auxiliary Hamiltonian with respect to the standard
cavity-QED Hamiltonian. Expressed in terms of polaritonic orbitals, the new Hamiltonian consists only of
one-body and two-body operators. It is thus structurally equivalent to the electronic-structure Hamiltonian
(Sec. 2.1). Consequently, we can generalize in principle every electronic-structure method to a “polaritonic-
structure method” to describe cavity-QED problems. For instance, this allows to apply RDM methods to
coupled light-matter systems, without the need to deal with the little-understood 3/2-body RDM. Also func-
tional construction for a polariton-based QEDFT is simpler, since one can more directly apply the successful
strategies of electronic-structure theory.

Another important advantage of the structural resemblance between polaritonic and electronic-structure
methods is the numerical implementation. Since these methods always require to solve nonlinear equations
that do not allow for an analytical treatment, we need numerical solvers to apply any method in practice.
By employing the polariton description, we can simply use the existing electronic-structure codes as a basis
and extend them accordingly. We do not have to develop entirely new codes.

However, to be able to introduce polaritonic orbitals, we have to increase their dimension by one with
every photon mode that we take into account. For instance, to describe the standard case of cavity QED that
considers one effective photon mode, the polaritonic orbitals depend on three electronic and one photonic
coordinate and are thus four-dimensional. Considering such orbitals (and depending on the system size
also with more modes) is still numerically feasible for modern high-performance clusters. Thus, polaritonic-
structure methods will be especially useful in such cavity-QED settings.

A further important feature of the polariton description is the exchange-symmetry and the according
statistics of polaritonic orbitals, which have a fermion-boson hybrid character. Such a hybrid statistics is
not usual in quantum many-body theory, which leads to interesting new research questions at a very basic
level. In fact, we also had underestimated its role when we started the investigation of dressed orbitals. Only
after we had obtained reproducible numerical results that violated the Pauli principle, we understood the
significance of the hybrid statistics (see part III). On the one hand, this leads to new challenges especially
with regard to enforcing the statistics in practice. On the other hand, the hybrid statistics are a new tool
to describe many-particle spaces of coupled species in general, which could be very valuable also for other
coupled problems.
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Chapter 4

THE DRESSED-ORBITAL CONSTRUCTION

In this chapter, we introduce the dressed-orbital construction that allows to describe coupled electron-
photon systems in terms of new orbitals. This is the basis for all the following discussions. The construction
requires several steps, which are nontrivial and we try to explain each of them in a way, as simple and slow
as possible. Specifically, we start in Sec. 4.1 with a brief motivation for a polariton-based description of
cavity-QED problems. Then, we introduce the construction with an example (Sec. 4.2), that we general-
ize in Sec. 4.3. We note that the dressed construction has been discussed in three publications, the first of
which was written by my colleagues Nielsen et al. [258] and in the other two I was the main author ([1, 2]).
This chapter is based on Ref. [2], which is the most recent publication and thus presents the most complete
picture of the construction.

4.1 Polaritons and correlation

We want to start the discussion with some general comments about polaritons and the multi-reference char-
acter of coupled electron-photon systems. We have discussed in the introduction (Sec. 1.1) that the hallmark
of strong electron-photon coupling is the emergence of light-matter hybrid states or polaritons. The basic
physics of such hybrid states is described by a minimal model (see Sec. 1.2) that considers two relevant elec-
tronic states, labelled by |m;) (“ground”) and |m,) (“excited” state), and two photonic states, the vacuum |0)

and one-photon state |1). The resulting polaritons are then denoted as
Py =alm)®|1)+flmp)®l0), 4.1)

with coefficients a, f that depend on details of the model (see Sec. 1.2 for further details about the family
of cavity-QED models). From a first-principles perspective this means that polaritons correspond to multi-
reference or correlated wave functions, even if we described the matter states within a single-reference ap-
proach. We have discussed this in detail in Sec. 3.1.2. For strongly-coupled ground states which are the
focus of this thesis, the results of more general cavity-QED models [24] predict that an accurate descrip-
tion requires even more terms, i.e., more references, than the two of the “minimal” polariton (4.1). Sys-
tems that require multi-reference states are well known in electronic-structure theory and their accurate
description is among the most difficult challenges in the field.! A classical example is the dissociation of
the Hydrogen molecule (Sec. 2.5), where the wave function obtains a multi-reference character for larger
bond distances. This prototypical system is commonly used as a challenging test case for first-principle
methods [259, 221, 260, 261].

However, the term multi-reference depends crucially on the basic entities, i.e., the “single references”

that are used to build the “multi-reference” state. Transferred to the problem of polaritonic physics, we

1See Ch. 2, especially the last paragraph of Sec. 2.3 on strong correlation.
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face the fundamental problem that separate matter and photon wave functions ? (as in the simple example
above) can be very inefficient in describing polaritonic states of the coupled system. We saw this for example
in Sec. 3.1.2, when we were discussing a possible generalized HF wave function. Even a very simplified ansatz
brings back the exponential wall. We also saw that the (single-reference) KS system in equilibrium QEDFT
reduces the description basically to an effective matter-only system. All effects of the photon field (besides
some trivial static shift for matter systems with a permanent dipole) have to be carried by the unknown
exchange-correlation potential and there is no known approximation that is accurate in the strong-coupling
regime [247].

One important challenge for the equilibrium description is that the exchange-correlation functional only
depends on matter quantities, since the photon displacement coordinate is trivial (cf. Eq. (3.37) of Ch. 3).
From a general perspective, this is rooted in the choice of a non-interacting auxiliary system, where the
electron and photon spaces decouple. Thus, we are confronted with a dilemma: On the one hand, strongly-
coupled light matter systems require fundamentally a multi-reference description, because polaritons, i.e.,
hybrid matter-photon particles emerge as the principal degree of freedom. On the other hand, a multi-
reference description is especially difficult for coupled systems, because the product space of the separate
electron and photon spaces is considerably more difficult to describe than the single-species spaces. Espe-
cially, typical (and straightforward) approximations such as an effective single-reference description capture
considerably less effects than the equivalent approaches in a matter-only theory.

In this chapter, we want to propose a construction that tries to mediate between the opposing sides of
this dilemma. The key idea is to build the theory not as usual from separate electron and photon states
but somehow introduce electron-photon hybrid states as basic entities. Before we lay out our construction
to introduce such a “many-polariton” theory, we want to illustrate the challenges that arise, when we try
to modify the standard description. Let us therefore shortly recapitulate how many-body spaces are con-
structed with the example of the electronic problem. We start with the single-particle Hilbert-space b,
that is spanned by a corresponding single-particle basis {{/;(r)} (where we always assume bases to be or-
thonormalized, i.e., [dri} (1) ;(r) = §;;), such that every single-particle state can be expressed by some

superposition
X ~
V) =) i),
i=1

where the c; are expansion coefficients that need to satisfy the sumrule }_; |c; |2 = 1. In the case of electrons,
we need to include also the spin-degree of freedom, which we do by a tensor-product. The spin-space & for a
one-electron problem is just two-dimensional and we denote its basis-elements by {a (o), (0)}. The tensor-
product h = h®.# then combines both sets to one larger basis, taking into account all possible combinations.
We subsume both together in a spin-spatial coordinate r — x = (r,0) where o is the spin-coordinate. The
expansion then becomes

Yx) =) cjy;Xx)
j

= Z Zci,sU/i,s(r,U)

s=a,fi=1

=) [ciaWi®) ® a(o) + c; pW; (1) ® B(0))].
i=1

2We want to remind the reader on the subtleties regarding the definition of a photon wave function that we have discussed in
Sec.3.1.1
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When we now want to describe two particles, we actually go exactly the same way as we have done for the
spin and consider the tensor product of the single-particle spaces

h?=p'en.

This two-particle Hilbert space is however still too general, because it includes distinguishable states

(Sec. 2.1). Since electrons are fermions, we have to constrain h? to only antisymmetric combinations, i.e.,
2
ha=bAb.

We can make this explicit in the state parametrization by employing Slater determinants ¥; j(x1,x2) =
% (wix)yj(x2) =y j(x1)wi(X2)) = |y ¥ ;|- as basis of the two-particle space. If we label every combina-
tion of i and j by anew index I = (i, j), we can describe a general state ¥ € hi as

W (x1,%0) = ) 7'V (x1,X2),
T

where Y ; lcrl? = 1. The advantage of this construction is obvious: the basis already takes care about the
fundamental particle symmetry. We have discussed at length that only this additional symmetry information
includes nontrivial quantum effects in the description.

When we want to describe coupled electron-photon problems, we lose this advantage. Electrons and
photons are two different species and thus distinguishable. Accordingly, we have to consider the full tensor
product between the matter and photon many-body spaces without further symmetry restrictions (Ch. 3.1.1).
Let us contrast this to a hypothetical many-polariton space. In analogy to before, we start with the single-
polariton Hilbert-space that is build by objects that have an electron coordinate x and a photon coordinate
p. Similarly to the extension of the spatial coordinates by a spin-component for electrons, we could define
bp = be®bpp, where b, is the electronic one-particle space from before and b ,, is some one-particle photon
space. Introducing a photon orbital basis {y« (p)}, the elements of fj, are thus given by

PP =)_cia (Vi® ®xa(p), 4.2)
i,a
where ) ;, Iciwl2 = 1. Since electrons and photons are distinguishable, there is no further symmetrization
required.

We have discussed in Sec. 2.1.2 that many electronic-structure problems can be simplified, if we assume
that the orbitals are the eigenfunctions of the one-body part of the Hamiltonian, (k(r) = —%Vf +v(r). To
get a feeling for the challenges of these new kind of orbitals (4.2), let us try to do find a similar “one-body”
Hamiltonian. The straightforward choice is to consider the cavity-QED Hamiltonian (Eq. (1.37)) for one
electron, i.e.,

hy, = V2+v(r)+l% -9 +w2( +&-r)2
p— 2 Pa a|Pa o .
a a

The eigenfunctions ¢ (x, p) of flp would define our photon variable as M-dimensional, i.e., p = (p1, ..., Pm)-
This dimension is determined by the system that we want to describe and as we have discussed, we can

often assume even M = 1 for a cavity system.

The next step is to construct the many-body space from this. According to the standard prescription, we

119



CHAPTER 4. THE DRESSED-ORBITAL CONSTRUCTION

consider

h:bIJ@hpy

with elements

D (x1p1,XoP2) = ) 1,71 (X1P1) ¢y (X2P2).
rJ

Now we need to understand how we utilize @ to describe the ground state of the actual Hamiltonian that
describes two electrons, coupled to M modes, i.e.,

2
] . (cf. 3.14)

ilv +1/(r-)+1
S Y2

A

—6% +w? (p+ —-(r; +12)
)

This confronts us with two fundamental questions:

1. How can we enforce the correct symmetry on this level?

2. How can we deal with the additional p,-coordinates that are not present Eq. (3.14)?

In the following, we show how the dressed-orbital construction can in principle resolve both of the above

questions. This allows to construct a many-polariton space (almost) of the form
N
hp Zyp(hp®"'®hp)»
—_—
Ntimes

where .#), enforces the underlying exchange-symmetry that is of a fermion-boson hybrid nature.

4.2 Polaritons in the dressed auxiliary system

Before we discuss the general case, we want to illustrate the dressed construction with the example of the
2-electron-1-mode system that we have considered already in Sec. 3.1.1.3 Since the construction requires
many (sometimes quite technical) steps, we reserve this whole section only for the example system. This
allows us to go through every step in detail and motivate its purpose. In the next section (Sec. 4.3), we then
recapitulate all these steps for the general case of N electrons coupled to M photon modes. The basic idea
of the construction is sketched in Fig. 4.1.

4.2.1 The auxiliary Hamiltonian: Matching electronic and photonic coordinates

The Hamiltonian of the 2-electron-1-mode system (introduced in Sec. 3.1.1) reads

2
_aé + w2 (P+ % (11 +1—2)) ] . (cf. 3.14)

i 1 T Urg) + +l
=1 2 M gl 2

3Note that the contents of this section are part of Ref. [2]
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ST N
SIS

X, 01 Y, Q2

W(x,y,p) -—> W'(x,q,Y,q,)
y 1:1 Xy

/.

Figure 4.1: Sketch of the auxiliary construction for an example wave function ¥(x,y, p) of two one-
dimensional electrons (x, y) coupled to one photon mode with displacement coordinate p. The coupling
is indicted by the double arrows x — p,y < p. The electronic orbital wave functions are symbolized by the
ground and first excited state of a box with zero-boundary conditions and the photon mode by a wiggly line.
The corresponding dressed wave function W’ (x, g1, ¥, g2) has instead two photon-coordinates ¢, g» that are
related to the physical coordinate p by p = 1/v/2(q; + g2). On the wave function level, this connection can
be utilized to introduce two polariton orbitals with coordinates (x, ;) and (y, g2), respectively, that are in-
teracting. This new interaction is indicated by a double arrow between the two orbitals.

a1

We start by expanding H in its single constituents

H*=X_, h*(r) AP=Yi_, h wep)
2 2
H= Y [ “Ap + () + 5 (/1 r)?| - Y wpAr
Pt k=1 4.3)
+1( > )+ L 1A A
= —_— + 3 ‘I ‘12)
\2 pz Iry—rp| 2 )
HP":hl”h(P) Aee=hee(ry,x2)

where we grouped terms according to the coordinates that are appearing. We observe that there is an
asymmetry between electron- and photon-coordinates: there are two electron coordinates that appear in
a completely symmetric way in all the terms. However there is only one mode-displacement coordinate,
independently on the number of electrons.

The basics idea of the dressed construction is now to simply introduce as many artificial photon coor-
dinates as electron coordinates, which formally “lifts” the asymmetry. In this case, this means to introduce
one further photon coordinate p,.° This has to be done such that the original system cannot be influenced.
We can imagine another photon cavity that is very far away from our system, but that we want to describe
at the same time. If we further assume that this artificial mode has the same frequency as the physical one,

the auxiliary system is described by the Hamiltonian (we denote the quantities of the auxiliary system by a

4Note that we employ in this section the symbol A = V? for the Laplacian.
5For a system of N electrons, we need to introduce therefore N — 1 extra photon coordinates (for every mode).
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prime-symbol)

H =H+h""(p,)

A+
2 2
YRR + R, 1) = Y. wpA-r+hP () + WPl (py). 4.4)
k=1 k=1

If we denote by y(p») an eigenstate of the additional photon Hamiltonian h”"(p,) and W(x;,Xz, p) is an
eigenstate of H, then

\I”(XI!XZ)pr pZ) =\P(X1,X2,p))((p2)y (45)

is an eigenstate of H’. The ground state of A’ is then uniquely defined and given by ¥/ = Wy, with the
harmonic oscillator vacuum state yg.

With B, we almost achieved our goal to symmetrize electron and photon coordinates, but there is still
the electron-photon interaction term h°P (ri, p) that depends only on p, but not on p,. The basic idea to
remedy this stems from the similarity of the Hamiltonian (4.4) with a molecular center-of-mass Hamilto-
nian [262]. Transferred to this case, we interpret p as the “center-of-displacement” coordinate of two inde-
pendent displacements ¢, 2. The second key ingredient of the dressed construction is therefore a coordi-
nate transformation (p, p2) — (q1, g2) that sets

px (g1 +q2). (4.6)

Obviously, the transformation should be norm-conserving to not increase the displacement artificially, but
more importantly, it needs to keep the photon-energy part form-invariant, i.e.,

hP" () + hP" (p2) — hP" (q1) + BP" (qo). @.7)
Since hPh(p) = %(_g +w2p2) = [\/ié(i%,wp)] . [\iﬁ(i%,wp) has the form of an inner product, we can
simply employ an orthogonal transformation for that. Specifically, a transformation for a set of variables
(x1,x2,...) — (x’l, xé, ...) is orthogonal, if it leaves any expression of the form ) ; x? -y x;z invariant. In the
two-particle case, there is exactly one possible choice for that, which reads (see also Fig. 4.1)

p =1/\/§(6/1 +q2)

(4.8)
p2 =11V2(q1 - o).
As constructed, the transformation changes only H¢” = Zizl heP (ry, p), which becomes
. 2
HP —— Z w/\/ﬁ(ql + CIZ)A'I‘]C
k=1
2
==Y 0/IV2q At — 0IV2(qiA T2 + go A1), 4.9)
k=1

Again, we grouped the terms according to the particle indices, which we can do now also for the photon
coordinates. Since the auxiliary system after the transformation is symmetric under the exchange of photon
indices, we can arbitrarily exchange the indices of the g-coordinates. Putting all terms together, we get the
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following new form of the auxiliary Hamiltonian

2
22 [_%(Ark+dq )+v(rk)+ 2 qk \[QkA Ie+3 L(A-rp)?
k=1

P - \%(ql/l-rg+q2kr1) +%(A'1‘1) (A-1s). (4.10)
1—12

Interestingly, this Hamiltonian has the same structure as the electronic many-body Hamiltonian 2.1. We can

see this more explicitly, when we introduce the new dressed coordinate

z=(r,q) (4.11)
and the according dressed Laplacian®
d2
Ay =Ar+—. (4.12)
dg
We can write then
2 2
=y [—%A’Zk + u’(zk)] + 1Y Wz, (4.13)
k=1 k#1=1
where the dressed local potential reads
Iy o 2w A 1 2 4.14
V(@) =vm) + 5 g — 5 qrA Tr+ 5 (A 1K) (4.14)
and the dressed interaction kernel is
w' (24,2 = W ﬁ(qk/l.r, + AT + 5 (Ar) (Arg). (4.15)

4.2.2 The auxiliary wave function from a first glance

With this construction, we have found a way to introduce new coordinates and rewrite our basic Hamilto-
nian in a form that is completely symmetric with respect to the new coordinates. The next step is to define

the corresponding wave function. Let us therefore recall the Pauli citation of Sec. 2.1.3:

If we deal with many similar (indistinguishable, A/N) particles, special circumstances occur that
arise from the Hamilton operator being invariant under any permutations of particles.
(Pauli, 1933 [140])

According to Pauli, exchange-symmetry is a consequence of the symmetry of the Hamiltonian, which in-
dicates that we are quite close to our goal to formulate a many-polariton theory. We only need to derive
the details of the “special circumstances,” i.e., the type of exchange symmetry that the auxiliary wave func-
tion. In the standard description, there are only two choices: symmetric and antisymmetric wave functions.

However, we will see that the situation here is a bit more involved.

5We do not need further differential operators here, but of course we can generalize every differential operator to the new coodinates.
The dressed nabla-operator would read for example Vz = (Vr, d%).

123



CHAPTER 4. THE DRESSED-ORBITAL CONSTRUCTION

Polaritonic symmetry

Let us briefly recapitulate the steps to arrive at the dressed Hamiltonian (4.10). We start with the physical
Hamiltonian (Eq. (4.3)) that depends on the photon coordinate p. We then add another harmonic oscillator
term, depending on the auxiliary coordinate p, which is still distinguishable from the original p (because of
h¢P) and obtain Eq. (4.4). Finally, the coordinate transformation (4.8) introduces new photon coordinates
p1, p2, which enter the transformed Hamiltonian (4.10) in a completely symmetric way. Since the Hamil-
tonian is also symmetric in the electronic coordinates, we can deduce the polaritonic symmetry, i.e., the
Hamiltonian (4.10) is invariant under the exchange of the two polaritonic coordinates z; < z;.

With that we have defined all symmetries on the Hamiltonian level. Regarding the wave function
WY'(z,01,2207), we still have to understand whether it is symmetric or antisymmetric under z,01 < z,075.
For that, we first note that the photon ground state is inversion-symmetric, i.e.,

x(p2) = x(=p2). (4.16)

Further, we want to preserve the antisymmetry of the physical wave function in the electronic coordinates,
i.e., Y(x1,X2, p) = -V (x2,X;, p). Taken both together, we deduce that

V' (X1, q1,%0, P, q2) = Y(X1,X0,1/V2(q1 + 42))x(1/V2(q) — q2))

ISR _ (ko x1,1/V2(ga + q) Y AIV2(q2 — q1))

B89 (o, 31, 1V2(q1 + 42) x (LIV2(Gh — 42)

=—¥'(x2, g2x1, 1) 4.17)

The dressed wave function ' is antisymmetric with respect to the exchange of dressed coordinates (x, ) =
(r,0,9) =(z,0).

Crucially, this allows us to describe the coupled electron-photon Hilbert space in a different many-body
basis, i.e., in terms of Slater determinants of dressed orbitals (see also Fig. 4.1). Therefore, let us go back to
our polariton-orbital basis {¢p(z, o)} of Sec. 4.1. We can now explicitly follow the steps of the electronic theory:
we consider a basis ¢; (z,0) of h,. For instance, this could be the eigenstates of the single-particles Hamilto-
nian h(z) = —%Az’ + v'(z). The two-particle space is then given as the antisymmetrized tensor-product

b% =< (hy @ b)) (4.18)

and the elements of hfj can be parametrized as

V' (21,01,22,02) =) Cij [9i(21,01)}(22,02) — pj(21,01)pi(22,02)]
ij

LY PPy (@ @),
i,j,a,p

(4.19)

It is clear that since the auxiliary configuration space is much larger than the original configuration space,
we made an (beyond simple systems) infeasible numerical problem even more infeasible. What the dressed
construction offers us in compensation, is a new structure of the configuration space. In terms of the above
expansion, we hope that the new coefficients c;; are easier to approximate than the original Cf‘] The main
advantage is that the auxiliary wave function can be expanded in terms of Slater determinants and we have
alot of methods at our disposal that are geared toward such a situation, i.e., first-principles electronic struc-
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ture theories. Yet the dressed formulation allows for relatively simple approximation schemes, e.g., HF the-
ory in terms of a single polaritonic Slater determinant (see Sec. 2). Importantly, such simple wave functions
in terms of polaritonic orbitals correspond to correlated (multi-determinant) wave functions in physical
space. In Sec. 6, we present calculations based on dressed orbitals which agree remarkably well with exact
references even for very strong coupling strengths. We also illustrate there the explicitly correlated character
of the electronic subsystem.

The explicit form of the auxiliary wave function

Let us now have a second closer look at the wave function. In fact, we can explicitly construct the dressed
wave function in the new coordinates

W' (x1,X2, p, p2) = ¥ (X1, %2, )Y (p2) — W (X1,%0, 1/V2(q1 + G2)) Y1/ V2(q1 — g2)) (4.20)

if we know W. To see this, we consider some electronic orbital-basis {; (x)} and the eigenfunctions {y*(p)}
of the photon Hamiltonian /#P" and expand

Y(xi,%2,p) = ) Chyi o)y (x2)x* (p).

i,j,a

The first step of the construction of the auxiliary ground state is simple. We (tensor-)multiply ¥ with the
ground state y°(p2) of the extra Harmonic oscillator that by construction is also an eigenstate of 1P", i.e.,

1 (p2). (4.21)

'x1,X2, p,p2) = | ) Clwi )y x2)x (p)

i,j,a

The nontrivial step is the transformation (4.8) to the new coordinates. However, since we know the analytical
expression of the photon basis,

1 1/4
1 (p) = o (%) e P12 [, (Vop), (4.22)

where Hy(2) = (-1)% e % (e‘zz) are Hermite-polynomials, we can perform the transformation (4.8) explic-

itly. Specifically, we have to calculate terms of the form

XEAIV2(Gq +g)) ) (LIV2(q) - G2)) ox e D+ HL (Vo 2(qy + q2)) Hoe™ @@= /4
=N I (VT2 + go))e D

for all &, where we used that Hy = 1. We start with the Gaussian part of the oscillator states and calculate
explicitly

eprz/zeprg/z _,e—w(ql+q2)2/4efw(qlfqz)2/4

2 2
—e 9N /Ze—qulz‘

The transformation merely exchanges the coordinates, because it is orthogonal (cf. Eq. @.7).7

For the remaining part involving the Hermite-polynomial, the transformation is more involved, but we

7Thus, also for more than two particles, the Gaussian part of the states remains form-invariant under the transformation.
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can calculate it still analytically. Making use of the identity
¢ la
Holz1+2) =272 )" ( ﬁ)Ha_ﬁ(zl V2)Hg(2,V2), (4.23)
B=0

with z; = Vw/2q;, we arrive after some algebra at

a! 1 £@h p
V' (X1,X2, q1, G2) = l]zacl]u/l(xl)u/](xz)z Bila— ﬁ)'\/z_a P gx" (q2)
= Y CHPyixy;x)x (ar’ (). (4.24)
i.j.ap

In the last line, we introduced the polaritonic expansion coefficient C’ ;x]ﬁ , which is uniquely determined by
the above equation.

First of all, Eq. (4.24) highlights how the value of p is “distributed” over the new coordinates g; and
g». This shows how 2 (or in general N) polaritonic orbitals can carry collectively the information of only
one mode (M modes). Beyond that, this explicit construction illustrates how intricate the coordinate trans-
formation acts on the system. It is true that Eq. (4.24) is antisymmetric under z,0, — z»0> and thus it is
covered by our just derived ansatz ¥'(z;01,220,). However, the opposite is clearly not true, i.e., not all po-
laritonic wave functions that are antisymmetric will also be of the form (4.24). This is a first indication that
the ansatz (4.19) might be limited. Nevertheless, there is one generic feature in Eq. (4.24): it is symmetric
with respect to the new coordinates ¢, g».% We discuss this in the next subsection.

4.2.3 The auxiliary wave function on a second glance

In fact, the antisymmetric polariton space h% that we constructed in the previous subsection, includes states
that do not have a correspondence in the physical system. Let us illustrate this with our two-electron-one-
mode example, neglecting no electron-electron and electron-photon interactions. The corresponding inde-

pendent particles (IP) Hamiltonian reads

N 2 d?
Hipp=), _%Ark + U(l'k)% (_d_ +w2P2) . (4.25)
k=1 p

The ground state of Hyp is simply
1
Y(rio1,1202,p) = E (Y1102 (r202) — W2 (10 )Y (202)] xo(p),
a product of a Slater determinant consisting of the two lowest eigenfunctions v, of [—%Ar + v(r)] and

XO(IO) — ( )1/4 —wp’ 2/4
the last subsectlon, we obtain the dressed version of W by multiplication with another oscillator ground

, which is the ground state of a harmonic oscillator with frequency w. As shown in

state yo(p2) with the same frequency. Performing the coordinate transformation (4.8) in this case is espe-
cially simple because alsoy((p) is a ground state. Consequently, the transformation does nothing else than

8Note that we can in principle derive a similar (but considerably more cumbersome) expression for N electrons and M modes. To
derive Eq. (4.24), we only have to make use of the orthogonality and the explicit transformation of p. The auxiliary coordinates p2, p3, ...
do not play a role because only for p, we have to take Hermite-polynomials H, with a > 0 into account.
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replacing the coordinates (p, p2) with (g1, g2). The complete auxiliary ground state reads then

1

V2
1

= E (w1101 X0(q1)W2(x202) x0(q2) —W2(X101) X0 (q1)W1(X202) X0(q2)]

V'(2101,2,07) = [W1@10)W2(r02) — Y2 (r10 1)W1 (X202)] X0(g1) x0(q2)

1
= —[p10(2101)20(2202) — P20(z101)P10(2202)],
V2
where in the last line we subsumed the electronic and photonic orbitals with the same coordinate index to a
dressed orbital, i.e., ;(r;jo ;) xn(q;) = ¢in(z;0o ;). This wave function is obviously antisymmetric with respect
to the exchange of z; 01 and z,0,. Now let us consider another wave function,

V' (2101,2202) = 10(z1,01)P11(Z2,02) — P11(21,01)P10(Z2,02)
1
= E (w1101 X0(q)W1@202)x1(q2) — w1 (X101 ¥1(q1)W1(X202) X0(q2)]

=y 1oy 1202) [xo(g1)x1(g2) — x1(q1) x0(q2)],

that is a dressed Slater determinant and thus part of bf,. This state is however unphysical, because is violates
the Pauli-principle: both electrons occupy the same electronic orbital. Depending on their energy eigenval-
ues E[V'] = (¢/ IH%P"P’), a minimization of the dressed Hamiltonian without ensuring the hybrid statistics
could determine either of the two wave functions as the ground state. Only if E[P'] = €1 +€2 + 0 < 261 + 20w =
E[¥'], where €1 and ¢, are the eigenenergies corresponding to 1, and v, a simple minimization would yield
the correct solution. If, however, €2 —€; > w, then a minimization of the dressed problem would lead to the
state ¥’ that violates the Pauli principle. Within the dressed Slater determinant, the antisymmetry can be
“carried” by the electronic or the photonic part of the orbital, which allows for states like ’. For an inter-
acting problem, both cases cannot be separated so easily, but the problem remains in principle the same,
as we show numerically in Sec. 6. Note that this is very similar to the violations of the N-representability
conditions in variational 2RDM theory (see Sec. 2.4.1). This means that we either have to make sure that @
is large compared to the electronic excitations, such that the unrestricted minimization with only fermionic

symmetry in zo picks the right wave function [1] (fermion ansatz), or we have to enforce the hybrid statistics.

To guarantee the Pauli principle, we actually have to build the dressed many-body space by requiring an-
tisymmetry only with respect to the electronic coordinates together with symmetry in terms of the photonic

coordinates. We can summarize this as

ryo] < r20; — ‘*P,H—\P, (4.26a)

q9,-q, — ¥V -9 (4.26b)

This does not mean that we have to discard the wave function expansion in terms of dressed Slater determi-
nants (4.19), because from (4.26) follows also

7101 <220 — \P, And —\P,. (4.27)

If we require (4.27), which builds h% and then constrain the space by either (4.26a) or (4.26b), we fulfil (4.26)
equivalently. In Sec. 4.3, we show for the general case of N electrons and M modes that (4.26) is indeed nec-
essary and sufficient to guarantee a one-to-one correspondence between the physical and auxiliary ground
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state. This establishes the polariton description of cavity QED.

Let us now illustrate how the extra condition indeed rules our the unphysical state ¥’/. We can enforce
the constitutive relations on ¥’ by adding two extra terms that exchange either electronic or photonic coor-
dinates, which leads to

\_PI

‘i’/hyb,id(zltfhlzaz) = G101 101 P11 (024202) — P11 (11 G101 P10 (r2G202)

+¢1019201)P11(X2G102) — P11(X1G201)P10(X2G102)
=1 (ro) Y1 (r202) [Xo(g1) x1(g2) — x1(q1) x0(g2)]

+y (o)W1 r202) [xo(g2)x1(q1) — x1(g2) xo(q1)]
=0.

Thus, we obtain the desired result of excluding the solution that violates the Pauli principle. We conclude
that we have reached our goal and found an exact representation of the coupled electron-photon ground
state in terms of polariton orbitals.

4.2.4 Polariton symmetry and wave functions

The next step is to construct a theory based on these polaritons. Unfortunately, the constitutive relation
(4.26) cannot be enforced on the wave function level in a practical way. For that, we would need to generalize
the concept of a Slater determinant to polaritonic and electronic coordinates, as we have done with ¥’ to
construct ‘i”hy »rig- I the general case, such a “generalized Slater determinant” for two particles is given by

\Ij;b(zlraerZy 0-2) :(I)a(rly Chya'l)(,bb(l'Z; qZI UZ) - (pb(rlr 6]1y0'1)(,ba(r2; qz; 02)

+a(r1, qg2,01)Ppr2, q1,02) — Pp(r1, G2,01)Pa(x2, q1,02), (4.28)

where ¢,/ are some (orthonormal) polariton orbitals. To see why such an ansatz is problematic, we calcu-
late the norm-square of ¥/ _ , i.e.,
ab

! 2 Iox !
W17 =) | dzaze¥,,)* (21,01,22,02) V), (21,01,22,02)
01,02

=4{(PalPa) (PplPp) —4{PalPp) (PblPa)

+ Y | dz1zog) (r1, g1, 015 (X2, G2,02)Pa (X1, G2,01) Py (X2, 41,02) + c.c.

01,02

- Y | dz1ze ¢} (1, g1, 01} (X2, G2,02)Pp (X1, G2,01)Pa(r2, q1,02) — c.c.

01,02

+ ) | dz1zogj (r1, g1, 0195 (X2, G2,02)Pp (X1, G2, 01)Pa(r2, q1,02) + c.c.

01,02

- Y | dz1zo¢j (r1, 41,01 (X2, G2,02)Pa (X1, G2,01)Pp (X2, 41,02) — c.c.
01,02
In this expression, only the first line is what would appear in a standard Slater determinant. Since we con-
sider orthonormal orbitals, i.e., (¢4l = 0 4p, the integrals of the first term are all one and the integrals of
the second term are all zero. Thus for an ordinary Slater determinant, the orthonormality condition is suf-
ficient to fix its norm, independently of the orbitals. However, with the terms that stem from the additional
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symmetry requirements, new “mixed-index” terms arise, whenever one or more of the according orbitals
have coordinates with different indices. All these (in this case) 8 terms are actually two-body like integrals,
because we cannot separate the integrations of one set of coordinates as we have done in the first line. The
computation of these integrals is nontrivial and cannot be defined by an orthonormality condition. This
means that the norm of ‘P/a ,» depends on the specific form of ¢4/ and thus has to be calculated explicitly to
normalize ¥/ .

The number of such terms for an N-body generalized Slater determinant is given by all permutations of
polaritonic and electronic coordinates, which is N 12, minus the N! “ordinary” terms. The total number of
“mixed-index” terms, N'? — N!, grows therefore factorial with the number of particles. The normalization
(and in the same way also the calculation of expectation values) of a wave function that explicitly exhibits
the symmetry (4.26) requires the numerical calculation of (over)exponentially many nontrivial terms. Such
an explicit Slater determinant ansatz is thus infeasible in practice. We have found yet another exponential
wall.

4.2.5 Polariton ensembles

Comparing the challenges of the dressed wave function with the difficulties to construct a “polariton-like”
wave function within generalized MF theory (Sec. 3.1.2), it seems that any many-body description based on
polaritons leads not only to an exponential but even a “factorial” wall. However, the dressed construction is
more flexible than the standard description and we show in the following how we can exploit this flexibility
to construct simple but accurate approximation strategies based on polaritonic orbitals. The key-role hereby
will be played by the (ensemble) 1IRDM that allows the enforce exchange-symmetry without the explicit use
of, e.g., Slater determinants.

For that, we generalize the description from pure states (described by single wave functions) to ensem-
bles, characterized by the N-body density matrix Fg =Y; wi‘I’;“{’ i,» cf. Eq. (2.89), where the ¥; are eigen-
states of the Hamiltonian and the w; are weight coefficients with 0 < w; <1 and }_; w; =1 (see Sec. 2.4.1).
One important feature of the ensemble description is that it is easier to connect RDMs (Eq. (2.77)) to Fg than
to a pure-state density matrix I'V = ¥*¥. This connection is given by the (ensemble) N-representability
conditions. In other words, if a given matrix is bosonic (fermionic) N-representable than a corresponding
N-body density matrix exists that is composed out of only (anti)symmetric pure state wave functions. The
idea is now to rule out unphysical states such as ¥’ by utilizing the N-representability conditions of the
1RDM instead of an explicit ansatz such as the generalized Slater determinant (Eq. (4.28)).

We start by noting that we can straightforwardly generalize the ensemble description to the dressed set-
ting, if we utilize the eigenstates W', of H'. However, as we are only interested in the pure ground state ¥/,
we will only implicitly make use of the ensemble description. This is comparable to the use of the ensemble
N-representability conditions in RDMFT (see Sec. 2.4.2). We therefore define the dressed 1IRDM

YIWil(zo,z0") =) | dz,¥'" (2)01,2202) ¥V (2101,2202) (4.29)

o]
in terms of the dressed wave function ¥’.% Since the pure state ¥’ is an extreme case of an ensemble state, its
Fermi statistics with respect to the polaritonic coordinates zo (cf. Eq. (4.44)) is also apparent in y[¥'] in the
form of fermionic N-representability conditions. By using the natural orbitals ¢; and the natural occupation

9The generalization to ensembles would simply consist in exchanging 'N' = ¥/* ¥/ by Fg "=y, wil"gv " for a set of pure state density
matrices l"év’.
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numbers n;, which are defined by the eigenvalue equation n;¢; = y;, we represent y in its diagonal form
y[¥'(zo,z'0") =) n; ¢} (@ 0")pi(zo). (4.30)
i=1

The fermionic N-representable conditions become especially simple in this representation and are given by
(cf. Eq. (2.91))

0O<sn;=<1, Vi

2ini=N.

(4.31)

However, we still need to take care that the antisymmetry remains in the electronic subsystem. For that,
we now go one step further and define from the dressed 1RDM the electronic IRDM

Ye[¥'l(ro,¥'o’) = f dMqy[¥'(rqo,r'q0")

00 (4.32)

=) nfyst o)y o)
i=1

by an integration over the photonic coordinates. In the second line, we introduced the diagonal representa-
tion of y, with the according natural orbitals ¥{ and the natural occupation numbers n{. The Fermi statis-
tics with regard to only the electronic coordinates ro thus becomes apparent by considering the electronic

natural occupation numbers nflo

0<nfs<l, Vi (4.33a)
Tin¢=N. (4.33b)

With Egs. (4.31) and (4.33) together with the definition of y, in terms of y (Eq. (4.32)), we have derived
a set of necessary conditions to guarantee the hybrid statistics. Further conditions would be necessary
for a sufficient characterization of the set of polaritonic wave functions that exhibit the exchange symme-
try (4.26). This is comparable to the N-representable conditions of the 2RDM [214], since the dressed 1RDM
Y(z;2') = y(r, q,¥' q') written in electronic and photonic variables depends on four particle coordinates ex-
actly as the 2RDM. Importantly, the conditions (4.33) are sufficient to guarantee the antisymmetry in the
fermionic sector, which is the only symmetry of the physical systems and thus the most important one. We
therefore focus in the following on the conditions (4.33).

Let us illustrate this new point of view with the example from before. The correct auxiliary ground state
¥’ satisfies the conditions of Eq. (4.33), since

YelW'] = Zf dzodqy V" (' q107,2202) ¥ (xq10,2207)
02
2
=Y i (o yiro).
i=1

The two electronic orbitals are the natural orbitals of y,[¥’'] with natural occupation numbers ny = np = 1.

10Npote that the normalization of Ye to the electron number N is a direct consequence of the dressed construction that considers
exactly N polaritons for system with N electrons.
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If we do the same calculation with ¥/, we get instead
Yel¥'] =295 (' 0"y (ro),

which violates the N-representability conditions of Eq. (4.33) and thus the Pauli principle. For the wave
functions of an interacting system, the diagonalization of y,[¥’] will not be as trivial as for this simple exam-
ple, but nevertheless the conditions (4.33) are sufficient to ensure the Pauli exclusion principle in the sense
that maximally one fermion can occupy a single quantum state (upper bound in Eq. (4.33a)).

Most importantly, we can employ these conditions to obtain a computationally tractable procedure (pre-
sented in Sec. 5.1) to approximately ensure the polariton statistics implied by Eq. (4.43), instead of the fac-
torially growing number of “mixed-index” orbitals.

4.3 Dressed construction: the general case

We recapitulate now the dressed construction for the general case of N electrons that are coupled to M
photon modes. We follow hereby Ref. [2, Sec. 2]. We consider the setting of cavity QED with according
Hamiltonian (reordering its terms for the purposes of this section)

o | & M1, h 2

A=Y [-3An + 0] +3 Y waprp+ Y (_EW + T“pa)
k=1 kAl a=1 @
Apn=T181+V [v]+ W (w] Hyp,

(cf. 1.37)
M LM "
+ ) —wWapalda-D+ ) 5(As-D).
a=1

a=1

~~

Hj Hq

The first three terms constitute the usual matter Hamiltonian of quantum mechanics, with the kinetic and
external one-body parts, T[] and V[v], respectively, and the two-body interaction term W [w]. Here the ki-
netic term is the usual Laplacian ¢(r) = —%A,, the external potential v(r) is due to the attractive nuclei/ions
and w(r,1’) is the electron-electron repulsion. Usually this is just taken as the free-space Coulomb inter-
action w(r,r’) = 1/|r —'|, but inside a cavity the interaction can be modified [127]. The fourth term ﬁph is
the free field-energy of M effective modes of the cavity. The effective modes are characterized by their dis-
placement coordinate p,, frequency w, and polarization vectors A4. The latter include already the effective
coupling strength g, = IAQI\/@ o 1/+/V [48, 14] that is proportional to the inverse square-root of the cav-
ity mode volume V. In the dipole approximation, the coupling between light and matter is described by the
bilinear term H;,; together with the dipole self-energy term Hqp r. Here the dipole operator is defined by
]5 = Zivzl k.

The ground state of H is given by a wave function
VX1, ..o XN, P15 ooer PM) (4.34)

that depends on N spin-spatial electron coordinates and M photon mode-displacement coordinates and
that is antisymmetric with respect to the exchange of any two electron coordinates.
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4.3.1 The dressed auxiliary system

To turn this coupled electron-photon problem into an equivalent and exact dressed problem we will follow
three steps:

1. For eachmode a =1,..., M and all but the first electron i = 2,..., N, we introduce extra auxiliary coor-
dinates pg ;. This adds (N — 1) M extra degrees of freedom to the problem. In this higher-dimensional
auxiliary configuration space, we now consider wave functions depending on 4N + NM coordinates,

ie.,

!
4 (r101r~-~y1'N(7N,]91y--~;pM;pl,z,--npl,N;~~-»PM,2»-~-pr,N)-

Here and in the following, we will denote all quantities in the auxiliary configuration space with a

prime.

2. We next construct an auxiliary Hamiltonian in the extended configuration space of the form

A=+ i

]
1l
—

where

(4.35)

depends only on these new auxiliary coordinates. This construction guarantees that the auxiliary de-
grees of freedom do not mix with the physical ones, which will ensure a simple and explicit connection
between the physical and auxiliary system.

3. Finally we perform an orthogonal coordinate transformation of the physical and auxiliary photon co-
ordinates (py, ..., pm,n) — (q1,1, ..., M, n) such that

(4.36)

Note that the second line is automatically satisfied for any orthogonal transformation and the first line
defines pq as the “center-of-mass” of all the g, ; with uniform relative masses 1/v' N.

In total, we then find the auxiliary Hamiltonian in the higher-dimensional configuration space given as

N M &
= X[k e v+ ¥ wirin - . oapada D+ L 44

k#l a=1
M( 1.0% MI( 1 & b2
3 (et 3 (et
2 a 232 2 Pa,i

=\ 2ove as1iz\ “Pai

N
439 Z {——Ark + vt + Z

gaqz +3 wa%k \/aﬁqa,k(/'la'l‘kH%(Aa'rk)z]}

*3

k#1

M
w(rg,r;) + _w_aq xA -l‘l—&q JAa T+ Ay TrAg Xy ],
Zl( N dakMa N daita @ @ )
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where we inserted the definition of the total dipole operator and reordered the expressions, such that the
terms with only one index and the terms with two different indices are grouped together. Introducing
then a (3 + M)-dimensional polaritonic vector of space and transformed photon coordinates z = rq with
q=(q1,-..,qm), we can rewrite the above Hamiltonian as

N
H=) [0, +v'@)]+35 ) wz,z) (4.37)
k=1 k#l
=T+ VIV + Ww'),

where we introduced the dressed one-body terms

' 1A/ 1 > 2 1 & foid
P@)==30==30 57 =2 2L 307 (4.38)
i=1 1 a=1 "%
M
V@ = v+ ) [0had - Y5 qarar+ FAer?], (4.39)
a=1
and the dressed two-body interaction term
> |
w'(z,z) =w(rr) + — L2 Gadat — 22 gl Agr+ Ag Ay |. (4.40)
= /N data VN dasta a a

We see here that only the conditions (4.36), but not the details of the coordinate transformation of step 3
are important for our construction [1]. The crucial part of this coordinate transformation is the replacement
of pg in the interaction terms pgA4-D. Instead of p, only, now all g4 ; couple to the dipole of the matter
system just with a rescaled coupling-strength by the factor 1/v/N.

The hybrid statistics of the dressed wave function

Let us next discuss the wave function ¥’ in the auxiliary configuration space. The wave function ¥ in the
usual configuration space is a (normalized) solution of the (time-independent) Schrodinger equation Ey¥ =
Y. Since A' = A+ Y | 1, and I, acts only on the auxiliary coordinates, we can simply construct

Y'(ri01,...,pmN) = VY X101, ..., ENON; D1y, PMX (P12, -+ PMN), (4.41)

with y being the (normalized) ground state of Zy: 1 I1,, which is a product of individual harmonic-oscillator
ground states. Clearly, ¥’ is a normalized solution of the auxiliary Schrodinger equation Ej'¥' = A'¥'. In
principle any combination of eigenstates of the auxiliary harmonic oscillators would lead to a new eigen-
function for A’ but since we here focus on the ground state the natural choice is the lowest-energy solution.
Rewriting this wave function in the new coordinates and employing the polaritonic coordinates zo = rqo,

we arrive at
V' (rio1,..., INON, G1,1,-- -, Gu,N) = V' (2101, ..., ZNON). (4.42)

This polaritonic wave function as the ground state of (4.37) is the reformulation of the original electron-
photon problem of (1.37) we were looking for. Since all the new photonic coordinates belong to harmonic
oscillator ground states, exchanging p,; with pg, j does not change the total wave function ¥’ and this prop-
erty transfers to the exchange of any coordinate ¢q,; and ¢, ;. Hence we have now a bosonic symmetry with

133



CHAPTER 4. THE DRESSED-ORBITAL CONSTRUCTION

respect to the g coordinates. Since the electronic part of the auxiliary system is not affected by the coordi-
nate transformation, the electronic symmetries are the same in the physical and auxiliary system, i.e., we
have a fermionic symmetry with respect to ro. Together these two fundamental symmetries imply that the
polaritonic coordinates zo have fermionic character. The symmetries of the polaritonic wave function ¥’

can be summarized as

1.0 —ro; — ¥V o-¥ (4.43a)
q9.—q, — Y- (4.43b)

from which follows
70— 20, — V-9 (4.44)

This means that though the dressed wave function has fermionic statistics (4.44) in terms of the polaritonic
coordinates zo, due to the constitutive relations (4.43) it actually consists of two types of particles: one with
fermionic character and another with bosonic character. Consequently, the polariton wave function ¥’ has
a hybrid Fermi-Bose statistics. As consequences of these symmetries we find the Pauli exclusion principle
for the electrons, yet for the auxiliary photon coordinates we find that many photonic auxiliary entities can
occupy the same quantum state.

Indeed, we can prove that the conditions of Eq. (4.43) are necessary and sufficient to establish a one-to-
one mapping between the dressed ¥’ and the physical ground states ¥. The first part “¥ — ¥'” is given by
the dressed construction. For the second part “¥’ — ¥” we show that the minimal energy state ¥’ has the

form W' = Wy, cf. Eq. (4.41). For that, we consider a trial wave function in the dressed space

! — v/ .
Y (ZIUI!---)ZNUN) =Y (rlal)-~-r PM» Pl,Zr---;PM,N)

that fulfils (4.43). Then it holds since A onlyactson (ry,...,ry, p1,..., pm) and 22/1:1 fla onlyactson py2,..., pM,N
that

M
inf(Y'|H'Y'Y zinf(Y'|HY') +inf(Y'| ) 11, Y")
Y Y Y =1

M
“8 AWy + (Y Ty

a=1

= (V| B'Y).

We have thus proven the assumption. For excited states the constitutive relations are necessary but not
sufficient to single out the eigenfunctions of A’ that correspond to the original Hamiltonian in terms of
simple products. The reason is that we cannot make use of the variational principle as above. Let us illustrate
this for the first excited state W; with corresponding dressed version ¥} = ¥;y. We could try to follow
a similar line of proof as above by considering only trail wave functions Y’ 1 W' that are orthogonal to the
ground state. If we now search for the lowest energy solution among the Y, the constitutive relations cannot
differentiate the correct state ¥} = ¥ from, e.g., the state ‘P’l = Wy, where y; is the first excited state of
the auxiliary modes.!! However, for ground states the above proof and thus the one-to-one correspondence
between physical and dressed system holds.

HThe reader is referred to the work of Nielsen et al. [258] for further details on excited states and the time-dependent case in general.
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4.3.2 Enforcingthe hybrid statistics in practice: the Pauli principle and N-representability

We have discussed in the previous section that enforcing the physical conditions (4.43) on the polaritonic
wave function directly, is not practical. As an alternative, the physical conditions (4.43) are visible in the
dressed 1RDM, which is given explicitly by

y[¥'(zo, 2"y = ) BN V9o ... zno )Y (zo, ..., ZNON). (4.45)

The Fermi statistics of the wave function ¥’ with respect to the polaritonic coordinates zo (4.44) is also
apparent in y[¥'] in the form of the N-representability conditions. By using the natural orbitals ¢; and the
natural occupation numbers n;, which are defined by the eigenvalue equation n; ¢; = Yy ;, we represent y
in its diagonal form y[¥’'](zo,2'0") = X2 n; ¢; (z'0")¢p;(zo). The fermionic N-representability conditions

become especially simple in this representation and are given by

O<n;j<1, Vi
(4.46)
2ini=N.
From the dressed 1IRDM, we can define the electronic IRDM
Yel¥')(xo,r'o") = f dMqy[¥'1(rqo, ¥ q0") (4.47)
and the auxiliary photonic IRDM
Yp[¥qq) =) [ dry(¥'](rqo,rq o). (4.48)
g

Again, we can define the according natural orbitals wf/p and the natural occupation numbers nf/p by the

. . Ip _ 4 / . o .
eigenvalue equations n,-wf P=e ,,1//;3 P and go into their diagonal representations

Yel¥'l(xo,r'o") = Zl nys@'oys(ro) (4.49)
i=
and
Yp[¥1q,q) =) n’vP* (@)l (q. (4.50)
i=1

The Fermi statistics with regard to only the electronic coordinates ro thus becomes apparent by considering

the electronic natural occupation numbers n{

n;=0, Vi (4.51a)
né<1, Vi (4.51b)
Yi nf =N, (4.51c¢)

where we split the conditions in three parts for later convenience. The equivalent bosonic symmetry of the
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auxiliary photonic coordinates leads instead to the conditions

0<n’, Vi (4.52a)

i’

Yin! =N. (4.52b)

Note that the normalization of y,;, to the electron number N is a direct consequence of the auxiliary con-
struction that considers exactly N polaritons for a system with N electrons. This becomes explicitly vis-
ible in the fact that the normalization of y by definition transfers to y,/,, since N = Y, [dzy(zo,zo) =
Yo [drye(ro,ro) = [dqy,(q,q). Additionally, the lower bounds of .5, cf. Egs. (4.51a) and (4.52a), transfer
from y, because the partial trace operation is a completely positive map [263]. We can conclude that if (4.46)
is enforced, only the upper bound of the electronic 1RDM, cf. Eq. (4.51b) provides a nontrivial additional
constrained.

This now shows explicitly also for an interacting wave function that at most one electron can occupy a
specific quantum state, while many auxiliary photon quantities can occupy a single quantum state. Further,
the dressed 1RDM y[¥'] itself has only natural occupation numbers between zero and one and is therefore
fermionic, yet it contains a fermionic and a bosonic subsystem. It is important to note that the original
wave function ¥ did not have this simple hybrid statistics but only fermionic symmetry, since the physical
pPq did not follow any specific statistics. Further, that we genuinely have formulated the coupled electron-
photon problem in terms of hybrid quasi-particles becomes most evident by actually using single-particle
(polariton) orbitals ¢; (zo) to expand the dressed 1IRDM of P’.

To obtain a computationally tractable procedure, we therefore use the construction presented in Sec. 5.1
to (approximately) ensure the polariton statistics implied by Eq. (4.43), instead of the factorially growing
number of “mixed-index” orbitals. We will consider all fermionic density matrices in the auxiliary configu-
ration space, which we characterize by the conditions of Eq. (4.46) in terms of polaritonic orbitals ¢; (zo). We
then constrain this space by enforcing the N-representability conditions of Eq. (4.51) for the 1RDM of the
electronic subsystem. Since this guarantees that only (ensembles of) fermionic wave functions are allowed,
also the minimal energy solution (corresponds to an ensemble that) has fermionic symmetry with respect
to ro. We remind the reader that this is the only symmetry of the physical system. Thus, it is especially
important to enforce this symmetry also within an accurate approximation scheme in the dressed system.
This together with the zo antisymmetry guarantees additionally the correct zero-coupling limit. We call this
construction the polariton ansatz for strong light-matter interaction. In the next section, we will based on
the polariton ansatz provide a detailed prescription to generalize a given electronic-structure theory to treat
ground states of coupled electron-photon systems from first principles.

4.3.3 Observables in the dressed system

To conclude we want to briefly discuss the role of observables in the auxiliary system. Although we con-
structed the auxiliary space explicitly in a way that the physical wave function ¥ can be reconstructed ex-
actly from its dressed counterpart W’ by integration of all auxiliary coordinates, this does not hold for all
types of operators. For operators that depend only on electronic coordinates, there is no difference and
we have (¥|OW) = (¥'|OW'). This is not surprising because the coordinate transformation (4.36) acts only
on the photonic part of the system. For photonic observables instead, the transformation changes the re-
spective operators and thus, the connection between physical and auxiliary space becomes nontrivial in
general. However, at least for all observables that depend on photonic 1/2- or 1-body expressions, there is
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an analytical connection. For half-body operators, i.e., any operator that depends only on the displacement

of
1
Pa = \/_N(qa’l +..+ qa,N) (4.53)
and its conjugate
9 _1(o 0 (4.54)
0pa  VN\0Gay ~ 0qan)’ '

the coordinate transformation itself provides us with the connection. For 1-body operators, this becomes

slightly more involved. For example, consider the mode energy operator H,;, = ¥ |-1 a‘; + —pa

92 g
q + q(x,i

ZM h’ The connection between H ph and Hp , is given by the definition of the coordinate transformatlon
(4.36),

Z ha, that we can straightforwardly generalize in the auxiliary space to A h = ZM 1 Z ; 3

M
Hyp = H,), - Zlna. (4.55)
a=

Wq

Since the expectation value of I, is known analytically, (¥’ |y (pa.2, ..., Pa.n)¥') = (xITlax) = (N=1) Z 15

we have
a Nay ! M (,Ua
Epp = (Y| Hpn¥) = (¥'|H)), ¥ = (N - 1)0;1 - (4.56)
that enters the total energy
. . M g
E=(Y|HY)=(V'|H'Y)-(N-1) ) -5 (4.57)
a=1
This can be generalized to any operator that contains terms of the form pq pg, pa 7, a Py A nd W% where

a and B denote any two modes. The reason is that the transformation (4.36) preserves the standard inner
product of the Euclidean space of the mode plus extra coordinates. This transfers also to their conjugates
and combinations of both. From the above, it is straightforward to derive also the expression for the occu-
pation of mode «, Nl‘fh = t e - % In the auxiliary system, we have

1 .
S (4.58)
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Chapter 5

POLARITONS FROM FIRST PRINCIPLES

In the last chapter, we have defined the theoretical framework to describe coupled matter-photon systems
with polaritons as the fundamental entity. Now we need to discuss how to use the framework in practice.
The key behind the application of the dressed construction lies in the fact that the polaritons are “almost
electrons” - with an additional symmetry - and the Hamiltonian in terms of these polaritons is also almost
the Hamiltonian of standard electronic-structure theory. In this chapter, we lay out how we can exploit this
by providing a general prescription of how to turn any given electronic-structure theory into a “polaritonic-
structure theory” (Sec. 5.1). This means that we keep the approximations to the Coulomb-interaction within
the electronic theory exactly as they are but use them to approximate the in the previous section derived
interaction between the polaritons. Sec. 5.1 is based on chapter 3 of [2]. Then, we exemplify this prescription
for two examples. In Sec. 5.2, we introduce polaritonic HE followed by polaritonic RDMFT in Sec. 5.3.

5.1 Polaritonic structure theory

In this section, we lay out in detail how one can transform a given electronic-structure theory that meets
some minimal requirements into its polaritonic version. The goal of such a “polaritonic-structure theory”
is to find the ground state of the cavity-QED Hamiltonian of Eq. (1.37) by considering the ground state of
the auxiliary Hamiltonian of Eq. (4.37). Let us start by defining the according variational principle for the
ground-state energy Ej as

Ey= inf (¥'|H'Y"), (5.1)
YeP

where B = {¥': ¥/ — (4.43)} is the set of all normalized many-polariton wave functions that obey the consti-
tutive relations of Eq. (4.43). For our purposes, as explained in Sec. 4.3, we will instead consider the larger set
M of all (mixed-state) density matricesI'=}_ jWj I‘P}) (‘P’jl with }° jwj=1, that obey the hybrid Fermi-Bose
statistics. The minimal energy also in this more general set corresponds to the pure state of Eq. (5.1), i.e.,

E)= inf. Tr{T A} (5.2)
€

The main trick now is in how we approximate this set. We do so by first considering the yet larger set 0 = {T":

‘17’] =3 Cj x®g}, i.e., density matrices made of superpositions of Slater determinants ®x = det(¢x,1 -+ Px,n)/ VNI
of polariton orbitals ¢, ;. This guarantees the overall Fermi statistics in terms of the polaritonic coordinates

zo. We then constrain this larger set to

A =1{TeM:né[] <1}, (5.3)
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Hamiltonian Basis States Lagrangian of the EST
Hy, =T[t1+ Vv] + W[w] (P (ro)} — LY =ELPY 9]+ 6V
l
H=H,+ ﬁph +Hi+Hy;  {pr@o),xa(p)} — “new theory necessary”

|
B =T+ VII+ W' @ o,q)  — L[W1=EL"" W] +6¥ ]+ 9P

Figure 5.1: Graphical illustration of the polariton construction and its connection to an electronic-structure
theory (EST). Here E,, indicates the energy expression of the EST, such as the HE configuration interaction,
or coupled cluster energy functional, and € indicates the constraints of the EST, such as orthonormality
of the orbitals. They are enforced on a (possibly multideterminantal) wave function ¥ constructed from
an electronic single-particle basis ¢p¢. Further, ¢ indicates the new constraints that arise due to the hybrid
statistics of the polaritons, which are now enforced on a (possibly multideterminantal) wave function ¥’
of polaritonic single-particle orbitals ¢. The usual coupled electron-photon problem (second line) has a
Hamiltonian with a different structure and is built on separate orbitals ¢y and . Thus, a new (efficient and
accurate) approximate energy expression would be needed.

where n¢ [['] are the natural occupation numbers, cf. Eq. (4.49), of the electronic 1IRDM y,[[] =Y jw jye[‘I;’j]
that depend on I'. This enforces the fermionic statistics with respect to the electronic coordinates ra. The
rest of the N-representability conditions (Egs. (4.51a) and (4.51c)) are satisfied automatically by choosing
V' € 2 as fermionic with respect to polariton coordinates and thus the corresponding dressed 1RDM satis-
fies the N-representability conditions (Eq. (4.46)). This guarantees that the electronic and photonic 1IRDMs
of the system are N-representable, and thus, e.g., the electronic Pauli-principle is enforced. However, higher
order RDMs are not treated exactly, which is an interesting topic for future research. We thus avoid the direct
construction of the exponentially growing correlated electron-photon states.

As we have pointed out already, the polariton picture gives any coupled problem that is described by
Hamiltonian (1.37) the same structure as a purely electronic problem with two-body interactions, i.e., the
electronic-structure Hamiltonian (Eq. 2.1). Consequently, we can transfer every type of electronic-structure
theory to the coupled electron-photon problem, if the theory provides an expression for the 1RDM (since
we need the 1RDM to test the N-representability constraints). The main steps how to do so are depicted in
Fig. 5.1. We assume that the theory provides us an energy expression E,,;, with respect to a set of electronic
basis states {¢x}. This requirement is met by basically every electronic-structure theory, as for instance the
single-reference methods KS-DFT or HF but also more involved (and numerically expensive) approaches
like coupled cluster, valence bond theory or configuration interaction.! Depending on the specific theory,
E,, might have quite different forms, but it is always derived from some many-body Hamiltonian H,, =
T1#1+ V[v]+ W[w]. More specifically, the connection between H,, and E,, is given by the particle number N
and the integral kernels (¢, v, w) of the three energy operators. For the matter Hamiltonian H,, of Eq. (1.37)
for example, these kernels are given by ¢ = —%Vf, v =v(r) and w = w(r,r'). The goal of any electronic-
structure theory is then to find the minimum of E f,'l"’ YI¥], where ¥ is a (possibly multi-determinantal) wave
function constructed from the orbital set {¢s}. Typically, one needs to impose some constraints on the
parametrization of the wave function ¥ to make it physical

ck[¥P1=0, (5.4)

1A standard reference for these and other quantum chemical methods is Helgaker et al. [132].
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e.g., orthonormality of orbitals or the norm of the CI coefficients. The generic electronic-structure minimiza-

tion problem is formulated as

minimize EL""Y[¥]

subjectto ¢ [¥]=0. (5.5
We can solve Eq. (5.5) by, e.g., minimizing the Lagrangian
LY, el = ERP Y IW]+ B 1Y, feg], (5.6)

where €Y, {ex}] = Y rexck[V] is a Lagrange-multiplier term. Instead of minimizing E,, directly, one mini-
mizes L, with respect to the orbitals and the Lagrange-multipliers €. Today, a plethora of standard electronic-
structure codes exist that solve (5.5) very efficiently for many different theory levels and thus allow for a
highly accurate description of the electronic structure.

If we consider the coupled electron-photon Hamiltonian of Eq. (1.37) instead of the purely electron
Hamiltonian H,,, we find that we need to build new approximation strategies and implementations to
deal with the coupled electron-photon Hamiltonian directly. However, by transforming the problem into
its dressed counterpart, i.e., we consider (4.37), we can utilize the full existing machinery for the electronic
case. In particular, this means that we have now polaritonic orbitals ¢’ (zo) as fundamental entities that
have as coordinate z = rq, where g is an M-dimensional (number of photon modes) vector. Additionally, the
one- and two-body terms are replaced by their polaritonic counterparts, i.e., (f, v, w) — (¢, v', w') as given
in Egs. (4.38), (4.39) and (4.40). We can then transform straightforwardly the energy expression of a given
electronic-structure theory into a polariton energy expression E5”" [¥] — E ,2; v [¥'], because the connec-
tion between E,, and H,y, is defined by the one- and two-body terms and the particle number alone. Also the
constraints directly transfer to the polariton system, leading to the Lagrangian term € [¥, {ex}] — €Y/, {ex}.
Lastly, since polaritons are particles with a more complicated hybrid statistics than electrons (see Ch. 4), we
need to add to the Lagrangian a further constraint term ¢[y,]? to enforce the constraints

gilyel=1-n{=0 Vi=1,...,,N. (5.7)

Y. !
With this definition, the energy expression E5;" " [¥'] and the constraints, we are now able to generalize

the minimization problem of Eq. (5.5) to the generic polaritonic minimization problem

minimize E5YV (W]
subjectto c[¥'1=0 (5.8)
gi[yel¥']] = 0.

Since there are many possible strategies to solve the minimization problem (5.8) and a good choice might
depend on the specific electronic-structure theory that is considered, we will not further discuss the prac-
tical aspects of enforcing the extra conditions. In the next sections, we will exemplify this procedure by
generalizing HF and RDMFT to polaritons.

We want to remind the reader that there are scenarios in which the conditions g; are trivially fulfilled
(see Sec. 4.2.3). In this case, a minimization that does not explicitly guarantee g; = 0 is as accurate as solv-
ing the minimization problem (5.8). In the following, we will refer to polaritonic minimization problems of

2The precise form of this term depends on the method that is used. See Sec. 8.2.2
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the former type as fermion ansatz to differentiate them from the generic polariton ansatz. We will numeri-
cally investigate the settings, where the fermion ansatz and the polariton ansatz lead to the same results in
Sec. (6.1.3).

5.2 Polaritonic HF

In this section, we will apply the general rules of the previous section to HF theory, which leads to polari-
tonic HF theory. This means that we approximate the density matrix of the exact dressed wave function of
Eq. (4.42) by the density matrix of a single Slater determinant with orbitals gb’l, s gbgv, ie.,

1
Vv N!
Further, we consider a spin-restricted formalism, i.e., we assume that the number of electrons N is even and

define gb’Zk_l (zo) = gb;c (z)a(a),c/)’Zk(za) = gb;C(z)ﬁ(a) for k =1,...,N/2, where a, § are the usual spin-orbitals
(cf. Egs. (2.22). We again note that we do not necessarily enforce with our constraints that the auxiliary Slater

B P

q),(Zlgl,...,ZNUN) =

determinant has the right symmetry but rather its IRDM. In this regard polaritonic HF becomes actually a
1RDM functional theory for polaritonic problems rather than a wave-function based method [1]. With this

ansatz, we calculate the energy expectation value for the Hamiltonian of Eq. (4.37), which reads
Epp=2) (GiI(T11+ VI D)) + Zk (2@} T W 1L) — @LIR (w1}, (5.9)
i i
where we introduced the “dressed” Coulomb-operator J' ¢ which acts as
Jigp). (@) = f dz'¢} " @ w'(z;2) P (@) P, (2) (5.10a)
and the “dressed” exchange-operator K’ l’ that acts as
K¢} (2) = f dz' ¢ (@) w'(z 2" ()¢} @). (5.10b)

The polaritonic one- and two-body terms are given by (4.38), (4.39) and (4.40), respectively. With this we
find that E}IF = EE’F"”W’({(D;C}) (see Ch. 2.2). Consequently, we also find structurally the same derivative,
which reads

Vo Eyp = HY' ) = 2T+ VIV Dy +2 ) [2];1w'1¢), - K w1y ] (5.11)
i

where H! is the generalization of the Fock operator (Eq. (2.45)). Since we consider only one Slater deter-
minant, the orbitals ¢ are also the eigenfunctions of the system’s dressed IRDM y. Because of the spin-
restriction, it suffices also to consider the spin-summed version y(z,z) = 2Y ¥/ ¢/ * (z')¢);(z), which we de-
note with the same symbol. We see that y[®'] has occupations (eigenvalues) of 2 instead of 1 because of the
spin-summation. This transfers to the natural occupation numbers of the electronic IRDM

Ye(r,r') = f dqy(rq,r'q).
Now, we have defined all the terms that enter the minimization problem (5.8).
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5.3 Polaritonic RDMFT

As mentioned in the last section, we consider polaritonic HF as a test-case. HF theory is conceptually (and
numerically almost) the simplest electronic-structure theory and thus it is well-suited to explore the fea-
tures and possible issues of polaritonic-structure theory. Judging from the first calculations (see Ch. 6), po-
laritonic HF captures despite its simplicity many phenomena of coupled light matter systems surprisingly
well. However, for large coupling strengths, polaritonic HF becomes inaccurate.? To improve upon the HF
description, a logical next step is DFT based on an auxiliary system of polaritons. For that, we merely have
to remove the exchange-part of the HF-implementation and employ a functional of our choice. This has
been already tested in a simple setting by Nielsen et al. [258]. We only want to mention that the employed
(simple) functional in terms in the dressed KS system was already more accurate than KS-QEDFT with the
photon OEP.

In this section instead, we go from a conceptual point of view yet another step further and derive polari-
tonic RDMFT, i.e., we construct a theory on the polaritonic 1RDM. This case is especially interesting with
regard to the difficulties that we encountered in Sec. 3.3.1 when we tried to express the energy-expectation
value of the Hamiltonian in terms of RDMs. By employing polaritonic orbitals, we can let aside the under-
standing of the complicated 3/2-body RDM that accounts for the electron-photon interaction in the stan-
dard picture, including its representability conditions. The polaritonic and electronic 1RDMs are quite sim-
ilar and most importantly, many concepts that were important for the construction of RDMFT functionals
transfer to the polaritonic case.

The RDM perspective on polaritonic-structure theory

Let us therefore analyze again the structure of H’, given in Eq. (4.37). It consists of only polaritonic one-
body terms 7'V (z) = -3 A + v'(2), and two-body terms 72® (z,2) = w'(z,2'). It commutes with the polaritonic

particle-number operator N = [ d3*M

zi(z), where we used the definition of the polaritonic local density
operator 7(z) = Zﬁ.\i 1 53*M(z —z;). This means that the auxiliary system has a constant polaritonic particle
number N. Additionally, the physical wave function of the dressed system ¥'(z,01,...,zZy0y) is per con-
struction antisymmetric (but it has in addition the g-symmetry). These properties allow for the definition
of the polaritonic (spin-summed) 1RDM in exactly the same way as for an electronic state. We repeat here

the definition of Sec. 4.3, i.e.,

yzz)=N Y f dGHMIN=1 (cf. 4.45)

01,..wON

VY72 a1,2009,...2n0 )Y (201,220, ..., ZNON).
Furthermore, we introduce the (spin-summed) dressed 2RDM

®(z1,2;2},2,) =N(N-1) ) [ d®ME=2
T1mON

1% ! ! !/
V' (z,01,2,02,2303,.,Z2N0N)VY (2101,2202,2303, .., ZNO N).

3Most of the contents of this section are part of Ref. [1]
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These dressed RDMs allow for expressing the energy expectation value of the dressed system by

N
Ey=(¥'|H1P)y =¥ Y WV ) +1 Y 1?24,z
k=1 k#l

=fd3+szl(D (Z)Y(ZyZ,)Iz’:z+%fd3+MZd3+MZ,i;l(2) 22?27 2.7).

Thus, we can define the variational principle for the ground state only with respect to well-defined reduced
quantities,

E'= inf E[y,T?].
0 [.r @)y Y

Notice the difference to the according variational principle in the standard picture

Eo = {(T+ Wyl + W+ H) 021+ Hynlys) + HTS1, (cf. 3.52)

2 in 3/2
rel@yp P )1—w

that we have defined formally in Sec. 3.3.1. We discussed there that we don’t know how to enforce the con-
nection between the RDMs and the wave function, {y,, Fff),yb, FS’I/OZ)} — ¥, and thus cannot use it. In con-
trast to that, we know what we have to do in principle to perform the minimization (cf. 3.52): We need to
constrain the configuration space to the physical dressed RDMs that connect to an antisymmetric wave
function with the extra g-exchange symmetry by testing the appropriate N-representability conditions of
the dressed 2RDM and the dressed 1RDM. Besides the by now well-known conditions for the fermionic
2RDM [214] and the fermionic 1RDM [136] we would in principle get further conditions to ensure the ex-
tra exchange symmetry. However, already for the usual electronic 2RDM the number of conditions grows
exponentially with the number of particles, and it is out of the scope of this work to discuss possible ap-
proximations. The interested reader is referred to, e.g., Ref. [214]. Instead, we want to stick to the dressed
1RDM y and approximate the 2-body part as a functional of the y. We will treat hereby y as approximately
fermionic and thus consider only the N-representability conditions (4.46). Additionally, we guarantee the

fermionic character vy, as described in Sec. 5.1.

The polaritonic 1RDM as a basic variable

The mathematical justification of RDMFT is given by Gilbert’s theorem [199], which is a generalization of
the Hohenberg-Kohn theorem of DFT [165]. More specifically, Gilbert proves that the ground state energy of
any Hamiltonian with only 1-body and 2-body terms is a unique functional of its IRDM (see Sec. 2.4.2. Fol-
lowing this idea, we will express the ground-state energy of the dressed system as a partly unknown energy
functional E’ of only the system’s dressed IRDM

E; :iryle’ [y], (5.12)
where

E'lyl= f B MzhM @)y @22y + 3 f M zd3 M2 1D 2,2\ TP ([y];2,2,2,7) (5.13)

=Wyl
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is the dressed RDMFT energy functional. For this minimization, we need a functional of the diagonal of the
dressed 2RDM in terms of the dressed 1IRDM as well as adhering to the corresponding N-representability
conditions when varying over y. Analogously to the discussion about the extra symmetry, we need to con-
sider now polariton ensembles to have simple conditions. However, since the ground state is a pure state and
pure states are spacial cases of ensembles, the definition (5.12) is still exact with the ensemble conditions.

Another advantage of RDMFT in general is the direct access to all one-body observables. This transfers
also to polaritonic RDMFT. The calculation of expectation values of purely electronic one-body observables
is trivial with the knowledge of the dressed 1RDM, but also photonic one-body (and half-body) observables
can be calculated, using the connection formula shown in the end of Sec. 4.3. Thus, we are able to calculate
very interesting properties of the cavity photons like the mode occupation or quantum fluctuations of the
electric and magnetic field.

To see whether our approach is practical and accurate, we employ simple approximations to the un-
known part W’[y] that have been developed for the electronic case. To do so, we further, similarly to the

electronic case, decompose
W'yl = Enlyl + Excly]

into a classical Hartree part
1
Enlyl = Effd3J’]\’[zng’A’Iz’}f(z,z)y(z’,z’) w'(z,2)

and an unknown exchange-correlation part E,:[y]. Almost all known functionals E,.[y] are expressed in
terms of the eigenbasis and eigenvalues of the 1IRDM. In our case the dressed natural orbitals ¢; (z) and occu-
pation numbers 7n; are found by solving [ d**Mz'y(z,2')¢;(Z') = n;¢;(z). One interesting feature of RDMFT
is (in contrast to KS-DFT), that it includes HF theory as a special case with the functional

Exclyl = Explyl = =3 )_nin; f f & M2d™ M2} @ ¢ @) w'(2,2)pi(2) ¢ (@) (5.14)
i,j

As the HF functional depends linearly on the natural occupation numbers, any kind of minimization will
lead to the single-Slater-determinant HF ground state (which corresponds to occupations of 1 and 0) [224].
We have recovered polaritonic HE We can go beyond the single Slater determinant in polaritonic RDMFT,
if we employ a nonlinear occupation-number dependence in the exchange-correlation functional. We have
only considered the oldest and best tested functional that was introduced by Miiller in 1984 [227] that reads
in the dressed setting (cf. Eq. (2.102))

Exclyl = Emlyl = =3 \/nin; f f & Mzd™* M2 7 @ ¢ @) w'(2,2)pi(2) (@), (5.15)
ij

and later re-derived by Bjuise and Baerends [228] from a different perspective. The Miiller functional has
been studied for many physical systems [229, 228] and gives a qualitatively reasonable description of elec-
tronic ground states (see also Sec. 2.5). Additionally, it has many advantageous mathematical properties [227,
161](see also Sec. 2.4.2). A thorough discussion of different functionals goes beyond the scope of this work,
and we only want to remark that a variety of functionals were proposed after Ejs[y] and it is likely to have
even better agreement with the exact solution by choosing more elaborate functionals.
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Chapter 6

POLARITONIC STRUCTURE METHODS IN PRACTICE

In this chapter, we finally apply our new polariton tool box to concrete problems and show some first re-
sults.! Specifically, we have two implementations available that are capable to perform calculations with
polaritonic orbitals. In Sec. 6.1, we introduce the first one. Here, the polaritonic orbitals are expanded in
a combined basis of a one-dimensional lattice for the electronic subsystem and the Fock-number states
for the photon mode (see Sec. 6.1.2). In this setting, we can perform polaritonic HF calculations taking ex-
plicitly into account the hybrid statistics of the polaritonic orbitals, i.e., the polariton ansatz (see Sec. 5.1).
Importantly, this implementation allows to assess our construction to approximatively guarantee the hybrid
statistics of polaritonic orbitals (polariton ansatz) and to define settings, in which we can use the fermion
ansatz. In Sec. 6.2, we introduce our second implementation in the real-space electronic structure code Oc-
TOPUS.? It is an extension of the RDMFT routine of OCTOPUS and capable to perform minimizations with
the Miiller and HF approximation employing the fermion ansatz.3

For both implementations, we present accuracy studies, which is a standard step in first-principles the-
ory. Before we can apply a method to a new problem, we have to systematically compare the numerical re-
sults to exact references (or analytical limit cases). Since this is a standard procedure in electronic structure
theory, there are well-defined test sets with accurate reference data. For instance, Curtiss et al. introduced
the frequently used G2/97 [264] or G3/99 [265] theoretical thermochemistry test sets. For coupled electron-
photon systems, we do not have such kind of databases and it will be considerably more difficult to generate
them because of the larger configuration space.* However, we still can follow the same route and assess our
approximations with exact references. With the machinery that we had accessible when we produced our
data, we could calculate the (regarding the basis set) exact many-body ground states of one-dimensional
two-electron systems that are coupled to one photon mode. In Sec. 6.3, we conclude the assessment with a
brief discussion of the numerical challenges of polaritonic-orbital-based methods, including the scaling of
the computational costs.

The benchmark studies justify then to go beyond problems that we can still treat with exact methods and
do some first calculations of nontrivial systems. Our implementations are not yet general enough to treat
realistic three-dimensional matter systems, but are constrained to one spatial dimension. Nevertheless, this
setting allows already to study nontrivial effects of the electron-photon interaction, which we present in
Sec. 6.4.

In Sec. 6.5, we summarize these results and comment on possible implications with respect to the stan-
dard description in terms of cavity-QED models (Sec. 1.2).

LThe chapter is based on Refs. [1, 2].

2See also the corresponding publication Ref. [part 4][3].

3Note that to ease reading in this section, we only briefly introduce both algorithms, reserving their appropriate introduction for
part IIL. The first implementation is discussed in Ch. 8.2, and for the details on the second implementation, the reader is referred to
Ch. 8.

4The largest system that has been described exactly considers three particles and one mode [235].
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6.1 Polaritonic orbitals 1: hybrid statistics on the lattice

In this section, we introduce and asses the setting of our first implementation that numerically minimizes
the polaritonic HF energy functional (5.9) (Sec. 5.2) within the polariton ansatz. This means that the imple-
mentation is capable to explicitly enforce the extra conditions (5.7) due to the hybrid statistics of the polari-
tonic orbitals and allows for (approximately) enforcing the hybrid statistics. For that, we have developed a
new algorithm that we briefly outline in Sec. 6.1.1.5

In the first subsection (Sec. 6.1.2), we introduce the lattice model that this implementation considers
to describe the polaritonic orbitals. In Sec. 6.1.3, we assess this implementation by a comparison to exact
results and exemplify the influence of the hybrid statistics.

6.1.1 How to enforce the hybrid statistics in practice: The polaritonic HF algorithm

Algorithm-wise, we are confronted with enforcing the additional inequality constraints (5.7) in extension
to the original (HF) minimization problem in (5.5). We start by noting that the constraint functions g; de-
pend on y{¢}}, which can be directly calculated from the polariton orbitals, via the eigendecomposition
of y.. Since the diagonalization of y. is a nontrivial step for large systems (or in real-space) and thus can
be a bottleneck of the minimization, it is helpful to consider natural and dressed orbitals as independent
variables of the minimization and enforce their connection as an additional constraint.® We thus define
gi = 8ilyeld,, v$} and include the necessary orthonormality of the ¢ by a third set of conditions

fij =iy -6ij=0, (6.1)

that we include in the minimization by a third Lagrange-multiplier term —}_;; 0; jfij. Note that this con-
struction automatically linearizes the constraints (5.7) during one minimization step, where the y/{ are fixed.

To enforce now these inequality constraints, we use an augmented Lagrangian algorithm, following the
book of Nocedal and Wright [266], part 17.3. We have chosen this algorithm, since it simply extends a given
Lagrangian with penalty terms. Hence, we can make use of any existing implementation that solves the min-
imization problem of Eq. (5.5) and just add the extra terms with corresponding extra iteration loops. To test
this, we employed a standard electronic-structure algorithm [267], which we extended by the augmented-
Lagrangian method for the inequality constraints. This extension involves two extra terms. A linear (so-
called augmented) term, -} ; v;g; with Lagrange-multipliers v; that are initialized to zero and updated to
values v; > 0 only if the minimization reaches the corresponding boundary of the feasible region where
gi; = 0. And a second nonlinear term, that adds a penalty function P = u/2Y; ([gi]’)z, where [y]~ denotes
max(-y,0), which penalizes violations of condition (5.7) quadratically, but has no effect in the so-called
feasible region of configuration space, where the conditions (5.7) are satisfied.

Specifically for our example, the extra Lagrangian term of the translation rules depicted in Fig. 5.1 is
given by

Gy el Wi = = Y Nigilyeld Wi + Y ((8i] [yeldl, Wi = Y 0:) fijlyelwéH. 6.2)
i i ij

5We present the algorithm with all its details in the last part in Ch. 8.2.
8This is similar to considering ¢ and ¢* as independent.
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Figure 6.1: Sketch of our cavity setup. The electrons of our matter subsystem are allowed to move parallel
to the electric field E of the cavity mode yet restricted in the perpendicular directions, i.e., we consider a
one-dimensional discretized matter subsystem. Since the extension in the perpendicular directions is small
compared to the wave length of the dominant cavity mode, the coupling is mediated via the total dipole
d of the electrons. If the mode volume (distance between the mirrors) is small or the number of particles
increased, new hybrid light-matter quasi-particles, i.e., polaritons, emerge.

The full Lagrangian for the polaritonic HF minimization problem reads then
Lyply{dowil =Eyp - Zéij hijly (g + 41yl will (6.3)
ij
and the corresponding first order conditions for a minimum (stationary point) of L, . are
0=V Lyp=H'¢, - ngj(p;. +3 [Ai - plgil™] Gig, (6.4a)
J
0=Vye« Liyp = (ulgil™ = A4) f dr'ye (', Dy ;) - 3095, (6.4b)
J

where we considered ¢ and ¢/.* as independent and defined Gi([);c(rq) = nf [dr'y$* (), (' q) yiro).
Additionally, we can diagonalize the Lagrange-multiplier matrices €;; = §;;¢; and 0;; = §;;0, since the
orbital-dependent Hamiltonian A' and the electronic 1RDM Yy, are hermitian. We also want to remark on
the second gradient equation, cf. Eq. (6.4b), which is much simpler than it looks like on a first glance. In
fact, solving Eq. (6.4b) is equivalent to solving first the eigenvalue equation for vy, (see the paragraph above
Eg. (4.51)) and then replacing 6; = n{ (u[g;]™ — A;). With these definitions, we are able to perform polaritonic
HF calculations by numerically solving the Eqs. (6.4a) and (6.4b) with the expressions (5.9) and (5.11).

For a more detailed discussion of this algorithm, the reader is referred to Ch. 8.2.

6.1.2 The Lattice model

For the exemplification of polaritonic HE we consider a one-dimensional lattice system that couples to one
photon mode in dipole approximation with frequency w. We depicted a sketch of the setup in Fig. 6.1. We
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have chosen such a simple lattice model, since this allows us to have still exact numerical reference data
for more than 2 electrons to compare to. We stress again that there are no (numerically exact) references
solutions currently available for realistic three-dimensional matter plus cavity systems. To the best of our
knowledge there are only QEDFT simulations (at several levels of approximations) for such systems [247,
233].

The Hamiltonian is of the form of Eq. (1.37) and reads

Hm I:Iself
. B n /12 B
H=-1) 3 (clgcl+1a+cl+wcm)+zvlnl = 2 hifjxix;
i o=t 2=
,/ (@ +a)/12x,nl+w(A+A+1/2), (6.5)
—
V) th
Hznt

with hopping ¢ = corresponding to a second-order finite difference approximation for a grid with spac-

2A1x2
ing Ax, where we choose ¢ = 0.5 for all calculations, which corresponds to a spacing between neighbouring
sites of Ax = 1 bohr and a local scalar potential with value v; on site i. We have set the Coulomb repulsion to
zero in this example to highlight the influence of the matter-photon coupling and how well the polaritonic
HF approach can capture it. However, we show results for larger systems including the Coulomb interaction
in Sec. 6.4. Nevertheless, due to the dipole self-energy term H,; we have a mode-induced dipole-dipole in-
teraction among the electrons. This type of interaction is important in many fundamental quantum-optical
questions, such as the quest for a super-radiant phase in the strong-coupling case [268, 269, 270] (see also
Sec. 1.1). Further, the electron basis B;, is determined by the number of sites, x; = i — x is the position with
A(’r)

respect to the middle of our lattice xo, ¢;  are the fermionic creation (annlhllatlon) operators that satisfy the

AT _ af
anticommutation relation [¢; o, Cj,g/] y= 5 ij000, and A; = Ciy Cip + cl., | Ci,| is the density operator.

For the implementation and to go to the polariton picture, we express the matter H,, plus dipole part Hy
of our Hamiltonian in matrix form by using the basis states |/; o) = IO) As a basis for the photon subsys-
tem, we utilize the eigenstates y; of the photon energy operator, i.e., ph XYa = (@+1/2) x4, which are photon
number states. To calculate the coupling term of the energy expression Hj, cf. Eq. (5.9), we express the dis-
placement operator p, = 1/v/2w4 (&L + d,) in this basis as well. To then construct the auxiliary Hamiltonian
H' to Eq. (6.5) according to the rules from Sec. 5.2, we would need to define the auxiliary terms ', v’, w’, cf.
Egs. (4.38)-(4.40). Since in this section we employ a second-quantized picture, it is less convenient to de-
fine these kernel-like quantities, but directly the many-body operators 7'[¢'], V[v'], W[w']. For the one-body
terms T[¢'] + V[v'], this is straightforward and the expression reads

A . 12 Bm ) B
Tt + V[V =Hy + Hyp + ) Y apnxt - ‘/ﬁ(a* + @AY xih. (6.6)

i=1 i=1
However, the interpretation of the operators is different from before, because we have to apply them to
polaritonic basis states. Since we consider the spin-restricted formalism as introduced in Sec. 5.2, we neglect
the spin-dependency of the electronic part of the basis ¥/; ; — v; and define |¢’ ) = [y;xq). We can then
niB _

ia

derive the kernel expression (¢ + v)(x,q) — (' + V)" = (wixal(T"+ V) ; jXp) as matrix elements

(r'+ U'){f =—1(8ijs1+08ir1,)) + Vibij+0Bap+3) + %Z(xi —x0)°6:j0a,p
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‘A\/%(xi—xo)%( ﬂ+16a,ﬁ+1+\/B6a,ﬁ—1)- 6.7)

For the two-body term, a definition analogously to (6.6) is more difficult, since we have to differentiate the
two polaritonic coordinates. For the sake of the analogy, we formally write

A B w B w Bm
W'=A* Y Aphpxaxp —‘/ﬁ(azuazm Y xpp—y /E(a”mlm Y xphye, (6.8)

il#j2=1 il=1 2j=1

where the upper indices differentiate the two polaritonic orbitals that both have an electronic and photonic

part. This is to be understood in the following sense: To define the corresponding kernel w(x', ¢', x?, g*) —
21 .,1:2 2

}1%1;2‘52 =W Xxa Vi Xa2|WY j Xxp1¥ j2 X g2), the operators only act on the basis elements with the same
s 3. 115202 . . ~
indices. As an example, let us state the kernel (wsef) ; 1‘21‘].2‘22 for the self-interaction part Wejs = A2 Zfl”;ﬂ:l
Nj e xpx 2 that reads
21,122 2
(wself)}llélljz‘zz =12 (x;1 —x0) (X2 — x0)6i1j16i2j26a1ﬂ16a2ﬁ2' (6.9)

With these definitions, we can calculate the polaritonic HF energy expression, cf. (5.9) and the polaritonic
HF Fock-matrix, cf. (5.11). Then, we employ the augmented Lagrangian algorithm as discussed in Sec. 6.1.1
to find the polaritonic HF ground state of the model system.

6.1.3 Polaritons from first principles: the influence of the hybrid statistics

As a first example, we illustrate the violation of the Pauli principle if we do not enforce the right symmetries
(see Sec. 5.1). To this end, we compare ground-state energies, electronic IRDMs and the photon number of
asmall 4-electron system obtained with the two different HF ground states, i.e., polaritonic HF using density
matrices with the exact symmetry, cf. (4.43), and polaritonic HF with only fermionic symmetry (which we
call in this section fermionic HF). We can expect deviations between both polaritonic-HF theory levels for
systems that contain more than one orbital. In our spin-restricted case this corresponds to more than two
electrons and that is why we chose here N = 4. Further we set the external potential to zero, i.e., v; = 0Vi.
Since we need to calculate the exact coupled electron-photon many-body ground state from a configuration
space that grows exponentially fast with the size of the basis sets and the electron number, we choose a
small box of length L = 5 bohr. This corresponds to a matter basis of B,, = 6 spatial sites times two spin
states for each electron. For the photon-subsystem, we consider By, = 5 photon number states for which all
relevant quantities are sufficiently converged.” Despite the small basis sets and electron number employed,
the many-body configuration space has the considerable size of (2B,,)" * Bpp = 10°, which is already at the
edge of standard exact diagonalization solvers: matrices of this size can still be diagonalized without special
efforts like parallelization. Since we only aim for a benchmark study here, this limitation is not problematic,
but it shows how expensive the exact solutions of coupled electron-photon systems computationally are.
The need for numerically manageable approximations is evident here.

We first compare the electronic 1RDMs v,, cf. Eq. (4.47), and the photon numbers N, = (Nph>, cf.
Eq. (1.42) using the connection formula of Eq. (4.57), for varying coupling strengths g/w = A/v2w and
w = 0.4. We choose these quantities because they provide us with a consistent measure of how well the
electronic part and the photonic part of the system are approximated. The electronic IRDM determines all
electronic one-body quantities and is therefore a very precise measure of the quality of the approximation

“For example, deviations in the energy or photon number between By, =5 and B)j, = 6 are maximally of the order of 1074,
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in the electronic sector. Indeed, the photonic 1RDM in the single mode case corresponds to the photon
number N, which is an equivalently good measure for the quality in the photonic sector. In Fig. 6.2 (a),
we display the difference of the exact electronic 1IRDM from the one of the polaritonic HF and fermionic
HF approximations, measured by the Frobenius norm [|Afl2 = /; j Alz.j for a matrix A;;. We see that for
all coupling strengths the polaritonic HF 1RDM (dashed-dotted orange line), which enforces the right hy-
brid statistics, remains very close to the exact solution indicating that the electronic subsystem is captured
very well within this approximation. The fermionic HF (solid blue line) approximation, however, deviates
strongly due to its wrong purely fermionic character.

Ye,w=0.4 Nph,w=04
6.0 @ (b) e fHF
2.0 A pHF
5.0 -(e——— == = exact
[7)] 1.5 -
© 4.0- 9
c — ”Ve,exact_ Ve,fHFllz S
o 3.0 1 || Ve, exact = Ye, prrl |2 % 1.0
s £
2.0 1 ©
0.5 1
1.0
0.0 1 0.01—_————""-_-1
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20 0.25 0.30
g/ w g/w

Figure 6.2: Comparison of the electronic 1IRDM v, (a) and the photon number Nph (b) for the 4-electron
system with w = 0.4 hartree for varying coupling strength g/w. In (a) the norm difference between the exact
1RDM and the polaritonic HF (pHF) 1RDM (dashed-dotted orange line) and between the exact 1IRDM and
fermionic HF 1RDM (fHF) (solid blue line) are displayed. In (b) the exact photon number (dashed green line)
and the polaritonic HF (dashed-dotted orange line) and fermionic HF (solid blue line) photon numbers are
shown. In both cases, fermionic HF deviates much stronger from the exact reference than polaritonic HF
due to the wrong symmetry.

The same behavior is also encountered in the photonic subsector, where in Fig. 6.2 (b) the photon num-
ber of the exact calculation (dashed green line) is compared to the polaritonic HF (dashed-dotted orange
line) and to the fermionic HF photon number (solid blue line). We therefore find, similarly to the simple
uncoupled problem in Sec. 5.1 (for g/w = 0 we recover this case exactly), that for the same energy expression
using the wrong statistics leads to sizeable errors.

The same problem is encountered also in Fig. 6.3 (a), where we display the total energy E = (H) of the
coupled system as a function of the coupling strength g/w. While the polaritonic HF (dashed-dotted orange
line) is variational, i.e., due to the right statistics we are always equal or above the exact energy (dashed
green line), the fermionic HF (blue solid line) breaks the proper symmetry and thus can reach energies
below the physically accessible ones. However, again in close analogy to the uncoupled example in Sec. 5.1,
if we increase the frequency of the photon field such that it is much more costly to excite photons than
electrons, the minimal-energy conditions can single out the correct statistics, as displayed in Fig. 6.3(b).
That is, for w large enough the constraints g; [y{¢}, ¥}l = 0 of Eq. (5.8) are trivially fulfilled. We will exploit
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Figure 6.3: Total energy for the 4-electron system with w = 0.4 hartree (a) and w = 0.8 hartree (b) for varying
coupling strength g/w. While in (a) the fermionic HF approximation (solid blue line) can achieve unphys-
ically low energies when compared to the exact solution (dashed green line) due to the wrong statistics, in
(b) the minimal-energy condition singles out the right statistics without further constraints. The polaritonic
HF (dashed-dotted orange line) by construction always has the right hybrid statistics and thus is variational,
i.e., the energy is always above the exact energy.

this feature later, when we use the other implementation for 4-electron system. We want to stress again that
for a 2-electron singlet system, we always trivially satisfy the additional constraints, because there is only
one occupied orbital. Thus, in the following benchmark study, we do not have to take care about the photon

frequency.
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6.2 Polaritonic orbitals 2: the fermion ansatz in real space

In this section, we present our second numerical implementation of polaritonic orbitals that minimizes the
RDMFT energy functional (5.13) within the fermion ansatz. We can employ the HF (Eq. (5.14)) as well as
the Miiller approximation (Eqg. (5.15)) to the energy functional. The implementation is part of the real-space
electronic structure code OcToPUS [3]. This implementation is not yet extended to explicitly guarantee
the extra conditions of Eq. (5.7) and thus can only be applied in settings, where the conditions are trivially
fulfilled (see Sec. 6.1.3). Within this limitation, the implementation is capable to study one-dimensional
electronic systems, coupled to one photon mode in full real space. This means the electronic and photonic
coordinates of the polaritonic orbitals are approximated on discretized grids and the differential operators
are approximated accordingly (see Sec. 8.1). This allows for a highly accurate description of coupled light-
matter systems (see also App. C).

In Sec. 6.2.1, we briefly introduce the RDMFT algorithm. The appropriate introduction of the imple-
mentation, including a detailed convergence study is presented instead in Ch. 8 of the numerics part. In
Sec. 6.2.2, we validate the methods for two example systems.

6.2.1 Polaritonic orbitals in real-space: the OcToPUS-implementation of polaritonic
RDMFT

An important advantage of the polariton formulation of cavity QED is that we can re-use most of the numeri-
cal techniques developed for quantum chemistry and materials science. We demonstrate this explicitly with
our working implementation of dressed RDMFT in the electronic-structure code Octopus [3] that is publicly

available in the actual developer’s version.?

Specifically, we rewrite the approximated energy functional in the natural orbital basis as

(o)

Elyl=), nifd3+Mz¢;‘(z) [-1A+0V @] pi@+

i=0

%Zninjffd3+MZd3+MZ,i(,bi(z)lz
ij

»

2 ’
w(z,z) + Exclyl.

¢3@)

We use this form to minimize the energy functional by varying the natural orbitals as well as the natural
occupation numbers. To impose fermionic ensemble N-representability, we first represent the occupation
numbers as the squared sine of auxiliary angles, i.e. 0 < n; =2 sinz(ai) < 2, to satisfy Eq. (3.47a).2 The second
part of the conditions (Eq. (3.48)), i.e., ;-1 n; = N, as well as the orthonormality of the dressed natural
orbitals, i.e., [d>*M z¢; (z)¢pj(z) = b;;, are imposed via Lagrange multipliers as, e.g., explained in Ref. [271].
We have available two different orbital-optimization methods, a conjugate-gradient algorithm (see Sec. 7.3)
and an alternative method that was introduced by Piris and Ugalde [158] (see Sec. 7.2). The latter expresses
the ¢; in a basis set and can use this representation to considerably speed up calculations in comparison to
the conjugate-gradient algorithm. It was used for all results presented in the following. However, it is not
trivial to converge such calculations in practice and we developed a protocol to obtain properly converged
results. The interested reader is referred to App. C.

8https://octopus-code. org/wiki/Developers:Starting_to_develop.
9Note that the n; are bounded by 2 because we employed a spin-summed formulation. If we considered natural spin-orbitals in-
stead, the upper bound would be 1.
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6.2.2 Validation of polaritonic RDMFT

We now validate our real-space implementation by comparing to exact solutions of simple atomic and
molecular systems. The different systems are described by a local potential v(x) and coupled to one photon
mode. We transfer the systems in the dressed basis, that leads to a dressed local potential

V(%) = vix) + LA+ L g% - £ q(Ax). (6.10)

Specifically, we consider a one-dimensional model of a helium atom (He), i.e.,

2
VHe(X) = _\/ﬁ (6.11)

and a one-dimensional model of a hydrogen molecule (H>), i.e.,

1 1
Vix—d2+e?  /(x+d)?+e?

vy, (X) = — (6.12)

at its equilibrium position d = d,4 = 1.628 a.u. We use the soft Coulomb interaction

wx, x') =1/\/1x— x> +€2 (6.13)

for all test systems.!? Note that the softening parameters e/ec are a standard tool for one-dimensional mod-
els of atoms. In contrast to the 3d case, the divergence of the potential 1/|x| for x = 0 leads to many peculiar
and unwanted effects that are discussed since the 1950ies [272]. The softening parameter removes the diver-
gence and can be used as a fitting parameter to give the 1d systems a similar energy structure and wave func-
tion behavior to the corresponding 3d-systems.!! We set € = ec = 1 as usual for these two systems [274, 275].
In Sec. 6.4 instead, when we study the one-dimensional Beryllium atom we will need to adjust € to guarantee
properly bound electrons (Sec. 6.4.3). In Sec. 6.4.4, we will even use € as an additional parameter to explicitly
control the confinement of the electrons. Finally, we choose the photon frequency in resonance'? with the
lowest excitations of the respective “bare” systems, so outside of the cavity. For that we calculate the ground
and first excited state of each system with the exact solver and find the corresponding excitation frequencies
wHe =0.5535a.u. and wyy =0.4194 a.u.

For both examples, the dressed auxiliary system is 4-dimensional (2 particles with 2 coordinates each),
which is still small enough to be solved exactly in a 4-dimensional discretized simulation box, so that we
can compare dressed RDMFT (with the Miiller functional of Eq. (5.15)), dressed HF (see Eq. (5.14)) and
the exact solutions. We used the box lengths of Ly = L; = 16 a.u. and spacings of dx = dg = 0.14 a.u. to
model the electronic x and photonic coordinates q of the two dressed particles in the exact routine. We
want to mention that the box length is not entirely converged with these parameters. In a (numerically
very expensive) benchmark calculation, we observed a further decrease of energy with larger boxes (the
calculations with respect to the spacing are converged), but the changes in energy and density are only of
the order of 107° or less. All the following results require a maximal precision of the order of 1072 in energy
as well as in the density and thus we can safely use the given parameters. Details can be found in Ch. 8. For

10Note that we introduced vy, already in Sec. 2.5 (eq. (2.111)).

Hgee for example Gebremedhin and Weatherford [273] for an introduction in the topic and further details about the mathematical
properties of the soft-Coulomb approximation.

12Note however that such resonance is not an important feature of ground states and we just use these values because we have to
choose one.
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dressed RDMFT and dressed HF instead, we needed to consider 2-dimensional simulation boxes for every
dressed orbitaland we set Ly = Ly = 20 a.u. and dx = dq = 0.1 a.u. We obtained converged results for .4 = 41
(. = 71) natural orbitals for He(H;). For further details, the reader is referred to App. C for the details on
how to determine these numbers. We first show (see Fig. 6.4) the deviations of the ground state energies
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Figure 6.4: Differences of dressed HF (dHF) and dressed RDMFT (dRDMFT) from the exact ground state
energies (in Hartree) as a function of the coupling g/w for the (one-dimensional) He atom (left) and (one-
dimensional) H» molecule (right) in the dressed orbital description. Dressed RDMFT improves considerably
upon dressed HE For both systems, the energy of dressed RDMFT remains close to the exact one, the error
of dressed HF instead increases with the coupling strength.

for dressed RDMFT and dressed HF from the exact dressed calculation as a function of the dimensionless
relation between effective coupling strength and photon frequency g/w for He and H», respectively. We
thereby go from weak to very strong coupling with g/w = 1.1 We see that while dressed HF deviates strongly
for large couplings, dressed RDMFT remains very accurate over the whole range of coupling strength. Still, a
more severe test of the accuracy of our method is ifinstead of merely energies, we compare spatially resolved
quantities like the ground-state density p(x, q) = y(x, q;x, q). To simplify this discussion, we separate the
electronic and photonic parts of the two-dimensional density by integration, i.e., p(x) = [dqp(x, q) and
p(g) = [dxp(x, q). The exact reference solutions show that with increasing g/w the electronic part of the
density becomes more localized, while the photonic part becomes broadened. This behavior is captured
qualitatively with dressed HF as well as with dressed RDMFT. The latter performs for the electronic density
considerably better over the whole range of coupling strength, whereas for the photonic densities both levels
of theory deviate in a similar way from the exact result. This is shown for g/w = 0.1 in Fig. 6.5 for both test
systems. Looking at the electronic densities, we can observe a feature that the ground state energy does
not reveal. In some cases the effects of the two approximations are contrary to each other as we can see
in the He case. Here, the dressed RDMFT electronic density is more localized around the center of charge

than the exact reference and the electronic density of dressed HF less. In other cases instead, both theories

135uch strong coupling strength are sometimes referred to as the deep-strong coupling regime [48] that has been observed experimen-
tally in different systems like for instance for Landau polaritons[62]. For (organic) molecules the highest reported coupling strengths
are in the ultra-strong regime of g/w = 0.4[48].
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over-localize p(x) (here visible for H>.)

An even more stringent test of the accuracy of the dressed RDMFT approach is to compare the dressed
1RDMs. The essential ingredients of the dressed 1RDMs are their natural orbitals ¢;(x, q). Again, we sepa-
rate electronic and photonic contributions and show their reduced electronic density p; (x) = [ dq|; (x, q)|?.
Fig. 6.6 depicts the first three dressed natural orbital densities of dressed RDMFT in comparison with the ex-
act ones for both test systems. While it holds that for both systems, the lowest natural orbital density of the
dressed RDMFT approximation is almost the same as the exact one, and the second natural orbital densities
are only slightly different, the third natural orbital densities of H, differ even qualitatively. For He, similar
strong deviations are visible for the fourth natural orbital. However, as long as such strong deviations only
occur for natural orbitals with small natural occupation numbers, like in these cases (H» : n; = 1.878,n, =
0.102, n3 = 0.015, He: n; = 1.978,ny = 0.020, n3 = 0.001), their (inaccurate) contribution to the density and
total energy remains small.

To complete the picture, we also look at the photonic natural orbital densities, p;(q) = [ dx|¢p;(x, g)I?,
the first 3 of which are plotted in Fig. 6.7, for He and H,. Here, the dressed RDMFT results even agree
better with the exact solution than their electronic counterparts. Apparently, dressed RDMFT captures the
photonic properties of the tested systems very accurately for the ultra-strong coupling regime. The accuracy
drops with increasing g/w.

As an example for a photonic observable, we show in Fig. 6.8 the mode occupation NphM as a func-

tion of the coupling strength g/w that we calculated by using Eq. (4.58), i.e., Ny, = % - %, with the pho-
ton mode energy Epp = Zle n; fdxdqg o7 (x,q) (—%dd—; + "’726]2) ¢i(x,q). From weak to the beginning of the

ultra-strong coupling regime (g/w = 0.1), both dressed HF and dressed RDMFT capture Ny, well. For very
large coupling strengths, the deviations to the exact mode occupation becomes sizeable. This might sound
counter-intuitive, as the photonic density is described comparatively well. The reason is that the photon oc-
cupation, in contrast to the density, is mainly determined by the second and third natural orbital, because
the first natural orbital resembles a photonic ground state with occupation number zero in the studied cases.
Dressed HF does not consider a second orbital (the first instead is doubly occupied) and thus cannot capture
the effect. And for dressed RDMFT, the error in the second and third natural orbital is much larger than in
the first (see Fig. 6.7.) However, it is probable that this can be improved by better functionals.

Although we only can assess our theories on small model systems, we can draw some interesting con-
clusions. First of all, for coupling strength of g/w < 0.2, both polaritonic HF and polaritonic RDMFT capture
the electron photon interaction quite well. For these coupling strengths, the main differences between both
levels of theory arise from the different quality of approximation to the Coulomb interaction as the g/w =0
limit shows. This indicates that a gross part of the interaction is already carried by the polaritons themselves.
However, for very large couplings, polaritonic HF considerably overestimates the influence of the interac-
tion (especially the dipole self-energy is too large then), but polaritonic RDMFT remains impressively close
to the exact solution. If this is due to some compensation of errors, one has to see. In any case, these results
are quite promising and we can definitely use the theories to perform some first studies for larger systems.

We do not show results for more spatial dimensions, because our implementations are not yet optimized
for this case, but we go beyond the 2-particle case. As the results presented in Sec. 6.1.3 have shown, to do
so, we either need to enforce the constraints due to the hybrid statistics in the minimization or we consider
a scenario, where the photon frequency is large enough to ensure the constraints. We show results for both
cases in the following.

14Note that this is not the usual photon number. See Sec. 1.3.3.
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Figure 6.5: Deviations of dressed HF (dHF) and dressed RDMFT (dR) ground state densities from the exact
solution (depicted in the insets) for the He atom (top) and the H, molecule (bottom) with coupling g/w = 0.1.
We separate the electronic (x, left) and photonic (q, right) coordinates as explained in the text. For both
systems, dressed RDMFT finds a considerably better electronic density than dressed HE which is consistent
with the better result in energy (see Fig. 6.4.) The photonic densities are reproduced almost exactly for both
levels of theory.
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Figure 6.6: The first three natural orbital densities p(e’; 1dR (x) of the exact (ex) and dressed RDMFT (dR) calcu-
lations are depicted for the He atom (top) and the H, molecule (bottom) with coupling g/w = 0.1. We see in

both cases that pf},g (x) is almost exactly reproduced by dressed RDMFT, but pg;?(x) deviates already visibly
from pff,g (x) (left.) However, it is in both cases qualitatively correct. This changes for p% (x) of Hy, which

Q) 3

has one node more than p, (x). Nevertheless, p d R(x) of He, is reproduced correctly (right.)

159



CHAPTER 6. POLARITONIC STRUCTURE METHODS IN PRACTICE

le-2
pex(q) 1
2.01 n
I
0.5 1 11
151 i
I
0.0 1=~ ==l .1
1.0 -5 0 5 i
- 1-
Il
| |
4 M 1-
- [
P
0.0 1 — ! ! —
A V7
\-\\ :'.' l‘\ ',./
-0.51 \ 1~
\ 11 He
Vi \/
~1.0 N v
B R T
qla.u]

Figure 6.7: We show the differences Ap? = p

(left) and the H, molecule (right) for coupling strength g/w = 0.1. For both systems, the exact p(i)
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similar shape as the density (see inset.) We see in both cases that dressed RDMFT captures the exact solution
very well.
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Figure 6.8: The total mode occupation Ny, calculated from the exact, dressed HF and dressed RDMFT solu-
tions is shown for He (left) and H> (right.) We see that both dressed RDMFT and dressed HF underestimate
Npp. In the ultra-strong coupling regime for g/w > 0.3 both dressed HF and dressed RDMFT (with the Miiller

functional) deviate strongly from the exact solution.
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6.3 Dressed orbitals from a numerical perspective

We have now discussed the dressed construction in all its details, presented with polaritonic HF and polari-
tonic RDMFT two examples for its application and showed that these provide an accurate description of a
range of simple cavity-QED systems. Let us now briefly analyze the prospects of applying such methods to
larger systems, which principally depends on the scaling of their numerical costs with the system size.

We start by remarking that any polaritonic-structure theory scales exactly as the corresponding elec-
tronic structure method. This means that the numerically most expensive step of the algorithm has the same
dependence on the size of the orbital-basis for the electronic and the polaritonic version of the method. Es-
pecially, enforcing the hybrid statistics does not increase the scaling of the method. For instance, a very
common algorithm to solve the HF equations iteratively diagonalizes the matrix-representation of the Fock
operator. If the basis set consists of B elements, the algorithm scales with B3, independently on whether
the basis elements correspond polaritonic or electronic orbitals. From a practitioner’s perspective, this is
probably the most important feature of the polariton description.

However, despite its importance, the scaling is not sufficient to characterize the numerical challenges of
the polariton description. The two most important further challenges are the increase of the dimension of
the basic orbitals of the theory and the inclusion of the new constraints that enforce the right statistics. The
former challenge is reflected in the fact that although polaritonic HF has the same scaling as electronic HF
with the basis size, we have to consider a larger basis. If the photon mode(s) are satisfactorily described by
a basis of size By and the matter-part of the system with a basis of size B, than polaritonic HF scales as
(Bm * By, 1)3. Thus, we get a factor of B*:; n in addition to the matter description. Note that this holds for 1D,
2D and 3D systems equivalently. A similar consideration holds also for a real-space description, where the
Fock-matrix cannot be explicitly constructed, but is diagonalized iteratively by, e.g., a conjugate-gradient
algorithm like the one of our implementation[267]. The scaling of such a method in the electronic case is of
the order O(B,;,In B,;; N?) and can even be reduced with state-of-the-art algorithms to O(B;In B, N) [276],
where N is the number of electrons.!® As usually one single effective mode is considered, By should not
become too larger and is therefore not overly numerically expensive.'®

The second challenge is instead on the level of the algorithm. We have to solve a nonlinear minimization
problem under nonlinear inequality constraints. It is not clear a priori which algorithms are best for such
delicate problems and thus, different approaches have to be tested carefully. To develop the algorithm for
our implementation (se also Ch. 8.2), we have already discarded certain approaches, but there are still many
open questions (see part IV).

15guch methods thus scale better than a direct diagonalization of the Fock-matrix, but at the same time the underlying basis size B,
describes the number of grid points and thus is typically much larger than By, in orbital-based codes. However, for very large systems,
both descriptions can have comparable B;;. A real-space like description of the displacement coordinates of the photon modes would
in a similar manner be quite inefficient for a few photons, but might become even advantageous for large photon numbers.

16Note that we do not want to underestimate the influence of an entirely new dimension in the problem. The given statement de-
pends of course on the necessary size of the photon-basis. However, in the cases that we studied so far, we observed the converged
results with photon bases that where of the order of the number of particles.
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6.4 Polaritonic-structure methods: some first results

In this chapter, we present first results for systems that are not (easily) accessible by exact methods to
demonstrate the possibilities of our newly developed machinery. We aim not (yet) to study experimen-
tally observed effects directly, because our implementations are not yet on the level to treat realistic three-
dimensional matter systems. Nevertheless our two implementations allow already to identify a range of
nontrivial effects that arise from the complex interplay of electronic correlations and light-matter interac-
tion. Importantly, these effects are local, which makes their description with usual model approaches dif-
ficult. Thus, the presented results will allow us to draw some first conclusions on the limitations of such
approaches.

6.4.1 A first glance in the many-electron-photon space

As a starting example, we go one small step beyond our assessment study and present results for a many-
body systems that cannot easily be solved exactly: the one-dimensional Beryllium atom Be in a cavity that
is described by

4
VaZie?

In this case, we consider a smaller softening parameter of € = 0.5 than for Helium and Hydrogen to make

UBe(X) = — (6.14)

sure that all electrons are properly bound.!” Since we use here the OCTOPUS implementation which does
not explicitly enforce the hybrid statistics, we cannot choose an arbitrary cavity frequency, but need to give it
a sufficiently high value such that the constraints are trivially fulfilled (see Sec. 5.1 and Sec. 6.1.3). We tested
this and found that w = 3.0 E}, is large enough to make sure that no solutions that violate the Pauli principle
can occur.

In Fig. 6.9, we see the total energy as a functional of the coupling strength g/w for dressed HF and
dressed RDMFT, respectively. Like in the two-electron systems, the deviation between both curves increases
forlarger g/w and as expected the dressed RDMFT energies are lower than the dressed HF results. Analyzing
the ground-state densities, we see a similar trend as in the 2-particle systems. With increasing g/w, the
electronic (photonic) part of the density becomes more (less) localized, though the details differ as we show
in the last part of this chapter (see Fig. 6.13 and the corresponding part in the main text.) Comparing dressed
RDMFT with dressed HE we observe that the variation of the electronic (photonic) density with increasing
coupling strength is less (more) prounounced for dressed RDMFT, as Fig. 6.10 shows. We conclude the
survey of Be with the mode occupation under variation of the coupling strength (see Fig. 6.11.) We see that
the value of g/w = 0.5 separates two regions. For g/w < 0.5 dressed RDMFT finds a larger mode occupation
than dressed HF and for g/w > 0.5 instead the dressed HF mode is stronger occupied. We found similar
behavior also for the 2-particle systems, although the boundary between the 2 regions was considerably
different there (He:g/w =~ 0.8, H» : g/w = 0.1, see Fig. 6.8.)

17 This is a technicality for one-dimensional systems: The softening parameter is a fitting parameter to resemble in 1d a similar energy
and wave function behavior to the real 3d-system. For corresponding references, see the second section of Ch. 6.
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Figure 6.9: The plot shows the total energy of the dressed HF and dressed RDMFT calculations of Be for
increasing g/w. We observe the same trend as for the two-electron systems: for both levels of theory, the
energy grows with increasing g/w, though for dressed HF faster than for dressed RDMFT.
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Figure 6.10: Shown are the electronic (p gl (x), left) and photonic (p glo (9), right) densities of Be for

dressed HF (dHF) and dressed RDMFT (dR) for 2 different coupling strengths subtracted from their coun-
terparts in the no-coupling limit (pgﬁfz lodR (x/q).) We see in the electronic (photonic) case that the dressed
RDMFT deviations are less (more) pronounced than for dressed HE
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Figure 6.11: The total mode occupation N, for dressed HF and dressed RDMFT is shown for Be. We see that
dressed RDMFT exhibits larger N, until a coupling strength of g/w = 0.5. For larger coupling the dressed
HF mode occupation becomes higher.
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6.4.2 A chemical reaction in real-space
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Figure 6.12: We show the differences in the electronic density of the H, molecule for 3 different bond lengths
d (as examples of the dissociation) for g/w = 1.0 compared to g/w = 0, calculated exactly (pg,’/c ) left) and

with dressed RDMFT (pgfw(x), right). We see that for small d, the cavity mode reduces the electronic repul-
sion and localizes the charges at the bond center (d = 1 < deq = 1.628) in comparison to the free molecule
(insets.) For larger d, the electronic repulsion is locally enhanced such that the charge deviations are sep-
arated in two peaks (d = 2.) For very large d, this interplay between local suppresion and enhancement of
repulsion becomes more pronounced (d = 3.) The dressed RDMFT calculations capture the behavior very
well.

We now consider (a simple example of) a chemical reaction, which is a process that mostly can only
be understood from a first-principles perspective. Since we are in the fortunate situation to have with po-
laritonic RDMFT a multi-reference method at hand, we can even study an example that, despite its seem-
ing simplicity, is a challenging test for electronic-structure methods: the dissociation of Hydrogen (see also
Sec. 2.5). When a bond of a molecule is stretched, usually all single reference methods, including HF and
basically all known functionals in KS-DFT, become quite inaccurate. Approximate RDMFT functionals are
instead often accurate in this limit and we will therefore employ the Miiller description.

The dissociation of Hy can be well modelled in a quasi-static picture with the potential

1 1

- - (cf. 2.111)
Vix-d)?2+1 Vx+d)?+1

vq(x) =

that depends parametrically on the variable “bond-length” d. We employed this model already in Sec. 2.5.
In Fig. 6.12, we see the density of two H-atoms under variation of the distance d with and without the
(strong) coupling to the cavity. We see that the influence of the cavity mode strongly depends on the ex-
act electronic structure. The interaction with the cavity mode can locally reduce or enhance the electronic
repulsion due to the Coulomb interaction, where the exact interplay between both effects depends on the
interatomic distance. Thus, we can observe a number of different effects like pure localization of the density
toward the center of charge (d = 1) or localization combined with a local enhancement of repulsion such
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that the density deviations exhibit a double peak structure (d = 2.) The local enhancement of electronic
repulsion can grow so strong that the density at the center of charge is reduced but at the same time the
density maxima shift closer to each other, which is an effective suppression of electronic repulsion (d = 3.)
This interplay is reflected in the natural orbitals and occupation numbers. The coupling shifts a consider-
able amount of occupation from the first natural orbital to the second and third one. The contribution to the
total density of the former (latter) has the character of enhanced (suppressed) electron repulsion. To show
the potential of these effects, we present calculations in the deep-strong coupling regime with g/w = 1.0,
where the effects reach the order of 10 % of the unperturbed density, which is enormous. For smaller cou-
pling strengths of the order of g/w = 0.1, these effects are as diverse, but naturally smaller with density
deformations of the order of 10~3. However, as every observable depends on the density, such deviations
are significant. Remarkably, dressed RDMFT reproduces the effects very accurately.

le-1 Pgiw(X) = Pgjw =0(X) le-1 Pgra(X) = P =0(X)
0.8 | 1.0 -
pg/w=0 pg/w:o
1.0 4 21
0.8 1
0671 o5 1-
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0'0 0 L T T T
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Figure 6.13: We show the differences in the electronic density (pg/« (x)) of He (left) and Be (right) for 3 differ-
ent coupling strengths compared to the atoms outside the cavity (insets), calculated with dressed RDMFT.
We see that the effect of the cavity is very different for both systems: The strong localization of the electronic
density for He indicates the suppression of electronic repulsion for all coupling strengths. For Be instead,
we see additionally local enhancement of the repulsion. The interplay of enhancement and suppression
changes with increasing coupling strength.
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6.4.3 More is different: comparing Helium and Beryllium

In the next example, we compare the behavior of the He and Be atoms under the influence of the cavity. The
shapes of the electronic density of the two bare systems are very similar (see insets in Fig. 6.13). Since we
know that the density determines a system uniquely, one could naively expect that both atoms behave qual-
itatively similar. However, it is well-known that He is a noble gas which has a very low chemical reactivity
and is found in nature almost exclusively as an atomic gas. Beryllium instead occurs naturally only in com-
bination with other elements. It is for example contained in emeralds [277].!8 In electronic-structure theory,
Beryllium can be described extremely accurately [278] because of its few electrons and it has been studied
in many different scenarios. However, from a (cavity-QED) model perspective, atoms are just energy levels
that interact with the photon field and all the electronic-structure that contributes to the specific energy is
not represented. Accordingly, these (many-body) energy levels are assumed to remain constant even if they
interact strongly with the cavity.

Having this in mind, let us compare the response of our one-dimensional Be and He atoms to the interac-
tion with the cavity-mode. We see in Fig. 6.13 that they behave actually very differently under the influence
of the cavity. The electronic density of He is pushed toward its center of charge with increasing coupling
strength, which can be understood as a suppression of the electronic repulsion related to the Coulomb in-
teraction. As He can be understood very well with only one orbital this is to be expected.'® Things change
for Be, where we have several dominant orbitals. With increasing coupling strength, we see like in the dis-
sociation example a subtle interplay between suppression and local enhancement of the electronic repul-
sion, that depends on the coupling strength. Thus for the same coupling strength, we can observe opposite
(g/w=0.1and 0.4 in the plot) but also similar effects (g/w = 0.8 in the plot) in two systems that have almost
the same “bare” density shape. Like in the dissociation example, this intricate behavior can be understood
by the interplay of the different natural orbitals contributing to the electronic density. In this particular case,
the main physics happens in the second and third natural orbital, where the former (with a double-peak
structure) loses a considerable amount of occupation to the latter (with a triple peak structure) with increas-
ing coupling strength.

These (seemingly simple) examples show how subtle details of the electronic-structure influence the
changes induced by the coupling to photons. We see a nontrivial interplay between local suppression and
enhancement of the Coulomb induced repulsion between the particles. This is reflected in the natural or-

bitals and occupation numbers of the light-matter system and thus influences all possible observables.

18Note that although the one-dimensional setting is very different, there are still many traces of this different behavior as our results
will show.

For g/w = 0.8 we still observe n; = 1.85. However, it should be noted that the good agreement of dressed RDMFT with the exact
calculation in comparison to dressed HF is exactly because of the contribution of the second natural orbital, that is (still considerably)
occupied with np = 0.14.
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6.4.4 How the microscopic geometry influences light-matter interaction: confinement

In our last example, we will leave the real-space and go back to our site-based model implementation, which
however allows for the study of four-electron systems with arbitrary photon frequencies w. As we have
discussed before, w is not very important for polaritonic ground states. Of course different w will lead to
different results, but qualitatively we can observe the same physics. Since we do not try to study specific
experimental setups, we can just use w as a kind of “convergence” parameter like for the Be atom in the last
sections. However, we want to show with this last example that our method is capable to produce results
for systems that are not accessible by exact methods. Specifically, we consider a box length of 30 ay which
corresponds to an electronic basis of B, = 30 or to a real-space grid from x = —14.5 gy bohr to x = 14.5 a,.
We consider the case of a 2-electron and a 4-electron system, respectively, and set w = 0.1 Ey,, which is far
away from the regime where the fermion ansatz is valid. Thus the right hybrid statistics of the polaritons
are crucial. We consider again By;, = 5, for which all the results are converged. This system might seem
quite small but still, it is practically inaccessible by exact diagonalization. The corresponding many-body
space for 4 particles has a dimension of (2B;)"N * Bpp=64.8- 10°. Only highly optimized methods on a high
performance cluster might be able to still explore such a configuration space. In contrast, all the calcula-
tions that are presented in the following have been performed on a laptop although the code is by no means
optimized.

In this system, we employ polaritonic HF to study the effect of electron-photon coupling versus electron
localization. We consider a matter system with a local potential v(x) = N/ Vx2 + €2, which represents a po-
tential well that is deep (shallow) for small (large) €. The softening-parameter € thus represents the level of
confinement of the potenial v(x) which is depicted in green (for various values of €) in Fig. 6.14. Note that
we need the large simulation box to reduce boundary effects which also represent a form of confinement.

Let us first consider how the electronic ground-state density changes when coupling and the localization
are varied. To facilitate the comparison between the N = 2 and N =4 case, we plot in Fig. 6.14 the normalized
electronic ground-state density p(x)/N, where p = y.(x, x) is the diagonal of the electronic 1RDM (in blue)
and the normalized confinement v(x)/N (in green). In Fig. 6.14 (a) we show the uncoupled 2-particle case
and in (b) we use g/w = 0.2 for the 2-particle case for varying e. In Fig. 6.14 (c) and (d) we show the same
plots for the 4-particle case. In both cases we see that for strongly-confined electrons, i.e., for small values
of ¢, the influence of the strong light-matter coupling on the density is negligible. This is in agreement
with the usual assumption underlying, e.g., the Jaynes—Cummings model, that the ground state for atomic
systems is only slightly affected by coupling to the photons of a cavity mode. Much higher coupling strengths
would need to be employed in order to see a sizeable effect for strong localization. In contrast, once we
lift the confinement and the electrons get delocalized, the influence of the light-matter coupling becomes
appreciable. The induced changes are not uniform but depend on the details of the electronic-structure, i.e.,
in the N = 2 case we have a clear localization effect (Fig. 6.14 (b)) while for N = 4 we have an enhancement
or even emergence of the double-peak structure (Fig. 6.14 (d)). These findings are in good agreement with
the He and Be comparison of the previous section and also what Flick et al. [247] observed with QEDFT.
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Figure 6.14: Every plot depicts the normalized electron density p(x)/N(blue) with corresponding local po-
tentials v(x)/N = 1/V x% — €2 (green, rescaled by a factor of 0.25 for better visibility) for a series of softening
parameters € of the 2- (upper row) and 4-electron (lower row) system and for coupling strength g/w =0 (left
column) and g/ = 0.2 (right column). We see how different both systems respond to the coupling depend-
ing on the degree of confinement, measured by e. Note that the legends only depict three example lines (the
smallest, largest and middle values of €), respectively.
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To make these observations more quantitative we display in Fig. 6.15 the normalized changes in the elec-
tronic 1IRDMs depending on the confinement and the coupling strength, i.e., Ay, = ||y§, Joe ™ yg /sz,EII 2/ N,
in panel (a) and (d) for the 2-particle case and the 4-particle case, respectively. Also, we show the photon
number N in the ground state in dependence of confinement and coupling strength in (b) and (e) for the
?,g/a),e -
|l2, where n; are the natural occupation numbers. For the zero-coupling case they are all either

2-particle case and the 4-particle case, respectively. As a third quantity we consider An, = ) ;[In
nz?,g/u):0.0,e
zero or one, which corresponds to a single Slater determinant in the electronic subspace. If they are between
zero and one they indicate a correlated (multi-determinantal) electronic state. Therefore An, measures
the photon-induced correlations and also highlights that although polaritonic HF is a single-determinant
method in the polaritonic space, for the electronic system it is a correlated (multi-determinantal) method.
For both, the 2- and the 4-particle case we find consistently that the more delocalized the uncoupled matter
system is, the stronger the coupling modifies the ground state. Although this effect depends on the detail